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Abstract

In this thesis, the energetic behavior of a Cosserat rod is examined. The Cosserat rod theory is a mathemat-
ical framework used to model the mechanics of slender, flexible structures. It was chosen to go for a strain-
parameterized approach, which focuses on describing the rod’s deformation in terms of its internal strains rather
than its absolute position and orientation. The dynamics of the Cosserat rod were formulated using the least
action principle, a concept in physics that states that the path a system takes between two points is the one
that minimizes the action integral. An interesting observation was made when trying to reconstruct the rod’s
geometry (configuration) through the strain. We have noticed that this process is not straightforward and
requires the use of the Magnus expansion. The Magnus expansion is a mathematical technique used to solve
differential equations with a non-constant matrix, particularly those involving non-commuting operators, which
is needed to accurately represent the rod’s configuration in space. The continuous kinematics and dynamics
equations were reduced by assuming that the strain field can be approximated through a finite set of basis
functions and their generalized coordinates. Then the reduced equations were discretized through the Gauss
quadrature method and the Magnus series was approximated by the Zanna collocation method. A variety of
simulations were executed through the SoRoSim toolbox in order to see the impact of different bases functions
and Magnus expansion approximation orders. Although the toolbox shows flaws in calculating the strain energy,
it was verified that all the other energies were calculated correctly. It was therefore chosen to assume that the
total energy of the system is zero and through the energy balance the elastic potential energy was retrieved.
When comparing local FEMlike basis functions with global Chebyshev polynomial functions, it is shown that
the kinetic and gravitational potential energies were the same but the elastic potential energy differs. The effects
on the choice of bases order are also shown with relatively large energy differences between the two high order
and one low order Chebyshev polynomials, but the energy difference between the high order bases was minimal.
There was no energy differences shown between Chebyshev and Legendre polynomials of the same order. This
could be because the polynomial families have a lot of the same characteristics. Lastly, when altering the Zanna
approximation order all the energies show a difference.
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1 Introduction

The study of soft robotics is a relatively new field of interest in the robotics community, although the starting
point of the first ”soft robot” could be considered already around the time before the well-known industrial
robot made its introduction. This first soft robot was in the form of a prosthetic or ”artificial muscle”, a term
coined by its inventor Joseph Laws McKibben [1]. With this pneumatic device, the muscle contracts axially
when pressurized air expands the muscle radially, causing the surrounding shell made as a breaded mesh to
shorten and generate a pulling force. Dr. McKibben, an engineer and atomic physicist also known for his
work on the Manhattan project, made this invention with the hope it would aid polio patients suffering from
paralysis.

Yet it was only since the year 2010 that the words ”soft robotics” became popular and that the field started
to receive proper attention[2]. There are multiple definitions for the term ”soft robotics”, but they have all in
common that a key feature is the use of soft materials.

The community frequently draws its inspiration for design from nature, since animals often can perform certain
tasks efficiently due to their flexible body parts [3]. For instance, Figure 1 shows how the tentacles of a jellyfish
used to hold prey has influenced the design of a tentacle gripper which is able to hold objects of various shapes
and sizes.

(a) Image of a jellyfish [4]
(b) A gripper inspired on the anatomy of a jel-
lyfish [5]

Figure 1: An example of drawing inspiration from nature

During the design phase, one important aspect is the ability of simulating the system in order to predict its
behaviour when it is deployed into a real world environment. This identifies the need of proper simulation
software. Simulation of a soft robotic system goes through the use of a simulation model. This model should
capture the aspects of interest from the system and is often a simplification of the real design.

The structure of soft robotics is a shift from its traditional counterpart with finite degrees of freedom since soft
robot structures have an infinite amount of degrees of freedom. This immediately shows one of the challenges
faced in this field. Namely, how to approach these infinite degrees of freedom for such soft structures in case of
design and simulation.

1.1 Problem statement

When looking at academic literature papers that discusses the formulation of the Cosserat beam model, often
the results that are shown are of the model reaching a setpoint in 3-dimensional Euclidean space. Although
this might be interesting, the literature often lack to properly show the affects the modelling choices have on
the energy balance.

In this thesis, we seek to explore the theoretical- and simulation aspects of the Cosserat rod with the focus on
how the geometry is reconstructed and what the effects are by choosing certain simulation parameters.
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1.2 Related work

Introduced by the brothers Eugène and François Cosserat ([6]), the theory of Cosserat rods is a generalization
of Kirchoff rods which apart from bending and torsion it additionally considers stretching and shearing thus
capturing more behaviour of elastic deformation of a rod [7]. The key assumption for a Cosserat model is that
the model is split up into an infinite amount of rigid cross-sections and the length of the rod is much larger
than the radius.

The Cosserat beam model is a well known model in the soft robotics community. Compared to other rod models,
the Cosserat rod captures all the deformation modes (e.g. bending, shearing, twisting) with the key assumption
that the length of the rod is much longer than its radius.

Common ways to describe the balancing laws of a Cosserat rod is through a classical method of global
parametrization approach or by a geometric Screw theory formulation. Screw theory formulation has multiple
advantages over its classical counterpart. The main benefit is the implementation of a global parameterization-
free formulation of the equations of motion, avoiding the need for 3 or more parameters (e.g. Euler Angles and
quaternions) to define angular motion. This approach gets rid of the highly nonlinear equations and singularities
found in the classical method, while better reflecting the dynamics inherent symmetries. By using Lie groups
(specifically the SO(3) and SE(3) groups) to express the equations of motion globally, it gets rid of these issues
without assuming any local parametrization [8]. Further explanation of the two methods can be found in [9].

In [9], the continuum dynamics of the Cosserat rod is derived through Hamilton’s least action principle whereas
in [10] the dynamics are derived through a Newton-Euler formulation. It should be noted that both methods
are equivalent to each other, meaning that the obtained equations of motion are the same.

The main focus of the discretization of the continuum model is to reduce the infinite strain state of a rod
configuration. This is done for instance by a finite-dimensional model order projection in [10] or by a piece-wise
constant deformation [9].

1.3 Thesis contribution

This thesis helps to contribute to a better analyses of the energetic structure and how the choice of model order
reduction and discretization influences this.

1.4 Research questions

In order to do so properly, the following research question has been formulated.

How is the energetic consistency of the Cosserat rod model affected by discretization?

