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Abstract

A feasibility study for a CMOS integrated Optical Receiver for the ap-
plication ‘FLIM’ is performed. FLIM stands for Fluorescence Lifetime
Imaging Microscopy and is a technique that produces an image of a bi-
ological cell or tissue. Each pixel of the produced image is based on the
exponential decay rate of the fluorescence of a molecule; fluorescence is
the emission of light by a molecule that has absorbed light. The expo-
nential decay rate of fluorescence is unique for each molecule.

The receiver, which performs a measurement for one pixel, should be able
to process the very low power optical signal to a digital value that cor-
responds to a unique molecule. The aim is to produce a high resolution
image for Cell imaging, for which a high resolution matrix (both spatial
and in time accuracy) of receivers is required. The main challenge is to
design a very low noise and low area consuming receiver.

Several methods in respectively time- and frequency-domain are analyzed
and compared. Two methods are worked out in detail and are optimized
at circuit and system level, leading to an estimate of a feasible resolution
as function of the given optical input power density.
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Chapter 1

Introduction

Optical receivers are used in many applications and in many forms. These
receivers use electromagnetic light waves as information carriers. Examples of
nowadays common used applications are infrared (IR) and optical fiber com-
munication. The first is an example of wireless communication and the latter
an example of communication with a wire as medium. Another distinction
that can be made between different optical receivers is the modulation of the
information carrier. The information can be modulated as a digital or as an
analog signal. Digital modulation is mainly used in nowadays common optical
communication. Only few levels have to be distinguished in that case to pro-
vide reliable communication. This relaxes the requirements of the receiver of
such a system in comparison with analog modulation.

In this thesis the feasibility of a CMOS integrated optical receiver for a specific
application is explored. The specific application is determined in accordance
with the Optical Sciences group of Twente University. A research direction of
this group is the study of the interaction of light and matter at nanoscale. A
possible method to gain information about a matter at nanoscale is to measure
the lifetime of the fluorescence of a matter. This is called Fluorescence Life-
time Imaging Microscopy (FLIM). This is taken as application for this thesis
and is described in the next section. The required information is situated at
arbitrary analog levels and received through air as medium for this application
and therefore an analog wireless receiver is needed for this application.

1.1 Fluorescence Lifetime Imaging Microscopy (FLIM)

To explain what Fluorescence Lifetime Imaging Microscopy exactly implies,
firstly it is explained in broad lines what Fluorescence is.

Fluorescence is a molecular luminescence process in which molecules sponta-
neously emit a photon as they relax from an excited electronic state to their
ground state following absorbtion of energy [1]. The characteristic electronic
states and relaxation process involved in fluorescence emission are illustrated
in figure 1.1.

1
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Figure 1.1: A Jablonski diagram representing the energy levels of a fluorescent
molecule and several important transitions[1]

A molecule contains fluorophores. These are components that cause a molecule
to be fluorescent. These components absorb photon energy of a specific wave-
length and re-emit energy at different wavelength, called fluorescence. The
fluorescence emitted will decay with time. The fluorescence lifetime is the sig-
nature of a fluorescent material; it’s the exponential decay in emission after the
excitation of a fluorescent material. In other words, the lifetime is the average
time that fluorescent molecules spend in the excited state.

The local concentration of fluorophores, the local excitation light intensity, the
optical path of the microscope and the local fluorescence detection efficiency are
not of influence on the lifetime measurements because the fluorescence lifetime
does not change upon intensity variations. The fluorescence decay develops
according to (1.1)[1].

f(t) = F0 · e−
t
τ (1.1)

where τ is the fluorescence lifetime and F0 is the initial fluorescence at t=0. It
is shown in the above equation that the fluorescence emission is dependent on
the variables F0 and τ and therefore the detection of these variables is sufficient
to identify the measured matter. In specific cases, fluorophores change their
quantum yield upon the interaction with other fluorescent molecules. This in-
fluences the fluorescence lifetime of the analyzed matter. FLIM can measure
this lifetime dynamics and can therefore measure indirectly biomolecular con-
centrations and interactions that are closely related to the fluorescence lifetime
of the fluorophores [1].
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FLIM can be used for many applications. Several are listed:
The measurement of

• quantitative determination of ion concentrations

• pH

• oxygen content

• protein-protein interactions

• cell motility

• cancer diagnosis

The measurement of the fluorescence lifetime can be performed on several ways.
In [1] different methods are described. The methods can be roughly divided
into time-domain FLIM and frequency domain FLIM.

With frequency-domain FLIM described by [1], the intensity of the excita-
tion light is continuously modulated. The fluorescence emission will display a
phase shift and a decrease in modulation due to the fluorescence decay. These
modulations and consequently the fluorescence lifetime can be extracted in the
frequency domain. The modulated fluorescence signal is usually measured us-
ing a photo multiplier tube and a CCD camera. This method is described in
detail in appendix A.

With time-domain FLIM the fluorescence lifetime is measured after exciting
the matter with a short light pulse according to [1]. The resulting decay curve
is described by (1.1). By recording the arrival time of the emitted photons,
a representation of the decay curve is obtained. The measurement is usually
performed using time correlated single photon counting (TCSPC).

1.2 Design of an optical receiver

The Optical Sciences group of Twente University use time-domain FLIM to
analyze matter and this method is therefore also analyzed and implemented
for this research. The matter to be analyzed is excited with a pulse train at
a frequency of 80MHz. This frequency is chosen for practical reasons (and
is determined by the Optical Sciences group) and is assumed fixed for this
assignment.

A disadvantage of the current measurement systems is that the measurement
time is relatively long and the measurement equipment is big (in comparison
with an integrated solution). The aim of this project is to investigate the
feasibility of the use of an optical integrated CMOS radio for this application.

To measure the properties of matter and reflect this in a picture with a high
resolution, a receiver that scans the matter or a matrix of receivers is needed.
The scanning method is very time consuming and complex and therefore a
matrix of receivers is investigated. The design of the whole matrix of receivers
falls out of the scope of this thesis and therefore one receiver that corresponds
with one pixel and can easily be implemented in a matrix is investigated and
designed. The receiver should be designed such that the design can be simply
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copied and combined to form a matrix in one IC. Because the resolution of
the receiver matrix should be high, the hardware overhead and the power
consumption of one receiver should be low.

Several requirements and properties for the optical receiver can be deduced
from the application discussed above.

• The received information is modulated as an (analog) exponential decay
at a modulation frequency of 80MHz.

• The information of the received signal is carried in the τ and constant F0

(see (1.1)) of the exponential decay signal.

• The receiver should be integrated in a CMOS process.

• The resolution of the τ extraction should be below 100ps.

• The hardware overhead and power consumption should be low.

• τ -range: 1-10ns

With conventional measuring devices for FLIM based cell imaging, a cell of
100µm x 100µm is imaged with 100x100 (10k) pixels. The optical power that
is received at each pixel is 5nW and the duration of the measurement is limited
to 1ms. The total power per sample therefore equals 50µW. The aim of this
project is to investigate the feasibility of producing an image with comparable
properties as the conventional measurement devises with an integrated receiver.

1.3 Acknowledgements

First of all I would like to thank Anne-Johan Annema for providing me with
this assignment and supervising this master thesis project. The meetings with
him provided me with much interesting and useful information and feedback.
Also I would like to thank Herman Offerhaus for providing the very interesting
application for this master thesis assignment and for attending my graduation
committee. Furthermore I would like to thank the good people from the ICD
group, both staff and students. Especially I would like to thank Bram Nauta,
Gerard Wienk, David Borggreve, Frederik van den Ende, Arjan van Heusden
and Rien Oortgiessen, and thank them for their feedback and advice. Finally
I would like to thank Anita Kleene for her patience, support and for providing
me with positive energy during the past few months.

1.4 Thesis outline

First the problem description and a quantitative analysis of the received signal
will be addressed in Chapter 2 to provide the requirements for the system
design methods that are mathematically analyzed in Chapter 3. In Chapter
4 these methods are compared at a circuit implementation level point of view
and the two most suitable methods are designed and analyzed at circuit level
in Chapter 5. Chapter 6 provides the optimization of one of this circuits and
finally the conclusions are presented in Chapter 7.



Chapter 2

Problem description and
quantitative analysis

In this chapter first the main problems for this feasibility study are described.
Subsequently the received signal is quantitative analyzed in the time- and fre-
quency domain such that methods that are appropriate to solve the problem
can be investigated. This last step is performed in chapter 3.

2.1 Problem description

Just as many roads lead to Rome, there are many ways to perform the recep-
tion of analog signals and conversion to the digital domain. It is an art to find
the most optimal way (and in case of the road to Rome the most optimal road).
To find the most optimal solution, many (good) choices have to be made. How-
ever these choices are affected by multiple factors. Some (important) factors,
properties and requirements, are listed below:

• IC technology

• Time domain behavior of the received signals

• Frequency domain spectrum of the received signals

• Power range of the received signals

• Received quantity

• Accuracy requirements

• Power dissipation requirements

• Area requirements

The first five items are more or less fixed for this application. The proper-
ties and behavior of the received signals are defined by measurement set-ups
currently used by the Optical Science group. Only the design of the receiver
is treated in this thesis and therefore these factors are fixed. The used IC
technology is application dependent. Important factors are the availability

5
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of IC technologies, which technology is most suitable to combine with digi-
tal electronics and which technology is most suitable for the measurement of
the received quantity. The NXP ’ABCD9’ CMOS process is used because this
process achieves very good photon to electron conversion efficiency and good
analog and digital performances.

The last three items in the list are not fixed and are treated as variables for
this feasibility study and system/circuit design. Because this thesis presents a
feasibility study, it is investigated which figures are achievable. It is always a
trade off for which variable the design is optimized. The accuracy of the mea-
surement is among other things determined by the resolution of the receiver
matrix. It is investigated which resolution is achievable and this has direct
effect on the power dissipation and area requirements. To achieve a resolution
as high as possible, the power and area consumption should be as low as pos-
sible. Further investigation should point out both the exact figures of these
constraints and the hardest constraint.

2.2 Quantitative analysis

The choices that have to be made for a proper receiver design are heavily
influenced by the properties of the received signal. Therefore the time- and
frequency-domain specifications of the received signal are determined in the
next subsections.

Time-domain Specifications

The time domain behavior of the fluorescence decay of analyzed matter is
described by (1.1) and shown in figure 3.1. As described in the previous chapter,
specific values of the lifetime (τ), or specific decay rates, correspond to specific
matter. Because the matter is excited with a light pulse modulated at 80MHz,
the received signal is a periodic exponential signal. The algebraical description
of this signal is derived in appendix G, yielding expression 2.1 for one period.
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Figure 2.1: Graphical representation of time-domain behavior of fluorescence
emission at a repetition frequency of 80MHz

fp(t) = F0 · e−t/τ ·
1

1− e−T/τ
(2.1)
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Frequency-domain Specifications

The optical input signal can also be described in the frequency-domain, which
is required for retrieving τ using frequency domain algorithms. This algebraical
analysis is also performed in G and yields the expression shown in (2.2) and
figure 2.2.
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Figure 2.2: Frequency behavior of (1.1), described by (2.2)

H(ω) =
F0

1
τ + iω

· 1
T

∞∑
k=−∞

δ(f − k

T
) (2.2)

Numerical simulation are performed to verify the correctness of the derivation
by comparing this result with a real time measurement. The results with
τ = 2ns and F0 = 1, are given in figure 2.3. Figure 2.4 shows results from
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Figure 2.3: Graphical representation of the periodic signal in the time- and
frequency-domain obtained with MATLAB.

a real time measurement [2], which nicely comply to the calculated results of
figure 2.3.
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Figure 2.4: real-time measurement



Chapter 3

System design methods

3.1 Description of System design methods

The aim of one optical receiver is to produce a pixel of an image based on the
exponential decay rate of the fluorescence from a fluorescent molecule. The
exponential decay rate is reflected by the variable τ and the value is unique for
each molecule. Extracting τ from the received signal is sufficient to obtain the
wanted properties of the analyzed matter[3]. In this section the most suitable
methods, from an electronics implementation point-of-view, to extract τ from
the measured signal are determined.

It is investigated if and how τ can be extracted with several methods in this
section; in section 3.2 the influence of measurements errors (timing errors and
magnitude errors) on the accuracy of the extraction of τ is investigated, and
the methods are compared.

The received signal can be described in the time- and frequency-domain and
therefore the methods can be classified in the concerned domain. The time-
domain methods that are analyzed are:

• Measurement of two time-samples

• Two area measurements

• Two average area measurements

• Area measurement combined with a time-sample

The frequency-domain methods that are analyzed are:

• Measurement of two frequency-samples

• I and Q frequency sample measurement

A method that combines both domains is also analyzed; an time-domain area
measurement is combined with a frequency-sample measurement.

9
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The four time-domain methods to extract τ from the received signal listed
above are mathematically elaborated in appendix D.1.1, the frequency-domain
methods in appendix D.1.2 and the method that combines both domains in
D.1.3.

The mathematical analysis shows that all elaborated methods are mathemat-
ically solvable except the method that combines an area measurement with a
time-sample measurement and the method that combines both domains. This
means that the value of τ can be algebraical obtained if real time measure-
ments for the concerned method are performed. The analysis also shows that
performing two measurements is sufficient to determine the value of τ for all
solvable methods. The expressions needed to calculate τ (derived in appendix
D.1) are listed in table 3.1 and the time domain methods are visualized in fig-
ures 3.1. The frequency behavior the received signal is shown in figure 3.2. The
analysis performed in D.2 describes that measuring two arbitrary independent
frequency components given in figure 3.2a is sufficient to extract τ for the ’fre-
quency sample’ method. It is also described that measuring the imaginary and
real part of an arbitrary independent frequency component for the ’I and Q
frequency sample’ method is sufficient to extract the value of τ . The behavior
of the real and imaginary part of the received signal in the frequency domain
is given in respectively figure 3.2b and 3.2c.

Method: Expression
two time-samples τ = t1−t2

ln
(
f(t2)
f(t1)

)
Two area’s τ = − C

ln
(
A(t3,t4)
A(t1,t2)−C3

)
Two average area’s τ = − C

ln
(
AA(t3,t4)
AA(t1,t2) ·

t2−t1
t4−t3

−C3

)
Frequency-samples τ =

√ (
|K(ω2)|
|K(ω1)|

)2
−1

ω2
1−
(
|K(ω2)|
|K(ω1)|

)2
·ω2

2

I and Q frequency τ = bn
nω0an

Table 3.1: Expression to extract τ for the elaborated methods
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Figure 3.2: frequency domain behavior

3.2 Accuracy and comparison of system design methods

The influence of measurement errors, which are grouped in timing and magni-
tude errors, on the accuracy of the extraction of τ is investigated in this chapter.
Also the most optimal values for some variables in the receiver (sample times,
integration limits and modulation frequency) are derived to acquire maximal
independency for measurement errors. From the analysis of the impact of these
measurement errors, a first selection of the algorithms listed in section 3.1 is
done to obtain the most robust algorithms.

In this section the inaccuracy of τ is represented as an absolute error (ετ ) and
is described as function of the measurement errors. A requirement of the re-
ceiver design is that the lifetime of each matter is measured with a resolution
of 100ps. To obtain this resolution the τ measurement error may not exceed
49ps. Because the maximal permitted τ -error is fixed, the maximal allowed
measurement errors can be estimated.

The relation between the measurement errors and the resulting τ -error is de-
scribed for all methods that are treated in 3.1. Most of the described methods
suffer from multiple measurement errors, mainly timing and magnitude errors.
The measurement errors are mutual dependent and therefore it is very difficult
to obtain the most optimal variable values that allow maximum values for both
measurement errors. However the timing errors are mainly caused by one cir-
cuit block: the phase-locked-loop (PLL). A literature study (see appendix D.3)
shows a typical 5ps timing error. This value is from now on used as constant.
Because the timing error is now described by a constant and the magnitude
error as a variable, the τ extraction method with the best feasibility can be
selected by deriving and comparing only the maximal allowed magnitude errors
for each method. In this chapter, the magnitude errors in time and frequency
domain are specified in a normalized way, in signal-to-noise ratio (SNR).

Magnitude errors are caused by different mechanisms. These mechanisms can
be grouped into two main categories: deterministic and random errors. The
deterministic errors are among other things caused by gain errors and offset er-
rors and can be measured with a ‘zero’ measurement and compensated during
real time measurement. The random errors mainly caused by (white) noise.
Noise has a Gaussian distribution and therefore about 99.7% of all noise errors
are within three times the standard deviation (3σ) away from the mean value.
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Therefore the magnitude error introduced by noise can be described by a vari-
able that accounts for a percentage of the total error and can be positive or
negative. If the allowed magnitude errors are obtained, the maximal allowed
noise can be calculated.

