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Abstract

During the formation of the Copper Indium Gallium Selenium (CIGS) layer in thin film solar cells,
many chemical reactions occur. To gain more insight in these reactions in-situ X-ray diffraction
(XRD) measurements are done at TNO/Solliance. We developed a tool to analyze the diffraction
patterns that result from the XRD measurements. The diffraction patterns contain certain intensi-
ties at different angles, ranging from 20◦ to 60◦. Our analysis works in two steps: decomposition of
the diffraction pattern into reflections of individual components and the extraction of the reaction
rates and kinetics of several reactions, i.e. the frequency factor and the activation energy in the
Arrhenius equation. The analysis in the first step consists of some preliminary data analysis and
the decomposition of the diffraction pattern. In the preliminary data analysis we apply a noise
filter, find a background approximation, correct for the effects of the thermal expansion and the
z-displacement. Finally, we locate the peaks in the diffraction pattern and use this to identify the
different components in each measurement. For the decomposition, the Rietveld refinement method
is applied to find a good fit of the different components in the diffraction pattern. This fitting is a
least squares method where we optimize the parameters step by step with nonlinear optimization
methods (multivariable linear least squares method, brute-force method, interior point algorithm,
OptQuest NLP algorithm, genetic algorithm). After the diffraction pattern has been analyzed, we
use the integral of the fitted components as a measure for the quantity of each component. These
integrals are indexed as surface concentrations by using the fact that the total amount of copper,
indium and gallium should be constant throughout the measurements series. For the absorption
of selenium we use an approximation. With the change in surface concentration we can calculate
the reaction rates at different times/temperatures by solving a linear program. The constants in
the Arrhenius equation are then fitted with a nonlinear least squares method by comparing the
reaction rates at different temperatures and volumetric concentrations.

Keywords: CIGS recrystallization reactions, in-situ X-ray diffraction, Rietveld refinement, nonlinear opti-

mization
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1 Introduction

At TNO/Solliance one type of thin film solar cells that is developed is the Copper Indium Gal-
lium Selenium (CIGS) solar cell. CIGS solar cells have a soda-lime glass as carrier in our case.
Molybdenum is deposited on this glass and serves as back contact of the solar cell. On top of
the molybdenum layer copper, indium and gallium are deposited by sputtering or electrodeposi-
tion at room temperature. This stack is then put into an oven with selenium vapor (selenization
process). The selenium is absorbed by the stack and reacts to form CIS and CGS, which can inter-
diffuse to form CIGS. Additionally, cadmium sulfide (CdS), which acts as an n-type semiconductor,
and a transparent conductive oxide (TCO) are added on top of the CIGS layer to complete the cell.

Previously we developed a simulation model for the recrystallization process of the CIGS layer
during the selenization process [23]. In this model over eighty chemical reactions between copper,
indium, gallium and selenium are incorporated. Also, the diffusion of components through the
CIGS stack and the heat transfer in the oven are taken into account. The diffusion is modeled
with Fick’s law and the chemical reactions are based on the phase diagrams of the basic components.
To calculate the reaction speeds of the individual reactions an Arrhenius equation is used:

R = k0e
− Ea
RT Cn1

1 Cn2
2 . . . . (1)

Here, R is the reaction rate [mol m−3 s−1], k0 is the frequency factor [mol1−
∑

i ni m−3+3
∑

i ni

s−1], Ea is the activation energy [J mol−1], R is the gas constant [J mol−1 K−1], T is the absolute
temperature [K], Ci is the volumetric concentration of the i-th reactant [mol m−3] and ni is the
corresponding reaction order [−]. The frequency factor and the activation energy are unknown
constants for almost all reactions. Some educated guesses were made for these constants based on
our knowledge and experience on the recrystallization process.

The goal of this work is to create a tool to extract the reaction kinetics of the individual reactions
from in-situ X-ray diffraction measurements. This tool analyzes the diffraction pattern and de-
duces the concentration of every component over time. Relating the changes in concentration with
the different reactions that can take place, we can calculate the reaction speed for each reaction
and thus with the Arrhenius equation find the reaction kinetics. A similar approach has previously
been used by F. Hergert [24] to identify the different chemical reactions that take place during the
formation of CIGS. To be able to determine which reactions take place, he evaluated the diffraction
patterns with the Rietveld refinement method and created figures of how the phases (relatively)
change as function of time. Based on these figures he concluded which reactions take place. We
intend to take this a step further and explicitly calculate the reaction rates and deduce the kinetics.

In this work we start with an overview of the principles of X-ray diffraction (Chapter 2). Here
Bragg’s law, powder diffraction and thin film diffraction measurements will be discussed. We will
shown one in-situ X-ray diffraction experiment done at TNO/Solliance of a stack of copper, gal-
lium and indium that is heated and then cooled down again (so without selenium) to illustrate the
problem with the analysis. Also, we show a measurement that we created by using the simulated
concentrations from the earlier described model [23]. A basic understanding of crystal structures,
unit cells, crystallographic planes and their symmetry is needed for the concept of X-ray diffrac-
tion. Therefore, it is advised to read Appendix A first in case these principles are unknown. After
Chapter 2, we will explain how our tool can extract the reaction kinetics. Our program works
in two steps: the first step is the analysis of the diffraction pattern and the second step is the
quantification of the different components and the extraction of the reaction kinetics. The first
step starts with a preliminary data analysis to incorporate several factors that are not directly
related to the reflections of the crystallographic planes. Then we use the Rietveld method to cal-
culate the reflections of the individual components and adjust parameters to match the diffraction
measurement. In the second step we use the fact that the amount of copper, indium and gallium
is constant over time, while selenium is absorbed by the stack, to quantify the components in the
fitted diffraction pattern. Next, we use the change in concentration over time to find the reaction
rates and thus the reaction kinetics.
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Step 1: Analysis of the diffraction pattern
To analyze the diffraction pattern, we first perform a preliminary data analysis (Chapter 3). This
consists of noise filtering, background approximation, peak detection, corrections for the thermal
expansion and the z-displacement and the shift due to stresses. Whenever measurements are done,
there is noise in the signal. We will present two types of filtering methods, averaging and low
pass filter, to reduce the noise level in our measurements. There is also a background signal in
our measurements. This can be a significant part and cannot be ignored. We will approximate
the background signal with a (Chebyshev) polynomial. The peaks in a diffraction pattern are the
result of reflection of crystallographic planes in solids. Different components have peaks at different
locations and hence we can identify the components by the locations of their peaks. Some peaks
can overlap or may be buried in the noise level. Thus an algorithm is needed that automatically
detects peaks, also when peaks partially overlap. We will use an algorithm that is based on the
wavelet transform as J. Gregoire [25] did, but with some improvements (replacing the user defined
parameters by signal dependent parameters). Since the section about the peak detection is quite
extensive, we decided to make it into a separate chapter (Chapter 4). The selenization takes place
in an oven. The changing temperature has a great influence on the crystal structure of some
components and thus on the position of the peaks. Therefore, we adjust the lattice parameters
before trying to fit the whole diffraction pattern. Due to the temperature gradient in the setup,
the position of the sample might be shifted a little. This effect we call the z-displacement or
z-shift. Since the molybdenum peak is very stationary in our temperature range (300–900 K), we
use this peak as a reference to calculate the z-shift. Then we correct all the diffraction angles
with the trigonometric relations. Finally, the stresses in the precursor stack cause the unit cells
to deform. This results in a shift of the location of the peaks in the diffraction pattern. We cal-
culate this shift for each component to match the measured positions with the theoretical positions.

The second part of the first analysis step is the actual matching of the measured diffraction pattern
with a calculated diffraction pattern. The Rietveld refinement method is used to create a func-
tion that matches the diffraction pattern for each component (Chapter 5). This is a least-squares
method that utilizes the theoretical positions and intensities of the individual components and
by refining some parameters it tries to create a good fit. We do not optimize all the different
parameters in the Rietveld method at once, but one or two at a time. This produces better results,
since it is easier to find several minima in multiple subspaces than one specific minimum in a large
space. Another advantage is that the least squares problem is in some cases linear. Then there
is a (quick) direct solution to the problem. When the problem is nonlinear, we resort to more
involved algorithms, such as the interior-point algorithm, the OptQuest NLP algorithm and the
genetic algorithm. All the different algorithms we use will be discussed in Chapter 6. Then for
each set of parameters we will analyze the optimality and speed of the different algorithms and
choose the best performing one for our program (Chapter 7).

Step 2: Quantification and reactions
Once we have found a suitable fit to the diffraction pattern, we can start with the quantification
(Chapter 8). The integral over the diffraction angle is a measure for the amount of the individual
component. Then we can index the integrated intensities to represent surface concentrations or
surface densities. However, the indexing is not straightforward. If the integrated intensity of one
component is twice that of another component, then this does not mean that the quantity is also
twice as much. We calculate the indexing parameters by using the total amount of copper, indium,
gallium and selenium. With the changes in the surface concentration, we can calculate the change
in surface concentration caused by each reaction. The this can be converted to reaction rates by
dividing by the time between two measurements and the height of the stack. Of course, not all
reactions occur at the same time, so we only solve for the reactions that can occur according to the
phase diagrams. This involves solving a positive linear system of equations. Finally, we use the
volumetric concentration, temperatures and the calculated reactions rates to fit the parameters in
the Arrhenius equation (20). This is also a nonlinear least squares minimization problem, which will
be solved with a OptQuest NLP algorithm to find the global minimum. For the fitted parameters,
the confidence intervals are also calculated.
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2 Principles of X-ray diffraction

When a propagating X-ray wave encounters some regularly spaced particles, where the wavelength
is in the same order of magnitude as the spacing between the particles, then diffraction occurs [26].
The resulting interference pattern is dependent on the phases of the diffracted waves. X-rays are
electromagnetic waves with high energies and short wavelengths, in the order of the atomic spacing
for solids. When an X-ray beam hits a solid material, then some of the waves are scattered in all
directions by the electrons of the atoms that make up the solid. Not all diffracted waves appear,
however, in the interference pattern due to destructive interference (the resultant of out of phase
waves). Bragg’s law gives a condition for the intensity of the diffracted beam related to the angle
between the diffracted beam and the solid.

2.1 Bragg’s law

Assume we have a crystal with parallel planes A and B as shown in Figure 1. The spacing between
the planes is given by dhkl, where h, k and l are the Miller indices of the plane. A beam of
monochromatic coherent X-rays with wavelength λ hits these planes under an angle θ. Two waves
are scattered by the atoms P and Q and they leave the crystal under the same angle θ.

Figure 1: Diffraction of X-ray waves by crystallographic planes. [26]

Constructive interference occurs when the diffracted waves have the same phase. Thus the path
difference between waves 1 + 1′ and 2 + 2′ should be equal to exactly one (or more) wavelengths.
The path difference is |SQ|+ |QT |, which is equal to 2dhkl sin(θ). This results in Bragg’s law:

nλ = 2dhkl sin(θ), for n ∈ N+. (2)

Bragg’s law relates the diffraction angle to the inter planar spacing dhkl. Then the equation, which
relates the distance between planes with the lattice parameters a, b and c and the Miller indices
h, k and l, can be used to calculate the orientation of the plane:

dhkl =

(
k2

a2
+
h2

b2
+
l2

c2

)−1/2

. (3)

This equation holds for orthorhombic unit cells (a 6= b 6= c, α = β = γ = 90◦). For other unit cells,
similar equations can be derived (Equations (22) and (23a)–(23f) in Appendix A.3). Bragg’s law
only indicates if diffraction occurs for the atoms at the corners of the unit cells. However, atoms at
other positions in a unit cell also scatter waves, e.g. in the center (body-centered) or at the center
of the faces (face centered). This can result in out of phase waves. For instance, for diffraction in
a body-centered cubic crystal structure h+ k+ l should be an even number and in a face-centered
cubic (FCC) crystal structure h, k and l should all be even or odd. Thus Bragg’s law is a necessary,
but not sufficient condition for diffraction. The crystal structure, therefore, has a large influence
on the reflected planes.
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2.2 Diffraction pattern

There are different techniques to study the properties of a compound with X-ray diffraction. A
common technique is powder diffraction. Here some material is turned into powder and then
for each angle the intensity of the diffraction angle is measured. A powder is stress-free and all
crystals are randomly orientated. This is useful when you are interested in the structure of a
crystal or to identify the different components in a material. We have thin films, which have
stresses and a preferred orientation in which a crystal grows. This has a large influence on the
resulting diffraction pattern and it is harder to analyze, since the positions of Bragg peaks can
be shifted due to stresses and the number of distinct reflections is reduced, because some planes
are favored. To be able to find the reaction kinetics, in-situ measurements are done. With this
method, the diffraction intensities are continuously measured during the selenization process and
are separated into different fixed time intervals. This gives a number of measurements over time
that we can study. First, we will explain powder diffraction as it is the optimal way for diffraction
measurements. Then, we will discuss what changes for thin film measurements and some of the
extra difficulties.

2.2.1 Powder diffraction

By using powdered crystals, all reflections of the crystallographic planes should be visible in the
diffraction pattern, since it is assumed that the crystals in a powder are randomly orientated. To
measure the intensities of the diffracted beam a diffractometer is used, shown in Figure 2.

