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Abstract— Quadrupedal running is an efficient form of lo-
comotion found in nature, which serves as an inspiration for
robotics. We believe that a resonance-based approach is the
path towards energy-efficient legged locomotion and running
robots. The first step in working towards this goal is creating an
energy-efficient one-legged hopper. Such a one-legged hopper
was designed and constructed. The impact efficiency of the
mechanism is calculated analytically, determined in simulation
and measured with the prototype. The impact efficiency as
calculated from the experiments is found to be in agreement
with the analytical expectation and simulation results. Finally,
using an electric motor to inject energy by creating a virtual
spring with reverse hysteresis, hopping is achieved with the
prototype.

I. INTRODUCTION

Quadrupedal running consists of coordinated periodic
motions that, in nature, form a fast and energy-efficient bound
or gallop. This form of locomotion has been an inspiration
for the field of robotics for years. However, we have still
not achieved the graceful, fast movement; nor matched this
energy-efficiency in quadrupedal robots. We believe one of
the steps towards this goal is to exploit the periodicity of the
locomotion, by using resonance to generate the motions and
improve energy-efficiency: just like in nature [1].

Animals have a certain degree of elasticity in their tendons
and muscles [2]. As such, the stiffness is also incorporated
in models of walking, for example in the SLIP model [3],
[4]. The compliance in legs is useful to absorb shocks
from impact, as in MIT’s cheetah, in which elastic tendons
introduce compliance in the leg mechanism [5], [6]. Another
option to introduce compliance is to actuate stiff members
in a compliant way, for example with pneumatics as in
HyQ [7]. The stiffness of animal legs has been related to
their movement speed [8]. This has led other researchers to
investigate the application of variable stiffness actuators and
mechanisms for use in legged locomotion [9], [10].

To take the concept of compliance in legs further, it would
be beneficial to the energy-efficiency if this compliance could
be used to facilitate the periodic motion required to move
forward. In the field of morphological computation, research
is ongoing towards exploiting the body dynamics in achieving
desired behaviour [11]. For example, special controllers that
make use of the passive dynamics of a system are investigated
[12]–[14]. Others use actuators that introduce high-frequency

oscillation and try to find mechanisms that then effectuate
forward motion [15]. In spite of all this effort, we have yet
to reach the high energy-efficient performance that is seen in
nature.

Our goal is to create a robot that can run efficiently and
with grace, like a real cheetah does. We intend to use a
flexible spine that, combined with front and rear legs, creates
the periodic motion seen in animals. Previous research has
shown that a spinal joint with a spring can improve the overall
energy-efficiency of the robot [6]. Others have shown that a
spine with nonlinear stiffness leads to even higher efficiency
[16]. In our robot, the front and rear body will be made
to bounce on their legs, while the flexible spine introduces
a resonance that results in forward motion. For maximally
energy-efficient actuation, the front and rear ‘hoppers’ will be
actuated in resonance with a controlled offset in their phase,
as in [17]. A crucial part of such a resonance-based robot is
thus an energy-efficient bouncing leg, i.e. the ‘hopper’.

This paper is about the design and analysis of such
a one-legged hopper. The energy loss is investigated in
both a mathematical framework and in practice. The design
considerations of the mechanism are discussed and the used
prototype is described; then the analytical energy loss is
determined, as well as the steps necessary to measure the
energy loss in practice. Finally, the measurements are shown
to be in accordance with the expectations.

II. DESIGN

A. Design Considerations

Our goal for the robot is to have a natural bounding gait,
ideally with a leg step frequency of about 1 Hz so that the
movement is clearly visible. During the hopping, energy will
be lost due to friction and impact on the ground. This energy
loss needs to be compensated to sustain continuous hopping.
The stance phase is the only period during which energy can
be introduced into the system. To allow enough energy to be
introduced, we aim for a long stance phase of 50% of the
step period.

Assuming the air phase is parabolic, a flight time of half
a second implies an initial vertical velocity of v0 = gt/2 =
2.45 m/s. With this vertical velocity, a height of about 30 cm
would be reached, regardless of the system’s mass. A small
bench top prototype is desired for testing, so a jump height
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of 30 cm is considered unpractical. To lower the height, an
increase of the stepping frequency is required.