To answer this, we split the research question up into two sub-questions:

1. How can the continuous model be formulated?

2. How can the model be discretized?

1.5 Thesis structure

We begin by introducing some notation and mathematics which are used throughout this thesis. These are
found in the Preliminaries (chapter 2). After that, the continuous model (its kinematics and dynamics) of the
Cosserat is defined in chapters 3 and 4 respectively. In order to use this model, it needs to be reduced and
discretized so it later can be implemented as a simulation. This the model order reduction is explained in
chapter 5 and the discretization process is explained in chapter 6. The simulation setup is stated in chapter
7 and the results are then shown in chapter 8. Lastly, conclusions and recommendations for future work are
mentioned in chapter 9.

5



2 Preliminaries

2.1 Differential geometry

2.1.1 Manifolds

Definition 1 Let M be a topological space. M is an n-dimensional differentiable manifold if:

1. M is a second-countable Hausdorff space.

2. There exists a collection of pairs (Uα, ϕα), called charts, where: Uα ⊆ M is an open set ϕα : Uα → Vα ⊆ Rn

is a homeomorphism
⋃

α Uα = M

3. For any two charts (Uα, ϕα) and (Uβ , ϕβ) with Uα ∩ Uβ ̸= ∅, the transition map: ϕβ ◦ ϕ−1
α : ϕα (Uα ∩ Uβ) →

ϕβ (Uα ∩ Uβ) is differentiable.

The collection of all such charts (Uα, ϕα) is called an atlas for M.

2.1.2 Tangent spaces

Definition 2 Let M be a smooth (differentiable) manifold and p ∈ M be a point on the manifold. The tangent
space TpM at point p is defined as: TpM = {γ′(0) | γ : (−ϵ, ϵ) → M is a smooth curve with γ(0) = p} Where:

· γ : (−ϵ, ϵ) → M is a smooth curve on M passing through p at t = 0

· γ′(0) represents the velocity vector of the curve at t = 0 Equivalently, using a local coordinate chart (U, ϕ)
around p, we can define the tangent space as:

TpM :=

{
n∑

i=1

ai
∂

∂xi

∣∣∣∣
p

| ai ∈ R

}

Where ∂
∂xi |p are the basis vectors of the tangent space and n is the dimension of the manifold.

2.1.3 Bundles

Definition 3 Let M be a smooth manifold. A Tangent bundle is represented as:

TM :=
⋃

p∈M
TpM

= {(p, y) | p ∈ M, y ∈ TpM} (2.1)

Definition 4 Let M again be a smooth manifold. The cotangent bundle of M, denoted T ∗M, is defined as:

T ∗M :=
⋃
p∈M

T ∗
pM

Where T ∗
pM is the cotangent space at point p, which is the dual vector space to the tangent space TpM. A

dual vector space V ∗ : V 7→ R, is defined as the set of all linear functionals on a vector space V.

Given a vector space E, we will generally denote the space of E-valued differential k-forms by

Ωk(M;E) := Γ
(
ΛkT ∗M

)
(2.2)

With ΛkT ∗M being the cotangent bundle with exterior power k and an element ω ∈ Γ
(
ΛkT ∗M

)
representing

a section (a field of k-forms) of that bundle.
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2.2 Lie Theory

2.2.1 Lie group fundamentals

Definition 5 A group is an ordered pair (G, ·),where G is a set and · : G×G → G is a binary operation on G,
satisfying the following axioms:

1. Associativity: For all a, b, c ∈ G, (a · b) · c = a · (b · c).

2. Identity: There exists an element e ∈ G, called the identity element, such that for all a ∈ G, e · a = a · e = a.

3. Inverse: For each a ∈ G,there exists an element a−1 ∈ G,called the inverse of a, such that a·a−1 = a−1 ·a = e.

Definition 6 A Lie group is a mathematical structure that combines the concepts of a group and a differentiable
manifold. Specifically, a Lie group is defined as follows: A Lie group is a group G that is also a differentiable
manifold, such that:

1. The group multiplication operation µ : G×G → G, defined by µ(a, b) = ab for a, b ∈ G, is differentiable.

2. The group inversion operation i : G → G, defined by i(a) = a−1 for a ∈ G, is differentiable.

In other words, a Lie group is a smooth manifold equipped with a group structure where the group operations
(multiplication and inversion) are smooth functions.

2.2.2 Tilde operator

The following operator will often be used in the following definitions to map a vector in Rn to a skew-symmetric
matrix:

∼: Rn → Rn×nx1

x2

x3

 7→

 0 −x3 x2

x3 0 −x1

−x2 x1 0


2.2.3 Special Orthogonal group SO(3)

Definition 7 The special orthogonal group SO(3) is a specific case of a Lie group. It represents the group of
rotations in three-dimensional Euclidean space. SO(3) is the group of 3×3 orthogonal matrices with determinant
+1. Formally:

SO(3) := {R ∈ R3×3 | R⊤R = RR⊤ = I3,det(R) = +1}

Where R is the rotational matrix, R⊤ is the transpose of R, I3 is the 3×3 identity matrix and det(R) is the
determinant of R.

If R is a differentiable function of time, ṘR⊤ and R⊤Ṙ are Skew-Symmetric and belonging to so(3)

so(3) := {ω̃ ∈ R3×3;−ω̃ = ω̃⊤}

2.2.4 Special Euclidean group SE(3)

Definition 8 SE(3) is the group of rigid body motions in three-dimensional Euclidean space, consisting of
rotations and translations. It can be represented as:

SE(3) :=

{(
R t

01×3 1

)
| R ∈ SO(3), t ∈ R3

}
Where t is a 3×1 translation vector and 01×3 is a 1×3 zero vector.

We denote an element of this group by H ∈ SE(3). Ha
b is a homogeneous transformation matrix which describes

how Ψb changes with respect to Ψa and is given by:

Ha
b :=

(
Ra

b pab
0 1

)
, (2.3)

where pab ∈ R3 denotes the displacement vector.

Definition 9 The Lie algebra of SE(3), denoted as se(3), is defined as:

se(3) :=

{
T̃ =

[
ω̃ v
0 0

]
∈ R4×4 | T =

[
ω
v

]
∈ R6

}

7



Where T is called the Twist, representing the velocity of an object in 3D space, ω̃ =
[
ωx ωy ωz

]⊤ ∈ R3×3 is the

angular velocity and v =
[
vx vy vz

]⊤ ∈ R3 represents the translational velocity.

