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Abstract

A spun pizza dough tossed in the air stretches out by the action of centrifugal forces. As
such, the spinning pizza offers an interesting case of sheet dynamics for a material of
complex rheology. Here we study this problem using numerical simulations, treating the
spinning dough as an axisymmetrically stretched Oldroyd-B fluid with infinite relaxation
time. The model simulations reveal transients and stationary states, which are compared
to theoretical predictions of stationary slender elastic bodies. While a qualitative agree-
ment is achieved, significant quantitative differences arise. It is found that the slender-
ness of the initial shape and even a small amount of surface tension significantly influ-
ence the amount by which the pizza can stretch.

Keywords: Oldroyd-B, viscoelasticity, slender dynamics, Kelvin–Voigt solid, sheet dynam-

ics, numerical simulations

1 Introduction

The stretching of sheets is a subject of study with both a practical use and a heuristic interest,
occurring not only in industrial settings but also in natural and across a range of time and
length scales. Examples include a model for the deformation of tectonic sheets (England and
McKenzie 1982)[1], or the flow of a viscous fluid over a stretching surface which has many
applications to industrial problems (Prasad et al. 2010). In an article by Howell, Scheid and
Stone (2010)[3] the authors investigated a viscous sheet being spun about its axis. Figure 1.1
shows a figure from this article where we can see the time-evolution of the height profile of
a viscous sheet being stretched by rotation. The tangible real-world analogue of this problem
would be a pizza dough tossed in the air with a spin to stretch it (see figure 1.2), whence the
article’s name: Newtonian pizza. Here the word ‘Newtonian’ refers to the fact that the viscous
sheet is modelled as a Newtonian fluid. The authors’ main finding was that the viscous sheet,
when stretched by being rotated, stretches to infinity in finite time. The authors noted a crit-
ical value in the rotational frequency relative to a resistive frequency above which the sheet
would retract and below which the sheet would stretch indefinitely.

This article sparked Physics of Fluids at University of Twente to look into a similar problem
but this time, instead of a viscous sheet, it would be an elastic blob (Sanjay, Bertin, Oratis,
Snoeijer 2024)[5]. Moreover, the geometry was assumed to be slender, meaning that the
‘dough’s’ shape is approximately flat except for a tiny edge. Typical shapes, now stationary
in time, are reported in figure 1.3 (A). Different colors correspond to different dimension-
less spinning rates. Not dissimilar to the result of Howell et al. (2010), the authors found a
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FIGURE 1.1: (Figure 2 from Howell et al. (2010): numerical result of the viscous sheet
thickness profile h(r,t) versus the radial coordinate r. The initial shape is parabolic,
h0 = 2(1− r 2).

FIGURE 1.2: A pizza dough being tossed in the air with a spin. Image courtesy of
FreeImages[4].

nondimensional number with a critical value which determined whether the system has a
stationary solution or if it instead diverges. This number, somewhat colloquially referred to
as the Pizza number, will feature prominently in this report. It can be interpreted as a ratio
of frequencies: the frequency to system is driven with, compared to a characteristic resistive
frequency necessary for significant deformation. Whereas the resistive frequency in the case
of Howell et al. (2010) stemmed from surface tension, Sanjay et al. (2024) found an elastic re-
sistive frequency. Figure 1.3 (B) reports the maximum radius rmax for different spinning rates.

In reality, pizza dough or any bread dough for that matter, is not purely viscous nor purely
elastic, but instead viscoelastic (Ng et al. 2006). Its elasticity stems from the long, cross-linked
polymers of proteins and this is what makes dough retract to restore its shape after stretching.
Its viscosity stems from the water which makes up the bulk of the dough’s weight and this is
what makes dough flow as a result of stress. There is no one kind of viscoelasticity, and the
deformation of viscoelastic materials is an interesting and often non-trivial subject (see e.g.
Doi 2013 [10]). As Sanjay et al. (2024) have investigated stationary states, it would be poten-
tially interesting to see what happens to a viscoelastic material being spun about its axis over
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time, from start to stationary state. The transient phase may involve interesting mechanics.
This report utilises numerical solutions of a so-called Oldroyd-B model for viscoelastic fluids
to attempt to answer the following questions:

• Are the simulations independent of the numerical discretisation parameters, such as
the grid size and domain size?