The designed one-legged hopper will be a planar mecha-
nism. This means it can be light, so that the required power
and forces in the mechanism are as low as possible. To keep
the number of joints (and thereby the amount of friction)
low, a parallelogram construction is chosen. This ensures
that the leg stays perpendicular to the ground, resulting in
a well-defined ground contact point. A spring placed in the
diagonal of the parallelogram allows energy storage during
compression of the leg. To be able to compensate for the
friction and impact losses, a DC motor can be attached to
one of the joints with minimal impact on the mechanism’s
behaviour.

A backdrivable parallel elastics configuration is obtained,
so no holding torque is required to be able to store energy
in the spring and, therefore, it also allows the leg to function
without the motor.

B. System

The prototype is lasercut from DELRINTM (Polyoxymethy-
lene). The low friction coefficient of this material allows
efficient plain bearings to be created by inserting metal rods
through smooth drillholes. The thickness for all structural
members is 6 mm, the driving axle is a �6 mm brass cylinder
and the other joints are made with �3 mm polished steel
cylinders.

The prototype is attached to a 33 cm long aluminium L-
profile (20x20x2 mm), which pivots at the other end to allow
upwards motion of the mechanism while constraining the
other degrees of freedom. A small DELRINTM cylinder with
a diameter of 2.5 mm is used to reduce the ground contact
area and minimise friction.

A relatively low transmission ratio of 1 : 2 is chosen
between motor and leg, to allow backdrivability while
increasing the torque that can be applied to the rotating
elements. The motor used is a Maxon RE-Max 226806, which
has a stall torque of 299 mNm [18]. The sensor, an AMS
AS5045 rotary position sensor, is mounted collocated to the
motor [19].

A schematic drawing of the mechanism is shown in Figure 1
and a photograph of the actual prototype can be seen in
Figure 2. Relevant parameter values of the mechanism are
listed in Table I. The rotating elements are present in an upper
pair and lower pair, but in the table their mass is combined
as Ml.

III. METHOD

A. Analytical

To obtain an analytical description of the system, the
Langrangian equations are used to derive the generalized
robotics equation:

M(q)q̈ + C(q, q̇)q̇ + N(q, q̇) = F. (1)

For the analytical derivation of the impact loss, the
mechanism is reduced to the one depicted in Figure 3. This
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Fig. 1. Schematic diagram of the one-legged hopper. The three degrees of
freedom are x and y for the translation of the body and the angle ϑ of the
leg. The relevant parameters are listed in Table I.

TABLE I
PROPERTIES OF THE MECHANISM.

Symbol Value with motor (without) Unit

Mb 370 (210) gram
Ml 28.0 gram
Mf 11.5 gram
L 8.0 centimeter
hv 6.0 centimeter
ha 7.4 centimeter
k 368.6 (184.3) newton/meter

results in the following terms for M, C and N:

M(q)=

(Mb+ML) 0 − sin(q3)γ
0 (Mb+ML) cos(q3)γ

− sin(q3)γ cos(q3)γ L2
(

1
4Ml+Mf

)
+Ileg

,

C(q,q̇)q̇=

 −q̇2
3 cos(q3)γ

−q̇2
3 sin(q3)γ

−q̇1q̇3 cos(q3)γ−q̇2q̇3 sin(q3)γ

,
N(q,q̇)=

 0
g(Mb+ML)
g cos(q3)γ

, F=

Fx

Fy

τ

,
where γ = L

(
1
2Ml + Mf

)
, Ileg = 1

12MlL
2 and ML = Ml +

Mf .
This description of the system can subsequently be used

to determine the theoretical impact efficiency. To this end,
the Pfaffian constraints of the system at ground contact are
identified. When the system is in contact with the ground, it
can be described by:

M(q)q̈ + C(q, q̇)q̇ + N(q, q̇) = F + A(q)λ,

A>(q)q̇ = 0.
(2)

When contact is made with the ground, the foot (xf , yf) does
not move any more. The constraint equation for the system
is then given by:

A>(q)q̇ =

[
1 0 −L sin(q3)
0 1 L cos(q3)

]q̇1

q̇2

q̇3

 =

[
ẋf

ẏf

]
=

[
0
0

]
.