The expressions for the maximal allowed magnitude errors and minimal achiev-
able signal-to-noise ratio are derived in appendix D.2 and the optimal variable
values and maximal allowed magnitude errors are obtained in appendix D.3.
Substituting the optimal variable values, the obtained timing error (5ps) and
the maximal allowed τ -error (49ps) in the expressions obtained in appendix
D.2 and D.3 give the maximal allowed magnitude error and minimal required
SNR presented in table 3.2. The figures in this table show that the Area-
and I/Q measurement methods do not meet the formulated specifications and
are therefore no option for further investigation. The combination of the area
method with the frequency sample method yields equal performance as the
frequency sample method. This is because the area of the whole period should
be measured and this corresponds with the DC component in the frequency
domain. In essence both methods are equal and therefore only the frequency
sample method is elaborated further on. The practical implementation of the

εmag SNR SNRdB
Time sampling 0.92µ 1.08 · 103 60.7dB

Area Meas. - - -
Average Area 0.81µ 1.2 ·103 61.8dB

Freq. sampling 0.32µ 3.1 · 103 69.9dB
I/Q meas. - - -

Area + Freq. 0.32µ 3.1 · 103 69.9dB

Table 3.2: List with maximal permitted error and minimal achievable SNR to
obtain maximal a 49ps τ -measurement error

methods in the different domains yield different advantages and disadvantages
and therefore a decision which method is best suited for full integration in
CMOS technology is not made at this moment. In chapter 4 the methods are
compared at in implementation level point of view and one method is selected.



Chapter 4

System design choice

In the previous section all possible methods are described and compared. Table
3.2 shows the allowed accuracy, reflected as allowed magnitude error and SNR,
of each method. The most optimal method can extracted from the accuracy
reflected in this table if it can be assumed that the measurement errors are
equal for each method. This is however not the case at a practical implementa-
tion level. Therefore the influence of practical properties on the measurement
accuracy also have to be taken into account. This is performed in this chapter
by elaborating the methods into a system design and describe and compare the
practical properties of each system. Table 3.2 however does show that some
methods are not feasible and these methods are not further investigated.

The systems should meet multiple requirements to be suitable for this applica-
tion; they should be feasible to form a high resolution matrix, the resolution of
the τ extraction should be high enough (100ps) and the measurement should
be performed within a limited time (approximately 1ms). To meet these re-
quirements the area needed for the receiver and the amount of random noise
that will be present at the output should be reduced to a minimum and the
settling time of the system should also be limited. Therefore the feasibility of
the described systems is compared taking these requirements into account.

Deterministic errors, like offsets are in many applications also a problem. For
this application however a calibration can be performed to measure the deter-
ministic errors and save the values very accurate in the digital domain. During
real time measurement these errors can be subtracted from the measured quan-
tities. Therefore these errors are not taken into account during this feasibility
consideration.

Different system designs can be thought of for the implementation of the fea-
sible methods. Several possible systems are discussed. The properties of each
system are listed and subsequently the systems are compared.

System1: Measurement of two time samples

In figure 4.1 the system of the Two time sample method is shown. The receiver
contains a diode and a transimpedance amplifier (TIA) to convert the received

13
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optical power to a voltage. Two (almost) identical branches subsequently per-
form the two sampling measurements. A sample-and-hold circuit (S&H) per-
forms the sampling at a specified moment and is steered by a clock-signal with
the same frequency for each branch which is equal to the fundamental fre-
quency of the received signal (80MHz). The clocks are shifted with a certain
delay compared to each other.

An analog-to-digital converter (ADC) and a digital signal processing (DSP)
block respectively convert the measured samples to the digital domain and
perform some digital signal processing at last.

As already stated, measuring many periods decreases the influence of the ran-
dom errors. Therefore each measured sample should be converted to the digital
domain and subsequently the mean value of as many samples as possible has
to be determined in the DSP. Taking the average of many samples is in essence
a low-pass filter operation. This can be performed for all systems in the digital
domain.

Any sampling circuit consist of at least of a switch and a capacitor. The
switch has a finite on-resistance which generates thermal noise. The noise is
filtered by the low-pass circuit formed by the on-resistance and the sampling
capacitance. Integrating the noise spectral density weighted by the low-pass
transfer yields the mean square noise voltage on the capacitor. This is equal
to the well known kT/C noise. The sampling operation aliases all the noise
energy, so also the noise generated in previous circuits, into the Nyquist band
(FS/2) [4]. A disadvantage of this method is that the settling-time and thus
the capacitance of the (S&H) circuit should be small, consequently much noise
energy will be present in the Nyquist band. Properties of this system:

TIA

80 MHz

S&H

S&H

Delay

DSP

DSP

Figure 4.1: System of the Two time sample method

• Two ADC’s at 80MHZ or sharing a ADC at higher frequency

• averaging in DSP needed

• Minimal SNR: 67dB

• Deterministic timing errors that are common for both samples do not
influence the measurement

• Noise aliasing

• High TIA bandwidth (≥1GHz)
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System2: Two average area measurements

The system of the Two average area method is shown in figure 4.2. The sys-
tem measures the average area of an defined part of the exponential function.
The diode and TIA are followed by two identical branches with a switched
low-pass RC-filter. The RC low-pass filter measures the average area of the
defined part of the period. The received signal is in essence mixed with a pe-
riodic pulse signal while performing the sampling operation. The spectrum of
a periodic pulse signal incorporates frequency components at multiples of its
fundamental frequency and the magnitude is shaped by a sinc signal. This
causes that the frequency components of the received signal are mixed to DC
by the corresponding component of the periodic pulse. The magnitude of both
the received and periodic pulse signal decrease with increasing frequency con-
sequently the most significant information is present at the first components.
The measurement error however should be small and therefore the information
present in the higher frequency components is also of importance for an accu-
rate measurement. Because of this, the bandwidth requirement of the TIA is
high. After the sampling operation, the required information is only present
at DC. Components are however still present at all other integer multiples of
the fundamental frequency and therefore the low-pass filter should attenuate
these unwanted components heavily. Properties of this system:

TIA

80 MHz

Delay

LOW F(Hz)

Figure 4.2: System of the Two average area method

• One ADC at very low frequency (max several kHz) that can be shared
for all receivers

• Almost no digital filtering needed if bandwidth of RC-filter is very low

• Minimal SNR: 63dB

• Deterministic timing errors that are common for both samples do not
influence the measurement

• High area consuming R and C needed for low-pass filtering

• Long settling time if large R and C

• 1/f noise of TIA at DC
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System3: Measurement of two frequency samples

The system of the Two frequency samples method is shown in 4.3. In chapter
3 it is determined that the measurement of the magnitude of the first two inde-
pendent frequency components, which are situated at respectively DC and ω0,
yield best mathematical accuracy for this method. A disadvantage of measur-
ing the DC component is that the 1/f noise of all active devices will degrade
the DC measurement. It is shown in table D.2 that the mathematical accuracy
however degrades with a factor 50 if another component instead of the DC
component is measured.

The system performs the measurement of both components in two branches.
The upper branch measures the component situated at DC and the lower
branch measures the component situated at ω0. The upper branch uses a
low-pass filter to attenuate the components following the DC component. Sub-
sequently the DC-level is converted to a digital signal and processed in the
DSP. The lower branch mixes the component situated at ω0 to DC or low-IF.
A low-pass filter subsequently attenuates the other components, which are situ-
ated at all integer multiples of ω0, leaving only the wanted component situated
at DC. The component is subsequently converted to the digital domain and
processed in the DSP.

A disadvantage of this system is that the wanted component situated at ω0

should be mixed to DC with a pure sinusoid. In common receivers square-waves
are used as local oscillator signal because a highly linear switching mixer can
than be used. A square-wave however contains harmonics at all odd integer
multiples of the fundamental frequency. These harmonics will consequently
mix all odd (unwanted) harmonics of the received signal to DC. Therefore the
wanted component should be mixed with a pure sinusoid, which is very hard to
produce, with a highly non-linear mixer. In [5] it is explained that a non-linear
circuit causes intermodulation between different frequency components. The
received signal contains many frequency components and consequently many
(unwanted) distortion products will be generated. To solve this problem a
band-pass filter can be used. This however requires much area overhead and
will introduce extra noise.

The received signal is complex and therefore to mix both the real and imaginary
part of the signal, the signal should be mixed with a sin (for the complex part)
and a cosine (for the real part) to DC. This can be performed in succession are
with two parallel mixers.

TIA DSP

DSP

LO

Figure 4.3: System of the Two Frequency Sample method

Properties of this system:
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• One ADC at low frequency needed that can be shared for all receivers

• non-linearity intermodulation products or area consuming band-pass fil-
ter

• Two different gain paths

• Two low-pass filters needed to filter higher order components (≥80MHz)

• Minimal SNR: 66dB

• Smaller bandwidth TIA (≥160MHz)

• Mixing of real and complex part

System4: Measurement of two frequency samples

Figure 4.4 shows a different system for the implementation of the Two frequency
samples method. The system performs the measurement mainly in the digital
domain in contrast with the previous system. Therefore the system only filters
the components other than the first and second and converts the two compo-
nents to the digital domain. The DC component can be measured by low-pass
filtering and the ω0 component can be digitally mixed to DC. Properties of this

TIA DSP

Figure 4.4: System of the Two Frequency Sample method

system:

• One high resolution ADC needed at high frequency (>160MHz) that can
not be shared

• Very much digital signal processing needed because filtering and mixing
has to be performed in the digital domain.

• Minimal SNR: 66dB

• Smaller bandwidth TIA (≥160MHz)

Comparison of the systems

At the start of this chapter it is described that the feasibility of the systems
are compared taking three requirement into account next to the mathematical
performance obtained in chapter 3. The three requirements are: minimal area,
minimal random noise and limited measurement time (1ms).

All systems perform comparably with respect to the minimal area require-
ment. All systems need relative bulky filters that attenuates all components
other than DC. System 4 requires a high performance ADC which can not be
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shared for each receiver of the matrix and requires very much digital hardware
overhead. Therefore this system is not convenient for this application and will
not be taken in consideration further on.

All other systems transform the needed signals to a DC value. Therefore the
influence of random noise can be minimized by low-pass filtering. This can
be performed in the digital and analog domain. In the analog domain bulky
capacitors are needed and in the digital domain computer processing power is
needed. Processing power is available and therefore the filtering is performed
in the digital domain. All systems can minimize the noise bandwidth therefore
to the same extend. The systems therefore have to be compared with respect
to its noise power density.

System 1 performs worst at the noise requirement. This is because all noise
generated in the first circuits (TIA and S&H) is folded back (due to aliasing)
to the Nyquist band. Therefore this system is also not convenient for this
application. System 2 suffers for both measurements from 1/f noise generated
in the TIA, System 3 however suffers only from this noise for the DC component
measurement. The measurement performed in the other branch however also
suffers from noise and non-linearity intermodulation products generated in the
mixer circuit. It is hard to predict which circuit performs best because no hard
figures are available at the moment. Therefore both systems are worked out in
more detail at circuit level in chapter 5.



Chapter 5

Circuit design

In this chapter the two systems obtained in chapter 4 are worked out in detail
at circuit level. Taking the mathematically analysis performed in appendix
D into account, optimal circuit values are obtained. Also the influence of
practical limitations like limited bandwidth, non-linearity distortion and noise
contribution are taken into account in the circuit design. Finally the influence
of these limitations on the τ extraction accuracy is described and the feasible
optical resolution is estimated.

5.1 Average area method

The system of the Two average area method is shown in figure 5.1. In this
section first the circuit design of the ‘average area method’ is described detail
in section 5.1.1 and subsequently the performance of the circuit is evaluated in
section 5.1.2.

A

D

TIA

80 MHz

Delay

LOW F(Hz)

A

A

VOUT1

VOUT2

Figure 5.1: System of the Two average area method

5.1.1 Circuit Design

The system can be divided into multiple independent circuits:

• Photo Diode

19
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• TransImpedance Amplifier (TIA)

• RC sampling filter

• Amplifier

• Analog-to-Digital Converter

• Digital Signal Processor

All listed circuits are described, optimized if necessary, and the influence of
the practical limitations are described below. The circuits are designed and
optimized with the specifications and requirements obtained in all previous
chapters taken as constants. The relevant specifications and requirements are:

• The repetition frequency of the received signal is 80MHz.

• The τ extraction error should be below 50ps.

• τ -range: 1-10ns

• The received optical power per sample is 50µW

• Constant timing error of 5ps

Photo diode

The integrated photodiode converts the optical power into an electrical current;
the relation for this conversion is (neglecting optical quantum noise)[6]:

Ipd = ηextq
Poλ

h c
(5.1)

where h is Planck’s constant, c the speed of light, λ the wavelength of the re-
ceived light, q the elementary charge and ηext is the external quantum efficiency
which is approximately 0.4 for a photo diode integrated in the CMOS ABCD9
process. The received wavelength is dependent of the analyzed molecule and
the spectral properties and therefore the optimal excitation and emission wave-
length is unique for each molecule. Due to internal conversion in the excited
state following excitation, the energy of the excited state is lowered and emis-
sion of longer wavelength photons takes place with respect to the excitation
wavelength. These values are in the range of visible light (400-700 nm)[1].

Substituting the values in (5.1) yields an optical power to current transfer in
the range of 0.12-0.22 A/W. For the worst case situation 0.12A/W is from now
on taken as transfer.

Shot noise is introduced due to the conversion process; the relation of the noise
density is (neglecting optical quantum noise):

I2
n.pd = 2q Ipd (5.2)
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TIA

A transimpedamce amplifier (TIA) converts the input current to an output
voltage by its transimpedance gain, RTIA:

VOUT = IIN ·RTIA

Ideally this relation is linear, frequency independent and independent of its
input and output load. This is however never the case in practical implemen-
tations. The performance is mainly limited by the next properties:

• Limited bandwidth

• Non-linear I-to-V transfer

• Noise contribution of the electric devices

According to the FRIIS noise equation [5] the first stages of the receiver should
have maximal gain and minimal noise contribution to achieve an optimal noise
performance, therefore the transimpedance should be maximal. The influence
of the non-linear I-to-V transfer is small because the input amplitude is very
small (see section 5.1.2). The noise contribution of the TIA is taken in consid-
eration during the TIA design. The influence of the bandwidth limitation on
the achievable transimpedance and the total accuracy is investigated below.

Limited bandwidth of the TIA:

The bandwidth of electronic devices is limited through (parasitic) capacitances
and impedances. It is assumed that the photo-diode contains a parasitic ca-
pacitance of 200fF. Along with the diode capacitance, the input capacitance
of the TIA and the input impedance of the TIA the input pole is formed. It
is assumed that this input pole is dominant if a single stage TIA is used, and
therefore the transfer of the diode and TIA is approximated by a first-order
response. To estimate the influence of a limited bandwidth on the input to
output transfer of the TIA the convolution of the input signal with a first or-
der filter is obtained with a numerical analysis. The differences between the
ideal input signal and the band limited output signal are reflected in figure 5.2
for different bandwidths.

The figures show that the output of the TIA more or less settles after a period
which is dependent of the bandwidth of the TIA. It can be concluded from the
figures that the starting time of the first integration in a period (t1) should
be sufficient to not introduce a large error. Therefore a numerical analysis is
performed to estimate the influence of this error on the τ accuracy for two
different t1 values. The results, with the introduced τ -error as function of the
bandwidth, for t1=1ns and t1=1.5ns are reflected in respectively table 5.1 and
table 5.2.

In table 5.3 the minimal needed SNR to meet the required resolution is reflected
as function of variable t1. The figures in the table show that the accuracy de-
creases with increasing t1 and therefore this value should be as low as possible.

The analysis reflected in table 5.1 and 5.2 show that a smaller bandwidth in-
troduces a significant τ error and requires a higher value for t1, but the figures
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(a) BW=0.2GHz
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(b) BW=0.5GHz
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(c) BW=1GHz
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(d) BW=2GHz

Figure 5.2: Settling error introduced due to limited TIA bandwidth for different
bandwidths

BW(GHz) τ -error (ps)
0.5 5000
1 450

1.5 65
2 11

Table 5.1: t1=1ns

BW(GHz) τ -error (ps)
0.5 2000
1 114

1.5 8
2 1

Table 5.2: t1=1.5ns

in table 5.1 show that a higher value for t1 decreases the allowed magnitude
error significantly. It can be concluded that a high bandwidth is required.