• In what ways do the steady states of the simulation correspond to the stationary solu-
tions of the slender model?

• Which parameters influence transient features and steady state features of the simula-
tion, and in what way?

In section 2, we will pose the model used in the numerical experiments and briefly describe
the simulation methodology. Section 3 covers the numerical verification of the model. In
section 4, we will show and discuss the results of various numerical experiments. Section 5
closes the report with concluding remarks and an outlook on future possibilities.

(A) (B)

FIGURE 1.3: (A) Height profiles of the stationary solutions for different values of the
Pizza number. The dashed line indicates the initial parabolic shape. Figure 1 from [5].
(B) At the critical Pizza number, or Pi, of approximately 6.25 the stationary solutions
break down and the maximal radius of the blob starts to diverge. Figure 2 from [5]
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2 Model

2.1 Control Parameters

FIGURE 2.1: A schematic drawing of the viscoelastic material with surrounding air.

Figure 2.1 illustrates a schematic of the problem. The system consists of a blob of vis-
coelastic material, representing the pizza dough, and a surrounding Newtonian fluid which
represents air. The blob is modelled as an Oldroyd-B viscoelastic fluid where ρ is the mass
density, G the elastic shear modulus, ηs the material’s background viscosity, tλ the relaxation
time and γ is surface tension. As for the air, ρa and ηa represent its mass density and dy-
namic viscosity, respectively. Ω is the rotational frequency which drives the blob’s rotation.
H0 and R0 are initial shape parameters, determining the initial height and width of the ellip-
tical initial shape. Rmax is the length one can draw from the axis of rotation to the maximally
extended part of the blob. Throughout the report, we will keep track of Rmax as a function of
time.

To aid conceptual understanding and make simulations feasible we nondimensionalise the
parameters as follows. R0, G and ρ constitute the characteristic scales by which we scale other

parameters. We obtain a characteristic frequency Ωc =
√

G
ρR2

0
. This is the frequency required

to significantly stretch the blob and it allows us define the “Pizza number”

Π = ( Ω
Ωc
)

2

= ρΩ
2R2

0

G
, (1)

which may be understood as a ratio of frequencies, namely the driving rotational frequency
over the resistive elastic frequency. The faster the rotation, the greater the Pizza number and
the more our blob will be stretched. Moreover, we can obtain the elastocapillary number

Ec = (
Ωγ

Ωc
)

2

= γ

GR0
(2)

which represents a balance of capillary to elastic stress. It, too, can be interpreted as a ratio
of frequencies: the capillary frequency and the resistive elastic frequency. In the manner as
defined above, a larger Ec corresponds to a more important contribution from surface tension
relative to elastic stress. Throughout this report, Ec will be kept small, although we anticipate
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that its influence will be non-negligible. The final two dimensionless parameters relate to
relaxation and retardation times. They are the Deborah number

De = Ωc

Ωλ

= tλΩc = tλ

√
G

ρR2
0

(3)

and the dimensionless retardation time

t̃ηs =
Ωc

Ωηs

= tηsΩc = (
ηs

G
)Ωc =

ηs√
ρGR2

0

. (4)

Retardation time expresses the delay of the system’s elastic response to stress. For a perfectly
elastic material, this elastic response is immediate and the retardation time is zero. An in-
finite retardation time corresponds to a liquid, which will never show an elastic response to
stress. The Deborah number can be interpreted as nondimensional relaxation time, which is
the counterpart to retardation time. The Deborah number indicates the delay of the system
in showing a viscous response. A purely elastic material will never show a viscous response
and therefore has infinite relaxation time. Throughout this report, the Deborah number will
be kept very high compared to the timescale of our simulations. In fact, we will let it approach
infinity. In this limit, the Oldroyd-B viscoelastic fluid becomes a Kelvin–Voigt solid.