Figure 2: Diffractometer with sample (S), X-ray source (T ) and detector (C). [26]

The X-ray source T and detector C move to measure a wide spectrum of angles. For each (discrete)
diffraction angle 2θ the number of reflections is measured (in counts). This results in a diffraction
pattern. Then the intensities can be checked with a theoretical reconstruction of the diffraction
pattern. The relative intensities of the reflections should be similar, since at every angle the
reflection of all planes are measured due to the randomness in the powder. Some theoretical powder
diffraction patterns with the planes corresponding to their Bragg peaks are shown in Figure 3.
These diffraction patterns were calculated with the Rietveld method for different components.
The width and the absolute height of the Bragg peaks are not representative for real powder
diffraction patterns, but they are just randomly chosen. The relative intensity of the individual
peaks is in some way representative. This depends significantly on the setup of the diffractometer.
bb
bb
bb
bb
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Figure 3: Theoretical powder diffraction patterns for In,Mo,Cu9Ga4 and CuIn2.

Figure 3 shows that a single component has multiple peaks and that there is a difference in
intensity of the reflections amongst others. These four components and more are present during
the formation of CIGS. During the analysis, we will have to match the measured profile with
these individual diffraction patterns and determine which measured reflection belongs to which
component and crystallographic plane.

2.2.2 Thin film recrystallization

Thin film measurements are more difficult to analyze, because not all reflections of crystallographic
planes might be visible in the diffraction pattern. Crystals can grow in a specific orientation that
results in a preferred plane (orientation). Therefore, one particular plane is much more common
than another plane, which is not the case in a powder. This affects the relative intensities of the
reflections. When there is a very strong preferred orientation, then it might be possible that only
at one specific angle the reflection of a crystal is visible and that all the other reflections have
disappeared. During the selenization process the sample is put into an oven. This means that
there will be stresses due to differences in thermal expansion of the different materials. The stress
causes a slight change in the unit cell parameters, depending on the direction of the stress. A
change in the lattice parameters causes the diffraction angles of the reflections to shift, because the
distance between two planes changes. There is also one factor that actually helps us to analyze the
in-situ measurements: the total amount of material stays the same (except for selenium, which is
absorbed by the precursor stack). We assume that the integral over the reflections per component
has a linear relationship with the amount of component. Thus, the total value of the integral has
to be conserved throughout the measurements. These factors should all be taken into account
when doing the analysis on the diffraction pattern.
In one in-situ thin film measurement done at TNO/Solliance the precursor stack of copper, indium
and gallium on a molybdenum back contact was heated in an oven and then cooled down again.
Although there was no selenium added, still much is happening. Every twenty seconds data is
collected for a range of 2θ between 20◦ and 60◦. The first measurement is shown in Figure 4.
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Figure 4: Analyzed diffraction pattern of the first measurement of the series shown in Figure 5.

The entire measurement consists of 91 of these figures. Figure 5 shows the intensity in different
colors for the 2θ range for all measurements.

Figure 5: XRD measurements of the heating and cooling down of the precursor stack with corre-
sponding temperatures.

In Figure 5 the melting point of indium (430 K) is clearly visible in the XRD measurements. At the
17th measurement the temperature in the oven is approximately 434 K. Since liquid indium has
no crystalline structure, it does not have any reflections and it seems to disappear. Also the effects
of thermal expansion are clearly visible. The positions of the reflections shift to different angles as
a function of temperature. The diffraction pattern in Figure 4 shows that most components have
multiple peaks at different positions. Comparing the measured diffraction pattern to the theoret-
ical powder diffraction patterns already tells us a lot. For instance, indium only has three peaks
in the measurement, but five in the powder diffraction pattern (see Figure 3). Therefore, indium
must have a (strong) preferred orientation. Furthermore, the peaks from Cu(111) and CuIn2(202)
overlap. Recognizing this difference is another difficulty in the analysis of the diffraction pattern.
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Unfortunately, no measurements with selenium have yet been done at TNO/Solliance. To be able
to test our tool for a case with selenium, we create an XRD measurement with the simulation
model from our previous work [23]. This model simulates the formation of CIGS from a precursor
stack that absorbs selenium. One of the outputs is the surface concentration of the components
over time. Since the integral in a diffraction pattern represents the amount of that component, we
linked the surface concentrations to integrals. Next, we can create a diffraction pattern by setting
some random values for the different parameters, e.g. peak shape, preferred orientations factor,
etc.. The resulting series of XRD measurements is shown in Figure 6. The maximum temperature
is 850 K and we did not add any background signal or noise.

Figure 6: XRD measurements with selenium, created with simulation model, with corresponding
temperatures.

When the analysis is done correctly, we should get the same concentrations as we used to create
this measurement. In the diffraction pattern in Figure 6 many different peaks can be seen. In a
real XRD measurement with selenium, this might not be the case since not all intermediate phases
crystallize during the formation of CIGS or their reactions might be too fast to be able to detect
the component.

We will analyze each measurement separately. For each measurement we first perform a preliminary
data analysis and then fit some parameters in the Rietveld method to decompose the diffraction
pattern into reflections of individual components.
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3 Preliminary data analysis

The first step in the analysis of the diffraction pattern consists of the application of several correc-
tions. These corrections involve a noise filter, the background approximation, a correction for the
expansion of the unit cell due to the increase in temperature, corrections for the incorrect position
of the sample and a base shift of the location of the peaks due to stresses in the precursor stack.
Also, we use a peak detection algorithm to find the locations of the peaks in the diffraction pattern.
This is an extensive subject and thus we put it in a separate chapter.

3.1 Noise filter

Each measurement contains some level of noise. Noise is the addition of random fluctuations to the
signal. This is different from the background intensity as it is not random (which will be discussed
in the next section). The diffraction pattern consists of low frequencies (slow changing), while the
noise contains all frequencies (slow and fast changing). Thus in the frequency domain, we can
separate the high frequencies of the noise from the low frequencies of the signal. There are several
ways to get reduce noise by filtering the high level frequencies. However, these filters should never
be applied before doing the Rietveld refinement [27]. Smoothing causes peak broadening and a
decrease resolution. It can also result in the disappearance of small peaks. Therefore, smoothing
should only be applied before ’side’-processes, such as approximating the background intensity and
finding the peak locations (with caution). We will discuss two smoothing operators: averaging and
a low pass filter.
The easiest smoothing operator to reduce the noise level is averaging. This operator takes the
weighted average of the current value and its neighbors. This also reduces the absolute intensity
of the peaks, so we have to be careful with this. Let u be the input signal (measured values) and
y be the output signal (filtered valued). The averaging operator is:

yi =
1

4
(ui−1 + 2ui + ui+1) ,

or we can also take the neighbors of the neighbors into account:

yi =
1

16
(ui−2 + 4ui−1 + 6ui + 4ui+1 + ui+2) .

Here, the subscripts represent discrete angles of the measured diffraction angles.
The second smoothing operator is a low pass filter. As the name suggests, it filters the high
frequencies and lets the low frequencies pass. This is done by applying a transfer function h to the
input signal. A general filter is a convolution of u and h:

y(θ) =

∫
h(θ − τ)u(τ) dτ,

where θ and τ are arbitrary variables without a unit. However, when applying this filter, θ
corresponds here to the diffraction angle. For discrete values, the integral is a summation and we
can easily choose h such that we have the averaging operators that we defined earlier. However,
we want to improve the filter and hence use the continuous version for now. A convolution is
equivalent to a multiplication in the frequency domain. Thus, by using the Fourier transform
(hats) of the signal, we have that:

ŷ(ω) = ĥ(ω)û(ω),

where the variable ω is the frequency [π rad sample−1]. The ‘sample’ represents the unit that we
work with, so in our case it is the diffraction angle [◦]. Now, the transfer function can be defined

such that ĥ(ω) = 1 for low values of ω and 0 for high values of ω. That would be a low pass filter,
since ŷ would have all the same values as û for all the low values of ω. Similarly, a high pass filter
could be created by the converse of the transfer function. Also, a band gap filter is made by setting
the transfer function to one for a specific range of frequencies and zero elsewhere. Examples of the
transfer function of these three filters are shown in Figure 7.
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Figure 7: Transfer functions of a low pass, high pass and band pass filter.

We will need a low pass filter. There is a whole class of functions that are low pass filters. They all
have a cut-off frequency ωc. This is the frequency that is the border between the on and off part
of the filter. We will use the Butterworth filter with a cut-off frequency of 0.15 π rad sample−1

(on a scale from zero to one). The transfer function of the Butterworth filter is:

ĥ(ω) =
1∏n

k=1(ω − ωk)/ωc
,

where ωk is the k-th pole of the so-called Butterworth polynomial. The exact definition of this
polynomial is not necessary for the discussion here, but it is important to note that there is an
order n in the Butterworth polynomial that defines the sharpness of the cut-off. The magnitude
of the Butterworth filter, which is a measure for the effectivity of the filter, is shown for different
orders n in Figure 8. In our tool we use n = 3.
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Figure 8: Magnitude of the Butterworth filter for different orders of n with normalized cuf-off
frequency 0.15 π rad sample−1.

3.2 Background signal

The background signal consists of many effects that cause scattering in all directions, e.g., inelastic
scattering, scattering from air and the sample holder, multiple reflections, etc. It is impossible to
find relations to account for all these factors and thus we approximate the background by a general
function.
There are many choices for this general function. Here we will discuss two functions: (regular)

polynomials and Chebyshev polynomials. Let Ibgi ≡ Ibg(2θi) be the background function we want
to approximate. The first approximation is an M -th order polynomial:

Ibgi =

M∑
q=0

κq · (2θi)q,
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where κq

[
◦−q
]

are the parameters that have to be optimized given a diffraction pattern. The

second approximation is a M -th order Chebyshev polynomial:

Ibgi =

M∑
q=0

κq · Cq(Θi),

where C is the Chebyshev function that satisfies the recurrence relation Cq+1(Θi) = 2Θi · Cq(Θi)−
Cq−1(Θi), with C0 = 1 and C1 = Θi and Θi is given by the following function:

Θi =
2(2θi − 2θmin)

2θmax − 2θmin
− 1.

For the optimization of the parameters a simple least squares method does not work, since the
peaks would dominate. Thus we have to get rid of the contribution of the peaks to be able to
fit the background. One possibility is to apply weights to each value. The minimization problem
becomes:

min
κq

∑
i

wi(I
obs
i − Ibgi )2,

where wi are the weights at each angle 2θi. For the weights we give angles with a high intensity
(peaks) low weights and angles with low intensities (noise) high weights. The logical choice is to
use the inverse measured intensities as weights (or higher orders):

wi =
1

Iobsi

,
1

(Iobsi )2
, . . . .

Since the noise is highly oscillatory, it is possible that neighboring points in the noise region get a
very different weight (this effect increases for higher orders). To avoid this, we first smoothen the
function by using a low pass filter (see Section 3.1). Then the minimization problem can be solved.
Another possibility is to remove the contribution of the peaks. With our peak detection algorithm
(see Section 4) we can find the peaks in the diffraction pattern. Then we take an arbitrary range
around the located peaks and remove those values. This results in a new (smaller) set of observed
values Ĩobsi that can be used to find an approximation for the background. The minimization
problem becomes:

min
κq

∑
i

(Ĩobsi − Ibgi )2.

Both minimization problems are linear in their parameters and thus can be solved easily by a
multivariable linear least squares method (see Section 6.1).

3.3 Thermal expansion

When a metal is heated, it expands. This expansion is caused by the increase in kinetic energy
of the atoms. The atoms will move around their position in the crystal lattice more than at a
lower temperature and thus increase the average distance between the atoms. In other words, the
unit cell lengths increase. A change in unit cell lengths causes the distance between two planes to
increase and hence shift the position of the Bragg peak of the corresponding plane. This effect is
clearly visible in the example we gave earlier (Figure 5 in Section 2.2.2). The expansion rate is
different for each material. Furthermore, the expansion rate is not necessarily the same in every
direction. For instance, in a cubic unit cell all lengths are the same and the material will increase
by the same amount in every direction (isotropic). However, for a tetragonal unit cell, the base
and the height have different lengths and can increase with different rates (anisotropic). As most
of the components that we use have a non-cubic unit cell, we assume from now on that the thermal
expansion is anisotropic.
The relation between the temperature change and the increase in unit cell lengths a (or b or c) can
be assumed to be linear. This relation is given by the formula (4):

da

dT
= τaa(T ), (4)
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where τa is the thermal expansion rate [K−1] in the direction of a [Å]. For small temperature
changes (few degrees), the thermal expansion rate can be assumed to be constant. However, we
will work a temperature ranges of a few hundreds of degrees, thus we will require the thermal
expansion rate also to be a function of temperature. Solving Equation (4) with the thermal
expansion rate as function of temperature gives:

a(T ) = a0e
∫ T
T0
τa(T̄ ) dT̄

,

where a0 and T0 are the initial unit cell length and temperature, respectively, and T̄ is a dummy
variable.
For some components, their thermal expansion rate has been measured. For instance, the thermal
expansion rate of copper is estimated by 4.93 · 10−5 + 4.99 · 10−8T for 300 K≤ T ≤ 1100K [28].
For indium, which has a tetragonal structure, we will use the direct formula for the expansion of
the lattice parameters from [29]:

a =u0 − u1(T − T0) + u2(T − T0)2 − u3(T − T0)3 + u4(T − T0)4,

c =u0 + u1(T − T0)− u2(T − T0)2 + u3(T − T0)3 + u4(T − T0)4,

with the coefficients:

u0

[
Å
]

u1

[
10−4ÅK−1

]
u2

[
10−6ÅK−2

]
u3

[
10−8ÅK−3

]
u4

[
10−10ÅK−4

]
a 3.249 0.584 3.345 1.191 0

c 4.946 3.546 7.495 5.622 -1.770

and T0 = 273.15K. These formulas hold for 293K ≤ T ≤ 430K (melting point of indium). When
we compare the positions of the Bragg peaks of indium using these formulas to correct the locations
in the measurements, we see that this approximation is quite good. The locations for the three
dominant peaks for different temperatures (which correspond to a measurement) are shown in
Figure 9.

