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Summary

The effects of entropy-patch shape, size, and strength on the upstream acoustic
response generated by entropy-patch choked-nozzle interactions are investigated.
Numerical-simulation-based investigations, using a two-dimensional planar Euler
code, reveal the existence of two distinct modeling regimes: the quasi-steady (matching-
condition) regime and the inertial regime, respectively. The ratio of the entropy-
patch streamwise length scale to the nozzle throat height was found to be an order
parameter, which allows one to determine which of the two modeling regimes ap-
plies. Indeed, for entropy patches with a streamwise length scale smaller than or
equal to the nozzle throat height, the inertial model provides a satisfactory pre-
diction of the upstream acoustic response. For entropy patches with a streamwise
length scale larger than the nozzle throat height, the matching condition model has
superior predictive accuracy. The entropy patch’s shape was judged to have only
a slight impact on the applicable modeling regime. Additionally, the study exam-
ined entropy-patch strength using the ratio of area-specific perturbation energy to
area-specific upstream energy as an order parameter, establishing that both of the
above-mentioned linear models are only valid for weak entropy patches. Further in-
vestigation of the influence of nozzle geometry on the upstream acoustic response was
conducted. A parametric study was carried out to quantify the effects of the nozzle
convergent length ratio, contraction ratio, and profile shape on the reduced-order
models’ predictive accuracy. Entropy patches with a streamwise length scale much
smaller relative to the nozzle convergent length were found to have better predictive
accuracy by the inertial model. Whilst entropy patches with a streamwise length
scale that is large relative to the nozzle convergent length were found to have bet-
ter predictive accuracy by the matching-condition model. Furthermore, the inertial
model was shown to have better agreement with simulations for nozzle convergent
profiles that have a large radius of curvature and a height that varies gradually in
the streamwise direction. The matching-condition model was found to be largely
insensitive to the shape of the nozzle convergent profile. By changing the contrac-
tion ratio of the nozzle, it was found that the inertial model under-predicts acoustic
responses for systems with an upstream Mach number above the compressible limit.
The system’s upstream Mach number was found not to affect the matching-condition
model’s predictive accuracy. These findings provide a framework for selecting ap-
propriate models for entropy-patch choked-nozzle interaction scenarios, furthering
the fundamental understanding of indirect noise-driven combustion instability.
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Chapter 1

Introduction

Combustion noise has become a key topic in the context of propulsion and energy
generation systems. This rise in importance was initiated by the need to reduce noise
emissions to the environment, as it has been found to disturb human and/or animal
life [1]. In recent years, the need to reduce greenhouse gas emissions to limit global
warming as set by the UN Paris Agreement of 2016 [2] has driven the development
of low-emission combustion technologies, such as lean premixed combustion, and
the use of alternative fuels such as hydrogen. While these advancements contribute
to reducing the environmental footprint of combustion systems, they also introduce
new challenges related to combustion stability and noise generation.

One major challenge of using hydrogen as a fuel source is its tendency to burn
more unsteadily compared to conventional hydrocarbon fuels. This increased com-
bustion instability is primarily due to hydrogen’s high reactivity, low ignition energy,
and fast flame speeds [3]. Moreover, when employed in lean premixed combustors,
hydrogen combustion typically operates near the lean blowout limit, which is benefi-
cial for reducing emissions, but makes the system more susceptible to thermoacoustic
instabilities, posing significant design and operational challenges [4–6].

Thermoacoustic instability refers to undesirable self-sustained pressure oscilla-
tions that arise from the coupling between a combustion-noise source and the acous-
tics of the combustor [7–9]. These instabilities not only limit the operational range
of combustion systems, necessitating conservative design margins to avoid flame
blow-off and flashback [10], but can also lead to severe structural damage in the
combustion chamber, potentially resulting in critical system failure [11].

Acoustic pressure fluctuations can be attributed to direct noise and indirect
noise. The direct noise sources are related to the unsteady processes of volumetric
expansion and contraction of the flame. Indirect sources refer to sound production in
wall-bound combustion resulting from the interaction of non-uniform flow features,
such as entropy patches or vortices, with the combustion chamber exit.

Direct noise sources have been widely studied [7, 8, 12, 13]. In contrast, indirect
noise has received less attention—especially voriticity noise [14]. However, Duran
and Moreau [15] as well as Leyko et al. [16] assert that in real (industrial) combustion
systems, indirect combustion noise can be of orders of magnitude greater than direct
combustion noise.

In order to cultivate fundamental understanding of complex phenomena such as
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indirect combustion noise, it is standard practice to perform order-reduction by de-
signing experiments in which only one effect is dominant—or on occasion, when the
former has been done, a few effects [14, 17–24]. A prime example of this approach
are Anthoine’s et al. [17] cold-gas (without combustion) scale-model experiments,
which were used to investigate self-sustained pressure pulsations in solid-rocket mo-
tors. Indeed, these demonstrated the importance of the integrated nozzle’s nozzle-
cavity volume on indirect noise produced by essentially nonlinear azimuthal-vortex-
nozzle (or ring-vortex-nozzle) interaction. Other examples are Bake’s et al. [18]
canonical entropy-noise experiment, De Domenico’s et al. experiment [22], Noiray
& Wellemann’s experiment [23], and Hirschberg’s et al. entropy & axial-component-
vorticity noise experiments [14, 21, 24]. Moreover, the practice of studying indirect
combustion-noise sources in isolation has also been successfully used for the devel-
opment of analytical & numerical indirect combustion-noise models [25–29].

Of the two indirect combustion-noise sources, entropy noise has been the most
widely studied, as evidenced by the high number of citations of two seminal articles
by Marble & Candel [25] and Ffowcs Williams & Howe [26]. Marble & Candel’s
one-dimensional (1-D) modeling approach [25, 26], based on the notion of plane
entropy-wave interaction with a nozzle, appears to be the most widely applied. In
contrast, Ffowcs Williams & Howe’s modeling approach considers, three-dimensional
patches of the fluid—with relative-excess mass—convected by the flow [26].

Ffowcs Williams & Howe seem to have argued that “to elicit in detail the physical
mechanisms responsible for the generation of sound” [26] the inclusion of accelera-
tion/unsteadiness is an ineluctable ingredient for a model. Whereas, Marble &
Candel astutely pointed out: “When the scale of the disturbance impinging upon the
nozzle is large in comparison with the nozzle length ... the response of the nozzle
is well approximated by a matching-condition analysis. Though limited in the range
of frequency over which it is applicable, the results which follow from this approxi-
mation are simple and extremely useful. The idea is simply that, to disturbances of
very long wavelength, the nozzle appears as a discontinuity in the state of the medium
supporting the propagation; the state gradients ... become discontinuities. The noz-
zle then provides matching conditions between uniform upstream and downstream
states, which may be derived from conservation laws and the geometric description
of the nozzle.”

For the case of choked-nozzle-flow experiments, Hirschberg et al. [14] used Marble
& Candel’s above-quoted observation to formulate a bare-bones matching-condition
model. Said model was validated by comparison with Leyko’s et al. [27] simulation
results [14]. Moreover, Hirschberg et al. [14] pointed out that in the cases where
matching-condition modeling is applicable: sound production is due to a temporary
axial mass-flow rate change caused by the passage of an entropy patch through the
nozzle throat.

Given that Ffowcs Williams & Howe’s [26] method is not limited to a single
spatial dimension, it allows for the investigation of the entropy-patch size on sound
production. Ffowcs Williams & Howe [26] investigated the influence of entropy-
patch size on sound generation, which they termed “acoustic bremsstrahlung” or
“bremsstrahlung” [26]. In particular, they used their model to compare the sound
generation of a duct-sized entropy “slug” to that of a much smaller spherical “pellet,”
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as these pass through a duct contraction or a nozzle [26]. One should note that
Ffowcs Williams & Howe only considered low-Mach-number flow; viz., they did not
consider choked-nozzle flows.

In the present study, inspired by Marbel & Candel [25] and Ffowcs Williams
& Howe’s [26] work, but with a focus on choked-nozzle flows, we investigated the
influence of an entropy-patch shape, size, and strength as well as the effects of the
nozzle geometry on the upstream-traveling acoustic response due to entropy-patch
choked-nozzle interaction using numerical simulations. Where linear reduced-order
model-based scaling rule analysis was performed on the results. It builds on the
work of Kowalski et al. [30]. They established the existence of two modeling regimes
[30]:

• The inertial regime where the acceleration of an entropy patch is the governing
contribution to sound production.

• A quasi-steady modeling regime, in which sound production is due to the
modulation of the volumetric flux through the nozzle throat. Kowalski et
al. [30] refer to this regime as the matching condition regime.

Kowalski et al. [30] determined that small entropy patches are in the inertial regime.
Whilst the matching-condition modeling applies to large entropy patches. It should
be noted that Kowalski’s et al. [30] analysis relied on linearization.

The fundamental questions that we aimed to answer were:

1. Are there dimensionless order parameters that allow one to determine if one
finds oneself in either the inertial modeling or the matching-condition regime?

2. Is there a dimensionless order parameter that allows one to determine if lin-
earization is an appropriate modeling strategy and when nonlinearity becomes
essential?

3. What is the influence of a nozzle’s geometry on sound production due to
entropy-patch choked-nozzle interaction?

Questions 1 & 2 are addressed in chapter 2. Work performed to answer the third
question is presented in chapter 3.
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Chapter 2

Entropy patch choked-nozzle
interaction: Quasi-steady, inertial
modeling regimes, and limits of
linearization established

2.1 Introduction
Understanding the mechanisms that govern indirect noise generation in propulsion
systems is a critical step in the development of reliable low-emission combustion
technologies. Building on the preliminary work by Kowalski et al. [30, 31], which
investigated entropy-patch interactions with choked nozzles using a two-dimensional
(2-D) planar Euler code tailored for internal flow acoustics (EIA) developed by
Hulshoff [32], this chapter aims to systematically investigate the modeling regimes
applicable to such interactions. While Kowalski’s efforts laid important groundwork,
their results were limited by unquantified numerical errors, low signal-to-noise ratios,
and approximated key parameters.

To overcome these limitations, the present study employs a significantly im-
proved numerical simulation strategy developed by Elbakly [33], which improves
the signal-to-noise ratio. Indeed, it allowed us to simulate interactions involving
smaller entropy patches than was possible using Kowalski’s et al. approach [30, 31].
Furthermore, the modified EIA code allows for direct extraction of critical quantities
such as excess mass, excess-mass density, and convective acceleration, parameters
essential for reduced-order model analysis. Additionally, Kowalski et al. [30, 31] did
not find the appropriate dimensionless order parameters, which allow one to differ-
entiate between the inertial & matching-condition regimes, and linear & nonlinear
regimes.

This chapter investigates the applicability of two reduced-order models, the
quasi-steady matching-condition model and the inertial mode, for predicting the
upstream acoustic response resulting from entropy-patch choked-nozzle interactions.
Particular emphasis was placed on identifying dimensionless order parameters that
distinguish between the two modeling regimes and define the limits of linearized
modeling.
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2.2 General approach
To investigate the limits of the matching-condition & inertial model, numerical sim-
ulations were carried out using EIA [32]. The pressure pulsations, due to entropy-
patch choked-nozzle interaction, obtained from the numerical simulations were scaled
using the reduced-order models; viz., the matching-condition & inertial models. The
computational domain used throughout the study can be seen in Fig. 2.1. The com-
putational domain consists of a nozzle with a throat height of 2S2 and a depth of
2S1 connected to an upstream chamber with a channel height of 2S1 and depth 2S1.