Figure 2.2 shows the mechanical model with a parallel spring and dashpot used to repre-
sent the stress-strain response of a Kelvin–Voigt solid. The stress-strain response of a spring
is σ =Gε and that of a single dashpot is σ = ηε̇. Because the spring and dashpot are placed in
parallel, the total stress in the system as a response to strain is the stress in the spring added to
the stress in the dashpot. The total stress-strain response of the system is thus σ = ηε̇+Gε. In
the limiting case of a Kelvin–Voigt solid, the equilibrium strain as a result of constant stress is
completely determined by the spring (elasticity), and the dashpot (viscosity) has only a tran-
sient effect.

FIGURE 2.2: Mechanical model of a Kelvin–Voigt solid, consisting of a spring and a
dashpot in parallel. σ is stress, ε is strain (extension) and G and η are the shear elastic
modulus and viscosity, respectively. Image adapted from Doi (2013)[10].
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2.2 Governing Equations

2.2.1 Mass and Momentum Conservation

An assumption we can make for soft deformable matter is that the flow is incompressible,
meaning that mass density is constant always. Incompressible flow dynamics allow us to sim-
plify the Navier–Stokes equations to

mass conservation ∇⋅u = 0 (5)

momentum conservation ρ(∂u

∂t
+∇⋅(uu)) =−∇p +∇⋅σ+ fb (6)

where p is pressure and fb represents a driving body force, which in our case is centrifugal
force. u is the velocity vector and σ is the stress tensor, which depends on the constitutive
equation, or the material’s stress response to deformation, we use, which is described in sub-
section 2.2.2.

The air’s mass density and dynamic viscosity should be far smaller than that of the blob and
they are, throughout this entire report, expressed as a fraction of the blob’s density and vis-
cosity: ηa

ηs
= 0.01 and ρa

ρ
= 0.001. The domain’s edges have an outflow boundary condition: as

the blob is rotated and stretched, the air surrounding it can flow out of the box defined by the
domain size.

2.2.2 Constitutive Relation

The simulation we work with makes use of the Oldroyd-B model for viscoelastic deformation.
In this model, the stress tensor is divided into a stress from the elastic part, which stores
energy, and one from the Newtonian solvent part, which dissipates energy,

σ

G
= (A− I)+ t̃ηs (∇̃ũ +(∇̃ũ)T ) (7)

where A and I are the conformation tensor and the identity operator, respectively [7], and
tildes denote dimensionless form. The conformation tensor is subject to the relaxation equa-
tion

∇̃

A =−
1

De
(A− I) (8)

where
∇

(⋅) denotes the upper convected derivative[7]

∇

A=
d A

d t
+(u ⋅∇)A−∇u ⋅ A− A ⋅(∇u) . (9)

The Oldroyd-B constitutive equation can be derived from a mesoscopic model of a dilute
suspension of dumbbells in a Newtonian solvent.[11] Polymers are modelled as two beads
connected by a Hookean spring, which resembles a dumbbell. As the surrounding solvent
flows, the beads are dragged along and the restoring force of the spring describes the way
that a viscoelastic substance has an elastic component, which tries to restore deformation.