Figure 9: Change in location of the three dominant peaks of indium due to thermal expansion.

Only the reflection of the (002) plane shows a somewhat different behavior. The lattice parameters
might have to be adjusted for those measurements where the difference is too large (and results in
incorrect fitting). For the other components, the thermal expansion rate is unknown and thus the
lattice might also have to be optimized. How the lattice is optimized will be explained later on in
Section 7.4.

3.4 z-displacement

Due to temperature changes in the oven, the setup holder of the sample might be displaced by a
small fraction. Although this displacement is small, the effects are noticeable in the measurements.
We call this effect the z-displacement or z-shift. The sample is then a bit too high or too low and
this causes the measured intensities to shift. This shift is nonlinear and has to be corrected for
this. The z-shift effect is shown in Figure 10.
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Figure 10: Effect of z-shift on the measured angles 2θ.

In Figure 10 the black sample is at the correct position and the red sample is at the shifted
position. The scaling in this figure is not correct, so the effect is exaggerated. The value of the
z-shift cannot be measured, but the (110) molybdenum peak acts as a marker in our measurements.
The molybdenum peak is very consistent, since it is not influenced by temperature changes. By
comparing the theoretical value of the molybdenum peak (40.51◦) with the measured value, we
can calculate the difference. This difference can be traced back to a certain z-shift. The z-shift
can then be used to calculate the difference for all other angles.
Let 2θ be the theoretical value (”correct” value) and 2θ̃ be the measured value (”shifted” value).
Furthermore, let r be the radius of the diffractometer and χ be the angular difference between 2θ
and 2θ̃. Thus we have that: 2θ̃ = 2θ + χ. To be able to find some trigonometric relations, we add
some guide lines to Figure 10, resulting in Figure 11.
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Figure 11: Effect of z-shift on the measured angles 2θ with extra guide lines.

Using the law of sines in the triangle OAB gives us:

x

sin(χ)
=

r

sin(2θ)
=

s

sin(π − 2θ̃)
.
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Furthermore, we know that sin(θ) =
z

x
. Combining both formulas results in:

z = x sin(θ) = r
sin(χ) sin(θ)

sin(2θ)
.

We can calculate this since r, χ and θ are known for molybdenum. Now we want to calculate for
the entire 2θ range with z known and χ unknown. We use the first equality from the law of sines
to find:

x

sin(χ)
=

r

sin(2θ)
,

z

sin(χ) sin(θ)
=

r

sin(2θ)
,

z sin(2θ) = r sin(2θ̃ − 2θ) sin(θ),

2z cos(θ) sin(θ) = r sin(2θ̃ − 2θ) sin(θ),

2z

r
=

sin(2θ̃ − 2θ)

cos(θ)
.

The sine in the numerator can be expanded with the sum-rule. However, this does not help us;
this equation cannot be solved explicitly for θ. Therefore, it has to be solved numerically. We will
use the Newton-Raphson method for this. Define the following functions:

f(θ) =
sin(2θ̃ − 2θ)

cos(θ)
− 2z

r
,

f ′(θ) =
−2 cos(2θ̃ − 2θ) + tan(θ) sin(2θ̃ − 2θ)

cos(θ)
.

Then solve f(θ) = 0 by the iterative scheme:

θn+1 = θn −
f(θn)

f ′(θn)
.

The stopping criterium is when |θn+1− θn| is small enough (in the order of machine precision). As
initial condition θ0 we take θ̃ as we assume that this value is close to the correct value θ, since the
z-shift is small.
Applying this method on the first measurement, we obatin that the position of the measured
molybdenum peak is 40.35◦ and the theoretical value is 40.51◦, thus χMo = −0.16◦. Using r =
164.7989 mm, this results in a z-shift of −0.24(53) mm. Next, solving χ for all angles with the
Newton-Raphson method gives us the correction for the z-shift. This correction for each angle is
shown in Figure 12. Thus to get the corrected diffraction angles, we simply use 2θ = 2θ̃ + χ. b
b
b
b
b
b
b
b
b
b
b
b
b
b
b
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Figure 12: The effect of the z-shift on all measured angles.

3.5 Stresses

Due to the difference in thermal expansion rates of the different components, some components
expand more than others. This results in stresses in the precursor stack. A stress causes the lattice
parameters to change. It can either shrink, expand or deform, depending on the expansion of
the neighboring component. During the recrystallization reactions, the crystal structure can also
change and therefore also the amount of stress. This makes it hard to incorporate the stress in the
model.
We will therefore not explicitly calculate the stresses, but we will approximate the effect of the
stress. This effect is a change in the lattice parameters. This leads to a shift of the peak locations
in the diffraction pattern. Therefore, we will define a base shift δ for each component to account for
the stress factor. To calculate this, we will compare the locations of the peaks with the theoretical
positions.

3.6 Summary of the preliminary data analysis

In this chapter we presented several corrections that have to be applied before decomposing the
diffraction pattern. The noise filter will be applied before approximating the diffraction pattern
and before using the peak detection algorithm. The filter we use is a low pass filter. To approximate
the background intensity we use a Chebyshev polynomial and the weighted least squares method
with weights the inverse intensities. For the correction of the unit cell lengths due to the effects
of temperature changes, we use some approximations we found in literature. When this is not
sufficient, we will optimize the lattice parameters later on in the model. The position of the
molybdenum peak is used as reference for the incorrect z-position of the holder. A correction for
this is applied to the measured diffraction angle. Finally, we introduced a base shift parameter to
correct for the effects of stresses in the precursor stack.
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4 Peak detection

Visually peaks are easily detected. However, we do not want to manually select the peaks, but we
rather have an algorithm that can detect the peaks. To find all local maxima in a signal (XRD
measurement) is not sufficient, since the noise contains many of the detected peaks. Even if we
find some bound for the noise level and accept all the local maxima above that bound, it would
still not be sufficient. Overlapping peaks are not uncommon and these will not be detected as local
maxima. Therefore our algorithm also needs to detect these overlapping peaks. Our algorithm is
based on that of Gregoire et al. [25], but with some slight improvements. The algorithm is based
on the wavelet transform, which we will explain first.

4.1 Wavelet transform

A function f(x) in a Hilbert space (complete inner product space) can be represented by a linear
combination of the (orthonormal) basis functions φk(x):

f(x) =

∞∑
k=1

ckφk(x),

where the coefficients ck are given by the projections (inner product) of the function onto the basis
functions:

ck = (f(x), φk(x)) =

∫ ∞
−∞

φk(x)f(x) dx,

where an overbar means the complex conjugate. Since there is no unique set of basis functions
for f , different basis functions can be chosen such that the coefficients represent specific aspects
of f . For instance, frequencies of a signal can be analyzed with the Fourier transform, which uses
e2πikx as a basis function. We are interested in the locations of the peaks in our XRD signal.
Peaks are characterized by their height and width. For the detection of peaks the height is not
very important as long as it is greater than the noise level (otherwise we cannot identify it as a
peak). Thus we are looking for a basis function where we can vary the width and the position of
the function. This family of functions is called wavelets:

φa,b(x) =
1√
a
φ

(
x− b
a

)
.

Here a is the scaling parameter (mainly in the x-direction, thus the width), b the shift parameter
and φ (without subscripts) is called the mother wavelet. The wavelet transform T is then defined
as:

WT (a, b) =

∫ ∞
−∞

φa,b(x)f(x) dx. (5)

There are many types of mother wavelets. We need a wavelet that is insensitive to noise (rapid
periodical changes) and can detect peaks. As Gregoire et al. [25] suggests, the Mexican hat wavelet
is a good choice. This is the negative (normalized) second derivative of a Gaussian function:

φ(x) =
2√

3π1/4

(
1− x2

)
e−

1
2x

2

.

This wavelet gets its name from the shape of this function, shown in Figure 13.
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Figure 13: Mexican hat wavelet.

The value of the wavelet transform with the Mexican hat wavelet for a uniform noise level would be
close to zero as the positive and negative parts in the integral would cancel each other. Meanwhile
at the position of a peak the value of the wavelet transform would become larger than that of the
noise level.

4.2 Algorithm

As an example, we use the XRD from one of the measurements performed at TNO/Solliance. The
diffraction pattern with the recognized peaks at the first measured time is shown in Figure 14.
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Figure 14: Smoothened signal with the detected peaks.

The wavelet transform does not directly give us the desired peaks. Before and after we use the
wavelet transform, some additional processing has to be done. The first thing we do is to approx-
imate the background signal and use this to find a bound for the background intensity ε in the
diffraction pattern. Any peak that we find must have a higher intensity than this bound. Next,
we will apply a smoothing filter to the diffraction pattern to suppress the noise. For this filtered
pattern we calculate the wavelet transform for a set of scaling factors and find a bound for the
noise in the wavelet transform for each scale (see Figure 15).
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Figure 15: Wavelet transform on different scales.

After that we search in the wavelet transform for local maxima which are larger than the bound
for the background intensity ε. This gives us a set of local maxima for each scale (variations in a).
These nodes will be connected between different scales to form ridges (see Figure 16). Finally we
use a criterium to check if a ridge is at the position of a peak.
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Figure 16: Ridges of local maxima.

4.2.1 Background signal bound

To find a bound for the points in the background signal in the diffraction pattern, we first solve a
minimization problem for the approximation of the background intensity. This gives us a Cheby-
shev polynomial that goes through the non-peak points. However, we need an upper bound for the
background signal, not the average values. First, we will show the resulting bound (see Figure 17)
and then we explain how to systematically get this.
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Figure 17: The background approximation and its bound for the first measurement.
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We would like to use the largest difference between the background polynomial and the background
signal as our bound. However, we have not yet distinguished the points that belong to the back-
ground signal from the points belonging to the peaks (that is precisely the problem). Let us define
the difference as:

Diffi = |Iobsi − Ibgi |.

Upon sorting this vector from low to high values, we can get a general idea what values belong to
the background and what values belong to the peaks (see Figure 18).

Figure 18: Sorted absolute difference between the background approximation and the intensities
in the diffraction pattern.

By looking at this figure, we assume that more than half of the measured points belong to the
background region. We predict that approximately 60-70% of the points belong to the background,
depending on how many peaks there are in the diffraction pattern. When there are more peaks,
the number of points in the background signal are less. The goal is to find an index that separates
the background points from the peak points. To find this index, we take the median intensity of
the diffraction pattern (so not in Diff) and multiply that by a constant value. This constant value
has to be chosen such that the resulting index is between 60-70% of the total number of points,
depending on the amount of peaks. For this constant, we will use the value 1.15 that we found
by analyzing multiple measurements. Then we look op the value of Diff at this index and this
becomes our bound ε.
For the bound of the wavelet transforms we use the same index, but now apply it to the sorted
difference of the wavelet transform and its background approximation. This background approxi-
mation is zero everywhere, because the Mexican hat wavelet is an even function. The bound for
the wavelet transform on a scale a we call εWTa .

4.2.2 Continuous wavelet transform

To compute the wavelet transform we will use the cwt build-in function of Matlab. This func-
tion computes the continuous wavelet transform with a convolution. Starting from the wavelet
transform (5) and setting x̃ = x

a and b̂ = b
a , the equation can be rewritten as a convolution:

WT (a, b) =

∫ ∞
−∞

φa,b(x)f(x) dx,

=
1√
a

∫ ∞
−∞

φ

(
x− b
a

)
f(x) dx,

=
√
a

∫ ∞
−∞

φ(x̃− b̂)f(x̃) dx̃,

=
√
a

∫ ∞
−∞

φ(b̂− x̃)f(x̃) dx̃,

=
√
a
(
f ∗ φ̄

)
(b̂).

Here we used the fact that the Mexican hat wavelet is an even function, namely φ(−x) = φ(x). A
convolution can be computed easily using the Fast Fourier Transform (FFT). z.
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4.2.3 Local maxima ridges

A local maximum is defined as a function value that is larger than its two neighbors (in one
dimension). This can be mathematically represented as:

f(xi) is a local maximum if (sgn(f(xi−1)− f(xi))− sgn(f(xi)− f(xi+1))) < 0,

where sgn() is the sign of a value (−1, 0,+1). We compute locations of the local maxima for the
signal (LMS) and the wavelet transform (LMWT ) and keep the local maxima that are above the
background signal bound ε. The points in LMS and LMWT should be close to each other, since a
peak in the signal results in a peak in the wavelet transform. In case there are points in LT that
are not near any point in LMS , then we remove those points from LMWT .
To be able to detect peaks we group the local maxima on different scales together in ridges. To
keep track of all the ridges we use a tree structure in MATLAB, provided by J. Tinevez [30], where
each ridge is a branch of the tree. We start on the largest scale and work back towards the smallest
scale, because on the largest scale the peaks are stretched the most and thus only the largest peaks
appear. For each smaller scale we add the local maxima on that scale to the tree. To do this, we
keep track of the leaves of the tree (end points of each branch/ridge) and add each point that is
within a range δ from a leaf to that branch. If there is only one point that has to be added, then
this point becomes the new leaf of that branch. When there are multiple points that have to be
added, then for each such point a new subbranch is initiated. If there are points that are not near
any of the leaves, then a new branch is started. This process is visually represented in Figure 19.
Here Ei are ridges and li are the leaves (end points).
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Figure 19: Iterations in the creation of the tree structure.