Common Source versus Common Gate TIA:

Two high bandwidth topologie TIA’s are commonly used; the Common Source
and Common Gate. A standard Common Source and Common Gate TIA are
shown in figure 5.3 and the most important expressions are given in table 5.4

It is assumed that the photo diode capacitance is dominant at the input of
the TIA and that Cin is equal for both circuits. The listed expressions show
that both designs obtain approximately equal bandwidth performance (if RF ≈
RDCG , RDCS ≈ ro and gm1 ≈ gm2) and transimpedance (if RF = RDCG) , but
differ at noise performance. The noise contribution of respectively RF and
RDCG are equal, but the contribution of NMOS m1 and RDCS is attenuated
with a factor g2

m1R
2
F for the common source TIA. Assuming that Rf >> 1

gm1
,
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t1 SNR
0 827

0.1 848
0.5 940
1 1086

1.5 1282
2 1562
3 2636

Table 5.3: Minimal needed SNR for different start integration time t1

RD

RF

CIN

M1

D

(a) Common Source TIA

RD

M1

M2

Vout

Cin

VB1

VB2

(b) Common Gate TIA

Figure 5.3: Common Source and Common Gate TIA

the noise contribution of the common source TIA is smaller than the noise
contribution of the common gate TIA. Therefore the common source stage is
used for this application.

TIA component optimization:

The transimpedance should be as high as possible (according to the FRISS
noise equation [5]) as long as the bandwidth of the TIA is sufficient high to not
contribute a significant τ error. In table 5.2 it is shown that a TIA bandwidth

Common Source Common Gate
RTIA − gm1Rf−1

gm1RD+1RD ≈ RF RD

BW 1+gmRD
2π(RF+RD)Cin

1+gmro
2π(ro+RD)Cin

I2
n,in

I2
n,m2+I2

n,RD

gm12R2
F

+ I2
n,RF

I2
n,m2 + I2

n,RD

Table 5.4: Relevant small signal expressions for respectively the Common
Source and Common Gate TIA
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of 2GHz is sufficient to not contribute a significant τ error for the specifica-
tions listed in chapter 1.2. Therefore the bandwidth of 2GHz is set as main
requirement.

Furthermore the optimal values with respect to noise performance and tran-
simpedance gain are obtained. As stated before, the transimpedance should
be as high as possible to decrease the influence of the noise contribution of
the next circuits. However also the noise contribution of the first stage is of
importance because this is amplified by all following gain stages.

At first an optimal value for gm1 is obtained. According to the expressions in
table 5.4 the value of gm1 should be maximal to acquire maximal bandwidth
and transimpedance. The NMOS noise contribution is described by (5.3) and
also states that a maximal gm1 yields minimal noise.

I2
n,NMOS =

4kT gm1 + K
CoxW Lf g

2
m1

g2
m1Rf

=
4kT
gm1Rf

+
K

CoxWLfRf
(5.3)

A large gm device however also yields a large parasitic capacitances and there-
fore a decrease in bandwidth. An as high as possible gm value is taken without
exceeding a parasitic input capacitance (Cgs) of 50fF.

With W=100µm and L = 0.16µm a parasitic capacitance of 50fF is obtained.
The corresponding transconductance is: gm1 = 14mS

Next the optimal value for RD has to be obtained. According to the expressions
in table 5.4, the value of RD is not of large influence on the TIA performance.
Circuit simulations show that a value of 2kΩ yield best performance.

The maximal feedback resistance can be obtained by substituting the acquired
values in the bandwidth expression from table 5.4: Rf = 7.5kΩ. Circuit sim-
ulations however show that the 2GHz bandwidth can not be met because a
second pole is present in the transfer function. Taking a smaller value, 2.5kΩ,
is sufficient to meet the 2GHz requirement. The transimpedance of the TIA
then is 2.2kΩ. All TIA values are listed in table 5.5

W 100µm
L 0.16µm
gm 14mS
RD 2kΩ
Rf 2.5kΩ
BW 2.1GHz
Cin 250fF
RTIA 2.2kΩ

Table 5.5: TIA values
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Sample-filter

The sample-filter is situated directly after the TIA (see figure 5.1). The task
of this circuit is to select the appropriate part of each period and subsequently
integrate the signal.

The sampling operation in the time-domain can be described by a mixing op-
eration in the frequency-domain. After the mixing operation is performed, the
wanted signal is situated at DC and the first unwanted component is situated at
80MHz. A low-pass filter should attenuate all unwanted harmonics for a large
amount before the sampling operation of the ADC takes place. A sampling op-
eration causes aliasing if the bandwidth of the unwanted components or noise
is larger than half the sampling frequency and this should be prevented.

To reduce the noise bandwidth and to prevent aliasing the RC timeconstant
should be sufficient high. However a large resistor and capacitor consume much
silicon area. Because a high resolution matrix of receivers should be formed,
this is not desirable: a trade-off between accuracy and area therefore have to
be made.

According to [7] clock timing noise is transformed into amplitude noise by
the slope of the signal, δv

δt
,at that specific moment. The probability density

function of timing noise, which is a Gaussian distribution, is multiplied with a
scalar,in δv

δt
, and resembles in a Gaussian noise function.

According to the figures in table D.1 a rms jitter value of <1ps is feasible.
The maximal slope is approximately 16kV/s in the worst case situation which
results in a maximal rms voltage noise, vn.rms < 16nV . This is negligible with
respect to the to be measured signal.

The sampling jitter however also causes an integration area error due to vari-
ation in integration time. The analysis in appendix D.3 shows that a maximal
peak-to-peak value of 5ps is feasible. Jitter can be described by phase-noise
in the time domain. The phase-noise has a 1/f or 1/fn behavior and there-
fore is situated at small offset-frequency of the fundamental frequency of the
clock-signal. The sampling operation mixes also the phase noise to DC and
is therefore situated at low-frequency. The low-frequency filtering operation
therefore does not attenuate the phase-noise and thus the jitter contribution.

Amplifier

The information of the signal after the sampling operation is situated at DC. A
hard requirement is that the amplifier should be highly linear. Each DC level
should embrace exactly equal gain and therefore an OPAMP based amplifier is
very suitable. It is already discussed that the noise contribution of the latter
circuits in a chain are of minor influence. The signal information is however
situated at DC and therefore a requirement is that the 1/f noise contribution
is low. The amplification should be high enough such that the required ADC
resolution is feasible.
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ADC and DSP

The ADC should be shared for many (or all) receivers to limit the area con-
sumption. Therefore to process the signals of all receivers, the sampling fre-
quency of the ADC should equal the number of receivers multiplied with the
required sampling frequency per receiver.

To prevent aliasing of the noise the sampling frequency for one receiver should
exceed 2 times the bandwidth of the last analog receiver. For noise suppression
the analog bandwidth is in the order of 50kHz → 100kHz (see section 5.1.2),
which allows sharing a typical ADC for many pixels. The required ADC should
be higher than about 10b.

5.1.2 Performances

The accuracy of the measurement of τ is mainly limited by timing errors,
device noise, non-linearity errors and bandwidth limitations. In this section it is
investigated first to what extend the non-linearity influences the measurement
by numerical analysis and subsequently the amount of noise contribution and
distribution is estimated with circuit simulations. At last it is estimated to
what extend the τ accuracy is influenced by all the circuit limitations and
what matrix resolution is feasible.

non-linearity simulations:

In appendix F it is described that non-linearity components appear at fre-
quencies that are used to estimate τ due to intermodulation between the in-
dependent frequency components of the input signal. A circuit simulation is
performed to obtain the influence of the non-linearity products on the τ mea-
surement. A sinus signal is placed at the input of the TIA and the higher order
output harmonics are obtained and reflected in table 5.6. The input current is

Iin (µA) h1(V ) h2(V ) h3(V )
0.01 19.2 µ 73.1p 76.1p
0.1 192 µ 212p 517.9p
1 1.92 m 55.01n 4.92n
10 19.2m 5.92µ 163n

Table 5.6: Frequency components introduced due to non-linearity of the mixer

in the range of several nano-amperes till several micro-amperes and the result-
ing magnitude of the second and third order components reflected in table 5.4
are negligible with respect to the magnitude of the fundamental component.
Therefore it can be concluded that non-linearity of the TIA has a very minor
effect on the system performance.

Noise simulations:

The receiver should be designed such that with almost all measurements (ap-
proximately 99%) the required accuracy is obtained. Therefore a worst case
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magnitude error (which can be positive or negative) that is bigger than 99%
of all noise values has to be chosen.

Noise has a Gaussian distribution and therefore about 99.7% of all noise er-
rors are within three standard deviation (3σ) away from the mean value. One
standard deviation of noise is equal to the root mean square noise value:

σvn = vn.rms

and the rms noise value is equal to the square of the integrated noise power
density spectrum:

vn.rms =
√∫∞

0
v2
ndf

Therefore three times the rms noise value is taken as maximal magnitude error.

A circuit simulation is performed to obtain the noise contribution and distribu-
tion. The resultant noise distribution is shown in table 5.7. A non optimized

Total noise(%) ex. OPAMP
Phote Diode 0.0% 0.0%
TIA 1/f noise 23.3% 59.7%
TIA thermal noise 0.5% 1.3%
RC-filter 15.2% 39.0%
OPAMP 61.0% -

Table 5.7: Error distribution

OPAMP based amplifier is implemented and this design dominates the total
noise contribution (61%). The optimization of the OPAMP design falls out of
the scope of this thesis. It can however be assumed that the noise contribution
can be limited significantly. The noise distribution without the OPAMP taken
into account is shown in the third column of table 5.7 and shows that the 1/f
noise of the TIA and the thermal noise of the RC-filter dominate the total noise
contribution.

The square of total integrated output noise power (rms noise voltage)is equal
to 2.2mV. The worst case magnitude error therefore becomes ±6.6mV.

The ADC error contribution is small and not taken into account further on.

τ Accuracy and feasible resolution

First the optimal timing values have to be obtained to acquire a maximal
accuracy. It is shown in table 5.1 and 5.2 that the situation with t1 =1.0ns
results a larger τ error than with t1 =1.5ns for a BW of 2GHz. The allowed
magnitude error however decreases with a larger value for t1 according to the
figures in table 5.3. A circuit simulation results a maximal τ error of 14ps
due to a limited bandwidth of 2GHz for both cases (t1 =1.0ns and t1 =1.5ns).
According to the figures in table 5.1 and 5.2, which is a reflection of a numerical
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analysis, this was not expected. In the numerical analysis a first order transfer
for the TIA was used that does not fully correspond with the circuit analysis,
which shows a second order transfer. Therefore the difference is obtained.

From the above analysis it can be concluded that t1 =1.0ns results in best
performance and therefore this situation is worked out in detail.

The optimal timing values to obtain maximal accuracy are obtained with a
numerical analysis and are reflected in table 5.8.

t1 1ns
t2 2ns
t3 5.6ns
t4 6.6ns

Table 5.8: Optimal timing values

The goal of this section is to obtain the required optical input power level for
a maximal τ measurement error of 50ps for all cases. It is shown in appendix
D.3 that maximal measurement errors occur for τ=1ns or τ=10ns. Circuit
simulations were done to both estimate the output signals VOUT1 and VOUT2

(see figure 5.1) that are used to estimate τ , and to estimate the noise levels
therein.

The simulation results are shown in table 5.9. The simulated values contain
errors introduced due to bandwidth limitations and timing errors.

τ = 1ns τ = 10ns
VOUT1 58.153m 268.566m
VOUT2 0.552m 169.786m
3·σvn 6.6mV 6.6mV
ετ 1.8ns 5.9ns

Table 5.9: Simulated average area’s, 3·σvn and corresponding τ error

In appendix ?? the expression to acquire the τ value, inclusive magnitude
errors, is derived:

τε = − t3 − t1
ln
(
VOUT2+3·σvn
VOUT1+3·σvn

) (5.4)

Substituting the simulated values (shown in table 5.9) in (5.4) yields the τ
errors shown in the last column of table 5.9.

Numerical analysis show that for a maximum τ error equal to 50ps minimal
input current of 75µA is required for this circuit. With an optical power to
current transfer of the photo diode of minimal 0.12A/W this results in a mini-
mal needed input power of 625µW. The delivered optical input power is 50µW
per sample and therefore this circuit is not feasible for this application.

In chapter 6 the circuit and system are optimized leading to a significant re-
duction in required optical power.
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5.2 Frequency sampling method

TIA DSP

DSP

LO

Figure 5.4: System of Frequency Sample method

The system of the Two Frequency sample method is shown in figure 5.4 and
the frequency behavior of the received signal is shown in figure 5.5. In chapter
3 it is described that measuring the magnitudes of two independent frequency
components is sufficient to extract the value of τ of the received signal. This
value can be derived by substituting the measured magnitudes in expression
D.37. In section D.3 the maximal allowed magnitude errors to meet the for-
mulated specifications are derived. In this section the practical limitations and
feasible performances are investigated.
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Figure 5.5: Frequency description of the received signal

5.2.1 System properties

The most important design constraints are listed

• Best performance with measurement of DC component (which suffers
from 1/f noise)

• Non-linearity causes intermodulation of the individual components

• Mixing to DC yields the real or complex part of the signal.

• Limited bandwidth needed (160MHz)



30 CHAPTER 5. CIRCUIT DESIGN

Table D.2 shows that the measurement of the independent frequency compo-
nent situated at DC in combination with the component situated at 160MHz
yields best accuracy. A disadvantage of measuring the DC component is that
any 1/f noise introduced is situated around 0 Hz.

In appendix F it is described that non-linearity components appear at frequen-
cies that are used to estimate τ due to intermodulation between all independent
frequency components of the input signal. A circuit simulation is performed
in section 5.2.2 to obtain the influence of the non-linearity products on the τ
measurement.

The DC component does not have to be mixed and therefore only suffers from
non-linearity of the amplifier. A difficulty while measuring the DC component
and the 160MHz component is that the gain of both paths is not identical.
Therefore to not introduce a big error, the exact gains of both paths has to be
measured in a calibration phase.

Another drawback of the system is that the a complex component must be
measured. To measure the magnitude of the complex signal, the component
should be mixed with a complex (sine) and a real(cosine) LO signal. A phase
error however degrades the measurement accuracy. Also two branches are
needed or two sequential measurements has to be performed. Both possibility
has its disadvantages. This influence and the influence of the phase error is
however investigated at last.

5.2.2 Circuit design

Figure 5.4 shows the system of the frequency sample method. The system
consists of an I-V converter, two filters, a mixer and an ADC. The circuits
should satisfy the listed specifications

• Bandwidth of first amplifier larger than 160MHz

• Highly linear circuits (amplifiers and especially mixer)

• Low 1/f noise

The design challenges of each circuit are now described.

Amplifier

According to the FRIIS noise equation [5] the first stages of the receiver should
have a maximal gain and minimal noise contribution to achieve an optimal
noise performance. However to obtain a receiver that suffers minimal from
non-linearities, the first stages should have a minimal gain and the linearity
requirement for the last stages is highest. Because of this contradiction, there
is no optimum for both requirements.

The non-linearity requirement is very strict. Therefore an amplifier with re-
sistive feedback is used. The advantage of a feedback amplifier is that the
circuit can be perfectly linear if the open loop gain of the amplifier is infinite.
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This is however never the case and therefore a small degradation in linearity is
obtained.

In most mixer designs the input signal is presented as gate voltage of a tail
current source of a differential pair. Therefore the amplifier can be performed
as a current amplifier. A standard high gain current amplifier is shown in figure
5.6

M1

R1

IIN

R2
IDC VDC

IOUT

Figure 5.6: General OPAMP bases current amplifier

Mixer

There are basically three classifications for mixers:

• Unbalanced; single-ended input and output.

• Single balanced; differential design except single-ended input.

• Double balanced; fully differential.

The down-conversion unbalanced mixer generates an IF output consisting of
fin, fLO, fin-fLO, fin+fLO and other spurious products. Single balanced
mixers output the same frequency components but strongly attenuates either
the input signal or the LO signal. Double balanced mixers only outputs the
sum and difference frequency of the input and LO signal. Due to its fully
differential design, it also suppresses the even distortion products.

In this research the desired component is mixed to DC and therefore no un-
wanted DC products should be outputted by the mixer. The unbalanced mixer
outputs also the original input signal, which contains also a DC component,
and is therefore not suitable for this application.

