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Abstract

The potential approach is a useful tool in physics, and the successful treatment of such
concept turned out to be reproducible, in the late eighties, in the field of cooperative
game theory. This report is devoted to the modified potential approach for values on
cooperative games, particularly for the Shapley value, the Solidarity value, and the class
of values satisfying efficiency, linearity and symmetry (ELS values).

Chapter 1 introduces the basic concepts in the field of game theory, especially in
the cooperative part. Besides the set-valued solutions, such as the imputation set and
the stable set, we primarily discuss the Shapley value and the Solidarity value, both of
which are single-valued solutions. After presenting several properties of solutions using in
axiomatization, two equivalent forms of ELS values are studied in particular. Concerning
the noncooperative part, games in normal form and the famous solution concept—Nash
equilibrium are discussed.

In Chapter 2, the classical potential approach, which depict the equivalence between
the classical gradient and the Shapley value, is introduced. In view of the classical poten-
tial, we consider a more general concept called the modified potential, which also satisfies
the O-normalized property, but with a modified gradient in the efficiency condition. Con-
cerning this new concept, a value possesses a modified potential representation only when
it equals to the modified gradient. For the ELS value, in which the Shapley value and
the Solidarity value are two special cases, we discuss its sufficient and necessary condition
when it admits a modified potential representation, especially in the separable case.

In Chapter 3, the Shapley value can be written as a linear combination of the corre-
sponding coordinates based on the unanimity game. In order to simplify such expression,
we define another basis analogously to the collection of unanimity games, associated with
the Shapley value. Similarly, two new basis of the game space, with respect to the Soli-
darity value and ELS values respectively, are defined, such that these two values admit a
simple sum expression concerning their coordinates. According to these basis, the modified
potential admits a new expression, thus the modified potential representation of different
values can be verified. In the last section, the concept of the potential game, which belongs
to the field of noncooperative game theory, is introduced. We investigate the Solidarity
value and the ELS value representations of potential games, which are closely related to
its Shapley value representation.

Chapter 4 presents the reduced game and the corresponding reduced game property,
which says the payoffs of players in a subset should not change or they should have no
reason to renegotiate, if they apply the same solution rule among themselves as in the
original game. For the Shapley value, Sobolev defined a special reduced game, such that
the Shapley value in such (n — 1)-person reduced game equals to that in the original n-
person game. By the modified potential approach discussed in Chapter 2, we find the
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same reduced game for the Shapley value, and further, new reduced games corresponding
to the Solidarity value as well as ELS values.

Chapter 5 summarizes all the results we got in previous chapters, and gives an example
concerning the Shapley value, in which the classical potential approach is extended to the
Abelian group structure.
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the set of natural numbers

the set of real numbers

the set of integers

the player set

the cooperative game with player set N

the noncooperative game with player set N

the subset of N

the cardinality of the set S

the space of cooperative games with player set N
the universe of all game spaces

the space of cooperative games with action choices
the vector space with coordinates indexed by N
the n-dimensional vector space

the permutation of N

the worth vector of cooperative games

the worth vector of cooperative games with action choices
the worth vector of noncooperative games

the strategy space of noncooperative games

the classical potential

the modified potential

the classical gradient

the modified gradient

the Shapley value of cooperative games
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the egalitarian non-separable contribution value of cooper-
ative games

the Solidarity value of cooperative games
the ELS value of cooperative games

the potential function of potential games
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Chapter 1

Introduction

In this chapter, we introduce the basic concepts in the field of game theory, especially in
the cooperative game theory.

In the cooperative part, some special game concepts, for instance, unanimity game,
monotone game, and convex game, are presented. Concerning the solution part, a list of
famous solution concepts is given, including core, kernel, stable set and nucleolus. After
introducing the well-known single-valued solution called Shapley value, we discuss some
frequently-used properties of solutions. For a special class of values satisfying efficiency,
linearity and symmetry, we study its equivalent forms, and write the Solidarity value in
agreement with the latter form.

In the noncooperative part, the concept of n-person game’s normal form and the
famous Nash equilibrium are introduced. Particularly, for the mixed extension of any
finite bimatrix game, we present the Equilibrium point theorem and the Minimax theorem
after defining the common value of such games and optimal strategy sets of both players.

1.1 Game theory

Game theory is a formally mathematical field which studies situations of competition
and/or cooperation among involved parties. It provides general mathematical techniques
for analyzing situations in which two or more agents make decisions that will influence one
another’s benefit. Game theory is a very dynamic and expanding field with large number
of applications, which ranges from strategic questions in warfare to analogizing economic
competition and cooperation, from fair distribution in social problems to behavior of
animals in competitive situations, and certainly much more other aspects closely related
to our common life.

Game theoretical approaches are classified into two branches: cooperative and non-
cooperative game theory. The usual distinction between these two classes is, players can
form coalitions and make binding agreements on how to distribute the payoffs of these
coalitions in cooperative games, whereas in noncooperative games players have explicit
strategies and can not make binding agreements. This distinction is not sharp in some
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case however, for instance, the theory of implementation is concerned with representing
outcomes from cooperative solutions as equilibrium outcomes of specific noncooperative
solutions.

1.2 Cooperative games

Cooperative games describe what each possible coalition can earn by cooperation. It is
more abstract than noncooperative games, because strategies are not explicitly modeled.

1.2.1 Preliminaries

In the cooperative game with transferable utility (TU-game), the earning of a coalition can
be expressed by a single number, whereas in the cooperative game with nontransferable
utility (NTU-game), the possibilities from cooperation for each coalition are described by
a set. More generally, the single number in the TU-game is an amount of money and the
implicit assumption is that, it makes sense to transfer this utility among the players.

Definition 1.2.1. A cooperative game with transferable utility or TU-game is an
ordered pair (N,v), where N is a finite set of players, and v : 2V 5 R is a characteristic
function satisfying v(0) = 0.

In the following chapters, the cooperative game we considered is always with transfer-
able utility, i.e., TU-game.

Definition 1.2.2. A nonempty subset S of N, is called a coalition, and the associated
real number v(S) is called the worth of coalition S.

The size of coalition S is denoted by |S| or, if no ambiguity arises, by s. Particularly, n
denotes the size of the player set N. The coalition N is called the grand coalition. Given
a transferable utility game (NN,v) and a coalition S, we denote by (S,v) the subgame
obtained by restricting v to subsets of S only.

Example 1.2.3. (Glove game)[19] Let N = {1,2,...,n} be divided into two disjoint
subsets L and R. Members of L possess a left hand glove, members of R a right hand
glove. A single glove is worth nothing, a right-left pair of gloves has value of one euro.

This situation can be modeled as a TU-game (N,v), where for each S € 2V, we have
v(S) :=min{|LNS|,|RN S|}, and particularly v(N) := min{|L|, |R|}.

Let GV denote the set of all cooperative TU-games with player set N. Then the set GV
of characteristic functions of coalitional games forms a (2" — 1)-dimensional linear space,
with the usual operations of addition and scalar multiplication of functions. Denote by G

the universe of all game spaces.
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Definition 1.2.4. A basis of space GV is supplied by the collection of the unanimity
game {(N,ur) | T € 2V \ {0}}, that are defined by,

UT(S) = {1 ifT g s (1.1)

0 otherwise

The interpretation of the unanimity game uy is that a unitary gain (or cost savings)
can be achieved if and only if all players in coalition T" are involved in cooperation.

Theorem 1.2.5. For each v € GV, we have,

v= Z cpur  with c“T:Z(—l)t*’"v(R)
Te2N\{0} RCT

If v(S) € {0,1} for all S C N, and v(@) = 0, v(N) = 1, then game (N,v) is simple.
Note that the unanimity game uzp, T € 2V \ {0} is a special simple game. We call a
game (N,v) monotone if v(S) < v(T), for all S,7 C N and S C T. Game (N,v) is
called zero-normalized if for all i € N, v({i}) = 0. A superadditive game (N,v) satisfies
v(S)+v(T) <v(SUT), for all S,T C N and SNT = (. Particularly, it is called inessential
or additive if the equality holds, or equivalently, v(S) = > ,.gv({i}) for all S € N. A
game is called convez if v(S) +v(T) < v(SUT)+v(SNT), for all S, T C N. Conversely,
(N,v) is a concave game, if and only if (N, —v) is convex.

Consider a game (N,v), for any i € N, the utopia vector p(v) = (u;(v))ieny € RV is
defined by p;(v) := v(N) — v(N \ {i}), and the vector a(v) = (a;(v))ieny € RY satisfying
a;(v) = maxgs; [U(S) = 2 jes\fi} M (v)} is called the minimal right vector. A game (N, v)
is quasi-balanced if for all i € N, a;(v) < p;(v) and Yo a;(v) < v(N) <D0y 1i(v).

Definition 1.2.6. Let v € GV, for each i € N and S C N, the marginal contribution
of player i to the coalition S 1is,

{U(S) —v(S\{i}) ifieS
v(SU{i}) —v(S) ifigs

1.2.2 Solution concepts

Two main problems appear when researching on a game, one is which coalitions can form,
the other one is how to distribute payoffs among all players. In cooperative games, one
only need to consider the second problem, because players will always choose to join the
grand coalition due to superadditivity.

Definition 1.2.7. A value 1) = (¢;)ien is a mapping which assigns to every cooperative
game v € GN exactly one element ¢(N,v) € R™.

Thus, a value 9 that associated a payoff vector ¥ (v) = (¥;(v))ieny € R™ with every
game (N, v), assigns a payoff profile to every cooperative game. The value ;(v) of player
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i in the game (N, v) represents an assessment by 4 of his gains from participating in the
game. For a payoff vector z € R" and a coalition S € N, we denote by x(S) = >,cq i
the total payoff to the members of the coalition S. Note that only payoff vectors z € R"
satisfying ) .. #; < v(IV) are reachable in the game (N, v).

Consider a game (N, v), a payoff vector x on R is said to be efficient if, for all v € GV,

Z x; = v(N)
1EN
The preimputation set I*(v) denotes the set of all efficient payoff vectors in the game
(N,v), i.e.,

I*(v) = {x ERM| D mi= U(N)}
iEN
Definition 1.2.8. A payoff vector x € R"™ is in the imputation set I(v) for the game
(N,v) if it is efficient and individually rational, i.e.,

I(v) =<z eR" | ij =v(N) and z; >v({i}) forallie N
JEN

Note that if the proposed allocation x € I(v) is such that there is at least one player
i € N whose payoff x; satisfies z; < v({i}), the grand coalition would never form, because
such a player would prefer not to cooperate since acting on his own can obtain more.
Hence, the individual rationality condition should hold, i.e., for all i € N, x; > v({i}).

If the criterion of individual rationality is strengthened by demanding not only one
player, but every coalition S C N, which means the coalition S should receive at least
the worth it can obtain by operating on his own, i.e., >, g x; > v(S), then we have got

another set-valued solution concept, which can be depicted as a multifunction from GV to
R™.

Definition 1.2.9. The core [9] C(v) of a game (N, v) is the set,

Cv) := {x € I(v) | sz >v(S) forall SC N}
€S

Although the core is empty in some cases, it is still one of the most important set-
valued solutions. If C'(v) # (), then elements of C'(v) can be easily obtained, because the
core is defined by a finite system of linear inequalities.

For a game (N,v), let x,y be two imputations, then x dominates y if there exists a
coalition S C N, S # (, such that Zjes zj < v(S) and z; > y; for all i € S. In other
words, players in S strictly prefer the payoff from x to those from y, and they can threaten
to leave the grand coalition if y is used, because the payoff they obtain on their own is at
least as large as the allocation they receive under x.

Definition 1.2.10. Given a game v € GV, a set A(v) C I(v) is a stable set [28] for the
game v if it satisfies,
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o Ifx,y € A(v), then not x dominates y.
o I[fx & A(v), then there is some y € A(v) such that y dominates x.

Thus, a stable set satisfies the two conditions of internal stability (no payoff vector in
A(v) is dominated by another) and external stability (any payoff vector outside A(v) is
dominated by at least one vector in A(v)).

Consider a game (NV,v), let z € R™ be an efficient payoff vector, then the excess
of S with respect to z in the game v is €”(5,z) = v(S) — >_;cgx;. Note that the
negative(positive) excess e”(S,z) can be regarded as a measure of the (dis)satisfaction by
coalition S if payoff vector = was suggested as the final payoff. The greater e¥(S, x), the
more ill-treated S would feel.

Definition 1.2.11. Let s;’j(x) denote the maximum surplus of player i over player j
different from i with respect to = in the game v € GV, i.e.,

si;(z) == maz {U(S) - Zﬂfk | SCN\{j},S> z}

kesS

This surplus at the payoff vector = is the maximal amount player ¢ can gain (or lose,
if negative) without player j by withdrawing under the payoff vector x, assuming that the
other players of the formed coalition are satisfied with their payoffs under x.

Definition 1.2.12. The kernel [4] x(v) of a game (N,v) is the set of imputations x,
such that, for every pair of players i, j,

The kernel is defined as the set of all imputations where no player has his bargaining
power over another. If s”;j(x) > s7;(x), player i has more bargaining power than j with
respect to z, but player j is immune to i’s threats if ; = v({j}), because he can obtain
this payoff on his own.

For a game (V,v) and a payoff vector =z € R", let 8(z) be the 2"-tuple, whose compo-
nents are the excesses e¢’(S,z), S C N, arranged in nonincreasing order, i.e.,

0i(x) > 0;(x) whenever 1 <i¢ < j<2"

Consider two payoff vectors z, y, we say 0(x) is lexicographically smaller that 0(y), if
there exists an integer 1 < k < 2", such that 0;(z) = 0;(y) for 1 <1i < k, and i (z) < i (y).

Definition 1.2.13. For a game (N,v), the nucleolus [21] is the lexicographically minimal
imputation, based on this ordering.
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Note that the nucleolus is always unique. When the core is non-empty, the nucleolus
is in the core, and it is always in the kernel.