For each ridge we store the scales, locations and the value of the wavelet transforms of the points.
A pseudo– code for this process is given in Appendix D.1.

4.2.4 Criteria for peaks

After we have connected all points to form a tree. The leaves of the tree (local maxima on the
lowest scale of the wavelet transform) are all possible locations for peaks. To determine if a leaf
represents a location of a peak, we will look at the following two values:

� the sum of the values of the wavelet transform of points in the branch of the leaf.

� the sum of the values of the wavelet transform of points in the roots of the branch.

We will illustrate this with an example. As example we take the last tree from Figure 19, which
we represented again in Figure 20.

E1

E2 E3 E4

l2 l3 l4

Figure 20: The last tree from Figure 19.
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The possible locations for trees are l2, l3 and l4. These leaves represent a value of the diffraction
angle 2θ at the lowest scale (a = 1). The ridges Ei are sets of points {v1, v2, . . . }, that represent
a location and a scale, v1 = {a1, b1}. When we talk about the sum of the values of the wavelet
transform of a branch, this is WT (Ei) =

∑
v∈Ei

WT (v). A root of a branch we will represent by
the ≺ symbol. Thus in Figure 20, we have E1 ≺ E2 and E1 ≺ E3. Furthermore, for the set of all
roots until the bottom is reached (in our case the largest scale; our tree is upside down), we use the
notation: Ej ≺≺ Ei. The second value describe above becomes: WT (≺ Ei) =

∑
Ej≺≺Ei

WT (Ej).
Since the Bragg peaks have a high value of the wavelet transform at the largest scale and the noise
has a low value, we can distinguish them. This means that for a peak WT (Ei) +WT (≺ Ei)� 0
and for noise WT (Ei) + WT (≺ Ei) ≈ 0. Thus we can set a bound εPeak to determine if a leaf
presents a peak:

li is a peak ⇐⇒ WT (Ei) +WT (≺ Ei) ≥ εPeak,
li is a not peak ⇐⇒ WT (Ei) +WT (≺ Ei) < εPeak.

The only thing left to do is to set an appropriate bound εPeak. Gregoire et al. [25] used some
user-defined bounds, but we will use a bound that is dependent on the diffraction pattern. For
this bound we take the average of the measured intensities: εPeak = mean(Iobs). This bound is
a little bit higher than the background intensity and thus always (much) greater than zero. This
means that it will filter out the false peaks from the noise. For the smaller peaks in the diffraction
pattern, we assume that the wavelet transform on the largest scale has a greater value than the
average of the measured intensities. As the intensity of a small peak is approximately equal to the
average of all the measured intensities and the maximum scale we use is 16, this is a reasonable
assumption.
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5 Rietveld refinement

After the preliminary data analysis, we can start with the decomposition of the diffraction pattern.
We use the Rietveld refinement method in this study. This method approximates the reflections
of different components by using the crystal structure. To approximate the diffraction pattern
Rietveld [31] used a function that accounts for most of the physical properties of the crystal and
the X-rays. Then a (nonlinear) least squares optimization method can be used to fit the parameters
in the approximation. Let Iobsi be the measured intensity at diffraction angle 2θi and let Icalci be
the calculated profile at diffraction angle 2θi. Then the goal is to minimize:

min
∑
i

(Iobsi − Icalci − Ibgi )2, (6)

where Ibgi is the background intensity. The approximation for the diffraction pattern is given by
the following function:

Icalci =
∑
Φ

SΦ

NΦ∑
j=1

mj |Fj |2LPjPjξΦijAj , (7)

where Φ represents a phase and NΦ is the total amount of reflections (planes) for that phase and
j represents a single plane. The different factors are:

SΦ : Scaling factor of phase Φ LPj : Lorentz polarization factor

mj : Multiplicity of the reflection j ξΦij : Peak shape function

Fj : Structure factor Pj : Preferred orientation factor

The structure factor F is the most significant for the intensity. This factor accounts for the
scattering of the X-rays by the atoms in the crystal structure for each plane. The scale factor is just
a general scaling factor that also includes some scaling constants of other factors. The multiplicity
factor is the number of planes with the same diffraction angle. When several planes have the
same diffraction angle, only the reflection of one plane is calculated and then multiplied with the
number of planes with the same diffraction angle. The Lorentz and polarization factor are factors
that account for the geometry of the diffraction and the partial polarization of the scattered X-rays.
The preferred orientation factor can change the relative intensities of the reflections, whenever a
preferred plane is present, otherwise this factor is just one. The shape of the Bragg peaks is
represented by the peak shape function ξΦij . This function gives the intensity for each plane j
of phase Φ at the angle 2θi. The asymmetry factor is used to introduce asymmetry in the peak
shapes. All these factors will now be discussed in more detail.

5.1 Multiplicity factor

The multiplicity factor of a peak is the number of planes with the same distance between them.
Since the distance between the planes directly corresponds with the diffraction angle, multiple
planes can have the same diffraction angle. This causes the intensity to multiply with the same
amount. Looking at the equations for the distance between planes (Equations (23a–23f) in Ap-
pendix A.3), we can find out which planes have the same distance between them. For instance,
the equation for the distance between planes in a tetragonal crystal is:

1

d2
=
h2 + k2

a2
+
l2

c2

Here we can immediately see that negative Miller indices result in the same distance as their
corresponding positive values. We can also interchange the h and k values. With this equation we
can check for every plane how many similar planes there are. For a tetragonal crystal, there are
seven families of planes that are similar. These families and their multiplicity are given in Table 1.
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Table 1: Families of planes and their multiplicity factor in a tetragonal crystal

Multiplicity Similar planes

16 hkl, h̄kl, hk̄l, hkl̄, h̄k̄l, h̄kl̄, hk̄l̄, h̄k̄l̄

khl, k̄hl, kh̄l, khl̄, k̄h̄l, k̄hl̄, kh̄l̄, k̄h̄l̄

8 hhl, h̄hl, hh̄l, h̄h̄l, hhl̄, h̄hl̄, hh̄l̄, h̄h̄l̄

8 h0l, h̄0l, h0l̄, h̄0l̄, 0kl, 0k̄l, 0kl̄, 0k̄l̄

8 hk0, h̄k0, hk̄0, h̄k̄0, kh0, k̄h0, kh̄0, k̄h̄0

4 hh0, h̄h0, hh̄0, h̄h̄0

4 h00, h̄00, 0k0, 0k̄0

2 00l, 00l̄

Upon checking for all planes to which family they belong, we can calculate their multiplicity. Next,
we take one representative of each family to create a set of planes that we use for the Rietveld
refinement. The set of planes for a cubic structure has only a few planes, while the set of planes
for a monoclinic structure has many planes. Having a large set of planes makes the algorithms
computationally more expensive since the reflections of all planes (in the set) have to be computed.
The tables for the families of planes and their multiplicity for all crystal structures are given in
Appendix B.1.

5.2 Structure factor

The structure factor accounts for reflections due to the scattering of X-rays by the atoms in the
crystal structure. Therefore, the crystal structure has a large influence on the structure factor.
The positions of the atoms in the unit cell determine the magnitude of the reflection of each plane.
Furthermore, the kind of atom (copper, indium, gallium, selenium or molybdenum) affects the
scattering rate of the X-rays. Also, the temperature influences the vibration of the atoms around
their position. All these effects are taken into account in the structure factor [27]. The equation
for the structure factor is:

Fj =

Natoms∑
q=1

νqTq(s)fq(s)e2πi(hxq+kyq+lzq), (8)

where i is the imaginary unit and the sum is taken over all the atoms in the unit cell. The different
factors we explained earlier are:

s : sin θk/λ [m−1],

νq : Site occupation number [−],

Tq : Temperature factor [−],

fq : Scattering factor [−],

h, k, l : Miller indices [−],

xq, yq, zq : Fractional coordinates of the rth atom [−],

where λ = 1.54060Å is the wavelength that is used for the measurements (Cu Kα). The individual
factors will be explained later. Let us now focus on the last part of the structure factor. This part
implies that the structure factor is an complex value. However, the structure factor will be used
in absolute value and squared (as in (7)). This results in a real value, since we know that:

|Fj |2 = (Re(Fj))
2 + (Im(Fj))

2.

By applying Euler’s formula, we can rewrite |Fj |2 as:

|Fj |2 = A2
j + B2

j ,
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where

Aj =

Natoms∑
q=1

νqTq(s)fq(s) cos(2π(hxq + kyq + lzq)),

Bj =

Natoms∑
q=1

νqTq(s)fq(s) sin(2π(hxq + kyq + lzq)).

Due to symmetry in the crystal structures, some of the sines and cosines may cancel each other out.
For each space group, the sin/cos factors are given in Tables A1.4.3.1–A1.4.3.7 in the International
Table for Crystallography, Volume B [32]. We will use these tables to calculate this part of the
structure factor. The other three parts of the structure factor (site occupation number, scattering
factor and temperature factor) will be discussed now.

5.2.1 Site occupation number

The asymmetric part of the unit cell is repeated via symmetry operations. The site occupation
number is defined as the fraction of occupied symmetrical positions. If all of the symmetrical
positions of one asymmetric atom are filled, then the site occupation number is equal to one. If
not all positions are filled, then the number is less than one. This happens when one position can
host atoms of different components. For instance in the crystal structure of Cu9Ga4, one position
has 0.75 copper and 0.25 gallium. This means that in one out of four unit cells this position is
occupied by a gallium atom and the other three times copper is present at that position.

5.2.2 Scattering factor

For X-rays, the magnitude of scattering is dependent on the number of electrons of an atom [27].
More precisely, the scattering factor is dependent on the radial distribution of the electrons around
the nucleus. Also, it is a function of the Bragg angle. This is a complicated function, so for
computational purposes we use an approximation:

fq(s) =

4∑
k=1

aq,ke
−bq,ks2 + cq with s =

sin(θj)

λ
[m−1],

where aq,k [−] ,bq,k [m2] and cq [−] are constants dependent on the atom type. These constants
are presented in Table 6.1.1.4 in the International Table for Crystallography, Volume C [33]. This

function is valid for 0 < s < 2.0Å
−1

. Since we use a wavelength λ = 1.54060Å and a maximum
angle of 2θ = 60◦, this condition is always satisfied.

5.2.3 Temperature factor

Atoms continuously vibrate around their equilibrium position due to temperature. Therefore, this
factor is also called the atomic displacement factor. To account for the oscillations, the temperature
factor is incorporated in the structure factor, since the vibrations are different for each atom and
each position. The simplest form to account for the displacements is by the following function:

Tq(s) = e−Bqs
2

, with s =
sin(θj)

λ
,

where Bq is the displacement parameter [m2] of the qth atom. For the intermetallic compounds

we work with, B typically ranges from 0.5Å
2

to 1Å
2

[27]. For (in)organic compounds, B is usually

considerably higher (1Å
2−10Å

2
). In Figure 21 can be seen that the effect of the temperature factor

is more noticeable for high Bragg angles. However, we work with small angles and the displacement
factor is also small, thus the effect of the temperature factor is negligible (approximately equal to
one) in our case.
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Figure 21: Temperature factor as function of s = sin(θ)/λ for different values of B : 0.5, 1.0 and

4.0Å
2
. The two vertical dashed lines correspond to the two upper bounds of the Bragg angles

when using Cu Kα and Mo Kα radiation. [27]

5.3 Lorentz polarization factor

The Lorentz polarization factor consists of two parts: the Lorentz factor and the polarization
factor. Both are a function of the diffraction angle θ. The Lorentz factor accounts for two aspects
of the geometrical effects. The first one is due to the finite size of the reciprocal lattice points
and the second one is due to the variable radii of the Debye rings. A wider explanation of these
effects is beyond the scope of this work. For this, the reader is referred to Section 8.6.4 of [27].
The results of both effects is given by the following function:

L =
1

cos(θ) sin2(θ)
.

Here any scaling factors are omitted, because they can be moved to the scaling factor in (7).
The polarization factor is a result from the partial polarization of the X-rays after scattering. The
partially polarized beam can be decomposed into a parallel and perpendicular part with respect to
the goniometric axis. The diffracted intensity is proportional to the square of the amplitude of both
components. The squared amplitudes are 1 for the parallel part and cos2(2θ) for the perpendicular
part. Together, they form the polarization factor:

P =
1 + cos2(2θ)

2
,

A monochromator can be used to remove any unwanted wavelengths, such that only one wavelength
remains. When a monochromator is used, this gives additional polarization. The effect on the
polarization factor is as follows:

P =
1−K +K cos2(2θmono) cos2(2θ)

2
,

where 2θmono is the Bragg angle of the reflection of the monochromator and K is the fractional
polarization of the beam [27].
Combining the Lorentz and polarization factor gives:

LPj =


1 + cos2(2θj)

2 sin2(θj) cos(θj)
No monochromator,

1−K +K cos2(2θmono) cos2(2θj)

2 sin2(θj) cos(θj)
With monochromator.

A representation of the effect of the Lorentz polarization factor without a monochromator is shown
in Figure 22. We will only use this factor at small angles (20◦ ≤ 2θ ≤ 60◦), but for completeness,
the entire 2θ range is represented.
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Figure 22: Lorentz polarization factor without a monochromator as function of the diffraction
angle 2θ.