The reduced-order models are presented in §2.3. The computational procedure
used is presented in §2.4.

Chapter 4 - Vortex-nozzle interaction: two-dimensional plane Euler
simulations based lumped element sound source model

59

R1

R2

(a) Cylindrical tube with sharp angle inlet nozzle.

2S1

2S1

2S2

(b) Rectangular channel with sharp angle inlet nozzle.

Figure 4.3: Relation cylindrical and rectangular configuration. Where the relation
between the two configurations is trough the contraction ratio S1/S2 = (R1/R2)2 with
R1 = S1

√
4/π and R2 =

√
4S1S2/π.

Figure 2.1: Computational domain representation of nozzle with upstream channel
[34]

2.3 Reduced-order models
In this section, two bare-bones models are derived for the prediction of an upstream
acoustic pressure response due to an entropy patch interacting with a choked-nozzle.
The first model will be referred to as the matching-condition model, it is based on
the quasi-steady analysis of Marble & Candel [25]. The second model, inspired by
Ffowcs Williams & Howe’s analytical model [26], will be referred to as: the inertial
model.

2.3.1 Matching condition model

Here the derivation of a matching condition model, for the prediction of upstream
acoustic pressure response p′u, due to the interaction of an entropy patch of excess
density ρ′e = ρe − ρu with a choked nozzle is provided, were ρu is the density of the
upstream channel and ρe is the density of the entropy patch. Upstream from the
nozzle, the flow is taken to be one-dimensional (1-D) viz., the local flow variables
vary only in the streamwise direction. Additionally, it is assumed that ρ′e/ρu is small
enough, such that the entropy patch is carried by the base flow without affecting it.
Lastly, it is assumed that the interaction time scale of the entropy patch with the
nozzle is significantly larger than the travel time of a material element through the
nozzle.
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Now, let us consider d’Alembert’s solution to the one-dimensional wave equation:

p′ = p+(x− (c+ u)t) + p−(x+ (c− u)t) (2.1)
u′ = u+(x− (c+ u)t) + u−(x+ (c− u)t) (2.2)

where p± and u± are pressure & velocity perturbations (the subscripts + and −
denote downstream and upstream traveling waves) at a position x at time t and c
is the sound speed. If one considers an infinite duct with anechoic terminations and
only perturbations traveling in the upstream direction, the equations reduce to the
following:

p′ = p−(x+ (c− u)t) (2.3)
u′ = u−(x+ (c− u)t) (2.4)

Applying the above equations to the linearized one-dimensional momentum conser-
vation equation

ρu
∂u′

∂t
= −∂p′

∂x
(2.5)

one finds that the upstream pressure perturbation p′u can be written as follows:

p′u = −ρucuu
′
u (2.6)

The upstream velocity perturbation u′
u can be found by considering the upstream

Mach number:

Mu =
uu

cu
(2.7)

which is constant for a choked-nozzle flow. Thus, taking the total derivative

d(Mu) = d

(
uu

cu

)
= 0 (2.8)

one finds the following relation

u′
u

uu

=
c′u
cu
. (2.9)

Assuming the fluid in the system to be a perfect gas, the speed of sound can be
written as

c2u = γ
pu
ρu

(2.10)
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where γ = cp/cv is the ratio of heat capacities at constant pressure and volume,
respectively. Taking the total derivative of this expression yields

d(c2u) =
γ

ρu
d(pu) + γpu d

(
1

ρu

)
(2.11)

If one assumes isobaric generation of an entropy patch, one finds:

2
c′u
cu

= −ρ′u
ρu

= −ρ′e
ρu

(2.12)

Using this relation and Eq. 2.9 to rewrite the velocity perturbation in Eq. 2.6,
allows one the find:

p′u =
1

2
ρucuuu

(
ρ′e
ρu

)
=

1

2
ρuc

2
uMu

(
ρ′e
ρu

)
=

1

2
γpuMu

(
ρ′e
ρu

)
(2.13)

where pu = ρuc
2
u/γ is the static pressure of the upstream channel. Hereon, this

quasi-steady model will be referred to as the matching-condition model.

2.3.2 Inertial model

In this section, the derivation of an inertial model inspired by Ffowcs Williams &
Howe’s analytical model [26] is provided.

Figure 2.2: Unsteady pressure discontinuity ∆p at x = xs, in a uniform 1-D ducted
flow emanating plane acoustic waves p−us and p+ds.

Consider a sound source in the form of an unsteady pressure discontinuity ∆p
at a position x = xs (Fig. 2.2). It is assumed that said pressure discontinuity is
present in a duct with a uniform cross-section and 1-D flow with Mach number
M . Given that the pressure discontinuity is unsteady: pressure waves emanate
from it in the upstream p−us and downstream p+ds direction. Here the subscripts
us and ds indicate perturbations upstream and downstream relative to the sound
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source. The superscripts − and + denote downstream and upstream traveling waves,
respectively.

Assuming an infinite duct with anechoic terminations, ∆p can be expressed in
terms of the emitted pressure perturbations as follows:

∆p = p+ds − p−us. (2.14)

The mass flux across the pressure discontinuity is conserved, and thus one can write

(ρu)′ds = (ρu)′us (2.15)

which can be re-written as

ρ+dsu+ ρu+
ds = ρ−usu+ ρu−

us (2.16)

where the terms without sub or superscripts are the mean flow variables (higher-
order perturbation terms are neglected).

For an isentropic flow, the density perturbations can be expressed as:

ρ± =
p±

c2
(2.17)

Using d’Alembert’s solution to the one-dimensional wave equation and the linearized
one-dimensional momentum conservation equation, the velocity perturbations can
be expressed as

u± = ±p±

ρc
(2.18)

Using Eq. 2.17 & Eq. 2.18 to re-write the perturbation terms in Eq. 2.16, one finds

p+ds(1 +Ms) = p−us(−1 +Ms) (2.19)

where Ms is the Mach number at the sound source. Using Eq. 2.14 the pressure
perturbations can be written as

p−us = −1 +Ms

2
∆p (2.20)

p+ds =
1−Ms

2
∆p (2.21)

This result will be applied to the subsonic parts of a choked-nozzle with varying
cross-sectional area A = A(x). Here it is assumed that the nozzle is quasi-1-D; viz.,
the rate of change of the cross-sectional area is considered to be very small [35].

At the nozzle throat, we assume that downstream traveling waves are reflected.
Thus, an additional upstream traveling perturbation p−ds is to be accounted for down-
stream from ∆p (Fig. 2.3). The reflection coefficient at x = xth can be taken as
(Appendix A.1)

R =
1− γ−1

2
Ms

1 + γ−1
2
Ms

(2.22)
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Figure 2.3: Acoustic pressure waves emanating from a fluctuating pressure dis-
continuity ∆p located at x = xs in the converging part of a choked-nozzle. As the
nozzle is choked and the flow is 1D, one has sonic line at x = xth, viz., at the throat.

Thus, p′us can be expressed as follows:

p′us = p−us + p−ds = p−us +Rp+ds (2.23)

which using Eq. 2.20 and Eq. 2.21 can be expressed as follows:

p′us = −∆p

2
((1 +Ms)−R (1−Ms)) . (2.24)

To find the pressure perturbation observed in the upstream channel due to an
upstream traveling pressure wave p′u at location x = xu, one must account for the
change in cross-sectional area A. The acoustic power emitted directly upstream of
the sound source can be taken as (Appendix A.4)

|Φ−
s | =

As

ρscs
|p′us|2 (1−Ms)

2 (2.25)

and at the observer position, the acoustic power can be expressed as

|Φ−
u | =

Au

ρucu
|p′u|2 (1−Mu)

2 . (2.26)

Given that we consider an isentropic system, it must hold true that |Φ−
s | = |Φ−

u |.
This allows one to express the magnitude of the observed pressure perturbation as:

|p′u| =

√
ρucu
ρscs

As

Au

((1 +Ms)−R (1−Ms))

(
1−Ms

1−Mu

)
∆p

2
. (2.27)

Noting that an unsteady force from a wall on the fluid is a sound source [36, 37],
we write

∆p =
Fx

As

(2.28)
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where the force Fx is exerted by the walls of the nozzle inlet on the fluid. Fx is due
to the acceleration of an entropy patch, which is taken to be a point particle with
an excess mass me. i.e., one can write

Fx = me

(
u
du

dx

)
. (2.29)

Using the above, Eq. 2.27 can be re-written as follows:

|p′u| =
√

ρucu
ρscs

1

AuAs

((1 +Ms)−R (1−Ms))

(
1−Ms

1−Mu

)
me

2

(
u
du

dx

)
(2.30)

Using Bernoulli’s principle and isentropic perfect gas relations, the
√

ρucu/ρscs
and As terms in the above equation can be expressed as follows (Appendices A.2
and A.3):

√
ρucu
ρscs

=

(
1 + γ−1

2
M2

s

1 + γ−1
2
M2

u

) γ+1
4(γ−1)

(2.31)

and

As =
Ath

Ms

(
1 +

γ − 1

γ + 1
(M2

s − 1)

) γ+1
2(γ−1)

. (2.32)

where the cross-sectional area of the throat is taken to be Ath = 4S1S2 (Fig.
2.1). Going forward, Eq. 2.30 will be referred to as the inertial model.

2.4 Computational procedure
Parametric studies of entropy-patch choked-nozzle interaction were carried out using
Hulshoff’s two-dimensional Euler Internal Aeroacoustics code (EIA) [32]. EIA makes
use of the compressible lossless governing (Euler) equations given by

∂ρ

∂t
+∇ · (ρu) = 0 (2.33)

∂ρu

∂t
+∇ · (ρuu+ pI) = ρFE (2.34)

∂ET

∂t
+∇ · ((ET + p)u) = QE (2.35)

to resolve the domain, where ET = ρ(e+ |u|2/2) is the total energy density, ρFE is
an external momentum source density, and QE is an external energy source. FE can
be used to generate vortices as previously done by Hulshoff et al. [38] & Hirshberg
et al. [28, 39, 40]. For the purposes of this study, QE is of greater interest as it can
be used to generate entropy patches, as will be discussed in §2.4.3.

The computational procedure used to carry out the numerical study is the same
as reported by Elbakly [33]. It consists of three sequential steps:
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1. Generation of a computational mesh (detailed in §2.4.1).

2. Establishing steady choked-nozzle base flow (expanded upon in §2.4.2).

3. Running unsteady entropy-patch-choked-nozzle-interaction (ECNI) simulations
(discussed in §2.4.3).

2.4.1 Mesh generation

In this section, details regarding mesh generation are provided for the convergent-
divergent-nozzle configuration used for the present study.

The schematic of the numerical domain used can be seen in Fig. 2.4. The
domain utilizes a multi-block system where blocks B1, B2, B3, and B4 are used for
carrying out the numerical computations. Block B5 is a (passive) 1-D extraction
region used to ensure only planar acoustic waves are recorded—note that block B5
is a post-processing block and does not affect any of the adjacent blocks [32].