The double balanced mixer requires a differential input signal. The input signal
for this application is however single-ended and therefore a balun circuit is
required to generate the differential signal. This introduces extra noise and non-
linearity and this is not wanted. Because of these reasons the single balanced
mixer is most suitable for this application.
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Most mixers are performed as hard-switching multipliers. This means that
the LO signal is shaped as a square wave. In this case the LO signal can be
generated by digital circuits and the noise, linearity and gain performances
exceed the performance of the use of a sinusoid LO signal. A disadvantage of a
square wave LO signal is that its frequency spectrum contains the fundamental
frequency component and a component at every odd harmonic. In our case
these harmonics are exactly situated at corresponding frequency components
of the received signals. This results mixing of these unwanted products to DC.
Therefore a very ’clean’ sinusoid LO signal is required.

Circuit simulations

M1

R1

IIN

M2 M3

R R

VOUT

VLO+ VLO-

R2

IDC VDC

Figure 5.7: Amplifier and mixer circuit

Circuits simulations are performed with the circuit shown in figure 5.7. It is
already described that the non-linearity of the circuit is a big problem for this
method. Therefore a non-linearity analysis is performed first with an ideal
amplifier but with a non-ideal (and thus non-linear) single balanced mixer.

Influence of non-linearity:

The input current and the LO voltage both show a non-linear propagation path
to the output. Therefore the influence of non-linear behavior on both signals is
investigated. First a circuit simulation is performed with constant tail current
and a variable LO voltage. The results are shown in table 5.10. The results
of the circuit simulation shows that a large VLO results in a large third order
component. Because the input signal contains a frequency component at each
harmonic of the fundamental frequency, which is equal to the LO frequency,
the non-linearity components of the LO will mix unwanted components of the
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VLO H1(V ) H2(V ) H3(V )
0.1m 0.22m 0.9p 0.9p
1m 2.2m 8.9n 22n
10m 22m 57n 30µ
100m 280m 260n 15m

Table 5.10: Frequency components introduced due to non-linearity propagation
of VLO

input signal to DC. To reduce the influence of this effect, the LO magnitude
may not exceed 10mV.

Next a circuit simulation is performed to obtain the influence of non-linearity
of the mixer on the input signal. A sinusoid current with variable amplitude
is putted on the input of the current amplifier. The results of the simulation
are shown in table 5.11. The figures in table 5.11 show that that the second

Iin H1(V ) H2(V ) H3(V )
1n 6.95µ 1.40n 0.1p
10n 69.5µ 140n 100p
100n 695µ 14.0µ 100n
1µ 7.9m 1.50m 117µ

Table 5.11: Frequency components introduced due to non-linearity propagation
of IIN

order components are much higher with this input range than the third order
components. The second order and third order coefficients can be derived with:
α2 = 2Vout2

V 2
out1

= 58

α3 = 4Vout2
V 3
out1

= 1.7 · 106

A algebraical analysis is performed with the obtained non-linearity coefficients
to acquire the total error components at frequencies used to estimate τ . The
results are shown in table 5.12. This analysis shows that this method is only

F0 (nA) τ error
1 1.7ps
10 8.4ps
100 84ps
1000 850ps

Table 5.12: τ errors introduced due to non-linearity of the mixer with variable
input current

feasible for very small input currents while taking only the non-linearity into
account. The noise contribution however makes a accurate measurement with
very small input currents impossible for this method.





Chapter 6

System and Circuit Optimization

In chapter 5 the average area measurement and frequency sampling method are
worked out in detail at a circuit design level implementation point of view. It
is shown that the frequency sampling method is not feasible for this application
because the required accuracy can not be met. The ‘average area measurement’
method can meet the accuracy requirement however the required resolution is
by far not feasible. In chapter 2 it is described that a maximal optical power
of 5nW can be delivered per pixel for cell imaging. With an optical power to
current transfer for the photo diode of minimal 0.12A/W (which is described
in 5.1.1) one receiver should be capable to meet the required accuracy with an
input current for F0 of 0.6nA to be suitable for cell imaging.

6.1 Average area method

The system of the Average area method is shown in figure 6.1. In chapter

TIA

80 MHz

Delay

LOW F(Hz)

Figure 6.1: System of Two average area method

5.1.2 it is obtained that an input current for F0 of 75µA is required to meet
the accuracy requirement. The figures in table 5.5 show that the OPAMP, the
1/f noise contribution of the TIA and the kT/C noise contributed by the RC
sampling filter are the main noise contributors to inaccuracy. In this chapter
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multiple optimizations are introduced to reduce the influence of these dominant
contributors.

6.1.1 3 branches

The noise contribution of the TIA is correlated for both branches. Therefore
this contribution can be seen as an variable added to the expression for each
measurement. Adding a variable to the mathematical description described by
(D.48) yields

AA(t1, t2) =
−F0 · τ
1− e−Tτ

· e
− t2τ − e−

t1
τ

t2 − t1
+ VTIA (6.1)

The expression now contains three variables and therefore three expressions
(and thus measurements) are required to extract the value of τ . Solving the
three expressions for τ yields

τ =
t1 − t3

ln
(
AA(t3,t4)−AA(t5,t6)
AA(t3,t4)−AA(t1,t2)

) (6.2)

The mathematical accuracy can be obtained by performing the same steps as
described in appendix ??. Doing so, the accuracy decreases with a factor 7
with respect to the measurement of two areas.

6.1.2 TIA Chopping

The TIA noise contribution is mainly dominated by 1/f noise. The ratio
between the 1/f noise contribution (integrated from 100Hz - 1GHz) and the
thermal noise contribution (integrated from 0Hz - 1GHz) is approximately 1:50.
The influence of the low frequency noise can be reduced by modulating the low
frequency noise to a higher frequency and unharm the input signal. This can be
accomplished with a chopper circuit, which is shown in figure 6.2. The circuit
contains of two additional multiplexers, an additional TIA and an adder. The
input multiplexer connects the input of each TIA half a period to the photo
diode and half a period to ground reference. The input current flows half a
period through the upper TIA and the other half of the period through the
lower TIA. The output multiplexer subsequently connects each TIA half a
period to the plus input and half a period to the minus input of the adder.
This causes that the input signal is constructed back to its original form at the
plus input of the adder.

Both TIA’s output a DC voltage that is equal to the low frequency content
of their 1/f noise, this low frequency thermal noise and a constant DC level
(respectively VDC1 and VDC2). Because the output of both TIA’s are toggled
between the plus and the minus ports of the adder, the DC levels are in essence
modulated with a square wave. This operation is shown in 6.2b. The low
frequency components should be modulated at a frequency such that they will
be filtered out before a sampling operation is performed at a lower frequency
than half the modulation frequency to prevent aliasing. To unharm the signal
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Figure 6.2: Chopper circuit a) and its time behavior b)

as much as possible a modulation frequency of half the fundamental frequency
is taken (40MHz).

A square wave contains frequency components at all its frequency compo-
nents and will therefore mix white noise presented around the odd harmonics
(40,120,160.. MHz) generated by both TIA’s to DC. The magnitude of the
components however decreases with increasing amplitude (sinc form) and will
therefore not introduce much additional thermal noise at low frequency.

Due to mismatches between both TIA’s the transimpedance gain differs. This
is however not of influence on the τ extraction as long as the gain for both
samples is equal (which is the case with this modulation frequency).

6.1.3 Multiple-stage filtering

The kT/C noise contribution of the sampling RC filter is significantly large in
the circuit described in chapter 5.1. This can be reduced by performing the
sampling and filtering in multiple stages. It is already described that after the
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sampling operation, the relevant information is located at DC. The spectrum
however still contains (unwanted) frequency components at all integer multiples
of the fundamental frequency and contains noise spread over a large bandwidth
of the spectrum. To prevent aliasing, the unwanted frequency components and
noise should be filtered before the analog to digital conversion is performed.
It is however not required that the filtering is performed directly after the
sampling: to reduce the influence of the kT/C noise of the filter the sampled
signal can be amplified first. This reduces the kT/C contribution with a factor
A2 (where A is the gain of the amplifier). This operation is shown in figure 6.3

To reduce the total noise contribution the bandwidth of the filter should be as
low as possible. In the analog domain this however requires a large capacitor
and resistor value, which consumes much silicon area. This is not wanted
because a high resolution matrix should be formed. The filtering operation can
also be performed in the digital domain. Then the only requirement for the
filtering in the analog domain is that aliasing is prevented. This requires that
the filter bandwidth is smaller than 1

2Fs. To limit the area consumption of this

TIA

80 MHz

Delay

A

A

VOUT1

VOUT2

Figure 6.3: Time averaging system with multi stage sampling and filtering

analog filter, the maximal capacitance is set to 10ps and the resistance is set to
10kΩ. The bandwidth then is: BW = 1

2πRC = 1.6MHz and therefore the the
sampling frequency per receiver should be higher than about 4MHz. For this
sampling frequency a typical ADC can be shared between many pixels. The
minimal bandwidth of the extern digital filter is only limited by the available
measuring time.

6.1.4 Performance

In this section the performance of the optimized circuits for the Average Area
Method with respect to noise are compared with the circuit designed in chap-
ter 5.1. Subsequently the required optical input power level for a maximal τ
measurement error of 50ps for all cases is obtained for the optimized circuit.
Circuit simulations were done to both estimate the output signals VOUT1 and
VOUT2 (see figure 6.2) that are used to estimate τ , and to estimate the noise
levels.

Furthermore the influence of less strict requirements, longer measurement time
and larger allowed τ error, on the feasible optical resolution is obtained.
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Standard 2 stage sample/filtering Chopping + 2 stage s/f
v2
n.tot % v2

n.tot % v2
n.tot %

TIA 1/f 11.4·10−5 55 11.4·10−5 97.2 5·10−9 0.0
TIA therm. 3.3·10−6 1.5 3.3·10−6 2.8 2.4 ·10−6 100
RC-sampler 7.3·10−5 35.4 5.8·10−9 0 5.8·10−9 0

OPAMP 1.65 ·10−5 8.1 0 0 0 0
v2
n.tot 0.2mV 2 0.12mV 2 2.42µV 2

vn.rms 14mV 10.8mV 1.55mV

Table 6.1: Noise Contributions of standard and optimized circuit

Noise circuit simulations are performed for three cases: for the circuit designed
in section 5.1, the same circuit with the optimization described in section 6.1.3
and the same circuit with both the optimization described in section 6.1.2 and
section 6.1.3 implemented. The simulation results show a significant decrease
in noise contribution because of the implemented optimizations. The circuit
simulations are performed with an ideal OPAMP. Performing a simulation with
a non-ideal and non optimized OPAMP shows that the total noise contribution
increases approximately 20%.

The figures in the last column of table 6.1 show that the noise contribution
is by far dominated by the thermal noise of the TIA after implementing the
optimization methods. Of this total noise 95% is contributed by the feedback
resistance. This noise contribution is a fundamental problem and can not
be lowered by component optimization without reducing the transimpedance
gain. The only possibility to reduce the total noise contribution is to reduce
the bandwidth of the filter. The minimal bandwidth is however also limited by
the available measuring time, which is limited to 1ms to prevent bleaching of
the cells.

The output signals VOUT1 and VOUT2 (see figure 6.2) that are used to estimate
τ , are shown in table 6.2. These simulated values contain errors introduced due
to bandwidth limitations and timing errors. The measured values are obtained
an input current leading to F0 =0.1µ. In chapter 5.1.2 it is described that

τ = 1ns τ = 10ns
VOUT1 58.971mV 271.087mV
VOUT2 0.585mV 171.316mV

3·vn.rms 4.65mV 4.65mV
τvarepsilon 0.95ns 1.10ns

Table 6.2: Measured average area’s, 3·vn.rms and corresponding τ error

3 ·vn.rms is taken as maximal magnitude error. Substituting the output signals
VOUT1 and VOUT2 shown in table 6.2 in expression 5.4 gives the τ measurement
error which is shown in the last row of this table.

Numerical analysis show that for a maximum τ error equal to 50ps minimal
input current of 3.7µA is required for this circuit. With an optical power
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to current transfer of the photo diode of minimal 0.12A/W this results in a
minimal needed input power of 37µW. The delivered optical input power is
50µW per sample and therefore this circuit is capable to image one pixel.

Influence of a longer allowed measurement time:

If a longer measurement time than 1ms is allowed, the signal can be averaged
(or filtered) over a longer period which results in a smaller noise contribu-
tion. The rms noise voltage reduces with

√
n where n equals the numbers of

samples. A circuit simulation is performed to obtain the influence of a longer
measurement time on the noise contribution. Also a numerical simulation is
performed to obtain the minimal required optical input power level for a max-
imal τ measurement error of 50ps for all cases. The results are shown in table
6.3.

Meas. time v2
n vn.rms Pmin(µ W) #pixels

100µs 52.4µ 7.2m 150 0
1ms 5.28µ 2.3m 48 1
10ms 0.524µ 0.72m 15 3
100ms 51.9n 0.23m 4.8 10

1s 4.67n 0.072m 1.5 32

Table 6.3: Integrated noise contribution and corresponding feasible resolution
for variable settling time

Influence of larger allowed τ error:

The influence of a larger allowed τ error is obtained performing an algebraical
analysis and the results are shown in table 6.4. From the analysis results shown

Meas. time = 1 ms Meas. time = 100 ms
τ error Pmin (µW) #pixels Pmin (µW) #pixels
50ns 48 1 4.8 10
100ns 18.3 2 1.83 27
200ns 8.8 5 0.88 56
300ns 5.3 9 0.53 94
400ns 3.7 13 0.37 135
500ns 2.8 17 0.28 178

Table 6.4: Minimal needed optical power and feasible resolution with respect
to variable τ error

in table 6.3 and 6.4 it can be seen that with relaxed requirements (settling time
and τ resolution) the feasible resolution is increased largely.



Chapter 7

Conclusion and
Recommendations

This thesis presents the analysis and design of an integrated optical receiver
for Fluorescence Lifetime Imaging Microscopy. A receiver, which performs the
measurement for one pixel, is designed and is targeted to process the very low
power optical signal to a digital value that corresponds to a unique lifetime
(τ) of a molecule. The aim is to produce a high resolution image for Cell
imaging, for which a high resolution matrix (both spatial and in time accuracy)
of receivers is required. The main challenge is to design a very low noise and
low area consuming receiver.

The received signal is quantified and multiple methods to extract τ are math-
ematically analyzed. Two most suitable methods from a mathematical point
of view,the ‘Average Area Method’ and the ‘Frequency sample method’, are
worked out in detail at circuit level.

The circuit non-idealities and the corresponding influence on the accuracy of
the measurement are obtained for both methods. It is shown that the ‘Fre-
quency sample method’ cannot meet the accuracy requirements for the avail-
able optical input power density. A straight forward implementation of the
‘Average area method’ can meet the accuracy requirements but only for a very
low spatial resolution. Introducing a number of accuracy increasing measures
into the ‘Average area method’ increases the spatial resolution by a few orders
of magnitude.

The main noise contributors of the circuit for the ‘Average Area Method’ are
the TIA 1/f noise and the kT/C noise of the RC-sampling filter. The influence
of these noise sources is reduced with the implementation of two methods. A
‘chopper circuit’ is implemented to modulate the dominating 1/f noise to a
higher frequency that is attenuated by a low-pass filter afterwards. Secondly
the filtering is performed after the sampled signal is amplified; the kT/C noise
is reduced with factor A2.

The implementation of both methods yields an rms noise reduction of approx-
imately a factor 10, but the required accuracy of the measurement is still not
acquired by far for the available very low optical power. Therefore the feasible
resolution is much lower than the required resolution for Cell imaging.
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The feasible resolution can be increased by taking less strict requirements;
longer measurement time and larger allowed τ error.

Most fluorescence samples display more than one exponential decay and there-
fore contain multiple lifetimes. The investigated methods are not suitable to ex-
tract the relevant data from the multi-exponential data. The methods however
can be expanded to become suitable for this occurrence. A brief explanation
is described in appendix B.

7.1 Recommendations

As described above,t the investigated methods are not suitable to extract mul-
tiple τ values from samples with a multi-exponential decay. In appendix B a
method is described, which is used in many FLIM applications, that uses a
curve fitting algorithm to approximate the emitted (multi-) exponential curve
and estimates the corresponding (multiple) Fluorescence Lifetime(s). Further
research in this area is preferred to obtain the performances of a combination of
the designed circuits with the curve fitting algorithm. A small adaption to the
designed circuit for the ’Average Area Method’ is sufficient to make the circuit
suitable to combine with the fitting algorithm. This is described in appendix
B.

In this thesis the time domain variant of FLIM is investigated. Frequency
domain FLIM is described in appendix A and further research on the feasibility
of the implementation of this method is preferred.