The Lie algebra se(3) can be identified with R6 through the vector space isomorphism

∼: R6 → se(3)

T =

(
ω
v

)
7→
(

ω̃ v
0 0

)
= T̃

(2.4)

Exponential map which maps from the algebra se(3) to the group SE(3) are denoted as:

ExpSE(3) : se(3) → SE(3) (2.5)

Definition 10 The dual of the Lie algebra se(3) is denoted by se(3)∗ and defined as:

se∗(3) :=

{
W̃ =

[
τ̃ F
0 0

]
∈ R4×4 | W =

[
τ
F

]
∈ R6

}
Where W is called the Wrench, representing the forces of an object in 3D space, τ̃ =

[
τx τy τz

]⊤ ∈ R3×3 is the

torque and F =
[
Fx Fy Fz

]⊤ ∈ R3 represents the dual of the translational velocity.

Likewise, the Lie algebra se∗(3) can be identified with R6 through the vector space isomorphism

∼: R6 → se∗(3)

W =

(
τ
F

)
7→
(

τ̃ F
0 0

)
= W̃

(2.6)

2.2.5 Change of frames

Suppose we have two homogeneous transformation matrices Ha
b and Hb

c . Then, we can describe the change of
Ψi with respect to Ψj through Ψk:

Hj
i = Hj

kH
k
i (2.7)

The transformation of twists T and wrenches W between any two frames Ψj and Ψi is as follows:

T j,l
k = AdHj

i
T i,l
k (2.8)

(T j,l
k : The Twist of Ψk, with respect to Ψl, expressed in Ψj).

(W i
b ) = Ad⊤

Hj
i

(W j
b ) (2.9)

(W i
b : The wrench of Ψb, expressed in Ψi).

Where the map AdHj
i
: R6 → R6 is the Adjoint matrix of Hj

i ∈ SE(3), given by:

AdHj
i
:=

(
Rj

i 0

pjiR
j
i Rj

i

)
. (2.10)

2.2.6 Lie bracket

By the identity property of the Lie bracket [X,Y ] = X(Y )− Y (X), with X,Y being vector fields:

adT j,k
i

T j,k
i = [T j,k

i , T j,k
i ] = 0 (2.11)

With adT j,k
i

being the small adjoint operator defined as:

adT j,k
i

:=

(
ωj,k
i 0

vj,ki ωj,k
i

)
. (2.12)
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3 Configuration space and Kinematics formulation

In this chapter, we formulate the kinematics of the Cosserat beam. We shall begin by defining the configuration
space of the model and explain how the use of a principle bundle structure can help us to derive the model in
an intrinsic way. Through this geometric structure, we formulate the kinematics and dynamics of the model.
The interested reader is referred to [11], which explains in a mathematically rigorous way the formulation and
benefits of such structure.

An interesting point is how we can describe the configuration space of the Cosserat beam. In some works, it
is modeled as an infinite product space of Lie groups, whereas other authors use the structure of a principle
bundle. On top of that, there are also be variations between authors on where they choose to start with their
formulation as [12] and [13] start from the intrinsic material (body) manifold and map its material points to
the Euclidean space E3, whereas other other authors start with a description of a parameterized curve already
embedded in Euclidean space [?][14].

In the general context of nonlinear elasticity problems for the formulation of strain, [12] uses the base space
in terms of deformations in the metric structure. Whereas [13] shows for a static equilibrium case, that such
expression can also be achieved by measuring the infinitesimal change of the Maurer-Cartan form, which is a
connection and requires less mathematical structure.

3.1 Defining the configuration space: geometric structures

Figure 2: Visual interpretation of a principal bundle

A principal bundle is a fiber bundle with its fibers as Lie groups (denoted by G), and the base space (also called
shape space) denoted by S. A visual representation is shown in Figure 2. Thus a point on the principle bundle
is denoted by (g, s), with s ∈ S and g ∈ G. This (trivial) principal bundle is then the configuration space
(generally called the total space) Q = G× S of the model.

In the context of geometric mechanics, the principle bundle is a geometric structure which can be used in order
to split the internal degrees of freedom (joints, deformations etc.) from the external degrees of freedom (a
reference frame on one of the bodies; a floating frame or root frame)[15]. In that way, we are able to look at
the model both in an intrinsic and extrinsic way.

The external degrees of freedom captures the ”large” movements of the system with respect to an inertial frame
Ψn, whereas the internal degrees of freedom captures the relative movements or deformations of the system.
The external degrees of freedom are sometimes called ”net” transformations.

The above is also called the ”Floating frame” approach in [16], which is in contrast with the ”Galilean” approach,

9



where each cross-section itself is referenced to an inertial frame and the configuration space can take the form
of: C = G×G× · · · ×G when parameterized through Lie groups.

The elements of S and of the group G are related through a ”connection”. In other words, the (internal) shape
velocities and the (external) net velocities are related by:

Adg (A(s)ṡ) = −Adg (η) (3.1)

With A(s) : TgQ → g being the ”connection 1-form” and η ∈ g. A connection tells us the constraints that the
fiber has with respect to the shape space. If the tangent vector in the configuration space is purely along the
fibre, then the projection of the vector to the shape manifold is zero and would correspond to a purely rigid
body motion of the system.

10



3.2 Kinematics

In accordance to this structure, we can write the kinematics for the Cosserat rod in the following way:

Figure 3: Model of the Cosserat rod

Split the rod B as shown in Figure 3 with length L up into infinitesimally small rigid cross-sections. These cross-
sections have frames Ψb(l) attached and are connected through a ”backbone” curve parametrized by l ∈ [0, L].
On one particular cross-section l(0) we call its frame the root frame. Let Hn

b (0) = Hn
r ∈ Ω0(B;SE(3)) be the

homogeneous transformation matrix which represents the (external) net transformations of the cross-sectional
body root frame Ψr with respect to the inertial frame Ψn.

Hn
r =

(
Rn

r pnr
0 1

)
(3.2)

where Rn
r ∈ R3×3 and pnr ∈ R3 respectively denote the rotational and the translational components of the

transformation.

Then a local transformation Hb
r(l) ∈ Ω0(B;SE(3)) of a cross-section Ψb(l) with respect to the root frame is

given by:

Hr
b(l) = Hr

b (l) =

(
Rr

b(l) prb(l)
0 1

)
(3.3)

Then according to Equation 2.7, we can also express the change of the body frame Ψb with respect to the
inertial frame Ψn:

Hn
b (l) = Hn

r H
r
b (l) (3.4)

Denote H ∈ Ω0(B;SE(3)) as the field of local homogeneous transformations over the beam.