The upstream channel is defined by block B3 with a height S1 = 1 m, in which
entropy patches are generated and convected downstream. Block B2 acts as a tran-
sition zone to minimize cell stretching and skew. The convergent part of the nozzle
(nozzle inlet) is Block B1. The nozzle inlet curve was generated using a Henrici trans-
form [41] as previously done by Hirshberg [34], with a contraction ratio S1/S2 = 3
and length ratio Lc/S1 = 1/2. Lastly, downstream on the contraction block, B4
acts as the diffuser. Note that the geometry of the diffuser is not of high impor-
tance, as only choked-nozzle flow is considered, implying a supersonic condition in
the diffuser, preventing the travel of information upstream.

B3 B2 B1

B4

B5 S 1

S 2

Lc

Figure 2.4: Schematic of multi-block numerical domain with S1/S2 = 3

To establish appropriate levels of grid resolution, a discretization error study
was carried out (Appendix B.1). In which base flows were established using a four-
stage second-order accurate (4,2) Runge-Kutta scheme for time discretization and
a second-order total-variation-diminishing (TVD) Roe approximate Riemann solver
with a van Leer limiter for space discretization. ECNI simulations were done using
a five-stage second-order accurate (5,2) Runge-Kutta scheme for time discretization
and a second-order total-variation-diminishing (TVD) Roe approximate Riemann
solver with a van Leer limiter for space discretization. It was established that using
a grid resolution of 30 points per circular entropy spot radius Rs or rectangular block
half-width Ws gives a discretization error of 2.2% at an observed order of accuracy
of 1.9 at a distance 42Rs/Ws away from the nozzle inlet. Ergo, for the current study,
meshes were generated using a base value of 30 points per length scale of the entropy
patch.
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2.4.2 Establishing choked-nozzle base flow

In this section, the computational procedure used to establish a base flow with a
choked-nozzle condition is briefly discussed; for an expansive explanation, the reader
is referred to Elbakly’s report [33].

Elbakly’s computation procedure [33] makes use of a pre-established steady base
flow to initialize the flow field for the unsteady ECNI simulation. To establish this
base flow, two separate numerical runs are required. An initial condition run is
performed to establish a choked-nozzle flow, followed by an intermediate run to
homogenize the flow field and ensure the passing of transients arising from changing
boundary conditions between the initial condition run and the ECNI run.

For the initial condition run the flow field was initialized by setting the blocks
upstream of the nozzle throat (B1, B2, B3, & B5) to have density ρ = 1 kg ·m−3,
specific heat ratio γ = 1.4, pressure p = c2ρ/γ ≈ 0.7 kg · s−2 ·m−1, and velocity U ≡
(Udes, 0)

T ≈ (0.2, 0) m · s−1. Udes is the imposed inlet velocity needed to establish
a choked-nozzle flow for the given contraction ratio [35]. Block B4 downstream of
the nozzle throat was initialized by setting ρ = 1.0 kg ·m−3, γ = 1.4, p = c2ρ/2γ ≈
0.4 kg · s−2 ·m−1, and U ≡ (1, 0)T m · s−1. Note that for the whole domain, the local
speed of sound c was assumed to be one as per the definition of pressure. Block
B4 was set to have a pressure two times lower than that of the upstream blocks to
ensure no shockwaves are formed in the diffuser 1.

For the initial condition run, a constant inflow condition was set on the left
bound of blocks B3 and B5 maintaining ρ = 1.0 kg ·m−3, U ≡ (0.2, 0)T m · s−1

and c = 1 m · s−1. Pressure relief surfaces on the upper and lower bounds of block
B3 were imposed by setting R ≡ p−/p+ = 0. Wall boundary conditions were
imposed on the lower bounds of blocks B1, B2, and B4. On the upper bounds of
blocks B1, B2, and B4, symmetry boundary conditions were imposed. Non-reflective
boundary conditions are applied on the right bound on block B4 to imitate anechoic
termination. A 1-D boundary condition on the upper and lower bound of block B5
was imposed to classify the block as a post-processing block. Extraction boundary
conditions were applied on the interface between blocks B3 and B5 to ensure an
omnidirectional transfer of information from block B3 to B5. Connection boundary
conditions were applied to the remaining block interfaces to allow for the transfer
of data between blocks.

After the domain was fully defined, simulations were initiated and ran until
they fully converged. A Roe-TVD scheme with a Van Leer limiter was used for
spatial discretization. Temporal discretization was done by means of a second-order
accurate four-stage (4,2) Runge-Kutta scheme with alpha coefficients (0.240, 0.375,
0.5, 1.0) and a max Courant limit of one, with artificial dissipation running on the
first stage. Time marching was done using a non-time-accurate method, as one is
interested in the steady state solution.

The converged solution of the initial condition run was used to initialize the
domain for the intermediate run. For the intermediate run, some of the boundary

1The formation of shockwaves does not negatively affect the upstream recorded signal as one
has a sonic condition at the throat preventing the travel of flow features upstream. However, the
formation of shockwaves negatively impacts the computation time by reducing the allowable time
step.
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Figure 2.5: Mach field of numerical domain resulting from intermediate run ac-
companied by the Mach profile along the symmetry line (Mu ≈ 0.2).

conditions are altered. For instance, the constant inflow boundary conditions im-
posed on the left bounds of blocks B3 and B5 are replaced by non-reflective boundary
conditions to imitate anechoic terminations [Note that removing inflow boundary
conditions does not halt flow in the numerical domain as EIA makes use of the
Euler equations which are lossless]. Furthermore, the pressure relief wall conditions
applied to the upper and lower bounds of block B3 are replaced with symmetry
& wall symmetry boundary conditions. The intermediate run was matched to full
convergence using the same numerical methods as used for the initial condition run.

The flow field resulting from the intermediate run and the associated Mach profile
along the symmetry line is shown in Fig. 2.5. One notes that the upstream chamber
is uniform and has a Mach number Mu ≈ 0.2.

2.4.3 Entropy-patch choked-nozzle interaction simulations

In this section, the computational procedure used to carry out ECNI runs is dis-
cussed. Additionally, the most important aspects of entropy-patch generation are
expanded upon.

The ECNI run uses the flow field resulting from the intermediate run to initialize
the flow field, using the same boundary conditions. The differences between the
intermediate run and the ECNI run are as follows:

• The placement and use of a data-recording probe in the 1-D extraction region
at a distance 10S1 from the nozzle inlet. This pressure probe was set to record
density, pressure, velocity, and temperature.

• The numerical methods used to resolve the flow field. The ECNI run makes use
of a Roe-TVD scheme with a Van Leer limiter for spatial discretization. For
temporal discretization, a second-order accurate five-stage (5,2) Runge-Kutta
scheme with alpha coefficients (0.125, 0.1666, 0.375, 0.5, 1.0) with artificial
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dissipation set to run only on the first two stages. A time-accurate method
was used with a maximum Courant limit of two.

• The generation of entropy patches on top of the background flow. This is
expanded upon in the remainder of this subsection.

Figure 2.6: Entropy field showing fully mature entropy patches; entropy spot
(right), entropy block (left).

As mentioned above, entropy patches were generated using the QE term in Eq.
2.35. In EIA, this is done by means of direct energy injection around a moving
reference point [the reference point is normally set to move with background flow]
with a local distribution of QE in the energy balance equation, which influences
local entropy generation. One can generate two types of entropy patches: entropy
spots (circular patches) and blocks (rectangular slug-like patches). For both these
patches we identify a characteristic streamwise length scale, see Fig. 2.6. In the
case of an entropy spot it is the radius of the spot Rs, and for an entropy block it
is the half-width of the block Ws.

QE is defined as a function of the generation amplitude Agen and the distance
from the center of the generation region ζ in the direction of the length scale. For
entropy spots the source term is defined as follows:

QE =


Agen

2

(
1 + cos

(
π ζ

Rs

))
if ζ ∈ [0, Rs]

0 ∀ ζ /∈ [0, Rs]
(2.36)

and for entropy blocks the source term is

QE =


Agen cos

(
π
2

ζ
Ws

)2
if ζ ∈ [0,Ws]|[Bl, Bu]

0 ∀ ζ /∈ [0,Ws]|[Bl, Bu]

(2.37)

where Bl and Bu are the lower and upper bounds of the generation region. The
generation amplitude is time-dependent and is defined as follows:
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Agen =



Amax

2

(
1− cos

(
πt

τstart

))
if t ∈ [0, τstart],

Amax if t ∈ (τstart, τstart + τmax]

Amax

2

(
1 + cos

(
π(t−(τstart+τmax))

τend

))
if t ∈ (τstart + τmax, τstart + τmax + τend]

0 if t ∈ (τstart + τmax + τend, tend)

(2.38)
where t is the time, Amax the maximum generation amplitude, τstart the ramp-up
time of entropy generation, τmax the generation time at max amplitude, and τend
the wind-down time. Note that Rs, Ws, Bu, Bl, Amax, τstart, τmax, τend are user-set
variables.

All entropy patches (spots and blocks) used for the current study were generated
with the same Agen/Amax profile; viz., τstart = τend = 6 s and τmax = 3 s. Entropy
spots were generated with their reference point moving along the symmetry line.
The entropy blocks were generated with their upper and lower bounds coinciding
with the upper and lower bounds on the numerical domain. Furthermore, it was
ensured that the entropy patches were fully mature before they left the generation
block B3 such that there was no overlap between the pressure perturbations due to
entropy generation and entropy-patch choked-nozzle interaction.

2.5 Results & discussion

2.5.1 Use of reduced-order models for scaling analysis

Matching-condition model-based scaling

The matching-condition model requires the relative excess density (ρ′e/ρu) of the
entropy patch. In the cases considered here, entropy patches have an excess den-
sity ρ′e < 0. The relative excess density was approximated as follows: (ρ′e/ρu) ≃
−|ρ′e/ρu|max.

For each simulation |ρ′e/ρu|max is determined using an EIA functionality devel-
oped by Elbakly [33]. Its value is then substituted in Eq. 2.13 to determine p′matching,
which is then used to scale the simulation results. This was done to determine if
the generated upstream acoustic response is due to a quasi-steady mechanism. I.e.,
it was, on a case-by-case basis, used to establish whether or not the ECNI results
were in the matching-condition modeling regime.

Inertial model based scaling

The convective acceleration u(du/dx), needed as an input for the inertial model,
was extracted along the symmetry line from the flow field established during the in-
termediate run. Using u(du/dx), we determined the dimensionless upstream acous-
tic response |p′u|S3

1/(meU
2
u) as a function of dimensionless sound-source location

(xs−xth)/Lc in the convergent part of the quasi-1-D nozzle (see Fig. 2.7). One notes
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Figure 2.7: Dimensionless upstream observed acoustic response |p′u|S3
1/(meU

2
u)

obtained from the inertial model (right axis) and Mach number M along the sym-
metry line (left axis) as a function of the dimensionless source position (xs−xth)/Lc

in the convergent part of the nozzle.

that there is a maximum in dimensionless acoustic response at (xs − xth) = 0.32Lc.
Going forward, we will refer to this predicted maximum amplitude as p′inertial. For a
fixed nozzle geometry, which we consider here, p′inertial is determined by the excess
mass me carried by the entropy patch. Thus, one can estimate the p′inertial for a
given simulation by extracting me. This is done using a purposely developed EIA
functionality [33]. Note that EIA is a planer 2-D code meaning that the value of
the excess mass obtained from it me,EIA is in kg ·m−1 and should be scaled by the
depth of the computational domain (Fig. 2.1), me = 2S1me,EIA, to be used in the
inertial model.

