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Learning Distributionally Robust Solutions for Inverse
Problems using the Wasserstein Distance

Floor van Maarschalkerwaart

July 23, 2024

Abstract

This thesis proposes a novel data-driven framework that integrates Wasserstein robustness into
inverse problem modeling. It aims to bridge the research fields of inverse problems and Wasserstein
robustness, providing insights into the relationship between regularization and robustness, which
are critical for developing stable and reliable solutions in various applications. We introduce
a general framework to find distributionally robust solutions and prove a new strong duality
result that can be modified to be applied in many fields. For an academic impact case, the
dual representation of an inverse problem robust to Gaussian noise in the measurement space is
further explored and reduced to a convex, finite-dimensional problem, making it computationally
tractable. The framework is validated through numerical simulations, demonstrating that it can
learn solutions for inverse problems that are robust to perturbations in the Wasserstein distance.
This work expands the theoretical foundations of both distributionally robust optimization and
inverse problems and is applicable to various other types of problems. The developed framework
holds promise for practical applications in diverse fields, including more complex inverse problems
and higher-dimensional applications.

Keywords: Wasserstein distance, robustness, distributionally robust optimization, optimization,
duality, inverse problems, regularization, probability measures, conditional shifts, proximal oper-
ator
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Notation and definitions
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Extended real number line

Set of non-negative real numbers including infinity

Space of finite Borel measures on 2

Space of continuous bounded functions on {2
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2 Introduction

Inverse problems are present across all fields where there is a necessity to reconstruct data from (ill-
posed) measurements. Examples include engineering (e.g. electromagnetic waves, elastodynamics),
medical imaging (e.g. CT, MRI, X-ray), wavefield imaging (e.g. ultrasound) and data assimilation
(e.g. numerical weather prediction) [1]. Solving inverse problems is often challenging due to noisy
measurements and the ill-posed nature of the problems (unstable, no or several solutions). There
is well-established classical theory on inverse problems guaranteeing mathematically that a solution
obtained by classical methods actually solves the inverse problem. For more detailed notes on inverse
problem, we refer to [2]. Unfortunately these methods still have some limitations. The forward models
used are approximations of reality, accurate models have a (too) high numerical complexity and the
inputs do not cover the full model parameter space [3]. Consequently, these models struggle to cap-
ture the highly specific structures in data [3], leading to suboptimal results across different applications.

Recently, data-driven methods have demonstrated significant success in solving inverse problems.
These are generic models that learn solutions for specific problems through training data, thus be-
ing easily applicable to many different datasets from different fields [3]. However, a major drawback
of data-driven approaches is their lack of interpretability, explainability and general theoretical guar-
antees. This thesis seeks to bridge this gap by relating data-driven methods for inverse problems with
classical approaches, thereby enhancing their explainability and interpretability. Specifically, we will
explore Wasserstein robustness in inverse problems and aim to draw insights into its relationship with
classical regularization methods.

Inverse problems Usually, we work with a model that transforms certain inputs into outputs
through a well-defined process. This model could be anything: a medical imaging device, a weather
prediction model or something as simple as a matrix operating on the input. In mathematical terms, we
describe this process as a forward problem. Here, we know the input 2 € X and the model, represented
by a forward operator H : X — Y, processes this input to produce an output y = Hz € Y. The
real challenge arises when you face an inverse problem. Instead of a known input, you begin with the
output, which is often noisy:
y=Hr+ecY.

In this equation, e represents the noise that corrupts the measurement. The goal is to work backward
to reconstruct the unknown input x. For example, in medical imaging, we obtain a CT-scan of a
patient, which gives us a measurement y. However, our objective is to reconstruct the image of the
person, represented by x.

Inverse problems are tricky for several reasons. First, the noise can corrupt the measurement. Sec-
ond, these problems are often ill-posed, meaning that small changes in the noisy output can lead to
significant variations in the reconstructed input and there might be multiple (or no) possible inputs
that could lead to the same output. To combat these difficulties, there are various classical regular-
ization techniques. These methods help to stabilize the solutions, allowing us to extract meaningful
information from noisy, incomplete, or indirect measurements. Examples are truncated SVD [4], total
variation (TV) [5] and Tikhonov [6] regularization. Solutions to inverse problems play a crucial role
in various scientific and engineering applications such as medical imaging techniques, enhancing signal
processing, or refining data analysis.

With the rise of deep learning models, data-driven approaches to solving inverse problems have gained
prominence. One such approach is the Bayesian framework, which provides a method for addressing the
uncertainties inherent in inverse problems. In this framework the possible input = and its corresponding
measurement y are viewed as realizations of X- and Y-valued random variables x and y respectively.
The objective of Bayesian inversion is to characterize the full posterior distribution ppest of x given y
by using Bayes’ theorem:

Ppose(zly) = ﬁpm — Ha)po(a).



Here, pg is the prior probability density on x, reflecting any prior knowledge or assumptions about
the input. Z(y) is a normalizing constant ensuring that the posterior distribution is properly scaled.
The data likelihood is specified through the noise distribution py, and the forward operator H which
together describe how the input « is transformed into the measurement y and how noise affects this
process. Bayesian inversion allows for a probabilistic interpretation of the solution. This probabilistic
framework can be further refined and made robust. One such technique involves assuming that the
true distribution is close to the perturbed measure in terms of the Wasserstein distance. This allows
for the establishment of a robust estimation framework against perturbations on probability measures
defined over the joint input and measurement spaces. This Bayesian perspective can be incorporated
into inverse problems by setting up a Distributionally Robust Optimization framework.

Distributionally Robust Optimization and the Wasserstein distance Numerous problems
across various fields are impacted by uncertain parameters, which can only be estimated indirectly
through sample observations. Data-driven methods aim to learn a solution from a finite number
of training samples but an often-occurring problem is that it is difficult to find a solution that will
perform well on unseen test samples. A Distributionally Robust Optimization (DRO) [7] problem
minimizes the expected risk of a problem under uncertainty where the true distribution of the data
is usually unknown but can be approximated by an observed distribution. This observed distribution
however, often leads to a low out-of-sample performance. Therefore, in a DRO we assume that the
real distribution of the data must be ’close’ to the observed distribution and choose an ambiguity set
of distributions ’close’ to the observed distribution. We then find the solution with minimal risk under
the worst cases allowed within the ambiguity set. In other words, it finds the 'best worst-case’ scenario.
This robust solution then has guaranteed low out-of-sample error: it generalizes well to new data. In
order to formulate a DRO problem, a metric is needed that measures the distance between probability
measures - to determine which measures are ’close’ to the observed one. For this, the Wasserstein
distance is often chosen as a suitable metric. The Wasserstein distance is well-defined for any pair of
probability measures, regardless of any mutual singularity - unlike ¢-divergences - and it is sensitive to
the relative position of the supports of singular distributions being compared, thus being less sensitive
to vanishing gradient problems - unlike integral probability measures (IPMs) [§].

Aim of thesis In the previous paragraph, it is mentioned that robust solutions generalize well to
new data. This generalizing effect is similar to a regularizing effect we have seen in machine learning
and inverse problems. Thus the question arises, is there more than just similarity to these methods?
What happens when we want to robustify an inverse problem? In specific cases, could the robust and
regularized problems be equivalent? The overarching goal of this thesis is to address these questions.
It aims to bridge the topics introduced and provide insights into the relationship between robustness
and regularization for inverse problems. Can we learn solutions for inverse problems that are robust
with respect to perturbations in the Wasserstein distance (measurement space, ground-truth space or
both)? How well does this learned solution perform (with respect to classical regularization methods)?
What do we gain with respect to classical regularization methods? The fields of Wasserstein robustness
and data-driven approaches for inverse problems have both seen considerable growth in recent years.
The challenge in this thesis is how to connect the two topics and to determine what we gain with the
Wasserstein robust optimization framework with respect to classical regularization methods.

2.1 Related works

Inspiration Recently, Daniel Kuhn has made significant contributions to the field of Wasserstein-
DRO. Notably, Kuhn et al. [7] present a comprehensive overview of Wasserstein-DRO with applications
in machine learning, while Carioni et al. [8] provide a review on using Wasserstein-DRO as a data-
driven method for solving inverse problems, including an extensive overview of the mathematical results
underlying the mentioned methods. Both works serve as the main inspiration for this thesis.

Data-driven approaches for inverse problems The literature on data-driven approaches for
inverse problems has seen considerable growth in recent years. For surveys on this subject see [3, 9-
11]. The work in [12] compares the performance of two classical and two data-driven approaches. The
increased use of neural networks (in combination with a classical regularization term) as (adversarial)



regularizers for inverse problems is highlighted in works such as [13-18]. For a survey and a review on
neural networks as regularizers, see [10] and [11] respectively. Additionally, neural networks can be used
to learn the regularization parameters [19] or an auxiliary network to generate adversarial examples
can be used to improve the robustness of deep-learning based approaches for inverse problems [20].
Another data-driven approach for inverse problems, proposed in [21] is to find an optimal low-rank
regularized inverse matrix by using the training data in a Bayesian risk minimization framework.
The results in [22] build upon this by combining data-driven and model-based methods in Bayesian
inverse problems in a learned-SVD regularization method, showing a connection between Tikhonov
and learned-SVD regularization.

(Wasserstein) DRO The DRO framework is used in many applications, for a review on DRO in
general see [23]. We are mainly interested in its applications in machine learning and inverse problems.
The DRO framework is used in [24] to learn models that are robust to perturbations in the data
distribution. Bayesian and minimax approaches to solve the minimum MSE estimation problem for
inverse problems are combined by setting them in the Wasserstein DRO framework in [25] while [26]
uses a spectral decomposition method to solve the Wasserstein DRO problem for Gaussian process
regression and Bayesian linear inverse problems. The Wasserstein distance itself finds applications in
various aspects of inverse problems, serving as a regularization term [27, 28], appearing in a proximal
gradient method [29] or as a loss function [30].

DRO and regularization Connections between DRO and regularization methods have been ex-
plored extensively. According to Shafieezadeh-Abadeh et al. [31], the first connection between robus-
tification and regularization is found in [32]. Specifically, they show that the DRO problem with a
Frobenius norm-uncertainty set is equivalent to Tikhonov regularization. In [33], an overview of the
conditions under which robustification and regularization are equivalent can be found, see Table 2 on
page 15 for a summary. Specific connections between Wasserstein DRO and regularization have been
found in [31, 34, 35]. Wasserstein DRO as a regularization technique for linear regression is introduced
in [31], guaranteeing an upper confidence bound on the loss on test data and proving the regularized
learning problems are tractable. They show that classical regularized learning models are special cases
of their proposed framework. A new concept, the 'variation of a function’ is introduced in [34] as a
new form of regularization that generalizes Total-Variation, Lipschitz and gradient regularization to
provide a general connection between Wasserstein DRO and regularization. Their results show that
Wasserstein DRO is closely related to a ’variation regularization’ problem.

Connections It is evident that the fields of Wasserstein DRO and data-driven approaches for in-
verse problems are fast-growing and there are already some connections between the two. Notable
approaches connecting machine learning and DRO are Distributionally Robust classification, Distribu-
tionally Robust regression, Distributionally Robust Maximum Likelihood Estimation, Distributionally
Robust Minimum Mean Square Error Estimation [7], Wasserstein Generative Adversarial Networks
(W-GANSs) and adversarial regularization [8]. Specifically, Wasserstein robustness has been incorpo-
rated in inverse problems before [26], numerically showing that the method holds promise. Ultimately,
there are currently not many theoretical and general results on the subject. Connections between
(Wasserstein-)DRO and regularization have been established in linear regression problems [31-33, 35|
and in general [34], but not fully incorporating the possible ill-posedness and non-linearity of an inverse
problem and often only looking at robustness in either the input- or output-distributions instead of
considering perturbations in the joint or conditional distribution. This thesis aims to fill this gap and
extend the theory on Wasserstein robustness as a regularization method to inverse problems.

2.2 Approach and main contributions

To connect the two main topics of this thesis (inverse problems on the one hand and Wasserstein
robustness on the other), we propose a framework to find distributionally robust solutions for inverse
problems by building on an existing idea for a framework and combining concepts from optimal trans-
port and inverse problems in a novel way. We formulate a Bayesian (i.e. conditional) framework for
inverse problems as a DRO-problem. We explore the characteristics of this framework by presenting
a dual representation for the problem and a general strong duality result which allows us to see some



connections to regularization. Subsequently, a specific inverse problem case is chosen, assuming a
conditional setting with Gaussian noise in the measurement process. We continue our exploration of
the proposed framework by exploring the dual problem for this specific scenario and reducing it to a
convex, finite-dimensional problem in order to verify and validate the model through numerical sim-
ulations which suggests the Wasserstein-DRO solution coincides with the least-squares solution. This
research presents a significant advancement in distributionally robust optimization and inverse prob-
lems by integrating Wasserstein robustness in inverse problem modeling. Through thorough analysis,
this work not only expands theoretical foundations but also holds promise to significantly enhance the
reliability of solutions to inverse problems across various fields in practice.



3 Theoretical framework

This section outlines the theoretical framework for this thesis, mainly stemming from two key research
areas: distributionally robust optimization and inverse problems. To ensure the thesis is self-contained,
we begin by establishing foundational concepts related to (probability) measures. Following this, we
delve into the theory of Wasserstein distance and optimal transport, before exploring the specifics of
distributionally robust optimization. Finally, we address the theory of inverse problems.

3.1 Measure theory

Measure theory extends concepts such as the length of an interval on the real line to more complex
and abstract subsets, enabling us to apply various notions of length to suit specific problems. Before
we define what a measure is, we will introduce some essential concepts that form the foundation for
defining measures. For a comprehensive introduction to measure theory, we refer to [36].

Definition 3.1 (Power set). The power set of a set €, denoted by P(Q), is the set of all subsets of 2,
including the empty set and 2.

Definition 3.2 (o-algebra). We define a o-algebra on € as a special set of subsets of Q. The set
F CP(Q) is called a o- algebra if it satisfies the following properties:

(a) Empty and full set: 0,Q € F.
(b) Closed under complement: if A € F, then A°:=Q\A € F.
(c) Closed under countable unions: if A; € F,7 € N then U2, A; € F.
It follows from these properties that any o-algebra is also closed under intersection.

Definition 3.3 (Measurable set). Let F be any o-algebra on Q. Then any A € F is called a F-
measurable set.

Definition 3.4 (Generated o-algebra). Let B C P(2) be any collection of subsets of a set 2. We
define the o-algebra generated by B as the smallest o-algebra that contains B:

o(B):=N{F CP(Q): BCF,Fisaoc-algebra}.

This set is nonempty as P(2) is a o-algebra that contains B and an intersection of o-algebras is itself
a o-algebra.

Definition 3.5 (Borel o-algebra). Let (€2, 7) be a topological space. We define the Borel o-algebra of
Q as the set generated by the collection 7 of open set on 2:

B(Q) :=o(7).
In other words, it is the smallest o-algebra that contains all open sets of (2.

Finally, we have all ingredients to give the definition of a measure. We define measures on o-algebras
as we want measures to satisfy certain properties that cannot in general be satisfied on the whole
power set, but they can be fulfilled on a (Borel) o-algebra.

Definition 3.6 (Measure and measure space). Let F be a o-algebra of 2 and (2, F) a measurable
space. A map 4 : F — [0,00] is called a measure if it satisfies the following properties:

(a) The empty set maps to zero: u(f) = 0.
(b) Non-negativity: u(4) >0 VAe F.

(c) Countable additivity or o-additive: if A;, Az, ... € F are all disjoint (i.e. A; N A; = () whenever
i # jfor all A; € F), then p (U2 A4;) = >0 u(A;).

If p is a measure on (€2, F), then we call (2, F, 1) a measure space.

In the special case that p(Q2) = 1, we call u a probability measure and (9, F, i) a probability space.
This brings us to the next section on probability measures.



3.2 Probability measures

This section expands the theory on measures to probability measures specifically. The contents of this
section are heavily informed by [8].

Definition 3.7 (Probability space). A probability space consists of the triplet (2, F, u) providing a
formal model of a random process. It contains:

— The sample space 2, the space of all possible outcomes. We will assume ) to be a Polish space
which is characterized by being a complete metric space with an underlying metric d : Q x Q —
[0, o0] and possessing a countable dense subset.

— An event space F which is a o-algebra consisting of subsets of €2, a collection of all events we
want to include where an event is a set of outcomes.

— A probability measure p : F — [0, 1] which assigns a probability to each event in the event space.
Let P(2) denote the set of all possible probability measures on the measurable space (2, F).

Definition 3.8 (Probability law). For any R?%valued random variable x on a probability space, the
corresponding probability law is defined as the following probability measure z, on (R?, B(R?)), where
B(R?) denotes the Borel o-algebra of R¢:

1x(B) = p(x"\(B)) VB € BRY).

Definition 3.9 (Probability density function). We define the probability density function of x by the
nonnegative function px : RY — [0, +0c] such that px(%B) = [,pxd\ VA € B(R?) where X is the
Lebesgue measure.

The existence of py is guaranteed by the Radon-Nikodym theorem if px is absolutely continuous with
respect to \, 5o if jix (%) = 0 whenever \(#) = 0 for any % € B(R?). If this is the case, it is unique
A-almost everywhere.

Definition 3.10 (Expected value of a random variable). The expected value of a random variable x,
denoted as Ex~,, [x] or E[x] is defined as

B[] = | X)) = [ adie(a).

If x has a density py, the expectation can equivalently be written as

Esxrop [X] ::/ TpxdA(x).
R

Definition 3.11 (Measurable function). Any mapping 7" : (Q1,F1) — (Q2, F2) between two measur-
able spaces with the property that T-1(A) € F; VA € F; is said to be a measurable function from
(021, F1) to (Q2, F2).

Definition 3.12 (Push-forward measure). Given any any measurable function T': (1, F1) — (Q2, F2)
between two measurable spaces and a probability measure p on (€21, 7). The push-forward measure
of p through T, denoted as T, is defined as a probability measure on (22, F2) such that

Tyu(A) =pu(THA) =pf{z € Q : T(z) € A} VA€ F.

For a measurable function g : (R4, B(R?)) — (R™, B(R™)), let sy := gupux. The expected value of
y = g(x) can be written as:

B9 = [ a@ine(o) = [ ey (1)

R4
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Definition 3.13 (Joint probability distribution). We denote by u(p1, pe) the set of joint probability
distributions with marginals p; € P(€Qq) and ps € P(3), which is defined as follows. For every

1% S M(,U/L ,LLQ)a

w(A x Q) = p1(A) for every Borel subset A C ©; and
w(Q1 X B) = ug(B) for every Borel subset B C 5.

This is equivalent to stating that for every ¢; € C(£21) and ¢o € C():
[ or@duten) = [ or(a)dim (@) and
Ql XQQ Q1
| dalwduta) = [ oau)duaw).
Ql XQQ QZ

Now that we have established the definitions of probability spaces, (probability) measures, random
variables and their expected value, we proceed to the topics this thesis aims to connect: distributionally
robust optimization and inverse problems.

3.3 Distributionally Robust Optimization (DRO)

In a distributional optimization problem, we want to minimize the expected risk of a decision problem
under uncertainty. In other words, each decision has an uncertain loss, where the true distribution is
usually unknown but may be indirectly observed through data samples. One could use the observed
distribution, but this will always be different from the true distribution and the decision problem
will inherit (often even amplify) estimation errors in the observed distribution. Furthermore, it can
generally be shown that even when the input parameters of a decision problem are unbiased in their
distribution, the optimization outcomes are often optimistically biased, leading to worse than expected
out-of-sample results. This phenomenon is sometimes called the optimizer’s curse or optimization bias.
For a deeper understanding of this phenomenon, we refer to 7], which heavily informs the contents
presented in this section. Additionally, the content of this section draws extensively from another
relevant work, namely [8]. The optimizer’s curse shows that a distributional optimization problem is
not robust, as we do not have a guarantee of low out-of-sample risk. In order to have this guarantee, it
is essential to quantify the sensitivity of the risk with respect to the unknown distribution. To compare
distributions, we require a distance measure between them. In the next section, we will introduce the
Wasserstein distance and some of its properties in order to formulate a general DRO problem.