2.3 Basilisk

For the simulations, we make use of the free software programme Basilisk C[8]. Basilisk C
uses adaptive mesh refinement (AMR) where we can refine the grid based on estimated errors
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in interface location, curvature, velocity field, and elastic stresses. The maximum level of
refinement “Maxlevel" controls the size of the finest grid employed using ∆min = L0/2Maxlevel

where L0 is the length of the domain. We can interpret N = int(1/∆) as the number of grid
cells per unit length that would be required to get the same accuracy on a uniform grid. The
domain size L0 is expressed in terms of the characteristic length scale R0. A domain size of
R0 means that one quadrant is R0 long and tall, and the total domain has dimensions 2R0 by
2R0. For the details of the numerical aspects of the code, we refer the reader to the GitHub
repository for this project.[9]

2.4 Example

To aid in visual understanding, this subsection shows the time sequence of a typical simula-
tion, with the parameters used listed in table 1.

Π 4
Domain size 4R0

t̃ηs 0.5
De 1030

N 28

H0/R0 0.5

TABLE 1: The parameters used for the results in subsection 4.3
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FIGURE 2.3: Snapshots of a typical simulation. The right hand side shows a measure
of stored energy and the left hand side shows a measure of dissipated energy.

3 Numerical Verification

3.1 Spatial Grid Refinement

As a first step, to test the accuracy and convergence of our numerical simulations, we vary the
number of spatial grid cells in our domain to see the effect on the outcome of a simulation.
For the following experiment, we use the parameters as listed in table 2. They are chosen so
that there is a steady state that is noticeably deformed from the initial condition but the Pizza
number is not yet in the range where we would start to expect a breakdown of steady states.
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This is based on the slender theory which predicts the critical Pizza number being approxi-
mately 6.25 as in figure 1.3 (B). Beyond this critical value there are no steady states.

Π 4
Domain size 4R0

t̃ηs 0.5
De ∞
Ec 0.01
H0/R0 1

TABLE 2: The parameters used in subsection 3.1

The domain is not divided in a uniform grid, but rather an adaptive grid which increases res-
olution near the interface between the Kelvin-Voigt solid and the Newtonian fluid. The snap-
shots shown in figures 3.3 and 3.4 allow us to see by inspection that the general behaviour of
the simulation does not change much as a result of a finer resolution, although the interface
in figure 3.4 is much better resolved and expected to the corresponding analytical solution.
To get into greater detail regarding the numerical convergence upon grid refinement, let us
look at Rmax, kinetic energy and d

d t Rmax as functions of time for a range of spatial resolutions.

Figures 3.1 (B) and 3.2 show that qualitatively we are indeed near a steady state, with kinetic
energies at a level where we would no longer expect any significant deformation and a rate of
change of Rmax that has approached 0. Here one can observe a small qualitative difference for
different resolutions. The rate of change of Rmax has dropped slightly below 0 for the lower
resolutions, most clearly so for N = 25. This implies a slight contraction reminiscent of an
underdamped system, whereas the simulations with finer resolutions appear to converge to
a critically damped system. For a quantitative comparison we turn to figure 3.1 (A) where we
see the evolution over time of Rmax. The difference between the resolution N = 28 and a lower
resolution is defined as

1

tmax

¿
ÁÁÀ2000

∑
i=0

(Rmax(i , N = 28)−Rmax(i , N))2 tsnap (10)

where tmax = 20 denotes the total time interval and tsnap = 0.01 denotes the sampling time
interval. The inset in figure 3.1 (A) reveals an ever-smaller difference for every increase in
resolution. From N = 26 to N = 27, the difference with N = 28 is roughly halved, although the
decrease in error we observe going from N = 25 to N = 26 is closer to a quarter. This suggests
that we work with a first order method, which reaches its asymptotic convergence rate for N
beyond 25.

The simulation for N = 28 behaves as expected and smoothly for not too great computation
time. Typical computation times for this resolution are in the range of 3-4 days, whereas for N
= 29 the computation times grow into the range of 10-12 days for little gain in accuracy. This
is not feasible to work with, and for our purposes not required. Therefore, going forwards in
the experiments in this report, we shall use a resolution of N = 28.
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FIGURE 3.1: Maximal radius with log-scale inset (A) and kinetic energy with semilog-
scale inset (B) over time for different numbers of grid cells per unit length N. The error
in Rmax is defined as in equation 10. The kinetic energy at the end of the simulation
close to zero, which is too low to cause significant changes in the relevant time-scale.