(3)



Fig. 2. Photograph of the mechanism with the motor mount attached. The
green PCB holds the rotary position sensor. The motor is mounted behind
the main body element, coaxially to the sensor.
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Fig. 3. Reduced mechanism for the analytical consideration. The degrees
of freedom q1 and q2 correspond to the translation of the body x and y in
Figure 1, q3 corresponds to the leg angle ϑ. The relevant parameters are
listed in Table I.

The instantaneous impact is considered: let t− be the time
just before the impact and t+ the time after the impact.
Equation (2) can be integrated over time, under the assumption
that q(t+) ≈ q(t−), because t+ ≈ t−. This results in:

M(q)q̇
(
t+
)
−M(q)q̇

(
t−
)

= A(q)

∫ t+

t−
λ(t) dt, (4)

A>(q)q̇
(
t+
)

= 0. (5)

Left multiplying (4) by M−1(q), subsequent left multipli-
cation by A>(q) and substitution with (5) results in (q as
argument left out for clarity):

−
(
A>M−1A

)−1
A>q̇

(
t−
)

=

∫ t+

t−
λ(t) dt. (6)

Substituting (6) back into (4) allows the expression to be
written without the integral:

Mq̇
(
t+
)
−Mq̇

(
t−
)

= −A
(
A>M−1A

)−1
A>q̇

(
t−
)
,

(7)

q̇
(
t+
)

=
(
I−M−1A

(
A>M−1A

)−1
A>
)
q̇
(
t−
)
.

(8)

This result is an explicit equation that relates the velocity
q̇ after the impact to the velocity before the impact. By
combining this relation with the expression for the kinetic
co-energy before and after the impact, a relation for energy
loss due to impact is found:

∆Ek =
1

2
q̇
(
t+
)>

M q̇
(
t+
)
− 1

2
q̇
(
t−
)>

M q̇
(
t−
)

(9)

= −1

2
q̇
(
t−
)> (

A
(
A>M−1A

)−1
A>
)
q̇
(
t−
)
. (10)

The impact efficiency η is expressed as the ratio of energy
after impact to energy before impact:

η =
E+

k

E−k
=
E−k + ∆Ek

E−k
. (11)

B. Simulation

The mechanism described in II-B is modelled as four rigid
bodies connected by rotational joints. These are simulated
in the modelling and simulation package 20SIM [20]. The
properties of the elements are made identical to the values
from the prototype.

The ground contact is modelled as a combination of a
Hunt-Crossley model [21] for normal force (12) and Coulomb
friction (13).

Fy = Kc · δ +Kd · |δ| · δ̇. (12)
Fx = −µ · Fy · sgn (vx). (13)

This ground contact is tuned such that a deflection δ of
the foot is less than 1 mm into the ground and the ground
contact is critically damped. A linear guide is simulated by
constraining all degrees of freedom but the vertical translation;
this guide is attached to either the foot or the body element.
The impact efficiency calculation is trivial, as the energy in
the system is known.

C. Real World

The prototype, as described in subsection II-B, can also be
used to determine the impact efficiency in the real world. For
these measurements, the motor was removed and a spring
with a lower stiffness was used. Furthermore, a piece of
nylon string was attached between the other corners of the
parallelogram to configure the impact angle.

The energy loss during the impact cannot be measured
directly, but needs to be calculated from other—measurable—
values: only the angle ϑ can be measured. In the following
energy calculations, all mass except the body mass is
considered negligible.

When the mechanism is dropped from a predetermined
height (hdf , measured from the foot down), the energy before
impact is known. Just before impact, at t = t−, the total
energy E− consists of the kinetic energy from the drop, the
potential energy from the remaining height and the energy
stored in the spring (Eu):

E− = Ep + E−k + Eu (14)

=
(
ha − L sin

(
ϑ−
)

+ hcom

)
Mbg+hdfMbg + Eu

(
ϑ−
)
.