5.4 Peak shape function

The shape of the Bragg peaks can differ in width and height for each component. Furthermore,
multiple peaks of the same component can also differ in shape. One of the parameters to describe
the shape of a peak is the Full Width Half Maximum (FWHM), which we will denote with H.
This is a measure for the width of the peaks at half of the maximal height. As we said earlier,
this need not be a constant value. Usually, it is a function of θ. This function is different for other
peak shapes. Originally, Rietveld assumed the peaks to be Gaussian functions [31]:

Gaussian : ξij =

√
4 ln(2)

HG,j

1√
π
e
− 4 ln(2)

H2
G,j

(2θi−2θj)2

,

where HG,j is the FWHM of the jth reflection, 2θi is the measured angle and 2θj is the angle of
the jth reflection. The FWHM is given by the function:

HG,j =
√
U tan2(θj) + V tan(θj) +W, with U, V and W parameters to be optimized.

A Gaussian was good as first approximation, but the tails were too narrow. Therefore in later
approximations, a Lorentzian was added and the combination of a Gaussian and a Lorentzian was
used, called the Pseudo-Voigt function. The function of a Lorentzian is:

Lorentzian : ξij =
2

πHL,j
·
(

1 +
4

H2
L,k

(2θi − 2θj)
2

)−1

,

where

HL,j =
X

cos(θj)
+ Y tan(θj), with X and Y parameters to be optimized.

The Pseudo-Voigt function is then a linear combination of the two shapes:

ξij = PVj = η · Lorentzian+ (1− η) ·Gaussian, with η ∈ [0, 1].

Here, η is a function of the angle θ and is defined as:

ηj = η0 + η22θj + η2(2θj)
2, with η1, η2 and η3 parameters to be optimized.
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The Pseudo-Voigt function has a total of eight parameters that have to be optimized for each
component.
Another possibility to approximate the peak shapes is the Pearson-VII function [27]. This is similar
to the Lorentzian, but now the exponent varies:

ξij = PV IIj =
Γ(ζ)

Γ(ζ − 0.5)

√
4(21/ζ − 1)

HG,j

1√
π

(
1 +

4(21/ζ − 1)

H2
G,j

(2θi − 2θj)
2

)−ζ
.

The gamma function is needed to normalize the function, i.e.
∫
PV II dθ = 1. For ζ = 1, this is

equal to the Lorentzian, for ζ ≈ 10 this is similar to a Gaussian. The coefficient ζ also depends on
θ and is given by the function:

ζj = ζ0 + ζ2(2θj)
−1 + ζ2(2θj)

−2, with ζ1, ζ2 and ζ3 parameters to be optimized.

The Pearson-VII function has a total of six variables. All four peak shapes are shown in Figure 23
as an illustration of their relations between width and height. Later, we will determine which peak
shape function is best to use when we analyze the diffraction patterns (in Section 7.5).

Gaussian
Lorentzian
Pseudo-Voigt
Pearson-VII

Figure 23: Different peak shapes for the approximation of a Bragg peak.

5.5 Preferred orientation

When a crystal grows, it might have a preferred growing direction (plane), because this direction
is energetically more favorable. In a powder diffraction pattern, this effect is absent due to the
random orientation of the particles. However, we do not have a powder and thus the effect of
a preferred orientation is important. The mutual ratio between the peaks changes due to the
preferred orientation of one plane, thereby some peaks might disappear in the observed diffraction
pattern, while others become stronger.
To account for the effect of the preferred orientation of one plane on the intensity of the reflections,
we need the angle between two planes. For example, if the plane (500) is the preferred plane,
then the intensity of the (600) plane will also increase, since they are not so different (small
angle/parallel). However, reflections of planes that are perpendicular to (500) will diminish. Let
ωj be the angle between a preferred plane p1 = (h1k1l1) and another plane pj = (hjkj lj). Since
the angle between two planes is equal to the angle between their normal vectors, the angle ω can
be calculated by:

cos(ωj) =
~p1

‖~p1‖
• ~pj
‖~pj‖

.

However, the Miller notation for the planes is with respect to the lattice parameters. Therefore,
the Miller indices should not be used, but the real lengths and angles. The relations for the angle
between planes for all different unit cells is given in [47].
Now that we have the angle between the planes, we need a function that translates these angles to a
factor. Originally, Rietveld [31] used a Gaussian to represent the effect of the preferred orientation
with a free parameter G that has to be optimized for each diffraction pattern:

Pj = e−Gω
2
j .
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Later, a different (better) function has been suggested by W. Dollase [34]:

Pj =

(
G2 cos2(ωj) +

sin2(ωj)

G

)− 3
2

.

When G is smaller than one, this means that the plane is preferred and when G is larger than one,
the plane is avoided. The above formulas describe the effect of the preferred plane p1 on another
plane. A Bragg peak usually consists of reflections of multiple planes. The effect of one preferred
plane with all the planes that make up one Bragg peak has to be calculated in order to determine
how much the intensity of a peak will increase or decrease. To find all the planes that make up
a Bragg peak, we use the tables that were introduced in the description of the multiplicity factor
(also see Appendix B.1).
A component can have multiple preferred planes, as indium has for instance. An example of the
preferred orientations in indium is shown in Figure 24. The two preferred planes are (101) and
(002), with factors G1 and G2 respectively. The peak shapes are Gaussians, but we simply used
them to represent a peak (instead of just crosses). Their shape is not important here.
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Figure 24: Relative intensities of the theoretical diffraction pattern of indium with preferred planes
(101) and (002) (green crosses) for different values of G1 and G2.
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6 Methods for optimization

In the Rietveld method, there are many parameters that can be varied. For each diffraction
pattern, these parameters have to be fitted. To find a closest approximation to the measurements,
we defined a least squares minimization problem. Depending on which variable we want to fit, we
can use different methods to solve the minimization problem. For instance, the optimization of
the background intensity is a linear least squares problem. This can be solved exactly. However,
in the Rietveld refinement most variables have a nonlinear dependency. For those parameters, we
have to use another algorithm. Our goal is to find a solution for the parameters ρ in the weighted
least squares optimization problem (9):

min
ρ

Ω =

n∑
i=1

wi
(
Iobsi − f(2θi, ρ− Ibg)

)2
s.t. g(2θi, ρ) ≤ 0,

(9)

where wi are the weights, f is the (non)linear function (in ρ), representing Icalc in 6 (Section 5),
and g are the (non)linear constraints. The methods we will discuss are:

� Exact (global) solution to the linear unconstrained least squares problem,

� Brute-force method, a nonlinear global optimization method,

� Interior-point algorithm, a nonlinear constraint local optimization algorithm,

� OptQuest NLP algorithm, a nonlinear constraint global optimization algorithm,

� Genetic algorithm, a nonlinear constraint global optimization algorithm.

We always aim to find the global optimum. This can be quite challenging, since there might be
many local minima present. Due to the working principles of each algorithm, they might get stuck
at a local minimum. However, sometimes there is only one minimum in the region of interest and
then we can use a local optimization method. Therefore, in the analysis of a measurement we have
to compare the results of the algorithms and choose the one that performs the best (lowest value of
Ω and fastest convergence). In this chapter, many additional variables are defined. The meaning
of these variables are restricted to each section only and have no meaning in the other parts of this
work.

6.1 Multivariable linear least squares

Assume that in (9) f is a linear function of ρ and there are no constraints g, then the minimization
problem can be solved exactly for ρ. Let ρ be a vector with all the parameters used for optimization.
Since f is linear, we can write it as a linear combination of these variables:

f(2θi, ρ) = Xi,1ρ1 +Xi,2ρ2 + · · ·+Xi,MρM ,

where X is a matrix dependent on 2θi. Thus, let us write f = Xρ, where X ∈ Rn×M and ρ ∈ RM×1

(with M < n). Furthermore, let w ∈ Rn×n be a diagonal matrix containing the weights on the
diagonal and let Iobs ∈ Rn×1 be the vector with the observed intensity. We rewrite the least squares
minimization problem (9) as:

Ω =

n∑
i=1

wi
(
Iobsi − f(2θi, ρ)

)2
,

= ‖w 1
2 (Iobs −Xρ)‖2,

= (Iobs −Xρ)T(w
1
2 )Tw

1
2 (Iobs −Xρ),

= (Iobs)TwIobs − 2(Iobs)TwXρ+ ρT(XTwX)ρ.

This is a second order polynomial function in ρ. To get the minimum, we set the derivative with
respect to ρ to zero:

∂Ω

∂ρ
= −2XTwIobs + 2(XTwX)ρ = 0,

⇒ ρ = (XTwX)−1XTwIobs.
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Now, we have an expression for an optimal value of ρ, but is this really a minimum (and not a
maximum)? And is the matrix XTwX invertible?

As for the invertibility of the matrix XTwX, the columns of w
1
2X have to be linear independent.

Since w is a diagonal matrix with all (positive) scalar values, this does not change the linear
dependency of the whole matrix. As for the columns of X, we can always find a number of
columns that are linear independent. For this submatrix we can redefine the parameters ρ as a
linear combination of the old parameters. By doing so, we created a new system where the columns
of X are really linear independent and thus the matrix XTwX is invertible and we have an optimal
solution for ρ.
To show that ρ = (XTwX)−1XTwIobs is really a minimum, we define a different ρ̂ that is the
global minimum and show that these two values are equal to each other. To reduce the writing,
we introduce another matrix: E = Iobs −Xρ. Then we have a global minimum that satisfies:

Ω = (Iobs −Xρ̂)Tw(Iobs −Xρ̂),

= (Iobs −Xρ+Xρ−Xρ̂)Tw(Iobs −Xρ+Xρ−Xρ̂),

= (E +X(ρ− ρ̂))Tw(E +X(ρ− ρ̂)),

= ETwE + 2ETwX(ρ− ρ̂) + (X(ρ− ρ̂))Tw(X(ρ− ρ̂)),

= ETwE + ‖w 1
2X(ρ− ρ̂)‖2.

Here, we used that ETwX = 0, which follows from substituting the definitions of E and ρ:

ETwX = (Iobs −Xρ)TwX,

= (Iobs −X(XTwX)−1XTwIobs)TwX,

= (Iobs)T(I −X(XTwX)−1XTw)TwX,

= (Iobs)T(I −wX(XTwX)−1XT)wX,

= (Iobs)T(wX −wX(XTwX)−1XTwX),

= 0.

Returning to the equation for the global minimum; ETwE is the global minimum when the term
with the norm is equal to zero. The only possibility for the norm term to be equal to zero is when
ρ = ρ̂. Thus, the optimum we found earlier is truly a global minimum.

6.2 Brute-force

The brute-force method is a simple algorithm that we created for small nonlinear unconstrained
problems. Say we want to minimize a general nonlinear function f(x) (representing Ω in (9)) for
xmin ≤ x ≤ xmax. If the function is easy to evaluate (computationally inexpensive) and slowly
changing (no large derivatives), then we could use the brute-force method.
We first create a set of points xi with i = 1, . . . ,m that cover the bounds of the parameters
x ∈ [xmin, xmax]. Next, the function is evaluated at all these points (hence the name) and we take
the minimum: mini f(xi). This would be inefficient for a large m, thus we take an m such that
all aspects of the function are represented, i.e. a linear interpolation of the function values at the
selected points would be a good approximation to the function. Assume the minimum is found
at the î-th position. Then, we repeat the procedure with x ∈ [xî−1, xî+1] to get a more accurate
answer. As the interval is located around the minimum, we assume that the shape of the function
in this interval is a parabola (or cone). Therefore, we can use a very small value of m, like 10.
This whole procedure is done n times. Thus we have two parameters in this algorithm, m and n.
In the remainder of this work, we will denote this algorithm as BFnm.
The number of function evaluations grows exponentially with the number of parameters in f and
linear in the number of points m. When we use for the second and further iterations m = 10, the
total number of function evaluations is mdim(x) + 10(n − 1). Since m (for the first iteration) is
generally a number between 25 and 100, this algorithm is efficient when there is one or at most
two parameters in f . Otherwise, the number of function evaluations in the first iterations is too
large and other algorithms are almost surely faster. Thus, we only created the algorithm for one
parameter (BFnm) or two parameters (BF2nm). The codes are shown in Appendix D.2.1 and D.2.2
respectively.
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6.3 Interior-Point

The Interior-point algorithm, as we call it, is a combination of Sequential Quadratic Programming
(SQP) methods and interior-point methods. In MATLAB, this is one of the algorithms in the
fmincon function. SQP methods are very efficient for solving medium-size nonlinear programs and
interior-point methods are useful for large linear programs [35]. The combination of the two works
for large nonlinear programs. The problem that we consider is:

min
x
f(x)

s.t. g(x) ≤ 0,
(10)

where the objective function f : Rn → R and nonlinear constraints g : Rn → Rm are smooth
functions.
Starting with the interior-point approach, we define the barrier problem:

min
x
f(x)− µ

m∑
i=1

ln(si)

s.t. g(x) + s = 0,

(11)

where µ > 0 and the slack variables si are assumed to be greater than zero. The goal is to find an
approximate solution to (11) for fixed µ. Then the procedure is repeated for decreasing values of
µ to finally find an approximation to the original problem (10).
To find an approximation to (11), we first define the Lagrangian of (11):

L(x, s, λ) = f(x)− µ
m∑
i=1

ln(si) + λT (g(x) + s),

where λ ∈ Rm are the Lagrangian multipliers. The first order optimality conditions (first derivative
of the Lagrangian equals zero) for the Barrier problem are:

