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Abstract
In this master thesis an investigation is done about the environmental sustainability behavior of
three renewable environmental systems by using a system dynamic modeling approach.
Environmental sustainability often include two simple sustainability rules. These rules imply that
harvest rates should be within the systems regenerative capacity and that waste emissions should be
kept within the systems assimilative capacity. Due to natural outflows and inflows in environmental
systems, these rules are actually defined too wide. However, these rules also indicate that
environmental sustainability is directly dependable on the systems regeneration/assimilative
capacity.
The three environmental systems that are investigated are groundwater in an aquifer, biomass in a
forest and pollution in a lake. These environmental systems are modeled in software program
Netlogo according to the system dynamic modeling approach. All the environmental systems have
four parameters that represent the circumstances of the environmental system and two
environmental sustainability criteria. The environmental sustainability criteria may be in the form of
relative criterion, absolute reduction criterion or fixed absolute criterion. On the basis of the
environmental sustainability criteria the maximum sustainable yield or load (MSY/MSL) can be
determined. Firstly, a quantitative investigation is done about how the MSY or MSL is changing when
the circumstances of the environmental systems changes. This will give insight in the sensitivity of
the MSY or MSL on parameter variability. The environmental sustainability criteria that gives the
lowest MSY or MSL is the decisive criterion. How the decisiveness of both environmental
sustainability criteria react on the parameter variability is also investigated in the quantitative part. In
the second part the three environmental systems are compared on their qualitative behavior and
characteristics. Inflow behavior minus outflow behavior will give the systems behavior line. The
shape of this line determines how a yield or load disturbance will affect the environmental systems.
From this behavior line also the stability of the environmental system can be determined. Finally,
how the MSY and MSL are changing on variability in regeneration/assimilative capacity for different
types of environmental sustainability criteria is investigated.
The environmental sustainability is not always dependable on the systems regeneration/assimilative
capacity. In this study two exceptions were found whereby the MSY or MSL will stay constant when
varying the regeneration or assimilative capacity of the system. The exceptions depend on the
stability and linearity of the system (behavior line), type and place of criteria and the way variability
in regeneration/assimilative capacity is incorporated.
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1. Introduction
1.1 Background information
The world consist of many complex systems, such as the environmental systems that support and
enable life on earth. Unfortunately, since the last century more and more of these environmental
systems are under pressure due to for example overuse of resources and waste loads that leads to
undesired loss of habitat and scarce resources (Voorn, 2012). The recently published report from the
Intergovernmental Panel on Climate Change (IPCC, 2014) stated that in recent decades, changes in
climate have caused impacts on natural and human systems on all continents and across the oceans.
Therefore the use of resources and emissions of pollution are still not considered in a sustainable
way. Sustainable use of environmental systems is highly recommended, and due to the fact that
sustainability is a ‘’trending’’ topic the last decade a lot of research has already been done.
Environmental systems are often complex systems. System dynamic modeling (SDM) is an approach
to model complex systems like environmental systems (www.systemdynamics.org). A system
dynamic model is a quantitative, mathematical system model in which the temporal aspect is
included, emphasizing the feedback mechanisms of the system. The development over time is
calculated dynamically, with a time step aligned with the purpose of the model and the modeled
processes (de Kok & Engelen, 2013). The fundamental purpose of SDM is to understand the behavior
of the system rather than giving a precise representation of reality (Forrester, 2007). A system
diagram consist of entities that can be a flow or a stock. The stocks are the memory of a dynamic
system and the flows are the processes that affect them (Meadows, 2008). Furthermore, converters
are the system variables and their most important role is to dictate the rates at which the processes
operate and therefore the rates at which stock contents change (Deaton & Winebrake, 2000). The
feedback mechanisms in a system diagram are shown as a curved arrow (see figure 2). A feedback
mechanism may be in the form of a balancing feedback or a reinforcing feedback. A balancing
feedback is equilibrating or goal seeking while a reinforcing feedback is self enhancing, that might
lead to exponential growth or runaway collapses. With the SDM approach, environmental systems
can be modeled while the complexity is kept to a minimum.
The tipping point from where an environmental system may
turn from clear state to a turbid state or vice versa has been
investigated by Voorn (2012). He argues that commonly
these tipping points are not linear related. When an
environmental systems is near its tipping point the system
may seemingly undergo large changes as a result of a small
disturbance or change in input, settling into a new state
(Voorn, 2012). For example a forest that changes to
grassland due to logging or less rainfall. Figure 1 gives a clear
explanation of what a non linear tipping point may look like
Figure 1: Hysteresis loop
for phosphorus concentration in surface water. The graph in
Figure 1 is called the hysteresis effect whereby a much greater reduction in the concentration of
phosphorus is needed to restore the lake to a clear state once it is in turbid state. One should
consider defining the environmental sustainability criteria precisely before the tipping point of the
environmental system. Though in this study the environmental sustainability criteria is based on
1
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literature and therefore the investigation only occurs in the area between full clear state and the
tipping point. The presence of a tipping point also depends on the characteristics and behavior of the
environmental system. Later in this study the tipping points in environmental systems are treated.
Sustainability of environmental systems is a very wide understanding. Sustainability is often divided
in three components namely: social, economic and environmental sustainability (Goodland, 1995).
This study focuses on the environmental sustainability; economic and social sustainability are beyond
the scope of this research. Goodland (1995) investigated the environmental sustainability (ES) and
came to the following two sustainability rules for renewable environmental systems with respect to
harvest rates and waste emissions.
1. Waste emissions should be kept within the assimilative capacity of the system without
unacceptable degradation of its future waste absorptive capacity or other important
services.
2. Harvest rates of renewable resource inputs should be within regenerative capacities of the
natural system that generates them.
These rules are supported by Costanza & Daly (1992). The sustainability rules indicate that the range
of sustainable harvesting or emissions is between zero and regeneration/assimilation capacity, which
may be a wide range.
Though much research has been done in modeling environmental systems and about the
sustainability of environmental systems, there is still a lack of information about how environmental
systems behave under disturbances and different circumstances. The maximum sustainable yield
(MSY) and maximum sustainable load (MSL) are terms that are frequently used in this research. Both
terms are the maximum value of disturbance of the environmental system without violating the
environmental sustainability criteria. Much research has been done about MSY and MSL. For
instance, Lande, Sæther, & Engen (1997) argue that optimal strategies for harvesting renewable
resources always involves a critical threshold value above which all excess can be harvested. This
would mean that the sustainability criterion would be in the form of a fixed value and the MSY is
defined as everything that exceeds this fixed level. While others are estimating the MSY based on the
mortality of specific species, due to the lack of data (Garcia, Sparre, & Csirke, 1989). Furthermore,
Kar & Ghosh (2013) defined a MSY based for a single fish stock. They found out that if this MSY is
applied to a prey predator fish model, then this would result in eventually the extinction of the
predator. Sustainability implies that all tropic levels in a food chain must persist and therefore fishing
at the MSY of a single fish stock in a prey predator model is not sustainable. The concept of the
maximum sustainable yield/load is very complex and there is a lot of ambiguity about how to use this
concept.

1.2 Goal of research
The goal of this research is to explore the characteristics of environmental systems that determine
the behavior and explain why an environmental system is behaving like it does. Also providing insight
in how the MSY or MSL will change when the parameters of the environmental system change.
Therefore the environmental sustainability is a key aspect in this study.
The environmental systems that will be investigated in this study is groundwater in an unconfined
renewable aquifer, biomass in a forest and pollution in a lake. The decision to chose these
2
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environmental systems is based on previously found characteristics. For a good comparison the
environmental systems should not be too similar. The biomass in a forest system is different from the
other two systems, because it’s a population based model (self reproducing), that has a non linear
component in it. The pollution in a lake system is different from the other two systems, because it is
a waste system instead of a resource system. Furthermore, all the systems are renewable systems,
because the sustainability of a non renewable system lies outside the system itself. Sustainability of
non renewable resources is defined as follows: ''the depletion rate of non renewable resources
should be set below the rate at which renewable substitutes are developed by human invention and
investment'' (Goodland, 1995). This means that the sustainability of the environmental system is
measured outside the system itself.

1.3 Research questions
The purpose of the study is concretized in one main question and 3 sub questions.
What fundamental characteristics of an environmental system define the systems behavior with
respect to the environmental sustainability of the system?
Sub questions:
How do the qualitative characteristics influence the systems behavior?
What are the different types of environmental sustainability criteria that can be posed per
environmental system?
How do changes of parameters affect the MSY or MSL?

1.4 Preview
Hereafter the case approach is described in chapter 2, followed by a description of the
environmental systems and their behavior with respect to the environmental sustainability criteria,
circumstance changes and the maximum sustainable yield/load in chapter 3. Chapter 4 includes a
comparison of the environmental systems and a description of behavior and characteristics. Chapter
5 discusses the results that are presented in chapter 3 and 4. The report finishes with chapter 6
which describes the conclusions.

3
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2. Case approach
The next procedure has been followed in this study, whereas step one until six is repeated for every
environmental system separately . Step seven is a general step.

2.1 Procedure of investigation
Step 1: Select entities of environmental systems
Firstly it is analyzed on what entity of the environmental system sustainability can be determined.
Sustainability of an environmental system is often not indicated by only one element but by more
(McBride et al., 2011). Therefore it was chosen to always implement two environmental
sustainability criteria in each model. Entities can either be a flow or a stock. The sustainability criteria
may be located on a stock or flow. Besides, also the disturbance entity is determined which may be
an emission or a yield. The load disturbance type is represented as an inflow, while the yield
disturbance type is represented as an outflow. In Figure 2 a typical systems diagram is presented
with disturbance types and places where the environmental sustainability criteria may be defined. In
Figure 2 also an inflow and outflow is shown, these are commonly the natural processes that play an
important role. All of the entities that are selected are provided by literature.
Disturbance type 1
(emission)

Disturbance type 2
(yield)

Stock
Inflow

Outflow

Environmental sustainability criteria
Figure 2: System diagram

Step 2: indentify the equations and parameters of the environmental system
Now that the entities are indicated, the systems diagram of the environmental systems is complete.
However, the natural processes often have a certain behavior that is described by an equation. These
equations contain parameters that describes the rate at which the natural processes operate. The
value of some parameters are assumed on the forehand, however the parameters may also be
indicated as variable. The variable parameters present the circumstances of the environmental
system, whereby the range at which they operate needs to be determined. The identification of the
equations, their according parameter and the range of the parameters are done through literature
search.
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Step 3: Implement the system diagram into Netlogo
When the entities and equations are determined the environmental system is ready for
implementation into Netlogo. Netlogo is a software to model and simulate natural and/or social
phenomena (Wilensky, 1999). The codes that are used to model each environmental system are
show in appendix I.
Step 4: Define minimum or maximum values for the sustainability entities
The next step in the investigation procedure is to define maximum or minimum values for the
entities that represent the sustainability of the environmental system. These environmental
sustainability criteria may be set as thresholds, maximum increases/decreases or percentages
reduction/enlargement. Besides, these environmental sustainability criteria are also considered as
parameters of the environmental systems. The environmental sustainability criteria are based on
values that are used in case studies of literature.
Step 5: Determine the MSY and MSL and investigate influence on parameter variability
By using the Netlogo model, the maximum sustainable yield or maximum sustainable load can be
determined. The maximum sustainable yield (MSY) is the maximum harvest from a resource that can
be gathered without violating the environmental sustainability criteria. The maximum sustainable
load (MSL) is the maximum load that can be deposited in the environmental system without violating
the environmental sustainability criteria.
This MSY or MSL depends heavily on the circumstances of the environmental system. One will argue
that the maximum sustainable yield of a renewable groundwater aquifer is larger for areas where
more precipitation is falling. The circumstances of the environmental system are represented by the
parameters of each model. By changing the parameters individually the maximum sustainable yield
or load may also change, which will give insight in how the system works and which parameters are
important in the environmental system with respect to the maximum sustainable yield or load.
To know how sensitive the maximum sustainable yield is on parameter changes, a scaling procedure
is applied. This scaling procedure will divide the value of the parameter by its default value,
wherefore every parameter is getting a dimensionless unit. In this way, insight is given in the
sensitivity of the maximum sustainable yield on parameter variability.
The investigations that are done in this step are all based on the output of the models.
Step 6: Investigate the decisiveness of the environmental sustainability criteria
Due to the fact that each environmental system has two sustainability criteria the maximum
sustainable yield or load is determined by only one of the two criteria, namely the criteria that is
violated first when increasing the yield or load. This criteria is the decisive criterion for determining
the maximum sustainable yield or load. Nonetheless, the criteria may be chosen such that both
environmental sustainability criteria are violated at the same time, wherefore both criteria are
decisive. A tipping line can be drawn for combinations of criteria whereby both criteria are decisive.
This line is also the separation from where the decisiveness changes from criterion 1 to criterion 2 or

5
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vice versa. Parameter variability (circumstance changes) is also investigated on the decisiveness of
environmental sustainability criteria per environmental system.
Step 7: Compare system characteristics
Finally, a comparison will be made between the three models on their behavior. Seeking for
distinguished characteristics of the environmental systems that can explain why a system behaves
like it does. Also an investigation will be done what would happen to the system when one of these
distinguished characteristics is changed. Furthermore, the influences of different types of criteria will
be investigated and what would happen to the systems behavior if major assumptions are changed.