One of the most well-known single-valued solution concepts is the Shapley value, which
is quite different from the core, because it assigns a unique payoff distribution to the players
in the the grand coalition to every TU-game.

Definition 1.2.14. For any v € GV, the Shapley value [22] Sh = (Sh;)icn is given by,

sl(n—s—1)!
n!

Shi(N,v) := Z

SCN\{:}

[w(SU{i}) —v(S)] forallie N (1.2)

— w , in order to simplify

the expression. For instance, the Shapley value of player ¢ in the game v can be represented

In the following chapters, we will always let h(n, s)

Shi(N,w)= > h(n,s+1) [p(SU{i}) — v(S)]
SCN\{i}

Definition 1.2.15. Let (N,v) be a game. For each coalition T, the dividend A\, (T') [10]
1s defined, recursively, as follows,

{AU(Q)) =0
2y(T) i=o(T) = Ygor Lo(S) i [T] 21

The relationship between the Shapley value and dividends is that, the Shapley value
of player i equals to the sum of all equally distributed dividends of coalitions to which
player i belongs.

Theorem 1.2.16. [10] Let v =} peon gy Cpur as in . Then, it holds,

o Ny(T) =4 for all T # 0

e Shi(N,v)=> rcn 2o for glli € N
5 1]

Definition 1.2.17. For a game (N,v), the egalitarian non-separable contribution
value ENSC = (ENSC;)ien [13] is defined by,

ENSCi(N, v) = us(v) + % o(N) =S )| forallien (1.3)
JEN

The ENSC value arises from both the separable contribution principle, applied to the
the game itself, and the egalitarianism. That is, the resulting allocation is determined
by the egalitarian division of what is left of the total savings v(NN) after any player i is
conceded to get his separable contribution p;(v).
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Definition 1.2.18. For a game (N,v), the Solidarity value [15] Sol = (Sol;)cn is
defined by,

deNﬂO::E:(S_Ugn_sﬂ~i§:hw$—445\ﬁﬂ] forallie N (14)
= =

The Solidarity value is based on the assumption that if a coalition S forms, then
players who contribute to S more than the average marginal contribution of a member
of S support in some sense their weaker partners in S. Sometimes, it happens that the
Solidarity value belongs to the core of a game while the Shapley value does not.

1.2.3 Properties of solutions

After Shapley [22] introduced the Shapley value in 1953, the axiomatization approach to
values has been widely used. The purpose is to pose a minimal list of desirable properties
that fully characterize the solution. Let 1) be a value on GV, we mention now some
desirable properties for single-valued solution concepts. Extensions of these properties to
set-valued solution concepts are straightforward.

e Individual rationality: v;(v) > v({i}), for allv € GV, i € N.

e Efficiency: >,y ¢;(v) = v(N), for all v € GN.

e Additivity: 1(v) + ¥ (w) = ¥ (v + w), for all v, w € GV.

e Linearity: ¢(av + fw) = arp(v) + By (w), for all o, B € R, v, w € GV

e Symmetry: ;) (mv) = ;(v), for alli € N, v € G", and every permutation 7 on
N. The game (N, 7v) is given by (7v)(S) = v(7~1(S)) for all S C N.

e Substitution property: v;(v) = v;(v), for substitutes ¢ and j in any game (N, v).
Players ¢ and j are called substitutes if both of them are more desirable, or equiv-
alently, the equality for their marginal contributions v(S U {i}) = v(SU{j}), for all
S CNA\{i,j}-

e Dummy player property: 1;(v) = v({i}), for all v € GV and for all dummy
players i in (N, v), i.e., players ¢ € N such that v(S U {i}) = v(S) + v({i}) for all
S C N\ {i}.

e Null player property: ;(v) = 0, for all v € GN and for all null players i in
(N,v), i.e., players i € N such that v(S U {i}) = v(S) for all S C N\ {i}.

e A-null player property: v;(v) = 0, for all v € GV and for all A-null players i in

(N, v), i.e., for every coalition T containing ¢, A*(T) = % ZjeT(v(T)—v(T\{j})) =0.

e Covariance (strategic equivalence): )(av+ ) = ay(v)+ 3, forallv € GV, a >
0,and 3 € R™. Here the game (N, av+p3) is given by (av+5)(S) := av(S)+ ;5 B;
for all S C N, S # 0.
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e Continuity: if for every pointwise convergent sequence of games {(N, v;)}32, the
limit of which is the game (NN, ), the corresponding sequence of values {t(vy)}32,
converges to the value ¢ (7).

The first axiomatization concerning the Shapley value given by L.S Shapley [22] states
that, a solution satisfies additivity, symmetry, efficiency and the dummy player property
if and only if it is the Shapley value. Afterwards, there appeared many other axiomatiza-
tion methods using different lists of properties for the Shapley value. For other solution
concepts, there also exists various kinds of axiomatizations. For instance, the Solidarity
value [15] is characterized by additivity, symmetry, efficiency and A-null player property.
Remark: Note that, both the Shapley value and the Solidarity value are efficient, linear
and symmetric, because a value satisfies additivity if and only if it is linear. Obviously,
additivity can be deduced from linearity. Next we show the other direction is also true.
Let 1 be a value of game v € GV that satisfies additivity, then 1)(—v) + ¢ (v) = 0, that is,
Y(—v) = —¢(v). Thus, for every n € Z,

P(nv) = nip(v)

Furthermore, for every q € Z, q # 0,
1 1
Y(v) = ¢(q§v) = qi/)(gv)

Therefore,
w(éw - ;wv)

Consider an arbitrary rational number %, then for every v € GV,

Loy — oLy = Pso
() =pe( ) = HW)

Since rational numbers are dense in real numbers and 1) is continuous, we have 1 (kv) =
ki (v) for every k € R. Therefore 9 is linear.

1.2.4 ELS values

For the class of values satisfying efficiency, linearity and symmetry, in which the Shapley
value and the Solidarity value are two special cases, there exists an explicit formula.

Theorem 1.2.19. [20] A value ® : GV — R" verifies efficiency, linearity and symmetry
if and only if there exists ps(s = 1,2,...,n — 1) such that, for any v € GV,

v(N) v(S) v(S) ,

P;(v) (= ——= s — s N 1.

(v) - + E Ps— E ps foralli e (1.5)
SGN SCN

S3i S#i
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Proof. It can be checked easily that a value defined by satisfies the three properties.
Next we show the other direction holds.

Suppose a value ® on GV satisfies efficiency, linearity and symmetry. Consider a basis
of the game space GV, which is a collection of games {(N,er) | T € 2V \ {0} }, defined by,

o {1 HS=T
[ =
g 0 fSAT

By linearity, for any v € GV, all i € N,

Oi(v) =@ | Y v(Der | = > v(T)®i(er) (1.6)
0 %0

By symmetry, for any TS N, there exist some Ar and 77, such that,

> ( ) AT ifieT
i\€T) =
T ifegT

Note that, Ay and 7p only depend on the size t. In fact, for Ap, consider a coalition
T ; N, two players i,7 € T, then i and j are substitutes in the game (IV, erufiy + eTU{j}).
By symmetry, we have ®;(erygy + erugjy) = ®j(erugy + erugyy), which means, Ay =
Aryugjy- Therefore, we can use A; instead of Ar, so do 77.

By efficiency, for T = N, we have ®;(en) = % for any i € N; for TG N, it holds
tAt + (n — t)7 = 0, therefore by , foralli € N,

B, (v) = ”(lev) + 3 2 -y L zo(T)

n—t
TCN TCN
T5i THi
Let p; := tA;, then we can obtain (1.5]). O

We denote by ELS the class of values satisfying these three properties. Consider
another coefficient o, s instead of p,, there exists another equivalent form for this class of
values.

Corollary 1.2.20. [7] A value ® : GV — R™ werifies efficiency, linearity and symmetry
if and only if there exists a fized collection of constants A, = {ans|l < s < n —1} such
that, for any v € GV,

v(V)

D;(v) := + Z h(n, s4+1)amn sy10(SU{i})— Z h(n,s+1)ay sv(S)  foralli e N
SCN\{i} SCN\{i}

(1.7)

Remark: For all 1 <s <n —1, let ps := sh(n, s)ays in (L.5)), then we can obtain (|1.7)
directly.
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Example 1.2.21. Remind the Solidarity value , which belongs to the ELS class. We
can rewrite it as follows,

Sol;i(N,v)
=3 b )£ 3 [0(S) — (S \ (5]
SCN jes

=3 b s)o($) = X hlms) -~ [o(S\E) + Y o(S\ ()

seN SN jes\{i}
v(S\{5})
Z h(n,s+ v(SU{i}) Z hns—l—l Zh Z —
SCN\{i} SCN\{i} =y JES\{i}
(1.8)
Consider the last part in (@, by changing the order of summations, we have,
S ¥ M s g D
7 jes\{i} JeEN\{i} 55N
ORD SRR ARSI
JEN\{i} SENVG) 5
Z Z h(n, s+ Q)M
. , . s+2
JEN\{i} SEN\{i,j}
. . s+ 2
SGN\{i} JeN\(SU{i})
= Z (n—s— 1)h(n,5+2)M
) s+2
SGN\{i}
Submit the equation above into (@, the Solidarity value equals to,
Soli(N,v)
v(S) v(SU{i})
Z{h(n,s—i—l v(SU{i}) Z h(n,s+1) P Z (n—s—l)h(n,s+2)ﬁ
SCN\{i} SCN\{i} SSN\{i}
N —s—1 8
_v) > [h(n,s+1)—nsh(n,s~l—2)} (SU{i}) — ( )
n , 5§42 s+1
SCN\{i} SCN\{i}
(5 U { D v(S)
> h(n,s+1) p—l (1.9)
SGN\{i} SCN\{:}

In the following chapters, we will always use (|1.9)) when concerning the Solidarity value.
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1.3 Noncooperative games

In the field of noncooperative game theory, players make decisions independently. Al-
though they may be able to cooperate, any cooperation must be self-enforcing. For a
noncooperative game, we always consider it in normal form when players independently
choose one of their strategies, and payoffs take place depending on the chosen strategies.

In such case, each player wants to maximize his own payoff.

Definition 1.3.1. An n-person game in normal form is described by the 2n-tuple,
(D1, D2, ..., Dpjui,uz, ..., up)

where strategy set D; contains the pure strategies of playeri, and u; : D1 xDgX...xD, —
R is the payoff function of player i.

Example 1.3.2. (Oligopoly model) [25] Cournot introduced the model in 1838, which
contains n products of mineral water, the costs for producer i at quantity d; is c¢(d;) and

the sales price per unit is B (Z d; ) Then the game in normal form is D; = [0, 00)

7j=1
and
n
Ui(dla e ,dn) = max O, dZB Z dj - C(dz)
j=1
Consider the two-person game in normal form (D1, D2;u1, u2), then this game is called
a zero-sum game if ug = —uq. When Dy and Dy are finite sets, it is a finite game. We call
it a bimatriz game (E, F) with m x n-payoff matrices E' = [e;j]mxn and F = [fijlmxn if
Dy ={1,2,...,m}, Dy = {1,2,...,n} (possibly m,n = c0), u1(%,j) = €5, ua(i,j) = fij-
If FF = —F in the bimatrix game, it is a matriz game with m x n-payoff matrix F.
In noncooperative games, the most well-known solution concept is the Nash equilib-
rium, named after John Forbes Nash. We consider it in the two-person game, and the
n-person game case can be deduced similarly.

Definition 1.3.3. (df,d}) is a Nash equilibrium of the game (D1, Da;ui,u2) if,
ui(dy,d3) > ui(dy,ds)  for all dy € Dy
ua(dy,d3) > ua(di,d2) for all dy € Dy

The Nash equilibrium is a solution concept in which each player is assumed to know
the equilibrium strategies of the other players, and no player has anything to gain by
changing only his own strategy unilaterally.

Definition 1.3.4. The mized extension of an m x n-bimatrix game (E, F) is given
by (S™,S™;, Hy, Hy) where for all p € S™,q € S™,

m n
Sm:{pElepZQZpi:l}; S =SqeR"[¢>0,> ¢ =1

i=1 j=1

Hy(p,q) = pEq" Zszqu], Hy(p,q) = pFq" Zszfqu

=1 j5=1 =1 j=1



CHAPTER 1. INTRODUCTION 12

The Nash equilibrium in such bimatrix game can be extended from its common defini-
tion. For this mixed strategy, Nash introduced a well-known theorem which can be proved
by the L.Brouwer fixed point theorem.

Theorem 1.3.5. (Equilibrium point theorem) [25] The mized extension of each finite
bimatriz game possesses a Nash equilibrium.

Definition 1.3.6. For the mized extension of a finite matriz game, i.e., ' = —FE, the
upper and lower value is,

v(E) = SuppESminfqu"quT
(E) == infesn suppesmpEq"

S

Definition 1.3.7. The value of the mized extension of a finite matriz game are v(E) =
v(E) =7(E). The optimal strategy sets of the players are

O1(E) := {p* € 5™ | p*Ee? >v(E) forallj=1,...,n}
O2(E) :={q" € 5" | e BqT <w(E) foralli=1,... ,m}

von Neumann introduced the famous Minimax theorem concerning the finite matrix
game, and the minimax solution is just the same as the Nash equilibrium in such games.

Theorem 1.3.8. (Minimax theorem) [25] For each finite matriz game E : v(E) =
U(E), O1(E) # 0 and O2(E) # 0.

1.4 Overview

In this section we give an overview of our contributions to the study of game theory.
This report makes use of the modified potential approach, to study the Shapley value, the
Solidarity value and the class of values satisfying efficiency, linearity and symmetry.

Chapter 1 introduces basic concepts and notations in the field of game theory, especially
in the cooperative game theory. A list of set-valued and single-valued solutions, and their
properties used in axiomatization are presented. For the noncooperative game, its normal
form and the Nash equilibrium are introduced.