Appendix A

Frequency domain FLIM

The fluorescence lifetime can be measured in two ways: by a time domain
method that uses a periodic pulse excitation signal and by a frequency domain
method. The frequency domain method excites the sample by a sine-wave and
a DC component. Due to the decay of lifetime emission, the emitted light will
show a phase-shift and a decrease in modulation dept. This is shown in figure
A.1 for respectively a long and short lifetime. The lifetime can be measured
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Figure A.1: Frequency domain FLIM

from each of these two parameters by the expressions:

τφ =
tan(φ)
ω

(A.1)
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where φ equals the phase delay between the excitation sine and the emitted
sine, and

τm =
1
ω

√
1
m2
− 1 (A.2)

where ‘m’ equals the ratio of the amplitude of the excitation sine divided be
the excitation DC signal and the amplitude of the emitted sine divided by the
emitted DC signal. This is described by

m =
b/d

a/c
(A.3)

where ‘a’ is the amplitude of the excitation sine-wave, ’c’ is excitation DC
signal, ‘b’ is amplitude of modulated sine-wave and ‘d’ is the DC level of the
modulated signal.

The extraction of τ by measuring the phase shift shows a great resemblance
with the method described in appendix D.1.2, where τ extraction expression
is described by (D.38). In this expression an and bn correspond to the real
and imaginary part of the emitted sin-wave and the ratio between bn and
an corresponds to tan(φ). Therefore the methods are mathematical similar
and the same accuracy requirement and properties hold for these methods.
In appendix D.3 it is described that the required accuracy is not feasible for
the method described in appendix D.1.2 and therefore this frequency domain
method, measurement of the phase shift, is also not feasible with the obtained
timing error.

The extraction of τ by the decrease in modulation depth described by (A.2) and
the frequency domain signal generated by a periodic pulse which is described
in appendix D.1.2 also show a great similarity. In appendix D.1.2 the sample
is excited with frequency components with equal magnitude. Substituting an
equal value for ’a’ and ’c’ in (A.2) and (A.3) results the exact same expression
as the τ extraction expression described by (D.37) with ω1 = 0 Hz. Therefore
the same accuracy requirements and properties hold for these methods.

An advantage with respect to the frequency domain method described in ap-
pendix D.1.2 is that only a component at DC and ω result from the measure-
ment. In chapter 5.2 it is described that the multiple frequency component
introduce error components at critical frequencies due to non-linearity of the
active circuits. With only a component present at DC and ω much less error
components will appear due to non-linearity.



Appendix B

Multi-exponential decay and
fitting algorithm

Most fluorescence samples display more than one exponential decay and there-
fore contain multiple uniique lifetimes(τ values). The intensity decay can be
described by the multi-exponential model[8]:

I(t) =
∑
i

αie
−t/τi (B.1)

where i describes the number of decays, α the initial amplitude of each decay
curve and τi the corresponding unique lifetime. The values of the variables αi
and τi can not be extracted from the sum of exponential functions algebraically.
Conventional measurement methods use fitting algorithms like nonlinear least
squares algorithms (NLLS)[8] to extract the unique values of α and τ . The
NLLS algorithms are most used in studies.

Overview of Least-Squares Analysis[8]:

A least squares analysis starts with a model that is assumed to describe the
data. The goal is to test whether the model is consistent with the data and
to obtain the parameter values for the model that provide the best match
between the measured data, N(tk), and the calculated decay, Nc(tk), using
assumed parameter values. This is accomplished by minimizing the goodness-
of-fit parameter, which is given by

χ2 =
n∑
k=1

1
σ2
k

[N(tk)−Nc(tk)]2 (B.2)

In this expression the sum extends over the number (n) of data points used
for a particular analysis and σk is the noise variance that should be known to
optimize the fitting and can be measured with circuit simulation. Each value of
N(tk) corresponds with its ideal value added with a mean value equal to ±σk.
Therefore if Nc(tk) corresponds to its ideal value, each summation contributes
1.0 to the value of χ2. The optimal value for χ2 is therefore equal to the number
of data points.
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ALGORITHM

During a NLLS analysis the values of αi and τi of the multi-exponential model
(B.1) are varied until χ2 is a minimum. Examples of NLLS fitting algorithms
are Gauss-Newton, modified Gauss-Newton and Nelder-Mead algorithms [9].

It can be derived that the more data points are measured, the higher the
probability becomes that the calculated decay figure fits on the ideal value.
This is because a property of random noise is that the probability that the
mean deviation of the noise equals one σ approximates 100% if an infinite
number of samples are taken. Therefore measuring more data points is equal
to averaging noise and therefore this is in essence equal to a filtering operation.

Combination of fitting algorithm with the designed circuits

The average area circuit described in chapter 5.1 is optimized with respect to
its noise contribution and can be adapted to be appropriate to combine with
a fitting algorithm. It is described above that many data points per period
results a minimal fitting error and thus τ error. To not set high bandwidth
requirements for successive circuits it is not wanted to measure at a very high
frequency. Therefore the sampling filter should integrate each period a slightly
shifted period with respect to the previous period. This implies that the sam-
pling frequency should be slightly smaller than the fundamental frequency of
the input signal. A sampling frequency of for example 79.9MHz can be taken
such that the fundamental signal is mixed to 0.1MHz and 800 samples are per-
formed each period. The signal should however be mixed to an as small as
possible frequency such that as much noise as possible can be ‘filtered’ before
the fitting algorithm is performed. The minimal frequency is however limited
by the maximal measurement time.

The fitting algorithms used to analyze the frequency domain data are analogous
to those used for time-domain data. The frequency domain analysis described
in appendix A should be performed at multiple excitation frequency such that
a fitting algorithm can approximate the ideal frequency curve that is ideal for
each (multiple) fluorescence decay.



Appendix C

Quantitative analysis

C.1 Time-domain Specifications

The time domain behavior of the the periodic signal can be described by the
modulation of (1.1) at a frequency of 80MHz (in our case). This results in a
periodic exponential function; a time domain plot of this periodic function is
shown in figure C.1.
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Figure C.1: Graphical representation of time-domain behavior of fluorescence
emission at a repetition frequency of 80MHz

Most fluorophores commonly used in fluorescence microscopy have lifetimes (τ)
ranging from 1 to 10 ns [3]. Because the time span of one period (12.5ns) does
not exceed the maximal time constant (10ns) much, the emitted fluorescence
of subsequent samples could overlap significantly. Therefore the exponential
decay also affects the exact shape of the measured signal in the next periods
(especially with large τ). As a result, the level of the signal in a certain period
(N) is equal to the summation of the exponential function shifted with the
period time (T) multiplied with the summation integer (k=0..(N-1)):

fN (t) =
N−1∑
k=0

F0 · e−
t+kT
τ (C.1)

⇒ fN (t) = F0 · e−t/τ
N−1∑
k=0

·e− kTτ (C.2)
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The summation of the exponential function is a geometric series 1 and with
r = e−T/τ and n = N , a certain period N can be described by

fN (t) = F0 · e−t/τ ·
1− e−T ·Nτ
1− e−T/τ

(C.4)

for 0 ≤ t ≤ T . This expression shows that the behavior of certain periods N1

and N2 differ with a factor (e−
T ·N2
τ − e−

T ·N1
τ ). The ramp of the exponential

function in the numerator of the fraction decreases with increasing T ·N and
approaches zero for N →∞.

For a limited ”settling time” the error is sufficient small: for τ=10ns (worst
case) the error in neglecting the e−

T ·N
τ term is only 0.19% for N=5. The

situation when the effect of the e−
T ·N
τ term is negligible small will be denoted

as (quasi) steady state. From now on it can be assumed that the real time
measurement is performed in steady state and that the concerning exponential
function in (C.4) thus can be neglected. This yields

fp(t) = F0 · e−t/τ ·
1

1− e−T/τ
(C.5)

for each period.

C.2 Frequency-domain Specifications

The optical input signal can also be described in the frequency-domain. De-
scribing the received signal algebraically in this domain enables the recovery
of τ in this domain. The frequency behavior of the received signal can be
obtained using the Fourier analysis. A property of the Fourier transform is
that a convolution in time domain is equal to a multiplication in the frequency
domain [10].

f(t) ∗ g(t) = F (ω) ·G(ω) (C.6)

Therefore to simplify the analysis, the optical input is modeled as a convolution
of the exponential function and a periodic Dirac function (also known as a
’Dirac comb’ or the ’Shah’ function) with repetition frequency of 80 MHz. The
Dirac comb is described by

g(t) =
∞∑
n=0

δ(t− n · T ) = ∆T . (C.7)

1A series is geometric if for the series
∑

k ak the ratio of each two consecutive terms
ak+1

ak

is a constant function of the summation index [9]. Because e
−(k+1)T

τ

e
−(k)T

τ

= e
T
τ , the summation

of the exponential function is also a geometric series. A geometric series can be simplified to
a constant function. For the general function ak = rk this yields

Sn =

n∑
k=0

ak =
1− rn+1

1− r
(C.3)
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where T is the period-time ( 1
80MHz ) and the exponential function is described

by (2.1). The function g(t) is periodic and the function f(t) is non-periodic.
A convolution of a periodic- and a non periodic-function is called a circular
convolution which is described by (C.8). To convolute the periodic function
with f(t), this function has to be integrated from zero to infinity while g(t) is
integrated over one period. Therefore f(t) is replaced by a periodic extension
of the function f(t). This periodic extension is described by a summation of
f(t) shifted with one period (T) each summation.

(f ∗ g)(t) =
∫ T

0

(
N∑
i=0

f(τ + i · T )

)
· g(t− τ) dτ (C.8)

In practice the measurement time is limited and positive. Therefore the sum-
mation of f(t)is lower limited by 0 and upper limited by T ·N (where N denotes
the number of periods). Figure C.2 shows (C.8) for τ=2ns and τ=10ns

(a) Time-Domain (b) Time-Domain

Figure C.2: Convolution of 1.1 and C.7 with τ=2ns (a) and τ=10ns (b)

Because the received signal can be described by a convolution of two separate
functions, the multiplication of the frequency behavior of each separate function
yields the frequency behavior of the received periodic signal. Therefore first
the frequency behavior of the separate functions has to be described. To obtain
the frequency behavior of the exponential function a Fourier transform is taken
from (1.1). The standard Fourier transform is shown in (C.9).

F (ω) =
∫ ∞
−∞

f(t) · e−iωt dt (C.9)

The fluorescence measurement time is finite and positive; however it is assumed
that the periodic function is in steady state during the real-time measurement.
Therefore the integral is positive and unbounded. Substituting (1.1) in (C.9)
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yields

F (ω) = F0 ·
∫ ∞

0

e−
t
τ e−iωt dt (C.10)

=
F0

1
τ + iω

(C.11)
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Figure C.3: Frequency behavior of (2.1)

The Fourier transform of the periodic dirac function yields:

G(ω) =
∫ ∞
−∞

(
N∑
n=0

δ(t− n · T ))e−iωt dt (C.12)

⇒ G(ω) =
1
T

∞∑
k=−∞

δ(f − k

T
) (C.13)

Expression (C.13) shows that the Fourier transform of the periodic dirac func-
tion results in a periodic dirac function in the frequency domain, with a period
equal to 1

T (80 MHz). The 1
T before the summation shows that the dirac pulse

is scaled by this factor. Because the amplitude of a dirac pulse is infinite, the
amplitude in the frequency domain stays infinite. However the integral of a
time-domain dirac pulse equals 1 therefore this value is thus scaled with a fac-
tor 1

T in the frequency-domain.

A convolution in the time domain corresponds to a multiplication in the fre-
quency domain and therefore the frequency spectrums of the two separate func-
tions F(t) and G(t) have to be multiplied with each other to get the frequency
spectrum of (C.6). Multiplication with a dirac function corresponds with sam-
pling at discrete times and therefore a sampled version of the frequency spec-
trum of the exponential function results. Because the periodic dirac function is
scaled with a factor 1

T , the exponential spectrum is also scaled with the same
factor. The multiplication of the two functions yield
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H(ω) = F (ω) ·G(ω)

=
F0

1
τ + iω

· 1
T

∞∑
k=−∞

δ(f − k

T
) (C.14)

Expression C.14, with F0 = 1 and τ = 2ns, results the frequency domain plot
given in figure C.3.

The frequency spectrum of the periodic exponential function described by (C.5)
for one period can also be acquired by obtaining the Fourier coefficients of
the periodic function. These Fourier coefficients describe a function in the
frequency domain at integer multiples of the fundamental frequency (ω0 =
2π/T ). Complex Fourier coefficients (cn) describe the spectrum of a complex
function and are therefore acquired. These complex Fourier coefficients of a
general function f(t) are defined by [10]

cn =
1
T

∫ T/2

−T/2
f(t)e−inω0tdt (C.15)

The real time measurement only incorporates positive time and therefore the
function (C.5) is integrated from 0 to T. This yields

cn =
FS · F0

1− e−T/τ

∫ T

0

e−t/τe−inω0tdt

=
FS · F0

1− e−T/τ
· −1

1/τ + inω0

[
e−(1/τ+inπ)t

]T
0

=
FS · F0

1− e−T/τ
· −1

1/τ + inω0

(
e−(T/τ+in2π) − 1

)
=

FS · F0

1− e−T/τ
· −1

1/τ + inω0

(
e−T/τ − 1

)
=

FS · F0

1/τ + inω0
(C.16)

Comparing (C.16) with (C.14) shows that both methods to determine the fre-
quency behavior of the periodic exponential function are equal at the integer
multiples of FS . Therefore it can be concluded that both derivations are valid.





Appendix D

System design methods

D.1 Mathematical description of System design
methods

D.1.1 Time-domain methods to extract τ

Three time-domain methods to extract τ from the received signal are described
in this section. The measurement of two time-samples, two area measurements
and a combination of a time-sample and an area measurement.

Extraction of τ : measurement of two time-samples

Equation (C.5) contains two unknown variables(τ and F0), hence two inde-
pendent values of f(t) at known t are required and sufficient to find the corre-
sponding values for the concerned variables. Solving the two equations for τ
yields:

e
t1−t2
τ =

f(t2)
f(t1)

⇒ τ =
t1 − t2
ln( f(t2)

f(t1) )
(D.1)

As figure D.1 shows one period of (C.5) for τ = 2ns and F0 = 1. Sampling at
t1 = 0 and t2 = 2ns and substituting fpt1 and fpt2 in (D.1)yields τ = 2.000ns.
Accuracy issues of this method are dealt with in section D.2.1.

53
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Figure D.1: Time-domain measurement at two time samples (t1=0 and t2=2ns)
with F0 = 1 and τ = 2ns

Extraction of τ : two area measurements

Another method to extract the value of τ is to measure the area of the received
signal over two separate periods. A requirement for the integration limits
{t1, t2, t3, t4} for each period is that the measurement results are independent.
This is the case if the values of {t1, t2} are not equal to the values of {t3, t4}.
Integrating (C.5) from t=t1 to t=t2 yields

A(t1, t2) =
−F0 · τ
1− e−Tτ

· (e−
t2
τ − e−

t1
τ ) (D.2)

Combining the equations for two measured areas A1 and A2 with integration
limits {t1, t2, t3, t4} yields

A(t3, t4)
A(t1, t2)

=
e−

t4
τ − e−

t3
τ

e−
t2
τ − e−

t1
τ

(D.3)

This function appears unsolvable for τ with arbitrary {t1, t2, t3, t4}. However
specific values for {t1, t2, t3, t4} give a function that is solvable. To find these
values, the function can be simplified to

A(t3, t4)
A(t1, t2)

=
e−

t4
τ − e−

t3
τ

e−
t2
τ − e−

t1
τ

= B · e
− t2τ − e−

t1
τ

e−
t2
τ − e−

t1
τ

= B (D.4)

The factor ’B’ needs to meet two requirements. At first the factor should
be solvable for τ . Second the multiplication of B with the latter fraction of
(D.4) should result the first fraction. To meet the latter requirement, only
exponential functions and additions of a constant value are allowed for this
factor. To meet the first requirement, only one exponential function or one
exponential function with an addition with the constant value are allowed.
The allowed form for ’B’ is restricted to

B2 = e−
C
τ + C3. (D.5)

To obtain this form, specific values for {t1, t2, t3, t4} have to be taken. Inserting
(D.5) for C3=0 in (D.4) results in the expressions from which the conditions
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for {t1, t2, t3, t4} can be derived:

A(t3, t4)
A(t1, t2)

=
e−

t4
τ − e−

t3
τ

e−
t2
τ − e−

t1
τ

=
e−

C1
τ · (e−

t2
τ − e−

t1
τ )

e−
t2
τ − e−

t1
τ

(D.6)

⇒ e−
t4
τ − e−

t3
τ = e−

C1
τ · (e−

t2
τ − e−

t1
τ ) (D.7)

= e−
t2+C1
τ − e−

t1+C1
τ (D.8)

The conditions for {t1, t2, t3, t4} can now be derived for this case and are ren-
dered in (D.10) and fig. D.2.