2.2 General assumptions
Most of the assumptions that were done are environmental system specific and will be treated in
chapter 3. However, some assumptions are applicable on all the environmental systems which are
listed below:
-

All the models do not contain spatial variations;
Each model has 2 environmental sustainability criteria and 4 parameters that determine the
circumstances of the model;
All the models are renewable environmental systems;
The models are not affected by other processes that are not shown is the system diagrams of
the models;
The yield and load disturbances to the environmental systems are assumed to be constant in
time;
The environmental sustainability is the only incorporated type of sustainability.

6
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3. Environmental systems
3.1 Groundwater aquifer model
The model that is schematized in this chapter is a hypothetical groundwater basin with a renewable
unconfined aquifer sealed from deeper soil layers by an impermeable layer (see Figure 4). The
Aquifer covers an area of 25 square kilometers with an initial groundwater depth of 1.29 meter.
Furthermore, at one side of the aquifer a river is flowing that has a fixed level of 3 meters below
surface. The groundwater is recharged by precipitation, but declines due to natural outflow to the
nearby river and human abstraction of groundwater. The entities that are colored green in the
systems diagram are the entities where sustainability will be measured.
3.1.1 Model set up
The groundwater model is based on the next system diagram.
Area of aquifer

Fresh water demand
Human abstraction (H)

Precipitation (P)

Recharge (Re)

Natural capital of
groundwater (S)
Natural outflow (Q)
Residence Time (k)

Figure 3: System diagram of a groundwater model

The equations for the different processes are shown below:
𝑑𝑆
= 𝑅𝑒 − 𝑄 − 𝐻
𝑑𝑡
𝑅𝑒 =

𝑅∗𝐴
12000

𝑄=
𝑘
𝑟=
𝑆𝑒𝑞

𝑆
𝑟
1
𝛽

𝛽

∗ 𝑆𝑒𝑞

𝐻 = 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒
For Beta is 1 (linear system) the next equilibrium equation is valid:
𝑆𝑒𝑞 = 𝑅𝑒 ∗ 𝑘 − (𝑘 ∗ 𝐻)

7
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Where,
S = the stock groundwater in cubic meters (m3);
Seq= the stock groundwater in equilibrium without human abstraction (m3);
R = the groundwater recharge in meters per day (mm/year);
Re= the groundwater recharge in cubic meters per month (m3/ month);
Q = Natural outflow to the river in cubic meters per month (m3/ month);
k = Residence time in months (months);
β = level of non linearity (β = 1 linear system) (-);
r = response factor ( for β = 1 applies r = k) (months);
H = human abstraction in cubic meters per second (m3/month);
A = surface area of the aquifer in square meters (m2).
The recharge values are estimated with the help of the Chaturvedi equation, that can convert
precipitation to recharge(Kumar & Seethapathi, 2002). Assuming that the annual rainfall is 750
millimeters (Netherlands), the annual recharge will be 135 millimeters when using the parameters of
U.P. Irrigation Research institute and Roorkee.
𝑅 = 1.35 (𝑃 − 14)0.5
The units are in inches and the parameters of 1.35, 14 and 0.5 are often recalibrated for different
locations. The model is a hypothetical groundwater aquifer and therefore it does not matter which
parameters will be used in the Chaturvedi equation.
The equation for the discharge of groundwater to surface water is used according to the Storage
principle for (non) linear reservoirs, where the equation for the response factor is derived from it
(Hoekstra, 2013) .
The surface area and depth of the aquifer are chosen arbitrary.
3.1.2 Initial conditions and assumptions
The initial conditions are made clear in the next figure. The initial groundwater level is set on the
equilibrium situation that is related to Seq. With the circumstances and assumptions that are
mentioned in this paragraph the equilibrium groundwater level is 1.71 meter plus river level (1.29
meters below surface).

Figure 4: Concretization of the groundwater aquifer

8
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The assumptions of the groundwater model are summed below:
- The groundwater level does not contain spatial variations;
- The surface area of the aquifer is 5000 x 5000 meters; a total of 25 km2;
- The recharge is 135 millimeter per year (e.g. 0.01125 m/month);
- Initial equilibrium groundwater level is + 1.71 meters above river level;
- The river level is a fixed reference level at +0 m;
- At -2 meters beneath the river level an impermeable layer is present;
- The run time is 200 years (2400 months);
- β is 1 (linear reservoir);
- The model does not contain equations for flooding and seepage from river to groundwater
(river level > groundwater level);
- The residence time is assumed to be 330 months.
3.1.3 Results
This hypothetical groundwater model is modeled in Netlogo and Figure 5, Figure 6 and Figure 7 are
presenting the first results of how the system responds to a yield disturbance of the system.

Groundwater level (m + river level)
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Figure 5: Groundwater levels over time with different abstraction rates
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Figure 6: Relation between groundwater abstraction and equilibrium groundwater level

A linear relationship established between groundwater abstraction and the groundwater level
equilibrium after 200 years. For the natural groundwater discharge a same graph can be plotted. A
linear trend line is shown in both graphs with the accompanying equations.
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Figure 7: Relation between groundwater abstraction rates and equilibrium groundwater discharge
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3.1.4 Environmental Sustainability criteria
Sustainability of a renewable groundwater aquifer may depend on the natural vegetation and natural
outflow(Johnson et al., 2010)(Richter, Davis, Apse, & Konrad, 2011). Natural vegetation again
depends on the groundwater level. In literature there are some studies that investigate the
correlation between vegetation and groundwater level. Hao, Li, Huang, Zhu, & Ma, (2010)
investigated this for riparian forest vegetation at the Tarim River in China. The relation between
groundwater level and vegetation cover is dependent on location but also on the specie type (Cui &
Shao, 2005)(Johnson et al., 2010). However, none of the investigations came to a concrete
sustainability criterion. Setting an environmental sustainability criterion on groundwater level or
groundwater depth is useful but also location and specie dependent. For example Johnson et al.
(2010) came to the conclusion that 2 specific species already had problems to survive with < 1 m
depressions in groundwater level. Therefore, implementing a maximum groundwater level
drawdown from the equilibrium is a better option. This maximum groundwater level drawdown is
associated with the maximum desired change in vegetation, since it uses the equilibrium situation as
reference. The next environmental sustainability criterion is defined for a groundwater aquifer.
Environmental sustainability criterion 1 (C1): Maximum Groundwater level drawdown: 1 meter.
Based on the three literature studies mentioned above a maximum groundwater drawdown of 1
meter is assumed. The criterion is not a fixed value and will be considered as one of the parameters.
However, the sustainability can also be measured at the natural outflow, also called base flow of the
river. In dry periods rivers are commonly only recharged by groundwater seepage. The flow in the
river that is caused by groundwater is called base flow. Environmental flow is the flow that is
necessary to maintain the ecosystems of the river. In Denmark they use four indicators to assess the
sustainability of groundwater abstraction. One of those indicators is that the maximum reduction of
base flows is 5%, 10%, 15%, 25% or 50% depending on ecological objective of the river reach
(Henriksen, Troldborg, Højberg, & Refsgaard, 2008). This is a wide range to come to a concrete
sustainability criterion for the environmental flow requirement. Richter, Davis, Apse, & Konrad
(2011) came to a more precise criterion of the environmental flow requirement namely 80% of the
base flow. Therefore, this number of 80% is assumed as environmental sustainability criterion 2.
Environmental sustainability criterion 2 (C2): Minimal environmental flow requirement: 80% of
base flow.
Also this criterion is not a fixed value and will be considered as one of the parameters.
Note that C1 is an absolute reduction criterion and C2 is relative criterion. Furthermore C1 is a
criterion related to the stock of the model and C2 is related to the outflow of the model.
3.1.5 Maximum sustainable yield
The maximum sustainable yield is the maximum yield than can be withdrawn from an aquifer
without violating the environmental sustainability criteria defined in the previous paragraph. For the
given circumstances the maximum sustainable yield can be calculated with the equations that are
given in Figure 6 (C1) and Figure 7 (C2). According to Figure 6 and environmental sustainability
criterion 1 the maximum sustainable yield is 75815 cubic meters per month. According to Figure 7
and the environmental sustainability criterion 2 the maximum sustainability yield is 56250 cubic
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meters per month. In this example the maximum sustainable yield with regard to C2 is decisive,
because it has the lowest MSY value. C2 will be first exceeded in this example. Hereafter the MSY
according to C1 is called MSY-1, and the MSY according to C2 is called MSY-2.
3.1.6 Investigation of parameter variability on MSY
The previous model is based on assumptions and initial conditions. In this chapter the responding of
the groundwater model on changes in circumstances will be investigated. Changes in groundwater
level will be kept between the surface level and the level of the river, because the model does not
contain formulas for flooding and seepage from the river to groundwater. Therefore the range of
variability of the parameters are so that in equilibrium situation the groundwater level will not be
higher than +3 meters and not lower than 1 meter above river level. If the groundwater level is lower
than 1 meter above river level then it is not possible to determine the maximum sustainable yield
according to sustainability criterion 1 which includes a maximum groundwater level drawdown of 1
meter. The next parameters are considered to present the circumstances of the groundwater
aquifer:
-

Recharge (R) in millimeters per year;
β indicates the level of non linearity of the system;
Surface area (A) in square kilometers;
The residence time k of the groundwater in months;
Sustainability criteria 1 (C1) based on the maximum groundwater level drawdown in meters;
Sustainability criteria 2 (C2) based on the environmental flow requirement in % of base flow.

Parameter
Range
Default

R (mm/yr)
110-180
135

β (-)
0.5 - 3
1

A (km2)
10 - 80
25

k (months)
270-390
330

C1 (m)
0 -1.7
1

C2 (%)
60-100
80

Table 1: Groundwater model parameters

It will be investigated how the maximum sustainable yield changes according to C1 and C2 by only
changing one parameter and keep the other parameters as their default value.
However when changing some single parameters it is unavoidable that other variables are also
changing in the model. For example when the natural recharge is increasing in a groundwater
system, more water will flow into the system. The equilibrium stock will therefore lie much higher
than in the original situation. In the graphs this is shown as a secondary x axis above the graph or as a
table below the graph. Some parameters will change the equilibrium natural capital while others will
change the response factor.
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Figure 8: MSY related to variability of recharge
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Figure 9: MSY related to variability of beta
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Figure 10: MSY related to variability of the surface area
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Figure 11: MSY related to variability of the residence time
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Figure 12: MSY related to variability of C1
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Figure 13: MSY related to variability of C2

The graphs (Figure 8-Figure 13) presented in this paragraph shows that the natural recharge is not
related to MSY-1, and is positive linear related to MSY-2. The level on non linearity is positive non
linear related to MSY-1, and not related to MSY-2. The surface area is positive linear related to MSY-1
and MSY-2. The residence time is negative non linear related to MSY-1, and not related to MSY-2.
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Environmental sustainability criterion 1 is positive linear related to MSY-1. Environmental
sustainability criterion 2 is negative linear related to MSY-2.
3.1.7 Sensitivity analysis of MSY
The sensitivity of the maximum sustainable yield on parameter variability for both criteria is
investigated here. All the parameters are scaled by dividing the value with its default value defined in
paragraph 3.1.2. Therefore, it is possible to present the variability of the six parameters in one graph.
The effect of parameter variability on the MSY according to C1 and C2 are presented in Figure 14 and
Figure 15.