∇xL = ∇f(x) +A(x)λ = 0,

∇sL = µS−1e+ λ = 0,

where A(x) = (∇g1(x), . . . ,∇gm(x)), e = (1, . . . , 1)T and S = diag(s1, . . . , sm). Solving the first
order optimality condition gives us the Lagrangian multipliers λ. These we will use later in the
SQP method. Furthermore, we redefine our variables to be represented by only one symbol:

z = (x, s) ,

φ(z) = f(x)− µ
m∑
i=1

ln(si),

c(z) = g(x) + s,

then the barrier problem (11) becomes:

min
z
φ(z)

s.t. c(z) = 0.
(12)

Now we use an SQP method to solve (12). This means that we solve z iteratively, i.e. zj+1 = zj+d
with a small update step d = (dx, ds). This d is the solution of the quadratic program:

min
d
∇φ(z)T d+

1

2
dTWd

s.t. Â(z)T d+ c(z) = 0,

(13)

where W is the Hessian of the Lagrangian: W = ∇2
zzL =

(
∇2
xxL 0

0 µS−2

)
and Â is the Jacobian

of c(z): Â(z)T =
(
A(x)T I

)
. Next, we define a trust region: ‖(dx, S−1ds)‖ ≤ ∆, where ∆ > 0
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is changed every iteration and the Euclidean norm is used. The slack step is multiplied with S−1,
because this is shown to be more effective [36]. This trust regions does not necessarily guarantee
that s + ds remains positive. Therefore, an extra constraint is used to keep the slack variables
positive:

s+ ds ≥ (1− τ)s,

with the parameter τ ∈ (0, 1) and close to 1. Then the quadratic problem (13) becomes:

min
d
∇φ(z)T d+

1

2
dTWd

s.t. Â(z)T d+ c(z) = 0

‖(dx, S−1ds)‖ ≤ ∆

ds ≥ −τs,

(14)

In general, it is hard to find an exact solution d to (14). It is very well possible that when d
satisfies the constrains, it does not lie within the trust region. There are several ways to adjust the
constraints such that an approximate solution can be found. As in [35], first, a v is found that lies
well within the trust region, then solve d such that the constraints are still satisfied. To calculate
v, the trust region is made smaller by introduction of parameter 0 < ξ < 1 and replacing ∆ by ξ∆.
Then the problem is to find v such that the constraint is minimized in this tightened trust region:

min
v
‖Â(z)T v + c(z)‖

s.t. ‖(vx, S−1vs)‖ ≤ ξ∆
vs ≥ −ξτs.

Now d can be approximated by solving the modified version of (14):

min
d
∇φ(z)T d+

1

2
dTWd

s.t. Â(z)T d = Â(z)T v

‖(dx, S−1ds)‖ ≤ ∆

ds ≥ −τs.

The constraints are now always satisfied, since d = v is a feasible solution.
Finally, we need to decide whether or not we accept the calculated step d. Therefore, a merit
function is defined:

ψ(z, ν) = φ(z) + ν‖c(z)‖, (15)

where ν > 0 is the penalty parameter. This merit function is defined in such a way that when ν
is greater than a certain threshold value, then a Karush-Kuhn-Tucker (KKT) point of the barrier
problem (12) is a stationary point of the merit function ψ. When such a KKT point exists, then
it is a minimizer of the barrier problem [37]. A point z̄ is a KKT point of problem (12), if there
exists multipliers ȳi ≥ 0 with i = 1, . . . ,m such that:

∇φ(z̄) +

m∑
i=1

ȳi∇ci(z̄) = 0.

Upon setting ν = maxi(ȳi), this can be rewritten as ∇φ(z̄) + ν‖∇c(z̄)‖ = 0. This is exactly the
derivative of the merit function set equal to zero, meaning that z̄ is a stationary point. When the
step d gives a sufficient reduction in the merit function (15), then it is accepted, otherwise it is
discarded. This decision is based on comparing the reduction with a predicted reduction of the
merit function. The precise definition of the predicted reduction is beyond the scope of this work,
but it can be found in Chapter 2 of [35]. The iteration is completed by updating the trust region
radius ∆. When d was accepted, ∆ is halved, otherwise ∆ is increased by a constant factor.
Next, we will give a short summary how the algorithm works in pseudo-code.
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Interior Point Algorithm

1. Initialize by selecting a µ > 0, z0 = (x0, s0) and Lagrange multipliers λ.

2. If the problem (10) has been solved accurately enough, stop, else, continue.

3. Approximately solve the barrier problem (12) by performing the following steps:

(a) Set the initial trust region radius ∆ > 0, the tightening parameter ξ ∈ (0, 1) and the
penalty parameter ν > 0

(b) If the barrier problem (12) is solved accurately enough, go to 4.

(c) Calculate v = (vx, vs) by solving the first subproblem:

min
v
‖Â(z)T v + c(z)‖

s.t. ‖(vx, S−1vs)‖ ≤ ξ∆
vs ≥ −ξτs.

(d) Calculate the step d = (dx, dx) by solving the second subproblem:

min
d
∇φ(z)T d+

1

2
dTWd

s.t. Â(z)T d = Â(z)T v

‖(dx, S−1ds)‖ ≤ ∆

ds ≥ −τs.

(e) When the step d gives a sufficient reduction of the merit function (15), set zj+1 = zj+d,
compute the new Lagrangian multipliers and go to 3(b). Otherwise, decrease ∆ and go
to 3(c).

4. Decrease the barrier parameter µ and return to 2.

The detailed descriptions how both subproblems are solved are omitted here, since this is beyond
the scope of this work. The idea for solving both problems is that the solutions have a certain
specific form, e.g. the steepest descent direction of the steps. Then, this step has to live up to
some predictions to be accepted. The exact definitions can be found in [35] and [36].

6.4 OptQeust NLP

The OptQuest NonLinear Program (OQNLP) algorithm is an algorithm that is intended to find
global minima of smooth (un)constrained mixed integer nonlinear programs [38], thus in particular
our least squares minimization problem (9). It generates a set of trial points with the Scatter Search
algorithm. These candidate points are filtered to form a smaller subset that are the initial points for
a local solver, for instance the Interior-Point algorithm. In MATLAB, this algorithm is embedded
in the GlobalSearch function.
The idea of a multi-start algorithm is to find the global minimum by using a set of multiple points
and starting a local gradient-based solver from all of these points. Each local minimum has a
basin of attraction. This is a subset of the entire space that consist of all the points that converge
to the same local minimum. The probability that there is a starting point that converges to the
global solution approaches one as the number of starting points goes to infinity. However, this
is very inefficient because each local minimum is found many times. Thus, the goal is to find
the smallest set of starting points such that we still find the global solution. There are several
procedures for filtering the large set of starting points, such as the Multi-Level Single Linkage
(MLSL) procedure [39,40] and the Random Linkage algorithm (RL) [41]. Both use the objective
function value of the starting points as criteria for filtering starting points. Furthermore in MLSL,
points, that are within a critical distance of each other or withing a critical distance of a local
minimum, are also filtered out. In RL, there is a probability function that determines if a local
solver is started based on the distance from the current point to the closest points with a better
objective function value. Both algorithms can only solve constraint problems with no discrete
variables. The Scatter Search algorithm can handle unconstrained problems and also discrete
variables.
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6.4.1 Scatter Search

The Scatter Seach algorithm works with a set of points that are iteratively updated by deter-
ministic combinations of the previous points. This is different from a genetic algorithm that uses
probability based decisions. First, we give the step wise procedure of the Scatter Search algorithm
and then a more detailed description of each step. For simplicity, we do not involve discrete vari-
ables.

Scatter Search Algorithm

1. Initialize: create a set of three points: one point where all variables equal their lower bounds,
one point where they are equal to the upper bounds and one point where they equal the
mid-points between their bounds.

2. Use a diversification generation method to create a diverse set of starting points that satisfy
the linear constraints combined with the previous set of points.

3. Evaluate for every initial point the penalty function POQ = Ω(ρ) +
∑
i wi · viol(gi(ρ)), which

is the objective function Ω(ρ) plus the penalty weights wi times the maximum percentage
violation of the nonlinear constraints g. This POQ is used as quality measure of the points.

While stopping criteria not satisfied

While some distinct pair of points has not been processed

4. Select a pair of starting points

5. Use this pair of points in a solution combination method to create a small set of trial
points that satisfy the linear constraints.

6. Evaluate for each trial point the penalty function POQ.

End

7. Update the set of points

8. If the set of points has changed, return to step 4. Else, restart the procedure by returning
to step 2 with the best half points as initial set.

End

Step 1 generates the initial set of three points. A fourth point can be added by a user-specified
initial point.
Step 2 uses the diversification generation method to generate the remaining points in the initial
set. First, this method generates many random points in feasible region of the linear constraints.
Then, random points are selected and added to the initial set that are farthest from its neighbor
in the initial set. This continues until the initial set has the desired number of points.
Step 3 sorts the points in the set based on their value of the penalty function POQ.
Step 4 and 5 generates a set of trial solutions by selecting two points and using the solution
combination method. This method creates points around the two selected points. Let ρ1 and ρ2

be the two chosen points, then five positions v1, . . . , v5 are calculated positions are calculated:

d = (ρ2 − ρ1)/2,

v1 = ρ1 − d,
v2 = ρ1,

v3 = ρ1 + d,

v4 = ρ2,

v5 = ρ2 + d,

where d is half of the Euclidean distance between the points. These five positions are used to
create four (hyper-)rectangles, shown in Figure 25.
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Figure 25: Rectangles for the new trial points in the solution combination method.

Now four random trial points are generated in the four rectangles. These four generated trial
points have to satisfy the linear constraints, otherwise they are discarded.
Step 6 evaluates the penalty function POQ at the trial points.
Step 7 updates the set of points. This is done by replacing the set by the best performing trial
points. This is a rigorous update step, since it emphasizes quality over diversity. There is an option
to set the diversity and quality equally important. Then, the set of points is split in half. One
half is created as described earlier, focusing on quality. The other half focuses on diversity. This is
done by checking the distance to any point in the diversity half set. When the minimum distance
of this point is larger than that of any point already in the set, then the new point will replace it.
Step 8 makes a decision based on if the set of points is changed or not. When the set is changed,
then Steps 4 till 7 are repeated. Otherwise, the best half points are taken from the set and it
returns to Step 2. This process is continued until the stopping criteria are met. These criteria
might be that the change in quality or diversity of the set of points is too small.

After the set of starting points is generated, a nonlinear program solver can be used to find all
the local minima. The global minimum is then the minimum of all the local minima. There are
several local solvers, but we will only use the Interior-point algorithm and not further investigate
the difference between other local solvers, since we assume that any local solver can find the local
minima adequately if their starting point is sufficiently close to the local minimum.

6.5 Genetic algorithm

The genetic algorithm (GA) is based on the biological system of reproduction and evolution.
In MATLAB this algorithm is incorporated in the ga function. A population (set of points) is
evaluated by an objective function and by a ‘survival of the fittest’ principle the most potent
parents are chosen for reproduction (with a certain probability), yielding a set of children. This set
of children forms the new generation and this generation should be better than the previous one
in terms of the average of their value of the objective function. From this small explanation, a few
things become clear about genetic algorithms that distinguish them from any other optimization
method. Namely, genetic algorithms work with a set of points instead of just one point and the
translation rules are based on probability instead of deterministic rules, e.g. update schemes.
Furthermore, genetic algorithms only use the objective function, not any derivatives or other
knowledge about the system. In that sense, the system can be viewed as a black box with a few
input parameters and an output value. The genetic algorithm then tries to optimize the input
parameters to obtain the maximal output.
To explain how a genetic algorithm works, we will use an example to illustrate the different aspects.
This section is based on the book of D. Goldberg, Genetic Algorithms in Search and Optimization &
Machine Learning [42]. Here we will only focus on the key part of genetic algorithms: reproduction,
crossover and mutation. These three operators form the basic of genetic algorithms and thus we
call it the simple genetic algorithm. However, many additional processes can be added to make
the algorithm more robust. This will briefly be discussed in the last paragraph.
As example, let us compute the maximum of the function f(x) = x3 − 45x2 + 600x for x ∈ [0, 31].
Upon first sight, this function looks strange, but when visualizing the function, it becomes clear
why we chose it (see Figure 26).
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Figure 26: The function to maximize for the genetic algorithm.

This function has two extrema at x = 10 and x = 20, a local maximum and minimum respectively.
Furthermore, the global maximum is at x = 31. The goal for the genetic algorithm is to find the
global maximum and not the local maximum. There is only one parameter, x. Instead of using
the decimal representation, we will use the binary representation. This is a string of length five.
The reason for this is that we now have five parameters that are either zero or one instead of one
parameters that has 32 options (assuming we work with integers only). This is an advantage since
it creates more diversity during the optimization. Let us now create an initial population with
four strings (parents) of length five. This is done by a simple coin flip of that either gives a zero
or a one. The initial population is:

10100

00011

10001

11011

To create the next generation we will use three operators: reproduction, crossover and mutation.
There three operators, all based on probability, determine who is fit enough for mating and how
their children look like.

6.5.1 Reproduction

During the reproduction, it will be decided who will produce children. This is based on their
fitness value (value of the objective function). The higher the fitness value, the higher chance for
reproduction. We calculate the fitness value and their percentage of the total fitness for the initial
population. These results are shown in Table 2.