C1 = t4 − t2 = t3 − t1 (D.9)
⇒ t4 − t3 = t2 − t1 = ∆t (D.10)

Time (ns)
0 Tt1 t2 t3 t4

Δt Δt

Figure D.2: Sample times

If these conditions are satisfied the function is solvable for τ and the factor ’B’
is described by (D.5) with C3 = 0.

Performing the previous steps for the substitution of (D.5) in (D.4) for C3 6= 0
yields:

A(t3, t4)
A(t1, t2)

=
e−

t4
τ − e−

t3
τ

e−
t2
τ − e−

t1
τ

=
e−

t2+C2
τ − e−

t1+C2
τ + C3 · e−

t2
τ − C3 · e−

t1
τ

e−
t2
τ − e−

t1
τ

(D.11)

The conditions that result from (D.11) are described by:

C2 = t4 − t2 = t2 − t1 = ∆t (D.12)
t3 = t1 (D.13)
C3 = 1 (D.14)

or

C2 = t3 − t1 = t2 − t1 = ∆t (D.15)
t2 = t4 (D.16)
C3 = 1 (D.17)

and visualized in fig. D.3 respectively fig. D.4.

If these conditions are satisfied, the function is solvable for τ and the factor ’B’
is described by (D.5) with C3 = 1.
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Δt Δt

Figure D.3: Sample times

Time (ns)
0 Tt1 t2t3 ,t4

Δt Δt

Figure D.4: Sample times

Solving (D.4) for τ , with (D.5) substituted yields:

A(t3, t4)
A(t1, t2)

= e−
C
τ + C3 (D.18)

⇒ ln

(
A(t3, t4)
A(t1, t2)

− C3

)
= −C

τ
(D.19)

⇒ τ = − C

ln
(
A(t3,t4)
A(t1,t2) − C3

) (D.20)
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Extraction of τ : two average area measurements

The extraction of τ by means of two average area measurements is a variant
on the measurement of two areas method which is described in section D.1.1.
The measured area is divided by the integration time, t2-t1, and yields

AA(t1, t2) =
−F0 · τ
1− e−Tτ

· e
− t2τ − e−

t1
τ

t2 − t1
(D.21)

The value of τ can be recovered performing two average area measurements.
The same restrictions formulated in section D.1.1, which are described by (D.9-
D.10) and (D.12-D.17), are applicable for this method. Performing the same
steps as described in section D.1.1 to determine the expression to recover τ
yields:

τ = − C

ln
(
AA(t3,t4)
AA(t1,t2) ·

t2−t1
t4−t3 − C3

) (D.22)
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Extraction of τ : area measurement combined with a time-sample

Measurement of the area of one period(t=0..T) can be combined with the
measurement of a certain time-sample to extract τ . Integrating (C.5) over one
period results in the area of one period:

A(0, T ) =
−F0 · τ
1− e−Tτ

· (e−Tτ − 1) = F0 · τ (D.23)

Combining (C.5) with (D.23) results:

A(0, T ) =
τ · f(t1) · (1− e−Tτ )

e−
t1
τ

(D.24)

A(0, T )
f(t1)

=
τ · (1− e−Tτ )

e−
t1
τ

(D.25)

Expression (D.25) shows that the wanted variable τ is present as a multi-
plication factor in the numerator and as power of the exponential functions;
this function appears to be unsolvable algebraically. Therefore this function is
probably not an option for the extraction of τ .
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D.1.2 Frequency-domain methods to extract τ

Extraction of τ : measurement of two frequency-components

The frequency behavior of the received signal is shown in fig. C.3 and described
by expression (C.14). These figures and expression show that the information
to extract τ is hidden in the shape of the pulse train. This is described by
(C.16).

Independent frequency components are only present at integer multiples of
the modulation frequency FS(80MHz in our case), the identification of the
magnitude of a 2 components is required and sufficient to extract τ because
expression (C.16) only incorporates two unknown variables (τ and F0).

To obtain the magnitude of a complex function, the root of the squared imagi-
nary and real part of the function has to be taken. The real and imaginary part
of a function can be extracted using the complex conjugated of the function.
The general formulas to obtain the imaginary and real part of an imaginary
function are described by [10]:

Re(z) =
(z + z̄)

2

Im(z) =
(z − z̄)

2i

where z̄ is the complex conjugated of a complex function z with z=a+ib and
z̄=a-ib. Elaborate the functions above with (C.16) yields the real part of the
function

KI(ω) =
1
τ(

1
τ

)2 + ω2
· F0 · FS (D.26)

and the complex part of the function

KQ(ω) =
ω(

1
τ

)2 + ω2
· F0 · FS . (D.27)

The magnitude of K(ω) can be obtained by taking the root of (D.26) and (D.27)
squared:

|K(ω)| =

√√√√( 1
τ(

1
τ

)2 + ω2

)2

+

(
ω(

1
τ

)2 + ω2

)2

· F0 · FS (D.28)

Solving these equations for τ with two magnitude measurements at ω = ω1 =
n1 ω0 and ω = ω2 = n2 ω0 yields:

(
|K(ω2)|
|K(ω1)|

)2

=

(
1
τ

( 1
τ )2

+ω2
2

)2

+
(

ω2

( 1
τ )2

+ω2
2

)2

(
1
τ

( 1
τ )2

+ω2
1

)2

+
(

ω1

( 1
τ )2

+ω2
1

)2
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⇒
(
|K(ω2)|
|K(ω1)|

)2

=

(
1
τ

)2 + ω2
1(

1
τ

)2 + ω2
2

⇒ τ =

√
|K(ω2)|2 − |K(ω1)|2

n2
1 ω

2
0 · |K(ω1)|2 − |K(ω2)|n2

2 ω
2
0

(D.29)

The value of τ can also be abstracted measuring only the real or only the
complex parts of each individual frequency component. This corresponding
expressions can be derived from respectively expression D.26 and D.27. This
yields respectively

τ =

√
KI(ω2)−KI(ω1)

n2
1 ω

2
0 KI(ω1)−KI(ω2)n2

2 ω
2
0

(D.30)

for the real components, and

τ =

√
KQ(ω1)n2 −KQ(ω2)n1

ω0 (n1 n2
2KQ(ω2)− n2 n2

1KQ(ω1))
(D.31)

for the complex components.
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Extraction of τ : I and Q frequency measurement

The received signal contains an imaginary and a real part in the frequency
domain. Therefore the measurement of these individual parts is also a method
to extract τ from the received signal.

A periodic signal can be presented as a linear function of the basic functions
cos(nω0t) and sin(nω0t) by describing the function as a Fourier series [10]:

f(t) =
∞∑
n=0

an cos(nω0t) + bn sin(ntω0t)

Here an and bn are the fourier coefficients and represent the amplitude spectrum
at all integer multiples of the fundamental frequency (ω0) of respectively the
real and the imaginary part. The amplitude of one peak at a integer multiple
of the fundamental frequency is thus described by

fn(t) = an cos(nω0t) + bn sin(ntω0t)

This expression shows large correspondence with a quadrature amplitude mod-
ulated (QAM) signal [5] described by

x(t) = I(t) cos(ω0t) +Q(t) sin(ω0t)

where an and bn are replaced respectively by I(t) and Q(t). With quadrature
amplitude demodulation, the modulated signal is multiplied with cos(nω0t)
and sin(nω0t) to acquire respectively I(t) and Q(t). Multiplying (D.1.2) with
these signals yields respectively

fI(t) = an cos(nω0t) cos(nω0t) + bn sin(nω0t) cos(nω0t)

and
fQ(t) = an cos(nω0t) sin(nω0t) + bn sin(ntω0t) sin(nω0t)

Using standard trigonometric identities described in appendix E.1, this can be
written as

fI(t) =
1
2
an[1 + cos(2ω0t) +

1
2
bn sin(2ω0t)]

=
1
2
an +

1
2

[an cos(2ω0t) + bn sin(2ω0t)] (D.32)

and

fQ(t) =
1
2
bn +

1
2

[an sin(2ω0t)− bn cos(2ω0t)] (D.33)

Low-pass filtering these signals removes the high frequency terms (contain-
ing 2ω0t, leaving only respectively the an and bn terms. These terms can be
calculated with [10]
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1
2
an =

1
T

∫ T

0

f(t) cos(nω0t) dt (D.34)

1
2
bn =

1
T

∫ T

0

f(t) sin(nω0t) dt (D.35)

substituting (C.5) in respectively (D.34) and (D.35) yields

fI(t) =
1
2
an =

FSF0τ

1 + (nω0τ)2
(D.36)

fQ(t) =
1
2
bn =

FSF0τ
2nω0

1 + (nω0τ)2
(D.37)

The derivation of the last step is described in appendix .

Solving one of these functions for F0 and combining the result with the other
function results one function with only τ as unknown variable. Solving this
function for τ yields:

τ =
bn

nω0an
(D.38)
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D.1.3 Combination of a frequency- and a time-domain
method to extract τ

Extraction of τ : Area measurement combined with a frequency
sample

The combination of a time-domain area measurement and the measurement
of a frequency-domain sample is also an option. In previous subsection it was
stated that expressions with τ present as power of an exponential function
combined with τ as multiplication factor are not solvable for τ . Expression for
area determination (D.2) shows minimal complexity with t1=0ns and t2=T and
only contains τ as multiplication factor. In this case (D.2) can be simplified to

A(0, T ) = F0 · τ (D.39)

Solving this function for F0 and substituting this in the frequency-sample ex-
pression (D.28) yields

|K(ω)| =

√√√√( 1
τ(

1
τ

)2 + ω2

)2

+

(
ω(

1
τ

)2 + ω2

)2

· A(0, T )
τ

· FS (D.40)

Solving this function for τ yields

(
|K(ω)|

FS ·A(0, T )

)2

=

(
1
τ

( 1
τ )2

+ω2

)2

+
(

ω

( 1
τ )2

+ω2

)2

τ2

=
1

(1 + ω2 · τ2)2
+

ω2 · τ2

(1 + ω2 · τ2)2

=
1

1 + ω2 · τ2

⇒ τ =

√√√√(FS ·A(0,T )
|K(ω)|

)2

− 1

ω2
(D.41)

This however shows great resemblance with the τ expression for the two fre-
quency samples method (D.37). It even appears that the expressions are equal
when ω1 equals 0Hz. This is logical because the DC component of the spec-
trum corresponds with the mean value of a signal which corresponds with the
area divided by the area time. Because of this similarity, the accuracy of this
method also equals the accuracy of the two frequency samples method. In
the next chapter it has to be investigated which of the two methods is most
practical to implement.
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D.2 Accuracy of system design methods

D.2.1 Time-domain methods to extract τ

Extraction of τ : measurement of two time-samples

The τ -error of the measurement of two time-samples is affected by timing- and
magnitude-errors; this is reflected in figure D.5.
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Figure D.5: Time-domain measurement with timing and magnitude errors in-
cluded

The gray shaded area renders the measurement error area which is caused by
the timing- and magnitude error. The figure indicates that a negative timing-
and positive magnitude-error or vice versa yields a maximal error. The maximal
τ -error that can occur results from an opposite maximal error for each time-
sample. The conditions that yields a maximal τ -error are therefore described
by:

∆t1 = −∆t
εmag1 = +εmag

∆t2 = +∆t
εmag2 = −εmag

or

∆t1 = +∆t
εmag1 = −εmag

∆t2 = −∆t
εmag2 = +εmag

where εmag and ∆t are respectively the maximal magnitude-error and constant
timing error that could occur.

Expression (D.1) yields τ for ideal measurement. Substituting the timing- and
magnitude-errors described above in this expression yields:
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τε =
t1 − t2

ln( f(t2+∆t)−εm
f(t1−∆t)+εm

)

with
f(t+ ∆t) = F0 · e−

t+∆t
τ · 1

1− e−Tτ
= f(t) · e−∆t

τ

this becomes:
τε =

t1 − t2

ln( f(t2)·e−
∆t
τ −εm

f(t1)·e
∆t
τ +εm

)
(D.42)

The maximal magnitude error εmag can be obtained by subtracting τ from
(D.42) and solving the result for this variable. This yields:

εmag =
f(t2) · e−∆t

τ − f(t1) · e
t1−t2
τ+ετ · e∆t

τ

1 + e
t1−t2
τ+ετ

=
F0 ·

(
e−

t2+∆t
τ − e

t1−t2
τ+ετ · e−

t1−∆t
τ

)
(

1− e−Tτ
)
·
(

1 + e
t1−t2
τ+ετ

) (D.43)

The complete derivation of this expression is described in appendix (G.2.1).

The optimal values for the variables of the receiver can be acquired from the
expressions derived above. Expression D.43 shows that the magnitude error
dependents on multiple variables. Most factors are variables (F0 and τ) and
constants (T=1/80MHz) determined by the transmitter of the signal or other
factors that are not compliant by the receiver (∆t). The only variables of the
receiver are the sample times (t1 and t2). Because (D.43) contains multiple
variables (t1, t2 and τ) the maximal allowed magnitude error for τ in the range
of 1ns to 10ns can not be obtained by means of an algebraic analysis. However
the influence of t1 can be derived by observation from the expressions. The
exponential functions with t1 as power in the numerator of (D.43) cancel each
other almost out because the factor ετ is very small compared to τ . Variable
t1 as power of the exponential function in the denominator is much larger and
influences the behavior of the expression the most. To obtain a maximal value
for εmag, the denominator of (D.43) should be as small as possible. Therefore
t1 should also be as small as possible; t1=0 is taken. The relation between t2
and εmax is more difficult to derive and therefore the optimal value for t2 is
obtained by means of a numerical analysis. The value of ∆t is also of influence
on this result and since this value is obtained in section D.3, the optimal value
for t2 is also obtained in that section.
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Extraction of τ : two area measurements

The extraction of τ by means of two area measurement also suffers from timing-
and magnitude- measurement errors in practice. These errors are among other
things introduced due to jitter, device noise, gain- and offset errors. As stated
before, the maximal timing error is assumed fixed (∆t) and the device noise
can be described by the maximal allowed magnitude error and is derived as
function of t1 and t2 with constant ∆t in this section.

The measurement errors are shown in figure D.6. The dark gray shaded area
reflects the maximal possible negative area error introduced due to negative
magnitude error and positive upper- and negative lower-integration limit er-
rors. The light gray shaded area reflects the maximal possible positive area
error introduced due to the contrary measurement errors. It can be concluded
from the figure that a maximal τ -error appears if the first area measurement
(integration from t1 to t2) suffers from a maximal positive area error and the
second area measurement (integration from t3 to t4) suffers from a maximal
negative area error, or vice versa. These situations are described by:

Time (ns)
12.5t 1

0

εmag

L
ig

h
t 
In

te
n

s
it
y
 (

P
)

t 2

εmag

t 3 t 4

εmag
εmag

Δt

Figure D.6: Time-domain area measurement with timing errors and magnitude
errors included

∆t1 = −∆t2 = −∆t3 = ∆t4 = +∆t
εarea1 = −εmag · (t2 − t1 − 2∆t)
εarea2 = +εmag · (t4 − t3 + 2∆t)

and

∆t1 = −∆t2 = −∆t3 = ∆t4 = −∆t
εarea1 = +εmag · (t2 − t1 + 2∆t)
εarea2 = −εmag · (t4 − t3 − 2∆t)

Substituting the measurement errors described for the first worst case situation
in (D.20) which yields
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τε = − C1

ln
(
A(t3−∆t,t4+∆t)+εmag·(t4−t3+2∆t)
A(t1+∆t,t2−∆t)−εmag·(t2−t1−2∆t)

) (D.44)

τε = − C2

ln
(
A(t3−∆t,t4+∆t)+εmag·(t4−t3+2∆t)
A(t1+∆t,t2−∆t)−εmag·(t2−t1−2∆t) − 1

) (D.45)

Here C1, C2 and the conditions for {t1, t2, t3, t4} are described by respectively
(D.9-D.10) and (D.12-D.17). With τε = τ + ετ and solving for εmag yields:

εmag =
−F0 · τ
1− e−Tτ

· (e−
t2−∆t
τ − e−

t1+∆t
τ ) · e−

C1
τ+ετ − (e−

t4+∆t
τ − e−

t3−∆t
τ )

t4 − t3 + 2 ·∆t+ (t2 − t1 − 2 ·∆t) · e−
C1
τ+ετ

(D.46)

and

εmag =
−F0 · τ
1− e−Tτ

·
(e−

t2−∆t
τ − e−

t1+∆t
τ ) ·

(
e−

C2
τ+ετ + 1

)
− (e−

t4+∆t
τ − e−

t3−∆t
τ )

t4 − t3 + 2 ·∆t+ (t2 − t1 − 2 ·∆t) · (e−
C2
τ+ετ + 1)

(D.47)
The steps to derive (D.46) and (D.47) from respectively (D.44) and (D.45) are
described in appendix G.2.2.