Sensitivity of MSY-1 on parameter variability
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Figure 14: Sensitivity of MSY on parameter variability for C1
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Sensitivity of MSY-2 on parameter variability
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Figure 15: Sensitivity of MSY on parameter variability for C2

Figure 14 and Figure 15 show that the variability of environmental sustainability criteria are causing
the highest changes in the maximum sustainable yield. Hereafter the surface area of the aquifer is
most affecting the MSY. Two remarkable phenomena are that variability in recharge does not affect
MSY-1 and variability in Beta and the residence time does not affect MSY-2.
3.1.8 Tipping line of the environmental sustainability criteria
In Figure 14 and Figure 15 it is clearly visible how changes in the environmental sustainability criteria
affect the maximum sustainable yield. The tipping points, where the decisive criterion changes from
one to the other one are interesting. Graphs are created with the relation between both
environmental criteria for where the maximum sustainable yield is the same for both criteria.
Furthermore, the effect of variability of the remaining four parameters is investigated on this
relationship. Figure 16 clearly shows which criterion is decisive for a given combination of criteria in
these particular circumstances.
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Figure 16: Relation between C1 and C2 for groundwater
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Figure 17: Relation between C1 and C2 for varying recharge values

If the natural recharge increases then more water is coming in the system, which will increase the
equilibrium level of the stock. A maximum groundwater level drawdown of 1 meter is stricter for
aquifers that has a higher depth, this will cause a higher chance of C1 becoming the decisive
criterion.

18

Master Thesis CEM

Sustainability criterion 2 (%) - C2

100,00%
95,00%
90,00%
85,00%
80,00%

Beta =1

75,00%

Beta = 0.5
Beta = 2

70,00%
65,00%
60,00%
0

0,5

1

1,5

Sustainability criterion 1 (m) - C1

Figure 18: Relation between C1 and C2 for varying beta values

If the level of non linearity increases, then water is flowing faster to the river. This will result in that
abstractions will decline the stock slower, and therefore the chance that C2 is becoming decisive
increases.
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Figure 19: Relation between C1 and C2 for varying values of the surface area

Changes in surface area will influence the amount of water that is present in the system. However, it
does not change the decisiveness of the environmental sustainability criteria, because both criteria
are affected at the same rate by it.
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Figure 20: Relation between C1 and C2 for varying values of the residence time

If the residence time of a groundwater system increases, which means that the system responds
slower, and less water will flow out to the river. then the chance that sustainability criterion 1 is
decisive increases.
By changing parameters also the gradient of the tipping lines are changing. Let us consider the
optimal case for where the sustainability criteria are chosen such that the MSY is equal according to
both environmental criteria (tipping line) and that this is also the desired case. Then these two rules
apply:
1. For greater gradients (steeper) of the tipping line applies that a change in sustainability
criterion 2 will lead to a smaller allowable change in sustainability criterion 1 and change in
sustainability criterion 1 will lead to a larger allowable change in sustainability criterion 2.
2. For smaller gradients (flatter) of the tipping line applies that change in sustainability criteria 2
will lead to a larger allowable change in sustainability criterion 1 and change in sustainability
criterion 1 will lead to a smaller allowable change in sustainability criterion 2.
The question if the maximum sustainable yield is affected by a change in one of parameters depends
on the starting conditions. As can be concluded from the tipping line investigation there are three
possibilities for starting conditions. 1) Environmental criterion 1 is decisive for the determination of
the maximum sustainable yield; 2) Environmental criterion 2 is decisive for the determination of the
maximum sustainable yield; 3) the maximum sustainable yield is determined by both criteria. The
next statements are the conclusions of how the maximum sustainable yield changes by changing the
circumstances of the groundwater model.
Environmental criterion 1 is decisive for the determination of the maximum sustainable yield
- Increasing the natural recharge does not affect the MSY. Decreasing the natural recharge has
no influence on the MSY until C2 becomes decisive.
- Increasing the level of non linearity will increase the MSY until C2 becomes decisive.
Decreasing the level of non linearity will decrease the MSY.
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-

Increasing the surface area will increase the MSY and when C2 becomes decisive, the MSY
will increase slower. Decreasing the surface area will decrease the MSY.
Increasing the residence time will decrease the MSY. Decreasing the residence time will
increase the MSY until C2 becomes decisive.
Increasing the environmental sustainability criterion 1 will increase the MSY until C2
becomes decisive. Decreasing the environmental sustainability criterion 1 will decrease the
MSY.

Environmental criterion 2 is decisive for the determination of the maximum sustainable yield
- Increasing the natural recharge will increase the MSY until C1 becomes decisive. Decreasing
the natural recharge will decrease the MSY.
- Increasing the level of non linearity will not affect the MSY. Decreasing the level of non
linearity will not affect the MSY until C1 becomes decisive.
- Increasing the surface area will increase the MSY. Decreasing the surface area will decrease
MSY and when C1 becomes decisive the MSY will decrease faster.
- Increasing the residence time will not affect the MSY and when C1 becomes decisive, the
MSY will decrease. Decreasing the MSY will not affect the MSY.
- Increasing the environmental sustainability criterion 2 will decrease the MSY. Decreasing the
environmental sustainability criterion 2 will increase the MSY until C1 becomes decisive.
The maximum sustainable yield is determined by both criteria.
- Increasing the natural recharge will not affect the MSY. Decreasing the natural recharge will
decrease the MSY.
- Increasing the level of non linearity will not affect the MSY. Decreasing the level of non
linearity will decrease the MSY.
- Increasing the surface will increase the MSY with the rate that is determined by C2.
Decreasing the surface area will decrease the MSY with the rate that is determined by C1.
- Increasing the residence time will decrease the MSY. Decreasing the residence time will not
affect the MSY.
- Increasing the environmental sustainability criterion 1 will not affect the MSY. Decreasing the
environmental sustainability criterion 1 will decrease the MSY.
- Increasing the environmental sustainability criterion 2 will decrease the MSY. Decreasing the
environmental sustainability criterion 2 will not affect the MSY.
3.1.9 Feedback to reality
Figure 21 shows how the water table and natural discharge is
affected by groundwater abstraction for the Cateauguay river
aquifer (Gleeson et al., 2012). From zero to approximately 35
Mm3/year the data is available, and the rest is simulated with a
model. The current pumping rate will cause a drawdown of 1.5
meters. Lavigne, Nastev, & Lefebvre (2010) argues that for the
Chateauguay river aquifer the estimated sustainable limit is 48
Mm3/year, which will cause a water table drawdown of 2.2
meters. This estimated sustainability limit is equal to the defined
maximum natural discharge criterion of 80% in our investigation.
However the dimensions of the aquifers used in this case study
are much larger than in our model and therefore C1 (maximum
drawdown) is hard to compare with aquifers in reality.
Figure 21: Chateauguay River aquifers
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3.2 Biomass in a forest model
The next model consist of a forest that contain a volume of biomass. Biomass will grow due to
photosynthesis, but can also die by a natural cause (disease, shortage of sunlight/water etc.). Dead
biomass will naturally degrade due to bacteria and nutrients. Humans are abstracting biomass for
using the wood for example to build houses or create energy. The surface area is not included in this
model, because all the quantities are named per hectare.
3.2.1 Model set up
The system diagram presented in Figure 22, shows how the model works.
Demand of biomass
Abstraction by humans (A)

Natural capital of
living biomass (S)

Natural Growing (G)

Natural capital of
dead biomass (W)

Natural death (D)

Natural degradation (U)

Grow rate (r)
Carrying capacity (K)

Decompostion rate (k)

Mortality rate (m)

Figure 22: systems diagram of biomass in a forest

The model uses the next equations, which will be further explained in this paragraph.
𝑑𝑆
=𝐺−𝐴−𝐷
𝑑𝑡
𝑑𝑊
=𝐷−𝑈
𝑑𝑡
𝐺 =𝑟∗𝑆∗ 1−
𝑆𝑒𝑞 = 𝐾 −

𝑆𝑒𝑞 =

𝑆
𝐾

𝐾∗𝑚
; 𝐴=0
𝑟

𝑟 − 𝑚 + (−𝑟 + 𝑚)2 −
2∗𝑟
𝐾

4𝑟𝐴
𝐾

; (𝐴 ≠ 0)

𝐷 =𝑚∗𝑆
𝑈 =𝑘∗𝑊
𝑊𝑒𝑞 =

𝑚 ∗ 𝑆𝑒𝑞
𝑘

𝐴 = 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒
22

Master Thesis CEM
Where,
S = the total natural capital of the volume of living biomass in the forest (m3/ha);
W = the total natural capital of the volume of dead biomass in the forest (m3/ha)
G= the natural growing process of biomass (m3/year/ha);
r = the grow rate of biomass(year-1);
K = the carrying capacity of the forest (m3/ha);
D = Natural deaths of biomass (m3/year/ha);
m = mortality rate of biomass (year-1);
U = degradation process of dead wood by micro organism (m3/year/ha);
k = The decomposition rate of dead wood (year-1).
The equation that is used for the growth of biomass is called the logistic growth equation. Though
this formula is not used for calculating the total biomass in a forest in any paper, it is often used to
calculate the biomass growth of a single tree (Botkin, Janak, & Wallis, 1972)(Bugmann, 2001). Also in
other literature the growth of biomass in a forest is presented as a s-curve corresponding the logistic
growth formula (Pretzsch, 2010). Therefore this equation is used that represents biomass growth in
the model.
The Natural death of biomass is assumed to be a certain percentage of the total biomass. This is also
supported by different papers (Acker et al., 2014)(Swaine, Lieberman, & Putz, 1987). The mortality
rate often varies between 0 and 3 per cent per year. This however, does not include the abstraction
by humans but is death of biomass due to natural causes.
Decay of dead biomass is often calculated with the exponential decay equation(Jonsson, Kruys, &
Ranius, 2005)(Tobin, Black, Mcgurdy, & Nieuwenhuis, 2007) . This equation is commonly in the form
of:
𝑊 = 𝑊0 ∗ 𝑒 −𝑘𝑡
Which is the solution of the equation that is used in the model.
The decomposition rate k determines how fast the volume of dead biomass is decaying over time.
Chambers, Higuchi, Schimel, Ferreira, & Melack (2000) reviewed the decomposition rates of globally
distributed eco systems used by other authors. The decomposition rates ranges from 0.01 to 0.2 in
their study. Apparently, the decomposition rate depends a lot on specie type and location. However
decomposition rates between 0.1 and 0.2 are quite rare. Hahn & Christensen (2004) are using decay
rates between 0.02 and 0.1 for European forests. They also came to a relation between dead wood
volume and living wood volume for different forest types, wherefore our default volumes of living
and dead biomass seems quite normal.
3.2.2 Initial conditions and assumptions
To model a forest with biomass, it is necessary to make assumptions and set the initial conditions.
-

The calculations and numbers that are given are all per hectare;
The initial volume of living biomass that is present in the forest is 875 m3 per hectare;
The carrying capacity is 1000 m3 per hectare (Pretzsch, 2010 p. 434);
The runtime of the model is 750 years;
The grow rate is assumed to be 0.08 and the mortality rate is assumed to be 0.01 (Acker et
al., 2014);
The decomposition rate of dead wood is assumed to be 0.06 (Chambers et al., 2000);
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-

The volume of living biomass that is abstracted by humans to produce for example energy or
build houses is assumed to be constant in time;
The initial volume of dead wood is 145.83 m3 per hectare which is in equilibrium with the
volume of living biomass.
The natural recruitment and grow process of biomass is merged to one inflow entity.