A local strain ξ̃b,rb (l) ∈ Ω0 (B; se(3)) is defined as:

ξ̃b,rb (l) := Hb
r(l)

−1Hb
r(l)

′ (3.5)

Note that we often interchange an element of the Lie group ξ̃b,rb (l) with ξb,rb (l) ∈ R6 through its isomorphism.

Let a point (Hn
r , ξ̃) represent one configuration of the rod in terms of the root frame and the local body strain

of all slices defined as the strain field ξ̃ ∈ Ω0 (B; se(3)) =: S̃. Then the configuration space is defined as:

Q̃ = SE(3)× S̃ (3.6)

(Hn
r , ξ̃) ∈ Q̃

11



In case of a continuum model, the point on Q̃ contain an infinite amount of strains since each of the slices are
modelled infinitesimally. We will see later how this can be reduced to a finite dimensional space in order for it
to be used for simulation.

By knowing the root frame transformation Hn
r and integrating the (material) strain twist over the domain l,

we can reconstruct the configuration of the rod.

However, since the local strain is not constant (it has a dependency on l), it cannot simply be evaluated as
with an ordinary differential equation with constant values. As such, one can approximate the solution of
Equation 3.5 through the Magnus expansion [17].

Let a curve γ be parameterized by time t ∈ R. Then γ(t) on Q̃ represents the change of configuration over
time t. By this, the homogeneous transformation Hn

b and Hb
r becomes next to its spacial dependency, also

time-dependent and thus we introduce next to the local strain also a local velocity:

T̃ b,r
b (l, t) = Hb

r(l, t)
−1Ḣb

r(l, t) (3.7)

With again the isomorphism between the velocity Twist vector T b,r
b ∈ R6 and the Lie algebra element T̃ b,r

b ∈
se(3). The collection of the local velocity twists of all slices are denoted by T̃ ∈ Ω0 (B; se(3)).

The compatibility equation relates the strain-rate with the spacial twist is given as follows. Due to equality of
mixed partials:

∂

∂t

(
∂H

∂l

)
=

∂

∂l

(
∂H

∂t

)
(3.8)

Substituting Equation 3.5 and Equation 3.7 and applying chain rule gives:

HT̃ ξ̃ +H
∂ξ̃

∂t
= Hξ̃T̃ +H

∂T̃

∂l
(3.9)

Then by multiplying with the inverse of H we get:

∂T̃

∂l
= −

(
ξ̃T̃ − T̃ ξ̃

)
+

∂ξ̃

∂t
(3.10)

In which we recognize the Lie bracket term (Equation 2.11):

ξ̃T̃ − T̃ ξ̃ = adξ̃T̃ ∈ Ω0 (B; se(3)) (3.11)

And due to the tilde isomorphism results in:

ξT − Tξ = adξT ∈ Ω0
(
B;R6

)
(3.12)

Then Equation 3.10 results in:

T ′ = ξ̇ − adξT ∈ Ω0
(
B;R6

)
(3.13)

Finally, taking the time-derivative of Equation 3.13 (and applying the product rule on the term with the adjoint)
gives

Ṫ ′ = ξ̈ − adξ̇T − adξṪ ∈ Ω0
(
B;R6

)
(3.14)
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3.3 Reconstruction of geometry: The Magnus Expansion

In order to reconstruct a configuration of the rod, we need to integrate Equation 3.5. However, this is not as
trivial since we are not dealing with simple scalar differential equations but with elements in the SE(3) group
instead.

Consider as an example the following scalar linear differential equation:

ẏ = y · a(t) ∈ R, y(0) = y0, t ≥ 0 (3.15)

This will have the solution:

y(t) = y0 · exp
(∫ t

0

a(s)ds

)
∈ R (3.16)

This is not always true in the case of differential equations in matrix form:

Ẏ = Y A(t) ∈ Rn×n, Y (0) = Y0, t ≥ 0 (3.17)

The only case that Equation 3.17 would be having a solution structure of the form as shown in Equation 3.15,
would be when A(t1) and A(t2) commute. In other words, when:

[A(t1), A(t2)] = 0 → A(t1)A(t2) = A(t2)A(t1), ∀t1, t2 ≥ 0. (3.18)

From Equation 3.18, this would clearly be the case for a constant matrix A.

Now, recall Equation 3.5 is written in the form Ẏ = Y A(t). A solution in the form of Equation 3.16 would be
desirable, since if Y is an element of the Lie group and A is an element in its algebra, it would give us a solution
that is an element of the group through the exponential mapping (as stated in the preliminaries).

One way to achieve this is through the use of the Magnus series Ω̃(l) ∈ se(3) [17][18]:

Hn
b (l) = Hn

r exp
(
Ω̃(l)

)
, (3.19)

Note that Hn
r is the initial condition.

In case for a constant strain (ξ(l) = ξ), the expansion would lead to the following:

Ω̃(l) =

∫ l

0

ξ̃ds (3.20)

The actual computation of Ω̃(l) for non-constant strain involves the approximation of Ω̃(l) and will be discussed
in chapter 7.

3.4 Conclusion

In this chapter the kinematics have been defined by a strain parametrization approach. We have seen that the
configuration space comes in the form of a principle bundle structure which separates the internal degrees of
freedom (local strains) from the external degrees of freedom. To retrieve a configuration of the rod through the
strain, we noted that we need the Magnus expansion to evaluate Equation 3.5.
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4 Dynamics

4.1 Hamilton’s Principle of least action

There are multiple derivations for the dynamics for the Cosserat beam model found in literature. Often the
three main derivations found are applying the variational principle on either the Newton-Euler equations, the
Hamiltonian or the Lagrangian. In this section, we will derive the dynamics of the Cosserat beam through the
Lagrangian in order to show that the energy is conserved.

We follow the steps from [19] and begin by stating the Hamiltonian principle of least action:∫ t2

t1

δLdt = 0 (4.1)

The action is defined as the time integral of the Lagrangian function L and a variation (of the action) is denoted
by δ (which informally can be seen as a small change of the Lagrangian function).