In Chapter 2, based on the definition of the potential given by Hart and Mas-Colell
[11], who proved the equivalence between the gradient of potential and the Shapley value,
we define another type of the potential called modified potential, which is closely related
to the weighted pseudo-potential presented by Driessen and Radzik [7]. Consider a value
of the cooperative game, it admits a modified potential representation if and only if it
belongs to ELS values and satisfys two more conditions concerning the coefficient of such
values.

Chapter 3 considers the collection of unanimity games, which is a basis of the game
space. We define a new basis with respect to the Shapley value, Solidarity value, and all
ELS values, respectively, such that all these values can be represented as a simple sum
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of the corresponding coordinates. The modified potential of ELS values can be expressed
by coordinates of the corresponding new basis, thus its modified potential representation
can be verified. In view of these new basis, we define the Solidarity value and ELS values
representations of potential games on the basis of the Shapley value representation given
by Takashi [27].

In Chapter 4, by the potential approach, we obtain the reduced game corresponding
to the Shapley value, which is the same as the Sobolev’s reduced game. Make use of the
similar modified potential approach, reduced games with respect to the Solidarity value
and all ELS values are defined, respectively, such that these values satisfy the reduced
game property with respect to their own reduced games.

Finally in Chapter 5 we give an example concerning the Shapley value, in which the
classical potential approach is extended to the Abilian group structure.



Chapter 2

Modified potential representation

The concept of potential was once frequently used in Physics, and was brought into the
field of mathematics successfully in the late eighties. Based on the definition of potential
given by Hart and Mas-Colell [I1] who proved the equivalence between the gradient of
potential and the Shapley value, we aim to define another type of the potential called the
modified potential. According to the 0-normalized condition and efficiency, the modified
potential can be calculated based on the definition of the modified gradient. For the
ELS value, we find it admits a modified potential representation if it satisfies another two
conditions. Furthermore, when a value admits such modified potential representation,
there exists special relationships among the coefficients of the modified gradient, which
can be simplified if separable.

2.1 Classical potential representation

The potential approach is a successful tool in physics. Daniel Bernoulli (1738) was the
first to introduce the idea that a conservative force can be derived by a potential in
Hydrodynamics.

An illustrative example is the gravitational vector field, which says that the gravita-
tional force acting on a particle is a function of its position in the space, i.e., f = f (7) =
f(z,y,z). The work done by moving a particle continuously from position A to B through
the path o is the integrate of f(77) on o, i.e., W = N f(7)d7. The gravitational field is
conservative in the sense that it is path independent. But a field is conservative if there
exists a continuous differentiable function P, such that W = — fg VPd7. Therefore,
—VP(7) = f(7).

There exist several characterizations of conservative vector field, e.g., every contour
integral with respect to the vector field is zero. Surprisingly, the successful treatment of
the potential in physics turned out to be reproducible, in the late eighties, in cooperative
game theory.

Concerning the solution part for TU-games, Hart and Mas-Colell [11] was the first to
introduce the potential approach to values on cooperative TU-games. They proved that

14
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the Shapley value [22] can result as the vector of marginal contributions of a particular
potential, the uniqueness of which is implied by the efficiency. Nevertheless, Dubey et al.
[8] showed that semivalues, which does not satisfy the efficiency, also can be obtained by
an associated potential. For the class of values which satisfies efficiency, linearity and sym-
metry, Driessen and Radzik [7] proved such value admit a pseudo-potential representation.
Ortmann [16] clarified several analogues between the potential concepts in the coopera-
tive game theory (without the efficiency constraint) and physics. In addition, Calvo and
Santos [3] established that, any value that admits a potential representation is equivalent
to the Shapley value in the sense that the value of any games is equal to the Shapley value
of a strongly adapted game arising from initial games as well as the value itself.

In summary, the concept of the potential is a powerful tool within the solution part
for TU-games.

Definition 2.1.1. A potential [11] is a function P : G — R, P(0,v) = 0, satisfying, for
every v € G,

> ViP(N,v) = v(N) (2.1)
1EN
Here the i’s component of the gradient V;P(N,v) := P(N,v) — P(N \ {i},v) with v
the restriction to N \ {i} in the last expression.

Definition 2.1.2. A wvalue 9 is said to possess a potential representation if it is the
discrete gradient of a real-valued potential P, i.e. 1» = VP.

If P is a potential then (2.1]) says that the ‘gradient’ VP(N,v) := (V;P(N,v));en is
an efficient payoff vector for the game (IV,v), and in particular, note that,

P{i},v) = v({i})
P{i,j} v) = %[v({i,j}) +o({i}) +v({5})]
More generally, it follows from that,

P(N,v) = % o(N) + 3 PN\ {i},v) (2.2)

iEN
so the potential of game (IV,v) is uniquely determined by the potential of subgames of
(N,v).

Example 2.1.3. Hart and Mas-Colell [11] showed that, there exists a unique potential
P : G — R, such that, for every game (N,v), the resulting payoff vector (V;P(N,v))ien
coincides with the Shapley value of the game. Moreover, the potential of any game
(N,v) is uniquely determined by efficiency applied only to the game and its subgames (i.e.,
to (S,v) for all S C N ).

This classical potential P is given by, for any v € G,

P(N,v) = > h(n,s)v(S) (2.3)

SCN
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Using , one can prove the existence and uniqueness of P(N,v) recursively starting
with P(0,v) = 0.

By the definition of the gradient, for all i € N,

ViP(N,v) = P(N,v) — P(N \ {i},v)

= > h(n,s(S)— Y h(n—1,5)v(S)

SCN SCN\{i}

= > [hln,s+Do(SU{EY) +h(n, )v(S)] = D h(n—1,s)(S5)
SCN\{i} SCN\{i}

= > hns+DoSU{ih) = > [h(n—1,5) = h(n,s)]v(S)
SCN\{i} SCN\{i}

= > h(n,s+Dp(SU{i}) —o(S)]
SCN\{i}

= Shl(N,U)

Therefore, the Shapley value is the unique value that admits a classical potential
representation.

Example 2.1.4. For any game (N, v), consider another value also satisfying the efficiency
principle, the so-called egalitarian non-separable contribution value ENSC .

If we simply let P(N,v) = v(N), then the ENSC wvalue can be represented as, for all
1€ N,

ENSCi(N, v) = %P(N, o) — PN\ {i},0) + % SO PN {1},0)
leN

Note that, the classical gradient with respect to the Shapley value is a linear combina-
tion which contains two different items, P(N,v) and P(N\{i},v). Whereas in the ENSC
value, we can represent it by a linear combination of three items, one of which is different
from that of Shapley value, say 1>, _ v P(N \ {I},v).

2.2 Modified potential representation

Driessen and Radzik [7] introduced a special definition called weighted pseudo-potential
representation, with respect to a specific kind of values. Based on their results, and the
potential representation for Shapley value as well as EN SC value discussed in the previous
section, we aim to give a general potential representation for values on TU-games.

2.2.1 General representation

In this new potential representation, we use three items to prescribe a player’s gain from
participating in a game (N, v). Firstly, a player receives some share of the solution P'(V, v)
from the game; secondly, players different from ¢ will contribute some efforts to the game
according to P/(N,v), so we remove what other players would gain. In this way, we adopt
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(—=P'(N \ {i},v)) as well as the average sum (—1 ", P/(N \ {I},v)), and distinguish
each part by taking into account different shares assuming symmetry with respect to the
size of the player set. Thus, we have the following definition.

Definition 2.2.1. Consider three sequences a = (ax)ken, b = (bg)ren, ¢ = (Ck)ken of
real numbers and a function P': G — R, P'(0,v) = 0.

e The modified gradient V'P' = (V.P');cn is defined to be, for any n-person game
(N,v), i €N,

V/P'(N,v) = a, P'(N,v) — b, P'(N \ {i},v) — %cn STP(N\{1},0) (2.4)
leN

e Function P': G — R is called a modified potential, if it satisfies, for any n-person
game (N,v),
Y ViP/(N,v) =uv(N) (2.5)
iEN
This modified potential P’ satisfies the 0-normalized condition and its modified gra-
dient is efficient according to , which is similar to the potential defined by Hart and
Mas-Colell [IT]. The only difference is that, we use the modified gradient V' P’ instead
of VP in the efficiency condition . Evidently, if a,, = b, = 1,¢, = 0, the modified
gradient would equal to the classical one, i.e., VP = V' P,
Remark: Consider the 1-person game, the efficiency condition would reduce to
a1 P'(N,v) = v(N). In order to achieve P'(N,v) = v(N) in 1-person game, we restrict
that a; = 1. Concerning such coefficient, in the following chapters, we will always respect
al = 1.

Definition 2.2.2. A value ¢ = (1;)ien on G has a modified potential representation,
if there exists three sequences of real numbers a = (ag)ken, b = (bg)reN, ¢ = (ck)ren with
a; = 1 and a; # 0 for all k > 1, and a modified potential P' : G — R, such that, its
associated modified gradient satisfies, for any n-person game (N,v), alli € N,

¥i(N,v) = V,P'(N,v) = a, P'(N,v) — b, P'(N \ {i},v) — %cn ZP'(N \{l},v) (2.6)
leN

In this definition, we restrict ag # 0 for all £ > 1, to make sure that the totalitarian
fraction of the potential P’'(N,v) for any n-person game (N, v) does not vanish. Therefore
we can guarantee the uniqueness of the modified potential P’.

Remind in Example[2.1.3] there exists a unique classical potential P with respect to the
Shapley value. In fact, based on the efficiency principle and the modified potential
representation , there exists a general expression for the modified potential which can
be calculated recursively.

Theorem 2.2.3. Fix three sequences of real numbers a = (ag)ken,b = (bg)keN,C =
(ck)kew with a; =1 and ax # 0 for all k > 1.
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o For any v € GV, the modified potential P’ is uniquely given by,

'(N,v) = Z h(n, s)gn,sv(S)

SCN

(2.7)

o For any v € GN with n > 1, the associated modified gradient V'P' is, for alli € N

N
V;P/(N,U) — U( ) Z h n 8+1)qn 1s+1’U(SU{Z} Z h n 8+1)qn 1SU(S)
SCN\{Z} SQN\{ }
(2.8)
where qn s is defined to be,
( n
11 1(bj +¢j)
Gn,s % foralll<s<n-1
[T a; (2.9)
Jj=s
1
Qnn = —

Remark: During the proof, we will use the following relationship, for all 1 < s <n —1
(2.10)

dn,s = 4n—1,5s " qdnn * (bn + Cn)
(2.11)

Adn,s = A4n,s+1 " Qs,s ° (bs+1 + Cs—l—l)

Proof. Fix three sequences of real numbers a = (ag)ren,b = (bg)ren, ¢ = (ck)gen with
a; =1 and ay # 0 for all £ > 1. For any game (V,v), we have

N) =" _ViP'(N,v)

1EN
(o) / 1 (
> |anP (N, v) = b, P'(N \ {i}, anP (N\ {1},v)
iEN leEN
= nanP'(N,v) = (bp +ca) > _ P/ (N\{l},v)
leN
which is equivalent to,
(2.12)

P'(N,v) = LU(N) - b”nz n > PN\ A{i},v)
" leN

Uniqueness is obvious according to this recursive formula, next we show the existence of
this modified potential P’ recursively, starting from the 0-normalized condition P'(0),v) =

0.
For 1-person game, i.e. n = 1, because P'((),v) = 0 and a1 = 1, the efficiency condition

is reduced to P'({i},v) = v({i}) for all i € N.
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Suppose ([2.7) holds for all (n — 1)-person game, we have,

ZP/(N\{Z} Z Z h(n QH lsU(S)

leN leN SCN\{l}
=Y (n—s)h(n—1,5)qn-1,50(S) (2.13)
SCN
—n Z h(n, s)qn-1,sv(S)
SCN

Substituting the expression above into (2.12)), one can get,

P/(N,w) = ——u(N) + 25 S PN {1}, 0)

an n

leN
1 by, + cn
- n—anv(N) + Ta Z h(n, s)gn—1,sv(S)
SCN

By (2.10)), the equation above changes to,

P(N,v) = T20(N) + 37 h(n, 8)ga,s0(S)
SCN

= Z h(n, S)Qn,sv(s)

SCN

Thus, (2.7) holds for n-person game. By this inductive proof, the modified potential

P’ is of form (12.7)).

For the ’s component of the modified gradient V'P’, we have,

ViP'(N,v)
B0 P/(N,0) = b PN\ i),0) = Ten 30PN\ {1),0)
IEN
. Zhn 8)qn,sv(S Z h(n —1,s)gn—1,s0(S )—anh(n,s)qn_Lsfu(S)
SCN SQN\{} SGN

By the relation (2.10]), the equation above can be simplified as follows,

ViP'(N,v)
N
:U( )+b Zhnsqnlsv Z h(n —1,5)gn—1,sv(S)
" SCN SQN\{ }
. N
”(n ) 4 b, 3 h(ns 4 Danonerv(SULN) +b0 > (h(n,s) — h(n - 1,8))gn-1.50(S)
SCN\{i} SCN\{i}
N
= U(n) + by, Z h(n,s + 1)gn—1,s+10(S U {i}) — by Z h(n,s + 1)gn—1,sv(S)
SCN\{i} SCN\{:}
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Example 2.2.4. Let the three sequences a = (ag)ken,b = (bk)ken, ¢ = (ck)rew of real
numbers with a1 = 1 and ax # 0 for all k > 1 be arbitrary. Consider the Shapley value
, for any game (N,v), we have bpgn—1,s =1 when 1 <s<n—1.

If we let s be (n — 1) and (n — 2) respectively, the relationship between b, and ¢p—1 s
would lead to b, = a,_1 and ¢,,_1 = 0.

Therefore, the Shapley value has various modified potential representations, given by,

Shi(N,v) = V,P'(N,v) = a, P'(N,v) — an_1 P'(N \ {i},v) (2.14)

and the modified potential is,

1
P = — .
(N,v) = = > h(n, s)o(S) (2.15)
SCN
Evidently, if we choose the unitary sequence a = (ap)keny = 1, then the modified

potential gradient is reduced to the classical one given by Hart and Mas-Colell [11)].