3.2.3 Results
In this model there are two stocks, whereas stock 2 is depending on stock 1. The first results of how
this system responds to a yield disturbance are given in Figure 23, Figure 24 and Figure 25.
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Figure 23: Relation between the volume of biomass and different abstraction intensities
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Figure 24: Relation between the equilibrium volume of biomass and the abstraction intensity

What immediately is noticeable about Figure 24 and Figure 25 is that it shows a nonlinear
relationship in contradiction to the groundwater model. For both figures a third grade polynomial
trend line is added to calculate what the maximum sustainable yield is for a given criterion.
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Figure 25: Relation between the equilibrium volume of dead biomass and the abstraction intensity
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3.2.4 Environmental sustainability criteria
Sustainability of biomass in a forest can be indicated by the biodiversity of the forest (Hahn &
Christensen, 2004). According to the literature this biodiversity can be measured on the basis of two
indicators. The first indicator is the natural capital of living biomass in the forest. There is much
literature available on the sustainability of forest eco systems and many authors are explaining why it
is important to set sustainability thresholds. However, hardly anybody is actually setting a concrete
threshold for the reduction of the natural capital of biomass in forests. Though Angelstam &
Törnblom (2004)is arguing that the acceptable loss of habitat in European forests should be between
10 and 30 per cent in his papers (Angelstam & Törnblom, 2004)(Angelstam, Breuss, & Mikusinski,
2001). Beyond a 30 per cent loss of habitat, viable populations are unable to maintain their numbers.
Assuming that the habitat corresponds to the volume of living biomass in a forest, this can be
translated to a concrete threshold for the natural capital of biomass.
Environmental sustainability criterion 1 (C1): Minimum natural capital of living biomass: 80% of the
natural equilibrium.
The threshold value of 80 per cent is not considered as a fixed value, but is one of the parameters.
The second indicator for biodiversity in a forest is the volume of dead biomass in a forest (Radu,
2006)(Bütler, Angelstam, Ekelund, & Schlaepfer, 2004). Müller & Bütler (2010) investigated the
volume of dead biomass in a forest as a critical environmental variable. They argue that there is a
strong correlation between the volume of dead biomass and the biodiversity in European forests.
Finally, they conclude that it is necessary to establish several forest stands with dead biomass
volumes of > 20 – 50 m3 per hectare. On average the volume of dead biomass in a forest can vary
between 15 and 37 per cent of the living volume of biomass (Hahn & Christensen, 2004). The
environmental sustainability criterion will be formulated a deviation from the equilibrium situation.
Environmental sustainability criterion 2 (C2): Maximum reduction in the volume of dead biomass:
40 m3 of the natural equilibrium per hectare.
Again the threshold value is not considered as a fixed value, but as a parameter.
Note that C1 is a relative criterion and C2 is a absolute reduction criterion. The maximum allowable
reduction will change for C1 for changing values of the volume of living biomass, while for C2 this
maximum allowable reduction stays the same for changing volumes of dead biomass. Another thing
that should be noted is that both environmental sustainability criteria are stock related.
3.2.5 Maximum sustainable yield
The maximum sustainable yield (MSY) is defined as the volume of biomass that can be harvested
without violating one of the two environmental sustainability criteria set in the previous paragraph.
For the first criterion the maximum sustainable yield can be easily determined with the help of Figure
24 and the trend line equation. Solving the equation will give a maximum sustainable yield according
to criterion 1 of 9.77 m3 per hectare per year. The maximum sustainable yield according to
environmental sustainability criterion 2 can be calculated with the help of Figure 25 and the trend
line equation given. The maximum sustainable yield according to this criterion is 11.88 m3 per
hectare per year. For the default values of parameters used, the maximum sustainable yield on the
basis of environmental sustainability criterion 1 is decisive, because this criterion is violated first.
Hereafter the MSY according to C1 is called MSY-1, and the MSY according to C2 is called MSY-2.
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3.2.6 Investigation of parameter variability on MSY
In the previous paragraph assumptions were made to come to the results that are presented in the
graphs. In this paragraph the effect of changed circumstances on the maximum sustainable yield is
investigated. The next parameters are considered as the circumstances of the environmental system.
Grow rate r (yr-1);
Mortality rate m (yr-1);
The carrying capacity K(m3/ha);
The decomposition rate k (yr-1);
Environmental sustainability criterion 1 C1(%);
Environmental sustainability criterion 2 C2 (m3/ha);

-

Parameter
Range
Default value

r (yr-1)
0.04-0.12
0.08

m (yr-1)
0.005-0.03
0.01

K (m3/ha)
600-1400
1000

k (yr-1)
0.04-0.1
0.06

C1 (%)
60-100
80

C2 (m3/ha)
0-60
40

Table 2: Biomass in a forest model parameters

It will be investigated how the variability of one single parameter affect the maximum sustainable
yield without changing any of the other parameters. By changing the parameters, it often happens
that the equilibrium situation of 875 m3 living biomass and 145.8 m3 of dead biomass changes also.
This will be shown in a separate table. Seq is the equilibrium situation of the living biomass and Weq is
the equilibrium situation of the dead biomass. The equilibrium situation is the situation without
human abstraction. The results of the graphs are explained further in the paragraph.
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Figure 26: MSY related to variability of the grow rate
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Figure 27: MSY related to variability in mortality rate

m
Seq
Weq

0.005
937.5
78.13

0.01
875
145.83

0.015
812.5
203.13

0.02
750
250

0.025
687.5
286.46

16
14

MSY (m3/ha/yr)

12
10
8
C1
6

C2

4
2
0
600

700

800

900

1000

1100

1200

1300

1400

K (m3)
Figure 28: MSY related to variability of the carrying capacity
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Figure 29: MSY related to variability of the decomposition rate
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Figure 30: MSY related to variability of C1
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Figure 31: MSY related to variability in C2

From the graphs (Figure 26-Figure 31) that are presented in this paragraph it can concluded that the
natural grow rate is positive linear related to MSY-1 and MSY-2. The mortality rate is negative linear
related to MSY-1, and negative non linear related to MSY-2. The carrying capacity is positive linear
related to MSY-2, and positive non linear related to MSY-2. The decomposition rate is not related to
MSY-2, and positive non linear related to MSY-2. Environmental sustainability criterion 1 is negative
non linear related to MSY -1. Environmental sustainability criterion 2 is positive non linear related to
MSY-2.
A remarkable thing is that the four parameters (r, m, K, k) investigated in this paragraph are all
linearly related to MSY-1, except for the decomposition rate. And that the four parameters are all
non linear related to MSY-2. This probably has to do with the fact that C1 is a relative criterion and C2
an absolute reduction criterion.
3.2.7 Sensitivity Analysis of MSY
In this sensitivity analysis the variability of all parameters are scaled by dividing the parameter by its
default value set in the previous paragraph. Therefore, a graph can be plotted with the variability of
all parameters for environmental sustainability criterion 1 and 2. For Figure 32 and Figure 33 applies
that the higher the gradient of the line, the more sensitive the MSY is on changes in that parameter.
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Figure 32: Sensitivity of MSY on parameter variability for C1
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Figure 33: Sensitivity of MSY on parameter variability for C2

Figure 32 and Figure 33 show that MSY-1 is most sensitive to changes in sustainability criterion 1 and
MSY-2 is most affected by variability in grow rate. A typical difference between the groundwater
model and this model is that there are much more non linear relationships between MSY and
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parameter variability, while for the groundwater model the majority were linear relationships.
Variability in decomposition rate is the only parameter that is not affecting MSY-1 and all parameters
are influencing the MSY-2.

Environmental sustainability criterion 1 (%) - C1

3.2.8 Tipping line of the environmental sustainability criteria
The tipping line where the decisive criterion changes from C1 to C2 or from C2 to C1 is investigated
here. The graphs presented in this chapter will clearly give an indication what criterion is decisive in a
specific circumstance. Also the variability of the remaining four parameters on this tipping line is
investigated. The vertical axis presents the environmental sustainability criterion one, which implies
the minimum natural capital of biomass in percentage of its original value. The horizontal axis
presents the environmental sustainability criterion two, which implies the maximum reduction in
dead wood in cubic meters per hectare.
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Figure 34: Relation between C1 and C2 for biomass in a forest
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Figure 35: Relation between C1 and C2 for varying grow rates

Environmental sustainability criterion 1 (%) -C1

If the natural grow rate increases, then biomass will grow faster. Also the Equilibrium volume of
living and dead biomass is increased. The chance that C2 becomes the decisive criterion increases
very slightly.
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Figure 36: Relation between C1 and C2 for varying mortality rates

Increasing the mortality rate will result in more dead biomass per year. Therefore the equilibrium
volume of living biomass will decrease while the equilibrium volume of dead biomass will increase.
This will increase the chance that C2 becomes the decisive criterion largely.
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Figure 37: Relation between C1 and C2 for varying carrying capacities

Environmental sustainability criterion 1 (%) - C1

Increasing the carrying capacity of the forest means that the forest is capable of maintaining more
biomass per hectare. This will thus increase the equilibrium volume of living biomass in the forest.
Since the natural capital of dead biomass is a function of the natural capital of living biomass, also
the equilibrium volume of dead biomass will increase. This means that the chance that C2 is the
decisive criterion increase considerably.
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Figure 38: Relation between C1 and C2 for varying decomposition rates
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Increasing the decomposition rate will increase the decay of dead biomass. Therefore, the
equilibrium volume of dead biomass will decrease. This will result in an considerable increased
chance of C1 becoming the decisive criterion.
The two rules about the gradient of the tipping line that are set in the groundwater model does also
apply on this model. However both sustainability criteria should be reversed. This is caused by the
fact that also the axes are reversed.
In general, it can concluded that increasing the parameters will increase the chance that C2 becomes
decisive and decreasing the parameters will increase the chance that C1 becomes decisive. For the
changes in decomposition rates this is vice versa.
Also the biomass in a forest model knows three starting conditions. How the maximum sustainable
yield is affected by parameter variability depends on these starting conditions.
Environmental criterion 1 is decisive for the determination of the maximum sustainable yield
- Increasing the natural grow rate will increase the MSY and when C2 becomes decisive it will
increase with a slightly lower gradient. Decreasing the natural grow rate will decrease the
MSY.
- Increasing the mortality rate will decrease the MSY. Decreasing the mortality rate will
increase the MSY.
- Increasing the carrying capacity of the forest will increase the MSY and when C2 becomes
decisive it will increase further but with a declining gradient. Decreasing the carrying capacity
will decrease the MSY and when C2 becomes decisive it will decrease further with an
increasing gradient
- Increasing the decomposition rate of deadwood will not affect the MSY. Decreasing the
decomposition rate will also not affect the MSY until C2 becomes decisive. The MSY will then
decrease with an increasing gradient.
- Increasing the environmental sustainability criterion 1 will decrease the MSY. Decreasing the
environmental sustainability criterion 1 will increase the MSY with a declining gradient until
C2 becomes decisive.
Environmental criterion 2 is decisive for the determination of the maximum sustainable yield
- Increasing the natural grow rate will increase the MSY. Decreasing the natural grow rate will
decrease the MSY and when C1 becomes decisive it decrease with a higher gradient.
- Increasing the mortality rate will decrease the MSY with a declining gradient and when C1
becomes decisive it will decrease with a constant gradient. Decreasing the mortality rate will
increase the MSY with an increasing gradient and when C1 becomes decisive it will increase
with a constant gradient.
- Increasing the carrying capacity of the forest will increase the MSY with a declining gradient.
Decreasing the carrying capacity will decrease the MSY with an increasing gradient.
- Increasing the decomposition rate of deadwood will increase the MSY until C1 becomes
decisive. Decreasing the decomposition rate will decrease the MSY with an increasing
gradient.
- Increasing the environmental sustainability criterion 2 will increase the MSY until C1
becomes decisive. Decreasing the environmental sustainability criterion 2 will decrease the
MSY.
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The maximum sustainable yield is determined by both criteria.
- Increasing the natural grow rate will increase the MSY with the rate that is determined by C2.
Decreasing the natural grow rate will decrease the MSY with the rate that is determined by
C1.
- Increasing the mortality rate will decrease the MSY with the rate that is determined by C2.
However at some point this rate is again determined by C1 (when the MSY determined by C1
is lower than the MSY determined by C2). Decreasing the mortality rate will increase the MSY
with the rate that is determined by C1.
- Increasing the carrying capacity of the forest will increase the MSY with a rate that is
determined by C2. Decreasing the carrying capacity of the forest will decrease the MSY with
a rate that is determined by C1. However at some point this rate is again determined by C2.
- Increasing the decomposition rate will not affect the MSY. Decreasing the decomposition
rate will decrease the MSY with a rate that is determined by C2.
- Increasing the environmental sustainability criterion 1 will decrease the MSY. Decreasing the
environmental sustainability criterion 1 will not affect the MSY.
- Increasing the environmental sustainability criterion 2 will not affect the MSY. Decreasing the
environmental sustainability criterion 2 will decrease the MSY.
3.2.9 Feedback to reality
Most of the case studies in literature are taking diameter at breast height (dbh) and cutting cycles
into account in their studies (Kammesheidt, Kohler, & Huth, 2001). Kammesheidt et al. (2001) came
to the conclusion that only 60 year cutting cycles provided sustainable yields of respectively 30-60 m3
per hectare per cycle for forests in Venezuela. In the most optimistic case this would result in 1
m3/ha/year, which is much lower than the sustainable yields in our study. Furthermore a lot of
research has been done about the sustainability of forests in the world, however, hardly anybody
comes with real numbers of the maximum sustainable yield values in cubic meters per hectare per
year. Though in the Congo basin 1-2 trees are being logged per hectare per year, which is equal to 812 m3 per hectare per year(Karsenty & Gourlet-Fleury, 2006) depending on tree type. These values
are closer to the values that are used in this model.
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3.3 Pollution in Lake model
The third model is a lake that is connected to an inflow channel and an outflow channel.
Furthermore, a pollution source is depositing a certain amount of pollutants in the lake. The
pollutants are removed naturally by for example plankton, settling processes etc. Higher
concentrations of the pollutants in the lake may cause eutrophication, which may lead to undesired
deaths of for example fish. Therefore maximum tolerable concentrations are defined. The surface
area of the lake is 500 by 500 meters and the average depth is 4 meters. This brings the total volume
of the lake to 1000,000 cubic meters.
3.3.1