Broadly speaking, action is a scalar quantity that describes the evolution of a system’s kinetic and potential
energy balance along its trajectory. The least action principle minimizes the action. This is true when the
variational terms are equal to zero, as stated in Equation 4.1

Since we are dealing with a system of infinitesimal rigid bodies, the Lagrangian is described by a Lagrangian
density function and the equation becomes: ∫ t2

t1

δ

∫ L

0

Ldldt = 0 (4.2)

Where the Lagrangian density function L : SE(3)×TSE(3)×TSE(3) → R is a function of the transformations
of the cross-sections and their spatial and time derivatives:

L
(
Hb

r(l), H
b
r(l)

′
, Ḣb

r(l)
)

And since the field representations of Equation 3.5 and Equation 3.7 states that:

T̃ = H−1Ḣ(l) ∈ Ω0(B; se(3))
ξ̃ = H−1H ′(l) ∈ Ω0(B; se(3))

We can rewrite the variables H ′, Ḣ ∈ TSE(3) of L as the variables T, ξ ∈ R6 respectively. This is the so-called
’reduced’ Lagrangian density function L : SE(3)× R6 → R, since now the derivatives do not depend explicitly
on H.

L =

∫ L

0

L(H,H ′, Ḣ)dl

=

∫ L

0

L(H,T, ξ)dl (4.3)

We note that the δ operator is commutative; the time and space variations can therefore be written as:

δ(Ḣ) = ˙(δH) (4.4)

δ(H ′) = (δH)′ (4.5)

Define the field material variation of H as:

δζ̃ = H−1δH ∈ Ω0(B; se(3)) (4.6)

Then substituting δH = Hδζ̃ into Equation 4.5 gives the following relations through the Poincaré equations
[19] (See appendix [A] for the proof):

δT = ˙(δζ) + adT (δζ) ∈ Ω0(B;R6), (4.7)

δξ = (δζ)′ + adξ(δζ) ∈ Ω0(B;R6) (4.8)

Which makes it possible to apply variational calculus using Lie groups.
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4.2 Equations of motion

The variation of the Lagrangian function is then defined as:∫ t2

t1

δL =

∫ t2

t1

(δK + δUint − δUext) dt (4.9)

With K as the total kinetic energy of the beam and Uint and Uext as the internal strain and external energy of
the beam respectively.

4.2.1 Kinetic energy

The kinetic energy function is defined as:

K =
1

2

∫ L

0

(
(T b,r

b )⊤IT b,r
b

)
(4.10)

The variation of the kinetic energy function is then found by applying the product rule on Equation 4.10:

δK =

∫ L

0

1

2

(
δ(T b,r

b )⊤IT b,r
b + (T b,r

b )⊤IδT b,r
b

)
dl (4.11)

=

∫ L

0

δ(T b,r
b )⊤IT b,r

b dl

Where I : se(3)× se(3) → R is the 6× 6 mass density tensor.

Following from Equation 4.7, the expression of δ(T b,r
b ) is given as:

δT = ˙(δζ) + adT (δζ)

Inserting Equation 4.7 into Equation 4.12 and integrate it with respect to time:∫ t2

t1

δK =

∫ t2

t1

∫ L

0

(
˙(δζ)

⊤
IT + adT (δζ)

⊤IT
)
dldt (4.12)

The goal is to factor out the δζ. This is done by applying integration by parts on the first term in the right
side, containing the δ̇ζ (Equation 4.13):∫ t2

t1

δK =

∫ t2

t1

∫ L

0

(
˙(δζ)

⊤
IT
)
dldt+

∫ t2

t1

∫ L

0

(
adT (δζ)

⊤IT
)
dldt (4.13)

Assuming the mass density matrix is time independent:

∫ t2

t1

∫ L

0

(
˙(δζ)

⊤
IT
)
dldt =

[∫ L

0

δζ⊤ITdl

]t2
t1

−
∫ t2

t1

∫ L

0

(
(δζ)⊤IṪ

)
dldt (4.14)

Substituting Equation 4.14 into Equation 4.13 leads to the weak form of the kinetic energy:

∫ t2

t1

δKdt =

[∫ L

0

δζ⊤ITdl

]t2
t1

−
∫ t2

t1

∫ L

0

δζ⊤(IṪ − ad⊤T IT )dldt (4.15)

With the first term on the right side being zero due to the variations being fixed at the boundaries.

4.2.2 Strain energy

The internal strain energy of the beam is defined as:

Uint =
1

2

∫ L

0

ξ⊤rdl (4.16)

Where r is defined as the stress resultant vector over a cross-section of the beam.
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Using a simple stress-strain relation:

r = Eξ (4.17)

With E : se(3)× se(3) → R being the 6× 6 stiffness density tensor.

Taking the variation of the internal energy (Equation 4.16) gives:

δ(Uint) =

∫ L

0

1

2

(
δ(ξ)⊤Eξ + ξ⊤Eδ(ξ)

)
dl (4.18)

=

∫ L

0

(
δ(ξ)⊤Eξ

)
dl

Recall that an expression for δξ is stated in Equation 4.8:

δξ = (δζ)′ + adξ(δζ) (4.19)

Like in the case for the kinetic energy above, the goal is to pull out the δζ factor out. Substituting Equation 4.8
into Equation 4.19 and integrating by parts with respect to the material instead of the time domain leads to
the weak form of the internal energy:∫ t2

t1

δ(Uint)dt =

[∫ t2

t1

δζ⊤Eξdt

]L
0

−
∫ t2

t1

∫ L

0

δζ⊤
(
Eξ′ − ad⊤ξ Eξ

)
dldt (4.20)

With the first term on the right side being considered the boundary conditions.

4.2.3 External energy

The external energy consist of the gravitational forces on the cross-sections of the beam and is given as:

Uext = δζ(0)⊤g(0)− δζ(L)⊤g(L)−
∫ L

0

δζ⊤g(l)dl (4.21)

With g(l) being the gravitational force on the cross-section:

g(l) =

[
mgR(l)⊤e

03×1

]
(4.22)

With e =
[
0 0 1

]⊤
is the unit vector in the z-direction, g being the gravitational constant and m is the mass

density of the cross-section.