Immediately after impact, at t = t+, the only term that
is changed (and therefore unknown) is the kinetic energy
E+

k . An instantaneous change is considered, so the angle is
unchanged (ϑ+ ≈ ϑ−):

E+ = Ep + E+
k + Eu (15)

=
(
ha − L sin

(
ϑ+
)

+ hcom

)
Mbg + E+

k + Eu

(
ϑ+
)
.

After the impact, the leg continues to compress, up to the
point of maximum compression at t = t∗. At this point the
kinetic energy is zero.

E∗ = Ep + 0 + Eu (16)
= (ha − L sin(ϑ∗) + hcom) Mbg + 0 + Eu(ϑ∗).

The energy terms (16) and (14) can be substracted from
each other which, combined with ϑ+ ≈ ϑ−, results in:

E+ − E∗ =
(
−L sin

(
ϑ−
)

+ L sin(ϑ∗)
)

Mbg (17)

+ E+
k + Eu

(
ϑ−
)
− Eu(ϑ∗).

The assumption is made that there is no energy lost during
the compression of the leg from after the impact up to the
point of maximum compression:

E+ ≈ E∗ (18)

With this assumption, expression (17) is equal to zero, which
means the term E+

k can be expressed as:

E+
k = −

(
−L sin

(
ϑ−
)

+ L sin(ϑ∗)
)

Mbg (19)

−
(
Eu

(
ϑ−
)
− Eu(ϑ∗)

)
.

This shows that the kinetic energy in the system before
the impact and after the impact can be determined by only
measuring the leg angle ϑ. The impact efficiency can again
be calculated with (11).

IV. RESULTS

A. Impact

To obtain values of the impact efficiency in the real world,
the prototype was dropped as described in subsection III-C.
Over 500 experiments were carried out with varying impact
angles, logging the angle ϑ at 100 Hz.

The measured angle profiles of all these measurements are
shown in Figure 4. Test runs with equal impact angles show
almost identical angle profiles, even though the setup was
moved and measurements were performed over a two-day
timespan. This shows that the repeatability is very high.

The impact efficiency for each test run is graphed in
Figure 5(a). The analytical impact efficiency, as determined
with (11) and (10), is also plotted. Additionally, a least squares
fit was made through the points. The function fitted is:

ηfit(ϑ) = v0 (A cos(2ϑ)−B) . (20)

This function is obtained after all the parameters are substi-
tuted into the analytical equation for impact efficiency. The
terms A and B are dependent on the masses and lengths in
the mechanism. This fit is made because the dynamics of the
pivoting boom are not considered in the analytical derivation.
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Fig. 4. Plot of ϑ for all impact measurement tests. Every measurement is
represented by one semi-transparant line. The highest peak, roughly around
t = 0.1 s corresponds to t∗: the point of maximum leg compression. The
subsequent peaks are from bounces on the floor.

With slightly changed parameters, this fit aligns well with
the measurements. However, the measurements seem to be
somewhat skewed compared to the analytical fit.

To investigate the cause of this skew, the dynamic model
of subsection III-B was used to replicate these experiments in
simulation. In the theoretical consideration, the leg is unable
to slip. However, in the prototype, the body is constrained
in rotation but the leg slides over the floor during the
compression phase. As such, simulations were performed
with both the linear guide attached to the leg element and
the guide attached to the body element. The obtained impact
efficiencies are graphed in Figure 5(b).

When the linear guide is attached to the foot element, the
assumption that no energy is lost during compression (18) is
correct. However, when the linear guide is attached to the
body element, the foot is able to slide over the floor, resulting
in energy loss due to friction. This results in the skewed
line seen in Figure 5(b). Surprisingly, the simulated impact
efficiencies were higher than expected from the theory. This
can be attributed to the visco-elastic ground contact model,
which results in less energy loss than the instantaneous impact
used in the analytical description.