Model set up

Nitrogen (N)

removal rate (k)

Phosphorus (P)

Natural removal (A)

Load (D)
Mass in Lake (M)
Inflow (I)
Concentration
inflow (Cin)

Outflow (O)

Discharge
(Qin)

Volume of
water (V)

Discharge
(Qout)

Figure 39: Flow stock diagram of pollution in a lake

The equations that are used in this model are shown below.
𝑑𝑀
= 𝐼+𝐷−𝐴−𝑂
𝑑𝑡
𝑀 =𝑁+𝑃
𝐼 = 𝑄𝑖𝑛 ∗ 𝑐𝑖𝑛
𝑄 = 𝑄𝑖𝑛 = 𝑄𝑜𝑢𝑡
𝐷 = 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒
𝑂 = 𝑄𝑜𝑢𝑡 ∗

𝑀
𝑉

𝐴 =𝑘∗𝑀
𝑀𝑒𝑞 =

𝐷 + 𝑄𝑐𝑖𝑛
𝑄
𝑉+𝑘
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Where,
M = the total mass of pollutants in the lake (kg);
N = total mass of nitrogen (kg);
P = total mass of phosphorus (kg);
I = The inflow of pollutants due to the natural inflow channel (kg/day);
Qin = the discharge of the inflow channel (m3/day);
Cin = concentration of pollutants in the inflow stream (kg/m3);
D = Load of pollutants by a pollutant source (kg/day);
O = The outflow of pollutants due to the natural outflow channel (kg/day);
Qout = the discharge of the outflow channel (m3/day);
V = the volume of water that is present in the lake (m3);
A = Natural removal of the lake (kg/day);
k = removal rate (day-1).
One of the most simplest systems to model a natural water body is a completely mixed system
(Chapra, 1997). The equations that are used in the model are all based on this completely mixed
system described in the book of Chapra (1997).
The removal rate is the rate at which the pollution is removed from the lake. This removal rate
depends on the type of pollution. For now the pollution is assumed to only consist of Nitrogen (N)
and phosphorus (P). Nitrogen is broken down by bacteria or other organisms. Mccarthy, Wynne, &
Berman (1982) investigated this and searched for the uptake rate of dissolved nitrogen by
microplankton in Lake Kinneret (Israel) is. They came to the conclusion that the uptake rate of Nitrate
is 1 – 40 * 10-4 per hour for Lake Kinneret. They further compared the uptake rate with other lakes.
From this comparison you can conclude that there is actually a wide range of nitrogen uptake rates
for different lakes. The uptake rate mainly depends on how much plankton (bacteria) are present to
break down the pollution. The removal of Phosphorus is mainly caused by the settling of plankton
(Havens & Schelske, 2001). The settling loss rate can be approximated with the Vollenweider
equation (Chapra, 1997):
𝑘=

10
𝐻

Where H is the mean depth of the lake. Using this equation would lead to a settling loss rate of
0.0068 day-1. However, according to the simplest seasonal approach for modeling phosphorus the
range of the settling loss rate is between 0.0125 and 0.15 day-1 (Chapra, 1997). Islam et al. (2013)
distinguished in their study the state of the pollutant, dissolved or particulate. Decomposition rates
of dissolved forms were five-seven times higher than that of particulate forms in the rivers of Korea
and the decomposition rates of phosphorus were higher than those of nitrogen. However, for
simplicity the removal rate of nitrogen and phosphorus is assumed to be equal to each other which is
20 * 10-4 per hour (0.048 day-1). This estimation also falls in the range of the particulate pollution
forms (Islam et al., 2013)
In a report of the Dutch Rijksinstituut voor Volksgezondheid en milieu (RIVM) the background
concentrations of nitrogen and phosphorus are estimated for the river Rhine. In this model, the
background nitrogen and phosphorus concentration of the inflow channel is assumed to be equal to
the estimated background concentrations in the river Rhine. For nitrogen this include 0.6 mg L-1
(6*10-4 kg m-3) and for phosphorus 0.05 mg L-1 (5*10-5 kg m3)(Liere & Jonkers, 2002). The total
concentration of pollution entering the lake is therefore assumed to be 6.5 *10-4 kg m-3 (cin). The NP
ratio of the background concentrations is therefore 12 (12 parts nitrogen and 1 part phosphorus),
which is assumed to be constant.
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The variables volume of the lake and discharge of the in and outlet channel are not based on
literature, because this is location and circumstances dependent.
3.3.2 Initial conditions and assumptions
The model of pollution in a lake is based on assumptions and initial conditions.
-

The volume of water in the lake is constant in time Qin = Qout;
For simplicity reasons the pollution is assumed to only consist of nitrogen and phosphorus;
Contamination only enters the lake from the inflow channel and the load of the pollution
source;
The volume of water in the lake is assumed to be 1 million m3 (500x500x4);
The rate at which nutrients and bacteria break down the pollution is assumed to be 0.048
day-1. Equal for phosphorus and nitrogen;
Concentration of pollution of the inlet channel is assumed to be 6.5*10-4 kg/m3;
The discharge of the inlet channel is assumed to be 1 m3/s (86400 m3/day);
Removal processes only takes place in the lake;
The model is based on a completely mixed system (no diffusion);
The model runs for 365 days.

3.3.3 Results
The next figure shows how the total mass of pollution is changed over time for different load rates.
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Figure 40: Relation between mass of pollution and load rates
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Figure 41: Relation between equilibrium amount mass of pollution and load rate

3.3.4 Environmental sustainability criteria
When it comes to the sustainability of load in a lake the critical load concept is often used(Bull,
1992). The critical load is the threshold of pollution concentration or load where below harmful
undesired effects on sensitive elements of the eco system do not occur (OECD). Sometimes also the
term maximum tolerable concentration (MTC) is used for the critical load of pollutants.
In the same document that estimated the background concentration for the Rhine river, also critical
loads for a large Dutch lake called ‘’Ijsselmeer’’ has been defined. The maximum tolerable
concentrations of the Ijsselmeer are 0.15 milligrams phosphorus per liter and 2.2 milligrams of
nitrogen per liter. Values of 0.05 milligrams phosphorus per liter and 1 milligram of nitrogen per liter
have been set as a long term target values to combat eutrophication (Liere & Jonkers, 2002). In the
document besluit kwaliteitseisen (2009) en monitoring water which is part of the Dutch law and
regulations, maximum concentrations of organic bounded nitrogen and phosphate are defined for
surface water which is used for human drinking purposes. The maximum concentrations for organic
bounded nitrogen and phosphate includes 2.5 mg L-1 and 0.3 mg L-1 respectively.
The critical load of phosphorus is also supported by other papers. Janse et al. (2008) investigated the
critical load of phosphorus for different types of shallow lakes with empirical evidences. The critical
loads for phosphorus ranged from 0.023 ml L-1 to 0.4 ml L-1.
For now the critical loads of nitrogen en phosphorus in our model are assumed to be the same as for
the Ijsselmeer namely 0.15 mg P L-1 (1.5*10-4 kg m-3) and 2.2 mg N L-1 (2.2*10-3 kg m-3).
With the given dimensions of the modeled lake, a set up can be made of the environmental
sustainability criteria in the form of mass of pollution:
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Environmental sustainability criterion 1 (C1): Maximum tolerable mass of Nitrogen: 2200 kg.
Environmental sustainability criterion 2 (C2): Maximum tolerable mass of Phosphorus: 150 kg.
Both threshold values are not considered as a fixed value, but as a parameter. Both sustainability
criteria are fixed absolute criteria in this model, because in literature all the critical loads mentioned
are also absolute fixed criteria. Also both criteria are stock related in this model.
3.3.5 Maximum sustainable load
To determine the maximum sustainable load (MSL), considering the ratio of nitrogen and phosphorus
of the deposited load is necessary. This is done by introducing a NP ratio of the deposited load. The
NP ratio is the amount of mass of nitrogen that is equal to 1 unit of mass of phosphorus. The average
NP ratio of potential nutrient sources of fresh water lakes varies from 0.1 to 247.4 depending on the
pollution source(Downing & Mccauley, 1992). By assuming that our pollution source is a sewage, the
average NP ratio varies between 2.8 and 10(Downing & Mccauley, 1992). For now the pollution
source is assumed to be a sewage with a NP ratio of 8. The MSL is the mass of nitrogen and
phosphorus cumulative.
The MSL for both sustainability criteria can be determined with the help of Figure 42. The sum of
both lines presented in Figure 42, will result in the line that is presented in Figure 41. The MSL
according to C1 is called MSL-1 and the maximum sustainable load according to C2 is called MSL-2.
According to Figure 42 the MSL-1 is 274 kg/day and MSL-2 is 142 kg/day, which means that MSL-2 is
decisive in this case.
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Figure 42: Relation between pollution mass of nitrogen and phosphorus and load intensity

41

Master Thesis CEM
3.3.6 Investigation of parameter variability on MSL
In this paragraph it is investigated how the MSL is affected when the values of certain parameters are
changed. The parameters that will be investigated and their range are shown below:
-

Discharge of the inflow and outflow channel Q (m3/day);
Removal rate k (day-1);
The NP ratio of the load (-);
Pollution concentration of the inflow channel cin (kg/m3);
Environmental sustainability criterion 1 C1 (kg);
Environmental sustainability criterion 2 C2 (kg).

Parameter
Range
Default value

Q (m3/day)
43200-172800
86400

k (day-1)
0.024-0.096
0.048

NP ratio (-)
2-20
8

cin (kg/m3)
3-10*10-4
6.5*10-4

C1 (kg)
1000-3400
2200

C2 (kg)
50-250
150

Table 3: Pollution in a lake model parameters

In this paragraph an investigation is done in how the MSL is changing for different values of one
single parameter. By changing the parameters it might happen that the equilibrium value of the stock
is also changed. The changes of the stock will be presented in tables below the graphs. Note that for
the variability of the concentration of the inflow channel the total concentration of pollution is
changed, wherefore the ratio of Nitrogen and Phosphorus of the background concentration stays the
same (NP ratio of inflow channel is 12).
450
400

MSL (kg/day)

350
300
250
200

C1

150

C2

100
50
0
43200

63200

83200

103200

123200

143200

163200

Q (m3/day)

Figure 43: MSL related to variability in discharge

Q
N
P

43200
284.21
23.68

86400
385.71
32.14

129600
437.84
36.49

172800
469.57
39.13
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Figure 44: MSL related to variability in removal rates
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Figure 45: MSL related to variability in the nitrogen and phosphorus ratio of the load
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Figure 46: MSL related to variability of the background concentration of the inflow channel
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Figure 47: MSL related to variability of C1
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Figure 48: MSL related to variability of C2

The graphs (Figure 43-Figure 48) shows that the variability in the discharge of the inlet channel and
outlet channel is positively linear related to MSL-1 and MSL-2. Also the variability in the
decomposition rate of the pollution is positively linearly related to MSL-1 and MSL-2. The NP ratio of
the load of pollution is positive linearly related to MSL-2. For MSL-1 the variability of the NP ratio
shows somewhat weird results. If the NP ratio becomes very high, then per kg of phosphorus there is
much more kg nitrogen deposited, wherefore the MSL-1 will stabilize. For values of NP above 6 the
NP is negative linearly related to MSL-1. At the value of 5 a bending point is visible and for lower
values of NP the MSL-1 is increased much faster than before the bending point. Variability in the
background concentration of the inflow channel is negative linear related to MSL-1 and MSL-2.
Variability in both sustainability criteria show the presumed results.
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3.3.7 Sensitivity analysis of MSL
To get more insight in which parameters are changing the MSL faster or slower, a sensitivity analysis
is done. With the help of a scaling procedure, whereby all parameters are divided by its default value
graphs can be presented with all the parameters in one plot.

Sensitivity of MSL-1 on paramter variability
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Figure 49: Sensitivity of MSL on parameter variability for C1

Sensitivity of MSL-2 on parameter variability
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Figure 50: Sensitivity of MSL on parameter variability for C2

The MSL-1 and MSL-2 are most sensitive for changes in the environmental sustainability criteria 1
and 2 respectively, followed by the discharge for MSL-1 and NP ratio for MSL-2.
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Environmental sustainability criterion 1 (kg) C1

3.3.8 Tipping line of the environmental sustainability criteria
The tipping line where the decisive criterion changes from C1 to C2 or from C2 to C1 is investigated
here. The vertical axis presents environmental sustainability criterion 1, which implies the maximum
load of nitrogen in the lake. The horizontal axis presents environmental criterion 2, which implies the
maximum load of phosphorus in the lake. Exact on the tipping line MSL-1 and MSL-2 are equal.