The time integral of the variation of the external energy comes from the gravitational forces and can be expressed
as: ∫ t2

t1

δ(Uext) =

∫ t2

t1

[
δζ⊤g

]L
0
dt−

∫ t2

t1

∫ L

0

δζ⊤gdldt (4.23)

4.2.4 Variational- and strong form

Inserting the found variational expressions for the kinetic (Equation 4.14) and internal and external energies
(Equation 4.20 & Equation 4.23) into the least action principle Equation 4.9 we obtain the weak form of the
equations of motion:

[δζ⊤(Eξ − g)]L0 −
∫ L

0

δζ⊤(−IṪ + ad⊤T IT + Eξ′ − ad⊤ξ Eξ + g)dl = 0, ∀δζ (4.24)

If we realize this should hold for all possible δζ, we obtain the strong form of the partial differential equation
for the dynamics of a cosserat beam by again applying (’reverse’) integration by parts:

IṪ − ad⊤T IT − Eξ′ + ad⊤ξ Eξ = g ∈ Ω0(B;R6) (4.25)

Where we notice that Equation 4.25 are the components of the volume form dl ∈ Ω1(B;R)
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Overall, the total equations of motion are:

• Kinematics

H ′ = Hξ̃

T ′ = ξ̇ − adξT

Ṫ ′ = ξ̈ − adξ̇T − adξṪ

• Boundary conditions

[Eξ(l)− g]
L
0

• Dynamics

IṪ − ad⊤T IT − Eξ′ + ad⊤ξ Eξ = g

4.3 Conservation of energy: Continuous

The overall energy balance for the continuous system is written as:

K + Uint = Uext (4.26)

With the kinetic, internal- and external energies given resp. in Equation 4.10, Equation 4.16 and Equation 4.21.

4.4 conclusion

In this chapter, we have derived the dynamics of the Cosserat rod and thus fully defined its equations of motion.
By using the Lagrangian approach, we can conclude that the system in the continuous case abides by the energy
laws.
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5 Model reduction

5.1 Reduced Kinematics

In this chapter, we closely follow the work of [20]. Suppose that the strain field ξ = [ξ1, ξ2, ..., ξ6] ∈ Ω0
(
B;R6

)
can be expressed as an infinite series of spatially varying basis functions and their corresponding time-dependent
coefficients. Then, a component i of the strain field can be written as:

ξi(l, t) =

k=∞∑
n=1

θn(l)qi,n(t) + ξ◦i (l) i ∈ {1, . . . , 6} (5.1)

With coefficient qi,n(t) and a time-invariant strain ξ◦i (l). In general, one can choose any set of basis functions

as long as they are orthogonal to one another
(∫ L

0
θi(l)θj(l)dl = 0

)
. This orthogonality property means that

one basis functions cannot be expressed as a sum of other basis functions, making the solution of how the field
components can be described unique.

Due to this rewriting of the strain field, the base space S of the principle bundle changes from Ω0(B; se(3)) to
Ω0(B;Rk). Now uniqueness is guaranteed but the problem of computation remains when k = ∞. This is why
we approximate the original strain field with a truncated strain field [ξ]k, with k < ∞.

The above can also be written more compactly in its vector formulation, with the truncated strain field [ξ]k.

[ξ]k(l, t) = Φ(l)q(t) + ξo(l), k < ∞. (5.2)

with Φ ∈ R6×6k.

Taking the derivative of Equation 5.3 with respect to time gives:

˙[ξ]k(l, t) = Φ(l)q̇(t), k < ∞. (5.3)

We would also like to express the rest of the kinematic equations in terms of the truncated strain field. Recall
that the twist is T ′ = ξ̇ − adξT and we want to integrate this expression to find the velocity twist field T . We
do this by using the differential property of the adjoint action

adξ = − ∂

∂l
[AdH−1 ]AdH (5.4)

so that Equation 3.13 of the twist becomes:

T ′ = ξ̇ +
∂

∂l
[AdH−1 ]AdHT (5.5)

= Φ(l)q̇(t) +
∂

∂l
[AdH−1 ]AdHT (5.6)

It can be shown in [20] that integrating Equation 5.6 gives:

[T ]k(l, q, q̇) = Ad[H]k
−1

(∫ l

0

Ad[H]kΦ(l)ds

)
q̇ (5.7)

Writing the geometric Jacobian in Equation 5.8 as:

[J ]k := Ad−1
[H]k(L,q)

∫ l

0

Ad[H]k(s,q)Φ(l)ds ∈ R6 × R6k (5.8)

We can rewrite the twist as Equation 5.9 in its compact form:

[T ]k = [J ]kq̇ (5.9)

Finally, for the acceleration term we take the time derivative of the above:

[Ṫ ]k = [J ]kq̈ + [J̇ ]kq̇ (5.10)

Again, by referring to [20] the time derivative of Equation 5.8 is given as:

[J̇ ]k = Ad−1
[H]k

∫ L

0

AdHk
ad[T ]kΦds (5.11)
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5.2 Reduced Dynamics

In order to make the obtained reduced order kinematics usable for formulating the dynamics, we first need to
also project the Mass and stiffness matrices onto the generalized coordinates through the geometric Jacobian:

M(q) =

∫ L

0

[J ]⊤k I[J ]kdl ∈ Rk×k, (5.12)

K(q) =

∫ L

0

[J ]⊤k E[J ]kdl ∈ Rk×k, (5.13)

C(q, q̇) =

∫ L

0

[J ]⊤k

(
I[J̇ ]k + C[T ]k [J ]k

)
dl ∈ Rk×k, (5.14)

F =

∫ L

0

[J ]⊤k gdl ∈ Rk (5.15)

With C[T ]k := Iad[T ]k − ad⊤[T ]k
I.

By substituting Equation 5.9 and Equation 5.10 into the dynamics equation (Equation 4.26) we get the following
reduced order dynamics:

Mq̈ + Cq̇ +Kq = F ∈ Rk (5.16)

5.3 Reduced energy balance

As for the continuous case, the energy balance is given as a sum of the kinetic, elastic and gravitational potential
energies:

1

2
q̇⊤Mq̇ +

1

2
q⊤Kq = Mgz(q) (5.17)

Where z(q) is the z-component of the homogeneous transformation matrix H

5.4 Conclusion

We have projected the kinematics and dynamic equations from the previous chapter onto a set of orthogonal
bases functions with their coefficients.
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5.5 Choosing base functions

So far, it has not yet been decided what the bases functions from Equation 5.3 should look like. There are
two kinds of bases functions to choose from: local bases functions or global bases functions. Where global base
functions span over the entire domain of the rod, local base functions only have impact on certain subdomains
of the rod.

5.5.1 Global bases

Global bases are constructed using global shape functions. These shape functions span over the entire domain
of the beam. An example of a polynomial bases set can be seen in Figure 4, in which the first five Chebyshev
polynomials are shown.

Figure 4: Chebyshev polynomials of the first kind

5.5.2 Local bases

Local bases are constructed using local polynomial shape functions. Normally, these shape functions are used
for formulating the position field. In this case, they are used to model the strain field instead. Figure 5 shows
an example of local shape functions.