0.0 5.0 10.0 15.0 20.0
tΩc

0.00

0.05

0.10

0.15

0.20

0.25

d d
tR

m
a
x

N = 25

N = 26

N = 27

N = 28

FIGURE 3.2: Growth rate of maximal radius over time for different numbers of grid
cells per unit length N. The dashed line indicates a growth rate of 0.

3.2 Varying Domain Size

In this subsection we will vary the domain size of our simulation to see whether or not impos-
ing a finite domain affects the outcome. If everything is properly dimensioned, then the out-
come should not depend on domain size so long as the blob remains separated well enough
from the domain boundary. In our case, domain size is defined as the size of one quadrant’s
width and height in terms of the initial radius R0. The domain size Ldomain = 4 means that
one quadrant is 4R0 long and tall, and the total domain has dimensions 8R0 by 8R0. We use
the same parameters as in subsection 3.1, listed in table 3. The number of spatial grid cells is
adjusted to keep the number per unit length the same for all domain sizes.
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FIGURE 3.3: Snapshots of a simulation with N = 25 grid cells per unit length (R0).

FIGURE 3.4: Snapshots of a simulation with N = 28 grid cells per unit length (R0).

Figures 3.5 and 3.6 show a very clear overlap for Rmax, kinetic energy and the rate of change
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Π 4
t̃ηs 0.5
De ∞
Ec 0.01
H0/R0 1
N 28

TABLE 3: The parameters used in subsection 3.2

of Rmax over time. This result reassures us that the simulation’s outcome does not noticeably
depend on an increased domain size. Given that we are using boundary outflow and the sur-
rounding medium is air, it is not surprising that the domain size has a negligible influence on
the dynamics of the blob.
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FIGURE 3.5: Maximal radius with log-scale inset (A) and kinetic energy with semilog-
scale inset (B) over time for varying domain sizes.
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FIGURE 3.6: Growth rate of maximal radius over time for varying domain sizes. The
bumps are an artefact from an older post-processing method to obtain the growth
rate. A updated method was used in figure 3.2, where the bumps are less pronounced.

4 Results

4.1 Varying Dimensionless Retardation Time t̃ηs

Viscous effects in a Kelvin–Voigt solid’s response to stress are transient, and are expected to
give a dampening effect with an exponential decay. Viscosity may cause over- or underdamp-
ing, but so long as there is viscosity to dissipate energy in the model, a Kelvin–Voigt solid will
tend to some steady state deformation as a response to constant stress, and the magnitude of
deformation will be determined by the elastic shear modulus. To study the transient effects of
our model, therefore, we adjust the dimensionless retardation time t̃ηs = (ηs

G )Ωc . The elastic
shear modulus G is one the characteristic scales, so a variation in t̃ηs is akin to a variation in
viscosity ηs .

Figure 4.1 shows the dissipation of kinetic energy for three different values of t̃ηs . Other pa-
rameters used are listed in table 4. There is exponential decay of the kinetic energy, meaning
that the system indeed approaches a steady state. The higher the dimensionless retardation
time, the slower the decay. We remind the reader that retardation time expresses the delay of a
system’s elastic response to stress. With this in mind, a higher retardation time corresponding
to a slower decay agrees with our understanding of the system because it takes longer for the
viscous effects to have passed. The steady state corresponds to the system’s elastic response
and its onset is delayed for greater retardation time.

Throughout the following experiments, we will use t̃ηs = (ηs

G )Ωc = 0.5. For the motivation
of using this value, we refer the reader to the Appendix.