Table 2: The initial population with their fitness value and percentage of the total fitness

# String x f(x) % of total

1 10100 20 2000 23.23

2 00011 3 1422 16.52

3 10001 17 2108 24.49

4 11011 27 3078 35.76

Total 8608

Average 2152

Maximum 3078
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We will use the percentages as a change to be selected for mating. Four intervals are created by
taking the cumulative values of the percentages, e.g. [0, 0.2323], [0.2323, 0.3975], [0.3975, 0.6424]
and [0.6424, 1]. Then four random numbers between zero and one are drawn from a uniform dis-
tribution. Then, we select four strings for which the random numbers are inside the corresponding
intervals. In Figure 27 the intervals are shown and the random numbers that are used to pick four
strings, represented by arrows.

1 2 3 4

0 0.
23
23

0.
39
75

0.
64
24

1

Figure 27: Intervals of the four strings and the random numbers represented by the arrows.

The four strings that are chosen are 1, 3, 4 and 4. As one would expect, strings with a high
probability are represented more than strings with a low probability. These four chosen strings
will now mate and produce children via the crossover and mutation process.

6.5.2 Crossover and mutation

For mating, we pick two random strings from our chosen set. Let this be the strings 1 and 4, which
leaves strings 3 and 4 to mate also. As in nature itself, the children look like their parents. They
are not the same as one of their parents, but they have a bit of both. Therefore we cut both strings
at a certain position and interchange their tails. There are four possible sites where we can cut the
strings. This is again determined randomly. For the first couple we find the random number 2 and
for the second couple we get the number 3. This process for the first couple is shown in Figure 28.

#1 1 0 1 0 0

#4 1 1 0 1 1
⇒ 1 0 0 1 1

1 1 1 0 0

Figure 28: Crossover process between string 1 and 4 with crossover site 2 (measured from the left).

Mutation can change any zero to a one or vice versa in the children. Usually, the chance for
mutation to happen is very low, say 0.001. The reason for this is to not completely change the
children, but only every once in a while to keep diversity. Without mutation, the population is
very likely to be dominated by the fittest individual and it might get stuck at a local maximum.
For the second couple it so happens to be that the first child is mutated at the fifth position. The
crossover and mutation for the second couple is shown in Figure 29.

#3 1 0 0 0 1

#4 1 1 0 1 1
⇒ 1 0 0 1 1 ⇒ 1 0 0 1 0

1 1 0 0 1

Figure 29: Crossover process between string 3 and 4 with crossover site 3 and mutation at the fifth
position of the first children.

The new generation consists of the four children. The fitness of the children is shown in Table 3.
With this new generation we can start again with the reproduction procedure and so create a loop
that generates new generations.
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Table 3: The fitness value of the new generation.

# String x f(x)

1 10011 22 2068

2 11100 28 3472

3 10010 18 2052

4 11010 25 2500

Total 10092

Average 2523

Maximum 3472

We can clearly see that the average and maximum fitness value have increased for the new gen-
eration. However, since we used many random variables, so we might be lucky to have a better
population. Therefore, we take a look at the long term performance.

6.5.3 Performance

To see the performance of the genetic algorithm on this example, we will use a population with
more than four strings, because it is very easy to get stuck at the local maxima with four strings.
To get away from the local maxima, a lucky mutation is needed. Then the genetic algorithm is
more like a random walk. Therefore, we use a generation of twelve strings (still only integers)
and we hope that this is enough to keep diversity in the population. We run the algorithm for
twenty generations and the fitness of the best, average and worst performing strings are shown in
Figure 30.
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Figure 30: Performance of the (simple) genetic algorithm for twenty generations.

In the beginning, the strings are stuck at the local maximum and the entire population is dominated
by that one value (as the average is close to the maximum). At generation 12, the optimal value
is found and the whole population starts to adjust to the new optimum. Eventually, the whole
population consists of the same strings as the minimum is equal to the maximum.
This behavior is not usual in more difficult problems. The best value converges towards the optimal
value, but to actually achieve the optimum is difficult, since it is a random process. However, in
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the analysis of the XRD patterns, there is not one possibility for each phase, there might be
several options that are approximately equally good fits. Thus, it is not necessary to find the exact
optimum, a good approximation is enough.
We just claimed that the best string converges to the optimal solution. To prove this, a measure is
needed to evaluate every generation. One possible measure is a schemata. This is part of a string
that represents a set of strings, for instance ∗0∗11, where the asterisk is the ‘do not care’-symbol.
This schemata represents all the strings that have a zero at the second position and a one in the
fourth and fifth position. Some schemata are more likely to survive after reproduction than others.
For example, the schemata 0∗∗∗1 is likely to be destroyed by crossover, where 11∗∗∗ is likely to
survive. The defining length is the number of positions between the two outer most fixed positions.
For the two examples we gave the defining lengths are 4 and 1 respectively. Schemata with short
defining lengths and high fitness are called building blocks. Upon analyzing the reproduction
process, it can be shown that the expected amount of building blocks in a successive generation
increases at least exponentially (see Chapter 2 in [42]). The idea is that schemata with high fitness
are more likely to be used for reproduction and that schemata with short defining lengths are not
likely to be destroyed by crossover. Furthermore, mutation occurs at a low frequency and thus has
little effect on the important schemata. Concluding that the number of building blocks increase.

6.5.4 Additional operators

Dominance and diploidy
So far we only considered that a genotype has one chromosome (string), called a haploid. However,
in nature it is more common to have a diploid. A diploid has two chromosomes that each contain
information about the same feature. At first thought it seems unnecessary to keep an excess of
information. Furthermore, how should nature decide from which string to take values? This is
where dominance comes in. One allele (part of a chromosome) is always chosen above another
allele. For example, alleles that decode for brown eyes are dominant over the ones for blue eyes.
By using the dominance, the resulting chromosome can be calculated. As the alleles in the genetic
algorithm have no physical or biological meaning, the dominance of the alleles is determined by
a random process. Furthermore, it is possible that the dominance changes if necessary. The pair
of chromosomes acts as a long term memory. By having two strings and using only the domi-
nant parts of both, we keep some alleles shielded against the reproduction process. Alleles that
are currently not useful might become useful in the future. This causes diploids to adapt fast if
the environment changes. On the other hand, with haploids the reproduction process only keeps
the currently highest performing chromosomes and it is harder to adapt in a changing environment.

Duplication and deletion
Duplication and deletion are two operators that effect the influence of mutation. With duplication
a gene is duplicated and placed alongside its original on the chromosome. Deletion can remove
duplicate genes from a chromosome. If the mutation rate is constant, then by duplicating a gene
n times, the probability for that gene to be mutated also increases with a factor n. Conversely,
deletion decreases the effective mutation rate. Once mutation occurs, we have to decide if we keep
the original gene or the mutated gene. This decision can be made with a dominance-like structure.

Sexes and specialization
Dividing the population in two (or more) groups, such as males and females, can help to create
more diversity in the population. Having different groups allows specialization to some extent. This
specialization results in a broader range of possibilities upon mating and thus more diversity. For
example, consider two professions: hunting and nurturing. Both are essential for survival. With-
out different groups all individuals should spend an equal amount of time hunting and nurturing.
However with males and females, the males can go hunting and the females focus on nurturing.
Their offspring would have the best of both.

Professions and speciation
Continuing the idea of sexes and specialization, we can give each individual in the population a
job of profession. Thus we will form subgroups in the population. These subgroups each thrive
in their own profession, leading to local maxima. To assure that the subgroups continue to exist
in the next generations, the selection process during reproduction has to be adjusted. Instead of
comparing the fitness of an individual with the fitness of the total group, it will be compared to the
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fitness of the subgroup and the number of individuals in that subgroup. For example, consider a
store with several counters each having a different service rate. When there is a large queue for the
fastest counter, it might be smarter to move to a slower counter where the queue is shorter. This
is the idea of speciation. The largest subgroup converges to the global maximum, while several
other subgroups converge to other local maxima. This might be useful in case there is no clear
global maximum, but several local maxima that are all approximately equal.
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7 Optimization of the parameters

The Rietveld refinement gives us a function to approximate the diffraction pattern by varying
some parameters. So far, we have done the preliminary data analysis (without the base shift) and
identified the different parameters in the Rietveld refinement and presented several (non)linear
optimization methods. Now, we will determine which optimization method is useful for the opti-
mization of which parameter in the Rietveld method. This will be done by comparing the quality
of the fits and the convergence speed of each optimization method. The parameters are optimized
in a specific order. This order is based on the same ordering as Young’s [43]. A recap of the factors
with the number of parameters (‘Amount’) together with the order in which we optimize them is
shown in Table 4.

Table 4: The parameters in the Rietveld method with their order of optimization.

Parameter Amount Linear Order

Scale 1 Yes 1, 2

Base shift 1 No 1

Preferred orientation factor 0-3 No 2

Lattice parameters 1-6 No 3 or not

Peak shape 2-8 No 4

The scale and base shift are the first two parameters that will be optimized. The scaling factor is
in the order of 10−6 to 10−12, so it is crucial that this is done first. Together with the base shift,
which varies from a few hundredths to a few tenths of degrees, the position and the height are good
enough such that the correct peaks are linked with the correct components. The next step is the
preferred orientation factor to get the correct relative intensities of the peaks of every component.
There is a possibility that the lattice parameters that we use are not a good fit, i.e. some peaks of
one component are at the correct position, while others are slightly off. If this is the case, then the
lattice parameters are optimized and the first two steps are repeated (the scale + base shift and
the preferred orientation factor). The last parameters we optimize are those of the peak shape.
We presented four different peak shape functions in Section 5.4. Here, we will check which shape
gives the best fit. Finally, we have one extra optimization step where all the parameters are varied
in a small interval around their optimized values (from the four steps given above).
To see the effect of different optimization steps, we will use two measurements: one of the heat-
ing/cooling of the CIG stack and one of the simulated measurement set (see Figures 5 and 6 in
Section 2.2.2). We take two measurements with the most components, since this is the most difficult
case to optimize. From the heating/cooling measurement series we take the sixteenth measurement
(abbreviation: HC16) and from the simulated series we take the seventeenth measurement (abbre-
viation: Sim17). The diffraction patterns after the preliminary data analysis (without subtraction
of the background intensity) are shown in Figures 31 and Figure 32 respectively. Furthermore, we
need a measure to qualify the different fits. For this we will use the total residual factor. This we
will discuss first and then the optimization of the different parameters will be analyzed.
b
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Figure 31: Sixteenth measurement of the heating/cooling series.
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Figure 32: Seventeenth measurement from the simulated series.

7.1 Quality of fit

To compare the measured diffraction pattern with the fitted function, several measures can be
used [31,27]. We choose, however, to use only the most general one that compares the entire
function with the measurements. Other measures can be used to compare only the profile function
or even only the structure factor. These might be useful when one is interested in solving the
crystal structure from a diffraction pattern. The total residual factor is given by:

Rt =

∑
i |Iobsi − Icalci − Ibgi |∑

i I
obs
i

· 100%,

where Iobs are the measured intensities at diffraction angle 2θi, I
calc is the fitted function via the

Rietveld method and Ibg is the background intensity. The lower the Rt value is, the closer the fit
is to the measured pattern. To give an indication, the total residual factor after each optimization
step is shown in Table 5.
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Table 5: Total residual factor after each optimization step

Optimization step HC16 Rt [%] Sim17 Rt [%]

Scale and Shift 18.68 41.43

Preferred orientation 14.54 27.75

Lattice Parameters 12.81 27.59

Peak shape 10.50 19.06

All 7.52 4.83

The final residual for the simulated measurement is lower, because we did not add a background
signal or noise to it. Therefore, it is theoretically possible to get a perfect fit.

7.2 Scale and Shift

The first and most crucial parameters, as said before, are the scale and shift. The scale is an
general scaling factor and the base shift is a result of internal material stresses affecting the crystal
lattice distances and thus the XRD spectrum. The base shift may also account for uncorrected
thermal expansion effects, since the thermal expansion also causes a shift.
To optimize the scale and shift we use the following function:

Ω(S, δ) =
∑
i

(
Iobsi − Icalci (S, δ)− Ibgi

)2

.

Here Icalci (S, δ) is the resulting function of the Rietveld refinement with only the scale and shift as
variables. For the other variables we take arbitrary values, i.e. the preferred orientation factor G =
1 and the Pearson-VII peak shape with [U, V,W, ζ1, ζ2, ζ3] = [−0.01, 0.2, 0.01, 5, 0.5, 0.5]. Instead

of trying to fit the exact scaling factor, which ranges from 10−6 to 10−12, we fit S̃ = − log10(S),
which ranges from 6 to 10. This is easier since you do not have to work with very small numbers
and pay attention to the minimum step size in the algorithms. We set the bounds for the shift
δ to [−0.5◦, 0.5◦]. Now, we minimize Ω for S̃ and δ. The results in terms of total residual and
computation time are shown in Table 6.