To determine whether the upstream acoustic-response amplitude |p′u| resulting
from an ECNI run is due to the acceleration of the patch, it is scaled by p′inertial. In
other words, |p′u|/p′inertial is computed for each ECNI run to determine whether or
not the relevant sound-production mechanism is in the inertial modeling regime.

2.5.2 Determination of the modeling regimes: Effect of en-
tropy patch shape and size on the upstream acoustic
response scaled by reduced-order models

To judge whether or not it is essential to model acceleration explicitly for sound
production in a given ECNI run, a series of numerical simulations were executed
to record the upstream acoustic response due to entropy-patch-coked-nozzle inter-
action. Entropy patches with a dimensionless streamwise length scales Ls/S2 ∈
{0.15, 0.3, 0.6, 1.5, 3.0, 4.5, 6.0, 7.5, 9.0, 12.0} were considered, where Ls is the radius
Rs for spots and half-width Ws for blocks. The results analyzed in this sub-
section were generated using the same maximum generation amplitude Amax =
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0.03 W ·m−3. We note that the effect of amplitude was investigated as well; the
results of that study are discussed in §2.5.3.

In Fig. 2.8, the scaled maximum upstream acoustic response obtained from
numerical simulations is plotted as a function of the dimensionless streamwise length
scale of the patch Ls/S2, where S2 is half the nozzle-throat height. In black (filled
squares/circles): the maximum upstream acoustic response p′max scaled by p′inertial
(left-hand vertical axis). In red (unfilled squares/circles): the maximum upstream
acoustic response p′max scaled by p′matching (right-hand vertical axis). Entropy spots
and blocks are represented as circles and squares respectively.

Two modeling regimes can be identified in Fig. 2.8; viz., the inertial-modeling
regime for Ls/S2 ≤ 1 and the matching-condition modeling regime for Ls/S2 > 1.
Indeed, asymptotic behavior is observed in both cases.

That said, in the case of the matching-condition model entropy blocks compared
to entropy spots seem, generally speaking, to be better captured by the model.
Conversely, in the case of the inertial model entropy spots seem to a have better
representation by the model. We conjuncture that in the case of the matching-
condition model this is due to the reduction of the domain to a 1-D line, hence
variations in geometry are not captured. For the inertial model it is hypothesized
that this difference is due to an entropy patch being considered a point particle
during the derivation (Eq. 2.29), for which entropy spots are a better representation.

10-1 100 101

Ls=S2

0

0.5

1

1.5

p
0 m

ax
=p

0 in
er

ti
al

0

0.5

1

1.5

p
0 m

ax
=p

0 m
at

ch
in

g

Spot inerital model scaled
Block inertial model scaled

Spot matching-condition model scaled
Block matching-condition model scaled

Figure 2.8: The maximum upstream acoustic response due to entropy-patch
choked nozzle interaction obtained from numerical simulations p′max scaled by the
inertial model p′inertial (left axis) and the matching condition model p′matching (right
axis) as a function of dimensionless streamwise length scale Ls/S2, where Ls = Rs

for entropy spots and Ls = Ws for entropy blocks.

These results confirm the preliminary results presented by Kowalski et al. [30]
with regard to the existence of two distinct modeling regimes; viz., a matching
condition modeling regime and an inertial modeling regime. Moreover, the blended-
effects regime, where both matching conditions and inertial effects play a role in the
production of an upstream acoustic, posited by Kowalski et al. [30] remains a viable
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hypothesis.
However, here we identified and demonstrated, for the first time, that Ls/S2 is an

apt dimensionless order parameter. Indeed, Ls/S2 indubitably allows one to identify
by their asymptotes the two matching and inertial regimes. Moreover, this order
parameter points to the fact that the size of the entropy patch relative to the throat
height is the dominant feature in determining which modeling regime is applicable.
E.g., one can confidently assert that for Ls/S2 ≥ 1, in which case the entropy patch
fully occupies the nozzle throat and thus fully changes the thermodynamic state of
in nozzle throat: quasi-steady matching condition modeling applies. Whereas, if the
entropy patch does not fully occupy the nozzle throat and the force exerted by the
walls of the nozzle due to the acceleration of an entropy patch dominates, one falls
under the inertial modeling regime. i.e., Ls/S2 allows one to unambiguously identify
these two fundamentally different sound production mechanisms.

We note that both modeling regimes rely on linearization. I.e., there is a caveat:
the above holds provided non-linear effects can be neglected. In the following subsec-
tion, we establish the limits of linearization as a viable modeling strategy by means
of a relevant dimensionless order parameter dubbed the entropy-patch strength.

2.5.3 Determining limits of linearized modeling: Effect of
entropy-patch strength on upstream acoustic response
prediction by reduced-order models

To investigate linearization as a viable modeling strategy, a series of numerical sim-
ulations were performed using entropy patches with different strengths e′e/eu, where
eu is the area-specific total energy of the upstream channel defined as

eu ≡ ρu

(
cvTu +

1

2
u2
u

)
(2.39)

and e′e is the area-specific perturbation energy of the entropy patch. We note that
entropy patches are generated using energy injection at a (moving) point into the
main flow. This allows one to define e′e as the total energy injected during entropy-
patch generation scaled by the area of the entropy patch:

e′e =
1

Ae

∫∫
QE(ζ, t) dA dt. (2.40)

With that in mind, two sets of six ECNI runs were executed respectively in the
inertial modeling regime with Ls/S2 = 0.3 and matching condition modeling regime
with Ls/S2 = 9.0. Entropy blocks were used given that the shape of the entropy
patch has a negligible effect on the applicable modeling regime. For each regime
simulations were carried out with e′e/eu ∈ {0.07, 0.30, 3.00, 14.95, 29.90, 89.71}.

The results of these sets of simulations are shown in Fig. 3.1. In Fig. 2.9(a) p′max

for Ls/S2 ≤ 1 (inertial modeling regime) are scaled by p′inertial and in Fig. 2.9(b)
p′max obtained for Ls/S2 > 1 (matching condition modeling regime) by p′matching. One
clearly sees that in both cases for e′e/eu ≲ 1 a horizontal asymptote is found. One
deduces that for e′e/eu ≲ 1 linearization is an apt modeling strategy.
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Figure 2.9: The maximum upstream acoustic response due to entropy-patch
choked nozzle interaction obtained from numerical simulations p′max scaled by the
inertial model p′inertial (Fig. 2.9(a)) and the matching condition model p′matching (Fig.
2.9(b)) as a function of the ratio of area-specific perturbation energy of the entropy
patch to the area-specific total energy of the upstream channel e′e/eu.

Furthermore, in both cases the scaled acoustic response approaches a vertical
asymptote at e′e/eu ≈ 102. This vertical asymptote is due to the fact that a physical
limit of the system is reached; viz., where one approaches an entropy patch with
zero density. One can show this by rewriting e′e/eu in terms of the upstream density
and the entropy-patch density perturbation as follows (for a detailed derivation refer
to Appendix A.6):

e′e
eu

=

[
2

γ(γ − 1)M2
u

+ 1

]
ρ′e
ρu

(2.41)

Given that our system has an upstream Mach number of Mu ≈ 0.2 and a specific
heat ratio γ = 1.4 one finds e′e/eu ≈ 90 ρ′e/ρu. With that in mind, one notes that
e′e/eu ≈ 90 is possible when the ρ′e/ρu = ρe/ρu − 1 = 1. However, in our ECNI runs
ρ′e < 0. Thus, ρe would have to be zero which is not possible.

These results show that both the matching condition model and the inertial
model are only valid for weak entropy patches e′e/eu ≲ 1. We note that both models
rely on linearization as an essential modeling ingredient. I.e., for e′e/eu ≲ 1 we are in
what we will call a linear-modeling regime. Here we have ineluctably demonstrated
that there are clear limits to the pertinent use of linear modeling. Indeed, for
strong patches e′e/eu > 1 neither linear model provides adequate scaling, to wit,
nonlinearity is essential.

2.6 Conclusion
A systematic numerical simulation study of entropy-patch choked-nozzle interaction
was carried out. The results were analyzed by considering linear reduced-order
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model-based scaling. This has allowed us to unambiguously confirm the existence
of two modeling regimes, to wit, the inertial and (quasi-steady) matching-condition
modeling regimes. We have established that the dimensionless order parameter that
allows one to determine which modeling regime applies is Ls/S2 (the streamwise
length scale divided by half the nozzle throat height). Indeed, our analysis shows
that for Ls/S2 ≤ 1 one finds oneself in the inertial modeling regime, where convective
acceleration, which is determined by the nozzle shape, is essential to modeling sound
production. For Ls/S2 > 1, the sound production mechanism is in what we have
termed the matching-condition modeling regime, where a quasi-steady modeling
approach is apt. Sound is produced by changing the thermodynamic state at the
choked-nozzle throat. Moreover, specifics of nozzle shape such as radius of curvature,
are irrelevant to the matching-condition model as it only relies on the contraction
ratio which determines the upstream Mach number.

Two types of entropy patches were considered: circular spots and rectangular
(slug-like) blocks. Our results show that the exact shape of the entropy patch has
only a marginal effect on the applicable modeling regime needed to study the acoustic
response due to entropy-patch choked-nozzle interaction.

We have, in addition, established, by means of a dimensionless order parameter,
which we call the entropy-patch strength e′e/eu, that there are clear limits to the
applicability of linearization as a modeling strategy. Indeed, we determined that for
e′e/eu > 1 nonlinearity is essential for the description of entropy noise.
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Chapter 3

Entropy-patch choked-nozzle
interaction: Effects of nozzle
convergent geometry on scaled
upstream acoustic response

3.1 Introduction
In Chapter 2 we established the modeling regimes and limits of linearization based
on patch characteristics, this chapter focuses on elucidating the role of the nozzle’s
convergent geometry on sound production.

In particular, we systematically investigate the influence of key geometric param-
eters of the nozzle inlet. Using EIA, we quantify how variations in nozzle convergent
geometry affect the observed upstream acoustic response. The simulation results
are scaled and interpreted using the reduced-order models introduced previously,
namely, the matching-condition and inertial models, allowing for an assessment of
their predictive accuracy across different nozzle configurations.

By doing so, this chapter advances our understanding of how nozzle design in-
fluences entropy noise generation mechanisms. These insights are essential for the
development of effective noise-mitigation strategies in modern combustion systems,
where nozzle geometry can be optimized not only for performance but also for acous-
tic behavior.

3.2 General approach
To investigate the influence of a nozzle’s convergent geometry on the scaled upstream
acoustic response, numerical simulations were conducted using the EIA [32]. The
pressure pulsations arising from the interaction between entropy patches and the
choked nozzle were extracted from the simulations and subsequently scaled using
two reduced-order models: the matching-condition model and the inertial model, as
detailed in §2.3.

The computational domain employed in these simulations is consistent with that

21



described in §2.2, comprising a nozzle with a throat height of 2S2 and a depth of
2S1, connected to an upstream chamber with both height and depth equal to 2S1.

3.3 Computational procedure
The computational procedure follows the general approach detailed in §2.4, with
minor modifications to accommodate changes in the convergent nozzle geometry.
Despite these modifications, the procedure still adheres to the following three-step
process:

1. Generation of a computational mesh.

2. Establishment of a steady choked-nozzle base flow.

3. Execution of unsteady entropy-patch–choked-nozzle interaction (ECNI) simu-
lations.

3.3.1 Mesh Generation

This section outlines the mesh generation process for the convergent-divergent nozzle
configurations used in the present study.