4.2 Slenderness and Rmax

We now turn to simulation for which the initial aspect ratio H0
R0

is varied from 1, which corre-
sponds to a perfectly circular shape, to more and more slender ellipses (H0/R0 < 1). The slen-
der theory prediction (Sanjay et al. 2024[5]) relies on the assumption that the initial shape of
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Π 4
Domain size 4R0

De ∞
Ec 0.01
N 28

TABLE 4: The parameters used for the results in subsection 4.1
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FIGURE 4.1: Kinetic energy for several values of the Ohnesorge number and corre-
sponding fits of the exponential decay of the form A exp(−kt), with A a prefactor of
the magnitude and −k the decay rate.

the blob is slender, meaning thin and flat except for a small edge. From the numerical veri-
fication experiments we already have seen that the steady state Rmax tends to approximately
1.63 forΠ = 4 (see figure 3.1 (A)). This is, in fact, significantly lower than what is predicted from
the slender theory: a steady state Rmax of approximately 2.27 for Π = 4 as can be seen in figure
1.3 (A) [5]. One could argue, therefore, that it might be that it is the decidedly non-slender, cir-
cular initial shape which may affect the steady state outcome. If we adjust the initial shape to
be more slender, should we not expect our outcome to get closer to the theoretical prediction?

As it turns out, as may be seen from figure 4.2, the opposite is the case. Panel A shows the time
evolution of Rmax for different aspect ratios and panel B reports Rmax(tΩc = 15) as a function
of the inverse aspect ratio. The lower the aspect ratio, the lower the steady state Rmax. If
we compare our model to the slender theory prediction[5], we recognise a distinct difference
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in the assumptions, namely that of capillarity. For the slender theory, surface tension is not
taken into account, but its presence makes it so that there is a restoring force which min-
imises the interface area. Figure 4.3 shows the initial and final shapes for the various aspect
ratios. The more slender our blob, the further away it is from being circular, i.e. having min-
imal surface area. The effect of this is that the more slender our blob is, the more important
surface tension becomes. Like elastic stress, it acts as a restoring force, working against the
growth of Rmax. Subsection 4.3 therefore explores the effect of adjusting the elastocapillary
number, to explore the influence of surface tension.
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FIGURE 4.2: (A) Rmax over time for several aspect ratios ranging from a circular ini-
tial shape to more slender elliptical initial shapes. The dashed grey line indicates the
prediction from the slender theory of Rmax in the steady state. (B) Rmax at tΩc = 15
plotted against the inverse of the aspect ratio. Again, the dashed grey line indicates
the slender theory prediction.

FIGURE 4.3: Snapshots of the initial state to the state at tΩc = 15 for an aspect ratio of
(from top to bottom) 0.125, 0.25, 0.5, 1.
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Π 4
Domain size 4R0

t̃ηs 0.5
De ∞
Ec 0.01
N 28

TABLE 5: The parameters used for the results in subsection 4.2

4.3 Slenderness and Ec

In this section we turn to simulations of four cases, consisting of different aspect ratios and
two different values of the elastocapillary number Ec. Figure 4.4 shows the evolution of Rmax

over time for these four cases again compared with the slender theory prediction from Sanjay
et al. (2024) [5]. The blue graph corresponds to the circular initial shape and an Ec of 0.01, the
value used in all previous simulations thus far. For the same aspect ratio but a lower Ec, we
turn to the red graph which shows that Rmax approaches a higher steady state value, although
the effect is not very pronounced and Rmax does not come much closer to the slender theory
prediction. The orange graph shows Rmax over time for the slender initial shape and an Ec of
0.01.