2.2.2 Representation for ELS values

Besides the Shapley value, Driessen and Radzik [7] showed that, there exists a special class
of values satisfying efficiency, linearity and symmetry (ELS values ), which admits a
weighted pseudo-potential representation. This conclusion is also suitable for our modified
potential gradient.

Theorem 2.2.5. Let ® be a value on G, then ® admits a modified potential representation
(cf. Definition , if and only if ® is the ELS value , in which the collection of

constants Ap, = {ans|1 < s <n—1} with n > 1 satisfies two conditions:

e Foralll<s<n-—1, Q51

is independent of n provided oy, s # 0;

Qn s

o If there exist some s, 1 <s<n—1, s.t. a5 =0, then a, =0 for all k < s.

Proof. (=) Suppose ® has a modified potential representation with three sequences a =
(ak)ken,b = (bk)ken, ¢ = (ck)gew of real numbers satisfying a; = 1 and ay # 0 for all
k > 1. Then ® agrees with .

If b, = 0, then for all i € N, it holds ®;(N,v) = “M If , £ 0, we consider a
collection of constants A, = {ans | 1 <s <n—1} with n > 1, such that,

bngn-1s =0ans foralln>land1<s<n-1 (2.16)
Thus, it holds that, foralln >1and 1 <s<n-—1,

Ops—1 (2.16) bndn—1,5-1 (2.11) bs + ¢
Qnp s annfl,s as—1

216) @-11)
s—1 = ann—l,s—l = an,st—l,s—l(bs+cs) (218)

(2.17)

n,
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S0 v, s is uniquely determined by based on three sequences a, b, ¢, and the two
conditions in the theorem is equivalent to the relation (2.17)) and (2.18]), respectively.
(«<=) Suppose the value ® is the ELS value with form and satisfies the two conditions
in the theorem, then the collection of constants A, = {ay, s |1 < s <n—1} withn > 1
is well defined.

For all n > 1 and 1 < s < n, consider three sequences a, b, ¢, where as can be choosen

arbitrarily with as # 0, a1 = 1, bs and ¢, are defined as follows,

bs = 105,51 foralll<s<n,n>s+1 (2.19)
Cs = Qs_1 <a;751 - as,sl) foralll<s<nmn>s+1 (2.20)
n,s

Note that, the two conditions in the theorem guarantee the correctness of form .

Assume for all i € N, ®;(N,v) # v(qu)7 we claim oy, 1 # 0. In fact, if ap -1 = 0,
then by the second condition in the theorem, for all 1 <¢ < n —1, it holds o, ; = 0. Thus
®,(N,v) = @, which contradicts the assumption.

Therefore, b, # 0, and there exists at least one k, k& > n, such that, oy ,—1 # 0. By
(2.19) and (2.20), forall 1 < s <n,n>s+1,

O s—1 Qp, s—1
bs +¢cs = as_1 =a4_1——— (2.21)
A s Qn,s

Make use of the equation above, then,

—1
[ =s1(bj + )
- -1

[[= a

@21 1 Qs

)

dn—1,s

an—-1 Qpn—1
Zm 1

b, Qnp s
Therefore, we have,
ans=bngn—1s foralln>land1<s<n-1

Thus, the value ® has a modified potential representation which arises from the three
constructed sequences a, b, c. O

During the above proof, we obtain the relationship among the three sequences a, b, ¢
which is depicted in the following corollary.

Corollary 2.2.6. Let ® be the ELS value satisfying the two conditions in Theorem
2.2.5. Then for any n-person game (N,v) with n > 1,

®;(N,v) = Vi,P'(N,v) = a, P'(N,v)—b,P'(N\{i}, v)—%cn ZP/(N\{Z},'U) foralli e N
leEN
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where the three sequences a = (ag)ken,b = (bk)kew,¢ = (ck)rew of real numbers are
defined recursively to be, for all 1 < s < n,
as 1s chosen arbitrarily with as # 0 and a1 = 1;

bs == as—105 5—1; (222)

L Qn,s—1
Cg = Qg—1 — O 51
Qnp s

Note that by the relation (2.22)), the modified potential (2.7)) can be written as the
following expression which only contains one undecided sequence a = (ag)ken,

P(N,v) = ———— 3" h(n, s 50(S)

Un " Ann gy

For the collection of constants A, = {ay |1 < s < n — 1} with n > 1, we restrict
them to satisfy two conditions, one of which is the quotient of o, s—1 and «, s should be
independent of n provided o, s # 0. In order to avoid this assumption, we suppose the
coefficient v, , is separable, i.e., ay s = pnVs, which means o, s result from a product of two
independent sequences, one refers to n, and the other one to s. In this way, the quotient
of ay s—1 and oy, s only depends on s. By , we can get the following corollary.

Corollary 2.2.7. Let ® be the ELS value on G, suppose o, s = tnVs for alll < s <
n — 1, where uy, and vs are two independent sequences refers to n and s, respectively. For
any n-person game (N,v) with n > 1,

1

®;(N,v) = VP (N,v) = a, P'(N,v)=b, P'(N\{i},v)——cp ZP’(N\{Z},U) foralli e N
n leEN

where the three sequences a = (ag)ken,b = (bg)ken,c = (ck)kenw of real numbers are

defined recursively to be, for all1 < s <n,

as is chosen arbitrarily with as # 0 and a1 = 1;
bs := as_1ftsVs_1; (2.23)
Cs i= Qs—1Vs—1 (171@ - HS)

in addition, the collection of constants Ay, = {ans|1 < s < n — 1} should satisfy that, if
there exist some s, 1 <s<n—1, s.t. aps =0, then api =0 for all k < s.

In this circumstance, the number ¢, s in the modified potential is just (%Z—S, therefore

(2.7) can be reduced to,

Z h(n, s)vsv(S) (2.24)
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Example 2.2.8. Consider the Solidarity value , Qns here is separable with i, =
1, vy = SJ%I foralll < s <n-—1. By , we have b, = %an_l, Cpn = Gp_1, Gn
is chosen arbitrarily with a, # 0 and a1 = 1. The Solidarity value admits a modified
potential representation as follows:

Sols(N,v) = VP (N, v) = an P'(N, v) — %an_lP’(N \ {i},v) — %an_l SO PN {}0)
leN
(2.25)

where the modified potential is,

P'(N, —n+1§:hns (2.26)

tn SCN

Evidently, the assumption that o, s(1 < s < n — 1) is separable is helpful for the
calculation. Next we verify the correctness of the modified potential representation for the
Solidarity value.

In view of the modified potential P’ for the Solidarity value, we have,

) 205)
§: Al =1, s+1

P'(N\{i},v

> PV (i) B T "

lEN SCN

Substituting expressions above into , then the modified gradient VP’ equals to,

- > o —n ) hn,

ViP'(N,v) = (n+1) > h(n

SCN SCN\{i} SCN
- h(n h v(S)
= —I—Z +1 Z (n—1,8)8+1
SCN SCN\{i}
_ w(N) v(S U {i}) u(S)
= T Z h(n,s+1)8+72— Z (h(n—l,s)—h(n,s))8+1
SGN\{i} SCN\{i}
oY) v(SU{i}) v(S)
SCN\{i} SCN\{i}

Sol;(N,v)

Therefore, the modified gradient VP’ in equals to the Solidarity value, which
means s a proper modified potential representation for the Solidarity value .



Chapter 3

Representations of the potential
game

Based on the collection of unanimity games, which is a well-known basis of GV, we aim
to define a new basis with respect to the Shapley value, the Solidarity value, and all ELS
values, respectively, such that all these values can be represented as a simple sum of the
corresponding coordinates. The modified potential of the ELS value can be represented
as a new linear combination with respect to the new basis, thus its modified gradient can
be verified. Making use of this new basis, we consider the potential game, which is a
special noncooperative game concept that admits a potential function. Inspired by the
Shapley value representation of the potential game discussed by Takashi [27], we present
its Solidarity value and ELS values representations, respectively.

3.1 New basis associated to values

Remind in Theorem the characteristic function of any game can be represented as
a linear combination of unanimity games ur with coordinates ¢4 for all T € 2V \ {0}.
Making use of this basis, we can represent the Shapley value in terms of c7.

3.1.1 Shapley value
The Shapley value (1.2) in the unanimity game up with form (1.1)) is, for any 7' € 27\ {0},

Shi(Nyur) = Y h(n,s+ Dur(SU{i}) —urp(S)] forallic N (3.1)
SCN\{i}

e i ¢T. For all S C N\ {i}, it holds up(S U {i}) = ur(S), thus Sh;(N,ur) = 0.

24



CHAPTER 3. REPRESENTATIONS OF THE POTENTIAL GAME 25

e i€ T. For all S C N\ {i}, it holds up(S) = 0, thus by (3.1)),

Shi(Nyur) = Y h(n, s+ Dup(SU{i})
SCN\{i}

S h(n,s+1)

SCN\{i}
S2T\{i}

Remark: During the derivation above, we use the combinatorial result,

n—1
Z § (" forall1 <t <n (3.2)
Pt t—1 t

In fact, suppose the equation holds when n = k — 1, then for n = k,
k—1 k—2
S S k—1
> =2 +
s=t—1 (t N 1) s=t—1 (t B 1) <t N 1)
(k-1 n E—1) [k
S\t t—1) \t

Therefore, Sh;(N,ur) = % when ¢ € T, and 0 otherwise. By the linearity of the
Shapley value, we derive that, for all i € N,

C'U
Shl N = 7 5 - £ 7 bl = l .
(N,v) = Sh N,E crur E cpShi(N,ur) E ” (3.3)
TCN TCN TCN
T#0 T#D T>i

Next we consider another basis of the space GV, which is associated with the Shapley
value.

Definition 3.1.1. A basis of the space G concerning the Shapley value is supplied by the
collection BS" = {(N,ug") | T € 2V \ {0}}, defined by,

up'(S) =

{t ifTCS (5.0

0 otherwise

Theorem 3.1.2. For each v € GV, we have,
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v,Sh v,Sh —r
*v= ZTGZN\{Q)} cp tudh with ep”" = %ZRQT(_Dt v(R)
o Shi(N,v) =Y rew 2" forallie N
T34
Proof. For any S C N,

v,Sh Sh v,Sh
S ) - Yorey

TCN TCS
T#0 T#(

=22 (1”7

TCS RCT
TZ)

-3 ()

RCS t=r
=Y (1-1)"u(R)
RCS
= v(9)
By the similar derivation as in the unanimity game ur, one can derive that Sh; (N, ugh) =
1if 7 € T, and 0 otherwise, which means, for all i € IV,

Shi(N,v) = Shi(N, Y e ufhy = 37 e Shy(N ugh) = >~ "
TCN TCN TCN
TA0 TA0 T3

3.1.2 Solidarity value

Next we consider the Solidarity value ([1.4)), which is also efﬁcient, linear, and symmetric.
We already derived in Example m 1| that, the Solidarity value can be written as,

Soli(N,v) = ") 4 S h(nys+1 ECEL0)) 45
s+ 2 s+1
SSN\{i} SCN\{i}

(3.5)

Consider two characteristic functions v,w € G, then the relationship between the
Solidarity value and the Shapley value is, Sol;(N,v) = Sh;(N,w) when,
v(S) =w(S)(s+1) where SG N
v(N) = w(N)

S

Based on uTh and the relation above, we define another basis associated to the Soli-

darity value.

Definition 3.1.3. A basis of the space GV concerning the Solidarity value is supplied by
the collection B = {(N,u$°") | T € 2N\ {0}}, defined by,
t if S=N
u$US) =S ts+1)  fTCS and SSN (3.6)

0 otherwise
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Theorem 3.1.4. For any v € GV, we have,

S per(-) Ao(R) FTCN
o(N) + Lpen(-1)""7o(R)] T =N

v,Sol  Sol . v,Sol
U with  cp”" =

® U= rcon\(g} T

S= o=

e Sol;(N,v) => rcn CTSOl forallie N

T>1

Proof. For any S G N, one can prove ZTCN C%SOI 29U(S) = v(S) by a similar derivation
T20

as for the Shapley value; consider the case S = N, we have,

v,Sol Sol v Sol v Sol
cr Z tep

TCN TGN
T#0 T¢®

=2 2.

TGN RCT
T8

Z Z 1 (R)+n01;VSOZ

RCN TCN T;é@

— Z Z (?::) (—1)t’Tr j_ 1v(R) + ncUNSOZ

RCN t=r

B
RGN Li=r
1

v,Sol
(R) +ncy

RGN
1
— 1n—7‘+1 R)+n USol
XU R el
=
=v(N)

Next we calculate the Solidarity value on this new basis u*jgf’l via ,

e igT. Forall SG N\ {i}, T C SU{i} is equivalent to T' C S, thus,

Sol;(N,u3) = M_h(nvn)m L E—O

n n n
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e i cT. For all S C N\ {i}, it holds up(S) = 0, thus,

SOZ( Sol) _ :L Sol( + Z hn S—I—]_) %W(SU{Z'})

SCN\{i} s 2
91,
= t+1t Z h(n,s+1
SCN\{i}
SOT\{i}
n—1 n—t
=1 h 1
> (s_m) e 1)
s=t—1
t A ( s )
t n\ s=t—1 t—1
t
lb 1
Due to the linearity of the Solidarity value, for all i € IV,
Sol;(N,v) = Sol; | N, Z v,Soly, ol Z CUTSOZSOZ (N, u3") = C%SOZ (3.7)
TCN TCN TCN
T#@ T;ﬁ@ T>i

3.1.3 ELS values

For the Shapley value and the Solidarity value, we have already found new basis associated
with them. Based on these two special cases, we derive a general basis, which concerns all
the values satisfying efficiency, linearity and symmetry (ELS values).