B. Hopping

The goal of the research is to obtain a hopping leg.
Therefore, the prototype was also used to attempt this hopping.
The purpose of the motor and controller is to inject energy
into the system to compensate for friction and impact losses.

Our approach is to use the motor to create a virtual
spring with negative hysteresis, similar to [22]: we create
the hysteresis not by switching the equilibrium position of
the spring, but by changing the virtual spring’s stiffness, as
illustrated in Figure 6. The energy injected is the area enclosed
by the curve and is thus directly dependent on the amount of
hysteresis. The virtual spring allows us to change the effective
leg stiffness and thus change the resonance frequency.

The measurements of the hopping are shown in Figure 7.
The frequency of hopping is around 2 Hz, so only slightly
higher than our original goal of 1 Hz. The hopping achieved
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(a) Calculated impact efficiencies from the analytical model, as measured
and a fit through the points.
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Fig. 5. Impact efficiency calculations, measurements and simulation results.
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Fig. 6. Diagram of the virtual spring created inside the controller. If the
leg starts compressing at ϑ = 0, the stiffness is low (klow) up to the point
of maximum compression. At this point the controller increases the virtual
spring stiffness to khigh and the leg starts extending back to the origin.

4 5 6

−0.5

0

0.5

Time [s]

ϑ
[r

ad
]

Measured Simulation

−0.8 −0.6 −0.4 −0.2 0 0.2 0.4

−5

0

5

ϑ [rad]
ϑ̇

[r
ad

/s
]

Fig. 7. Comparison between the simulated hopping and measurements of
the hopping prototype. At the top: leg angle ϑ against time, at the bottom
the phaseplot of ϑ. The mechanism is clear of the ground around ϑ = −0.5,
where the leg reaches its maximum extension before the motor is used to
hold the leg at ϑ = −0.5.

in the simulation is also graphed; these results are in close
agreement with the measurements.

The hysteresis required for hopping was very large and
the stiffness during the compression phase was even negative.
An adverse effect of the large hysteresis, combined with the
low transmission ratio, is that the motor almost continuously
has to deliver maximum torque. This quickly heats up the
motor, which means sustained hopping is not possible.

Why this large hysteresis is required is not immediately
apparent. The impact efficiency is obviously very good, as
seen in Figure 5(a). There is some friction in the joints, but
it is very low: Figure 4 shows the hopper completely clears
the ground once or twice, without any energy injection. This
can only mean that the problem is in the drive-chain: the low
transmission ratio results in a very high motor torque, thereby
operating the motor in a very inefficient region. Increasing the
transmission ratio would increase the efficiency of the motor,
but is detrimental to the backdrivability of the mechanism
and results in higher impact losses. Instead, we propose a
new design where the drive-chain includes a series elastics
element, allowing a high transmission ratio while retaining
backdrivability. Figure 8 illustrates the concept.

V. CONCLUSION

We have designed and constructed a simple and affordable
leg mechanism for resonance-based locomotion. A mathemat-
ical description of this mechanism was derived, ultimately
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Fig. 8. Left: the current prototype. With a relatively low transmission
to allow backdrivability the motor has to rotate slowly and is far from its
optimal operating speed. Right: proposed new design with series elastics.
A higher transmission is possible, resulting in higher motor speeds and the
backdrivability is maintained by the spring in series with the transmission.

leading to an expression for the theoretical impact efficiency.
The proposed mechanism was built and used to compare
this analytical expression to the real world. The measured
results were found to correspond well with the theoretical
expectations.

The mechanism was also shown to be capable of hopping.
However, the low motor speed and consequently high torque
requirements result in the motor heating up. This problem
cannot be fixed by increasing the transmission ratio, as this
affects the backdrivability of the drive-chain. We intend to
solve this problem with a combination of a series elastics
drive-chain and parallel stiffness.

With this work, we have gained more insight into the impact
loss of mechanisms for legged locomotion. Currently we are
developing an improved prototype for use in a combination
of such hoppers, which will be used in experiments that aim
to realise graceful, resonance-based locomotion.
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