The numerical domain employs the same multi-block configuration as described
previously (see Figure 2.4). The upstream channel is defined by Block B3, with a
height of S1 = 1 m, where entropy patches are generated and convected downstream.
Block B2 serves as a transition zone to reduce cell stretching and skewness as it
connects to Block B1, which forms the convergent section of the nozzle (i.e., the
nozzle inlet). Downstream of the convergent section, Block B4 functions as the
diffuser.

For the present study, meshes were generated using a base resolution of 30 points
per entropy patch length scale. This resolution ensures a total discretization error of
2.2%, with an observed order of accuracy of 1.9, measured at a distance of 42Rs/Ws

from the nozzle inlet (see Appendix B.1).
The primary modification in mesh generation concerns the geometry of Block B1.

In the previous configuration (§2.4.1), the nozzle convergent geometry was fixed with
a contraction ratio Cr = S1/S2 = 3 and a length ratio Lr = Lc/S1 = 1/2, were the
profile was defined using a Henrici transform [41], as implemented by Hirschberg [34].

In this study, the nozzle convergent geometry was instead defined using a poly-
nomial function to explore its influence on the upstream acoustic response resulting
from entropy-patch choked-nozzle interactions. The convergent profile is given by:

S(x)

S1

=
1

Cr

+

(
1− 1

Cr

)(
1− x

LrS1

)N

(3.1)

As shown in Equation (3.1), given that the upstream channel height remains
constant at S1. The shape of the convergent section is governed by three parameters:
the contraction ratio Cr, the length ratio Lr, and the profile degree N .
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Figure 3.1: Nozzle convergent profiles used for investigating the effects of nozzle
parameters on the upstream acoustic response due to entropy-patch choked-nozzle
interaction.

To examine the effect of each parameter on the upstream acoustic response, a
parametric study was conducted in which one parameter was varied while the others
were held constant:

• The effect of length ratio was investigated using geometries with Lr ∈ {0.5, 1, 2, 3, 5}
at fixed Cr = 3 and N = 3 (see Figure 3.1(a)).

• The effect of the profile degree was studied using N ∈ {2, 3, 4, 8} at Cr = 3
and Lr = 0.5 (see Figure 3.1(b)).

• The effect of contraction ratio was assessed with:

– Cr ∈ {1.25, 1.5, 3, 5, 7} at Lr = 2 and N = 3 (see Figure 3.1(c)).

– Cr ∈ {1.25, 1.5, 2, 3, 7} at Lr = 1 and N = 3 (see Figure 3.1(d)).
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3.3.2 Establishing choked-nozzle base flow

The choked-nozzle base flow, which is used to initialize the flow field for the unsteady
ECNI simulation, is established as described in §2.4.2. As outlined previously, an
initial condition run is performed to establish a choked-nozzle flow, followed by an
intermediate run to homogenize the flow field and ensure that transients from the
changing boundary conditions between the initial condition run and the ECNI run
are dissipated.

It is important to note that in this chapter, we are working with nozzle ge-
ometries that have varying contraction ratios. Therefore, the initial condition for
the upstream blocks and the inflow boundary condition at the upstream bound-
aries must be adjusted to set the appropriate velocity required to achieve a choked-
nozzle flow Udes. The Udes values required to achieve choked-nozzle flow for Cr ∈
{1.25, 1.5, 2, 3, 5, 7} are Udes ∈ {0.46, 0.39, 0.29, 0.19, 0.12, 0.08} m · s−1, respectively
(see Appendix A.5).

The discretization methods used are consistent with those described earlier. Both
the initial condition and intermediate runs employ a Roe-TVD scheme with a Van
Leer limiter for spatial discretization. Temporal discretization is performed using a
second-order accurate, four-stage (4,2) Runge-Kutta scheme with alpha coefficients
of (0.240, 0.375, 0.5, 1.0), and a maximum Courant limit of 1.0. Artificial dissipation
is applied during the first stage. Time marching is carried out using a non-time-
accurate method, as the focus is on obtaining the steady-state solution.

3.3.3 Entropy-patch choked-nozzle interaction simulations

For the ECNI runs, the same procedure is followed as outlined in §2.4.3. However,
special attention must be given to the generation of entropy patches.

In this study, entropy blocks with a streamwise length scale Ls ∈ {0.2, 4.0} m
are used for the nozzle length ratio study (§3.4.1) and nozzle degree study (§3.4.2),
corresponding to a dimensionless streamwise length scale of Ls/S2 ∈ {0.6, 12}, re-
spectively. For the nozzle contraction ratio study (§3.4.3), entropy blocks with a
streamwise length scale Ls ∈ {0.2, 4.0} m are also used. Specifically, entropy blocks
with Ls = 0.2 m were used for nozzle configurations with Cr ∈ {1.25, 1.5, 3, 5, 7},
resulting in Ls/S2 ∈ {0.25, 0.3, 0.6, 1, 1.4}. Entropy blocks with Ls = 4.0 m were
used for nozzle configurations with Cr ∈ {1.25, 1.5, 2, 3, 7}, corresponding to Ls/S2 ∈
{5.0, 6.0, 8.0, 12.0, 28.0}.

For the nozzle-inlet length ratio study (§3.4.1) and nozzle degree study (§3.4.2),
entropy blocks were generated with τstart = τend = 6 s and τmax = 3 s at Amax =
0.03 W ·m−3. For the nozzle contraction ratio study (§3.4.3), some of the entropy
blocks with Ls = 4.0 m were generated with different time scales. This was necessary
as the blocks convected with the flow at different velocities, which are dependent on
the contraction ratio. These adjustments ensured that all entropy blocks were fully
mature as they approached the nozzle inlet.

Additionally, for the nozzle contraction ratio study (§3.4.3), it is important to
note that using the same entropy generation profile for runs with varying contrac-
tion ratios would result in entropy blocks with different relative excess density/excess
mass. This is due to the flow field of the intermediate run converging to different
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Ls

[m]
Cr

[-]
Amax

[W ·m−3]
τstart
[s]

τmax

[s]
τend
[s]

0.2

1.25 4.20e-3 6.0 3.0 6.0
1.50 4.09e-3 6.0 3.0 6.0
3.00 4.00e-3 6.0 3.0 6.0
5.00 3.99e-3 6.0 3.0 6.0
7.00 3.98e-3 6.0 3.0 6.0

4.0

1.25 4.65e-3 1.0 2.0 1.0
1.50 2.15e-3 3.5 3.0 3.5
2.00 1.64e-3 5.0 3.5 5.0
3.00 1.55e-3 6.0 3.0 6.0
7.00 1.54e-3 6.0 3.0 6.0

Table 3.1: Entropy block generation settings used for the contraction ratio study
(§3.4.3)

equilibria depending on the contraction ratio of the system. Therefore, special care
was taken to generate entropy blocks with Ls = 4.0 m that had the same excess den-
sity ratio (ρ′e/ρu), as these results were scaled using the matching-condition model.
Furthermore, entropy blocks with Ls = 0.2 m were generated to have the same
excess mass (me), as their results were scaled using the inertial model.

The settings used to generate entropy patches that fulfill the requirements men-
tioned above are provided in Table 3.1. For details on how these values were ob-
tained, the reader is referred to §A.7.

3.4 Results & discussion

3.4.1 Effect of nozzle-inlet length ratio on the upstream acous-
tic response

In this section, an investigation of the effects of the nozzle’s length ratio on the
inertial and matching-condition models predictive quality is carried out. To this
end, numerical simulations were performed using nozzles with Cr = 3 and N = 3,
at length ratios Lr ∈ {0.5, 1, 2, 3, 5}.

From the intermediate runs, the convective acceleration term u(du/dx) along
the nozzle symmetry line was extracted and used as input for the inertial model.
The resulting dimensionless upstream acoustic response, defined as |p′u|S3

1/(meU
2
u),

is plotted as a function of the dimensionless sound-source location (xs − xth)/Lc

within the convergent portion of the nozzle for different values of Lr in Figure 3.2.
As shown in Figure 3.2, nozzles with a lower contraction length ratio Lr exhibit,

overall, higher levels of sound production. This behavior is expected, as the inertial
model attributes sound generation to the acceleration of fluid elements through the
nozzle. Since all nozzles begin with the same inlet Mach number and reach Mach
1 at the throat, a lower Lr means the flow must accelerate more rapidly over a
shorter distance, resulting in stronger convective acceleration and thus more sound
production.
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obtained from the inertial model as a function of the dimensionless source position
(xs − xth)/Lc for nozzles with Cr = 3 and N = 3 for Lr ∈ {0.5, 1, 2, 3, 5}.

Furthermore, it should be noted that for Lr ∈ {2, 3, 5} we observe a maxima
in the dimensionless upstream acoustic response at (xs − xth)/Lc = −0.4 while for
Lr ∈ {0.5, 1} this maxima shifts to (xs − xth)/Lc ∈ {−0.32, −0.36}, respectively.
It is hypothesized that this shift is due to a rise in the significance of centripetal
acceleration. This can be seen by considering the mechanisms of acceleration in
the nozzle. The first of which is the acceleration due to the change of the height
of the nozzle, which is proportional to the change of height of the nozzle [35, 42].
The second mechanism of acceleration is due to the centripetal acceleration, which
is proportional to the height of the nozzle over the radius of curvature of the nozzle
profile (ac ∼ S/R) [35, 43]. Using this one finds that for nozzles with Lr ∈ {2, 3, 5}
have max(ac) < 1 while nozzles with Lr ∈ {0.5, 1} have max(ac) > 1, showing an
increase in significance of the centripetal acceleration.

To check the influence of the nozzle-inlet length ratio on the predictive quality
of the inertial model, blocks with Ls/S2 = 0.6 were used to run entropy-patch
choked-nozzle simulations. The recorded upstream pressure response obtained from
EIA was scaled using the maximum of the predicted acoustic response as previously
discussed in §2.5.1. The results can be seen in Figure 3.3, the maximum upstream
acoustic response obtained from numerical simulations p′max scaled by the inertial
model p′inertial is plotted as a function of the dimensionless streamwise length scale
of the patch 10Ls/Lc, where Lc is the length of the nozzle convergent.

As can be seen in Figure 3.3, one observes asymptotic behavior for 10Ls/Lc < 1,
or more generally, when Ls/Lc ≪ 1. This brings into light a new dimensionless
parameter that strongly influences the predictive quality of the inertial model. Not
only is the streamwise length scale of the entropy patch relative to the height of the
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Figure 3.3: The maximum upstream acoustic response due to entropy-patch
choked nozzle interaction obtained from numerical simulations p′max scaled by the
inertial model p′inertial as a function of dimensionless length scale 10Ls/Lc for blocks
with Ls/S2 = 0.6

nozzle throat relevant for determining the predictive quality of the inertial model,
as discussed in the previous chapter, but also the streamwise length scale of the
entropy patch relative to the nozzle contraction length. The effect of the streamwise
length scale of the entropy patch relative to the nozzle contraction length on the
inertial model can be attributed to two system properties:

1. During the derivation of the inertial model, entropy patches are considered to
be point particles, which is a good approximation for entropy patches with
Ls/Lc ≪ 1.

2. The inertial model is based on quasi-1D theory, in which it is assumed that
the rate of change of the nozzle height is considered to be very small [35, 43].

Given that all nozzles in this study have the same contraction ratio with varying
length ratios, nozzles with a higher Lr have a lower rate of change of the nozzle
height. The effect of the rate of change of the nozzle height will be further expanded
upon in §3.4.2.