For the same aspect ratio but a lower Ec, we turn to the green line, which reports a dramatic
change in the time-evolution of Rmax. First it shows a similar behaviour to the other graphs,
but instead of flattening it grows on steadily until its growth rate increases somewhat. Finally,
around tΩc = 30 it appears to have reached an equilibrium relatively near the slender theory
prediction. Interestingly, Rmax proceeds to shoot up at a faster rate than it has done before.
The origin of this behaviour is revealed in the snapshots in figure 4.5. There we see that a
small droplet has broken off from the blob and has started flying off a result of the centrifugal
force from the imposed angular frequency. The droplet may have been pinched off as a result
of surface tension, although the atomisation may also be a result of insufficient resolution in
the spatial grid. The blob itself has reached an equilibrium and is stretched no further. The
steep increase in the green graph in figure 4.4 can be explained as a post-processing mistake:
in tracking Rmax we have not taken the break-off of a tiny droplet due to a numerical arte-
fact into account, so the position of the nucleated droplet is reported as Rmax. This result has
come in very shortly before the end of this assignment, so we would also instill in the reader
a sense of caution when it comes to the numerical validity of this result.

The uncertainty around the atomisation notwithstanding, we can carefully say that the elas-
tocapillary number is of influence on the steady state Rmax, and its effect is magnified by
slender initial conditions. Whether or not the slender prediction is approached in the limit of
vanishing surface tension remains to be investigated.

Π 4
Domain size 4R0

t̃ηs 0.5
De ∞
N 28

TABLE 6: The parameters used for the results in subsection 4.3
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FIGURE 4.4: Rmax over time for four combinations of aspect ratio and Ec. The grey
dashed line indicates the slender theory prediction of approximately Rmax = 2.27[5].

5 Conclusion and Outlook

The aim of this project was to explore numerical simulations of a spinning blob of Oldroyd-B
fluid with infinite relaxation time, to model a tossed pizza dough, and to compare the sim-
ulation results to theoretical predictions of the stationary states based on the assumption of
slender dynamics and neglected surface tension.

The numerical solutions of our rotated blob were found to be independent of the dis-
cretisation parameters grid resolution and domain size (as discussed in section 3). The simu-
lations also showed that the maximal radius, after a transient growing phase, approaches an
equilibrium state determined by a balance of inertial forces and elasticity. Nevertheless, we
found a difference in the simulations’ steady state solution compared to the stationary solu-
tions from the slender theory prediction in Sanjay et al. (2024)[5]; namely, that the maximal
radius did not extend as far in our simulations as predicted theoretically. In fact, at the start
of this project, our aim was to perform numerical experiments that explore the breakdown of
stationary states as we approach the critical condition of the Pizza number, as can be seen
in figure 1.3 (B). The simulations’ steady states not corresponding to those theoretically pre-
dicted spurred us to investigate whether specific parameters were the cause of this difference,
as well as to investigate the transient phase.

This transient phase was explored in subsection 4.1. The retardation time of a system affects
the transient phase of the system, where the rate of exponential decay of the system’s kinetic
energy agrees with the exponential decay in a Kelvin–Voigt solid. Curiously, the retardation
time appears not only to influence the transient phase, but also the steady state (see the Ap-
pendix). In section 4.2 and 4.3 we explored the effect of slenderness of the initial shape on
the growth of Rmax. A more slender initial shape was found to result in a steady state maximal
radius that is further from, not closer to, the prediction from the slender theory. Interestingly,
as reported in figure 4.4, a slender initial shape combined with a lower elastocapillary num-
ber was found to result in an Rmax much closer to the slender theory prediction. This result,
however, was found only very late in this project’s timeline. We could not, therefore, test the
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FIGURE 4.5: Several snapshots of the simulated case with aspect ratio H0
R0
= 0.125 and

Ec = 0.001, corresponding to the green graph in figure 4.4. At tΩc = 30 an equilibrium
has been reached, but the edge has obtained a pointy shape, with a protrusion starting
to form. At tΩc = 35 the protrusion has come loose from the rest of the blob and has
begun to fly off as a result of centrifugal force.

cause of this behaviour more thoroughly within the time permitted.