These expressions show that the value of the maximal allowed magnitude error
depends on multiple variables and constants from which only (t1, t2, t3, t4) are
variables of the receiver. The optimal values for these variables have to be
found for the worst situations that can occur. This worst case situation occurs
for values of the variables determined by the transmitter that allow a minimal
measurement error. Because multiple variables are of influence on the allowed
measurement error, the optimal values for {t1, t2, t3, t4} can not be obtained
by means of an algebraic analysis. These values however can be obtained by
numerical analysis. Because the value for ∆t is determined in section D.3,
this numerical analysis is also performed in that section. The numerical anal-
ysis yields however that the accuracy requirements are not feasible with the
obtained timing error ∆t.
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Extraction of τ : two average area measurements

The extraction of τ by means of two average area measurements is a variant on
the measurement of two areas method which is described in section D.1.1 and
yield almost identical expressions for the extraction of τ . This also means that
the expressions to determine the accuracy of the τ extraction will be almost
identical to the expressions derived in D.2.1. Performing therefore the same
derivation yields:

τε = − C

ln
(
AA(t3−∆t,t4+∆t)+ εarea

t4−t3
AA(t1+∆t,t2−∆t)− εareat2−t1

· t2−t1t4−t3 − C3

) (D.48)

Where the area error εarea is described by εmag · (t2 − t1). Substituting the
conditions for {t1, t2, t3, t4, C, C3} which are described by respectively (D.9-
D.10) and (D.12-D.17) in (D.48) yields respectively

τε = − C

ln
(
AA(t3−∆t,t4+∆t)+εmag
AA(t1+∆t,t2−∆t)−εmag

) (D.49)

and

τε = − C

ln
(

2 · AA(t3−∆t,t4+∆t)+εmag
AA(t1+∆t,t2−∆t)−εmag − 1

) (D.50)

solving this for εmag yields

εmag =
−F0 · τ
1− e−Tτ

·
e−

t2−∆t
τ −e−

t1+∆t
τ

(t2−t1−2·∆t) · e−
C1
τ+ετ − e−

t4+∆t
τ −e−

t3−∆t
τ

t4−t3+2·∆t

e−
C1
τ+ετ + 1

(D.51)

and

εmag =
−F0 · τ
1− e−Tτ

·
e−

t2−∆t
τ −e−

t1+∆t
τ

t2−t1−2·∆t ·
(
e−

C2
τ+ετ + 1

)
− 2 · e

− t4+∆t
τ −e−

t3−∆t
τ

t4−t3+2·∆t

e−
C2
τ+ετ + 3

(D.52)

These expressions again show that a numerical analysis is necessary to obtain
the optimal variable values, the maximal allowed magnitude error (εmag) that
has to be achieved. This is also performed in section D.3.
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D.2.2 Frequency-domain methods to extract τ

Extraction of τ : measurement of two frequency-components

The measurement of two frequency samples can be affected by magnitude er-
rors, phase errors and frequency-mixing errors (e.g. mixing with 79.9MHz
instead of 80MHz). The latter error does not affect the τ extraction accuracy
in a direct way (e.g. the magnitude is not affected). It is already described
that the complex frequency components consists of a real and imaginary part.
Measuring the magnitude of the complex signal requirers mixing of the each
individual part. This is called quadrature mixing. The real part is mixed by a
cosine and the imaginary part by a sine. This is already described in section
D.1.2 and D.1.2. It is also described further on in section D.2.2 that a phase
error results also mixing of of the ’wrong’ part of the complex component.
This is described by expression D.59 where an corresponds to the real and bn
to the complex part of the signal. The phase error is in essence a time error
described in another domain. It is described that a constant value is taken for
the timing error and thus also the phase error such that the measurement can
be optimized with respect to a maximal allowed magnitude error. Therefore
the influence of the magnitude error is first elaborated. The influence of this
error on the τ extraction is described by

τε =

√√√√√√
(
|K(ω2)|+ε2
|K(ω1)|+ε1

)2

− 1

ω2
1 −

(
|K(ω2)|+ε2
|K(ω1)|+ε1

)2

· ω2
2

(D.53)

where ε1 and ε2 are the magnitude errors of respectively the first and second
independent frequency component that is measured. The worst case situation
occurs with ε1 = −ε2 = ±εmax. Subtracting τ from (D.53) results in the
absolute τ -error (ετ ). Replacing the magnitude errors by the worst case errors
and solving this for εmag yields:

εmax =
|K(ω2)| − |K(ω1)| ·

√
1+ω2

1 ·(ετ+τ)2

1+ω2
2 ·(ετ+τ)2

1 +
√

1+ω2
1 ·(ετ+τ)2

1+ω2
2 ·(ετ+τ)2

(D.54)

The entire derivation is described in G.2.4.

The derivations for the measurement of only a real or only a complex part of
the frequency components can be elaborated at exactly the same way. This is
yields

εmax = −
KI(ω2)−KI(ω1)− (τ + ετ )2

(
ω2

1 KI(ω1)− ω2
2 KI(ω2)

)
(τ + ετ )2 (ω2

1 − ω2
2) + 2

(D.55)

for the real component measurement. In section D.3 it is obtained that measur-
ing the DC component is essential for an accurate measurement for the whole
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complex signal and the real part of the signal. The complex function however
does not embrace a component at DC and is therefore not appropriate.

The feasible accuracy of the measurement of these individual parts and the
whole complex signal is described in chapter D.3.

Extraction of τ : I and Q frequency measurement

Magnitude and phase errors could occur while performing an I and Q measure-
ment. The influence of magnitude errors are described by the next expressions:

a∗n = an + εmagA

b∗n = bn + εmagB

Phase errors occur while performing an I and Q demodulation. These phase
errors ,φI and φQ , yields multiplication of (D.1.2) with respectively cos(nω0t+
φI) and sin(nω0t+ φQ) described by respectively

fI+ε(t) = an cos(nω0t) cos(nω0t+ φI) + bn sin(nω0t) cos(nω0t+ φI)

and

fQ+ε(t) = an cos(nω0t) sin(nω0t+ φQ) + bn sin(nω0t) sin(nω0t+ φQ)

Using standard trigonometric identities, which are described in appendix (E.12),
with phase error included, the expressions can be written as respectively

fI+ε(t) =
1
2
an[cos(φI) + cos(2ω0t+ φI)] +

1
2
bn[sin(φI) + sin(2ω0t+ φI)]

=
1
2
an cos(φI) +

1
2
bn sin(φI) +

1
2

[an cos(2ω0t+ φI) + bn sin(2ω0t+ φI)]

(D.56)

and

fQ+ε(t) =
1
2
bn cos(φQ)+

1
2
an sin(φQ)+

1
2

[an sin(2ω0t+φQ)−bn cos(2ω0t+φQ)]

(D.57)

low-pass filtering yields:

fI+ε(t) =
1
2
an cos(φI) +

1
2
bn sin(φI) (D.58)

fQ+ε(t) =
1
2
bn cos(φQ) +

1
2
an sin(φQ) (D.59)
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Substituting the magnitude errors in (D.59) yields an expression that describes
the function with both measurement errors included:

fI+ε(t) =
1
2

(an + εa) cos(φI) +
1
2

(bn + εb) sin(φI) (D.60)

fQ+ε(t) =
1
2

(bn + εb) cos(φQ) +
1
2

(an + εa) sin(φQ) (D.61)

In the ideal case (no measurement errors) only 1
2an and 1

2bn remain for respec-
tively fI(t) and fQ(t). So in the practical case multiple error factors are added
to the ideal signal. The worst case situation occurs if the error of one part is
maximal positive and the error of the other is maximal negative or vice versa.
Expression (D.60) and (D.61) indicate that this occurs if the sign of εa and φI
is the same and opposite to the sign of εb and φQ ,which is also the same. So
the worst case situations are described by

εa = εmag

εb = −εmag
φI = φmax

φQ = −φmax

and

εa = −εmag
εb = εmag

φI = −φmax
φQ = φmax

Expressions (D.36) and (D.37) describe the functions in the ideal case. However
because an error is incorporated in fI+ε(t) and fQ+ε(t) these functions are
described by

fI+ε(t) =
FSF0τε

1 + (nω0τε)2
(D.62)

fQ+ε(t) =
FSF0τ

2
ε nω0

1 + (nω0τε)2
(D.63)

with τε = τ + ετ

Substituting (D.62),(D.63) and the first described worst case situation in (D.59)
yields
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1
2

(an + εmag) cos(φmax) +
1
2

(bn − εmag) sin(φmax) =
FSF0τε

1 + (nω0τε)2

(D.64)

1
2

(bn − εmag) cos(−φmax) +
1
2

(an + εmag) sin(−φmax) =
FSF0τ

2
ε nω0

1 + (nω0τε)2

(D.65)

Combining the expressions and solving this for εmag yields

εmag =
−ετnω0 cos(φmax)− (ετ + τ) · τn2ω2

0 sin(φmax)− sin(φmax)
(ετ + τ) · nω0 (cos(φmax)− sin(φmax)) + sin(φmax) + cos(φmax)

· 2FSF0τ

1 + (nω0τ)2

(D.66)

The steps to derive (D.66) out of (D.65) are described in appendix G.2.4.

For this measurement error, n is the only variable of the receiver. To acquire
the maximal allowed magnitude error for this method the optimal value for n
has to be obtained. Expression (D.66) contains n2 multiplied with the largest
weight in the denominator of the function and therefore a minimal value for n
yields a maximal allowed magnitude error. Because the independent frequency
component at 0Hz does not contain an imaginary part, the value 1 is taken for
n. Also the worst case value for τ , in the range from 1ns to 10ns, has to be
found. This is then the value that yields minimal allowed magnitude error. The
expression contains τ2 multiplied with the largest weight in the denominator
and therefore the maximal value (10ns) describes the worst case situation.

The value of φmax is required to derive the maximal allowed magnitude error.
This value is however determined in section D.3 and therefore εmag and SNR
are also derived in that section. This derivation yields that that the accuracy
requirements are not feasible with the obtained timing error ∆t.
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D.3 Comparison of the described methods

To determine the fixed value for the timing errors, it has to be determined
what the origin of the errors is. Timing errors are mainly caused by clock
generation errors and clock generators are commonly implemented as a phase-
locked loop (PLL). Therefore the timing accuracy of a PLL has to be discovered.
A literature investigation is performed to find out which figures are feasible.
To find representative figures, the requirements of the concerned publications
and this research like implemented technology, supply range and frequency
range should correspond. Analysis of [11] shows that minimal jitter that can
be acquired with a PLL is independent of the output frequency for a given
power budget. Therefore the implemented technology and supply range are
the only requirements that should correspond. The technology used for this
research, ABCD9 CMOS 140nm, shows great resemblance with the 130nm
CMOS process. Therefore PLL circuits implemented in CMOS 130nm are
analyzed. To obtain the worst case errors, the maximal timing error should
be obtained and therefore the peak-to-peak jitter has to be determined. In
[12] it is presented how the RMS jitter , which is mainly presented in PLL
publications, is converted to peak-to-peak jitter at a specified bit error rate
(BER). The results of the literature research is given in table D.1 where the
most right row presents the peak-to-peak jitter.

Ref. technology Jitter (rms) Jitter(p-p)
[13] 130 0.5 3.29
[14] 130 0.64 4.21
[15] 130 - 18.55
[16] 130 1.0 6.58

Table D.1: Jitter specifications of PLL designs

The represented publications describe high performance designs and therefore
a value of 5ps peak-to-peak jitter is assumed for the comparison of the various
methods described in section D.1.

The methods are compared with respect to the maximal allowed magnitude
errors, with constant F0 = 0.01, and minimal needed SNR. The SNR of all
functions is equal to F0 divided by the allowed magnitude errors.
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Extraction of τ : measurement of two time-samples

The goal of this section is to optimize the allowed magnitude error and obtain
the corresponding values. Values for the variables of the receiver (t1 and t2)
have to be derived that allow an as high as possible magnitude error that
still meets the accuracy of the extraction of τ . This is accomplished when the
optimal values for t1 and t2 are derived for (D.43). This expression is described
by

εmag =
F0 ·

(
e−

t2+∆t
τ − e

t1−t2
τ+ετ · e−

t1−∆t
τ

)
(

1− e−Tτ
)
·
(

1 + e
t1−t2
τ+ετ

)
The maximal timing error (∆t) and the maximal allowed τ -error (ετ ) are con-
stants and are respectively 10ps and 49ps. In section D.2 it is already noticed
that a minimal value for t1 yields a maximal magnitude error and therefore this
value is set to 0ns. A numerical analysis is performed to obtain the optimal
value for t2.
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Figure D.7: Magnitude error measurement

Figure D.7 presents the results of this numerical analysis with F0=1m and
shows that a maximal magnitude error is acquired around t2=5.58ns. With
t1=0, the maximal allowed magnitude error becomes 0.92µ. This corresponds
with an SNR of 1080 or 60.7 dB.
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Extraction of τ : two area measurements

This method can be divided into two situations. For the first situation the
integration limits {t1, t2, t3, t4} have to meet the restrictions described by (D.9-
D.10) and for the second situation the restrictions described by (D.12-D.17)
have to be met. The minimal SNR that have to be reached to meet the specified
τ extraction accuracy (100ps) is described by respectively (D.46) and (D.47)
which are reflected by

εmag =
−F0 · τ
1− e−Tτ

· (e−
t2−∆t
τ − e−

t1+∆t
τ ) · e−

C1
τ+ετ − (e−

t4+∆t
τ − e−

t3−∆t
τ )

t4 − t3 + 2 ·∆t+ (t2 − t1 − 2 ·∆t) · e−
C1
τ+ετ

and

εmag =
−F0 · τ
1− e−Tτ

·
(e−

t2−∆t
τ − e−

t1+∆t
τ ) ·

(
e−

C2
τ+ετ + 1

)
− (e−

t4+∆t
τ − e−

t3−∆t
τ )

t4 − t3 + 2 ·∆t+ (t2 − t1 − 2 ·∆t) · (e−
C2
τ+ετ + 1)

To acquire the minimal allowed SNR that can be reached first the optimal
values for {t1, t2, t3, t4} have to be obtained by performing a numerical analysis.

First the first situation is analyzed. Expressions (D.46) holds several variables,
namely t1, t2, t3, t4, C1 and τ . Because each variable increases the possible com-
binations exponentially, this numerical analysis embraces many combinations.
The restrictions for the integration limits and C1 described by (D.9-D.10) show
a relation between the variables and therefore the number of variables can be
decreased. The variables can be written as:

t2 = t1 + t∆

t3 = t1 + C1

t4 = t1 + C1 + t∆

This shows that the number of variables is decreased with 2. It can be derived
that the variable t1 is only present in the power of the exponential function in
the denominator of the expression. To acquire an as large as possible magnitude
error, this factor has to be as big as possible and therefore t1 has to be as small
as possible. Therefore this value is set to 0ns. A numerical analysis is performed
to find the optimal values for t∆ and C1

Figure D.8 presents the results of this numerical analysis with F0=1m and
shows that all allowed magnitude errors are negative. This means that the τ
accuracy of 49ps can not be achieved with the specified timing error of 5ps.

For the second situation the expression can also be simplified. The variable t1
is only present in the power of the exponential function in the denominator of
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Figure D.8: Magnitude error measurement situation 1
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Figure D.9: Magnitude error measurement situation 2

the expression and therefore the value 0ns yields a maximal allowed error. The
optimal value for C2 again can be acquired with a numerical analysis.

Figure D.9 presents the results of this numerical analysis with F0=1m and
shows that again all allowed magnitude errors are negative. This also means
that this situation can not meet the accuracy constraint of 49ps.
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Extraction of τ : two average area measurements

The accuracy expressions of two average area measurement, described by (D.46)
for situation one and (D.47) for situation two, are very similar to the accuracy
expressions of two area measurement and therefore the same steps are per-
formed as described in D.3.