(a) Hat (b) Quadratic

Figure 5: Linear, quadratic and cubic shape functions

For the hat functions, the degrees of freedom are simply the outer nodal points of the element. However, for
higher order polynomials, more nodal points (and thus more degrees of freedom) are needed for an element.
This results in higher computation time but better accuracy. Due to the locality characteristics, a FEM-like
bases shows better results when there is a point force applied to a part of the rod [21].

20



6 Discretization

So far, we have obtained the reduced equations of motion. However, these terms still involve techniques (like
integration) which belong to the continuous domain. In this section we will explain how to approximate integrals
in a discretized way and how the Magnus series can be approximated.

6.1 Gauss Quadrature

There are many numerical integration schemes (e.g. trapezoidal rule or Simpson’s rule) available in order to
evaluate the integrals which show up in the previous chapter. In this case, the integrals are approximated
through the Gauss quadrature rule. The Gaussian quadrature approximation is given in Equation 6.1 as:∫ b

a

W (x)f(x)dx ≈
n∑

i=1

Wif(xi) (6.1)

With W (x) being a so-called ”weight function”, Wi being the ”weights” and xi being the nodes at which the
values are computed. There are different variants of this Gaussian quadrature method with each their different
weight functions. The Legendre-Gauss variant (Equation 6.2) which has a weight function of W (x) = 1, is the
most used or general purposed variant for evaluating polynomial functions due to it being possible of calculating
the integrals exactly provided that enough quadrature points are chosen. And since we are dealing with a strain
parameterized approach with the strain field projected onto a set of polynomial functions (recall Equation 5.3),
this would be a valid variant to choose. ∫ 1

−1

f(x)dx ≈
n∑

i=1

Wif(xi) (6.2)

Note though that in this case, the integral goes over the domain [−1, 1] while in our case most of the integrals
goes from 0 (start of the rod) to L (end of the rod). It can however be generalized for an interval [a, b] by a
change of coordinates of the differential [22] which is shown as follows:∫ b

a

f(x) dx =

∫ 1

−1

f

(
b− a

2
(z) +

a+ b

2

)
b− a

2
dz (6.3)

This then results in: ∫ b

a

f(x)dx ≈ b− a

2

n∑
i=1

Wif

(
b− a

2
z +

a+ b

2

)
(6.4)

In the case of the Cosserat rod, the components of Equation 5.16 can be calculated numerically as:

M(q) ≈
n∑

i=1

Wi[J ]
⊤
k I[J ]k, (6.5)

K(q) ≈
n∑

i=1

Wi[J ]
⊤
k E[J ]k, (6.6)

C(q, q̇) ≈
n∑

i=1

Wi[J ]
⊤
k

(
M[J̇ ]k + C[T ]k [J ]k

)
, (6.7)

F ≈
n∑

i=1

Wi[J ]
⊤
k g (6.8)

And the Jacobian:

[J ]k ≈ Ad−1
[H]k(L,q)

n∑
i=1

WiAd[H]k(s,q)Φ(l) (6.9)
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6.2 Domain discretization and Magnus expansion

In order to compute the Magnus series, we follow the theory stated in [23].

First of all, like the Taylor series, the Magnus series will degrade when its taken over a large domain l of the
Cosserat rod. In order to address this, the rod is divided into smaller intervals of length hj and the homogeneous
transformation matrices, Jacobians and its derivatives are then computed at the Gaussian quadrature points j
shown as black dots in Figure 6:

H
(
l + hj

)
= H(l)exp

(
Ω̃(hj)

)
,

j∑
0

hj = L. (6.10)

And H(0) = I4×4.

It is shown in [24] that the maximum step size h can be:

hmax <
π√

6β2 + 1
(6.11)

With β ∈ R depending on the strain limit of the rod’s material.

Figure 6: Example of a 4th order Zanna approximation with 3 Gauss quadrature points

The Magnus series Ω̃ can be approximated through the Zanna approximation method [25]. For instance, a
fourth-order Zanna with two-stage Gauss quadrature is shown in figure Figure 6, which needs two values of the
strain between two Gaussian quadrature points:

Ω(hj) =
hj

2
(ξk1 + ξk2 ) +

√
3h2

j

12
adξk1 ξ

k
2 , (6.12)

With ξ̃k1 = ξ̃
(
l + hj/2−

√
3hj/6

)
and ξ̃k2 = ξ̃

(
l + hj/2 +

√
3hj/6

)
which are at the points in Figure 6 denoted

by the open dots.

This is in contradiction to the statement in [10], where only the first term of the Magnus expansion is considered
over the entire domain of the rod. This is problematic since this would only hold if the matrix expression is not
dependent on spatial variable [17].
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7 Coding & Implementation

In order to see the impact of the Magnus expansion, the SoRoSim toolbox has been used[23]. Sorosim is a
Matlab toolbox that uses the Geometric Variable Strain (GVS) approach to provide a unified framework for
the modeling, analysis, and control of soft, rigid, and hybrid robots. An overview of the SoRoSim algorithm is
shown in Figure 7.

7.1 Computation algorithm

Figure 7: Computation scheme

The algorithm goes through the following steps:

1. At the start of the simulation when t = 0, initial conditions are given to q and q̇. In our case, these will be
equal to zero, meaning that the simulation starts with no initial velocity or displacement.

2. By knowing the initial conditions, the strain can be calculated through bases functions as shown in Equa-
tion 5.3.

3. Strains at certain points (the open dots in Figure 6) are then used in order to approximate the Magnus series
(Equation 6.12).

4. Then H,J and J̇ can be computed at those quadrature points and the components of Equation 5.16 are
calculated.

5. After this, q̈ is calculated and through the ODE45 of Matlab [26] we retrieve q and q̇ for the next time step.
We then go through step 3 to step 5 again until the simulation time horizon has been reached.
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7.2 Parameters

The following parameters are shared through all the executed simulation cases (Table 1).

Boundary conditions: Fixed-Free
Profile: Circular

Material density: 1000 kg
m3

Youngs Modulus 1 ·106 N
m2

Material damping 0
Length 0.3 m
Radius 0.03 m
Gravity -9.81 m

s2

Active Strain modes 6
Initial values q 0
Initial values q̇ 0
ODE type ODE45
Timestep 0.01

Table 1: Overview of the parameters used for simulation
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8 Simulation results

During the use of the SoRoSim toolbox (version 6.3), it was noted that the elastic strain energy was faulty
calculated Figure 8. Attempts were made to fix this issue, yet a proper solution still needs to be found in order
for it to produce results with machine precision on its own. For now, it is assumed that the total energy of the
system is zero. Having verified with other versions, it is concluded that the gravitational potential and kinetic
energy are accurate. Knowing this, the strain energy can be derived from Equation 5.17.