Definition 3.1.5. A basis of the space GV concerning the ELS value s supplied by
the collection B® = {(N,u) | T € 2V \ {0}}, defined by,

t ifS=N
uP(S) = QL ifTCS and SGN (3.8)
0 otherwise

Theorem 3.1.6. For any v € GV, we have,

v, d

-)""ay, (R fTCN
© U= reav\(n) Pud with & = 2 rer(=1) +u(R) <

o(N) + X pen(~1)"an,v(R)| T =N

3= =

O, (N,v) => rcn ch) forallie N

T4

Proof. First we verify v = ZT@N\{@} cf}’@u?}.
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o S ; N
1
chq)u;}i == c%q)t
TCN ™S pcs
T#0 TZ0
1
=—> > ()", v(R)
Ans cs RCT
T#D
1 t—r
~ LS S ) e
™S RCS TCS,T#D
TDOR
1 *(s—r
- S e (1) o
™S RCS t=r r
1
= — > anR1 - 1)
n,s RCS
=v(S5)
e S=N
Z cgw(pu% Z tc ® 4 ncN
TCN TGN
T#0 T%0
= Z Z Ty, v(R) —l—ncUNq)
TSN RCT
T8
= ansu(B) Y (D) 4 ney®
RSN TSN, T#0
TDOR
et O
= > angu(R) Y <t> (=)' 4 e
RGN t=r
n
n—r e n—r P
= Z an v(R) Z (t —r) (1) — (n— r> (=1)"7"| + ncy
RSN t=r
=3 R - 1) — ()"
RSN
= Z (—=1)" "y, 0(R) + ney®
RSN
=v(N)

According to Corollary [1.2.20

O, (N,v) = o) + Z h(n,
" s

® can be represented as, for all i € IV,

s+ 1)oy sr1v(S U {i}) — Z h(n,s+ 1)oy, sv(S)
SCN\{i}

Using the formula above, we calculate ®;(N,u%),
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e i ¢ T. Forany S G N\ {i}, T C SU{i} is equivalent to T' C S, thus,

u
®;(N,up) = L

— b, ) (N (i) = -~ © =0

t
n
e i €T. For any S C N\ {i}, it holds u®(S) = 0. Thus,

o, ) = W)

+ 3 h(ns+ Dapeub(SU{)
S;N\{i}

B9 ¢
= — 4+t h 1
—+t Y h(ns+1)

SGN\{:}
SOT\{i}

n—1

n—t

t h 1

s;1<s—t+1> (n,s+1)
TL) s=t—1 t—1

t

3,

By the linearity of the value ®, we have, for any i € N,

(N, v) =0 | N, Y c®uf | =D oy (Nuf) = > (3.9)
TCN TCN TCN
TA) T#) T3i

O

Suppose the coefficient o, s in the ELS value is separable, i.e., ap s = punvs for all n
and 1 < s <n — 1, we have the following conclusion.

Definition 3.1.7. A basis of the space GV concerning the ELS value 18 supplied by
the collection B®* = {(N,u) | T € 2V \ {0}}, defined by,

t if S=N
uf(S) =4t fTCSand SSN (3.10)
0 otherwise

Corollary 3.1.8. For any v € GV, we have,

S P Lo TGN
e T A ) e Spen (0 me(R)] T =N

o &;(N,v)=> 7cn ch’CD forallie N
T>i
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Remark: When there exist some oy, s =0, for n > 1 and 1 < s < n — 1, or equivalently
unvs = 0 in the separable case, the definition of the basis in and do not hold
any more. However, the conclusion in the Theorem and Corollary are still true.
We take the ENSC' value with form as an example.

Remind that, the ENSC value is defined by, for any v € GV, all i € N,

ENSC(N,0) = o(N) ~o(N\ {i}) + - [o(N) = 3 (u(V) — o(N \ {5})

JEN
- v(TJZV) —o(N\ {i}) + % > o\ {5}
JEN
- v(iv ) SN A+ Y e (3.11)

JEN\{i}
Comparing the equation above to the ELS value (1.7)), we have,
h(n,n)om pn—1 = "Tfl
h(n,n —1)anp—1 = %

Therefore, o n—1 = n — 1, and for all 5, 1 < s <n —1, it holds o, s = 0. Next we
verify the conclusion in the Theorem and Corollary By the definition of cﬁ_"r’q),
forT'= N,

AP = o)+ Y (1) (R
RGN
= % ’U(N) - Z an,n—lv(N \ {Z})]
L i€EN
= o) = - eV (i)
L 1EN

For any i € N, T = N \ {i}, we have,

1 I
My =7 o DT an(R)
RCN\{i}
1

T 10471,”_11)(]\7 \{i})

=v(N\{i})
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For any other T with size t < n — 1, it holds c%’q) = 0. Thus,

v,d
Gt =T Y

TCN
T3i JEN\{#}

o(N) =Y (n=Du(N\{iP |+ > o(V\{j})

iEN JEN\{i}

Lo =LV )+ S oV )

JEN\{i}

S|

3

ENSCi(N, v)

In fact, in this case, we can define the basis in the Theorem [3.1.6 and Corollary
in the following way,

t ifS=N,ors<n-—1
u(S) = £ ifTCSands=n-—1
0 otherwise

Then, it holds v = ZTE2N\ m cUT’q)u% Here we only have to consider the two cases
T=NandT=N\{i} forany i € N,

e T'=N
Z c;(bu%(]\f) = Z tc%’q)
TCN TCN
T#D T#D
= nc}J\;I> +(n—1) C%%{i}
iEN
=v(N)
o T =N\ {i} . .
Y TuR(N\{i}) = ety = vV \ {i})
TCN
T#0)

In the above example, we discuss the case when there exist some k, such that, «,, 1, # 0,
and for all s <k, o, s = 0. For these special ELS values, we can define u? as follows,

t ifS=N,ors<k
ub(S) = ﬁ ifTCSandk<s<n
0 otherwise

Then the conclusion in the Theorem [3.1.6] and Corollary [3.1.8 holds.
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3.2 DModified potential representation on new basis

For every efficient, linear and symmetric value ®, we already found a basis associated with
it, such that, player i’s payoff ®;(N,v) can be represented as the total sum of c%’tb for
all coalitions containing ¢. We can obtain a new expression for the modified potential for
value @ in terms of such coordinates cT , T e 2N\ {0}

Example 3.2.1. Consider the Shapley value , which can be represented as Shi(N,v) =
TCN € for all i € N, where s s defined in Theorem|3.1.2.
T T

T>1
According to Example consider the modified potential (2.19) for the Shapley value
Sh

on the basis uy,

™ SCN

: Zhns

n SCN
SOT

SO
Z>st< |

(3.2)

1
a

Therefore by the linearity of P', we have P'(N,v) = =Y rcn cUT’Sh. Similarly for the
n T#0

(n — 1) person game, P'(N \ {i},v) = — - DTN\ CUT’Sh, thus the modified potential
n- TH#0
representation for the Shapley value is, for all i € N,

VP (N, 0) B 0 PN, o) — an 1 PN\ {3}, 0)

_ vSh vSh
=D - )

TCN TCN\{i}
T#) T#0
_ v,Sh
= cr
TCN

T3i

Shi(N,v)

Based on the example above which is associated with the Shapley value, we want to
find the general modified potential for all ELS values by means of coordinates cfjp’@.

Theorem 3.2.2. For all efficient, linear, and symmetric value ® , concerning the
new basis u? with form (@), the modified potential can be represented as,
1 @
P(N,v) = ——— Y " [n—t(1 — anp)lcy (3.12)
NanQnn 5=
T#(
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and the modified gradient V' P’ is equivalent to value ®, i.e., for every game (N,v), i € N,

ViP'(N,v) = ®&;(N,v) = >  &® (3.13)

TCN
T>i

In fact, if o, s is separable, we can get a similar theorem as follows, and a proof will
be given in this case. The inseparable case can be proved in the same way.

Theorem 3.2.3. For all efficient, linear, and symmetric value ® , suppose the co-
efficient oy, s is separable (cf. Corollary m, concerning the new basis ua}i with form
(@, the modified potential can be represented as,

1
P(N,v)= ——— n—t(1 — pnvn)]cs® 3.14
( ) N fintn J;V[ ( Hn n)] T ( )
T#(

and the modified gradient V' P’ is equivalent to value @, i.e., for every game (N,v), i € N,

ViP'(N,v) = &;(N,v) = > 4® (3.15)

TCN
T>i

Proof. On the basis u% the modified potential P’ on G with form (2.24)) can be rewritten
as,

224) 1
P'(N,v) &2V 3" h(n, s)vsu(S)
Untn Gon
1 t 1
= Z h(n, s)vs Z cf}’q) +— Z tc%q)
Antn SCN rcs HnVs Nan 7x
Z T#0 T#0
-1
1 o e n—t 1 o
= tey: h(n,s) + — tey:
antintm 1%;\7 T sz:; (s — t) ) na,, TZC;V T
T#0 T20
l) 1 CU’(P 1 n—1 + 1 Z tcv’q)
AnHnln TCN ’ <n) t nan =5 g
0 TZ0
t
1 n—t v. D 1 0. D
= crp + — tcy
AninVn Tzc;v n T na, ;V T
0 T70
1 o

= — n—t(1 — pnpvn)ler
o, 2= 10— )l
TH#(
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Similarly, for the (n — 1) person game,

P'(N\ {i},v) e23 Z h(n —1,s)vsv(S)

n-1Vn-1 SCN\{i}
o t v, o
= an — Z h(n—1 susz nVsCT
SCN\{i} gig
1 v, P n—t—
= — tes: n—1,s
o 2 T Z ( ) hn = 1,5)
T#0
- Z tc 1 nol s—1
n—1finVn—1 TCN\{i} (n— 1> AUl
T#0
t
B2 1 Z xS
An—1MUnVn—1 TN T
T4

Thus we have,

S PN\ =Y ——— 3t

leN leN Un—1HnVn—1 TEN)
740

-t Z (n— t)c%q)

Ap— Vp—
n—1HnVn—1 TSN
T#0

Therefore, the modified gradient is,

VPN, o) & 0, P'(N,v) = b P'(N \ {i},0) — fanP' N\ {1}, v)
leEN
223) . 1 1
= anP'(N,0) = an-1pmvn-1 P'(N\{i},0) = ~an_1vn-1 < —un) > PN\ A{i},v)
leN
1 P & o 1— pnpvm v,d
= [n—t(1— Nn’/n)}c% T I (n—t)eg
"tHnn q;v Tc%\:{} "Hntn TZ;J:V
T#0 T#0 0
O S
TCN TCN\{i}
T#0 T0
o e P
= Cr
TCN
T34
Until here we get the same form for ® as in Theorem [3.1.6 O

Remark: For the (n — 1)-person game, the modified potential P'(N \ {i},v) is not just a

simple generalization of P'(N,v), because the basis ué,I’w 1} is a sectional function, which
is different on S = N and S & N.
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Example 3.2.4. Remind the Example concerning the Solidarity value , we have
o =1,vs = Sj%l forallm and 1 < s < n. Using , the associated modified potential
18,
1
P'(Nv)=— 3" (n—t+1)c*

n TCN
T20

For the (n — 1)-person game,

PN\ {i}v)= —— > &

an—1

TCN\{i}
T#0
S PN\ {l}o) = —— 3 (n— t)cyS
leN n—1 TGN
T#0

Therefore, it is easy to derive that, for every game (N,v), i € N,

v,Sol
ViP'(N,v) = Sol;(N,v) = cr

TCN
T>i

3.3 ELS values representation of Potential games

The concept of potential games was proposed by Monderer and Shapley [12], which means
games with potential functions. Note that, this potential function is different from the
modified potential we discussed in Chapter 2.

3.3.1 Potential games

The potential function is defined as a function of strategy profiles such that the change of
strategy concerned one player can be expressed in one global function. Potential games
can be either ordinal or cardinal. Here we mainly talk about the cardinal potential game,
which means the difference in individual payoffs for each player from individually changing
one’s strategy and other remains, have the same value as the difference in values for the
potential function, whereas in the ordinal potential game, only the signs of differences have
to be the same.

In such potential games, one has to consider different strategies for all the players
participated in the game. Thus, instead of the cooperative game (N,v), we consider
the noncooperative game (NN, D,u) in this section, where N is a finite set of players,
D = (D;);en is the finite strategy space, and u = (u;);cn is the payoff function.

Consider a strategy d in the strategy space D, we write d = (di,ds,...,d,), in which
d; is the strategy of player i. For a strategy containing all players but ¢, we denote
by d—; = (di,dz,...,di-1,dit1,...,ds) and D_; = Dp\g5. If the strategy of player
i changes from d; to d] while that of other players remain, we use d\d;, which is just
(dy,da,...,di—1,d,dit1,...,dy). For a coalition S, S C N, we denote by Dg = (D;)ics
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the subspace of the strategy space concerning players in coalition S. Similarly, we define
ds = (d;)ies € Ds.
Formally, the potential game is defined as follows,

Definition 3.3.1. [12] (N,D,u) is called a potential game if there exists a potential
function V : D — R, such that for anyi € N, d, € D;, d € D,

ui(d\d;) — ui(d) = V(d\d;) — V(d)
Slade [23] introduced a necessary and sufficient condition for potential games as follows.

Theorem 3.3.2. [23] (N, D,u) is a potential game if only if there exist functions V :
D — R and Q; : D_; — R, such that for anyi € N, d € D,

ui(d) =V (d) + Qi(d_;)

Note that the potential function is not unique. In fact, Monderer and Shapley [12]
proved following lemma.

Lemma 3.3.3. [12] Let (N, D,u) be a potential game, V and V' be potential functions.
Then there exists a constant ¢ such that V(d) = V'(d) + ¢ for any d € D.

In a potential game, a single potential function can be used to find all Nash equilibria
due to the following result.

Lemma 3.3.4. [12] Let (N, D,u) be a potential game with a potential function V. Let
(N, D, (V)ien) be a game in which every player’s payoff function is V.. Then the set of
Nash equilibria of game (N, D,u) coincides with that of (N, D, (V)ien).