3.3.1 Wasserstein distance and optimal transport

As mentioned, the Wasserstein distance is a metric to describe how ’close’ probability measures are to
each other. It is sometimes called the ’earth movers distance’ as it gives the minimal amount of work
(= cost) needed to transform one pile of sand (= probability measure) to another. The Wasserstein
distance finds the transport plan that can transform one pile into another for the least amount of work.
The smaller this amount of work is, the more similar the two measures are. Figure 1 illustrates this
concept by showing to piles or probability measure to be transformed into each other.

The Wasserstein distance is a suitable metric for probability measures as it is well-defined for any pair
of probability measures, regardless of any mutual singularity (i.e. it does not matter if their support
overlaps), unlike ¢-divergences. The latter are only well-defined if the distributions have overlapping
support, which is often not the case when data is approximated on low-dimensional manifolds. This
leads ¢-divergences to be unstable, thus suffering from vanishing or exploding gradients. Moreover,
the Wasserstein distance is sensitive to the relative position of the supports and to the geometry of
distributions that are being compared, unlike integral probability measures (IPMs). Additionally, the
Wasserstein distance has an intuitive interpretation as the minimum ’cost’ required to transform one
distribution into another. For examples of the mentioned metrics, see [8, p. 5-6].

11
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Figure 1: Two probability measures, or 'piles of sand’ to be transformed into one another.

Definition 3.14 (Wasserstein distance). Given a cost function ¢ : Q x Q@ — [0,00) satisfying the
properties of a distance metric the p-Wasserstein distance (1 < p < c0) between two Borel probability
measures p1, po € P(2) is defined as

1/p
Wylpr,pe) = (__poin @odn(ea)) € P)
m€ll(p1,p2) JOxQ

It can be shown that the Wasserstein distance is a distance metric on the space of probability measures
P(Q), see [37, p. 106] for the proof and more properties of the Wasserstein distance. The optimization
problem in (3.14) represents an infinite-dimensional linear program over the transportation plan .
This linear program admits a strong dual, offering an alternative definition of the Wasserstein distance
which can be further simplified if p = 1.

Theorem 3.1 (Dual Kantorovich Problem). For any p € [1,00), the p** power of the p- Wasserstein
distance between w1 and wo admits the dual representation

W) = sup [ d@da(w) — [ o))
s.t. ¢ and Y are bounded continuous functions on 2 with

(x) — Pp(u) < P(x,u) Ve,ue Q.

Theorem 3.2 (Kantorovich-Rubinstein theorem). The type-1 Wasserstein distance between py and
e admits the dual representation

WiGuna) = sup [ d)dim(de) ~ [ otwdusla)
Lip(¢)<1JQ Rm™

where Lip(¢) = SUPy£y % 1s the Lipschitz modulus of an extended real-valued function ¢ on Q

with respect to the cost c¢(x,u).

For the proof of each theorem we refer to [38, Ch. 5] and [38, Remark 6.5], respectively.

3.3.2 DRO problem

Definition 3.15 (Wasserstein-DRO). Finally, we can define the Wasserstein-distributionally robust
optimization (DRO) problem as

inf  sup U(z; g)dp(x) (1)
gezp:WP(u,u*)Se Q

where we parameterize the loss function with ¢ in some set X, fQ I(z; g)dp denotes the expected total
loss under the distribution p and p* is the unknown true distribution.
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By defining the Wasserstein ball, we can slightly rewrite (1).
Definition 3.16 (Wasserstein Ball). We define the p-Wasserstein ball as

Bep(u®) = {u € P(Q) : Wylp,1”) < ).

This gives an alternative formulation of the Wasserstein-DRO:

inf  sup /Ql(x;g)du(x). (2)

9€Z e B. (1)

In [7, Th. 18-23], it is shown that for some specific cases the worst-case risk provides an upper confi-
dence bound on the true risk and that the best worst-case (optimal value of DRO) provides an upper
confidence bound on the out-of-sample performance of its optimizers. This motivates the idea that the
(Wasserstein-)DRO can beat the optimizer’s curse.

3.4 Inverse problems

The contents of this section draw heavily from the theory in [8, 39]. As mentioned before, inverse prob-
lems aim to approximate the unknown true solution z* € X from its noisy and indirect measurement
y® € Y, usually given by an additive noise model

v’ =Hz* +e

where H : X — Y is a linear operator and X and Y are Banach spaces endowed by the norms ||-|| , and
|||y respectively. Finally, e represents the combined measuring and modeling error with |lell,, < 4.
Note that an inverse problem can also be modeled by y® = H%z* where the noise (or corruption) is
not additive but incorporated in the operator H® : X — Y. Poisson noise for example is not additive.

Inverse problems often suffer from ill-posedness due to modeling and measurement errors. We call an
inverse problem ill-posed if it is not well-posed.

Definition 3.17 (Well-posed inverse problem). An equation Hx = y is well-posed if all three of the
following criteria hold:

e Existence: there exists at least one = for which Hx = y.
e Uniqueness: there is exactly one x for which Hx = y.

e Stability: the solution depends continuously on the data, i.e. there is a constant C' < oo s.t.
|z —2'|| < Clly — ¥'|| where Hz = y and Hz' = y/'.

If we find an 2° for which Hz® = 3°, we can ask ourselves how big the backward error Hx5 —z* || x 18

with respect to the forward error ||Hx5 — H:z:*HY = |le|ly- In practice, we call a problem ill-posed if a
small error in the data can lead to a large error in the reconstruction.

Ill-posedness causes problems in applicability of inverse problems. In the physical world, there is only
one reality. If our model gives us one or multiple solutions this would yield an obvious problem: in
reality there is exactly one solution representing the physical reality. How do we know which one to
take? How do we make sure there even exists a solution? In many applications, well-posedness is
generally not satisfied, for example in matrix inversion but also in sensitive fields such as computed
tomography, where accuracy is crucial to the application of medical imaging.

To solve an inverse problem, the first elements to address are the existence and uniqueness of our
solution. We cannot guarantee to recover the true solution x* for all measurements so we introduce
the concept of a generalized solution: a solution that is closest to the measured data with respect to a
term measuring data discrepancy (often called the loss function) f: Y x Y — R, such as the squared
normed difference f(Hz,y) = |Hz — ylli We look for a solution Z minimizing this data discrepancy:

i€ X :=argmin f(Hz,y)
z€X

13



This addresses the existence of a solution, but the operator H can still have non-trivial null-space,
causing T not to be unique. To address that problem, we choose the solution with the smallest norm.
Thus we define the minimum norm solution

& := argmin ||z|| ;.
zeX
When f and ||-|| ;v are both given by the squared L?-norm, we call this the least-squares minimum-
norm solution.

Now that we have established existence and uniqueness, the stability issue becomes the next challenge
to address, presenting a more involved problem to resolve. If we consider inverse problems as a
system of linear equations Hx = y with H € R™*" a given matrix of rank k& < min{m,n} and
y € R™ the data, we can apply different notions of inverses. The generalized inverse H9 € R™*™
of a matrix H is any matrix satisfying HH9H = H, see [40] for a book on theory and applications
of generalized inverses. When a matrix has a 'regular’ left-inverse (i.e. it is non-singular), this is its
unique generalized inverse. Notable types of generalized inverses include the ’regular’ left inverse, the
right inverse H® (s.t. HH = I) , the Drazin inverse [41] and the Moore-Penrose pseudo-inverse
[42, 43]. The Drazin inverse can be applied for square matrices and is the unique matrix H? such that
HPHHP = HP, HHP = HPH and H*"'HP = H* with k the smallest non-negative integer such
that rank(H**1) =rank(H*). The most notable one however, is the Moore-Penrose pseudo-inverse
which is defined in terms of the singular value decomposition:

H =V, 3, U

where Vi, = (v1,vs,...,v) and Ug = (u1, ug, ..., ux) contain the first k right and left singular vectors
respectively and the diagonal of ¥, contains the k largest singular values. The solution zt := Hfy
coincides with the least-squares minimum-norm solution. This means we can guarantee the existence
and uniqueness of the solution but unfortunately this solution may still be unstable. The condition

number x(H) = ||HT||||H|| characterises if a matrix is ill-conditioned since
[ 1P ly =v°lly
= X miZ 1y
P T

with y* = Hz* the true solution and y® = Hz% the noisy measurement. Thus, the larger the condition
number, the more ill-posed the problem is. We now have a unique solution z', but the condition
number ||HH2HHTH2 = 01 /0, may still be large.

Alternatively, we can express the solution as

E

o
i=1 v

This allows us to see that the component in y corresponding to v; is amplified by o, 1 The discrete
Picard condition is satisfied by the vector y € R™ if |[(u;,y)| decays faster with ¢ than the singular
values o;, in which case the stability is usually not a problem.

The pseudo-inverse of a matrix and the discrete Picard condition can be extended to operators in
function spaces. Assume the forward operator H : X — Y to be a bounded linear operator and that
the spaces X and Y are Hilbert spaces. Denote the restriction of H to the orthogonal complement
of its null space N'(H)» mapping to its range as H : N(H)* — R(H). The Moore-Penrose pseudo-
inverse H' : R(H) UR(H)* — N(H)" is then defined as the unique linear extension of H~' with
N(HYY = R(H)* and R(H') = N(H)*. It can be shown [39, Ch. 3.2| that if y is an element of the
domain of HT, this pseudo-inverse gives the unique minimum-norm solution 2zt = Hfy. This again
gives existence and uniqueness, but no guarantees of stability (continuity).

For a compact operator H its pseudo-inverse can be expressed as HTy = Z;’il %vz with o; the
i-th singular value and w;, v; the i-th left and right singular vectors. The Picard condition is fulfilled
if for every y € D(HT),

14



00 2
W
Z ’<y7 ]2>y| < 0.
o
=1 J
This condition tells us how stable or unstable our unique solution is, so how can we modify our solution
to make sure it is stable? This is where regularization comes in. When applying regularization, we
basically force a stable solution. For compact operators, we can regularize the pseudo-inverse to force
it to be bounded (and continuous). Define the regularized pseudo-inverse as

Hly = Zga(ai) (y, us) v;
i=0

where g, describes the type of regularization that is used. For example, Tikhonov regularization uses
9a(0) = % and truncated SVD uses

o7l ifo>a
gal(o) = {

0, otherwise.

The regularization term should provide that H] is a bounded linear operator for a > 0 and converges
pointwise to H' as o — 0, for y € D(H?).

The most popular regularization methods fall under the umbrella of variational regularization. This
approach seeks to construct a family of reconstruction operators G* : Y — X, parameterized by A,
such that G*(y) provides a satisfactory approximation of x. The idea is to incorporate prior knowledge
on the solution z into the problem. This method establishes these reconstruction maps as the solution
to a variational minimization problem:

GMy) € argmin f(Hz,y) + Ra(x)
zeX

where f : Y x Y — R, represents the data fidelity and Ry : X — R is a regularization term
parameterized by A incorporating prior information on the input. Often, the regularizer is constructed
as Ry = AR(z) with R a fixed regularizer and A € R a penalty parameter balancing data fidelity and
regularization. With small A, the emphasis lies on fitting the data and with a large A the emphasis
lies on regularization. Most classical reconstruction operators are convergent regularization schemes,
where the regularization term is chosen such that G*(y) varies continuously in y and there exists a
parameter selection rule A : § — () such that as the noise level 6 — 0, GM%(y) converges to a
generalized solution of the noiseless operator equation y* = Hz*, where y* denotes the noise-free
measurement. Popular choices are Total-Variation (TV) regularization with Ry(xz) = A||Vz||, and
generalized Tikhonov regularization with Ry(x) = )\||Bx||22 where B : X — Z is a bounded linear
operator.
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4 Fundamental theorems

Although the theoretical framework has been established, there are still numerous preliminary results
that we will build upon, mostly related to the DRO problem and its dual formulation. In this thesis,
we will draw on findings from other notable researchers across the various fields we are integrating.
This section begins by presenting a dual representation for a problem analogous to ours, though
simpler, which yields a representation similar to Tikhonov regularization. We will provide a detailed
proof of the strong duality of this representation, as it serves as a significant source of inspiration.
Additionally, an interesting alternative proof of strong duality is given. Following this, we will give a
convex, finite-dimensional reduction of the Wasserstein problem to make it computable.

4.1 Dual representation

In [35], Blanchet et al. construct a DRO formulation for the setting of linear and logistic regression
models where the goal is to find the best fitting parameter vector 8 € R? relating the given data points
{(w;,y;) i =1,...,n} with predictor variables x; € R? and responses y; € R Vi. The goal is to find the
B that best fits all parameterized models relating each data-point. They show that when considering
a square loss and the 2-Wasserstein distance with /,-norm as cost function, the DRO problem can be
reformulated as a problem very similar to Tikhonov-regularization. In order to discuss their results in
detail, their DRO formulation, Proposition 1 and 2 and Theorem 1 [35, p. 8-11] will be repeated here
along with their proofs [44] [35, p.28-29], with some changes in notation to facilitate better connection
with our context in a later stage.

Blanchet et al. use a slightly more general formulation of the Wasserstein-distance, which they define
as follows.

Definition 4.1 (Optimal transport cost). Let ¢ : R™ x R™ — [0, 00] be any lower semi-continuous
function such that c(u,u) = 0 Vu € R™. Given two probability distributions p;,us € P(R™), the
optimal transport cost is defined as

Do) = _int [ el wydn(a,u),
well(p1,pu2) JRm xRm

Blanchet et al. do not apply any other assumptions on the cost function ¢(), but if we choose

P (u,w) = |lu — w||, for some p,q > 1, then Di/p() coincides with the p-Wasserstein distance.

Using this generalization, their DRO formulation of this problem is defined as:

it s [ i B)dutey) (3)
BER? 1D (p,p* ) <e JRI+1
Here,
- i (z,y) = % > 1 O(as ) (2, y) is the empirical distribution,
— Jgar1 U(z, y; B)dp(x,y) denotes the expected loss under the distribution g,

— and the loss function I(x,y; ) evaluates the fit of the regression coefficient vector 8 for data
point (z,y).

Proposition 4.1. Let ¢ : R xRt be a lower semi-continuous cost funtion satisfying c((x,vy), (u,v)) =
0 whenever (z,y) = (u,v). Fory >0 and loss functions l(x,y; 8) that are upper semi-continuous in

(xz,y) for each B, define
Oy (@,y; B) == sup  {l(u,v; B) — ve((u,v), (z,9))}.
u€RI vER
Then

[ et =i (s [ e i |

wDe(p,p*)<e
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The DR regression problem (3) then reduces to
inf su lz,y; B)du(z,y) = inf min 6+/ z,y; B)du* (x, } 4
IBERd’u:DC(uE*)<6/]Rd+1 (2, y; B)dp(z, y) nf, mip {7 " Oy (2, y; B)dp” (z,y) (4)
For the proof of this proposition, see Section 4.2.
Proposition 4.2. Fiz q € [1,00] and let B = (—3,1) for brevity. Consider l(z,y;8) = (y— BT x)? and
2
c((2,9), (u,v)) = [[(z,y) — (u,v)|l;. Then,
inf, s [ iy B)dutey) = int, (VAISEL(3) + V2|3,
BER? 11D, (p,p*) <e JRI+ BER? P

where MSE,(8) = [(y—BTz)%dp*(z,y) = 1 Z?Ll(yi —BT2;:)? as the assumed distribution is discrete,
and p is such that 1/p+1/q = 1.

Proof. For brevity, let # = (z,y) and 8 = (—3,1). The loss function is then I(z,y;3) = (377)2.
We will start by evaluating ¢~ (x,y; 3) as it is defined in Proposition (4.1) and use this expression to
evaluate the right hand side of (4) in Proposition (4.1).

2
)

6 (0 y38) = sup {(BT)? —ollz —ull}}

GERI+1

Apply a change of variables A = & — Z and use that by Holders inequality |BTA‘ < HBHPHAHq with
1/p+1/q = 1, where the equality holds for some A € R+1:

0u(@8) = swp {(BTa+BTA) — A2}
AERd+1
= sup {(8"z+sign(872)|BT A 1Al ]
AeRd«}»l
— . — = 2
= swp {572+ sign(3T |3, 181,)° - 71515}

=@+ sw {=-18IIAl + 2575 5], 1A,

BTz)2—2L—  if v > |87,
_J@ )7_”5”p 7> 181,

00 else.

We can use this to evaluate

sup /}Rd+1 Wz, y; B)dp(z,y) = ;g% {78 + /}Rd+1 %(aﬁ,y;,@)du*(ar,y)}

piDe(p,p*)<e
(5)
V=181 T

Since Blanchet et al. assume a discrete setting, we have [(872)%dp*(z) = L Y1 | (872)* =t MSE,(B)
which we recognize as the mean square error.

The right-hand side of (5) is a convex function growing to oo (when v — oo or v — HBHIQ)) so the

global minimizer of this function can be characterized uniquely by first optimality condition. After
some calculations, we finally have

sup [t autan) = (VITSELB) + V|51

wiDe(p,p*)<e
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Combining this with the duality result from Proposition (4.1), we have

inf (x,y; B)d R =i f inf +/ i Y B)d *}
2 L et = gt e [ oo
— inf (WSE +velal,)

BER
O
Finally, Blanchet et al. modify the cost such that c((z,y), (u,v)) = (Ny((x,¥), (v,v)))? with p = 2 and

le—ull,, ify=o,

0, otherwise.

NQ((x’y)a (U,’U)) = {

This modified cost function assigns infinite cost when y # v so the supremum in (3) is only over
joint distributions that do not alter the marginal distribution of y, thus only admitting distributional
ambiguities with respect to the predictor variables x in the ambiguity set.

Theorem 4.1. Consider l(z,y; 8) = (y — T2)? and c((z,y), (u,v)) = (Ny((z,y), (u,v)))? with p = 2.
Then,

nf, s / Uy Bdtay) = int, (VATSEL )+ vEIS,)

BER? 1D, (1>

where MSE,(B) := [(y — BT2)%du*(z,y) = njv (i — BTx;)? as the assumed distribution is discrete,
and p is such that 1/p+1/q = 1.

Thus recovering an [,-norm regularized regression.

Proof. Again, start by seeing that

oy (ziyii B) = sup  {(v" = BT2)? — YN ((u,v), (i, 1)) }

u€RI veEER
= sup {(yi — B"2)* — yNo((w,y:), (25, %:)) }

u€ER

2

= sup {(y = 872)? —flu— il |

u€Rd

. 2
[T > I
00 else.

The second equality follows from the fact that Ny((u,v), (x;,y;)) = oo whenever v # y; so the supre-
mum is effectively only over (u, v) such that v = y;. The last equality follows the same lines of reasoning
as in the proof of Proposition 4.2 and the rest of the proof for Theorem 4.1 is exactly the same as that
of Proposition 4.2.

O

4.2 Proof of Proposition 4.1

As mentioned before, the proof of Proposition 4.1 is an application of Theorem 1 from [44]. The
assumptions and definitions will be summarized here in order to repeat the Theorem with some changes
in notation with respect to Blanchet et al.

Assumption 1 (A1) c¢:S xS — Ry is a non-negative lower semi-continuous function satisfying
c(xz,u) =0 if and only if z = u.

Assumption 2 (A2) f e L'(du*) is upper semi-continuous.
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4.2.1 The primal problem

The primal problem then is to evaluate

I:=sup {/ldu :De(p*,v) < a} .

As the infimum of the definition of the optimal transport cost D, is attained for any given non-negative
semi-continuous cost function ¢, this can be rewritten as follows:

I =sup /l(u)dw(m,u) i E U H(,uw)?/ch <e

veP(S)
If we let

I(m) := /l(u)dﬂ'(:v,u) and  ®- o = U M(p,v) : /Cdﬂ' <e

veP(S)
then
I =sup{I(m) :me€ Py} (6)

is the primal problem.

4.2.2 The dual problem and weak duality

Use my(S;R) to denote the collection of measurable functions ¢ : (S,U(S)) — (R,B(R)) where
U(S) = Nuep(s)Bu(S) is the universal o-algebra. Since U(S) C B,(S) for every p € P(S), any
¢ € my(S;R) is also measurable when S and R are equipped with the o-algebras B, (S) and B(R)
respectively. This leads the integral | ¢du to be well-defined for any non-negative ¢ € my(S;R).

Define A.; to be the collection of all pairs (), ¢) such that X\ is a non-negative real number, ¢ €
my(S;R) and

d(x) + Ae(x,u) > U(u), Vr,u.