2500

C2 is decisive

2000

1500

C1 is decisive
1000

500
50

100

150

200

250

300

Environmental sustainability criterion 2 (kg) - C2

Environmental sustainability criterion 1 (kg) C1

Figure 51: Relation between C1 and C2 for pollution in a lake
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Figure 52: Relation between C1 and C2 for varying discharge values

If the Discharge of the inlet and outlet channel increases, and the concentration of the background
pollution stays the same, then more mass of pollutants are brought into the system with a NP ratio of
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Environmental sustainability criterion 1 (kg) C1

12. However, the ratio between nitrogen and phosphorus criteria is 2200/150 is 14.67. Therefore the
change that C1 becomes decisive will increase negligible for increasing discharges, due to the small
difference in ratios.
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Figure 53: Relation between C1 and C2 for varying removal rates

Environmental sustainability criterion 1 (kg) C1

If the removal rate increases then pollutants will be degraded faster, which means that less
pollutants are in the lake. However, also here the ratio between nitrogen and phosphorus is hardly
affected, and therefore the tipping line only shows minor changes for varying decomposition rates.
The change that C1 becomes decisive will decrease negligible for increasing removal rates.
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Figure 54: Relation between C1 and C2 for varying NP ratio values
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Environmental sustainability criterion 1 (kg) C1

Increasing NP ratio of the pollution load will result in less phosphorus that is deposited in the lake for
the same load rate. The change that C1 becomes the decisive criterion will be increased considerably
for large NP ratio values.
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Figure 55: Relation between C1 and C2 for varying background concentrations

Increasing the background concentration of the inflow channel will result in more pollutants that
enter the lake. Due to the fact that the NP ratio of the load of the pollution source is smaller than the
NP ratio of the inflow channel a change in the NP ratio of the lake takes place. Therefore the chance
that C1 becomes decisive is increased very slightly for increasing values of the background
concentration of the inflow channel.
Only for varying values of the NP ratio of the pollutant load the gradient of the tipping lines changes.
The two rules about the gradient of the tipping line that were set in the groundwater model does
also apply on this model. However both sustainability criteria should be turned.
Also the pollution in lake knows three starting condition.
Environmental sustainability criterion 1 is decisive for the determination of the MSL.
-

-

-

Increasing the discharge of the in and outlet channel will increase the MSL and when C2
becomes decisive, it will increase with a lower gradient. Decreasing the discharge will
decrease the MSL.
Increasing the decomposition rate will increase the MSL and when C2 becomes decisive, it
will increase with a lower gradient. Decreasing the decomposition rate will decrease the
MSL.
Increasing the NP ratio of the pollutant load will decrease the MSL. Decreasing the NP ratio
of the pollutant load will increase the MSL and when C2 becomes decisive, it will decrease
again.

49

Master Thesis CEM
-

-

Increasing the background concentration of the inlet channel will decrease the MSL.
Decreasing the background concentration of the inlet channel will increase the MSL and
when C2 becomes decisive it will increase further with a slightly lower gradient.
Increasing environmental sustainability criterion 1 will increase the MSL until C2 becomes
decisive. Decreasing the environmental sustainability criterion 1 will decrease the MSL.

Environmental sustainability criterion 2 is decisive for the determination of the MSL.
-

-

-

Increasing the discharge of the in and outlet channel will increase the MSL. Decreasing the
discharge of in and outlet channel will decrease the MSL and when C1 becomes decisive, it
will decrease faster.
Increasing the decomposition rate will increase the MSL. Decreasing the decomposition rate
will decrease the MSL and when C1 becomes decisive, it will decrease faster.
Increasing the NP ratio of the pollutant load will increase the MSL and when C2 becomes
decisive, it will decrease again. Decreasing the NP ratio will decrease the MSL.
Increasing the background concentration of the inlet channel will decrease the MSL and
when C2 becomes decisive it will decrease with a slightly higher gradient. Decreasing the
background concentration will increase the MSL.
Increasing environmental sustainability criterion 2 will increase the MSL until C2 becomes
decisive. Decreasing the environmental sustainability criterion will decrease the MSL.

The maximum sustainable yield is determined by both criteria.
-

-

-

-

-

Increasing the discharge of the in and outlet channel will increase the MSL with the rate that
is determined by C2. Decreasing the discharge will decrease the MSL with the rate that is
determined by C1.
Increasing the decomposition rate will increase the MSL with the rate that is determined by
C2. Decreasing the decomposition rate will decrease the MSL with the rate that is
determined by C1.
Increasing the NP ratio of the pollutant load will decrease the MSL with the rate that is
determined by C1. Decreasing the NP ratio of the pollutant will decrease the MSL with the
rate that is determined by C2.
Increasing the background concentration of the inlet channel will decrease the MSL with the
rate that is determined by C1. Decreasing the background concentration will increase the
MSL with the rate that is determined by C2.
Increasing the environmental sustainability criterion 1 will not affect the MSL. Decreasing the
environmental sustainability criterion 1 will decrease the MSL.
Increasing the environmental sustainability criterion 2 will not affect the MSL. Decreasing the
environmental sustainability criterion 2 will decrease the MSL.

3.3.9 Feedback to reality
The case studies in literature are often using the total maximum daily load (TMDL). This is total
maximum daily load also includes the natural inflows. Effler et al. (2002) investigated this and
defined a TDML of phosphorus for the Onondaga Lake. They defined a TMDL of 63.5 kg/day. In our
model the TDML according to the decisive sustainability criterion is 15.24 kg/day including
background concentration loading, which is much lower than used in the literature study. However
the total volume of water in the Onondaga lake is 131 MCM, which is 131 times more than in our
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model. Walker (2000) also investigated the TMDL for lake Okeechobee. He estimated a TMDL of 380
kg phosphorus per day. Although also for lake Okeechobee the dimensions are much larger, namely
5200 MCM. In comparison to our model, probably the dimensions of the lake were underestimated.
Though between both case studies also a lot of difference in TMDL is noticeable with regard to the
dimensions of the lake, wherefore TMDL is varying a lot for different lakes.
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4. Comparison of the three models
Now that the three models are investigated separately, it is time to investigate if the three models
have commonalities and if something can be said about the behavior of environmental systems in
general. As a reminder and to get an overview, in Figure 56 the system diagrams of the
environmental systems and the according parameters and equations are shown.
H

S
Re=((R*A)/12000)
Q=(S/k)
A

S
G=r*S*(1-(S/K))

W
D=m*S

D

U=k*W

A=k*M

M
I=Q*cin

O=Q*(M/V)

Figure 56: Overview of the investigated environmental systems

Although the models of the environmental systems look like each other, there are some
characteristics that can make the difference about how the system reacts to a disturbance. In the
following table the qualitative characteristics of the systems are shown. This will give a more clear
indication how the environmental systems differ from each other. However, for simplicity, the
second stock in the biomass in a forest model is neglected even as the decomposition rate of dead
wood, so that the system is a single stock system.
No.

Characteristics

1
2
3
4
5
6

Number of natural inflow(s)
Feedback loop on natural inflow
Behavior of natural inflow
Number of natural outflow(s)
Feedback loop on natural outflow
Behavior of natural outflow

7
8

Form of disturbance
Type of sustainability criterion 1

9

Location of the criterion

Groundwater
model
1
No
Constant
1
Yes
Linear positive

Biomass
model
1
Yes
Parabolic
1
Yes
Linear positive

Yield
Absolute
reduction
Stock

Yield
Relative

Pollution
model
1
No
Constant
2
Yes
Both linear
positive
Load
Fixed

Stock

Stock
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10

Type of sustainability criterion2

Relative

11

Location of criterion

Outflow

Absolute
reduction
Stock

Fixed
Stock

Table 4: Characteristics of the three environmental systems

4.1 Inflow characteristics
The number of natural inflows are for all the investigated models the same. The question arises if the
environmental systems would react differently if there were more natural inflows in the models. The
answer to this question depends on the behavior of the second new introduced natural inflow. If the
second inflow has the same behavior as the other one, then the second natural inflow may be
represented by an increase in parameter R for groundwater, r for biomass and cin for the pollution
model. Thus, the number of inflows have no influence on the behavior of the system, except if the
behavior of the second new introduced inflow is different than the natural inflow. Examples of forms
of inflow behavior are presented in Figure 57.

Value of inflow →

The behavior of the inflow has strong linkages with the presence of a feedback loop. In general, if
there is no feedback loop present for the inflow entity, then the inflow will behave like a constant,
which is the case for the groundwater and pollution model. However, it should be noted that this is
only the case when the stock or natural capital is the only state variable in the system. An inflow may
depend on another process that is not constant in time. A good example is the biomass in a forest
model where the dead biomass stock inflow depends on the living biomass stock. In this system
there are two state variables, but for simplicity the dead biomass stock is neglected. Nonetheless, if
the inflow has a feedback loop then the behavior of the inflow is not constant for varying stocks.
Therefore, the presence of a feedback loop on the inflow entity indicates that the behavior of the
inflow can be anything except constant. This may be linear, exponential or even parabolic as in the
biomass model or another relationship. The next figure shows the 3 examples of different inflow
behaviors for varying stock values.

Hyperbolic
Constant

0

Linear

0

Stock/natural capital value →
Figure 57: Inflow behavior of environmental systems

Constant inflows will not react on any type of disturbance or change to the system. The linear inflow
that is shown in Figure 57 means that higher stock values will cause higher inflows. A disturbance to a
system with a linear inflow will be affected by an ongoing process. A yield disturbance to a system
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will cause a lower level of the stock, which will lead to a lower amount of new resources that enters
the system, this again lowers the stock of the system again and so on. A load disturbance will
increase the level of the stock which will increase inflow of the system, this will again increase the
stock equilibrium and so on. Parabolic inflow behavior is more complex. How a system reacts on a
disturbance with parabolic inflow behavior depends on the equilibrium level of the stock. If this
equilibrium level of the stock corresponds with an inflow that is located on the right hand side of the
parabola (from the top), then a yield disturbance will result in higher inflows, which means that the
stock is declining slower. A load disturbance will lead to lower inflows, which again result in a slower
increase of the stock. For the left hand side the opposite is valid. yield disturbances will lead to lower
stocks that again will result in lower inflows. load disturbances will lead to higher stocks and
increased inflows. Therefore, parabolic inflow behavior does have a tipping point from where the
behavior of the system changes. This tipping point is located exact on the top of the parabola.
However, the top of the parabola might take another position if the interaction with the outflow
entities is considered. Therefore the outflow characteristics of a system are as important as the
inflow characteristics.
Inflows that will rise with increased stocks are affected by a reinforcing feedback, that will lead to
exponential growth or runaway collapses (left side of parabola). Inflows that will decline with
increased stocks are affected by an balancing feedback that show equilibrating and goal seeking
behavior (right side of parabola). The tipping point will be discussed later in this chapter.

4.2 Outflow characteristics
The number of outflows is different for the pollution in a lake model. However, these outflow entities
can be combined without changing anything to the system itself.
𝐴+𝑂 = 𝑘∗𝑀 + 𝑄∗
𝐴+𝑂 =𝑀∗

𝑀
𝑉

𝑄
+𝑘
𝑉

The number of outflows do not influence the behavior of the system, except if a new introduced
outflow behaves different than the natural outflow process. The next figure shows three different
outflow behaviors.
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Constant
Linear

0

Exponential

0

Stock/natural capital →
Figure 58: Outflow behavior of environmental systems

All the natural outflows of the modeled environmental systems behave linear. Yield disturbances will
lower the stock, but the natural outflow component is also lowered, therefore the stock is declining
slower. Load disturbances will increase the stock which will result in increased outflows, therefore
the stock will increase slower.
Outflows that will rise with increased stocks are affected by a balancing feedback that is equilibrating
and goal seeking. Outflows that will decline with increased stocks are affected by a reinforcing
feedback that will lead to exponential growth or runaway collapses.
To determine how the system as a whole responds to disturbances, the interaction between inflow
and outflow entities should be considered.