Assume strategy sets D are intervals of real numbers, Monderer and Shapley [12]
discussed how to verify whether a game has a potential function.

Lemma 3.3.5. [12] Suppose the payoff functions u; : D; — R for player i € N are
continuously differentiable, and let V : D — R. Then V is a potential function for game
(N, D,u) if and only if V is continuously differentiable, and

od, ~ od, foranyie N

Theorem 3.3.6. [12] Suppose the payoff functions u; : D; — R for player i € N are twice
continuously differentiable, then (N, D,u) is a potential game if and only if,
32ui 82uj

_ .
9didd, ~ ddiad, 1OT I €

Moreover, if d' is an arbitrary (but fived) strategy profile in D, then a potential function
s given by,

where x : [0,1] = D is a piecewise continuously differentiable path in D that connects d’

tod (i.e., x(0) =d" and z(1) =d).
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3.3.2 Representation of Potential games

Takashi [27] proved that a game admits a potential function if and only if the payoff
function coincide with the Shapley value of a particular class of cooperative games indexed
by the set of strategy profiles. In addition, a potential function of the game coincides with
a potential of the class of cooperative games. This particular class of cooperative games
is called the TU-games with action choices defined as follows.

Definition 3.3.7. [27] Given a set of players N and a strategy set D, the collection of
TU-games {vq}aep is called the TU-game with action choices, if for all d,d € D, any
TCN,
va(T) = v (T) if dr =
Note that in such games, the value of a coalition is determined by its members and the

strategies of its members, but not by strategies of players outside the coalition. Denote
by GNP the set of all TU-games with action choices.

Theorem 3.3.8. [27] (N, D, u) is a potential game if and only if there exists a collection
{Up | Op: Dy — R, T C N}, such that, for any d € D,

d)=Y_ Ur(dr) forallic N (3.16)

TCN
iST

Moreover, the potential function is given by,

= 3" wr(dn) (3.17)

v,

By defining ¥y (dy) := % (cf. Theorem [1.2.5), for all T" C N, dr € Dy, Takashi

[27] proved the following theorem concerning the Shapley value, is equivalent to Theorem

B33

Theorem 3.3.9. [27] (N, D, u) is a potential game if and only if there exists {vq}iep €
GNP such that, for any d € D,

u;(d) = Shi(N,vq) forallie N
Moreover, the potential function is given by,

Zhntvd g P(N,vq)

TCN

Based on the theorem above, we want to define new representations of potential games
with respect to the Solidarity value and the ELS value, respectively.

Remind that we already find a basis u*jgf’l with form 1) of the space GV. By using

v,Sol
the corresponding ¢

(cf. Theorem7 we can rewrite the Solidarity value as a simple
sum, i.e., for all i € N,
Soly(N,v) = Y 25 (3.18)

TCN
T>i
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For any T' C N, define,

B (N, v) = Y 5 (3.19)
TCN
On the restrict space GV'P, the Solidarity value can also be written as the sum but
with another c%d’SOl which is restricted to the game {vg}qep defined by,
1 r 1 .
_ va,Sol, Sol - vaSol ) T 2orer(—1) A7 va(R) ifTCN
Vd = Z ep T upt with e =4 n—r_1 ;
Te2M\ {0} 2 |va(N) + ZRgN(—l) m’”d(R)] fT=N
(3.20)
Lemma 3.3.10. {vg}asep € GNP if and only if dp = d} implies c%d’s‘)l = c?,f“’soz for any

TCN,ddeD.
Proof. (=) Suppose {vq}aep € GNP, then for all R C T, v4(R) = vg(R) if dp = d'(T).
Thus by 1' dp = d/y implies c%d’SOl = c;d”SOl. l
(<) Suppose that dy = d/, implies cl}d’SOl = c;,d"so for any T C N, d,d' € D. By
Theorem for any T G N,
va(T) = Y S (1) = (s +1) Y ref™
RCN RCS

and particularly, va(N) = > pcy rc;)%d’“%l. Thus dp = d/ also implies vg(T) = vg (T).
Therefore, {vg}acp € GV'P. O

,Sol

Based on ¢ and the above lemma, we have the following theorem.

Theorem 3.3.11. (N, D, u) is a potential game if and only if there exists {vgtqcp € GV'P,
such that, for any d € D,

u;i(d) = Sol;(N,vg) forallie N (3.21)
Moreover, the potential function is given by,
V(d) = B%(N,vy) (3.22)

Proof. (=) Suppose (N, D,u) is a potential game. By Theorem there exists a
collection {7 | U7 : Dy — R, T C N}, such that,

ui(d) = Y Ur(dr)

TCN
T4

Let d € D, consider the game {vq}gep. Define va = Y reony gy cljﬁi’SOlu%Ol, where

C%d’SOZ = \I’T(dT). Then,

uz(d) = Z \I/T(dT) = qujwd’SOl SOli(N, Ud)
TCN TCN
EY T34

Vid) = 3 wrldr) = Y et B g, uy)
TCN TCN
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(<=) Suppose there exists {vg}aecp € GV'P, such that, for alli € N, d € D,
u;(d) = Sol;i(N,vq)

By Theorem define Wr(dr) = 44 and the potential function V (d) = BS°L(N, vg) =

vg,Sol

ZTQN c77, then,
> Ur(dr) = Y & = Soli(N, va) = ui(d)
TCN TCN
T>1 T34
Thus by Theorem m (N, D,u) is a potential game. ]

Similar to the Solidarity value, we can define cgﬂd’(b for ELS values as follows,

% ZRQT(*l)t_Tan,rvd(R) if T ; N

'Ud,(b ] 4 Ud7(1>
Vg = P up  with ¢ = .
2 e TR [pa) + Spen (D) T angua(R)| T =N

Te2N\{0}

and the function B® on GNP is given by,

B‘I)(N, Ud) = Z C;d,@
TCN

Thus, there exists another representation for potential games.

Theorem 3.3.12. (N, D, u) is a potential game if and only if there exists {vgtaep € GV'P,
such that, for any d € D,

ui(d) = ®;(N,vq) forallie N
Moreover, the potential function is given by,

V(d) = B®(N,vy)



Chapter 4

Reduced game property for ELS
values

The Shapley value satisfies the reduced game property with respect to the Sobolev’s re-
duced game, which is a special game concept we aim to derive by the modified potential
approach introduced in Chapter 2. By the similar approach, there exist special reduced
games with respect to the Solidarity value and the ELS value, respectively. In this chapter,
we will always suppose that A, = {ay s | 1 < s < n — 1} concerning the ELS value (cf.

Corollary |1.2.20)) is a nonzero sequence.

4.1 Reduced game property

To introduce the concept of a reduced game and the reduced game property, we first look

at an example.

Example 4.1.1. [17] Consider a three-person game (N,v) given in the following table,
the dividends (cf. Definition of coalitions and the potential (cf. Definition

of subgames are given in lines 8 and 4 of this table, respectively. It follows that,

S o {1y {2 {3y {n2p {13} {23} {123}
v(S) 0o 1 2 3 5 6 9 15
No(S) 0 2 3 2 2 4 1
P(S,v) 0 2 3 4 5 7 105

Sh(N,v) = (Shi(N,v),Sha(N,v),Shs(N,v))
- (VIP(NaU)vVQP(NaU)av:iP(NaU))

1 1 1 1.1 1
= <1O3 —7,10; — 5, 10§ - 4> = (33,53,63>

3
Sh({1,2},v) = (Shi({1,2},v), Sha({1,2},0)) = (4 — 2,4 — 1) = (2,3)
Sh({2,3},v) = (Sha({2,3},v), Sh3({2,3},v)) = (7 — 3,7 — 2) = (4,5)

41
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Suppose that all players in this game agree on using the Shapley value, and consider
one possible coalition {1,3}. Players 1 and 3 will have 3% + 6% = 9% if they pool their
Shapley value payoffs together. Another way to obtain this amount is to take the worth
of the grand coalition, 15, and to subtract player 2’s payoff, 5%.

Consider {1} as a subcoalition of {1,3}. Player 1 could form a coalition with player
2 and obtain the worth 5, but he would have to pay player 2 according to the Shapley
value of game ({1,2},v), which is the vector (2,3). So player 1 is left with 5 — 3 = 2.
Similarly, player 3 could form a coalition with player 2 and obtain v({2,3}) = 9 minus
the Shapley value payoff for player 2 in the game ({2,3}, v), which is 4. So player 3 is left
with 9 —4 = 5.

Thus, a ‘reduced game’ ({1,3},v) has been constructed with v({1}) = 2, v({3}) = 5,
and v({1,3}) = 9%. The Shapley value of this game is (3%,6%). Note that these payoffs
are equal to the Shapley value payoffs in the original game. This is not a coincidence; the
particular way of constructing a reduced game as illustrated here leaves the Shapley value
invariant.

For any game (N,v), a subset of players, say T, T C N, consider the game arising
among the players in T. The reduced game property means, in general, the payoff of
players in T" should not change or they should have no reason to renegotiate, if they apply
the same ‘solution rule’ in the reduced game (7, v) as in the original game (N, v). There
are many different ways to define the reduced game. Here we discuss one of the reduced
games, say the Sobolev’s reduced game [24].

Definition 4.1.2. [24] Given any n-person game with n > 2, player i € N, and payoff
vector x € R™, the corresponding reduced game (N \ {i},v") with respect to x is as
follows,

s . n—1—s
_1(U(SU{Z})_$1')+?

v¥(S) = v(S) forall S C N\ {i} (4.1)
n
Note that the worth of any non-empty coalition in the above reduced game is obtained
as a convex combination of the worth of the coalition in the original game and the original
worth of the coalition together with the single player minus the payoff z; to the single
player 4 for his participation.

Definition 4.1.3. The solution ¢ on G possesses the reduced game property (RGP),
if for any n-person game withn > 2, 0 #T C N and x € ¢(N,v), it holds x7 € (T, v"),
where 1 € RT denotes the restriction oft € R" toT C N.

In order to axiomatize the Shapley value on G, Sobolev [24] introduced the following
theorem concerning four different properties.

Theorem 4.1.4. [24] The Shapley value is the unique value on G which possesses the
Substitution property, Covariance, Efficiency and the reduced game property with respect

to the reduced game .
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Corollary 4.1.5. The Shapley value satisfies the reduced game property with respect
to the reduced game , i.e., for any game (N,v), i € N, if v = Sh(N,v), then,

Sh;(N\ {i},v") = Shj(N,v) forall j € N\ {i}
Proof. We prove this corollary in the following five steps.

e Step 1: Substituting the reduced game (4.1)) into the Shapley value (1.2) in the
(n — 1)-person reduced game (N \ {i}, v");

Step 2: Calculate the coefficient of x; by combinatorial counting;

Step 3: Rewrite x; which is just the Shapley value for player i in the game (N, v),
by distinguishing coalitions with or without player j;

Step 4: Substituting the result of Step 2 and Step 3 into that of Step 1 to simplify
the Shapley value in the (n — 1)-person reduced game;

Step 5: Compare the result of Step 4 with the Shapley value (|1.2]) for player j in the
game (N, v).

Step 1: By the definition of the Shapley value (1.2)) and the reduced game (4.1)), fix i € N,
for all j € N\ {i},

Shi(N\ {i}, v%) Y. hn—Ls+ RS U{j}) —"(S)]

SCN\ (i}
=Y h(n—1,5+1)[Z+i(v(SU{i,j})—$i)+n_szzv(su{j})}
SCN{i}
— Y Bn—Ls+ 1) | (S U -z + P L(s)
n—1 n—1
SCN{ij)
(4.2)

Step 2: Consider the coefficient of z; in the equation above,

s+1 S
_ Z., B(n =15+ 1) + Z” h(n =15 +1)—u;
SCN\{i,j} SCN\{i,j}

n—2
:n“flz<”82>h(n1,s+1) (4.3)

s=0

T

n—1
Step 3: x here is the Shapley value in the n-person game, thus,

CCZ:Shz(NaU)
= Y h(n,s+ DS U{i}) —o(S)]

SCNVi}
= Z h(n,s+2)[v(SU{i,j}) —v(SU{j})] + Z h(n,s+ 1)v(SU{i}) —v(9)]
SCN\{i,j} SCN\{i,j}
(4.4)
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Step 4: By (4.3), (4.2) is equivalent to,

Shy(N\{i}.v") = 3 h(n—1,s+1) [Ziv(w{i,j}w”_ffku{j})]

SCN\{i,j}

S h(n—l,s—i—l)[ i v(SU{i})—i—n;i_lv(S)}— i

o n—1 1 n—1
SCN\{i,5}

Substituting (4.4]) into the equation above, we have,

s\ it = 3 [ g - M s )
SCN\{i,j} )
T R e 2)] o(SU L)
SCN\{i,j} ]
-y (Mt Mt D s u g
SCN\{i,j} ]
SCN\{ig} -

After simplifying, the equation above changes to,
Shj(N\A{i},v")
= Z h(n,s+2)[v(SU{i,j}) —v(SU{i})] + Z h(n,s+ D[v(SU{j}) —v(S)]

SCN\{i.j} SCN\{i.j}
= Y h(ns+DPSUEH — oS+ Y hlns+ (S U{}) —o(S)]
SCN\{s} SCN\{j}
S3i SZi
= Y hlns+ DS U{G}) —o(S))
SCEN\{j}

Step 5: Note that the equation above is just Sh;(NV,v), therefore,
Shj(N\ {i},v") = Sh;(N,v)
Thus, the Shapley value satisfies the reduced game property with respect to the reduced
game (4.1)). O
4.2 RGP by the modified potential approach

We already proved that the Shapley value satisfies the reduced game property (RGP)
with respect to the Sobolev’s reduced game. Next we use the modified potential approach
introduced in Chapter 2, to find the reduced game not only with respect to the Shapley
value, but also to the Solidarity value and the ELS value.
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4.2.1 Shapley value

Remind that in Example we discussed the relationship between the classical potential
P and the Shapley value Sh, that is, for any game (N, v) with n > 2, all i € N,

Shi(N,v) = P(N,v) — P(N \ {i},v) (4.5)

where P(N,v) =} sy h(n, s)v(9).
Next we use the potential approach to derive the same reduced game (4.1]) associated
with the Shapley value in the following five steps.

e Step 1: Substituting the potential P into the potential representation (4.5) for the
Shapley value;

e Step 2: Simplify the result of Step 1 by distinguishing coalitions with or without
player i;

e Step 3: Rewrite the result of Step 2, in order to make v(S U {i}) and v(S) have the
same coefficient in different summations, respectively;

e Step 4: Recognize the Shapley value (1.2]) from the result of Step 3, and split it
among the two other summations by combinatorial counting;

e Step 5: Repeat Step 1 with respect to the (n—1)-person reduced game, and compare
it to the result of Step 4.