In other words,

Ac,l = {(A,Qﬁ) NS R+,¢ S mu(S,R),d)(x) Z l(u) - )\c(x,u) VZ,U S S} .
For every such (A, ¢) € A.; consider the dual problem

T ) = Ae + /S b(x)dy* (). (7)

Theorem 4.2 (Weak duality). Assume (A1) and (A2) hold. We have J > I whenever I and J are
defined as in (6) and (7), respectively.

Proof. For any m € ®,+ . and (X, ¢) € A, we have

J(A, @) = e + /qb(x)dﬁ(x,u)

> he + / () — M, w))dr(, u)

= /l(u)dw(x,y) + A (8—/6(96,10)61”(%“))
> /l(u)dﬂ'(m,u)
= I(m)

Thus,
J:=1nf{J(\,¢) : (N, ¢) € A} > 1.
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4.2.3 Strong duality
Theorem 4.3. Under the Assumptions (A1) and (A2),

(a) I=J. In other words,
sup{I(m) : m € -} =inf{J(\, ) : (X, ¢) € A}
(b) For any A\ > 0, define ¢ : S — Ry as follows:

oa(x) == itelg{l(u) — Ac(z,u)}.

There exists a dual optimizer of the form (X, ¢y) for some X > 0. In addition, any feasible
¢* € @,x o and (N, ox+) € Ay are primal and dual optimizers, satisfying I(m*) = J(X*, ¢xr-) if
and only if

(1)
I(u) — XNe(x,u) = sup{l(z) — Ne(x,2)} w"a.s., and
z€S

A ( / c(a, u)dn* (z, u) — s> = 0.

Outline of a Proof. For the full proof we refer the reader to [35, Ch.4|, here we will summarize the
outline of the proof for (a) with the additional assumptions that S is a compact Polish space and
c: S xS — R, is continuous. This is part of the proof has been the most significant source for our
own strong duality proof later on.

(ii)

Let X = Cy(S x S) and identify its topological dual X* = M(S x S) which represent the vector
space of bounded continuous functions equipped with the supremum norm and finite Borel measures
on S x S equipped with the total variation norm, respectively.

Define C' and D as the sets of functions

C:={ge X :3p€Cp(5),A>0st. glx,u) = ¢(x) + Ac(z,u) Vo,ue S}
and
D:={geX:g(x,u) >1l(u) Vr,uecS}.

Every ¢ in the convex subset C' is defined by the pair (X, ¢), which in turn, can be uniquely identified
by,

for some (x,y) € S such that c(z,y) # 0. With this invertible relationship in mind, define the
functionals © : C' = Rand I': D — R as:

O(g) := )\5+/¢du and T'(g):=0.

The functional © is convex, I' is concave, and we are interested in

inf{6(g) ~T(g)} = mf{I(\,6) : A = 0,6 € Cy(S), 9(a) + Acl.w) = U(w) Var,u}.

Next, we want to identify the conjugate functionals ©* : C* — R and I'* : D* — R and their respective
domains C* and D*. By definition of the conjugate functional,
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C*:{weX*:sup{/gdw—@(g)}<oo} and D*:{weX*:inf/gdw<—oo},
gel geD
©*(m) := sup {/gdw - @(g)} and T'*(m):= inf /gdﬂ'.

gecC geD

To determine C* and ©*, see that Vm € M(S x .9),

o= up{ four-et0)}
I B N G L))

= (A,qb)elzljgcs(s) {)\ (/st c(x,u)dn(xz,u) — 5) - /qu(x) (dn(x,u) — du*(x))}
B {0 if [cdr <eand m(Q x S) = p*(Q) VQ € B(S),

oo otherwise.

Thus, we have

C*:{WEM(SXS):/cdﬂge, m(Q x S)=p” VQEB(S)}
and ©* = 0.

To determine D*, we use Lemma 15 in appendix B from [44] which states that infyep [ gdr < —oc0
whenever m € M (S x S) is not non-negative. If it is non-negative, then

inf {/g(x,u)dw(m,u) sg(x,u) > 1(u), Vx,u} = /l(u)dﬂ'(ﬂ:,u)
as [ is upper semi-continuous and bounded from above. Thus it can be approximated pointwise by a
monotonically decreasing sequence of continuous functions (if d(-, -) is a function that metrizes S then

fn(z) = sup,cg{f(v) —nd(z,u)} is continuous and satisfies f,, | f pointwise) and the equality follows
by the monotone convergence theorem. Thus we have

D = {w e My (SxS): /ldw > —oo} and T (r) = /ldw.
Then
I* (1) — ©*(r) = / ldr
on C*ND* = {ﬂ' € Upex(u*,v) : /chr < 5,/ld7r > —oo}.

Since I is defined to equal sup { [ ldp : De(p, p*) < ¢, [ldp > —oo}, it follows that

sup  {D*(r) — ©* (1)} = I.

reC*ND*

sup{I'™*(7) —®*(7) :me C*ND*} = 1.

The set C'N D contains points in the relative interiors of C and D and the epigraph of the function
I has non-empty interior. Thus it follows from Fenchel’s duality theorem [45, p.201] (see Section 4.4)
that
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gei(l;*lrwa {6(g) —T(g9)} =sup{I'*(x) — ®*(w) : m € C* N D*}.

where the supremum on the right hand side is achieved by some 7* € &, .. We can rewrite,
inf{J(X,¢) : XA >0,¢ € Cp(5), d(x) + Ae(z,u) > l(u) Vo,u} =max{I(r): 7€ ®,.} =1
Since Cy(S) € my(S; R),

J<inf{J(\ @) : A > 0,6 € Cy(S), 6(x) + Ae(w,u) > lu) Va,u} = 1.
Due to weak duality we have J > I, therefore, J = I and we have strong duality.

4.2.4 Dual optimizer

Blanchet’s proof that (X, ¢x) with ¢x(z) := sup,cg{l(u) — Ac(z,u)} optimizes the dual problem is
quite involved and part of a larger proof including some parts not relevant to us, and releases some
assumptions that we wish to maintain. Therefore, we present our own small Lemma below to show
(A, ¢») is an optimizer.

Lemma 4.4. Define ¢y(x) := sup{p(x) + Ac(x,u)}. We have

(A,d)l)nefAcJ J(\, ¢) = inf J(A,dx).

Proof. We want to prove

(A,¢>1)nefAcl {)\(5 + /¢(ac)du } = /{gfo {)\5 + /sgp{l(u) — Ae(z,u) bdu }
Recall that for every (A, ¢) € A ;:
d(z) > l(u) — Ae(z,u) Vo,u

then also
o(x) > sup{l(u) — Ae(z,u)} V.

which leads us to our first inequality,

inf {)\6+ / qS(ac)d,u*} > inf {)\5+ / sup{i(u) ~ )\c(x,u)}d,u*}. 8)

(N, p)EAC,

Secondly, let ¢y (z) := sup{p(x) + Ac(x,u)} and see that

N (bi)rlefAc,l {A§+ / ¢(x)d/f‘} < (A,qﬁi;)léfAc?l {A5+ / m(:v)du*} (9)
= ;\g% {)\5—1- /sup{¢>(x) + )\c(m,u)}d,u*} (10)

because in (9) the infimum on the left-hand side is taken over a bigger set than the infimum on the
right-hand side. Combining (8) and (10), we get an equality. This completes the proof. O

4.3 Evaluation of dual representation using the proximal operator

This section, we will explore some characteristics of the dual optimizer, which is a new contribution to
the best of our knowledge. We take again ¢(Z; 8) := supges{l(4;5) — Ac(Z, )} and we choose cost
function ¢(z,u) := ||a — :E||§ Notice that

r(@:8) = sup(i(a ) ~ Al — 713} =~ jut { J1(a:9) + la - 713 }.

a€S
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Here we can recognize the proximal operator since

. 1, o _
angin {~11(058) + [ a1} | = prox_yy0(2).
ueS

Dependent on our choice for the loss function, this allows for an explicit expression of ¢). To the
best of our knowledge, this is a new contribution and could help us find an explicit expression for
higher-dimensional problems than linear regression.

We will use the following properties for proximal operators [46]:

1. Quadratic function: for any quadratic function f(z) = 327 Az+b"z+c with A a semi-definite

square matrix we have prox,,(z) = (I +tA)~!(z — tb).

2. Composition with affine mapping: If f(z) = g(Ax+b) with AAT = (1/a)I, then prox(z) =
(I — aAT A)x 4+ a AT (prox,—1,(Az + b) — b).

3. Moreau decomposition: for A > 0, x = prox, ;(z) + Aprox,-i,.(z/\) V.

4.3.1 Quadratic loss function

To take on the linear regressional setting from Blanchet et al. (Section 4.1) we modify the cost

2 .
lu—zlly, ifo=y

C((l’,y), (u,v)) = {

00 else

)

to only admit ambiguities in the xz-space to simplify the problem. This allows us to write x and u

without the bars. We take u,z, 3 € R?, y = v € R and a square loss function I(u,v;g) = (8Tu — v)2.

We rewrite the loss:

(u,v:8) = (87u —v)* = (87u — v)(87z — v)"
= (87" (8" u) — v u = fuv +?
=ulBTu — 2087 u + v*

1
= EUTQﬁﬁTu —208Tu + v?

1
iuTAu +bTu+ec

where we let A = 2887, b = —2v3, ¢ = v? to recognize a quadratic function. Finally letting ¢ = —%

we can use property 1 for quadratic functions to find an explicit expression for the proximal operator:

2 2 2 2 .
prox, () = (14 14) (o — 0) = (I = 2857) (o + 208) = (1~ 2657) M a + 2y8) = .
since we only consider v = y. This means that ¢y (z,y; 8) = (y — BT x) — ||t — ng

4.3.2 Norm loss

Let g(u) = Gu where G € R™*™ n,m > 0s.t. GGT = LT and I(u; g) = ||g(u) — y|| = ||Gu — y|| for any
norm ||-||. To simplify notation, let f(u) = —+I(u). Then, we are looking for prox;(z). Additionally,

let k(z) = —%||:L‘||27 then f(u) = k(Gu — y). Using property 2, we see that
prox () =2 —aGT (Gr —y — prox,—1,(Gr —y)) . (11)

If we let h(z) = ||z||, then a=tk(x) = —(aX)"th(z). Assuming —(aX)™! > 0, use the Moreau
decomposition to see that
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Prox,-1,(Gr — y) = prox_ 4\)-1,(Gr — )
= Gz —y — (—(aX) 1) prox((gr -1+ () (Gz — y)) (12)
=Gz —y+ (et prox_ - (—a(Gz — ).

Notice that in the dual problem, we optimize over A > 0, which means we require o < 0.

For h(-) = ||-|| any norm we have h*(y) = dp,, (y) with By = {y | [|yll, < 1}, which is the indicator
function of the dual norm ball. Thus for v any scalar we know prox.,.(z) = proijH_H* (z) where
By, =y | llyl, <~} and proijH_H* is the orthogonal projection onto the scaled dual norm ball
[46]. Thus,

PIOX_ g1 (—aA(Ga — 1)) = proj |, (=Ma(Ga - y)) (13)

Putting (11), (12) and (13) together we finally have

prox;(r) = — aGT (Ga: —y— (Gx —y+ (aN) ! projg.|. (—aA(Gz — y)))
=z —aGT (Ga: —y— Gz +y — projg.. ((eX) H(Gz — y)))
:x—|—/\71GTpr0jBH,”* ((a)\)fl(Ga:—y)) . (14)

To evaluate the value of the proximal operator further, we can choose the Lo norm as this has an
explicit expression for the proximal operator [46]. Since the Lo-norm is self-dual, we can use that the
projection onto the unit ball is given by

z if |z, > 1
~ _ ) Tl s

ro ) =

projs, . (x) {x if [z, < 1.
Thus,
__Gz—y if |Gz —yll, >1
~ _ _ ) = TGyl ! Yllz =

proji, | (~aA(Gx — y)) = {_M( I

Plugging this into (14), we get

_ _Ga—y : _
prox () = x + A laT . Gz—yl,> if |Gz —yll, > 1
—Oé)\(G.%‘ — y), else

1 s
e GT(Gr—y) A ET Gyl >
o, else.

In this thesis, we will focus on achieving a duality result and some numerical simulations but the insights
from this section could be useful for future research wanting to explicitly evaluate higher-dimensional
DRO-problems.

4.4 Fenchel duality theorem

The Fenchel Duality Theorem [45, p.201] is necessary for Blanchet et al.’s proof of strong duality, and
will also be necessary for our strong duality proof later in this thesis. The theorem is as follows.

Theorem 4.5 (Fenchel Duality Theorem). Assume that f and g are, respectively, conver and concave
functionals on the convex sets C' and D in a normed space X. Assume that C' N D contains points
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in the relative interior of both C and D and that either [f,C] or |g, D] has nonempty interior, where
[f, C] denotes the epigraph of f over C. Lastly, suppose inf conp{f(x) — g(x)} is finite. Then

inf {f(z) —g(z)} = max {g"(z%)— f*(z*)}

zeCND z*eC*ND*

where the maximum on the right-hand side is achieved by some x§ € C* N D*. If the infimum on the
left is achieved by some xog € C N D, then

max[(z, z5) — f(2)] = (2, 25) — f(zo)

zeC
and
max[{z, 25) — g(2)] = (2, 25) — g(z0)-

For the proof we refer the reader to [45, p.201].

4.5 Alternative proof for strong duality

In [47], Chen et al. provide an interesting alternative proof of strong duality of the Wasserstein-DRO
problem using the Lagrangian dual and push-forward measures. Ultimately, a proof similar to this
one does not allow us the freedom to manipulate the definitions to suit our framework (which we
will introduce in the next section). However, it provides an interesting alternative perspective on the
proof/problem. We define the primal problem similarly, as

I:=supI(n) (15)

TeP
where I(r) := [l(u)dn(z,u) and ® := {7 € P(S x §), 7 € Upeps)lI(p*,v) : W(u*,v) <e}.
We define the dual problem as
J = /{gfo J(N) (16)

where J(A) := Xe + [sup,cg {l(u) — Ac(z, u)} dp*(z).

Note that in this method, we choose a specific map inside the integral right away, instead of leaving it
general as in the proof by Blanchet et al. [44].

Definition 4.2 (Growth Rate). Define the growth rate of the loss function /(u) given an unbounded
set X and a fixed x € X as

GR; := limsup
c(z,u)—00 C(ZL',U)

In [47, Th.3.1.1.], Chen et al. show that if the growth rate of the loss function is infinite, the primal
problem will not have a finite optimal value and that strong duality fails to hold.

Theorem 4.6 (Weak duality). Suppose the loss function is upper semi-continuous and has finite
growth rate GR; < 0o. Then weak duality holds: I < J, where I and J are defined as in (15) and (16)
respectively.

Chen et al. use a slightly different proof for their weak duality theorem than what we will show below.
As the expressions are similar, a weak duality proof similar to the one employed by Blanchet et al. in
Section 4.2 suffices here as well.

Proof. For any m € ®:

25



J(A) == Ae + /sup {l(u) — Ae(z,u)} dp*(x)

uesS

>)\6—|—/l — Ae(z, u)dm(x,u)

= /l(u)d7r+)\ <E—/C($»U)dﬂ($»u)>
Z/l(u)dﬂ(x,u)
= I(m)

So J :=infy>0 J(A) > sup,eq [(m) = I and we have weak duality. O

4.5.1 Strong duality

Theorem 4.7 (Strong duality). Suppose the loss function is upper semi-continuous and has finite
growth rate GR; < co. Then the dual problem (16) always admits a minimizer \* and strong duality
holds: I =J < oo, where I and J are defined as in (15) and (16) respectively.

Proof. Let ¢y := inf,es{Ac(x,u) —l(u)}. Construct a measure v (candidate optimizer) as a convex
combination of two measures, each of which is a perturbation of u* :

V= qT##* + (1 — q)T#l"* (17)

where T T7:5—-8 produce a minimizer to ¢~ where A\* is the optimal solution to the dual problem.
In other words,

T(z),T(x) € {ueS: Ne(z,u) —l(u) = px-(z)}
The ¢ in (17) is chosen such that ¢ € [0, 1] and

¢ [3 o(T(), 2)dp* (z) + (1 — q) /S (), 2)dp* () = . (18)
To ensure the existence of such a ¢, choose T, T to satisfy

/ o(T(), )dp* < = and / o(T(), Ydp* > e
S S

First, see that

W(uu*)zsup{ [ fan) + /S o) (@) s £(0) < inf {elo) ~ g(0)}, Vue S|

€S

- sup{ [ f@aw @ w)+ - o) [ fd (7))

+ [ o)+ £ < inf e -9}, e 5

reS

<su o [ (er@).0) =gy ) + (1 a) [ (@) - glo) ' 2)

+ [ st @)
=0 [ T @0 @)+ (1 =) [ @) )i @)

=&
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where the first equality follows from Kantorovich duality (see Theorem 3.2), the second step uses the
structure of v defined in (17), the third step replaces f(u) with its upper bound and the last step uses
the definition of ¢ in (18). This means that v is in the Wasserstein-ball, in other words it is primal
feasible.

Now we will establish the optimality of v by showing its objective value is equal to the optimal dual
value.

[ vt = o [ 1w (@ w) + 11— ) / )y (P ()

—q [ (VelT@)a) = ore (@) di* (@) + (1= 0) [ (NelT(a).) = 10 (@) i’ o)

—ox [ 7@ /qs» +1 =" [ T2 @
6*/%* )dp*(x

where the second equality follows from the definition of T and T, the fourth quality comes from the
definition of ¢ and the final equality follows from the optimality of A*. Then I = sup,cq [ {(u)dv(u) >
J and since I < J we have strong duality: I = J. O

4.6 Convex reduction of Wasserstein-DRO problem

The sections above have focused on the dual representation and a finite-dimensional reduction for a
linear regressional setting. In general, the Wasserstein-DRO problem in (2) is an infinite-dimensional
optimization problem and thus intractable. Esfahani and Kuhn [48, Section 4.1] have shown that the
Wasserstein-DRO problem can be expressed as a finite-dimensional convex program, as will be stated
in the following Theorem which corresponds to Theorem 4.2 in [48, p.129]. We repeat the theorem
here with the following changes of notation, where the symbol before the arrow is the symbol used by
Esfahani and Kuhn: = — S, ¢ — z, Q — u, Py — wr.

Theorem 4.8 (Convex reduction.). Let Be(u*) := {u € P(S) : Wi(u, 1*) < e}, li(v) 1= maxp< s lx ()
with I : R™ = R k < K. Assume that S C R™ is conver and closed, that the functions —li are proper,

convezr and lower semi-continuous for all k < K and that I does not always equal —oo on S for all
kE<K.

With these conventions and assumptions, we have

inf e+ — Z S;

sup /l(x)du —  Msizin i (19)
pEB(p*) J S RARIAN (Z’Lk Vik) — 05(Vik) — (Zik, T5) < 83 Vi< N,VE<K
zik . Vi< N,Vk < K
0 ' S
with xs(z) = fwe the characteristic function of S and o5(2) := sup,cg(z, ) its conjugate

oo else

which is the support function of S. Lastly, [—lx]*(zix — vir) denotes the conjugate of —li evaluated at
Zik — Vil and ||zik||, denotes the dual norm of z.