Figure 8: Example of the simulation results from a 12th order Chebyshev bases. The elastic energy is not
computed correctly which results in the total energy not being zero.
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8.1 Energy comparison of FEM vs Global base functions

We use the model with FEM cubic basis functions as a reference of the energy when compared to global base
functions Figure 9. This is due to the high accuracy of FEM, whereas the use of global base functions should
theoretically lead to less accuracy but less computational time. The amount of elements is 10 and it will be
using 5 Gauss quadrature points to evaluate the integrals over each element.

As a global basis, it is chosen to use up to 12th order Chebyshev polynomials with 25 Gaussian quadrature
points.

Figure 9: Plot of the energy difference between FEM cubic and 12th order Chebyshev basis functions over time

8.2 Bases order influences on the energy

For this case, it was looked at how the order of the bases have an impact on the energy. It was chosen to
compare first, sixth and twelfth order Chebyshev polynomials bases with each other.

Figure 10: Plot of the energy difference between 1th and 6th order Chebyshev
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Figure 11: Plot of the energy difference between 1th and 12th order Chebyshev

Figure 12: Plot of the energy difference between 6th and 12th order Chebyshev
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8.3 Global bases influence on the energy

This section shows the results of the energy differences between bases from different polynomial families while
maintaining the same order and amount of quadrature points.

Figure 13: Plot of the energy difference between 6th order Chebyshev and 6th order Legendre

Figure 14: Plot of the energy difference between 6th order Chebyshev and 6th order Monomial
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Figure 15: Plot of the energy difference between 6th order Chebyshev and 6th order Fourier

8.4 Influences of the Zanna order on the energy

In chapter 6 it was discussed how the Magnus expansion can be approximated through the Zanna collocation
method. The expression of a fourth order Zanna approximation is stated in Equation 6.12). However, one
can choose to also go for a second order approximation in which only one strain value is needed between two
Gaussian points instead of two as shown in Figure 6. This reduces computation time at the cost of accuracy. A
comparison between the two orders have been made and the resulting energy differences are shown in Figure 16.

Figure 16: Plot of the energy difference between a simulation with a 4th order Zanna approximation and a 2nd
order
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9 Conclusion and future work

9.1 Conclusion

Throughout this thesis, we tried to find an answer to the following research question:

How is the energetic consistency of the Cosserat rod model affected by discretization?

In order to answer this question, the main question was split up into two sub-questions:

1. How can the continuous model be formulated?

2. How can the model be discretized?

It was chosen to go for a strain parameterized approach since it abides by a principle bundle structure which
has the advantage to make a clear distinction between the external degrees of freedom and the internal degrees
of freedom. Through this, the kinematics were formulated and the dynamics were obtained by Hamilton’s
least action principle. The recovery of the configuration through the strain is not a trivial matter; the Magnus
expansion was needed.

The model can be discretized through first reducing the model by assuming that the strain field can be approx-
imated by a finite set of basis functions and then be calculated through a Gauss quadrature rule. The Magnus
expansion is approximated through the Zanna collocation method.

In chapter 8.1 we have seen that the local FEMlike and Chebyshev bases functions differ in elastic energy when
compared to one another. The influence on the bases order for Chebyshev polynomials were shown in chapter
8.2, where a large energy differences are shown between 1st and 6th order Chebyshev polynomials and 1st
and 12th order Chebyshev polynomials. It is interesting to note that the energy differences between 6th and
12th Chebyshev polynomials were relatively minimal. This means that a faster simulation can be obtained by
choosing a 6th order bases without having a great loss of simulation accuracy. In chapter 8.3 the differences
between global bases functions were shown. It is interesting to see that there is no difference in energy at all
when comparing a Chebyshev bases to a Legendre one. This might be due to the fact that both the polynomial
families look greatly alike. When checking a Chebyshev bases to a Monomial one, there is only a difference in
elastic potential energy. This is not the case when comparing a Chebyshev to a Fourier basis. Lastly, we indeed
see that the order of the Zanna approximation method matters as it is shown in chapter 8.4.

9.2 Future work

Based on this thesis, one could continue to work on the following:

• As stated in chapter 7, the current version of the SoRoSim toolbox (v6.3) does not show a correct energy
balance due to the strain energy being calculated incorrectly. Although it has been verified with earlier versions
of the toolbox that the system shows energy conservation, there is still need for a proper fix of this calculation
in order for the toolbox to show results with machine precision.

• In this thesis, the Magnus expansion was used in order to calculate the configuration of the rod. Through
the Zanna collocation method, one can then approximate these series up to a certain order. However, the
Magnus expanions is not the only way to retrieve the configuration; an other possibility would be to use the Fer
expansion instead. Since this expansion can also be approximated by the Zanna method, it might be interesting
to see if one type of expansion is more accurate than the other.
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10 Appendix

10.1 Proof of the Variational Material twist and velocity twist

We follow the proof from [27]. In this, we only look at the velocity twist vector T ∈ R6 since exact same
derivation holds when the time derivative is replaced by a spatial derivative.

We use the fact that the δ operator is commutative:

δ
∂H

∂t
=

∂

∂t
δH (10.1)

Define the field material variation of H as:

δζ̃ = H−1δH (10.2)

The velocity twist is defined as:

T̃ = H−1 ∂H

∂t
(10.3)

Then by substituting the field material variation and velocity twist and using the fact that the variation of the
element of SE(3) can be written in terms of ζ:

δ(HT ) =
∂Hδζ

∂t
(10.4)

Applying integration by parts:

δHT +HδT =
∂Hδζ

∂t
+H

∂δζ

∂t
(10.5)

Once again, use the fact that δH = Hδζ and ∂H
∂t = HT :

H (δζT + δT ) = H

(
Tδζ +

∂δζ

∂t

)
(10.6)

Since H is on both sides, we can get rid of this term and rewrite it which leads to:

δT =
δζ

∂t
+ Tδζ − δζT (10.7)

In this, we can recognize the commutator (see preliminaries) and denote the expression as follows:

δT =
δζ

∂t
+ [T, δζ] (10.8)
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