Step 1: For any n-person game (N,v) with n > 2, for all j € N,

Shi(N,v) B2 (N ) = PV {j}0)
= Z h(n, s)v(S) — Z h(n —1, s)v(S)

SCN SCN\{j}

Step 2: For any i € N \ {j}, distinguishing coalitions S with or without player i, then,

Shi(N,v) =Y [hn,s+ Do(SU{i}) + h(n, s)v(S)]
SCN\{i}
— > [n 1,5+ Do(SU{i}) + h(n — 1, s)v(S)]
SCN\{i,j}

= > h(n—1,s) [ZU(SU{Z'}H

SCN\{:}

n—s

U(S)] (4.6)

. h(nZ,S)[ > v(SU{i})Jrn;iIlv(S)} (4.7)

SCN\{i.j} n-1

Step 3: In order to make the coefficient of v(S U {i}) and v(S) respectively be identical

in (4.6) and , we split (4.6]) into two summations,



CHAPTER 4. REDUCED GAME PROPERTY FOR ELS VALUES 46

Z h(n—1,s) _TSLU(S u{i}) + n-

SCN\{i}

= Y h(n—1,3) :<ni1_n(n8_1)>v(5u{i})+(”nfllJrn(nS_l))v(S)]

SCN\{i}

= Y 19|t v(su{z‘})ﬂ_f_lv(S)}

SNV} =1 not

_ﬁ S h(n,s + 1) (S U{i}) — o(S)) (4.8)
SCN\(i)

Step 4: Note that (D is just the Shapley value |D with coefficient (—ﬁ), thus,

Shi(N,v)= 3 h(n—1,9) [ " o(SU{i}) + n_i_lv(S)}

SCN} n—1 n—1

3 D g s ; n—s—lv ~ Shi(N,v)
O a2 ) [ Epesuan + T s | - FE)

= Y h(n-1,) [n f -o(S U{i}) + ”%TU(S) - - -Shi(N, v)}
SCN\{i}

_ sch\%ij} h(n —2,s) [n - —u(S U{i}) + %U(S) - - -Shi(N, v)}

= > hn—=Ls"(S)— Y h(n—2s)0"(S)
SCN\{i} SCN\{i.}

Step 5: Compared to the result of Step 1, the equation above is just Sh;(N \ {i},v").
Thus, we have obtained the Sobolev’s reduced game (4.1)) by the potential approach.

4.2.2 Solidarity value

Next we consider another efficient, linear, and symmetric value, the Solidarity value .
By using the similar modified potential approach as the one for the Shapley value, we
want to find a reduced game with respect to the Solidarity value, such that, this value
satisfies the reduced game property.

Remind that in Example [2.2.8] we already obtained the modified potential representa-
tion for the Solidarity value. Let the nonzero sequence (ag)ren be arbitrary with a; =1,
for any n-person game (NN,v) with n > 2, all j € N,

1 1
Sol;(N,v) = anP'(N,v) = ~an_1P'(N\ {j},v) = —an-1 Y _P'(N\{l},v) (4.9)
" " leN
where the modified potential P’ on G is,
1
P(N,0) = L § i, 5) 2150

an Scw +1
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We will split the total derivation in five steps similar to the one described in the
previous section, but to replace the Shapley value by the Solidarity value.
Step 1: Substituting the modified potential into (4.9)), for all j € N, we have,

Sol;(N,v) :(n—i—l)Zh(n vf)l_ Z h(n—1,s Zhns

S
SCN SCN\{5} SCN

= Z h(n,s) Z h(n ( ) + o)

SCN SCN\{j} s+1 "

Step 2: Distinguishing coalitions S with or without player ¢, then,

Soli(N,v) = 3 h(ns+1) “U{’ + 3 hn )

SGN\{i} SCN\{:}

- Z h(n—l,s—i—l)(ii{;})— Z h(n—l,s)sf)l-l-v(nN)
SCN\{i,j} SCN\{i,j}

- h(”sjrll’ 5) [ZZi;U(SU (i1 + n;SU(S)} (4.10)
SGN\{i}

B h(n —2,s) s s—{—lv ; n—s—lv
Sg]\fz\;{i,j} s+1 {nls+2 (SUL}) + n—1 (S)] (4.11)

40(N) + gV ()

Step 3: Split (4.10) into two summations,

h(in—1 [ 1 -
DREA Y LRt WETTR TR SwSﬂ

, s+ 1 ns-+2 n
SCN\{i} -

- B G ) S (T ) )

h(n—1 [ 1 —s—1

- 3 Mee Lot s s v+ )
, s+1 n—1s+2 n—

SCN\{i} -

Z h(n,s+1) [si2

-1
SGN\{i}

Step 4: Compare (4.12)) to the Solidarity value (1.9)), then we have,

Solj(N,o) = 3 h("_l’s){ s S+1v(SU{i})+n_S_1v(S)]

oS Ui} - - i 1U(S)] (4.12)

SCN} s+1 n—1s+2 n—1

-2 1 —s—1
B Z h(Z—Fl’S) [nilziQU(su{i})_anil U(S)}
SCN\{i,j}

0 SV L Ty, 220 MV

n n’(n—1) n-1
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Split Sol;(N,v) into the two summations, then,

A B hin—1,8) [ s s+1 . n—s—1 s(s+1)
Solj(N,v) = Z poreg| [n_18+2v(SU{z})+n_1v(S)— — Sol;(N,v)
SGN\{i}
h(n—2,s)[ s s+1 , n—s—1 s(s+1)
- Y v(SU{i}) + ——u(S) — Sol;(N,v)
SCNVLg) s+1 n—1s+2 n—1 n—1
+ [v(N) = Soli(N,v)]

n—1
For all S G N\ {i}, let,

s s+1
n—1s+2

, n—s—1 s(s+1)
U(SU{Z})—FﬁU(S)— "

v%‘ol(‘s) = Soli(N,v)

and in particular, v§ ;(N \ {i}) := v(IN) — Sol;(N,v), thus,
h(n—1,s)

Soly(N.v) = Z s+1 .
SEN\{i} SCN\{i.j}

gal®)- Y Mg )4 L oag V(0

(4.13)
Step 5: Compare the equation above with the result of Step 1, one can find (4.13]) is just
the Solidarity value (1.9) in the (n — 1)-person reduced game (N \ {i},v§,;), thus,

Solj(N,v) = Solj(N \ {i}, vgs)
From the derivation above, we obtain the following theorem.

Theorem 4.2.1. The Solidarity value on G possesses the reduced game property
with respect to the following reduced game,

n—s—1 S +55 1) (v(Su{i}) _ i fSC N ;
V5 (9) { e (S ) e (4.14)

v(N) —z; if S =N\ {i}
that is, for all i € N, when x = Sol(N,v),
Sol;(N \ {i},vgy) = Solj(N,v) forall j € N\ {i}

Proof. We will use the five steps described in the proof for Corollary but to replace
the Shapley value by the Solidarity value.

Step 1: Consider the Solidarity value in the (n — 1)-person reduced game (N \
{i},v8,,), for alli € N, j € N\ {i},

Solj(N \ {i}, v5a)
= Z h(n—l,s—l—l)w— Z h(n—1,s+1)

2
SGN\{i,j} S SCN\{i,j}

vsa(S) | gV \ {7})
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hin—1,s+1) [n—s—2 , s+2s+1 . s+1
S (542

SSN\{i.j}

B Z h(n—1,s+1) [n—5—1v<s)+s—i—lnilv(SU{i})_(8+1)ni1xi] +U(N)—ﬂf7;

s+1 n—1

SCN\{i,j}

Step 2: Calculate the coefficient of x; in (4.15)),

1 = (n-2 s+l HEn-2 s
_ n—lmi_§< . )h(n—1,5+1)n_1xi+;< . )h(n—l,s—{—l)n_ T
n—3 n—2
1 s+ 1 S
B RRP re AP P e
B
(4.16)
Step 3: Note that x here is just the Solidarity value (1.9)) in the n-person game, thus,
x; = Sol;(N,v)
N
Z h(n,s+1) v(Su{) Z h(n (S)+U( )
5+2 s +1 n
SSN\{i} SCN\{i}
_ v(SU{i,j}) v(SU{i})
= > hlms)m o Y hest )=
SGN\{i,j} SCN\{i,j}
. N N\ £
- Z h(n,s—i—Q)M_ Z h(n,s+1) (S)+v( ) vV {i})
. s+2 . s+1 n n?
SEN\{i.j} SCN\{i.j}
(4.17)

Step 4: By (£16) and (&17), (15) equals to,
Sol; (N \ {i}, v5q)

B s+1v(SU{i,j}) s v(SU{i})
= Z“h(n_l’s—i_l)n—l s+3 Zh(n 1,s—i—1)n_1 )
SEN\{i.j} SCN\{i.j}

v(N) —z;

n Z h(n71,5+1)n_8_2U(SU{j})* Z h(n—1,5+1)n_5_1v(5)+

n—1 s+ 2

—1 s+1
SSN\{irj} SCN\{inj} "

(4.18)

n—1
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Substituting (4.17)) into the equation above, then,

R (h(n—1,5+1 h(n,s+2)] v(SU{i,j
Solj(N\ {i}, v§e) = Z (71—1)(8+1)_ (n—l )} ( 8_53 )
SGN\{ig} -
(h(n—1,s+1) h(n,s+2)] v(SU{j})
+ Z e U s+ 2
SSN\{ig} -
B Z 'h(n—l,s—i-l)s_i_h(n,s—l—l)} v(SU{i})
o n—1 n—1 5+ 2
SCN\{ig} -
B Z h(n—l,s—i—l)(n_s_l)_h(n,s—i—l)] v(S)+v(N)+v
o n—1 n—1 s+1 n
SCN\{i,j} ~
(4.19)
After simplifying, the equation above changes to,
SOlj(N\{i}vvg'ol)
+3 . 5+2
SGN\{i,j} SCN\{i,j}
B v(SU{i}) v(S) | v(N)  o(N\{j})
Z h(n, s+ 2)————= P Z“h(ns+1)8+1+ - 2
SCN\{i,j} SCN\{i.j}
. o(N) | o(N\ {i})
Z | h(n,s+ 1)[v(SU{j}) —v(S)] + " + n2(n— 1)
SSN\{j}
(4.20)

Step 5: Note that the equation above is just Sol;(N,v). Therefore,
Solj(N\{i}, vg,) = Solj(N,v)

Thus, the Solidarity value satisfies the reduced game property associated to the reduced
game v§,, defined by (4.14). O

4.2.3 ELS values

Using the modified potential approach, we already find reduced games v* and vg,; asso-
ciated with the Shapley value and the Solidarity value, respectively. Next we want to use
the same method to find a general expression for all values satisfying efficiency, linearity
and symmetry.

In order to simplify the derivation, we suppose the coefficient «, s of ELS values is
separable, i.e., oy, s = pnvs for any n and 1 < s < n —1. The calculation process is almost
the same but to use «, ; instead of the product of p, and vs, if o, s is not separable.