Proof. Using the definition of the Wasserstein-distance, we rewrite

Supr fs N

sup / l(z)dp = { s.t. Jsus llz —ulldr(z,u) <e
nebl e (p, i)
= SUpP,;eP(S) N ZZ 1 fS d/“ (20)
s.t. N Zi:l fs |z — $z||duz($) <
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where the second equality follows from using using Bayes law to see that 7(z,u) can be constructed
from the marginal distribution p*(u) and the conditional distributions p;(x|u = &;), ¢ < N, in other
words T = 4 21111 0z, (u) @ pi(z). By duality we can rewrite (20):

sup inf — Z/l Ydp(x +/\<€—Z/||x—xl||duz ))

wi€P(S) )\>O

< inf sup )\s—i—fZ/ — Mz — &|) dps(x)

)\>0N eP(S)
= inf A — Az — 4 21
inf e+ 5 Z;iup [l — Z3]]) (21)

where the first (in-)equality follows from the max-min inequality and the second follows from the fact
that P(S) contains the dirac distributions supported on S. Introducing the auxiliary variables s;,
i < N we rewrite (21):

. 1 N
1nf>\7si e + N Zz 184

s.t. sup,es ([(2) = Allz — &) < si, Vi< N
A>0
inf}\,&: e + % Zf\;l S;
=4 s.t. SUP,ecs (lk(ﬂj) - maX”ZikH*S,\@ik,x — I’AZ>) S Si, Vi S N,Vk S K
A>0
inf)\7si e + % ZZ\L1 S;
<< s.t. minz, k|, <x SUPges (le(x) — (zig,x —21)) <85, Vi< NVE<K
A>0

where the first equality uses the definition of the dual norm |[[z||, := sup <, (2, ) and decomposes
I(x) while the second inequality follows from interchanging the maximization over z;; with the minus
sign and once again using the max-min inequality. We can move the minimum over z;; to a new
constraint:

f _
Y ZS@
s.t.sup (I (x ) (zik — ) + (zir — T3) < s, Vi< N, VE<K
zeS
[zikll, <A Vi < N,Vk < K
mf e+ — S8;
=g Z (22)
t =l + XS] (zik) — (zik — Z5) < 85, Vi< N,VE<K
lzikll, <A Vi < N,Vk < K

where the equality follows from the definitions of the conjugate function and the characteristic function
and the substitution of z;; with —z;. In [48], they show that using the assumption of upper semi-
continuity on the loss functions [, the inequalities in the proof above actually become equalities, which
means the optimal values of (2) and (22) are the same and

[k + xs]" (zix) = }Jnf ([=I]* (zix — vir) + [xs]"(vir))
=cl |inf ([—lk]*(zik - 'Uilc) + US('Uik))

Vik
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where cl[-] denotes the closure operator mapping a function to its larges lower semi-continuous mi-
norant. Finally, by seeing that cl[l(z)] < 0 if and only if I(z) < 0, we have that (2) is equal to
(19).

O
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5 Wasserstein robustness for Bayesian estimation

In this section, we introduce a new framework for Wasserstein robustness in Bayesian estimation. The
remainder of this thesis is dedicated to analyzing the properties of this framework and conducting
simulations to support our findings.

Let A C R™ and B C R™ be two measurable sets for n,m € N. We assume that p% 5 is a fixed
probability measure on the space A x B and that the true measure pyp is 'not far’ from the fixed
distribution p% 5 in terms of the Wasserstein distance. For a bounded loss L : A x B — R we can
define the 'worst-case scenario’ as:

sup | Habduas
AxB

naBEK:Wy(nap,wjpg)<e

where:
— € > 0 is a positive constant,
-1 S p < o0,

— and K C P(A x B) is weakly* closed, where P(A x B) represents the set of joint probability
measures on A and B.

To compute a robust estimator we seek an unknown estimator g giving us the "best worst-case scenario’
for a bounded loss [ : A x B — R parameterized by g, which is found through the following variational
objective

Ry e p:= inf sup / l(a,b; 9)dpan (23)
IEX A KWy (1ap i’y p)<e JAxB

where X is a finite-dimensional set. This set is often chosen as a parameterized family of functions

of given complexity. For example, it could be the family of linear or affine maps or neural networks

of a fixed architecture. Analogous to the alternative formulation of the Wasserstein-DRO using the

Wasserstein ball, we give the following definition.

Definition 5.1 (Constrained Wasserstein Ball). We define the p-Wasserstein ball constrained to the
set K as

Brep(*) == {p € K : Wy(u, n*) < e}.
With this concept we have the final definition for our problem framework.

Definition 5.2 (Constrained Wasserstein-DRO Problem). We define the Constrained Wasserstein-
DRO Problem as finding the g € ¥ that minimizes the following objective function with a bounded
loss function [ : A x B — R parameterized by g

Rik e p = inf sup / l(a,b;g)dpag. (24)
AxB

9€X | ABEBK e p(1h )

Note that equations (23) and (24) are equivalent and can be interchanged.

5.1 Problem variants

By making choices for A, B, ¥, and K in (24) we can recover robust reconstruction frameworks
for different types of problems. In [35], the DRO-problem Blanchet et al. consider is basically a
specific version of our framework. We can make choices for the spaces we work with to recover their
linear regressional setting. Consider the input x; (or a in our case) as a real vector, the output or
measurements y; (b in our case) as a real scalar and the parameter § (g in our case) as a vector.
In other words, in (24), choose A = R? B = R and ¥ = R? and we would have the same input,
output, and parameter spaces. Second, they assume a discrete observed probability distribution P,
(corresponding to u* 5 in our case) which we leave more general and continuous. The last and most
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important difference is that for the non-fixed marginal of 7, they consider the whole space of joint
probability measures to optimize over, while we restrict to an arbitrary subset K C P(A x B) which
makes the problem generalizable to other settings, like inverse problems. In addition to the choices for
the spaces, we can recover a linear regression problem by choosing K = P(A x B). By making the
same choices but B = {—1,+1} for the output space, and seeing § as a weight vector we can recover
a binary classification problem.

5.1.1 Inverse problems

In an inverse problem with the input space X and output space Y, given an observation likelihood
pyx X — P(Y) and a ground-truth distribution % € P(X), we want to obtain a reconstruction
of the ground-truth. We may want a reconstruction that is robust with respect to the whole joint
probability space or a reconstruction robust with respect to the noisy distribution of either M*Y\ x or
p - For ease of notation, let p%y = pj v ® p. In (24), choose A= X, B =Y. In an unsupervised
setting, so if only p3 is known instead of “;I y» the Bayesian framework introduced in the previous
section cannot be applied anymore so we consider a supervised setting. In practice, this means the
input- and output-data must be paired.

Definition 5.3 (Wasserstein-DRO for inverse problems). If we want to obtain a reconstruction that
is robust with respect to corrupted ground-truth, we choose K := {ux ® My |x *Hx € P(X)}
and we obtain

Réew = ing sup / / l(:L',y;g)du?lX(yw)duX(x).
S HX®/‘§/‘XEBK-,€,:D(H§()/) X JY

If on the other hand a reconstruction that is robust with respect to corrupted measurements

is desired, we choose K := {u% ® py|x : ty|x conditional probabilities} and we have

Ry = in sup [ [ e g)duyix (ol @)
9E2 1% Oy | x EBK,e,p(biy) /X JY

Suppose that given data {z1, ..., 2, }, we want to choose deterministic distributions. We can take empir-
ical distributions pi3, (#;) := 65z, where H : X — Y is some forward operator and py = + Zi\il O, -
Then pyy = px ® /f};\x = % i1 Ows Hay)- If we want to model measurements corrupted with
additive Gaussian noise, we can choose deterministic uy|x by choosing K = {1 ® By )X ¢ HY|X ~
N(Hz,0?), 0 € R} with H : X — Y an operator describing the forward model. For dual representa-
tions later on, it will become clear that K must be weakly* closed so it is necessary to include dg, in
K. For simplicity, we will disregard whether K is closed or not in this section.

We can refine the set K even further if we know the type of noise present in the inverse problem.
Various choices can be made based on the specific noise present in the problem. Let x* be the unknown
noise-less ground-truth, H : X — Y some forward operator and e noise with some distribution.

e Additive noise. We model an inverse problem with additive noise in the measurement or
input as y° = Ha* + e or y° = H(x* + e) respectively. A common choice is to model additive
white Gaussian noise (AWGN) on the measurement. We can recover this in the Wasserstein-
DRO for inverse problems by choosing K := {u% ® puy|x : py|x ~ N(Hz,0?),0 € R} or
K = {ux @ pyx + px ~ N(Z,0?),%Z,0 € R}. A simple problem would be to assume our
measurement is a noisy image and we want to include only ambiguities in the measurement-space.
Then we choose H = I the identity operator and K := {u% ® py|x : py|x ~ N(z,0?),0 € R}.
Instead of Gaussian we can also assume a Laplace-, uniform- or Poisson (with constant parameter)
distribution for the noise [39].

e Multiplicative noise. In the case of multiplicative noise, we model the inverse problem as
Yo = Hx*-eory’ = H(x* - e) if the noise is applied to the measurement or input, respectively.
If we have noise on the measurement given by Gamma distributed random variables we can
choose K := {u% ® py|x : py)x ~ Gamma(a, I%),a,ﬂ € R}, with shape parameter a and
scale parameter 5. In the case of noise on the input, we choose K := {ux ® 'U‘;(/lX Dpux o~
Gammal(a, 8),a, § € R}.
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e Noise with general dependency on input or measurement. Generally, we model an inverse
problem as y° = H%z* with H® : X — Y a forward operator including the noise dependency.
Other than additive or multiplicative, the noise could also be neither of those but dependent
the input and/or measurement. If the measurement is done with noisy input we model it as
H°z = H(5(z)) where § : X — X is some noise operator. Or the other way around, with
Hoz = §(Hz), §: Y — Y. Take for example Poisson noise, often used to model errors in photon
counting which finds application in various fields, including tomography, microscopy and CCD
sensors of digital cameras or astronomy systems [39]. The noise is applied via a Poisson process.
We view the measurements 39 as stochastic variables having a Poisson distribution with mean
(Hz); so we model the problem as y ~ Pois(Hx). In this case we choose K := {u% ® py|x :
py|x ~ Pois(Hw)}.

Other than K, we can refine the set ¥ and the loss function to specify the type of inverse problem we
are modeling, as this set can basically be seen as the ’candidate inverses’. For example:

e Signal processing and deblurring. When we are trying to recover a sharp image (signal)
x* from a (possibly noisy) blurred image (filtered or distorted signal) y° this can be modeled
as y° = H % z* with H a convolution kernel or point spread function and % representing a
convolution. To recover this type of problem, one may choose ¥ as (a subset of) (de-)convolution
operators that work in the frequency domain.

e Rootfinding. Given a continuous function H : R — R and y € R we want to find x such that
H(z) = y. This problem is ill-posed when the derivative of H is small near the root. For these
types of problem we choose X as the continuous functions.

e Matrix inversion. If a square matrix H has large condition number HH’l | IIH]|, the inversion
problem is ill-posed. If H is non-singular we may choose X as square matrices with full rank to
find the inverse of H. If we have more knowledge on the operator H we can incorporate this into
3. For example, if H is diagonal, we can take the subset of matrices in ¥ that are diagonal. If
H ¢ R™*"™ is singular, we may choose ¥ C R™*™. Knowledge about the sparse elements in the
forward operator can help us find a suitable subset of X.

e Wavefield imaging. Wavefield imaging uses acoustic or electromagnetic waves emitted or
reflected by an object of interest to find information about that object such as its location or size
which is used in radar, ultrasound or seismic imaging. The simplest forms of wavefield imaging
problems have measurements y;(t) = v(t,z;),i € {1,2,...,n} where the underlying physics are
described be some wave equation. An inverse source problem tries to reconstruct the source term
q(t, x) from the wavefield v(t, z) and assumes a known and constant ¢(z) = ¢y whereas an inverse
medium problem tries to reconstruct the speed of propagation c¢(x). An example would be to
consider the operator as a convolution with the Green function in which case we could choose X
again as (a subset of) (de-)convolution operators in the frequency domain.

e X-ray tomography. The Radon transform describes all possible X-ray measurements of a two-
dimensional image where the measurement (a sinogram) is calculated by taking line-integrals
along straight lines at various angles and shifts. To compute its inverse precisely, we would need
a large amount of angles and shifts which is undesirable in practice. In this case, we can again
choose ¥ as a specific subset of (de-)convolution operators in the frequency domain.

5.1.2 Other problem variants

The framework introduced in this thesis can be used to model all kinds of problems so this chapter
is in no way exhaustive. We list two more potential problems which could incorporate our proposed
framework.

Neural network classifiers. Let B = {1,..., N} be labels, and A C R™ a given dataset. Let
pi € P(A) be a ground-truth data distribution and pupj4 : A — P(B) a stochastic classification
method. If we let g be parameterized by 6, we have gy : A — B parameterized by a neural network
with weights in 3. We can make choices for K similar to the previous section to obtain a framework
robust to corruptions in either the ground-truth or the classification method distribution.
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Distributionally Robust Maximum Likelihood Estimation In Maximum Likelihood Estima-
tion (MLE), we are looking to estimate parameters of a probability distribution from data. Suppose
we have independent training samples Z; € X,i € [N] and are looking to estimate the mean vector
p € R™ and the precision matrix X, which is the inverse of the covariance matrix A € S’ of a random
vector € R™, where ST denotes the space of positive-definite matrices of size m x m. [7]. We can
recover this setting by choosing ¥ = R™ x ST and K = P(X).
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6 Dual representation

In the previous section, we have introduced the Wasserstein-DRO for inverse problems. However,
before delving into specific applications, we show a general strong duality result for the constrained
Wasserstein-DRO problem, which will subsequently be adapted for use in inverse problems.

Let I represent the inner supremum in (24), define uxy := p% ® py|x for simpler notation, choose
the 1-Wasserstein distance and suppress the subscript of p in the Wasserstein ball, i.e.

I:= sup / Uz, y; 9)dpxy - (25)
uxy €Br (1yy) J XXY

We will continue to choose the 1-Wasserstein distance and suppress the subscript of p in the Wasser-

stein ball in the rest of this thesis, unless stated otherwise.

In this section, we focus on the quantity I and refer to it as the primal problem, as it represents
an infinite-dimensional optimization problem. Thus, we seek a dual problem that admits a finite-
dimensional reformulation that facilitates easier evaluation. Recall that Blanchet et al. [35] have a
similar but less general problem formulation. In [44], they prove a strong duality result for the inner
supremum which considers general space S (corresponding to X x Y in our case) and loss function
f € LY(du) (corresponding to I € L(du%+ ) in our case). We will follow a similar approach as Blanchet
et al in [44] to get to a duality result. The contents of this section are thus highly inspired by their
methods but altered to fit our (more general) problem framework. As we ignore the outer infimum of
(24) for now, the only difference with our case remains the set K: we restrict ourselves to an unspecified
subset of probabilities measures on X x Y and Blanchet et al. consider all joint probabilities. This
complicates the road to strong duality as we do not consider the entire joint probability space but a
subset of it.

6.1 Primal problem

To simplify our notation, let S := X xY, Z = (x,y), @ = (u,v) where z,u € X, y,v € Y. We define
two ambiguity sets as

Qs K = {71’ eP(SxS8):me U H(M}Y?’/)}

veK

and

Dy K = {7‘(’ eP(SxS):me U H(u}y,u),/ e(Z, u)dn(Z,a) < E}

veK SxS
where we leave K an unspecified subset of P(S). Recognize the first set as all joint probabilities in
S x S that have p%, as their first marginal and any v € K as their second marginal. The second
set can then be recognized as a subset of the first, including only those that are contained within the
Wasserstein ball.

We use the ambiguity set to define the objective function as

I(m) ::/S Sl(ﬂ)dﬂ'(fs,ﬂ,)

where we ignore the g-parameter in the loss function for the time being. This lets us reformulate our
primal problem as

I= sup I(nm). (26)
”E(I’uj(y K.,e
Finally, assume:

— (A1) ¢: S xS — Ry to be non-negative lower semi-continuous s.t. ¢(z,y) = 0 if and only if
r =y and

— (A2) I € L'(du%y ) is upper semi-continuous.
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6.2 Dual problem and weak duality

For the same reasons as in Section 4.2.2, let my(S;R) denote the collection of measurable functions
¢ (S,U(S)) — (R, B(R)) where U(S) = Nyep(s)Bu(S) is the universal o-algebra. Define the set

Ac,l = {()‘7(25’ 1/)) tAE R+7¢7"/} € mM(S;R)7[g (qb(i.) + w(ﬂ))dﬁ(@ﬁ)

xS
> / (l(a) — Ac(z,a))dm(Z,0) Y7 € Ppus K o
SxS
For such (A, ¢,v) € A.,, consider
I et s [ (6@ + @), a).
TEP,x  x JSXS
XY
Finally, let

J = inf J(\, ¢, 97
(nbth) €A (A, 9) (27)

which we refer to as the dual problem.

Theorem 6.1 (Weak duality). Assume (A1) and (A2) hold and S is a compact, Polish space. We
have J > I where I and J are defined as in (26) and (27), respectively.

Proof. We have that [ ldu%y is finite and [(¢ + ¢)dr > [ldr for every (X, ¢,9) € Acp,m € Ppr k-
Thus, the integral in the definition of J(A, ¢, 1)) avoids ambiguities such as co — co for any (A, ¢,v) €
ACJ,TI' S <I)H3(y»K'

For any m € @5 k. and (X, ¢,¢) € Ao

= I(m)

where the second equality follows from the assumption that (A, $,v) € A.; and 7 € @5k and the
fifth inequality follows from the fact that [edr <e, Vrr € D, Ko

Taking the supremum with respect to m we obtain

J00w) = s Ao+ /S (6(2) + w(a))an (2, )

> sup Aet / (6(2) + ¥(@))dn(z, 3)
K.e SxS

WECI)M})p

> sup I(m)

WE@LL}Y K&
So, taking now the infimum in A.; we conclude that

J = inf JN, @) > su I(m)=1.
(A b)EAe (. .9) ﬂeqm}z,m ™

O

We have weak duality and will refer to J as the dual problem. The question now remains if we have
strong duality, i.e. J =17
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6.3 Strong duality

Before presenting the strong duality result, we need to define certain sets and functionals, verify their
convexity and introduce a lemma, all in preparation for the application of the Fenchel Duality Theorem
[45, p. 201].

Define the sets of functions

C:= {g € X :3¢,¢¥ € Cp(S), A > 0 s.t.

(28)
/ o(&, @)dn(z, ) = / (6(2) + (@) + Ae(z, u))dn(z,3) Vr e @M;WK}
SxS SxS
and
D= {g €X: g(z,u)dn(z,u) > / l(a)dn(z,u), Vme (I)#}WK} . (29)
SxS SxS
Notice that both of these sets are convex. To see this, let g1,92 € C, v € [0,1] and define g3 :=
Y91 + (1 — 7)g2 and see that for every m € @5 k:

/gsdﬁz /791d7r+/(1 —¥)g2dn

- / (s + (1 —7)a] + Iyebr + (1 — Y] + ey + (1 — 7)Ao]) dm

= /(¢3 + ’L/}g + )\3C)d’ﬂ'

and thus g3 € C. Define g3, analogous for D, but now let g1,g2 € D. Then for every m € ®,« g

/93d71'Zv/ldﬂ—f—(l—v)/ldW:/ldw

so g3 € D. Thus, both C' and D are convex.

Define the functionals © : C — R and I : D — R respectively as

O(g) = inf {)\6 + sup / (¢p(Z) + ¢(u))dr(z, ﬂ)} and (30)
(9) Sxs

C (As)ea red, ik
T'(g) :=0. (31)

with
Alg) = {(A,aw L b€ Ch(S)AS 0

[ ot wi@n = [ @@+ i@+ dele.w)dr(n.a) vre b, i)
SxS SxS

It is simple to see that A is convex, since A(tgy + (1 —t)g2) = tA(g1) + (1 —t)A(gz) for g1, 92 € C and
t € [0,1]. To show © is convex, recall

JOuh.) = e+ sup /S (6(@) + v(a)dr(.7)

ﬂeq)u}ny

which we recognize to be convex: J(t(A\1, ¢1,%1)+(1—t) (A2, P2, 12)) < tJ (A1, ¢1, 1)+ (E—1)J (A2, P2, 1a).
We can rewrite

O(9) : £ J ).

= in
(N o) EA(9)
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Now let (A1, ¢1,%1) and (Aa, ¢a, 12) realize the infima for gq, go € C respectively, i.e.
C) = inf JN, o, 0) = J( A1, d1, 1),
(91) b Aan) (A 0,9) (A1, ¢1,91)

O(g2) := (/\7457%1514@2) J(N, 9,9) = J(A2, @2, 2).

Now consider

Oltgy + (1 — )gs) = inf T\, b,15).
(tgr + (1= 1)g2) (M) EA(tg +(1—1)g2) A 6,9)

Since A(g) is convex we can construct a point

(A3, 03,13) == t(A1, 01,¢1) + (1 — t) (A2, P2, ¢2) € A(tgr + (1 —1)g2).