To investigate the effect of the nozzle-inlet length ratio on the matching-condition
model’s predictive quality, blocks with Ls/S2 = 12 were used to run entropy-patch
choked-nozzle simulations. The recorded upstream pressure response obtained from
EIA was scaled using the matching-condition model as previously discussed in §2.5.1.
The results can be seen in Figure 3.3, the maximum upstream acoustic response
obtained from numerical simulations p′max scaled by the matching-condition model
p′matching is plotted as a function of the dimensionless streamwise length scale of the
patch (Ls/Lc), where Lc is the length of the nozzle contraction.
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Figure 3.4: The maximum upstream acoustic response due to entropy-patch
choked nozzle interaction obtained from numerical simulations p′max scaled by the
matching-condition model p′matching as a function of dimensionless length scale Ls/2Lc

for blocks with Ls/S2 = 12

In contrast to the inertial model, one observes asymptotic behavior for entropy
patches with a dimensionless streamwise length scale Ls/2Lc > 1 (in a more general
form Ls/Lc > 1). This shows that the length scale of the entropy patch relative
to the nozzle contraction length is a determining factor for the predictive quality
of the matching-condition model, as it is for the inertial model. The relevance of
the streamwise length scale of the entropy patch relative to the nozzle contraction
length is most probably from the matching condition model, reducing the domain
to a 1-D line where the nozzle acts as a discontinuity with a matching condition for
the upstream and downstream domains. Given Ls/S2 > 1 for entropy patches with
Ls/Lc > 1, the nozzle presents itself as a discontinuity relative to the entropy patch.

These findings indicate that for one to fall within the asymptotic region of the
inertial modeling regime, the entropy patch must possess not only Ls/S2 < 1 but
also Ls/Lc ≪ 1. Conversely, for one to fall within the asymptotic domain of
the matching-condition modeling regime, the entropy patch must possess not only
Ls/S2 > 1 but also Ls/Lc > 1.

3.4.2 Effect of nozzle contraction shape on the upstream acous-
tic response

In this section, a study of the effect of the nozzle contraction shape on the inertial
and matching-condition models’ predictive quality is reported. The study was done
by running numerical simulations on nozzles with N ∈ {2, 3, 4, 8} at Lr = 0.5 and
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Figure 3.5: (a) Dimensionless upstream observed acoustic response |p′u|S3
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obtained from the inertial model as a function of the dimensionless source position
(xs − xth)/Lc for nozzles with Lr = 0.5 and Cr = 3 for N ∈ {2, 3, 4, 8}. (b) Mag-
nitude of centripetal acceleration (S/R) as a function of the dimensionless position
(x− xth)/Lc for nozzles with Lr = 0.5 and Cr = 3 for N ∈ {2, 3, 4, 8}.

Cr = 3, where the recorded upstream acoustic response is scaled by the prediction of
the inertial model or the matching-condition model, depending on which modeling
regime one falls under. The nozzles used for this study can be seen in Figure 3.1(b).

As previously done, the convective acceleration from the intermediate run was
used as an input for the inertial model. The dimensionless upstream acoustic re-
sponse |p′u|S3

1/(meU
2
u) as a function of dimensionless sound-source location (xs −

xth)/Lc in the convergent part of the nozzle for varying N can be seen in Fig-
ure 3.5(a). As can be seen in Figure 3.5(a), the maxima of the inertial model move
closer to the inlet of the nozzle as N increases. It is proposed that this change is
due to the point of highest centripetal acceleration (hence the smallest radius of
curvature) moving closer to the nozzle inlet. This can be seen by taking S/R (a
measure of the centripetal acceleration [35, 43]) along the nozzle convergent profile
Figure 3.5(b). Furthermore, it should be noted that the location of maximum sound
production given by the inertial model converges to the location of maximum cen-
tripetal acceleration for nozzles with a high value for N , as centripetal acceleration
becomes a dominant acceleration mechanism.

To check the effect of the nozzle shape on the inertial model’s predictive quality,
entropy blocks with Ls/S2 = 0.6 and 10Ls/Lc = 3 were used to run entropy-patch
choked-nozzle simulations. The recorded upstream pressure response obtained from
EIA was scaled using the maximum of the predicted acoustic response provided
by the inertial model, as previously done. The results can be seen in Figure 3.6
were the maximum upstream acoustic response due to entropy-patch choked-nozzle
interaction obtained from numerical simulations p′max scaled by the inertial model
p′inertial is plotted as a function of the quasi-1D parameter max( S

R
dS
dx
). Data points

with a higher max( S
R

dS
dx
) correlate to a higher N .

As can be seen in Figure 3.6, the inertial model provides a better prediction
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Figure 3.6: The maximum upstream acoustic response due to entropy-patch
choked-nozzle interaction obtained from numerical simulations p′max scaled by the
inertial model p′inertial as a function of the quasi-1D parameter max( S

R
dS
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) for blocks

with Ls/S2 = 0.6 and 10Ls/Lc = 3

for nozzle convergent profiles with a lower max( S
R

dS
dx
). Moreover, it can be seen

that asymptotic behavior is observed for max( S
R

dS
dx
) ≤ 1. This is expected as the

derivation of the inertial model assumes a quasi-1D flow profile for the nozzle. A
quasi-1D flow profile refers to a flow configuration where flow variables vary primarily
along one spatial direction. Both Thompson and Crocco state that for the quasi-1D
condition to be met, the nozzle profile must satisfy two conditions: S/R ≪ 1 and
dS/dx ≪ 1 [35, 43]. However, as can be seen in Figure 3.6, in the case of the inertial
modeling regime that there is an interplay between both conditions. Meaning that
if one of the conditions is of order one and the other of an order of magnitude less,
one can still apply quasi-1D flow approximations.

To check the effect of the nozzle convergent shape on the matching-condition
model’s predictive quality, entropy blocks with Ls/S2 = 12 and Ls/2Lc = 4 were
used to run the entropy-patch choked-nozzle simulations. The recorded upstream
pressure response obtained from EIA was scaled using the matching-condition model.
The results can be seen in Figure 3.7, where the maximum upstream acoustic re-
sponse due to entropy-patch choked-nozzle interaction obtained from numerical sim-
ulations p′max scaled by the matching-condition model p′matching is plotted as a func-
tion of the quasi-1D parameter max( S

R
dS
dx
). The results show that as the quasi-1D

decreases, the predictive accuracy of the matching-condition model increases. Con-
versely, it seems that one approaches an asymptote for max( S

R
dS
dx
) > 1 which would

make sense as the matching condition model assumes a 1D domain where the nozzle
is a discontinuity. It should be realized that the numerical results have a 2% error,
meaning all of the data points fall within the same error range.
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Figure 3.7: The maximum upstream acoustic response due to entropy-patch
choked-nozzle interaction obtained from numerical simulations p′max scaled by
the matching-condition model p′matching as a function of the quasi-1D parameter
max( S

R
dS
dx
) for blocks with Ls/S2 = 12 and Ls/2Lc = 4

These results show that, given an entropy patch in the matching-condition regime
(Ls/S2 > 1 and Ls/Lc > 1), the shape of the nozzle convergent has negligible to
no effect on the predictive quality of the matching-condition modeling approach for
the prediction of the upstream acoustic response due to entropy-patch choked-nozzle
interaction. However, for the inertial model, it seems that profiles with a quasi-1D
profile (max( S

R
dS
dx
) < 1) yield a better result.

3.4.3 Effect of nozzle contraction ratio on the upstream acous-
tic response

In this section, the effect of the contraction ratio on the inertial and the matching-
condition models predictive quality is investigated. For the inertial modeling regime,
computations were run using nozzle convergent geometries with Lr = 2 and N = 3
for Cr ∈ {1.25, 1.5, 3, 5, 7}.

The convective acceleration from the intermediate run was used as an input for
the inertial model. The dimensionless upstream acoustic response |p′u|S3

1/(meU
2
u) as

a function of dimensionless sound-source location (xs − xth)/Lc in the convergent
part of the nozzle for varying N can be seen in Figure 3.8. As can be seen in Fig-
ure 3.8, as the contraction ratio of the nozzle increases, the maximum dimensionless
upstream acoustic response increases exponentially, and the location of that maxima
moves closer to the nozzle throat. The global increase of the dimensionless upstream
acoustic response can be attributed to the Mach profile of the nozzle convergent. As
can be seen in Figure 3.9(a), nozzles with a higher contraction ratio have a lower
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obtained from the inertial model as a function of the dimensionless source position
(xs − xth)/Lc for nozzles with Lr = 3 and N = 3 at Cr ∈ {1.25, 1.5, 3, 5, 7}.

upstream Mach number, which is expected as one is dealing with choked nozzle flow
(Appendix A.5). Now consider the inertial model (Equation (2.30)), if one takes
the Mach number at the sound source (Ms) to be constant, the observed upstream
acoustic response increases as the upstream Mach number decreases, which is the
case for nozzles with higher contraction ratios. As for the shift of the maxima of
the observed upstream acoustic response closer to the nozzle throat, as well as the
local increase of the maxima, can be attributed to the increase of the convective
acceleration. As can be seen in Figure 3.9(b) as the contraction ratio of the noz-
zle increases, the maxima of the convective acceleration moves closer to the nozzle
throat. Moreover, the magnitude of the maxima increases as the contraction ratio
increases.

Entropy-patch choked-nozzle simulations were performed using entropy blocks
with a dimensionless streamwise length-scale 10Ls/Lc = 1. The recorded upstream
pressure response obtained from EIA was scaled using the inertial model. The results
can be seen in Figure 3.10, where the maximum upstream acoustic response due to
entropy-patch choked-nozzle interaction obtained from numerical simulations p′max

scaled by the inertial model p′inertial is plotted as a function of the dimensionless
streamwise length-scale Ls/S2. It can be seen that as Ls/S2 decreases, the scaled
acoustic response increases at an exponential rate. This shows a clear trend where
the inertial model underpredicts the magnitude of the acoustic response for small
entropy patches, which was not the case in the previous study in chapter 1. This
can only be attributed to the change of the upstream Mach number1. Note that the

1All entropy blocks were generated to have e′e/eu < 1 to ensure one falls under the linear
modeling regime
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Figure 3.9: (a) Mach number as a function of the dimensionless position (x −
xth)/Lc for nozzles with Lr = 2 and N = 3 at Cr ∈ {1.25, 1.5, 3, 5, 7}. (b)
Convective acceleration (u(du/dx)) as a function of the dimensionless position (x−
xth)/Lc for nozzles with Lr = 2 and N = 3 for Cr ∈ {1.25, 1.5, 3, 5, 7}.

dimensionless streamwise length-scale is varied by changing the contraction ratio
hence, Ls/S2 ∈ {0.25, 0.3, 0.6, 1, 1.4} correspond to upstream Mach numbers Mu ∈
{0.55, 0.43, 0.20, 0.12, 0.08} respectively. This brings into light the significance of
the upstream Mach number as entropy blocks that were previously in the asymptotic
range of the inertial modeling regime are no longer well predicted by the inertial
model.