As an outlook for future research, then, a good place to start would be an investigation into
the case of low Ec and a slender initial shape. Are the outcomes of this case still independent
of discretisation parameters, or is the pinching off of the tip a result of insufficient resolu-
tion? Does the system respond differently for a variation in retardation time than for the non-
slender, higher Ec case as shown in subsection 4.1? Another parameter worth looking into is
the Pizza number. There was not enough time in this project to sweep over the Pizza number
and note the resulting outcome of the steady state Rmax as we approach and exceed the criti-
cal Pizza number from the slender theory prediction (figure 1.3 (B)). Will we see a breakdown
of steady states at the critical Pizza number, or will the steady states start to break down for a
lower Pizza number already? We wish to note that there are practical difficulties involved in
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determining whether there exists a steady state or not as we increase the Pizza number. As
Rmax grows close to the domain boundary, the simulation ends and we must try again with a
larger domain size, and adjust the number of grid cells accordingly to keep N, the number of
grid cells per unit length, equal. The larger the domain size, the longer the computation time,
therefore. It is possible that one needs many iterations of adjusting the domain size until one
can verify that Rmax indeed approaches a steady state, which could take a lot of computation
time.

As a final outlook for future research, we turn to the slender theory. As shown in subsection
4.3, a variation in elastocapillary number combined with slender initial conditions can influ-
ence the growth of Rmax significantly. It could be interesting to adjust the governing equations
in the slender theory model to include capillarity and investigate how that affects the stretch-
ing of the blob in the steady state.
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6 Appendix

This section reports the effects of varying retardation time on the time-evolution of Rmax. The
parameters used in this section are listed in table 7. Figure 6.1 (A) shows the time-evolution
of Rmax for the different retardation times, corresponding to different viscosities in the system
when viewed as a Kelvin–Voigt solid (see figure 2.2). We see that for very low viscosity (low
t̃ηs), the system is underdamped and oscillates before converging on a steady state. Figure 6.1
shows the kinetic energy over time, with an exponential decay as discussed in subsection 4.1,
and the oscillations are clearly visible as bounces in the semilog-scale inset.

What was not expected, was the dependence of the steady state Rmax on the retardation time.
If we view the system as a Kelvin–Voigt solid, retardation time represents the delay of the sys-
tem’s elastic response: after enough time has passed, only the system’s elasticity determines
how far the system stretches as a result of constant stress. Particularly the cases of t̃ηs = 0.1
and t̃ηs = 0.01 in figure 6.1(A) are curious. As we go down in t̃ηs , the steady state Rmax appears
to increase, but for these two values the system oscillates around a lower Rmax. We do not
know why our system exhibits this behaviour. For the results in subsections 4.2 and 4.3, we
compare Rmax for different cases. We have therefore decided not to use lower values of t̃ηs for
these experiments because we wish to stay away from effects we do not understand. Instead,
we have decided to use t̃ηs = 0.5

Π 4
Domain size 4R0

De ∞
N 28

Ec 0.01

TABLE 7: The parameters used for the results in the Appendix.

0.0 5.0 10.0 15.0 20.0
tΩc

1.00

1.20

1.40

1.60

1.80

2.00

2.20

2.40

2.60

R
m
a
x

t̃ηs = 0.5

t̃ηs = 0.45

t̃ηs = 0.375

t̃ηs = 0.3

t̃ηs = 0.2

t̃ηs = 0.1

t̃ηs = 0.01

(A)

0.0 5.0 10.0 15.0 20.0
tΩc

0.00

0.10

0.20

0.30

0.40

0.50

0.60

E
k
in

0 5 10 15 20
tΩc

10−9

10−7

10−5

10−3

10−1

E
k
in

t̃ηs = 0.5

t̃ηs = 0.45

t̃ηs = 0.375

t̃ηs = 0.3

t̃ηs = 0.2

t̃ηs = 0.1

t̃ηs = 0.01

(B)

FIGURE 6.1: Maximal radius (A) and kinetic energy with semilog-scale inset (B) over
time for different values of the dimensionless retardation time t̃ηs = ηs

G Ωc .
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