By convexity of J,

J(A3, ¢3,103) = tJ (A1, ¢1,901) + (t = 1)J (A2, d2,92)

and thus

O(tgr + (1 —t)g2) = )J(/\,aﬁ,w)

inf
(N d,0)EA(tg1+(1—1)g2
< J(A3, b3,73)
=tJ(A1, ¢01,91) + (t — 1)J (A2, P2, )2)
=1t0(g1) + (1 —1)O(g2)

and thus we have shown that © is convex. Finally, we remark that I" is concave.

Lemma 6.2. Let S x S be a compact Polish space, and assume (A1) and (A2) hold. Define C and
D as in (28) and (29) respectively. Their intersection C N D contains at least one point in the relative
interior of C and D. Finally, the epigraph of I' over D has non-empty interior.

Proof. Denote by ri(A) the relative interior of a set A. We will show there exists an h € C N D

such that h € 7i(C) Nri(D). We take h(z,u) = c(z,u) + sup,cg{l(z)}. We can choose ¢(z) =
c(z,z) + supyeg{l(z)}, ¥(u) := 0 and X\ = % then ¢(z) + ¥ (u) + Ae(z,u) = h(z,u) and
clearly [ ¢+ + Aedm = [hdr V7 € s x s0 h € C. Clearly h € D since h(x,u) > I(u) for every
u and thus [hdr > [ldr Vm € @, . Consequently, h € C' N D and we will now show it is an
element of the relative interior of each set. Since both C' and D are convex, we must show that for

every g € C there exists a v > 1 such that yh + (1 — v)g € C, and analogous for D.

Let v > 1 and g € C arbitrary. Define f(z,u) := vh(z,u) + (1 —7)g(z,u). Then for every m € @+ i,

[ s = [ (et +supfidn+ [ =gt udn

xeS
— [ et u) + sup{i(a)})dr -+ =00 + () + rcla w)in
- / (1= 2)6(2) + 6(u) + 7 5up{1(@)} + (3 = YA = AeCa, )}
- / [62(2) + (1) + Nac(z, u))dm

where we define ¢o(z) = (1 — v)d(x) + supyeg{l(@)}, ¥2(u) = (1 —y)Y(u) and Ag := v — YA+ A
Thus f € C which means h € ri(C).
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Now let v > 1 and g € D arbitrary. Define similarly f(x,u) := vh(z,u) + (1 — v)g(z,u). Then for
every m € @« r,

[ s = [ et +supfidn+ [ =gt udn

eSS

> [Gletwu) + twydn+ [ (1= i(wdn
= /('yc(x,u) + l(u))dr > /l(u)dw
and thus f € D which means h € ri(D).

To show [I', D] has non-empty interior, we need only show that D has non-empty interior. Let g € D,
e >0 and let h = g+ ¢ which is also in D since [hdr = [ g+edr > [ldr +¢e > [ldr where we use
that 7 is a probability measure so [edm = . Take n € X such that ||h — 7|/ < /2. We have

/2> b=l = sup |h(z,u) —n(z,u)| = |g(z,u) + € —nlz,u)| 2 g(z,u) +&—nlz,u) Yz, u

T, uc

Then we have n(z,u) > g(z,u) + ¢/2 and finally

/ndw>/(g+€/2)d7r2/ld7r+e/2>/ld7r

and thus n € int(D), so D has non-empty interior. O

Lemma 6.3. Let S x S be a compact Polish space, | : S — R upper semi-continuous and D defined
as in (29). It holds that

inf dm = —o0
gED/g
if and only if ™ is not non-negative.

Proof. Clearly if 7 is non-negative then inf,ep [ gdr > 0 > —occ.

Now suppose 7 is not non-negative, then we can use the Jordan decomposition 7 = 7+ —7~ of a positive
measure 77 and a negative measure 7~ such that 77(A) = 0 < 77 (4) < oo for some A € B(S x S).
Any Borel measure on a Polish space is regular which means that for any finite measure p on B(S x S),

u(A) = sup{u(C) | € C A,C compact}
and pu(A) = inf{u(0) | A C 0,0 open}.

Thus given § > 0, there exists a compact set Cs C A and an open set Os 2 A such that 77 (Os) — 6 <
7~ (A) < 7 (Cs) + 8. Moreover, since 0 = 7 (A) > 77 (0) + §, we have 7+ (0s) < 4.

Since S x S is compact, we can use Urysohn’s lemma [49, Th.10.8] to see that there exists a continuous
function h : S x S — [0,1] such that h(z,y) = 1 for all z € Cs and h(x,y) = 0 for all ¢ Os. Note
that since ! is upper semi-continuous and S is compact, we have sup,cg{(x) < co. Also, by choosing
0 < 7w~ (A4)/2, we have

/hdﬂ - /hdw* _ /hdw‘ < 7H(05) — 7~ (Cy) < 26 — 7~ (A) < 0

where the second (in-)equality we use that [ hdr~ is bounded from below by 7~ (C) and [ hdr™ is

bounded from above by 7 (0). Combining these facts, we have that inf,>; fgndw = —oo for the
sequence of continuous functions g, (x,y) = nh(z,y) + sup,eg l(z). As gn(z,y) > I(y) for all z,y € S,
also [ gndm > [ldw Vi € @+ k. It follows that infyep [ gdr < inf,>; g,dr = —oo. O

Finally, we have all the ingredients to state our strong duality result.
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Theorem 6.4. Assume (A1) and (A2) hold, S is a compact Polish space and ¢ : S x S — Ry is
continuous. Finally, assume K is weakly* closed.

If the assumptions hold, then strong duality holds: J = I < oo, where I and J are defined as in (26)
and (27), respectively.

Proof. To prepare for the application of the Fenchel duality theorem, we will define the functionals and
spaces of interest and identify their conjugates. Define the sets of functions C and D as in (28) and
(29) respectively. Define the functionals © : C' - R and I' : D — R as in (30) and (31), respectively.
We let X = Cp(S x S) and recognize its topological dual X* = M (S x S) which represent the vector
space of bounded continuous functions equipped with the supremum norm and finite Borel measures
on S x S equipped with the total variation norm, respectively.

First, note that the infimum for ©® guarantees an invertible relationship between every g € C and the
triple (A, ¢, %), i.e. they uniquely define each other. We are interested in

w100 Tl = nf {I00w): [ 6@+ 0@ + et w)ar(z o

eCcnD
g (A,¢>,€p)€A(9) e
Z/ l(w)dr(z,u) vwe%;{yx}-
SxS

Next, we want to identify the conjugate functionals ©* : C* — R and I'* : D* — R and their respective
domains C* and D*. By definition of the conjugate functional,

C’*{WGX*:sup{/gdWG(g)}<oo} and D*{WGX*:inf/gdw<oo},
gec geD
O*(m) := sup {/gdw - @(g)} and TI*(7w):= inf /gdw.

gec geD

To determine C* and ©*, see that Vmr € M(S x 9),
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°(r) = sup { [ oir ~ 000}

= sup {/ (0(2) + ¥ (u) + Ac(z, u))dr(z, u)
geC SxS
(X9, 0)EA(9)

— inéfj | {)\5 + ﬁesg)y“ /SXS(gb(E) + w(ﬂ))dﬁ(f,ﬂ)} }

ge
(M o.)EA(g
— s { / (6(2) + (1) + Ac(z, 0))dn(z, )
geC SxS
(A ¢,9)EA(g)

+  sup {As sup / (¢(f)+¢(ﬁ))dﬂ(f,ﬁ)}}
geC TeP ey K SxS

(N9, ¥)€EA(9)

— s { / (6(2) + (@) + Ae(z, 1)) dn(z, )
geC SxS
(N ,p)EA(g)

—Ae—  sup /S (¢($)+¢(U))dﬁ($w)}

TeED  «
By

T e {A(/stc(m,u>dw(m,u>_g)

(Mo h)EA(9)

= s {)\ (Lxsc(f,ﬁ)dw(f,ﬂ) —5)

ceC
(X, 0,0)EA(g)
( [ 6@+ v@yintea) - sup [ <¢<f>+¢<a>>du;y<f>dn<a>)}
SxS peEK JSxS

0 if [edm <e,m(Q % S) = pky(Q) VQ € B(S) and m(S x R) = uxy VR € B(S)
= for some pxy(R) € K

oo  otherwise
where the third equality follows from changing the infimum to a supremum and the fourth equality
removes the second supremum as it is redundant. The fifth equality uses that we take the supremum
over 7 € ¥, x which means the first marginal of 7 is u%,. Thus, we are left with taking the
supremum over i € K. The last equality uses that for the second term to be 0, we need 7 and 7 to
have the same marginals. As K is assumed to be weakly* closed, the second marginal is contained
within K. Therefore, 7 has %y and some pxy € K as its marginals.

Thus, we have
C*:{WEM(SXS):/Cd’]T<E, m(Q x S) = pky VQ € B(S)
and 7(S x R) = pxy VR € B(S) for some pxy(R) € K}

and ©* = 0.
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To determine D*, we use Lemma 6.3, which states that inf,ep [ gdr = —oo whenever m € M (S x 9)
is not non-negative. If it is non-negative, then

giélg{/gdﬂ':/gdﬂ'z /ldTr, VWG@/L;(Y,K} :/ldw

as [ is upper semi-continuous and bounded from above. Thus it can be approximated pointwise by a
monotonically decreasing sequence of continuous functions, then the equality follows by the monotone
convergence theorem. Thus we have

D* = {w € M.(SxS): /ldw > —oo} and [ (1) = /ldw.
Then
I'*(r) — ©%(m) = /ldﬂ
on C*ND* = {7‘(‘ € Uperl(py,v) : /Cdﬂ' < 5,/ld7r > —oo} .

Since I is defined to equal sup { [ lduxy : W(uxy, iy ) <&, [lduxy > —oo}, it follows that

sup {I'*(7) —©*(m)} =1
reC*ND*
By Lemma 6.2, C and D are convex, the set C'N D contains points in the relative interiors of C and
D and the epigraph of the function I over D has non-empty interior. Thus, we can apply the Fenchel
duality Theorem [45, p.201]. By consequence of the mentioned theorem,

nf_{8(9) = T(9)} = sup{I"(m) — ©"(m) s 7 € C" N D}

where the supremum on the right hand side is achieved by some 7* € @+ k.. We can rewrite,

inf {J(A,¢,1/J) : /(¢—|—¢—|—/\c)dﬂ' > /ldﬂ' V€ (I)M}ny@} = max I(m)=:1.

Mop)eA TED,x

Since Cy(S) C my(S; R),

< i f . . > ¢ * :I.
J_(A,rj},rqu))eA{J()\7¢w) /(qﬁ-ﬁ-w—l—)\c)dﬂ_/ldw v U’XY7K7E}

Due to weak duality we have J > I, therefore, J = I and we have strong duality.

6.4 Finite-dimensional reduction of dual

Currently, our dual formulation optimizes over ¢, € my(S;R) and is thus not yet finite-dimensional.
Ideally, we would like to find an explicit expression for ¢ and 1, parameterized by A. Recall that in
[44], Blanchet et al. optimize (), ¢) over the collection of pairs

Dot i={(\8) : A € Ry ¢ € my(SiR), @) > I(u) — Aelw,u) Va,u € 5}

and they find inf(y gyea., J (A, @) = infr>o J(A, ¢x) with ¢y := sup, {I(u)—Ac(z,u)}, a finite-dimensional
problem. In order to evaluate our dual problem J := inf(y 4 y)ena,, J(A, ¢,v), we would like to find
similar expressions for ¢ and . However with K unspecified, there exists little hope to find a general
finite-dimensional expression for J. We can demonstrate however, that when K = P(S), the opti-
mizers are ¢ = sup, {l(u) — Ae(z,u)} and ¢ = 0. Thus verifying that for K = P(S) our problem is
equivalent to the one presented in [44], i.e. an unconstrained Wasserstein-DRO. In the next section,
we will explore an inverse problem case with a constrained K.
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Theorem 6.5 (Finite-dimensional reduction for K = P(S) ). Let K = P(S) and ¢y := sup,{li(u) —
Ae(z,u)}. Then,
inf  J(\ ¢,0) = inf J(A, ¢,0).
ool JAev) = b J(A65,0)
Proof. We want to show

inf {/\E + sup /(¢(x) + ¢ (u))dr(x, u)}

(Adw) A reB
= )\in}Rf {)\5 + /sup{l(u) — Ac(z, u)}du*} .

First, see that

inf {)\6 + sup /(¢(m) + ¢(u))dm(x, u)} (32)

(Ad)en, TED, K

inf {)\a + [oa) + w<u>>du*} (33)

<
(A,¢=¢x,9p=0)€Ac,l

_ inf {)\54— / zlég{(u)+)\c(x,u)}du*}

AER,

because the infimum in (32) is taken over a bigger set than the infimum in (33).

Secondly,

inf {/\5 +  sup /(qb(m) + ¢(u))dm(x, u)}

(>\,¢,T/1)€AC,L 7T€<I>“§(Y1K

:<A,¢,Jf§>eAc,l{A” sup / (¢($)+¢(u))d7r(x,u)}

TED +
rixy K

> inf {/\E + sup /(l(u) - )\c(x,u))dﬂ(sc,u)}

TEP,x K

Jnf {)\5 + /S sup { /S (I(u) = A, u))du(u)} du;y(x)}
g fre [ sup (1) et )} i (0}

AERL wes
. f *
Jnf {)\5 + /¢/\($)dﬂxy}

where the second inequality uses that whenever (X, ¢,¢) € Ay, [¢ + vdr > [(I — Ae)dr for all
m € @y Kk, the third equality applies both marginals of 7 since 7 € @+ k, the fourth equality
applies the d-measure over u as all §-measures on S are included in K = P(S). This completes the
proof. O

I
=
E,

v

This Theorem verifies that when K = P(S), our framework is equivalent to an unconstrained Wasserstein-
DRO problem.

In the linear regressional setting, with the assumptions from Theorem 4.1 this would give us the same
expression of an l,-norm regularized regression problem.
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7 Inverse problem with Guassian noise in measurement space

In this chapter we study a particular case, namely an inverse problem where we assume y is given by
an operation on z and we desire robustness to additive Gaussian noise in the measurement space. For
this problem, we will verify the assumptions of the strong duality theorem and reduce the problem
to a finite-dimensional one to make it computationally tractable. We validate our framework with
numerical simulations of this case in the next section.

N o . N
We let ,u;‘,‘ x = 0y and p = % > ;=1 05, and assume additive Gaussian noise in the measurement
space so

N
* 1 *
W= g Oy ooy and K = {pk ® py|x € P(S) : py|x = N(Hz,0), o € [0,m]} U{0u.}

where N(Hz,o) represents the normal distribution with mean Hz and variance o and m € R. Fi-
nally, we choose as cost inside the Wasserstein-distance ¢((z,y), (u,v)) = ||(z,y) — (u,v)||” any squared
norm and as loss function we choose I(z,y;9) = ||z — g(y)||§

Notice that the assumptions for the strong duality theorem are satisfied: by choosing a closed interval
for o and including the delta-measure of Hx in our definition of K, we have made sure that K is
weakly* closed.

7.1 Dual representation

The assumptions for strong duality are verified and thus we can simply apply Theorem 6.4 on our
primal problem to find a dual representation.

I'=  sup l (z,y; 9)dp(z, y)
BEBK .« (1yy)

— inf e+ sw /S (0(a.1) + (0 0)dr((@.1). (0.0)

(/\a¢7'¢))€Ac,l TK'€<I>“§(Y K

STV 53 [ (@9) + 0l Ha))N (Hii,0)(2.)

(>‘ ¢ 111)61\0 1 Trecbu;(y K
= inf Ae + sup / e o syl HEi—yl2, D%, 1) + V(@ He;))dy 34
(CURDISIPY; o€[0,m] N\/ﬁ Z ( ( ) ( )) ( )

where the third equality follows from applying the first marginal y* over (u,v) and applying u%
over . We are left with the Gaussian measure which is applied in the fourth equality, leaving us
with a Lebesgue-integral over y. Here, n is the dimension of the data. Note that this is still an
infinite-dimensional problem as we optimize over ¢,% € my(S;R). Ideally, we would like to find an
expression for ¢ and ), likely in terms of A and the cost and loss functions, similar to Blanchet et
al. (see Section 4.2.4). The next section will implement an alternative approach to make the problem
finite-dimensional.

7.2 Finite-dimensional reduction

In order to make our problem computationally tractable, we will continue with (25) (i.e. only the inner
supremum of the Wasserstein-DRO) and reduce this problem to a finite-dimensional convex problem
for the case considered in this chapter. Inspired by the convex reduction of the Wasserstein-problem
by Esfahani and Kuhn [48] summarized in Section 4.6, we show a similar convex reduction for our
problem. We start with a short lemma on the convexity of the ambiguity set(s) to prepare for the
Theorem showing the convex reduction of (25) with K and p* chosen as in this chapter. We finish
with a simple algorithm to solve the final convex optimization problem.
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Lemma 7.1. Suppose K is convez, then ® s  r and @+ k. are both conver.

Proof. Let m,m € @+ x and define m3 := Amy + (1 — A\)m2 € P(S x §) where A € [0,1]. Let
¢ € C(S x S) be any test function.

First, since both 7 and 79 have %y as a marginal we have [ ¢drs = X [ ¢dp’y +(1—N) [ pdp’y =
| ¢dp’y so w3 has pky as marginal as well.

Second, we know fgbdm = [¢dvy and [¢dmy = [ ¢dve for some vi,vs € K. Thus, [¢drs =
J¢d(Av1 + (1 — Nvz) = [ ¢pdvs where v3 € K by convexity of K. Thus, m3 € [, ¢ 1%y, v) which

means 73 € P« k. Thls concludes the convexity of ®

KXy Hiy K-

Now suppose that we restrict m; and 75 to be inside the Wasserstein ball, in other words 71,75 €
®,x ke Then [cdmy = X [edmy + (1 = X) [edmy < Ae + (1 — N)e = € so 73 is also inside the
Wasserstein ball and thus w3 € <I>#§{Y, K,e- This concludes the convexity of @M{Y, K,e and the proof is
complete. O

Theorem 7.2 (Finite-dimensional convex reduction for an Inverse Problem with additive Gaussian
Noise). We let Py |x = O and [y = 5 Y i 0z, and assume additive Gaussian noise in the mea-
surement space so

* 1 *
Pxy = de(ii,Hwi) and K = {p% @ py|x € P(S): py|x = N(Hz,0), 0 € [0,m]} U{dna}
=1

where N(Hx, o) represents the normal distribution with mean Hx and variance o and m € R,.. For the
cost inside the Wasserstein distance, choose c((z,y), (u,v)) == ||(z,y) — (u,v)||* any squared norm and
let the loss l(xz,y; g) be upper semi-continuous, proper and concave such that it is not —oco everywhere
on S x S. Then our primal problem is equal to

= s /S v g)dr((z.v), (u.0))

TED  «
rxy K

= inf sup e+ — /e o7 [HEi~yllzn WZi,y;9) — N|Hz; —y . 35
o Z (ev:0) — MH, — o)) dy. (35)

AERy o€[0,m]

Proof. First, we note that K is convex. To see this let u3 = Ay + (1 — A)pz where A € [0,1] and
p1,p2 € K so pup = p ® N(Hzx,01) and pe = p% ® N(Hzx,o04) for some 01,05 € Ry. Then

ps =y @ AN (Hz,01) + (1 = AN (Hz,02)) = px @ (NOAHz,\201) + N((1 = \)Hz, (1 — \)202))
= @ N(Hz, o1+ (1 — X)?02) = p © N(Hz,03)

where 03 € R, since 01,02 € Ry and A\, (1 —\) > 0 so u3 € K. By Lemma 7.1, the ambiguity set

(I)#}}vavf is convex as well.