For the matching-condition modeling regime, computations were run using noz-
zle convergent geometries with Lr = 1 and N = 3 for Cr ∈ {1.25, 1.5, 2, 3, 7}.
Entropy-patch choked-nozzle simulations were performed using entropy blocks with
a dimensionless streamwise length-scale Ls/2Lc = 2. The recorded upstream pres-
sure response obtained from EIA was scaled using the matching-condition model.
The results can be seen in Figure 3.10, where the maximum upstream acoustic
response due to entropy-patch choked-nozzle interaction obtained from numerical
simulations p′max scaled by the matching-condition model p′matching is plotted as a
function of the dimensionless streamwise length-scale Ls/S2. As can be seen in Fig-
ure 3.11, as the dimensionless streamwise length-scale Ls/S2 increases, the scaled
pressure response increases and reaches an asymptote at unity. From this, we reach
the same conclusion as in chapter 1, where one falls under the asymptotic region of
the matching-condition modeling regime for entropy patches with a dimensionless
streamwise length-scale Ls/S2 > 1. Note that the dimensionless streamwise length-
scale was varied by changing the contraction ratio hence, Ls/S2 ∈ {5, 6, 8, 12, 28}
correspond to upstream Mach numbers Mu ∈ {0.55, 0.43, 0.29, 0.20, 0.08} respec-
tively.

From these results it is observed that the inertial model fails to accurately predict
the acoustic response for entropy patches with dimensionless streamwise length-
scale Ls/S2 < 1, particularly at Ls/S2 ∈ {0.25, 0.3}, which correspond to higher
upstream Mach numbers Mu ∈ {0.55, 0.43}, respectively. This discrepancy suggests
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Figure 3.11: The maximum upstream acoustic response due to entropy-patch
choked-nozzle interaction obtained from numerical simulations p′max scaled by the
matching-condition model p′matching as a function of the dimensionless streamwise
length-scale Ls/S2 for blocks with Ls/2Lc = 2
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a limitation of the inertial model under these conditions, likely due to the increasing
influence of compressibility effects that are not adequately captured. It is therefore
hypothesized that the inertial model loses predictive quality for choked nozzle flows
with upstream Mach numbers greater than approximately Mu > 0.3. In contrast,
the matching-condition model is unaffected by high upstream Mach numbers and
shows good agreement with numerical results for larger entropy patches (Ls/S2 > 1),
where the response asymptotically approaches the model prediction.

3.5 Conclusion
This study examined the impact of nozzle geometry on the upstream acoustic re-
sponse resulting from entropy-patch choked-nozzle interactions, with particular fo-
cus on the predictive quality and behavior of the inertial and matching-condition
models. The analysis was carried out using both the inertial and matching-condition
reduced-order models to scale results from numerical simulations carried out using
EIA. Three geometric parameters were investigated:

1. Lr the nozzle-inlet length ratio.

2. N what we have called the degree of the nozzle (influences the contraction’s
shape).

3. The contraction ratio Cr.

For the contraction length ratio, it was found that as the length of the nozzle inlet
decreases (lowering Lr), the inertial model produces a stronger acoustic response
due to higher convective acceleration, a direct consequence of the need to reach
Mach 1 over a shorter distance. Additionally, the location of peak acoustic response
shifts depending on the relative significance of centripetal acceleration. The results
further revealed that for the inertial model to hold, the streamwise length scale of
the entropy patch must not only be small relative to the throat height (Ls/S2 < 1),
but also small relative to the nozzle contraction length (Ls/Lc ≪ 1). Conversely,
for the matching-condition model, predictive quality was achieved when the entropy
patch length scale was large compared to both the throat height and contraction
length (Ls/S2 > 1, Ls/Lc > 1), implying that the nozzle behaves effectively as a
geometric discontinuity in such cases.

In terms of the contraction shape, results demonstrated that increasing N (which
corresponds to sharper curvature and greater deviation from a quasi-1D profile)
causes the location of maximum acoustic response obtained from the inertial model
to move upstream. It was deduced that for these sharply curved inlets, centripetal
acceleration plays a non-negligible role. The inertial model’s predictive accuracy
was strongly affected by the degree to which the flow adhered to quasi-1D assump-
tions. Nozzles with lower values of the quasi-1D parameter max( S

R
dS
dx
) showed better

agreement with the model predictions, with asymptotic accuracy observed for val-
ues below unity. In contrast, the matching-condition model was shown to be largely
insensitive to changes in nozzle shape, reaffirming that in this regime the nozzle
effectively acts as a one-dimensional discontinuity.
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For the contraction ratio, it was found that increasing the contraction ratio leads
to a stronger acoustic response in the inertial model. This is primarily due to the
lower upstream Mach number and the increased convective acceleration near the
nozzle throat, both of which enhance sound generation in the inertial model. The
results further revealed that for the inertial model to accurately predict the acoustic
response resulting from entropy-patch choked-nozzle interaction, the upstream Mach
number must be low. When Mu > 0.3, a mismatch occurs between the inertial
model’s predictions and the actual acoustic response. The inertial model tends
to underestimate the response, which is likely due to compressible effects that the
inertial model does not capture. In contrast, for the matching-condition model,
the contraction ratio had a negligible effect on the predictive quality, provided the
entropy patch size was sufficiently large relative to the nozzle contraction.

In conclusion, the predictive quality and accuracy of both reduced-order mod-
eling approaches are strongly influenced by specific geometric parameters. For the
inertial model, where sound generation relies on the acceleration of an entropy patch
through the nozzle, the assumptions of quasi-1D flow and the relative length scale of
the patch are critical. In contrast, for the matching-condition (quasi-steady) model,
the nozzle shape has little impact as long as the entropy patch is sufficiently large
compared to the nozzle.
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Chapter 4

Conclusions

A comprehensive investigation into the mechanisms governing indirect noise gen-
eration due to entropy-patch choked-nozzle interaction was carried out. This was
achieved by combining two-dimensional Euler-based numerical simulations with scal-
ing analysis using reduced-order models.

In Chapter 2, the effect of an entropy patch’s size, shape, and strength on the
upstream acoustic response was investigated using a constant nozzle geometry. The
study revealed that the dimensionless streamwise length scale of the entropy patch
Ls/S2 serves as a critical order parameter for determining the dominant sound pro-
duction mechanism. For patches with Ls/S2 ≤ 1, one falls in the inertial modeling
regime, where the acceleration of an entropy patch through the nozzle is essential
for modeling entropy noise. In contrast, for larger entropy patches with Ls/S2 > 1,
one falls under the matching-condition modeling regime where sound production is
dominated by the modulation of thermodynamic state at the nozzle throat.

Two types of entropy patches were considered: circular spots and rectangular
(slug-like) blocks. The results indicate that the shape of the entropy patch does have
an effect on the predictive accuracy of the reduced-order models. The inertial model
provides a better prediction for entropy spots within the inertial modeling regime.
While the matching condition provides a better prediction for entropy blocks. How-
ever, it should be emphasized that the specific shape of the entropy patch has only
a marginal influence on the applicable modeling regime (sound production mecha-
nism).

A major outcome of Chapter 2 is the identification of the entropy-patch strength
parameter. The entropy-patch strength e′e/e

′
u is defined as the ratio of the perturba-

tion area specific energy due to the presence of an entropy patch relative to the total
upstream area specific energy. It was found that e′e/e

′
u acts as an order parameter

that can be used to differentiate between linear and non-linear modeling regimes.
For weak patches e′e/e′u ≲ 1, one falls under the linear modeling regime where mod-
eling using linearized models suffices. Beyond this threshold e′e/e

′
u > 1, nonlinear

effects dominate and the predictive accuracy of linearized models diminishes.
In Chapter 3, an investigation of how a nozzle’s geometry, particularly the con-

vergent, affects the upstream acoustic response at a constant entropy patch size.
Using geometrical parameters of the nozzle convergent, namely the contraction ra-
tio Cr = S1/S2, length ratio Lc/S1, and degree N (determines the inlet’s shape).
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The results revealed that the predictive accuracy of the reduced-order models
is subject to limiting conditions beyond which their performance becomes sensitive
to geometric parameters. For the inertial model, it was found that the streamwise
length scale of the entropy patch must be small relative to the nozzle convergent
length Ls/Lc ≪ 1. In contrast, the matching-condition model’s predictive accuracy
became independent of the nozzle geometry given that the entropy patch length
scale was large relative to the convergent length Ls/Lc > 1.

Furthermore, by varying the degree of the nozzle’s convergent, it was found that
the inertial model’s predictive accuracy was affected by the degree to which the flow
adhered to quasi-1D assumptions. Nozzles with lower values of the quasi-1D parame-
ter max( S

R
dS
dx
) showed better agreement with the model predictions, with asymptotic

behavior observed for max( S
R

dS
dx
) ≲ 1. In contrast, the matching-condition model

was shown to be largely insensitive to changes in nozzle shape given that Ls/S2 > 1
& Ls/Lc > 1. This reaffirms that given a large enough entropy patch, the nozzle
effectively acts as a one-dimensional discontinuity.

By changing the contraction ratio of the nozzle, it was revealed that for the
inertial model to accurately predict the acoustic response resulting from the entropy-
patch choked-nozzle interaction, the upstream Mach number must be low. As runs
with a Mu > 0.3 produced an acoustic response which was under-predicted by
the inertial model. For the matching-condition model, the contraction ratio had
a negligible effect on the predictive validity, provided the entropy patch size was
sufficiently large relative to the nozzle contraction.

In conclusion, this thesis makes a significant contribution to the understanding
and modeling of indirect noise mechanisms, particularly in indirect entropy noise in
choked-nozzle environments. It establishes when and how different modeling strate-
gies apply, equipping researchers and engineers with dimensional parameters for
predicting applicable reduced-order models. Moreover, the effect of nozzle geome-
try on indirect entropy noise modeling strategies allows for nozzle geometries can
be optimized not only for flow performance but also for acoustic behavior. These
insights are essential for the development of effective noise-mitigation strategies in
modern propulsion systems.
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Appendix A

Supporting derivations

A.1 Derivation of Reflection coefficient at the noz-
zle throat

To derive the reflection coefficient at the nozzle throat, consider: the Mach number
of the upstream channel

Mu =
uu

cu
(A.1)

which for a choked-nozzle flow is constant. Thus, taking the total differential one
finds:

d (Mu) = d

(
uu

cu

)
= 0 (A.2)

or

c′u
cu

=
u′
u

uu

(A.3)

This relation can be rewritten as follows:

u′
u = c′uMu. (A.4)

The velocity perturbation u′
u can be written in terms of left & right traveling waves

u′
u = u+ + u− = c′uMu (A.5)

Using d’Alembert’s solution to the one-dimensional wave equation & the lin-
earized one-dimensional momentum conservation equation, the velocity waves can
be expressed as

u± = ± p±

ρucu
(A.6)

This relation is used to rewrite Eq. (A.5), to find

c′u =
p+ − p−

Muρucu
. (A.7)
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Now consider the isentropic relation ideal gas relation

c2u = γ
pu
ρu

(A.8)

Taking the total derivative on both sides of this relation, yields

2
c′u
cu

=
p′u
pu

− ρ′u
ρu

(A.9)

which using the acoustic relation ρ′u = p′uc
−2
u can be written as

2
c′u
cu

=
p′u
pu

− p′u
ρuc2u

=
p′u
pu

(
1− 1

γ

)
(A.10)

Expressing the pressure perturbation in terms of left & right traveling waves and
perfoming some algebra one finds

c′u =
cu(p

+ + p−)

2pu

(
γ − 1

γ

)
(A.11)

Noting that Eq. (A.7) and Eq. (A.11) are both exressions for c′u: the right-hand
side of both equations must equivalent to one another. Thus:

p+ − p−

Muρucu
=

cu(p
+ + p−)

2pu

(
γ − 1

γ

)
(A.12)

Now, using Eq. (A.8) one finds

(
p+ + p−

) (γ − 1)

2
=

1

Mu

(
p+ − p−

)
(A.13)

The definition of the reflection coefficient is R ≡ p−/p+. Thus, one can perform
some algebra to find:

R =
1− γ−1

2
Mu

1 + γ−1
2
Mu

(A.14)

A.2 Derivation of Eq. (2.31)
From the isentropic perfect gas relations, one knows

ρu
ρs

=

(
Tu

Ts

) 1
γ−1

(A.15)

Using that c =
√
γRT one finds

cu
cs

=

(
Tu

Ts

) 1
2

. (A.16)

Moreover, one knows
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T = Tt

(
1 +

γ − 1

2
M2

)−1

(A.17)

where the t subscript indicates total/stagnation conditions. Using the above relation
one finds

Tu

Ts

=
1 + γ−1

2
M2

s

1 + γ−1
2
M2

u

(A.18)

Using Eq. (A.15), Eq. (A.16) and performing some algebra, one can find:

√
ρucu
ρscs

=

(
Tu

Ts

) γ+1
4(γ−1)

=

(
1 + γ−1

2
M2

s

1 + γ−1
2
M2

u

) γ+1
4(γ−1)

which is Eq. (2.31).