4.3 Characteristics of the systems
In the previous paragraph the outflow entities of the pollution model was combined to one inflow
entity. Without disturbances, the pollution model is equal to the groundwater model. The only
difference is the form of disturbance. The pollution model has a load disturbance while the
groundwater model has a yield disturbance. The form of disturbance is one of the distinguished
characteristics of environmental systems behavior.
Furthermore the behavior of the inflow and outflow entities are the other distinguished
characteristics of the environmental systems behavior. Together they will form the behavior of the
system itself. The next figure shows the behavior of the three environmental systems, which is the
inflow minus the outflow behavior.
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0

Value of stock S →

Figure 59: Behavior of environmental systems

The blue line is the behavior of the biomass model and the red line is the behavior of groundwater
model and the pollution model. Disturbances to the system are assumed to be constant in time and
therefore a disturbance will shift the behavior line downwards in case of a yield disturbances and
upwards in case of a load disturbance. The intersection with the horizontal axes presents the
equilibrium value of the stock (inflow is equal to outflow). Due to the absence of a reinforcing
feedback loop in the groundwater model and the pollution model, both system behaves fully stable.
The biomass in a forest model however is partly stable. The tipping point from where the
environmental system changes from stable to unstable is the top of the parabola. If the yield
disturbance is larger than this tipping point a runaway collapse of the environmental system occurs
and the stock will be zero. Fully unstable systems are also possible but are very fragile. A very small
disturbance will already lead to an exponential growth or a runaway collapse. These are, however,
not treated in this study.
The gradient of the behavior indicates how well a system can adapt to disturbances. Since a
disturbance will lead to a shift of this behavior line downwards or upwards, the equilibrium value of
the steeper lines will decline/increase much slower. Shifts of lines with a lower gradient will lead to a
much faster decline/increase of the equilibrium stock value.

4.4 Sustainability characteristics
In the introduction already a statement was made about environmental sustainability rules that are
supported by certain authors. These environmental sustainability rules include that the waste
emissions or harvest rates should be within the assimilative or regeneration capacity (Goodland,
1995). However, as also can be concluded from the previous chapter the MSY or MSL always lies far
beneath the assimilative or regeneration capacity of the environmental system, so that these rules
are actually defined too wide. The maximum sustainable yield would only be equal to the
regeneration capacity if the system has one inflow and one outflow which is the yield disturbance.
For waste systems this exact the opposite namely the system has one outflow and one inflow which
the is load disturbance. The natural capital will then stay constant, nonetheless this is almost never
the case.
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In the three models that are investigated, the regeneration capacity or assimilative capacity can be
increased or decreased by changing the parameters. The parameters that are assumed to influence
the regeneration and assimilative capacity are showed in the next table 5.
Model
Parameter

Groundwater model
Recharge R

Biomass model
Grow rate r

Pollution model
Removal rate k

Table 5: Parameters that influence the regeneration/assimilative capacity

Changes in the above mentioned parameter will result in a higher or lower stock value wherefore a
presumption is present. The presumption includes that increasing the systems regeneration capacity
or assimilative capacity would increase the maximum sustainable yield or maximum sustainable load.
Decreasing the systems regeneration capacity or assimilative capacity would decrease the maximum
sustainable yield or maximum sustainable load. The presumption is supported by other authors that
relate the MSY or MSL to regeneration/assimilative capacity described in the introduction .
The presumption is contradicted by results of the previous chapter. In the groundwater model an
increase of recharge was not affecting the maximum sustainable yield according to sustainability
criterion 1. This probably has to do with how the environmental sustainability criteria are defined.
There are three different ways environmental sustainability criteria are defined in this study. Firstly, a
criterion may be defined as a minimum/maximum value of the equilibrium value in percentages,
which is a relative criterion. Secondly, a criterion may be defined as a maximum
reduction/enlargement from the equilibrium value in the units of the system, which is an absolute
reduction criterion. Thirdly, a criterion may be defined as a certain threshold that may not be
exceeded, which is a fixed absolute criterion.
The default sustainability criterion will be transformed to three sustainability criteria that each have
the same maximum allowable reduction in the equilibrium situation without a disturbance. All the
other parameters have their default value. After that the regeneration or assimilation capacity is
increased or decreased.
Environmental Sustainability criteria
Default sustainability criterion 1 - C1
C1-1 Relative criterion
C1-2 Absolute reduction criterion
C1-3 Fixed absolute criterion
Default sustainability criterion 2 - C2
C2-1 Relative criterion
C2-2 Absolute reduction criterion
C2-3 Fixed absolute criterion

Groundwater model
max red. 1 meter
73%
1 meter
0.71 m + river level
80% of base flow
80%
56250 m3/month
225000 m3/month

Biomass model
80% of biomass
80%
175 m3
700 m3
max red. 40 m3
73%
40 m3
105 m3

Pollution model
2200 kg N
570%
1814 kg N
2200 kg N
150 kg P
467%
118 kg N
150 kg P

Table 6: Types of environmental sustainability criteria

Investigating how the maximum sustainable yield changes when the regeneration or assimilation
capacity of the model for different types of criteria is changed would be a logical next step. The type
of criterion will be indicated with a number behind the C1 or C2. 1 indicates a relative criterion, 2
indicates absolute reduction/enlargement criterion and 3 a fixed criterion. The grey lines are the
default criteria as shown in the previous table. An overview is presented in Table 6.
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Groundwater model:
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Figure 60: Influence of different types of criteria on the MSY for changing groundwater regeneration capacities

Biomass in a forest model:
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Figure 61: Influence of different types of criteria on the MSY for changing biomass regeneration capacities
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Pollution in a lake model:
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Figure 62: Influence of different types of criteria on the MSL for changing pollutant removal rates

All the three environmental systems are reacting different on different types of environmental
sustainability criteria for variability in regeneration/assimilative capacity. This can best be explained
by the distinguished characteristics of the systems that are described previously. The focus of the
explanation is about the sustainability of the stock, because most environmental sustainability
criteria are defined at the stock. Due to the different responses on types of criteria the type of
criteria can also be indicated as a distinguished feature.
The groundwater model is a linear system which has constant inflow behavior and positive linear
outflow behavior. This will result in a negative linear behavior line (inflow minus outflow). Yield
disturbances always take something out of the system. Consequently, to increase its regeneration
capacity the inflow should be increased. Increasing the inflow will consists of a shift of this constant
line upwards. This will again lead to an upwards shift of the behavior line which will increase the
equilibrium value of the stock. However a shift of this behavior line will not influence the gradient of
the line. Increasing the system regeneration capacity will not influence the adaptability of the
system, wherefore yield disturbances will decline the stock at the same rate as before. The absolute
reduction criterion will therefore not affect the MSY for varying regeneration capacities. A relative
criterion and fixed absolute criterion will affect the MSY for varying regeneration capacities, because
varying regeneration capacities has influence on the equilibrium level of the stock. The maximum
tolerable reduction will therefore also change.
The linear pollution in a lake model is behaving differently than the groundwater model despite the
same inflow and outflow behavior. This mainly has to do with how the regeneration/assimilative
capacity is varied. In the pollution model the removal rate k is varied as a representation of the
variability in the assimilative capacity. Varying the removal rate k means that the gradient of the
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← dS/dt 0 dS/dt →

outflow behavior changes. This will lead to a changed gradient for the systems behavior line, which
again means that the systems adaptability to disturbances is changed. Variability of the assimilative
capacity will affect the MSL that is calculated with an absolute enlargement criterion, because the
systems adaptability is changed. Variability of the assimilative capacity will also affect the MSL that is
calculated with a fixed absolute criterion, because the equilibrium level of the stock is changed.
However, variability of the assimilative capacity will not affect the MSL that is calculated with a
relative criterion. Higher removal rates will decrease the equilibrium stock and a relative criterion will
give a lower maximum tolerable increase of the pollutant. However, the gradient of the behavior line
is larger, wherefore the systems adaptability to disturbances is improved. These two processes
cancel each other out, which means that the MSL will not change. The percentage difference
between the equilibrium stocks and the criteria values will stay the same for variable assimilative
capacities as well. Although, it should be noted that changing the removal rate will not change the
point where the outflow intersects the y axis. The intersection of the behavior line with the y axis will
therefore also not change. So the change in gradient should occur from the intersection with the y
axis. Figure 63 is showing this in a more clear way.

0

Value of stock →

Figure 63: Change of gradient

The gradients of the behavior lines in Figure 63 are all different, but have the same intersection with
the y axis, wherefore the MSL is for all the behavior lines the same in case of relative sustainability
criterion. This is a precondition for the exception to be valid.
The biomass in a forest model is a non linear model and is consequently behaving different. The
inflow has a parabolic behavior and the outflow a positive linear behavior. Variability in the
regeneration capacity of the forest is represented as variability in the grow rate of the forest.
Increasing the grow rate in the logistic growth formula will result in an increase in the top of the
inflow parabola. Increasing the top of the parabola but keeping the sides of the parabola at the same
position (zero and the carrying capacity) will lead to an upwards shift and increased gradients of the
parabola. Variability in regeneration capacity that is represented by a variability in grow rate will
therefore affect the MSY always regardless the type of criteria.
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Basically, the MSY/MSL is not affected by variability in regeneration/assimilative capacity if the
system is stable, linear, has a stock related absolute reduction criterion, and the variability in
regeneration/assimilative capacity is represented as a shift of the systems behavior line, whereby the
gradient is not changed. This is also visible in Figure 60.
Furthermore the MSY/MSL is also not affected by variability in regeneration/assimilative capacity if
the system is stable, linear, has a stock related relative criterion, and the variability in the
regeneration/assimilative capacity is represented as a change in the gradient of the systems behavior
line, whereby no shift is taken place. The change in gradient should occur from the intersection with
the y axis as is shown in Figure 63. This is also visible in Figure 62.
The above described phenomena may occur in resource system as well as a waste system, as long as
the other described systems characteristics are the same.
The MSY/MSL of non linear systems will probably always be affected by variability in
regeneration/assimilative capacity regardless the type of environmental sustainability criterion. Also
the MSY/MSL that is calculated with a fixed absolute criterion will probably always be affected by
variability in regeneration/assimilative capacity.
For flow related environmental sustainability criteria the MSY/MSL may also not be affected by
variability in regeneration/assimilative capacity as is also visible in Figure 60. The system should have
the same characteristics as described earlier for stock related environmental sustainability criteria.
However the flow should be connected to the stock through a feedback loop and the way of
implementation of the variability in regeneration/assimilative capacity should not occur at that
specific flow.
However, it should be noted that defining a fixed absolute environmental sustainability criterion is
not applicable in a general way. Consider a groundwater model where the initial groundwater level is
2 meters below surface and a fixed absolute sustainability criterion has been defined that the
groundwater level may not be lower than 4 meters below surface. If this environmental sustainability
criterion is applied for a groundwater aquifer in a (semi) arid area, where the initial groundwater
level without abstraction already lies 6 meters below surface, then this groundwater aquifer is
already unsustainable without human interference.
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4.5 Major assumptions of the models
The three environmental systems do all have a major assumption, which reduces the complexity of
the system. This paragraph gives description of what would happen if the major assumptions were
not made and how this could be implemented in a systems diagram.
Groundwater model: Linearity

← dS/dt 0 dS/dt →

The natural discharge of the groundwater model is assumed to be linear. The level of non linearity of
the natural discharge is already quantitatively investigated in 3.1.6. However the behavior of the
system is not yet treated. If the outflow will behave exponential then the outflow to the river will be
non linear. The systems behavior is therefore also non linear. In Figure 64 the systems behavior of a
linear outflow and exponential outflow are shown. With exponential outflow behavior a concave
behavior line is present.

Value of stock →

non linear
linear

Figure 64: Non linear groundwater model behavior

The gradient of behavior line changes for varying stock values. The gradient of the behavior line is
higher for greater stock values and the gradient is lower for smaller stock values. How well the
system can adapt to disturbances is also varying. For the non linear behavior line shown in Figure 64
applies that larger yield disturbances will lead to a less adaptive system. However, larger load
disturbances will lead to a better adaptive system. If the behavior of the outflow is logarithmic, then
the behavior line would be mirrored and convex shaped. This means that yield disturbance will lead
to a better adaptive system and load disturbances will lead to less adaptive system. In a linear system
the adaptability of the system to disturbances is not affected and stays constant.
Biomass model: recruitment and aging of biomass
Consider trees as the biomass that is being harvested in the model discussed in this research. The
growing process of biomass is actually split up in two other processes namely the recruitment of new
trees in the forest which is expressed as number of trees and the growing process of these new trees
that might be expressed as cubic meters. Depending on the age of the tree, the tree consist of cubic
meters biomass. Since not all the trees in the forest will have the same age, the total amount of
biomass will continuously fluctuate. Mortality rates and growing rates will depend on the age of the
tree and therefore it is hard to implement these two processes in a system diagram. Also the
difference in units between amount of trees and cubic meters of biomass is hard to implement in a
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system diagram. To partly implement these two process one can consider to introduce two stocks,
whereby one stock is presenting the young trees and the other stock the old trees. A flow will go
from the young trees stock to the old trees stock, and the harvesting outflow component will be from
the old trees stock, since this stock contain most biomass per tree.
It is hard to say if the maximum sustainable yield is positively or negatively affected by implementing
this characteristic, because the complexity has been brought to a next level. However, harvesting is
restricted to a tree that contains a minimum amount of biomass or has a minimum age. Therefore
the biomass that is suitable for harvesting is lower than in the original model, where all the biomass
may be harvested regardless age and biomass volume.
Pollution model: completely mixed system
The pollution in a lake model is based on a completely mixed system, which neglects the diffusion
process taken place in the lake. However, what would happen to the system behavior if the pollution
model was based on incompletely mixed system that incorporates the diffusion process? The
environmental sustainability criteria were defined as a maximum mass of pollution in the lake and
therefore the diffusion process do not influence the behavior of the pollution model even as the
maximum sustainable load. However, if the environmental sustainability criteria were defined as a
maximum concentration that may not be violated the model would behave differently. Then the
incompletely mixed system could be implemented by introducing for example four stocks that all
represents a certain area of the lake. In case of point source, the MSL would be negatively affected,
because the pollution load is taken place in one of the four stocks, which means that the volume of
water will be four times lower at the beginning. as the time goes the pollution would spread across
the other three stocks and the concentration in the stock where the load took place will slowly
decrease.
What needs to be kept in mind is that the fundamental purpose of system dynamic modeling is to
understand the behavior of a system rather than giving a precise representation of reality (Forrester,
2007).