Recall B (1) :={n € K : Wi(p, p%y) < €} and that our problem can equivalently be written as

1= sup ~/S><SI(U7U;g)d7T((x7y)7(u’v))

TED  x
rxy K

= sup / Uz, y; g)du(z, y).
HEBe,K(H;(y)
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Using the definition of the Wasserstein-distance, we rewrite

sup,,, [ol(@,y; 9)du(z, y) )
sup /l(x)du: st Joxs @) — (w o) dn((z,y), (u,v)) <€

p€Bic,(iiy) J S me O(p, piy)

nwe kK
_ Sup,uiEK N 27{\/1 fS Z,Y; g)dul(x y) (36)
s.t. ~N ZL 1fs l(z,y) quxZ)” dpi(z,y) <

Above, the second equality follows from Bayes law, which states that any joint distribution 7 of
(z,y) and (u,v) can be constructed from the marginal distribution p%,- of (u,v) and the conditional
distribution p; of (x,y) given (u,v) = (&;, HZ;), i < N. In other words, 7 = % Zi\;l Oz, Hay) (U, 0) ®
wi(x,y) = with pu; € K. By duality we can rewrite (36):

sup inf 72/ (z,y; 9)dpi(z, y) +A<6—Z/wy (&3, Hag) | *dpa(z, y)>

i €K AeRy N

N
< inf sup Aet NZ [ (1) = M) = o)) dis(o.9) (37)

ACRY K

= inf su )\—l—— / (Z4, A|(25, z;, Hx; dN(Hz;, 38
8w s £S5 [ (ol o -G 69

— inf sup Ae+—z/ Uiy 9) — MH; —y]]*) dN (Hi, 0)(0) (39)

AERy o€[0,m]

— sezlHEi—ylEn (104 .0y — oyl
= et Z e () - A o) a0
where n is the dimension of the data (e.g. y € R™). The first (in-)equality follows from the max-min
inequality. From (37) to (38) we apply the & measure over the z-variable and we are left with the
normal distribution over y. From (39) to (40) we apply the normal measure to transform the integral
to an integral over y. We have a linear problem with convex constraints and since ! is upper semi-
continuous (thus —! is lower semi-continuous), we can apply a strong duality result [50, Proposition
3.4]. Thus, the inequality in (37) actually is an equality and we are finished with a finite-dimensional
optimization problem. O

We see that the finite-dimensional reduction in (35) is very similar to the dual representation of the
problem in (34). In fact, if we find ¢, ¢ such that ¢(Z;, y) -+ (24, HE;) = U@, y; 9)—Ae((24, ), (&, HE;)) =
I(z,y:9) — A|H&; — y||* we have the exact same expression. For this particular case, we can obtain
(35) by choosing ¢(2:,y) = (i, y:9) — M| H&; — y||* and ¢ = 0 in (34).

We now have a finite-dimensional, convex problem in (35) which means we can compute the optimal
value of our problem using any convex optimization scheme. The focus of this thesis lies on the theory
so for the numerical examples we adopt a simple optimization scheme. We approximate the optimal
value of (35) by alternating a few steps of gradient descent for A and a few steps of gradient ascent for
o. We define

N

1 1 Hé—yl? 2
G\ o;9) = e+ ——= / e 2z IHZi—yllzn (] Zi,y;9) — M| Hz; —y||” ) d
( ) Nvoro? ;:1 (( i ) | Hz; [ )

so that (35) is equivalent to

inf sup G(Ao0;
AER+ O’E[OI’)H'L] ( g)
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The partial derivatives of G(A,o;g) with respect to A and o are respectively

dG 1
A= / L
=1
and

dG 1 2
bl . szl HE i —yl|3n Hi N Ha: — 2 — 2 .
2 Noig) = N E /e ((xuy 9) — M Hz; —y| ) (USI T; = Yllgn m) dy

Letting 71,72 be two learning rates, m; the number of iterations, mo the number of sub-iterations and
Ao, 0g our initial values our algorithm will look as in Algorithm 1.

Algorithm 1 Alternating Gradient Descent /Ascent to Find Optimizers for Discrete Worst-Case Prob-
lem

Require: \g,09 >0, 71,72, m1,me € Njg € X
Ensure: )\, o
A+ )\0
O < 0
for k < 1 to m; do
for i < 1 to msy do
A+ max{\ — 7y x (0 g),0}
end for
for j < 1 to my do
o + max{o + 72 x 9€(\,0;9),0}
end for
if A\ and o converge OR objective G converges then
break
end if
end for

This algorithm gives us the values \*, 0* with which we approximate the optimal value of G(\, ;g) is
optimal i.e. G(A\*,0%;g) ~ infyer, sup,epr, G(A, 0;9g). Finally, recall that our full problem is to find
the value of g that minimizes the maximum value of G()\, o;g). Our original full full problem is

inf  sup / Uz, y; 9)dp
9E€Z eB. Kk (uhy) /S S

which we approximate with

f
inf G(A", 071 9)-

We solve the latter by employing Algorithm 2 which finds the worst-case value for each ¢ in a pre-
specified set ¥ with Algorithm 1 and then finds the g with the smallest value for G(\,0;g). This
returns the g yielding the best worst-case.
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Algorithm 2 Algorithm to Solve Discrete Best Worst-Case Problem

Require: X > Set of candidates
Ensure: ¢*,G* > Optimal candidate and its worst-case value
Initialize worst-cases as an empty list
for i, g € enumerate(X) do
Ali], ofi] + ALGORITHM 1(g)
worst-cases[i] <— G(A[i], o[i]; g)
end for
i* + arg min(worst-cases)
9"« X"
G* < worst-cases|[i*]
return g*, G*

In the next section, we will verify that the optimization runs smoothly, giving motivation to the idea
that a decoupled optimization like this gives similar results to a coupled one. Decoupled meaning we
first optimize over A\, o and then over g. To give some initial examples and simulations, we will choose
a simple set for ¥ dependent on the simulated problem.
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8 Numerical examples

This section shows some simple examples using Algorithms 1 and 2 to illustrate the robustness and
performance of the Wasserstein-DRO framework for inverse problems. We continue with the inverse
problem with additive Gaussian uncertainties in the measurement space, so we adopt again the as-
sumptions in Theorem 7.2. We take H € R™™", ¥ C R™™" and X,Y = R" to model the inverse
problem y° = Hz* + § where we assume the noise § is normally distributed. In order to make some
simple calculations, we will manually choose ¥ as a small set containing the (approximate) inverse
(left-inverse for non-singular cases, pseudo-inverses for singular cases) and a few random candidates.
We will refer to these ’candidate inverses’ as 'map index i’ with ¢ = 0,1, 2,3 referring to the index
they have in the set 3. For every example of a non-singular matrix, the last map in the set (map 3)
is the real inverse. Ideally, other methods (i.e. deep learning methods) would be used to include a
larger set 3 but as this thesis has a theoretical focus, we leave that up to future research. We ran-
domly generate the data z;, i = 1,2, ..., 12 with values between 0 and 10. We take twelve data-points
because that is the number of simulatenous processes we can implement. For the remainder of this
section, denote the learning rates for ¢ and A by ~, and -y, respectively and their starting values by
o and Ag respectively. Unless stated otherwise, we take as number of sub-iterations 3 and number of
total iterations 300. When the difference between the current risk value and the previous risk value is
less than 0.0001 for two consecutive iterations we conclude the objective value has converged and we
terminate the iteration process. The same holds for the parameters: if for both parameters holds that
the difference between its current value and its previous value is less than 0.0001 for two consecutive
iterations, we terminate the iteration process.

For each iteration, we calculate the derivatives of A and o three times each and the objective value
once. As each of these contains a multi-dimensional integral that is calculated for each data-point, we
calculate 7 - 12 multi-dimensional integrals per iteration. We usually have four candidate inverses in
our set X, which means we calculate 100.800 of these integrals per map. To improve efficiency, we use
multi-processing to calculate the integral for each data-point in parallel and we set the bounds of the
integral at the smallest value where the integral seems to converge. During test simulations, we settled
on bounds of £30. For future research, a more efficient numerical approach should be considered.

For simplicity, we refer to the value the objective function G(A, o; g) takes for a certain triple (), o; g)
as the ’risk’. For each example, we give plots illustrating the decoupled optimization processes:

e The worst-case optimization process: for each candidate inverse we create a separate figure
which plots for every iteration the current value of o on the left (blue) and A\ on the right
(red) y-axis, against the risk for that pair on the z-axis. Ideally, these plots would all show the
convergence to a supremum of the risk.

e The best-worst case optimization process: in one figure, we plot the final 'worst-case’ risk
value on the y-axis for each candidate inverse on the z-axis. This is for each map the risk value
their 'worst-case’ optimization algorithm finished on.

As the examples focus on a low-dimensional (R**?) forward operator and data for computational effi-
ciency, we first illustrate the Picard condition for a higher-dimensional operator before exploring these
examples.

The code for the Wasserstein-DRO examples can be found in Appendix A.1 and the code for the Picard
condition can be found in Appendix A.2.

8.1 Picard condition for a high-dimensional operator

To illustrate how the Picard condition is applied to a high-dimensional operator, we take as forward
operator H a 100 x 100 Hilbert matrix, a square matrix whose elements are given by H;; =
For example, this is the 3 x 3 Hilbert matrix:

_1
itj—1°

== =
PN T
[SHEEN VNI



which has condition number approximately 524. The Hilbert matrix is a well-known ill-conditioned
matrix, as its condition number grows rapidly as its size increases. The 100 x 100 Hilbert matrix
has condition number 1.075 x 10'?, meaning that inverting a Hilbert matrix will be numerically un-
stable. Recall that the Moore-Penrose pseudo-inverse applied to a measurement y € R™ is given by
Hty = Dy <u’07y>‘/vz with o; the i-th singular value and u;, v; the i-th left and right singular vectors.
Thus a vector y € R" satisfies the Picard condition if the projections |(u;,y)| decay faster than the
singular values ;. Recall that for a non-singular matrix, the real inverse is equal to the Moore-Penrose
inverse, which is the case here.

We build the 100 x 100 Hilbert matrix, generate random data = and noiseless and noisy measurements
y = Hz and y° = y + § respectively, where ¢ is normally distributed with mean zero and variance
02 = 0.012. We calculate the singular value decomposition and the projections of y and y° with the left
singular vectors. Figure 2a depicts the decay of the singular values against the decay of the projections
of noisy and noiseless data with the left singular vectors while Figure 2b depicts the Picard ratio for
noisy and noiseless data, both are semi-log plots.

Picard Condition for a Hilbert Matrix Picard Ratio for a Hilbert Matrix
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i i
(a) Decay of o; against |{u;,y)| and |<ui,y5>| (b) Picard ratio of y and y°

Figure 2: Picard Condition for the 100 x 100 Hilbert Matrix

The noiseless data decays in a similar exponential fashion to the singular values, but the noisy data
does not decay as the singular values do and thus does not satisfy the discrete Picard condition and
is ill-posed. This is further illustrated by the Picard ratio growing exponentially for the noisy data
but not for the noiseless data. We conclude that the matrix is near-singular and very sensitive to
noise in the data and the inverse might be difficult to work with numerically when we have noisy data.
Note that for any singular matrix, we have at least one singular value equal to 0, leading the Picard
ratio to grow to infinity. For the types of matrices mentioned in this section (unstable and/or singular
matrices), it would thus be very useful to obtain a robust inverse.

8.2 Inverse problem with measurement in R" and Gaussian noise

We take input and output spaces X,Y = R", specifically n = 2. For this problem we model a non-
singular stable and a non-singular unstable forward operator to see if the Wasserstein-DRO gives the
real inverse. Next to that, we model two singular matrices to investigate whether the Wasserstein-DRO
gives a robust inverse, which we can compare to other inverses.

8.2.1 Non-singular, stable forward operator

2 0 . . 1 (/2 0
0 2 which has real left inverse H =+ = 0 1/2|

simulate the Wasserstein-DRO against two versions of X, each contains the real left inverse but 3
contains candidate inverses ’close’ to the left inverse and Yo contains candidates less ’close’ to the left
inverse. For ¥; we randomly add values between [-0.5, 0.5] to the diagonal of the left inverse while
for ¥ we randomly add values between [-5, 5]. Each set contains four candidates, including the left
inverse which has map index 3. For 3; we use vy, = 0.001,7, = 0.001, A\g = 0.1,0¢9 = 2 and for ¥,

We choose the forward operator H as H = We
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we use v, = 0.0001, v, = 0.00001, Ay = 0.1, 09 = 2. Notice that we have chosen smaller learning rates
for X9 as the gradients for maps further away from the real inverse are larger and could cause steps
that were too big. This is undesirable since we don’t want to skip over a maximum and don’t want
negative values for both parameters.

Figure 3 shows for each map in ¥; the worst-case optimization process. The process for all maps
starts at Ay = 0.1, 09 = 2 and for each iteration gives the current value of A, o on right and left y-axis
respectively, with the corresponding risk on the xz-axis. Map 3 is the only one that has converged and
is also the one with the smallest worst-case risk value, as can be seen in Figure 4. This Figure shows
the worst-case risk value for each map index, showing map 3 indeed has the smallest worst-case risk.
This means the algorithm has selected the real left-inverse as the most robust one. It is interesting
to note that map 2 has an optimization process that looks the most similar to the one from map 3
(parabolic shapes that converge to a line) and is also the one with closest 'worst-case’ risk value.

Risk against o and A, map index 0 Risk against g and A, map index 1

(a) Map index 0 (b) Map index 1

Risk against o and A, map index 2 Risk against o and A, map index 3

ria

FL2

rlo

Los~=

0.6

ro0.4

o2

(c) Map index 2 (d) Map index 3

Figure 3: Worst-case optimization for non-singular, stable forward operator. Maps € 3.
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Worst Case for Each Map
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Figure 4: Best worst-case optimization for non-singular, stable forward operator. Maps € ¥;.

Figure 5 shows the worst-case optimization process for each map in X5. Smaller learning rates result
in smaller steps between iterations, causing map 3 to not converge. Larger learning rates or more
iterations might improve this. The optimization process for maps in 3o differs significantly from those
in ¥; and the real inverse, as they are ’further away’ from the real inverse. Figure 6 displays the
worst-case risk values for each map, which are higher due to the maps being less close to the real
inverse. Map index 3 has the smallest worst-case again, indicating the algorithm selected the real
left-inverse in both examples for a non-singular, well-posed operator.
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Figure 5: Worst-case optimization for non-singular, stable forward operator. Maps € 3.
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Worst Case for Each Map
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Figure 6: Best worst-case optimization for non-singular, stable forward operator. Maps € Y.

8.2.2 Non-singular, unstable forward operator

1 0
0 le—5|
number is simply the ratio between the largest diagonal element and the smallest on the diagonal.

Thus we can calculate the condition number 1/(1e —5) = 100000 and its left-inverse H ! = B 125] .

We illustrate the ill-posedness of this matrix with the Picard condition in Figure 7 in a similar manner
as in the beginning of this chapter. In Figure 7a we see that while |(u;,y)| decays similarly to the
singular values, this is not the case for |<uz,y5>’ so it does not satisfy the Picard condition. This
is confirmed by Figure 7b, illustrating that the Picard ratio of noisy data grows much faster than
noiseless data. Thus, we have an ill-posed problem.

As an unstable forward operator, we choose H = For diagonal matrices, its condition

Picard condition singular operator Picard Ratio singular operator
3
, - R 10 = Picard ratio y
109 ~ e P [(ui, )| Picard ratio y°
I{ui )
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U
105 o
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i i
(a) Decay of o; against |{u;,y)| and |<u¢,y5>’ (b) Picard ratio of y and °

Figure 7: Picard Condition for an ill-posed forward operator

We again simulate against two versions of X similar to the previous section. For ¥; we randomly
offset the diagonal of the real inverse by +10%. For X5 we randomly generate diagonal candidates
with first diagonal value between [0,2] and the second between [10%,107]. Each set again contains four
candidates, including the left inverse (with index 3) and we use v, = 1075,v, = 10712, \g = 3,09 = 27.

Figure 8 shows the worst-case optimization process for ¥; which shows a similar process for each map.
The optimization of o starts on the left, makes some very big steps and then quickly converges while
A also starts on the left but keeps growing steadily, and with it the risk as well. As the scales on these
plots are so large it seems like the risk converges, but this is not the case for any of the maps. More
iterations (800) give the same results. Figure 9 shows that map 1 has the smallest worst-case risk value
which is not the real inverse. Since none of these optimization processes seem to converge it is likely
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Figure 8: Worst-case optimization for non-singular, stable forward operator. Maps € ;.
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Figure 9: Best worst-case optimization for non-singular, stable forward operator. Maps € X;.

that the numerical implementation needs some improvements, for example better (adaptive) learning
rates or a restriction on the step size.

Figure 10 depicts the worst-case optimization process for ¥5. There is some jumping around in the
optimization processes of the maps further away from the real inverse and the optimization is not
very smooth. For maps 0 and 2, it seems like ¢ is converging to a maximum but then jumps away
from it only to converge toward it again. On the other hand, A also makes jumps and then keeps
growing, similarly to the previous example. These jumps in the optimization process are likely a result
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Figure 10: Worst-case optimization for non-singular, unstable forward operator. Maps € ¥y (less close
to real inverse).

lel7

Worst Case for Each Map

3.0

2.5

2.0 1

1.5+

1.0 4

Worst Case Risk Value

0.5 4

0.0 4

Map Index

Figure 11: Best worst-case optimization for non-singular, unstable forward operator. Maps € Yo (less
close to real inverse).

of non-ideal learning rates, which should be improved for better performance. Figure 11 shows that
this time the real inverse, map 3, is selected by the algorithm as the robust solution.

A difficulty in the implementation of this case was caused by some iterations bringing o below zero

while the variance is a non-negative parameter.

Technically, it should be allowed to be zero (or

infinity) as this is needed for our set K to be closed. However, this gives computational problems as
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the objective function and both its partial derivatives contain a division by o. To combat this, we tried
projecting o to a small value close to zero but this gave unsatisfactory results as at some point while o
would converge towards the (local) maximum after the ’jump’, it would jump again to a negative value
which was projected to 1072, After this, the optimization got ’stuck’ in this point with a very low
risk while at this point we are still maximizing the risk (find the worst-case for this candidate inverse).
For an example of this, see Figure 12. As an alternative approach we chose to use a smaller learning
rate (9, = 7, - 0.0001) whenever the original learning rate bring ¢ below zero. If it was still brought
below zero, we left o unchanged but this was never necessary as the smaller learning rate solved that
issue. In the next iteration, a new value of A could cause ¢ to change again. Again, this case could
likely benefit from better (adaptive) learning rates or a restriction on the step size to diminish the
’jumping’ to numbers that are large in magnitude (positive or negative). As the implementation needs
improvements, the results for the non-singular unstable operator are not to be taken at face-value.

Risk against o and A, map index 0

Figure 12: Projection o whenever it gets below 0. (Worst-case optimization for non-singular, unstable
forward operator. X less close to real inverse.)

8.2.3 Singular forward operator 1

1 8} which is neither injective (it has non-trivial null-space)

nor surjective (it has linearly dependent rows), meaning a left- or right-inverse does not exist. The left
singular vectors are u; ~ [—0.707, —0.707]7 and us ~ [0.707,0.707]T. If we let = = [z1,z2]T, we have
y = Hzx = [z1,21]7 so |(u1,y)| = 1.414z; and |(uz,y)| = 0 for any pair (z,y). As one of the singular
values is equal to 0, and the other is 1.414 we have Picard ratio x1 + % which is undefined and thus
makes no sense to plot. For the noisy data however this is not the case, as y° = [z1,21] + 0 with §
normally distributed with mean 0 and variance 02 = 0.012. As one of the singular values is equal to
0, we replace this by 107! in order to plot it on the semi-log plot. Thus the 107 in Figure 13b would
in reality be infinity and this operator clearly does not satisfy the Picard condition.

As a singular operator we choose H =

1(/)2 1(/)2]. Notice
that HHMP and HMP H are Hermitian, HHMPH = H and HMY HHMP = HMP | thus satisfying the
properties of a pseudo-inverse. For this matrix, any matrix where the elements of the first row sum
to 1 is a generalized inverse, independent of the second row. Since H? = H, the Drazin inverse of
H is equal to H itself: HP = H. This time we simulate against one version of ¥, containing the
Moore-Penrose and Drazin inverses and two randomly generated generalized inverses: one that has
zeros on the second row (which we denote by G1) and one that has completely random values on the
second row (G2). Map 0 is the Moore-Penrose inverse, map 1 is the Drazin inverse, map 2 is G1 and
map 3 is G2. We use vy = 1074, v, = 1074, \g = 6,00 = 4. As this case converged slower, we used
600 iterations.