A.3 Derivation of Eq. (2.32)
To find Eq. (2.32): consider that the mass flow rate ṁ at the sound source and the
nozzle throat which are equivalent as mass is conserved in the system considered for
this study. Assuming the system to be quasi-1-D one has

ṁ = ρsAsus = ρthAthuth (A.19)

N.b., we consider a choked-nozzle flow. Hence, the velocity at the throat is equal
to the speed of sound. With that in mind, and using the definition of the Mach
number one can write equation above to find:

As

Ath

=
ρth
ρs

1

Ms

(A.20)

Now, using Eq. (A.17), Eq. (A.15), and keeping in mind that one has a sonic
condition at the throat one finds

As =
Ath

Ms

(
1 +

γ − 1

γ + 1
(M2

s − 1)

) γ+1
2(γ−1)

which is Eq. (2.32).

A.4 A relation for the acoustic power emitted from
the sound source

A general expression for the emitted acoustic power Φ trhough a surface of area A
is

Φ = IA (A.21)
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where I is the acoustic intensity. Howe [44] showed that the acoustic intensity of an
irrotational homentropic (quasi-steady-1D) flow is

I = (ρ̄u′ + ρ′ū)B′ (A.22)
where the bar indicates mean-flow quantities and the prime perturbations. B′ is the
total enthalpy fluctuation which can be expressed in terms of pressure perturbation
p′, ρ̄, ū, and u′, as follows:

B′ =
p′

ρ̄
+ ūu′. (A.23)

Using the relation u± = ±(p±/ρ̄c̄) and only considering upstream-traveling waves
the total enthalpy fluctuations can be written as

B− =
p−

ρ̄
− p−ū

ρ̄c̄
=

p−

ρ̄
(1−M) (A.24)

where M is the unperturbed flow Mach number. Using Eq. (A.24) and rewriting
the velocity and density perturbations the acoustic intensity of upstream traveling
acoustic wave can be expressed as

I− =

(
−p−

c̄
+

p−ū

c̄2

)
p−

ρ̄
(1−M) = −(p−)2

ρ̄c̄
(1−M)2 . (A.25)

this allows one to express the acoustic power of an upstream traveling acoustic wave
as follows

Φ− = −A(p−)2

ρ̄c̄
(1−M)2 . (A.26)

A.5 Establishing choked-nozzle flow
Establishing a choked-nozzle flow is done by imposing an upstream inflow velocity
Udes. This is desired velocity is determined by using the quasi-1-D relation for steady
critical throat mass-flow rate [42]:

ṁ∗
th = ρthUthAth =

(
2

γ + 1

) γ+1
2(γ−1)

ρucuAth (A.27)

where ṁ∗ is the critical throat mass flow rate, ρ is the density, U is the velocity, A
is the area, c is the speed of sound, and γ is the specific heat ratio. The subscripts
indicate the location; viz., th for the throat and u for the upstream channel.

We note that the mass-flow rate at the inlet of the nozzle is equal to the mass
flow at the throat. I.e., we have

ρuUuAu = ρthUthAth (A.28)
Using the relation above one rewrites Eq. (A.27) to find

Uu =

(
2

γ + 1

) γ+1
2(γ−1)

cu
Ath

Au

(A.29)

which is used to specify Udes.
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A.6 Derivation of Eq. (2.41)
We define the strength of an entropy patch as follows:

e′e
eu

≡ ee − eu
eu

. (A.30)

If we consider the general definition of area-specific energy

e = ρ

(
cvT +

1

2
u2

)
(A.31)

and use the ideal-gas law to rewrite ρT term, one finds:

e = p
(cv
R

)
+

1

2
ρu2. (A.32)

Using this relation to rewrite the energy terms in the numerator of Eq. (A.30), yields

e′patch
eu

=
cv
R
(pe − pu) + (1

2
ρeu

2
e − 1

2
ρuu

2
u)

ρu(cvTu +
1
2
u2
u)

(A.33)

Noting that pe = pu for mature entropy patches and that the entropy patch is
convected by the flow (ue = uu), this expression can be rewritten to find:

e′e
eu

=
ρe − ρu

ρu

1
2
u2
u

cvTu +
1
2
u2
u

=
ρ′e
ρu

[
u2
u

2cvTu

+ 1

]
. (A.34)

Now, using the definition of the match number M = u/c, speed of sound of ideal
gases c =

√
γRT , specific heat ratio γ = cp/cv, and R = cp − cv, we, after some

algebra, find

e′e
eu

=
ρ′e
ρu

[
2

γ(γ − 1)M2
u

+ 1

]
which is Eq. (2.41).

A.7 Generating entropy patches with similar rela-
tive excess density or excess mass

As one aims to produce entropy patches with similar relative excess density or excess
mass, one must be able to estimate the change in density due to energy injection in
the system. This can be done by considering the total energy density of a system
E, which for a perfect gas is given by

E =
p

ρ(γ − 1)
+

1

2
|U|2 (A.35)

where p, ρ, U, and γ are the pressure, density, velocity vector, and specific heat
ratio. Assuming the pressure and velocity of our system are the same before and
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after the generation of the entropy patch one can estimate the density of the system
after energy injection to be1.

ρ2 =
pρ1

∆Eρ1(γ − 1) + p
(A.36)

ρ1 and ρ2 indicate the density before and after the entropy patch generation. The
relative excess density can be found as follows:

ρ′e
ρu

=
ρ2 − ρ1

ρ1
=

p

∆Eρ1(γ − 1) + p
− 1 (A.37)

Similarly, the excess mass can be as follows

me = Ae(ρ2 − ρ1) = −Ae
∆Eρ21(γ − 1)

∆Eρ1(γ − 1) + p
(A.38)

were Ae is the area of the entropy patch. The change of the energy of the system
∆E is equal to the total energy produced by the source term QE (Eq. (2.37)) used
to generate entropy patches. To find the total energy produced by the source term
QE one has to take its integral with respect to space and time

∆E =

∫∫
QE(ζ, t) dA dt. (A.39)

The steps taken to come up with the entropy generation settings are as follows.
Firstly, the total generation time scale (τtotal = τstart + τmax + τend) is determined as
it is bound by the length of the generation block LB3, streamwise length scale of the
entropy patch Ls and the velocity of the upstream base flow uu.

τtotal =
LB3 − 2Ls

uu

(A.40)

After τtotal is determined the required values of Amax, τstart, τmax, and τend used
to achieve a specific relative excess density or excess mass are found using Equa-
tions (A.37) to (A.39). The values of ρ1 and p used to find the required entropy
generation settings are obtained from the flow field resulting from the intermediate
run.

1It should be noted that finding the density of the system after energy injection is a non-trivial
task as the entropy patch generation process is not isentropic, isothermal, or isobaric.
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Appendix B

Supporting studies

B.1 Pressure Signal Error Quantification
When performing numerical simulations, it is inevitable that errors arise due to
modeling assumptions, discretization schemes, solver algorithms, boundary & initial
conditions, & machine precision [45]. Hence, to establish confidence in simulation
results, it is crucial to quantify the numerical error.

To quantitatively determine the numerical error for the ECNI runs, the Richard-
son extrapolation method was applied [45]. The Richardson extrapolation makes
use of two solutions f1 & f2, each obtained with a different grid spacing value, to
approximate the exact solution fe of the quantity of interest as follows:

fe = f1 +
f1 − f2
rpe − 1

; r =
h2

h1

; h2 > h1 (B.1)

where h1 & h2 are the grid spacing used for f1 & f2, respectively. pe is the expected
order of accuracy of the numerical scheme used.

However, Eq. (B.1) only holds true if meshes with spacing h1 & h2 are within
the asymptotic region of the discretization. This can be checked by computing the
observed order of accuracy po. To do this, one introduces a third solution f3 at a
grid spacing h3, where h3 = rh2.

po =
ln
(

f3−f2
f2−f1

)
ln(r)

(B.2)

If po is sufficiently close to pe, one has a good indication that f1, f2 & f3 lie on the
asymptotic region of convergence.

With that, three meshes with varying grid spacing were made using a refinement
ratio of r = 1.5. Where the coarsest mesh has a base value of 100 points per
meter (PPM), the intermediate mesh has a base value of 150 PPM, while the finest
mesh has a base value of 225 PPM. The quantity of interest f used to establish
convergence was the maximum amplitude of the pressure perturbation p′ due to an
upstream traveling acoustic wave at a probe location in the 1-D extraction domain.
The pressure perturbation was defined as follows: p′ ≡ p − pref where p is the full
pressure signal & pref is the average pressure after the transient flow features have
passed.
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Figure B.1: Measured upstream perturbation pressure signal at varying grid re-
finement levels.

ECNI runs were made using Elbakly’s computational procedure [33]. A spot
radius of Rs = 0.2 m was used for said ENCI runs. The resulting upstream acoustic
responses (Fig. B.1) were then used to carry out a Richardson extrapolation analysis.

Given that a (5,2) Runge-Kutta scheme was used for the time discretization & a
Roe-TVD scheme with a Van Leer limiter for the spatial discretization, one expects
the accuracy of the system to be of order two.

Elbakly determined that an observed order of accuracy po = 1.9 in his results.
This is judged sufficiently close to the expected order of accuracy to assume that
one is in the asymptotic region of grid convergence.

With that in mind, the numerical error was quantified, and the results are shown
in Table B.1. To generalize the findings such that they can be used as a starting
point for grid production, the error is also reported in points per wavelength (PPW)
of the upstream traveling acoustic wave, as well as points per radius (PPR) of the
entropy spot.

As the PPW values are much greater than the required base 50 PPW reported
by Hulshoff [32] to maintain an acoustic wave with sufficient accuracy, the PPR
was used as a base design guideline. Where a PPR = 30 was used as it has a
good computational time to error ratio, given the machine that was used to run the
computations.

PPM PPW PPR Error (%)
100 407 20 4.88
150 611 30 2.20
225 917 45 0.98

Table B.1: Discretization error of upstream pressure perturbation due to entropy
patch choked-nozzle interaction at different grid refinement levels.
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