By Corollary let the nonzero sequence (ax)geg be arbitrary with a; = 1, then
the modified potential representation for ELS values is, for any n-person game (N, v) with
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n>2aljeN,

@;(N,0) = auP'(N,v) = an-1jinvnr P'(N\ (i}, 0) = F0d (1 ) Y PN {1}, 0)
" IEN

where the modified potential P’ on G is,

h(n, s)vsv(S)
SCN

P'(N,v) =

AnVn

Remind the five steps we discussed in section Next we will use the similar five
steps but to replace the Shapley value by the ELS value.
Step 1: Substituting the modified potential into the modified gradient, then for all j € N,

®;(N,v) :Vi Z h(n, s)vsv(S) — un Z h(n —1,s)vsv(S) — (Vln - ,un> Z h(n, s)vsv(S)

" SCN SCN\{j} SCN
1
=lin Z h(n, s)vsv(S) — pn Z h(n —1,s)vsv(S) + —v(N)
SCN SCN(} "

Step 2: Distinguishing coalitions .S with or without player ¢, the equation above changes

to,
(N,0) =i S Bl + Drssao(SU LY + i S b, 5)an(S)
SGN\{i} SCN\{i}
N
—lin, Z hin —1,s+ 1)vsp1v(SU{i}) — un Z h(n—l,s)ysv(S)—i-v(n)
SCN\{i,j} SCN\{i,j}
e 3l Lo [T s 0 iy LS|
SCN\{i} Hn—1 Vs T Hn—1 N
=
Pn Vst1l 8 . pn m—s5—1 }
— h(n — 2, s)v; v(SU{i}) + —v(S
et 3 b2 e L U )
1 HUnVn—1 .
+EU(N) + WU(N\{”‘)

Step 3: Split (4.21)) into two summations, then,

oot Y b= 1)y | E P 209U i) 4 "‘%(sﬂ
SCN\{i} L Hn-1 Vs T o1 7
[ Hn Vs41 S s .
e fln =1, 5)vs - v(S U1
M 1SC%\:{@} ( ) | n—1 Vs (n— 1 n(n-— 1)) ( { })}
=z
[ in n—s—1 S
n- - 17 S 2
thn—1 Z h(n s)v. s ( —1 v(S) + e 1)) v(S)]
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_ _ Hn Vs+1 S . Lp, L“
=ln_1 Z | h(n —1, s)vs [,%—1 A 1U(SU {i}) + p— v(S)
SGN\{i}
Hn .
- Z h(n,s+ 1)[vsy1v(SU{i}) — vsv(9)] (4.22)
SGN\{i}

Step 4: Compare (4.22)) to the ELS value ([1.7]), then the equation above is equivalent to,

(I>j(N, v)

—fin—1 S%\:{i} h(n — 1, 5)vs [Mi‘: ”:1 - 2 —u(SU{i}) + M’:: ”;:1@(5)]

—fin—1 SgNz\;i’j} h(n — 2, s)vs [/}Zﬂl ’/Zl - i 11;(5 u{i}) + /JZ: n;izlv(S)}

HH attyv iy - L [@(N,v) D) ity {m}

o ScNZ\{i} Lo [MZ: Vz_l n i 10(5 DL+ Ml:il nn_ii_llv(s) - Mnl—l Vlsnilq)i(N,v)]
i (4.23)

—fn—1 ch\;m}h(n —2,5)vs |:,UZ7—11 VSV-:I - i 1v(s u{i}) + ul:: nn_if_llv(S) — Mnl—l Vln i 1<I>i(N, v)}

(4.24)
T [u(V) - Bi(,0)]

Denote by v§(.S) the expression inside the bracket in (4.23)) and (4.24), and let v§ (N \
{i}) :=v(IN) — ®;(N,v), then the equation above equals to,

1 .
O(N,0) =t D AL i (S) =t Y h(n=2,5)uavf(S)——vh(N\{i})
SCN\{i} SCN\{i,j}

Step 5: Note that, compared to the result of Step 1, the equation above is just the ELS
value ([L.7) of player j in the (n — 1)-person reduced game (N \ {i},v). Therefore we
have,

CDj(Na ’U) = (I)j(N \ {Z}a Ué)
From the derivation above, we get the following theorem.

Theorem 4.2.2. If ay, s is separable, i.e., oy s = Vs, the ELS value on G possesses
the reduced game property with respect to the following reduced game,

o (5) = {u‘i"l"nfll“(& b e (SUGY —a] S SN (i)
v(N) =i if =N\ {i}
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that is, for alli € N, when x = ®(N,v),
(N \ {i},vg) = ®;(N,v) forall j € N\ {i}

Example 4.2.3. Consider the Solidarity value , which is a special case in the class of
ELS values. We already got in E:mmple that, up, =1, vy = H% foralll <s<n-1.
In view of Theorem we can calculate the reduced game for the Solidarity value by
substituting py, and v into the general expression of reduced games for all ELS values.

One can verify that, it is equivalent to .

Until here we have discussed the separable case for the ELS value. In the general case,
we have the following theorem.

Theorem 4.2.4. The ELS wvalue on G possesses the reduced game property with
respect to the following reduced game,

vE (5’) = O:n;s nnisllv(s) + anll S n— 1 [Oén s+1U(S U {Z}) — xl] if S ; N \ {Z}
[} U(N)_xz ZfS:N\{Z}
(4.25)

that is, for all i € N, when © = ®(N,v),

O;(N\ {i},vg) =P;(N,v) forallje N\{i}

Proof. Make use of the similar five steps as the proof for Corollary but to replace
the Shapley value by the ELS value.

Step 1: Remind the expression for the value ® in the (n — 1)-person reduced game
(N\{i},v3), fixi € N, for all j € N\ {i},

®;(N\ {i}, v3)
— Z h(n —1,5+ 1)ay_1.s4105(S U {j})

SSN\{i.j}
1
— > h(n—1s+ Dan_1,05(5) + VeV A\ {i})
SCN\{i,j}
= > hn—1s+ 1o, M (5 U{i,g}) = >, hn—1,5+ay, st1—0(SU{i})
SSN\{i.j} SCN\{ij}
n—s—2 . n—s—1
+ > hn—1s+ Dan,sp1———v(SU{j}) - Z‘ | h(n — 1,5 + Do, —————v(S)
SSN\{i.j} SCN\{ij}

-2
+1 — [(n—2 s
_1xi+;0< . >h(n—1,s+1)n_

(4.26)

n_—lxz_z<n ) (n—1,s+1)

17
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Step 2: Consider the coefficient of z;,

1 gy A s+1 29 s
_n—l:ri_;%( . )h(n—l,s+1)n_1xi+sz%< . )h(n—l,s—i—l)n_lxi
1 n—3 s+1 n—2 s
T I H
n—1 ~ (n—1) ~ (n—1)
1
T o1

Step 3: Here z; is just the ELS value (1.7)) for player i in the game (N, v), thus,

T; = (I)Z(N,U)
N
Z h(n,s+ 1)y s41v(S U {i}) — Z hns—}—l)anSv(S)—l—v( )
SENLi) SCNVi) "
= S b5+ 2anssav(SULIN S s+ Dansn(SU{i})
SCN\{i,j} SCN\{i,5}
N n,n— .
— Y hs+2anso(SUGH - Y hinys + Dangu(S) + ”(n ) _ %U(N \ {i})
SCN\{i.j} SCN\{i.j}
(4.27)
Step 4: Concerning the result of Step 2, (4.26)) is reduced to,
(N \ {i},vg)
1
- Y b1, s—l—l)ans+28+ WSULLH = 3 b= Tis+ Dansn——o(S U{i})
SCN\{i,j} SCN\{i,j}
n—s—1
+ Y h(n—1,5+1)ay, 8+17 v(SU{j}) — Z‘ | h(n =1, + Dag,s————v(S)
SCN\{i,j} SCN\{i,j}
1 1
n— lv(N) Cn-— lxi
Substituting (4.27)) into the equation above, then,
(N \ {i},vg)
B [A(n—1,s+1) h(n, s+ 2) o
= ) nsio T(S +1) - 1 v(SU{i,j})
SEN\{i.j} -
[A(n—1,5s+1) h(n,s + 2) .
t 2 e | T oo =D T (S UL
SSN\{i,j} -
[h(n—1,s4+1)  h(n,s+1) ,
_ Z Q541 — s+——— v(SU{i})
SCN\{i,j} 3
h(n—1,s41) h(n,s+1) 1 Opp—1
> ane M s ) D ) 4 o)+ S i)

SCN\{i,j}
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After simplifying, we have,
(N \ {i}, vg)
= Y onsh(n s +2u(SU{LIN+ Y anspih(n,s + Do(SU{j})

SCN\{i,j} SCN\{i,5}

]— nn
= > omsnh(ns+2uSU{+ D> o sh(n, s +1)v(S) + ~v(N) Ann=l (N {5}
SCN\{i,j} SCN\{i,j}

S b+ Dlons1v(S UL — ansv($)] +o(N) — LoV 7))
SGN\{j}
Step 5: Compared with , the equation above is just the ELS value ®;(N,v), there-
fore,
O;(N\{i},vg) = ©;(N,v)
Thus, is a proper reduced game with respected to ELS values.
O

Remark: Until here, we talked about the (n — 1)-person reduced game (N \ {i},v§)
associated to the ELS value. Next we consider a game with one more player deleted, i.e.,
the (n — 2)-person reduced game (N \ {3, 7}, (v%)N\{m}), in which j € N\ {i}.

We can achieve such reduced game by deleting player j from the (n—1)-person reduced
game (N \ {i},v3). Another way is to delete player i from the (n — 1)-person reduced
game (N \{j},v§). In fact, both the two ways will arrive at the same result, which means,
the reduced game is independent of the order of players deleting from the original game.

We consider the (n — 2)-person reduced game (N \ {i,j}, (vé)N\{i’j}), obtained by
deleting player j from the reduced game (N \ {i},v}), where i € N, j € N\ {¢}.

For all S G N\ {i}, by the definition of the (n — 1)-person reduced game (4.25),

(Ué)N\{i,j} (5)

Qp_1sn—385—2

Op—1 s+1 S . 1 S
z(g TS T R (S U _ .
vg(S) + 2 T 2%( {1 s 217]

s 1 s } 1 s

Qn—-2s N — 2

u(S) + Tt F gy ) -

Qp_1sn—8—2| aps n—s—1
= xl
ap_1s n—1 Qp_1sn—1 ap_1sn—1

s
On—2s5T — 277
1 s+1
— ;i
Qp—1s41m—1

Qn—-2s N — 2

Op—1s+1 S Qpstl N —8—2 . Qnst2 S+ 1
+ : : v(SU —_— Su{i
Qp-2s T — 2 |:an—1,s+1 n—1 ( {]}) On—1,5+1 7 — 1 ( { })

ans+2  s(s+1) . ans (N—s—1)(n—s—2)
RN e ) LG UXA )y prp ey
apst1 S(n—s—2) apst1 S(n—s—2) .
frurtd A (S U ) + St B (s U ()

1 s 1 s
_Oén_gvs n— ij B Qp_2sM — 2%

Note that, v(S U {i}) and v(S U {j}) share the same coefficient, so do z; and x;.

Therefore for the class of values satisfying efficiency, linearity and symmetry, its reduced

v(S)

_l’_

game has no relation on the order of players.



Chapter 5

Conclusions

In this chapter, we first summarize overall results in previous chapters, and then give an
example which extend the classical potential approach to the Abelian group structure.

5.1 Overall results

In this monograph, the modified potential approach is applied to study the Shapley value,
the Solidarity value, and particularly, the class of values satisfying efficiency, linearity
and symmetry (ELS values). In terms of the weighted pseudo-potential presented by
Driessen and Radzik [7], we consider a modified potential and the associated modified
gradient. By these concepts, a value on G admits a modified potential representation, if
and only if it belongs to ELS values and satisfies two more conditions. In order to express
the Shapley value, Solidarity value and all ELS values respectively by a simple sum of
special coordinates, we define the basis of G with respect to different values. By these new
basis, the modified potential of these values own a new form, and the correctness of the
corresponding modified potential representation can be verified consequently. Based on
the Shapley value representation of the potential game, its Solidarity value and ELS values
representations are defined. Making use of the potential approach, we obtain the reduced
game with respect to the Shapley value, which is the same as the Sobolev’s reduced game.
Applying the similar modified potential approach, we derive reduced games corresponding
to the Solidarity value and all ELS values, respectively, such that these values satisfy the
reduced game property.

5.2 Extension to the group structure

We want to extend the results above to the group structure, in order to offer them a general
meaning. The concept of a group is central to abstract algebra, because other algebraic
structures, such as rings, fields, and vector spaces can all be seen as groups endowed with
additional operations and axioms.

56
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Concerning the operations needed in our calculations, we consider the Abelian group,
also called the commutative group. It is a group in which the result of applying the group
operation to two group elements does not depend on their order. Abelian groups generalize
the arithmetic of addition of integers. They are named after Niels Henrik Abel.

Definition 5.2.1. [I] An Abelian group is a set F, together with an operation €@ that
combines any two elements a and b to form another element denoted a @ b, where (F,P)
must satisfy five Abelian group arioms:

e Closure: a@b is in F, for all a, b in F.
e Associativity: (aPb)Pc=a@P (b c) holds, for all a, b and ¢ in F.

e Identity element: there exists an element e in F, such that for all elements a in

F,ea=ae=a holds.

o Inverse element: for each a in F, there exists an element b in F, such that
a@b=>b@a=e, where e is the identity element, we denote b= a~1.

e Commutativity: a@b=0b& a holds, for all a, b in F.

In fact, whether the concept of the modified potential approach is possible to generalize
to the Abelian group is still waiting for verifying. We give here a simple example, in which
the classical potential approach is extended.

Consider a group game (N,v,F), where N is a finite player set, F is an Abelian group
with operation @, v : 2V — F satisfying v(()) = e, where e is the unit of group F. So the
worth v(S) of coalition S is an element of the group F. For any group game (N,v,F),
the Shapley value can be defined as,

Shi(N,v,F)= P ESuflih) Pos)"* ) forallie N
SCN\{i}

where (v(T))% = (v(T))* @(v(T)~1)? for any T € N and a,b € N.
The classical potential in the Abelian group changes to,

P(N,v,F) = @ (v(8))")
SCN

consider the (n — 1)-person game, we have,

P(N\{i}ava]:) = @ (U(S))h(n_l’s)

SCN\{i}

Note that the operation € is reduced to common + if we consider the classical Shapley
value and the corresponding potential.
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Next we show the difference of P(N,v,F) and P(N \ {i},v,F) is Sh;(N,v,F), that
is, the gradient equals to the Shapley value holds even in the Abelian group structure. By
definition, the classical gradient V;P(N,v) equals to,

ViP(N,U) :[P(vavf)]@[P(N\{i}vv7f)]_l

— @(U(S))h(n’s)]@{ @ (U(S))h(nl’s)]
[SEN SCN\{i}

= @ (U(Su{i}))h(n,s+1) @|: EB (U(S))h(n,S)] EB|: @ (U(S)l)h("l’s)]
:SQN\{i} SCN\{i} SCN\{i}

=| D @ P

[ SEN\{i}

&y (m&@...@ua@u&1@...@U(5)1)] (5.1)
}

| SCN\{i

= @ (U(Su{i}))h("=5+1)] @{ @ (,U(S)l)h(ms—i-l)]

[SEN\{i} SCN\{d}

= @ WU Puis) e+

SCN\{i}
—Shi(N, v, F)

Note that in (5.1]), the number of v(S) and v(S)~! are h(n,s) and h(n — 1, s), respec-
tively. Therefore, by the Associativity and Inverse element property, we can delete the
surplus and simplify it.

From this simple example, one can find the calculations and properties used in the
derivation is more complex in operation € than in the common +. Hence it is still a
question to verify whether all of our results can be extended to the group structure.
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