The Moore-Penrose pseudo-inverse can be computed using the SVD: HMP =

55



Picard condition singular operator Picard Ratio singular operator

—*= O 1071 --=- Picard ratio y°
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(a) Decay of o; against ‘<ui,y‘5>‘ (b) Picard ratio y°

Figure 13: Picard Condition for a singular forward operator

Figure 14 shows that the worst-case optimization for each map starts with a large negative risk and
converges to a positive value. The optimization for the Moore-Penrose inverse converges to 76.81,
for the Drazin inverse it converges to 14.87, G1 converges to 14.87 and G2 converges to 84.64. This
means the algorithm selects the Drazin as the robust solution and that the Moore-Penrose and G1
actually give the same result. The decoupled optimization is smooth which makes the results plausible.

Risk against ¢ and A, map index 0 Risk against o and A, map index 1

T T T T T T T T T
—1000 —800 —600 —400 -200 o] -1000 —800 —600 —400 —200 o]

Risk Risk
(a) Map index 0 (Moore-Penrose) (b) Map index 1 (Drazin)
Risk against o and A, map index 2 Risk against o and A, map index 3

r7.75

r7.50

r7.25

r7.00

r6.75

r6.50

r6.25

-1000 —800 —600 —400 —200 0 —800 -600 —400 —200 0

Risk Risk
(c) Map index 2 (G1) (d) Map index 3 (G2)

Figure 14: Worst-case optimization of risk against o, A for a singular forward operator.

To validate our findings, we test the performance of each inverse by investigating the reconstruction
error for each inverse. To do this, we randomly generate 100 input data-vectors where x is between

56



Worst Case for Each Map

Worst Case Risk Value
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Figure 15: Best worst-case optimization for a singular forward operator.

0 and 10 and generate noiseless measurements y = Hz and noisy measurements y° = y + 6 where
§ is normally distributed with variance 02 = 0.12. For each data-point (x,y) we calculate the re-
construction error ||x - H TyH , Where H t denotes the candidate inverse (map) being considered. We
do this for every candidate. Figure 24 shows the reconstruction errors for noiseless and noisy data
where MP denotes the Moore-Penrose inverse and D denotes the Drazin inverse. The noiseless data
gives average reconstruction errors approximately 4.806, 3.123, 4.806, 5.107 respectively, the noisy data
gives approximately 4.807,3.128,4.807,5.107. The Drazin inverse actually gives the smallest average
reconstruction error while the Moore-Penrose and the first generalized inverse perform very similarly.
Figure 16 shows that the latter two overlap everywhere. The average reconstruction error is equal for
the noiseless data and the difference is approximately 0.0001 for the noisy data. The Drazin inverse
gives the smallest average reconstruction error for both noiseless and noisy data which coincides with
the result from the Wasserstein-DRO algorithm.

Reconstruction Errors for Different Inverses Reconstruction Errors for Different Inverses
104 ~* MP s 4 10{ "¢ MP
1t~ D # s | | BE

_____

Reconstruction Error

Reconstruction Error
IS
S—

il
2 ?j e i 2
0 20 40 60 80 100 0 20 40 60 80 100
Test Vector Index Test Vector Index
(a) Noiseless data (b) Noisy data

Figure 16: Reconstruction error for different inverses of singular forward operator.

This particular forward operator is quite tricky as it throws away’ any knowledge about the second
1
)
The inverses give the following reconstructions for noiseless data y = Hx:

P _ m e [xl] o [xl] e [ml ]

element of the data. Say we have input vector z = .
1

]. This gives measurement y = Hx = [ml]
0 X1 0

The forward operator projects the input to a line y; = y» in the measurement space. The MP inverse
and G1 project this back into the input space on a line zo = 0 while the Drazin inverse projects it on
a line 1 = x4 and G2 projects it on a line x5 = C-z1. In any case, it explains why the performance of
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the MP inverse and G1 is equivalent for noiseless data. The performance of each inverse is extremely
sensitive to patterns between the two elements in z. If in our dataset the second element is often close
to 0, the MP inverse or G1 inverse will perform better and when the second element is often close
to the first element, the Drazin or G2 inverse will perform better. Simulations with data specifically
generated to reflect these two cases confirm these expectations.

Figure 17 shows the worst-case value for each map when then data has been chosen so the second
element is randomly generated between 0 and 0.05. The optimization process for each map has
converged with the risk for MP, D, G1 and G2 being respectively —0.0106, 18.377, —0.0108, —0.0043.
We see now that the MP or G1 inverse would be selected as robust inverse, which is confirmed by
plotting the reconstruction errors of each inverse as we did in Figure 18a with noisy data generated
similarly as in Figure 17. This yields average reconstruction errors 0.060,5.356,0.059,0.345, giving
the same solution as our Wasserstein-DRO problem: for this data MP and G1 are the best inverses.
In Figure 18b we have generated noisy data randomly with elements of  between —10 and 10 to
depict more realistic data. This gives average reconstruction errors 5.060,6.313,5.060,5.113. In this
case we see as well that the MP and G1 inverses perform the best. It is likely that if we repeat the
Wasserstein-DRO with this data, we would get the same solution. We conclude with the observation
that this problem is very sensitive to the nature of the data.

Worst Case for Each Map
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Figure 17: Best worst-case optimization for a singular forward operator, alternative data.
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Figure 18: Reconstruction error for different inverses of singular forward operator, for two datasets
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8.2.4 Singular forward operator 2

To better investigate the performance of the Wasserstein-DRO we choose another singular operator

that does not ’throw away’ the second element of the input data. We choose H = E ﬂ which

is neither injective nor surjective and has one singular value equal to zero. In a similar way as the
previous example, we see through Figure 19 that the Picard condition is not satisfied and this is an
ill-posed problem.

Picard condition singular operator Picard Ratio singular operator
.
10 S -+ 0 107] = Picard ratio y°
Sy Tt e [{ui, yo)|
1071 S 106
10-3 T . 10°
g S 1ot
3 . 210
10 N S
N 103
1077 S
N 102
-9 N
10 . 1ot
. .
0 1 0 1
i i
(a) Decay of o; against {<ui, y‘5>‘ (b) Picard ratio of y°

Figure 19: Picard Condition for a singular forward operator

The Moore-Penrose and Drazin inverse are equal and given by HMP = HP = E?j }?ﬂ . Any matrix
such that all its elements sum to one is a generalized inverse for this forward operator. We simulate
against a ¥ containing the Moore-Penrose/Drazin inverse and two randomly generated generalized
inverses. We use vy = 10747, = 1074, \g = 6,09 = 1. We use again 600 iterations.

Figure 20 shows the map with smallest worst-case risk is G1. Figure 21 shows the worst-case optimiza-
tion process. Notably, all optimizations have converged and they all look smooth. This simulation
used randomly generated data between 0 and 10. We ran another simulation with data between -50
and 50, which gave very different results, of which none converged. These results can be seen in Figures
22 and 23 which shows the Moore-Penrose/Drazin inverse is selected by the algorithm as the robust
solution for this dataset. The optimization processes are still smooth but have not (yet) converged.
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Figure 20: Best worst-case optimization for a singular forward operator.
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Figure 21: Worst-case optimization for a singular forward operator.
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Figure 22: Best worst-case optimization for a singular forward operator, alternative data.

We calculate again the reconstruction errors for each candidate inverse and plot them in Figure 24 with
data generated between 0 and 10. The average reconstruction error of the MP/Drazin inverse and the
two generalized inverses are respectively 2.231,2.880, 2.449 for the noiseless data and 2.232,2.886, 2.451
for the noisy data. The average reconstruction error of data generated between —10 and 10 gives similar
results. The solution chosen by the Wasserstein-DRO for data between —10 and 10 is the one with
the smallest reconstruction error.
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Figure 23: Worst-case optimization for a singular forward operator, alternative data.
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Figure 24: Reconstruction error for different inverses of singular forward operator

8.3 Conclusions on numerical results

We have seen that for a non-singular stable forward operator, the Wasserstein-DRO algorithm selects
the real inverse as the solution for both cases of ¥ and the optimization goes smoothly. For the two
singular operators we have looked at, it depends on the data what type of pseudo-inverse is chosen
as the solution. However, with data chosen carefully to represent a realistic problem, it seems the
Moore-Penrose inverse is often chosen as the most robust one. As we know, the Moore-Penrose in-
verse corresponds to the least-squares solution. This case used a squared 2-norm as loss function which
means the robust solution coincides with the least-squares solution. For the unstable forward operator,
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the case where Y was not necessarily close to the inverse, the real inverse was selected as the solution
but for the case of X close to the real inverse this was not the case. However, this optimization is not
smooth and shows some irregular behavior, indicating that the implementation needs improvement
and the decoupled optimization might not be the best approach. Consequently, the results should be
interpreted with caution. Especially a better implementation of the learning rate should be considered,
for example an adaptive learning rate and/or a restriction on the step size in any way. The handling
of parameters being brought below zero could also be improved upon in future implementations. In
the objective function G(\,o;g) and both its partial derivatives, there is a division by o. Since K
must be closed in order to apply any of the theorems in this thesis, theoretically 0 (corresponding to
the delta-measure) and oo should be included as possible values for o but this is not implemented into
the algorithm in any way.

The decoupled optimization for singular and non-singular operators goes smoothly, perhaps with some
fine-tuning it will work smoothly for the unstable operator as well. This smooth behavior suggests
that the decoupled approach could be a fine approximation.

In any case, the algorithm proposed in this thesis is very slow so future research should consider a
more efficient algorithm. There are many hyper-parameters to tune (starting values, learning rates,
number of iterations) which makes the implementation tedious. To compute the integrals, we used
scipy.integrate, which likely has some faster alternatives, using GPU for example.

While this thesis contains no numerical performance guarantees, the results of the implementation
suggest that there lies promise in the constrained Wasserstein-DRO problem. The implementation of
the constrained Wasserstein-DRO problem for ill-posed forward operators need careful consideration
of learning rates and step sizes while singular forward operators need careful consideration of the
data. Still, the optimization process works smoothly and results suggest that the solution chosen as
the robust solution to the constrained Wasserstein-DRO problem corresponds with the least-squares
solution.
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9 Conclusion and outlook

The primary objective of this thesis was to apply Wasserstein robustness to inverse problems and to
explore the relationship between robustness and regularization. While the focus was predominantly
on the first goal, significant strides were also made towards achieving the second objective.

This thesis encompasses a wide range of topics, including (probability) measure theory, optimization
and duality, robustness, optimal transport, inverse problems and linear regression but the most signif-
icant contribution of this work is the novel combination of optimal transport and inverse problems as
presented herein. We proposed a novel framework integrating Wasserstein robustness within inverse
problem modelling using a Bayesian (conditional) approach. The integration of Wasserstein robust-
ness in inverse problems opens new ways to improve the reliability and stability of solutions in various
applied mathematics and engineering fields. The approach presented in this thesis has the potential
to significantly enhance the robustness of inverse problem-solving methods against noise and ill-posed
problems in general.

A thorough analysis of the relevant mathematical concepts was conducted, yielding new general strong
duality results. Building on the results by Blanchet et al. [44] for linear regression, we derived a dual
representation in a more general sense. By making specific choices for spaces and ambiguity set(s), we
can obtain Blanchet’s linear regression problem - which allows us to see a connection to regularization
- as well as various other types of inverse and forward problems that we wish to be robust to any type
of noise.

The theoretical framework we presented was applied to a specific case involving an inverse problem
with Gaussian additive noise. Analytical results for this particular case were derived, and a finite-
dimensional reduction was presented to make the framework computable. Numerical results for simple
forward operators were provided to verify and validate the proposed model. We have left numerical
performance guarantees to future research but have shown that while there is room for improvement,
we are able to learn a solution to an inverse problem that is robust in the measurement space, for mul-
tiple types of simple forward operators (non-singular well-posed, non-singular ill-posed and singular
matrices). In the case of a squared 2-norm loss, the robust solution to the constrained Wasserstein-
DRO coincides with the least squares solution. The numerical results of the Wasserstein-DRO were
further validated by numerical comparisons of the performance of the ’candidate inverses’, confirming
the solution to the Wasserstein-DRO has the smallest average reconstruction error. Future research
could directly compare the results of regularized inverse problems and Wasserstein-DRO problems
to further establish a connection between regularization and robustification. The unstable forward
matrices need improvement in the implementation as they require more careful consideration of learn-
ing rates and step sizes. These matrices have a large Picard ratio, which makes them difficult to
solve even with Tikhonov regularization. If we were to improve our implementation it could mean
that Wasserstein-DRO handles the ill-posedness better than regularization. It is simple to rewrite the
considered problem to an inverse problem with robustness in the input space so fair to assume that
numerical simulations for this case will also be successful.

The academic impact case of addressing a general inverse problem with Gaussian noise is significant,
as this scenario is encountered in many fields. Thus, it is an interesting case that holds importance
for both practical and research purposes. For future research, it would be interesting to complexify
the problem by using a multivariate Gaussian distribution in the definition of K, where we have a
covariance matrix that would be able to capture the nature of our data. This would likely make the
Wasserstein-DRO for inverse problems more powerful. Other than the case presented in this thesis,
there are many more interesting cases to explore: different types of inverse problems (i.e. non-linear
problems such as convolutions), robustness to noise on the input space instead of the measurement
space (or both), and robustness to other types of noise (i.e. applied Poisson noise). See Section 5.1.1
for an exploration of noise and problem types.

The general framework in this thesis can help us find a dual representation for many types of problems

that we wish to robustify to any type of noise, not just specifically applied to inverse problems. While
this thesis has laid a solid foundation, the general framework only goes so far. To evaluate the dual
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representation and/or reduce the problem to a finite-dimensional one, choices need to be made with
regards to the spaces and ambiguity set(s) to represent a more specific problem. This thesis has made
some insights into the relationship between robustness and regularization but the general framework
presented within this thesis and its alternative representations can be a great starting point to continue
the exploration of this relationship.

This thesis has a strong focus on mathematical theory and analysis of the concepts presented. It is
only natural that future research should expand on the numerical work done in this thesis. In order
to make the proposed framework useful in practical applications, research must be done to increase
the computational efficiency in order to work with higher-dimensional data, more complicated sets of
‘candidate inverses’ (X) and more complicated forward operators. The computational efficiency could
be increased by using the Sinkhorn distance (a type of entropic regularization [51]) and employing
a more powerful algorithm than the simple alternating gradient descent/ascent used in this thesis.
Perhaps incorporating neural networks could help to incorporate a larger set of candidate inverses.
In any case, the algorithm would be more powerful if the inner min-max problem was coupled to the
outer min-problem, as our current approach is de-coupled.

If the numerical methods can be improved upon, the proposed framework has promise to be useful
in many fields such as signal processing, medical imaging, wavefield imaging, data assimilation and
engineering, where inverse problems are prevalent and robustness is crucial.

In conclusion, this thesis represents a significant advancement in the fields of distributionally robust
optimization and inverse problems by introducing a novel framework that integrates Wasserstein ro-
bustness into inverse problem modeling. We have shown that we are able to learn solutions to inverse
problems through data, yielding a robust inverse operator. The idea is that the regularization is done
inherently by the robustification process. Through a thorough analysis of mathematical concepts and
the development of analytical and computational methods, this research makes some significant steps
to gain valuable insights into the relationship between robustness and regularization. The analytical
results show an inherent connection between robustness and regularization. The innovative combi-
nation of optimal transport and inverse problems presented herein not only expands the theoretical
foundations but also holds promise for practical applications in diverse fields. By addressing the lim-
itations of existing approaches and proposing new avenues for future research, this thesis sets a solid
foundation for further exploration and advancement in robust inverse problem-solving methods. With
its interdisciplinary approach and thorough analysis, this research holds significant value in enhancing
the reliability and stability of solutions to inverse problems across various disciplines.
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A  Appendix

A.1 Python code for constrained Wasserstein-DRO

This appendix contains the code used to implement the Wasserstein-DRO from section 8.

1 import numpy as np

2> from scipy.integrate import quad, nquad
3 import matplotlib.pyplot as plt

4 import os

5 from multiprocessing import Pool

T OHHHHHHBHAHHH AR RRHH AR RBR AR AR HAF AR R A SRR R H RSB R AR RS SS RS

8 # This code implements the Constrained Wasserstein-DRO problem for matrix inversion

o # with Gaussian additive noise as introduced in the Master Thesis

10 # "Learning Distributionally Robust Solutions for Inverse Problems using the
Wasserstein Distance"

11 # by Floor van Maarschalkerwaart.

12 HHABAHHBHARAHBHARAHARAARAHBRARR AR BRAR AR BR AR B A RRARAHBRARR AR BRARAHBH

15 def vector_norm(vector):
16 ##### Calulcates 2-norm of a vector
17 return np.linalg.norm(vector)

20 def loss(xi, y, g):

21 ##### Calculates the loss function as squared 2-norm for
22 # xi: x-value

23 # y: y-value

24 # g: candidate inverse

26 global n

27 g = np.squeeze (g)

29 if measurement == ’matrix’:
30 y = y.reshape((n, n))

32 xhat = g Q@ y

34 if not np.isscalar(y):

35 xi = xi.ravel()

36 xhat = xhat.ravel()

37

38 return np.linalg.norm(xi - xhat) **2

11 def seperate_integrals(xi, integrand, lamb, sig, g, H):
12 #### Calculates a single integrand

43 # xi: x-value

integrand: integrand to be evaluated

lamb: lambda-value

sig: sigma-value

g: candidate inverse

H: forward map

,_
H OH H K

50 global measurement, nn, ab

51 if measurement == ’scalar’:

52 si = quad(integrand, -np.inf, np.inf, args=xi) [0]

53 else:

54 integrand_fixed_xi = lambda *y: integrand(*y, xi=xi, lamb=lamb, sig=sig, g=g,
H=H)

55 lower_bounds = np.ones(nn) * (-ab)

56 upper_bounds = np.ones(nn) * ab

57 bounds = [(lower_bounds[i], upper_bounds[i]) for i in range(nn)]

59 si = nquad(integrand_fixed_xi, bounds) [0]

60 return si

63 def integrate_sum(integrand, lamb, sig, g, H):
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def

def

def

def

def

#### Calculates four integrals in parallel
# integrand: integrand to be evaluated

# lamb: lambda-value

# sig: sigma-value

# g: candidate inverse

# H: forward map

global eps, n, nn, N, x, measurement, ab

frac = (1 / (N * np.power (2 * np.pi * (sig**2), 1/nn))) # fraction before
integral

pool_args = [(xi, integrand, lamb, sig, g, H) for xi in x]
with Pool() as pool:
results = pool.starmap(seperate_integrals, pool_args)

pool.close ()
pool.join()

s = sum(results)
funcval = frac * s

return funcval

compute_common_terms (y, xi, sig, H):

#### Separately compute common terms for efficiency
# y: y-value

# xi: x-value

# sig: sigma-value

# H: forward operator

if measurement != ’scalar’:
y = np.array(y).ravel ()

yi = (H @ xi).ravel() if measurement != ’scalar’ else H @ xi
norm_yi_y = np.linalg.norm(yi - y) # norm of Hx - y
exponent = np.exp(-norm_yi_y**2 / (2 * sig*x2)) # exponent in beginning of

integrand

return yi, norm_yi_y, exponent
integrand_G(*y, xi, lamb, sig, g, H):
#### Integrand in G(lambda, sigma; g)

yi, norm_yi_y, exponent = compute_common_terms(y, xi, sig, H)

term = loss(xi, y, g) - lamb*norm_yi_y**2
funcval = exponent * term

return funcval

integrand_lamb (*y, xi, lamb, sig, g, H):

#### Integrand in dG/dlambda (sigma; g)

yi, norm_yi_y, exponent = compute_common_terms(y, xi, sig, H)
funcval = exponent * norm_yi_y**2

return funcval

integrand_sig(*y, xi, lamb, sig, g, H):
#### Integrand in dG/dsigma (lambda, sigma; g)

global nn

yi, norm_yi_y, exponent = compute_common_terms(y, xi, sig, H)

term = (loss(xi, y, g) - lamb*norm_yi_y**2)*(sig**(-3)*norm_yi_y**2 - 2/(nn*sig))
funcval = exponent * term

return funcval

G(lamb, sig, g):
global eps, H
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funcval =
return funcval

dGdlamb (lamb, sig, g):

global eps,

funcval =
return funcval

eps

H

dGdsig (lamb, sig, g):
global H
funcval =
return funcval

gradient_descent (lambO,

lamb * eps + integrate_sum(integrand_G,

- integrate_sum(integrand_lamb,

integrate_sum(integrand_sig, lamb, sig,

sig0d, g):