63

Master Thesis CEM

5. Discussion
The simple sustainability rules that were defined and supported by Costanza & Daly, (1992);
Goodland, (1995) include that the assimilative or regenerative capacity of a system is directly
dependent on the MSY or MSL. The variability in the regeneration capacity is presented by changes in
the natural inflow entity and the variability in assimilative capacity is presented by changes in the
outflow entity in this study. However, from a systems perspective, one could argue that the
variability in regeneration or assimilative capacity can also be presented by a change in the outflow
entity for yield systems and a change in the inflow entity for waste systems. What needs to be kept in
mind is the feasibility of change in the inflow or outflow entity in reality. For example, the
groundwater model, where changes in recharge are easily explained by climate change. However,
changes in residence time is much harder to explain in terms of a real process that occurs. One could
argue that implementing drainage can decrease the residence time, but how might an increase in
residence time be explained? Also drainage would probably affect the recharge.
The purpose of the hypothetical environmental system models was to understand the behavior of
the systems rather than giving a precise representation of reality. Therefore the MSY and MSL values
that are mentioned should not be taken literally. The values of the parameters that determine the
MSY/MSL in combination with the sustainability criteria in each environmental system are based on
literature studies of similar systems. These parameters often contain a range in which the parameter
operate. From this range, assumptions are made for the default value of the parameters. Besides, the
dimensions that are chosen in each environmental system are often underestimated. In reality lakes
and groundwater aquifers are much larger.
In this study three environmental systems were investigated. The two exceptions that were found
are based on two environmental systems. And the statement that the simple sustainability rules is
probably always valid for non linear systems is based on one environmental system. These are too
few systems to make reliable statements about. The property of non linear systems is that the
behavior line will also react non linear on disturbances or parameter changes. The behavior line
might be concave or convex, whereby the type of system (waste or yield) will determine if the non
linearity will give a favorable or unfavorable effect. Furthermore, to simplify the systems, a lot of
assumptions were made in this research, which will also influence the reliability of this study.
The relative criterion and absolute reduction criterion do have a reference point from where they are
defined. This reference point is often the initial value of the stock or flow without disturbance.
However, the initial value (equilibrium) of the stock without disturbance might change due to a
change in one of the parameters as was investigated in chapter 3. A reference based criterion will
therefore also change the level of the stock that may not be violated. However, the following
question arises is it fair to change the environmental sustainability threshold if one of the parameters
is changing? Would environmental agencies monitor the parameters of an environmental system, so
that in case of reference based environmental sustainability criterion, the threshold is continuously
adapted? Is one type of criteria better than the other and in what way is it better (humans or
environment) and why would a certain type of environmental sustainability criteria be chosen?
The sustainability is often separated into a social, economic and environmental sustainability. In this
study only the environmental sustainability is included. Incorporating the social and economic
sustainability would certainly affect the MSY and MSL. It would also be interesting how social and
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economic sustainability criteria were defined and at which part of the systems diagram these criteria
would apply.
From these 3 environmental systems only the biomass in a forest was a non linear system, whereby
non linear systems has potential to do more research in. Also the system diagrams can easily be
adjusted to make them more complicated as is suggested in chapter 4.5: major assumptions.
Especially when the economic or social sustainability is included, then the system diagrams should be
extended by introducing new flows and stocks. Furthermore, a way to measure the social and
economic sustainability should be investigated. Every type of sustainability (social, economic and
environmental ) would have its own MSY or MSL, for which the lowest MSY or MSL is the decisive
criterion. Much greater variations between the MSY or MSL of different sustainability types are
possible, which means that the environmental system is less efficient.
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6. Conclusions
The statement that increasing the assimilative/regeneration capacity of an environmental system will
increase the maximum sustainable load or yield is not always valid. This mainly depends on how the
environmental sustainability criterion is defined and the characteristics of the environmental system.
An investigation has been done with 2 fully stable linear systems and 1 partly stable non linear
system. This investigation revealed that there are at least two exceptions to this statement. To
determine if a system can be considered as an exception, the next characteristics are important:
behavior of the system which can be constant linear or non linear, type and place of environmental
sustainability criterion, the way of implementing variability in regeneration/assimilative capacity. For
yield systems the natural inflow entity is assumed to represent the regeneration capacity and for
waste system the natural outflow entity is assumed to represent the assimilative capacity.
The first exception is a stable, linear system that has a stock related absolute reduction criterion and
the variability of the regeneration/assimilative capacity is represented as a shift of the systems
behavior line, whereby the gradient is not changed. The shift of the behavior line may be caused by a
shift in the inflow or outflow entity. A good example of this exception is the treated groundwater
model in this study. The groundwater model consists of a constant recharge (inflow) and positive
linear natural discharge (outflow). This results in a negative linear behavior line which indicates that
the system is stable and linear. The environmental sustainability criterion is defined as a maximum
groundwater level drawdown of 1 meter. Variation in regeneration capacity is represented as
variation in the recharge. Variation in recharge will influence the equilibrium level of the
groundwater aquifer and will shift the behavior line upwards or downwards. However the gradient of
the behavior line is not changed so that a yield disturbance will deplete the aquifer at the same rate
no matter what the value of recharge is. A maximum drawdown of 1 meter will therefore be violated
at the same abstraction rate. The groundwater model meets the predefined characteristics of the
first exception.
The second exception is a stable, linear system that has a stock related relative criterion, and the
variability in the regeneration/assimilative capacity is represented as a change in the gradient of the
systems behavior line, while no shift takes place. The change of the gradient of the behavior line
should occur from the intersection with the y axis as is shown in Figure 63. A good example of this
exception is the pollution in a lake model treated in this study. The pollution in a lake model consist
of a constant natural inflow depending on discharge and background concentration and 2 positive
linear outflows defined as the natural removal and natural outflow. This will result in a negative
linear behavior line which indicates that the system is stable and linear. The environmental
sustainability criterion is defined as relative criterion. Variation in the assimilative capacity is
represented as variation in the removal rate. The natural removal is expressed as the removal rate
multiplied by the value of the stock (total mass of pollution). The natural removal is therefore a
positive linear line as a function of the stock value. Changes in the removal rate will change the
gradient of the positive linear natural outflow line, while for every value of the removal rate the
natural removal will be zero when the stock is zero. For variability in the assimilative capacity
(removal rate) the behavior line will always intersect the y axis at the same point due to the
dependence of the natural outflow on the stock value. This condition is necessary so that the
exception is valid. The variability of the assimilative capacity will change the equilibrium amount of
waste that is present in the system due to a change in the gradient of the behavior line. Therefore, a
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relative sustainability criterion will also change the maximum tolerable increase of waste in the
system. Higher assimilative capacities will have a steeper behavior line, wherefore the equilibrium is
lower. The tolerable enlargement of waste in the system is thus lower due to the presence of a
relative sustainability criterion. However, the behavior line is steeper and this will cause the system
to better adapt to disturbances, since the disturbance will shift the behavior line upwards. These two
phenomena will cancel each other out and the maximum sustainable load will be the same. The
same thing will happen if the assimilative capacity is lower. The pollution in a lake model meets the
predefined characteristics of the second exception.
The systems behavior is a combination of the distinguished characteristics inflow and outflow
behavior, which will determine if the system is stable and indicates the level of nonlinearity.
However, the form of disturbance(yield or waste) has no influence on supporting or contradicting the
statement.
In non linear systems the statement is probably always valid. These non linear systems include every
form of non linearity for which the gradient changes for different values of the stock. For example
the behavior lines might be concave or convex. The variable gradient of the systems behavior line will
always influence the MSY or MSL, since a shift of this behavior line will also lead to changes in the
gradient. And if the gradient of the behavior line is only changed and the intersection of the behavior
line with the y axis is also at the same point, then the two processes will not cancel each other out,
because they probably do not have the same value because of the non linearity. However, only one
nonlinear system was investigated to underpin this argument.
For flow related environmental sustainability criteria the statement may also not be valid. The
system should have the same characteristics as described earlier for stock related environmental
sustainability criteria. However the flow should be connected to the stock through a feedback loop
and the way of implementation of the variability in regeneration/assimilative capacity should not
occur at that specific flow.
Nonetheless, the statement will always be valid if the system has a fixed absolute criterion. A fixed
absolute criterion contains a threshold that may not be violated. Variability in
assimilative/regeneration capacity will always lead to a changed equilibrium value of the stock,
leading to a change in the maximum tolerable reduction.
Although, defining an environmental sustainability criteria as a fixed absolute criteria is not general
applicable. The equilibrium values of stocks and flows in environmental systems are different for
different environmental systems around the world. Therefore a fixed absolute environmental
sustainability criterion may indicate that the environmental system is already unsustainable in the
initial state without human intervention.
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Appendix I: Netlogo codes
The codes that are used to model the environmental systems in this research are shown below:
Groundwater model
Interface:
Add button: Setup and go
Add slider: ini-level, ini-level-river, H, R, Beta, Surface_Area, bottom_aquifer, k
Add plot 1: plot level, plot level-river
Add plot 2: plot Q
Add Monitor: level, Q
Code:
globals [level level-river S Q respons I]
to setup
clear-all
set level ini-level
set level-river ini-level-river
set S ((level - bottom_aquifer) * Surface_Area)
set respons ((k / S)^ (1 / Beta)) * (S)
set Q (S / respons) ^ (Beta)
reset-ticks
end
to go
if ticks > 2400 [stop]
Recharge
Discharge_to_river
pumping-water
tick
calculation
end
to Recharge
set I ((R / 12000)* Surface_Area )
end
to Discharge_to_river
set Q (S / respons) ^ (Beta)
end
to pumping-water
set H H
end
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to calculation
set S S + (I - Q - H)
set level (S / Surface_Area) + bottom_aquifer
end
Biomass in a forest model:
Interface:
Add button: Setup and go
Add slider: ini-wood, ini-dead-wood, A, m, r, K, k1
Add plot 1: plot S
Add plot 2: plot W
Add Monitor: S, W
Code:
globals[S W G D U]
to setup
clear-all
set S ini_wood
set W ini-dead-wood
reset-ticks
end
to go
fertility
mortalility
logging
natural_removal
calculation
tick
if ticks >= 750 [stop]
end
to fertility
set G (r * S * (1 - ( S / K)))
end
to mortalility
set D (m * S)
end
to logging
set A A
end
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to natural_removal
set U ( k1 * W)
end
to calculation
set S S + (G - D - A)
set W W + (D - U)
end

Pollution in a lake model:
Interface:
Add button: Setup and go
Add slider: Ini-N, Ini-P, cinN, cinP, d, A, k, Q, RatioNP, cin, De
Add Plot: plot (N+P), plot P, plot N
Add monitor: N+P, N, P, N/P
Code:
globals [P N M Ip In Op On Ap An Dp Dn]
to setup
clear-all
set P ini-P
set N ini-N
set Q Q
reset-ticks
set cinN (cin / 13)* 12
set cinP (cin / 13)
end
to go
Inflow
Outflow
Assimilation
Load
calculation
tick
if ticks >= 365 [stop]
end
to Inflow
set Ip (Q * cinP)
set In (Q * cinN)
end
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to Outflow
set Op (Q * ( P / (A * d)))
set On (Q * ( N / (A * d)))
end
to Assimilation
set Ap (k * P)
set An (k * N)
end
To Load
set Dn ((De / (RatioNP + 1)) * RatioNP)
set Dp ( De / (RatioNP + 1))
end
to calculation
set N N + (In + Dn - An - On)
set P P + (Ip + Dp - Ap - Op)
end
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