εmag =
−F0 · τ
1− e−Tτ

· (e−
t2−∆t
τ − e−

t1+∆t
τ ) · e−

C1
τ+ετ − (e−

t4+∆t
τ − e−

t3−∆t
τ )

t4 − t3 + 2 ·∆t+ (t2 − t1 − 2 ·∆t) · e−
C1
τ+ετ

and

εmag =
−F0 · τ
1− e−Tτ

·
(e−

t2−∆t
τ − e−

t1+∆t
τ ) ·

(
e−

C2
τ+ετ + 1

)
− (e−

t4+∆t
τ − e−

t3−∆t
τ )

t4 − t3 + 2 ·∆t+ (t2 − t1 − 2 ·∆t) · (e−
C2
τ+ετ + 1)

A numerical analysis is performed to find the optimal values for t1, t∆ and C1

and C2. With t1=0 maximal accuracy is obtained. The numerical analysis for
situation 2 yields negative values and is therefore not feasible.
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Figure D.10: Magnitude error measurement situation 1

Figure D.10 and D.11 present the results of the numerical analysis with F0=1m
for situation 1, where the values of {t1, t2, t3, t4} described by (D.9-D.10). The
maximal allowed magnitude error εmag equals 0.93 µ which corresponds with an
SNR of 1000 or 60dB. These values are however obtained with t2 − t1 = 0.1ns
which is practical hard to perform. Therefore the numerical analysis is also
performed with t2 − t1 = 1ns. This yields; εmag=0.81µ which corresponds
with an SNR of 1234 or 61.8dB.
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Figure D.11: Magnitude error measurement situation 1

Extraction of τ : measurement of two frequency components

To obtain the optimal values for ω1 and ω2 a numerical analysis is performed
for τ=1-10ns and for different combinations of ω1 and ω2. The phase error
for the worst case situation is included as a constant. The factor F0 shows a
linear relation with εmag and is therefore taken constant (1m) in the analysis.
The results of the analysis are shown in table D.2, showing that a value of
0Hz and 2π·160MHz for respectively ω1 and ω2 yield a maximal value for εmag
(3.1945µ). The combination of the components with n1 6= 0 yield a negative
allowed magnitude which implies that the required accuracy is not feasible with
the included phase error. To compare the methods, the minimal allowed SNR
also has to be obtained. The SNR equals the ratio between the maximum
magnitude and F0 and yields 3130 or 69.9dB with optimal values.

ω1 ω2 εmag(·10−7) SNR
0 1 3.0954 3.23 ·103

0 2 3.1945 3.13 ·103

0 3 2.2953 4.36 ·103

0 4 1.7849 5.60 ·103

Table D.2: List with maximal permitted magnitude error for different combi-
nations of ω1 and ω2.

A numerical analysis is also performed for the measurement of the real parts of
the individual components. This however results a negative allowed magnitude
error which also implies that the required accuracy is not feasible with the
included phase error.
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Extraction of τ : I and Q frequency measurement

The maximal allowed magnitude error have to be obtained in this section.
These values can be derived with expression D.66. The independent frequency
component that yields maximal allowed measurement errors is already obtained
in section D.2 and is situated at n · ω0 = ω0; n=1 . The worst case situation
is also determined in this section and occurs for τ=10ns. Therefore only the
phase error has to be obtained to derive the maximal allowed magnitude error
and the minimal allowed SNR.

A phase error can also be described as a timing error and therefore φmax can be
derived from the value obtained at the start of this section. A phase error can
be described in radians by the ratio between the timing error and the period
time multiplied with 2π. With quadrature demodulation the received signal
is mixed with respectively cos(nω0) and sin(nω0). With n=1, the period time
is equal to the period time of the received signal (12.5ns). The phase error
therefore becomes: 10ps

12.5ns · 2π = 5.0 · 10−3.

Substituting the derived values with F0=1m in (D.66) yields a negative value
for εmag. This means that this method can not meet the accuracy constraints
of 49ps.





Appendix E

Standard formulas

E.1 Trigonometric identities

The product-to-sum identities can be described by

cos(θ) cos(β) =
cos(θ − β) + cos(θ + β)

2
(E.1)

sin(θ) sin(β) =
cos(θ − β)− cos(θ + β)

2
(E.2)

sin(θ) cos(β) =
sin(θ − β) + sin(θ + β)

2
(E.3)

(E.4)

With θ = β this becomes

cos(θ) cos(θ) =
1 + cos(2θ)

2
(E.5)

sin(θ) sin(θ) =
1− cos(2θ)

2
(E.6)

sin(θ) cos(θ) =
0 + sin(2θ)

2
(E.7)

(E.8)

Inserting a phase error φ yields

cos(θ) cos(θ + φ) =
cos(−φ) + cos(2θ)

2
(E.9)

sin(θ) sin(θ + φ) =
cos(−φ)− cos(2θ)

2
(E.10)

sin(θ) cos(θ + φ) =
sin(−φ) + sin(2θ)

2
(E.11)

(E.12)
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Appendix F

Non-linearity analysis

A property of active circuits is that the input to output transfer has a non-
linear relation. The input to output characteristic of a non-linear system can
be described by the Taylor approximation [5]:

y(t) = α1x(t) + α2x
2t+ α3x

3t+ ... (F.1)

Where α2x
2t and α3x

3t describe respectively the second order and third or-
der linearity components of the system. Figure 5.5 shows that the spec-
trum of the received signal is very broad and contains an independent fre-
quency component at each integer multiple of the fundamental frequency FS
(80MHz). In section D.1.2 it is described that each component is described
by an cos(nω0t) + ibn sin(nω0t) where an and bn are described by respectively
(D.34) and (D.35). The influence of intermodulation due to second order non-
linearity between the components can be obtained by substituting the real
parts of two random independent frequency components in the second order
non-linearity product of (F.1):

y2(t) = α2 ·
(
an1 cos(n1ω0t) + an2 cos(n2ω0t)

)2

= α2 ·
(
a2
n1

cos(n1ω0t)2 + a2
n2

cos(n2ω0t)2 + an1 cos(n1ω0t) · an2 cos(n2ω0t)
)

=
α2

2

(
a2
n1

[1 + cos(2n1ω0t)] + a2
n2

[1 + cos(2n2ω0t)]

+ an2an1 [cos((n1 + n2)ω0t) + cos((n1 − n2)ω0t)]
)

(F.2)

Expression (F.2) shows that multiple frequency components originate from
the second order non-linearity at integer multiples of ω0 with a magnitude of
respectively α2

2 a
2
n1

, α2
2 a

2
n2

and α2
2 an1an1 .

A sinusoid can be applied as input signal to obtain the non-linearity coefficients
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αj . If x(t) = A cos(ω t) is substituted in F.1 then the next output results:

y(t) =
α2A

2

2
+
(
α1A+

3α3A
3

4

)
cos(ωt) +

α2A
2

2
cos(2ωt) +

α3A
3

4
cos(3ωt)

(F.3)

The non-linearity coefficients subsequently can be obtained by simulating the
magnitude of the second and third order harmonic.



Appendix G

Derivations for system design
methods

G.1 System design methods

G.1.1 Extraction of τ : I and Q frequency measurement

an =
2
T

∫ T

0

f(t) cos(nω0t) dt (G.1)

substituting (C.2) in (G.1) with 1
T = FS yields

an =
2FSF0

1− e−Tτ

∫ T

0

e−
t
τ cos(nω0t) dt (G.2)

Integration by parts [17] is used to solve the integral. The next standard forms
[17] can be used:∫

eat cos(bt)dt =
eat

a2 + b2
(a cos(bt) + b sin(bt)) (G.3)

Substitute ’a’ by 1/τ and ’b’ with nω0 and substituting the result in (G.1.1)
yields:

an =
2FSF0

1− e−Tτ

[
e−

t
τ

( 1
τ )2 + (nω0)2

(
−1
τ

) cos(nω0t) + nω0 sin(nω0t)
)]T

0

(G.4)

with T = 2π
ω0

this yields

an =
2FSF0

1− e−Tτ
− 1
τ (e−

T
τ − 1)

1
τ2 + (nω0)2

(G.5)

=
2FSF0τ

1 + (nω0τ)2
(G.6)
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With the standard integral for eat cos(bt) described by∫
eat sin(bt)dt =

eat

a2 + b2
(a sin(bt)− b cos(bt)) (G.7)

the expression for bn can be derived performing the same steps. This yields

an =
2FSF0

1− e−Tτ

[
e−

t
τ

( 1
τ )2 + (nω0)2

(
−1
τ

) sin(nω0t)− nω0 cos(nω0t)
)]T

0

(G.8)

=
2FSF0τ

2nω0

1 + (nω0τ)2
(G.9)

G.2 Accuracy of the system design methods

G.2.1 Extraction of τ : measurement of two time samples

Substituting ε1 = −ε2 = ±εmax in (D.42), subtract τ and solve the result for
εmax yields the next derivation:

ετ =
t1 − t2

ln

(
f(t2)·e

−∆t
τ −εmax

f(t1)·e
∆t
τ +εmax

) − τ (G.10)

f(t2) · e−∆t
τ − εmax

f(t1) · e∆t
τ + εmax

= e
t1−t2
ετ+τ (G.11)

εmax ·
(

1 + e
t1−t2
ετ+τ

)
= f(t2) · e

−∆t
τ − e

t1−t2
ετ+τ · f(t1) · e∆t

τ (G.12)

εmax =
f(t2) · e−∆t

τ − e
t1−t2
ετ+τ · f(t1) · e∆t

τ

1 + e
t1−t2
ετ+τ

(G.13)

Substituting (C.2) in (G.13) yields:

εmax =
F0 ·

(
e−

t2+∆t
τ − e

t1−t2
τ+ετ · e−

t1−∆t
τ

)
(

1− e−Tτ
)
·
(

1 + e
t1−t2
τ+ετ

) (G.14)
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G.2.2 Extraction of τ : two area measurements

τε = − C1

ln
(
A(t3−∆t,t4+∆t)+εmag·(t4−t3+2∆t)
A(t1+∆t,t2−∆t)−εmag·(t2−t1−2∆t)

) (G.15)

τε = − C2

ln
(
A(t3−∆t,t4+∆t)+εmag·(t4−t3+2∆t)
A(t1+∆t,t2−∆t)−εmag·(t2−t1−2∆t) − 1

) (G.16)

The next steps are performed to solve (G.15) for εmag with τε = τ + ετ

A(t3 −∆t, t4 + ∆t) + εmag · (t4 − t3 + 2∆t)
A(t1 + ∆t, t2 −∆t)− εmag · (t2 − t1 − 2∆t)

= e−
C1
τ+ετ (G.17)

A(t3 −∆t, t4 + ∆t) + εmag · (t4 − t3 + 2∆t) =

e−
C1
τ+ετ · (A(t1 + ∆t, t2 −∆t)− εmag · (t2 − t1 − 2∆t)) (G.18)

εmag · (t4 − t3 + 2∆t+ e−
C1
τ+ετ · (t2 − t1 − 2∆t)) =

e−
C1
τ+ετ ·A(t1 + ∆t, t2 −∆t)−A(t3 −∆t, t4 + ∆t) (G.19)

εmag =
A(t1 + ∆t, t2 −∆t) · e−

C1
τ+ετ −A(t3 −∆t, t4 + ∆t)

t4 − t3 + 2 ·∆t+ (t2 − t1 − 2 ·∆t) · e−
C1
τ+ετ

(G.20)

Performing the same steps for (G.20) yields

εmag =
A(t1 + ∆t, t2 −∆t) ·

(
e−

C2
τ+ετ + 1

)
−A(t3 −∆t, t4 + ∆t)

t4 − t3 + 2 ·∆t+ (t2 − t1 − 2 ·∆t) · (e−
C2
τ+ετ + 1)

(G.21)

Substituting the complete area expression described by

A(t1 + ∆t, t2 −∆t) =
−F0 · τ
1− e−Tτ

· (e−
t2−∆t
τ − e−

t1+∆t
τ ) (G.22)

in (G.20) and (G.21) yields respectively

εmag =
−F0 · τ
1− e−Tτ

· (e−
t2−∆t
τ − e−

t1+∆t
τ ) · e−

C1
τ+ετ − (e−

t4+∆t
τ − e−

t3−∆t
τ )

t4 − t3 + 2 ·∆t+ (t2 − t1 − 2 ·∆t) · e−
C1
τ+ετ

(G.23)

and

εmag =
−F0 · τ
1− e−Tτ

·
(e−

t2−∆t
τ − e−

t1+∆t
τ ) ·

(
e−

C2
τ+ετ + 1

)
− (e−

t4+∆t
τ − e−

t3−∆t
τ )

t4 − t3 + 2 ·∆t+ (t2 − t1 − 2 ·∆t) · (e−
C2
τ+ετ + 1)

(G.24)
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G.2.3 Extraction of τ : measurement of two
frequency-samples

Substituting ε1 = −ε2 = ±εmax in (D.53), subtract τ and solve the result for
εmax yields the next derivation:

ετ =

√√√√√√
(
|K|(ω2)−εmax
|K|(ω1)+εmax

)2

− 1

ω2
1 −

(
|K|(ω2)−εmax
|K|(ω1)+εmax

)2

· ω2
2

− τ

(G.25)

→ (ετ + τ)2 =

(
|K|(ω2)−εmax
|K|(ω1)+εmax

)2

− 1

ω2
1 −

(
|K|(ω2)−εmax
|K|(ω1)+εmax

)2

· ω2
2

(G.26)(
|K|(ω2)− εmax
|K|(ω1) + εmax

)2

·
(
1 + ω2

2 · (ετ + τ)2
)

= ω2
1 · (ετ + τ)2 + 1

(G.27)(
|K|(ω2)− εmax
|K|(ω1) + εmax

)
=

√
1 + ω2

1 · (ετ + τ)2

1 + ω2
2 · (ετ + τ)2

(G.28)

εmax ·

(
1 +

√
1 + ω2

1 · (ετ + τ)2

1 + ω2
2 · (ετ + τ)2

)
= |K|(ω2)− |K|(ω1) ·

√
1 + ω2

1 · (ετ + τ)2

1 + ω2
2 · (ετ + τ)2

(G.29)

εmax =
|K|(ω2)− |K|(ω1) ·

√
1+ω2

1 ·(ετ+τ)2

1+ω2
2 ·(ετ+τ)2

1 +
√

1+ω2
1 ·(ετ+τ)2

1+ω2
2 ·(ετ+τ)2

(G.30)
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G.2.4 Extraction of τ : I and Q measurement

1
2

(an + εmag) cos(φmax) +
1
2

(bn − εmag) sin(φmax) =
FSF0τε

1 + (nω0τε)2

(G.31)

1
2

(bn − εmag) cos(−φmax) +
1
2

(an + εmag) sin(−φmax) =
FSF0τ

2
ε nω0

1 + (nω0τε)2

(G.32)

Combining these expressions and solving this for εmag with τε = τ+εtau yields

ετ =
(bn − εmag) cos(−φmax) + (an + εmag) sin(−φmax)

((an + εmag) cos(φmax) + (bn − εmag) sin(φmax))nω0
− τ (G.33)

ετ =
−εmag (sin(φmax) + cos(φmax)) + bn cos(φmax) + an sin(φmax)

(εmag (cos(φmax)− sin(φmax)) + an cos(φmax) + bn sin(φmax))nω0
− τ

(G.34)

Solving this for εmag yields

(ετ + τ) · ((εmag (cos(φmax)− sin(φmax)) + an cos(φmax) + bn sin(φmax))nω0) =
− εmag (sin(φmax) + cos(φmax)) + bn cos(φmax) + an sin(φmax) (G.35)

εmag ((ετ + τ) · nω0 (cos(φmax)− sin(φmax)) + sin(φmax) + cos(φmax)) =
− (ετ + τ) · nω0 (an cos(φmax) + bn sin(φmax)) + bn cos(φmax)− an sin(φmax)

(G.36)

εmag =
−(ετ + τ) · nω0 (an cos(φmax) + bn sin(φmax)) + bn cos(φmax)− an sin(φmax)

(ετ + τ) · nω0 (cos(φmax)− sin(φmax)) + sin(φmax) + cos(φmax)
(G.37)

Substituting (D.36) and (D.37) for respectively an and bn in (G.37) yields

εmag =
−(ετ + τ) · nω0 (cos(φmax) + τnω0 sin(φmax)) + τnω0 cos(φmax)− sin(φmax)

(ετ + τ) · nω0 (cos(φmax)− sin(φmax)) + sin(φmax) + cos(φmax)
· 2FSF0τ

1 + (nω0τ)2

(G.38)
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