#### Gradient descent algorithm for lambda
lambO: starting value of lambda

sig0: starting value of sigma

g: candidate inverse

#

#
#
#

global 1ril,

Returns:

lambda

sub_iterations

lamb = lambO
sig = sig0

>

lambs, H

for i in range(sub_iterations):

gradient_ascent (lambO,

# make

sure lambda >=

new_lamb = max(lamb -
if abs(new_lamb - lamb) > 50:

# if jump in lambda is too large,
lri*le-3) * dGdlamb (lamb,

new_lamb = lamb -

lamb =
return lamb

new_lamb

0

lri*dGdlamb (lamb ,

(

sig0, g):

#### Gradient ascent algorithm for sigma
lambO: starting value of lambda

sig0: starting value of sigma

g: candidate inverse

#

#
#
#

global 1r2,

Returns:

sigma

sub_iterations

lamb = lambO
sig = sig0

>

sigs, H

for i in range(sub_iterations):
= sig + 1lr2 * dGdsig(lamb, sig, g)
if abs(new_sig - sig) > 50:

return sig

alternating_grad (lambO,
#### Alternating gradient descent/ascent algorithm for lambda/sigma

#

#
#
#

new_sig

# if jump in sigma is too large,
new_sig = sig + (lr2xle-4)

if new_sig < O:

# if sigma < O,

if new_sig > O0:
# make sure sigma > O

sig

else:

= new_sig

adapt to a smaller learning rate
new_sig = sig + (lr2*le-4) * dGdsig(lamb,

print(’sigma below zero so unchanged?’)

sig0h, g):

lambO0: starting value of lambda
sig0: starting value of sigma
g: candidate inverse

Returns:

optimal lambda,

sigma and objective
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def

def

global total_iterations, sub_iterations, 1lrl, 1lr2, err, lambs, sigs, H, sigs,

lambs

lamb = lambO

sig = sig0
sigs = []
lambs = []
opts = []

for i in range(total_iterations):
lamb = gradient_descent (lamb, sig, g)
lambs .append (lamb)

sig = gradient_ascent(lamb, sig, g)
sigs.append(sig)

opt = G(lamb, sig, g)
opts.append (opt)

# Print information every 10 iterations
if i % 10 == 0:
print(f’iteration {il}’)
print (f’current lambda = {lambl}’)
print (£ ’current sigma = {sigl}’)
if i > 1:
# Quit algorithm if parameters have converged

if abs(sigs[i] - sigs[i - 1]) < err and abs(sigs[i - 1] - sigs[i - 2]) <

err and abs(lambs[i] - lambs[i - 1]) < err and abs(lambs[i - 1] - lambs[i
err:

print (f’converged parameters at it = {i}’)

break

# Quit algorithm if objective has converged

2]) <

if abs(opts[i] - opts[i - 1]) < err and abs(opts[i - 1] - opts[i - 2]) <

err:
print (f’converged objective at it = {i}’)
break

return lamb, sig, opts

minmax (g) :

#### Calculates the worst-case value for a particular candidate inverse ’g’

# Returns: optimal value, optimal lambda, optimal sigma
# and a vector ’opts’ containing the objective value for each iteration

global total_iterations, sub_iterations, 1lrl, 1lr2, lamb_start, sig_start,

lamb0 = lamb_start
sig0 = sig_start

lamb_opt, sig_opt, opts = alternating_grad(lambO, sig0, g)
opt = G(lamb_opt, sig_opt, g)

return opt, lamb_opt, sig_opt, opts

worstcase (g, 1i):

#### Plots the vector containing the objective value for each iteration
# against sigma and lambda and saves it to a file

# g: candidate inverse

# i: index of candidate inverse

# Returns: optimal values of lambda, sigma and the objective function

global basepath, total_iterations, lambO, sig0, sub_iterations, 1ril, 1r2,
sigs, H

opt, lamb_opt, sig_opt, opts = minmax(g)
print (f’Total risk = {optl}?’)

print (f’0Optimal lambda = {lamb_opt}’)
print (f’0Optimal sigma = {sig_opt}’)
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0 fig, axl = plt.subplots ()

272 # Plot worst cases against sigs

273 color = ’tab:blue’

274 axl.set_xlabel (’Risk’)

275 axl.set_ylabel(r’$\sigma$’, color=color)

276 axl.plot (opts, sigs, ’o-’, color=color, markersize=3)
277 axl.tick_params (axis=’y’, labelcolor=color)

278

279 # Create a secondary y-axis to plot lambs

280 ax2 = axl.twinx ()

281 color = ’tab:red’

282 ax2.set_ylabel (r’$\lambda$’, color=color)

283 ax2.plot (opts, lambs, ’s--’, color=color, markersize=3)
284 ax2.tick_params (axis=’y’, labelcolor=color)

285

286 plt.title(fr’Risk against $\sigma$ and $\lambda$, map index {il}?’)
287 plt.plot ()

288 # plt.show()

289

290 # Save file

291 file_path = os.path.join(basepath, f’optimization_map_{i}.png’)
292 plt.savefig(file_path)

293 plt.close ()

295 return opt, lamb_opt, sig_opt

208 def best_worstcase(gs):

299 #### Calculates the best-worst case g and the corresponding objective value and
plots the worst-case for each g

300 # and saves plot to a file as well as a .txt file containing the results and some
initial values

301 # gs: list of candidate inverses to optimize over

302

303 global basepath, total_iterations, H, lamb_start, sig_start

304

305 worstcases = []

306 lamb_opts = []

307 sig_opts = []

308

309 # For each candidate inverse (or ’map’), calculate the worst-case lambda, sigma

and objective
310 for i, g in enumerate(gs):
311 print (f’testing map index {il}?)
312 opt, lamb_opt, sig_opt = worstcase(g, i)
313 worstcases.append (opt)
314 lamb_opts.append(lamb_opt)
315 sig_opts.append(sig_opt)

317 # Plot worst-case for each g

318 x_values = list(range(0, len(worstcases)))

319 plt.plot(x_values, worstcases, marker=’o’, linestyle=’-’, color=’b’, markersize=3)
320 plt.title(’Worst Case for Each Map’)

321 plt.xlabel (’Map Index’)

322 plt.ylabel (’Worst Case Risk Value’)

323 plt.grid(True)

324 plt.xticks(x_values)

325 # plt.show()

327 # Save file

328 path = os.path.join(basepath, ’best_worstcase’+’.png’)

329 plt.savefig(path)

330

331 # Find best-worst case and corresponding lambda, sigma, g
332 funcval = min(worstcases)

333 best_worstcase_idx = worstcases.index (funcval)

334 best_worstcase_lamb = lamb_opts[best_worstcase_idx]

335 best_worstcase_sig = sig_opts[best_worstcase_idx]

336 best_worstcase_g = gs[best_worstcase_idx]
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338 # Save results to a .txt file

339 output = [

340 f’Best worst case g = {best_worstcase_g}, idx = {best_worstcase_idx}\n’,
341 f’Best worst case lambda = {best_worstcase_lamb}\n?’,

342 f’Best worst case sigma = {best_worstcase_sigl}\n’,

343 f’Best worst case risk = {funcvall}\n’,

344 f’Sigma = {gs}\n’,

345 f>forward map H = {H}\n’,

346 f’starting value lamb = {lamb_start}, sig = {sig_start}’
347 ]

348

349 result_filename = os.path.join(basepath, ’results.txt’)

351 with open(result_filename, ’w’) as f:
352 f.writelines (output)

354 print (f’Results saved to {result_filenamel}’)

357 def generate_data(measurement, nr_gs, n, N, matrix):

358 #### Generate data

359 # measurement: ’scalar’, ’vector’ or ’matrix’, decides what type of problem we are
considering (shape of y)

360 # nr_gs: number of ’candidate inverses’ to consider

361 # n: data-dimension

362 # N: number of data-points

363 # matrix: ’wellposed’, ’illposed’, ’singularl’ or ’singular2’, decides the type of
forward operator

365 # Returns:

366 # x: list of x datapoints

367 # y: list of y datapoitnmns

368 # H: forward operator

369 # gs: list of candidate inverses

370

371 global pm

372

373 if measurement not in [’scalar’, ’vector’, ’matrix’]:
374 print (’Wrong problem type’)

375 return

376

377 # Generate forward operator

378 a = 2

379 if matrix == ’wellposed’:

380 D = np.ones(n)*a

381 H = D if measurement == ’scalar’ else np.diag(D)
382 elif matrix == ’illposed’:

383 D = np.ones(n)

384 D[n-1] = 1le-5

385 H = D if measurement == ’scalar’ else np.diag(D)
386 elif matrix == ’singularil’:

387 H = np.array([[1, 0], [1, 0]11)

388 elif matrix == ’singular2’:

389 H = np.array ([[1, 1], [1, 111)

390 else:

391 print (’Wrong forward operator type!?’)

392 return

393

394 x = []

395 y = [1

396 gs = []

397

398 # Generate data x, y

399 for _ in range(N):

400 xi_shape = (n, n) if measurement == ’matrix’ else (n, 1)
401 xi = np.squeeze(np.random.uniform(le-19, 10, size=xi_shape))
402 x.append (xi)

403 y.append (H @ xi)

404

405 # Generate list of candidate inverses
406 if matrix == ’wellposed’:
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107

# Include the real inverse and perturbations of it

108 diag = np.ones(n) * (1 / a)

109 inv = diag if measurement == ’scalar’ else np.diag(diag)
410

411 for _ in range(nr_gs):

112 g_shape = (n, 1) if measurement == ’scalar’ else n
413 g = np.random.uniform(-pm, pm, size=g_shape)

114 g g + np.ones (g_shape) *(1/a)

415 g = np.diag(g) if measurement != ’scalar’ else g

gs.append (g)
gs.append (inv)
elif matrix == ’illposed’:
121 diag = np.ones(n)
diagl[n-1]1 = 1e5
diag if measurement

123 inv = == ’scalar’
42

125 for _ in range(nr_gs):

126 if pm ’custom’:
42
1

27 g = np.array ([np.random.uniform(0, 2),

28 g = np.diag(g)

29 gs.append (g)

30 else:

g = np.array([np.random.uniform(-pm*1,

e5, pm*1e5)])

432 g = np.diag(g) + inv

gs.append (g)

134 gs.append (inv)

435

136 elif matrix == ’singularil’:
# Include Moore-Penrose,
MP = np.array([[0.5, 0.5],

gs .append (MP)

437

138 [0, 011)
439
140
Drazin = H

gs.append (Drazin)

441
442
143
# Two generalized inverses
alpha = np.random.uniform(0, 1)
146 g = np.array([[alpha, 1 - alphal,
147 gs.append (g)
beta = np.random.uniform(0, 1)
449 g = np.array ([[beta, 1 - betal,
(-1, 1)]]) # anything on second row
gs.append (g)

(o, 011

448

450
151
152 elif matrix == ’singular2’:

153 # Include Moore-Penrose =
MP = np.array([[0.25, 0.25],

gs.append (MP)

154 [0.25, 0.25]11)
455

156

457 # Two generalized inverses
158 g = np.random.rand (2, 2)
459 g = g / np.sum(g)

160 gs.append (g)

461 g = np.random.rand (2, 2)
162 g = g / np.sum(g)

163 gs.append (g)

464

165 return x, H, y, gs

466

167

165 # Initialize global lists
lambs = []

sigs = []

169

2 # Initial values

1
473 eps = 0.001 # epsilon

174 lamb_start = 0.4 # starting value lambda
175 sig_start = 1.7 # starting value sigma

75

[np.random.uniform(-1,

# Include the real inverse and perturbations of it

else np.diag(diag)

np.random.uniform(le3, 1e7)1])

pm*1) , np.random.uniform(-pmx1

Drazin inverse and two random generalized inverses

# with 0’s on second row

1), np.random.uniform

Drazin inverse and two random generalized inverses
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lrl1 = 0.001 # learning rate lambda
1r2 = 0.001 # learning rate sigma

err = 0.0001 # convergence tolerance (when we consider parameters or objective °’
converged’)

nr_gs = 3 # number of candidate inverses in Sigma

sub_iterations = 3 # number of iterations for gradient descent/ascent on lambda/sigma

total_iterations = 800 # total number of iterations of alternating gradient descent/
ascent

N = 12 # nr of datapoints

n = 2 # data-dimension

pm = 0.2 # perturbation of real inverse

# pm = ’custom’

# Set type of measurement (shape of y)

# measurement = ’scalar’
measurement = ’vector’
# measurement = ’matrix’

# Set type of forward operator

matrix = ’wellposed’

# matrix = ’illposed’
# matrix= ’singularil’
# matrix = ’singular2’

# Set right dimensions

if measurement == ’matrix’:
nn = n*n

else:
nn = n

# Set random seed for reproducibility
rs = 348
np.random.seed(rs)

# Bounds for integrals
ab = 30

# Include important information in folder name

info = fr’H={matrix} ab={abl}_it={total_iterations} pm={pm} 1lri={1lri1} 1r2={1r2}’

basepath = os.path.join(fr’C:\Users\floor\Documents\TW\Master\Afstuderen\Figures’,
measurement , info)

# Create folder
if not os.path.exists(basepath):
os.makedirs (basepath)

if __name__ == "__main__":
# Generate data
x, H, y, gs = generate_data(measurement, nr_gs, n, N, matrix)

# Find best-worstcase g
best_worstcase (gs)

A.2 Python code for Picard condition

This appendix contains the code used to compute the Picard condition in section 8.

import numpy as np
import matplotlib.pyplot as plt

HARHHHBRHABHARHHAHRR R AR AR AR B AR B R AR AHHBH AR AR B RARR AR B R AR AR B R HR SRR R HHS

# Calculates Picard condition for ill-posed and two singular matrices

# and plots reconstruction error of different pseudo-inverses for the singular
matrices

HARBHAFAHARRARAHARAARARBRARAHBBRARARRBARR AR BRARA AR RAR AR BB ARAHARHHH

n
ii = [0, 1]

# Construct forward operator
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# Hilbert matrix

# n = 100

# ii = np.linspace (0, 100, n)
# H = hilbert(n)

# ill-posed

# D = np.ones(n)

# D[n - 1] = 1le-5

# H = np.diag(D)

# singular
# H = np.array ([[1, 0], [1, 01]1) # si
H = np.array ([[1, 1], [1, 1]1]) # s2

# Calculate SVD
U, s, Vh = np.linalg.svd(H, full_matrices=True)

N = 12 # nr of datapoints
sigma = l1le-2 # variance of noise

# Random seed for reproducibility
rs = 348
np.random.seed(rs)

x = []
y = [1
y_delta = []

# Generate data

for _ in range(N):
xi_shape = (n, 1)
xi = np.squeeze(np.random.uniform(le-19, 10, size=xi_shape))

x.append (xi)
y.append(H @ xi)

# Choose pseudo-inverses to include

# for si

# gs = []

# MP = np.array([[0.5, 0.5], [0, 01])

# gs.append (MP)

# Drazin = H

# gs.append(Drazin)

# alpha = np.random.uniform(0, 1)

# gl = np.array([[alpha, 1 - alphal, [0, 011)

# gs.append(gl)

# beta = np.random.uniform(0, 1)

# g2 = np.array([[beta, 1 - betal, [np.random.uniform(-1, 1), np.random.uniform(-1,
1D

# gs.append(g2)

# for s2

gs = [1]

MP = np.ones((n, n))*0.25
gs .append (MP)

g = np.random.rand (2, 2)
gl = g / np.sum(g)

gs .append (gl)

g = np.random.rand (2, 2)
g2 = g / np.sum(g)
gs.append (g2)

# Add noise to data

for i in range(N):
noise = np.random.rand(n)
y_delta.append(y[i] + sigma * noise)

idx = 0 # which datapoint to consider
# Add elements from null-space of singular operators (if wanted)

# xi = np.array([1, -1]) # s2
# xi = np.array ([0, -1]) # si1

7
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yi = H @ xi

yi_delta = yi + sigma*np.random.rand(n)
x.append (xi)

y.append (yi)

y_delta.append(yi_delta)

idx = N

H OH H O OH H

# Calculate projections of data with singular values
projections_f = np.abs(U.T @ yl[idx]1)
projections_f_delta = np.abs(U.T @ y_deltalidx])

# For singular matrices, replace O-singular values with a very small value
small_value = 1e-10 # Small value to replace =zeros
s_with_small_value = np.where(s == 0, small_value, s)

# Calculate picard ratio
picard_ratios_f = projections_f / s_with_small_value
picard_ratios_f_delta = projections_f_delta / s_with_small_value

# Plot projections and singular values to inspect Picard condition

font = {’size’ : 22}

plt.rc(’font’, **xfont)

figl, ax = plt.subplots(l, 1, figsize=(12, 8))

ax.semilogy(s + small_value, ’*-.’, label=r’$\sigma_i$’, ms=8, color=’black’)

ax.semilogy(projections_f + small_value, ’o--’, label=r’$|\langle u_i, y\ranglel$’)

ax.semilogy(projections_f_delta + small_value, ’o--’, label=r’$|\langle u_i, y~{\delta
Hrangle|$’)

ax.semilogy (projections_f + np.sqrt(2/np.pi)*sigma,’k--’, label=r’upper bound $|\
langle u_i, f~{\deltal}\ranglel$’)

ax.set_xticks (ii)

ax.set_xlabel(r’$i$’)

ax.set_ylabel (’Value’)

ax.set_title(’Picard condition’)

ax.legend ()

plt.show ()

plt.close ()

# Plot Picard ratio

fig2, ax = plt.subplots(l, 1, figsize=(12, 8))

ax.semilogy(picard_ratios_f + small_value, ’s:’, label=r’Picard ratio y’)

ax.semilogy(picard_ratios_f_delta + small_value, ’s:’, label=r’Picard ratio $y~{\delta
}$2)

ax.set_xticks (ii)

ax.set_xlabel(r’$i$’)

ax.set_ylabel (’Value’)

ax.set_title(’Picard Ratio’)

ax.legend ()

plt.show ()

plt.close ()

# Below, calculate reconstruction error for each pseudo-inverse

def reconstruction_error (H_pseudo, f, x):
# Calculate reconstruction error
# H_pseudo: pseudo-inverse to consider
# f: measurement
# x: ground-truth
x_reconstructed = H_pseudo @ f
error = np.linalg.norm(x_reconstructed - x)
return error

N = 100 # nr of data-points to consider
x = []
y = [1]

y_delta = []

# Generate new data
for _ in range(N):
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sigma =
for

y =

xi_shape = (n, 1)
xi =
# xi =
x.append (xi)

y.append (H @ xi)

0.1
i in range(N):
noise = np.random.rand(n)

# variance of noise

np.squeeze (np.random.uniform(-10,
np.array ([np.random.uniform(0,

10,
10),

size=xi_shape))
np.random.uniform (0,

y_delta.append(y[i] + sigma * noise)

y_delta

# Calculate errors for each test vector and each pseudo-inverse

errorsl =
# errorsD =
errors2 =
errors3 =

# Aggregate errors

avg_errorl =
# avg_errorD =
avg_error2

avg_error3 =

print (f"Average reconstruction error for MP:
# print (f"Average reconstruction error for Drazin:
print (f"Average reconstruction error for gil:
print (f"Average reconstruction error for g2:

np.mean (errorsi)
np.mean (errorsD)
np.mean (errors2)
np.mean (errors3)

# Plot errors for visual comparison

plt.figure(figsize=(12, 8))

plt.plot(errorsl, ’o--’, label=’MP’,
# plt.plot(errorsD, ’d--’, label=’D’,
plt.plot(errors2, ’s--’, label=’G1’,
plt.plot(errors3, ’~--’, label=’G2’,

plt.
plt.
plt.
plt.
plt.
plt.

xlabel (’Test Vector Index?’)
ylabel (’Reconstruction Error?’)
title(’Reconstruction Errors for
legend (loc=2)

show ()

close ()

[reconstruction_error(MP, f, u) for f, u in zip(y, x)]
[reconstruction_error (Drazin,
[reconstruction_error(gl, £, u) for f, u in zip(y, x)]
[reconstruction_error (g2, f, u) for f, u in zip(y, x)]

f, u) for f, u in zip(y,

{avg_erroril}")
{avg_errorD}")
{avg_error2}")
{avg_error3}")

markersize=8, color=’black?’)
color=’red?)
color=’orange’)

color=’green’)

Different Inverses?’)
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