Table 6: Results of different optimization methods for the scale and shift parameters

HC16 Sim17

Method Rt [%] Computing time [s] Rt [%] Computing time [s]

BF22
50 18.68 110.60 41.73 114.14

Interior-point 18.68 5.72 44.89 6.78

OptQuest NLP 18.68 208.45 41.43 212.43

GA 18.68 184.79 41.43 150.13

The residual factor for all four optimization methods is approximately equal, except for the interior-
point algorithm for Sim17. The interior-point algorithm is a local search method, therefore, the
global optimum is not always found. Thus, despite the fact that the interior-point algorithm is
very fast compared to the other algorithms, we will not use it. Instead, we will use the brute-force
method, since it finds the global optimum and is the fastest of the other algorithms. The fitted
function after optimizing the scale and shift is shown in Figure 33 for HC16 and in Figure 34 for
Sim17. The reflections of the individual components are shifted in intensity to give a clearer view
of the decomposition.
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Figure 33: Fitted function after the optimization of the scale and shift parameters for HC16 (Brute-
force method, Rt = 18.68%).
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Figure 34: Fitted function after the optimization of the scale and shift parameters for Sim17

(Brute-force method, Rt = 41.73%).
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7.3 Preferred orientation

The preferred orientation only changes the relative intensities between the different peaks of a
single component. Thus to optimize the preferred orientation, we do not need the entire diffraction
pattern, only the position of the peaks and their corresponding intensities. This saves computing
time as we can work with smaller vectors. Thus, we have to create two vectors: one vector with
the specific intensities of one component in the diffraction pattern and the other vector with the
theoretical intensities of the same component.
We already optimized the horizontal shift, so the position of the calculated peaks is accurate. Since
the diffraction pattern also contains peaks of other components, we only want the intensities at the
positions where one component theoretically has its peaks. These positions are easily calculated
by Bragg’s law for each component. Let us call these positions θ̂. Then, the corresponding
intensities in the diffraction pattern are stored in the vector IntDP = Iobs(θ̂ + δ) − Ibg(θ̂ + δ),
where the abbreviation ‘DP’ stands for diffraction pattern and the positions are corrected with
the earlier calculated shift. The observed intensities are discrete angles and the shift δ is (usually)

an irrational number. In case the observed intensities are not defined at the position θ̂ + δ,
we use linear interpolation of the nearby points. To avoid the scaling effect of the preferred
orientation factor, we will work with the relative intensities between the peaks, thus we define:
RelIntDP = IntDP/max(IntDP).
For the calculated relative intensity, which will depend on the preferred orientation factor, we do not
need the entire function of the Rietveld method. We only need the factors that influence the relative
intensities, thus the multiplication factor m, the structure factor F , the Lorentz polarization factor
LP and the preferred orientation P, with the variable G. The vector becomes: IntRR(G) =
m · |F |2 · LP · P(G). Here the abbreviation ‘RR’ stands for Rietveld refinement. Then again, the
relative intensity is RelIntRR(G) = IntRR(G)/max(IntRR(G)). Now, we define a least squares
optimization problem:

Ω(G) =
∑

(RelIntDP −RelIntRR(G))
2
.

Here, G has the same number of variables as there are preferred planes. The bounds we set on
G are 0.1 as lower bound and 1 as upper bound. When G is equal to one, this has no effect on
the relative intensities. If G would exceed 1, this would mean that the preferred plane is avoided,
which would make no sense. Then, the preferred plane should be chosen differently. The preferred
planes we use to fit G are shown in Table 7. This selection of planes is based on the planes that
give the highest intensity count without a preferred orientation.

Table 7: Preferred planes of the different components in HC16 and Sim17

Component Preferred plane (h,k,(i),l) Component Preferred plane (h,k,(i),l)

Cu (1,1,1) Cu7Ga4 (3,3,0)

In (1,0,1) and (0,0,2) Cu3Ga2 (3,3,0)

Mo (1,1,0) β-In2Se3 (0,0,0,9) and (1,0,-1,1)

Cu9Ga4 (3,3,0) GaSe (0,0,0,4) and (0,0,0,5)

CuIn2 (2,1,1) α-CIS (0,0,3) and (0,0,4)

Cu16In9 (1,1,-2,0) α-CGS (0,0,3) and (0,0,4)

Cu11In9 (0,2,0) and (4,0,2)

A full list of preferred planes for each components is presented in Appendix B.2. Now, we optimize
the preferred orientation factor with the different optimization methods. The results are shown in
Table 8. Note that the computing times in Table 8 and all similar tables that will follow, are the
computing times of this specific optimization step, not from all the optimization steps.
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Table 8: Results of different optimization methods for the preferred orientation factor

HC16 Sim17

Method Rt [%] Computing time [s] Rt [%] Computing time [s]

BF12
50 or BF22

50 14.58 26.72 27.73 34.03

Interior-point 14.54 1.41 27.75 3.72

OptQuest NLP 14.57 55.96 27.75 99.94

GA 14.59 35.16 27.75 73.65

The interior-point algorithm is the fastest and also performs equally good compared to the global
search methods. To make sure we can indeed use a local search method, we look at Ω function
of G. As example, we take the optimization of the function for indium in HC16. Indium has two
preferred planes, thus there are also two variables G1 and G2. The value of Ω is plotted for the
range of G1, G2 in Figure 35.

Figure 35: Ω for the preferred orientation parameters G1 and G2 for indium in HC16.

Here, the entire red plane in the south east corner is not flat, but monotonically increasing, i.e.
the values of Ω are (increasingly) greater than 0.5. Since this is not the region of interest, we
thresholded this value and gave the lower values more distinct colors. In Figure 35, we see that
there is a single broad area where Ω is minimized. This indicates that the area of attraction is
large in this case. Furthermore, we can see that there is only one minimum in this optimization
problem. Therefore, we assume it is safe to use the interior-point algorithm.
Since we compare the relative intensities, the scaling might be completely off after the optimization
of the preferred orientation factors. So, we do an additional scale optimization afterwards. Since
the Rietveld refinement is a linear function in terms of the scaling factor, we can use the exact
solution to the least squares problem from Section 6.1. This runs in negligible time (< 0.05 seconds
per component). The fitted functions after the optimization of the preferred orientation factor and
additional scaling are shown in Figure 36 for HC16 and in Figure 37 for Sim17. b
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Figure 36: Fitted function after the optimization of the preferred orientation factor and the scale
parameter for HC16 (Interior-point method, Rt = 14.54%).
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Figure 37: Fitted function after the optimization of the preferred orientation factor and the scale
parameter for Sim17 (Interior-point method, Rt = 27.75%).
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7.4 Lattice parameters

The optimization of the lattice parameters is not always necessary. When a component has multiple
peaks and the positions of the calculated peaks match with the positions in the diffraction pattern,
then all is fine. However, for components that expand rigorously during heating, like indium, the
correction for the thermal expansion we performed in the preliminary data analysis is not always
correct. For example, consider the seventh measurement of the heating/cooling of the CIG stack
(HC7). After optimization of the scale, shift and preferred orientation, we obtained the fit that is
shown in Figure 38.
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Figure 38: Error due to incorrect lattice parameters for indium.

One of the indium peaks is at the correct position and the other peak is off. This can be corrected
by changing the lattice parameters. Thus, we define a least squares optimization problem:

Ω(a, b, c, α, β, γ) =
∑
i

(
Iobsi − Icalci (a, b, c, α, β, γ)− Ibgi

)2

.

Note that Icalci represents the Rietveld refinement, which is not directly a function of the lattice
parameters. However, the lattice parameters are used to calculate the positions of the peaks.
These positions then influence, among others, the Lorentz polarization factor and the structure
factor. Furthermore, not all six lattice parameters have to be optimized. Indium has a tetragonal
structure, so there are only two varying parameters (a = b 6= c, α = β = γ = 90◦). We set a range
of 1% in which the parameters can vary. This should be enough to correct the errors, but not give
the optimization process the ability to shift a peak to match an entirely different peak. Next, we
optimize the lattice parameters for HC7 with the different optimization methods. The results are
shown in Table 9.

Table 9: Results of different optimization methods for the lattice parameters

Method Rt [%] Computing time [s]

BF12
50 or BF22

50 13.60 31.36

Interior-point 13.60 1.45

OptQuest NLP 13.60 45.53

GA 13.59 119.31

In this table we see that the interior-point algorithm is the fastest and gives the same results as
the other algorithms. Therefore, we will use the interior-point algorithm for the optimization of
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the lattice parameters. In Figure 38 it can be seen that only a shift of the right indium peak
is not enough, the scaling is also slightly incorrect. Thus, we have to re-optimize the preferred
orientation factor and afterwards the scaling factor. We set a small range of 0.1 in which the
preferred orientation factor can vary and a factor ±1 for the negative logarithm of the scaling
factor. The final result of the optimization of the lattice parameters for HC7 is shown in Figure 39.
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Figure 39: Correction for the error due to incorrect lattice parameters for indium (Interior-point
method, Rt = 13.60%).

7.5 Peak shape

For the peak shape we had four different shapes: Gaussian, Lorentzian, Pseudo-Voigt and Pearson-
VII. First, we will decide which shape is the best to use based on the residual factor Rt. Next, we
analyze the different optimization methods for the peak shape parameters.
For each peak shape function, we define a least squares optimization function:

Gaussian: Ω1(U, V,W ) =
∑
i

(
Iobsi − Icalci (U, V,W )− Ibgi

)2

,

Lorentzian: Ω2(X,Y ) =
∑
i

(
Iobsi − Icalci (X,Y )− Ibgi

)2

,

Pseudo-Voigt: Ω3(U, V,W,X, Y, η1, η2, η3) =
∑
i

(
Iobsi − Icalci (U, V,W,X, Y, η1, η2, η3)− Ibgi

)2

,

Pearson-VII: Ω4(U, V,W, ζ1, ζ2, ζ3) =
∑
i

(
Iobsi − Icalci (U, V,W, ζ1, ζ2, ζ3)− Ibgi

)2

.

To be able to minimize these functions, there are some constraints on these parameters to keep
the function positive and real. These constraints involve the FWHM parameters HG and HL,
the linear combination parameter η and the exponent ζ (see Section 5.4 for definitions). For the
algorithms, we have to rewrite these constraints in the linear system of inequalities. Here, follow
the constraints for the different functions and the derivation for the linear system of inequalities.

� For the Gaussian, Pseudo-Voigt and Pearson-VII functions:

HG,j =
√
U tan2(θj) + V tan(θj) +W, with HG,j > 0.
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Here θj corresponds to angle of a reflection. Since the FWHM has to be larger than zero, so
has to be the argument of the square root:

U tan2(θj) + V tan(θj) +W > 0 ∀j.
Unfortunately, θj is a variable, so this function does not help us. However, we have a certain
range for θj , namely 10◦ ≤ θj ≤ 30◦ (as the range of the diffraction angle is 20◦ ≤ 2θj ≤ 60◦).
tan(θj) is always larger than zero for this range and U, V and W can be either negative or
positive. Using the fact that tan(10◦) = tan(π/18) and tan(30◦) = tan(π/6), we get the
following system of inequalities:

− tan(π/18)2 − tan(π/18) −1

− tan(π/6)2 − tan(π/6) −1

− tan(π/18)2 − tan(π/6) −1

− tan(π/6)2 − tan(π/18) −1


UV
W

 <
0

0

0


As we cannot use a strict inequality, we will set it lower or equal than −10−3. Any FWHM
smaller than this is not probable.

� For the Lorentzian and Pseudo-Voigt functions:

HL,j =
X

cos(θj)
+ Y tan(θj), with HL,j > 0.

We use a similar approach as the other FWHM value and create the system of inequalities:
−1/ cos(π/18) − tan(π/18)

−1/ cos(π/6) − tan(π/6)

−1/ cos(π/18) − tan(π/6)

−1/ cos(π/6) − tan(π/18)


[
X

Y

]
<

[
0

0

]

Here, we also replace the strict inequality by lower-or-equal-to −10−3.

� For the Pseudo-Voigt function:

ηj = η0 + η22θj + η2(2θj)
2, with 0 ≤ η ≤ 1.

Since ηj has an lower and upper bound, we rewrite this constraint as two inequalities:

−η0 − η22θj − η2(2θj)
2 ≤ 0, η0 + η22θj + η2(2θj)

2 ≤ 1.

Then, we use the range for 2θj and that η1, η2 and η3 ≥ 0 to create the following system of
inequalities: [

−1 −10 −100

1 30 900

]η1

η2

η3

 ≤ [0

1

]

� For the Pearson-VII function:

ζj = ζ0 + ζ2(2θj)
−1 + ζ2(2θj)

−2, with ζ > 0.

Since we have that ζ ≥ 0.5 (see Section 5.4), this constraint is automatically satisfied.

Now, we optimize the different peak shape functions with the OptQuest NLP algorithm. We could
also have chosen the genetic algorithm,which also works fine. The results are shown in Table 10.

Table 10: Total residual factors and computing times for different peak shapes using the OptQuest
NLP algorithm.

HC16 Sim17

Method Rt [%] Computing time [s] Rt [%] Computing time [s]

Gaussian 10.78 132.90 21.65 219.81

Lorentzian 13.83 101.75 34.44 404.18

Pseudo-Voigt 10.45 183.57 21.79 437.77

Pearson-VII 9.91 157.56 21.67 212.09
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As the peak shapes in Sim17 are created with the Pearson-VII function, we expect that this function
is also the best fit. Surprisingly, also a Gaussian and the Pseudo-Voigt function perform well. For
HC16, the Pearson-VII function clearly is the best fit. Therefore, we will use the Pearson-VII
function as the peak shape function. Next, we compare the different optimization methods. The
brute-force method cannot be used, since the Pearson-VII function has six parameters and it would
be very slow compared to the other methods (as we argued in Section 6.2). The total residual
factor and computing time for the other methods are shown in Table 11.

Table 11: Results of different optimization methods for the peak shape function.

HC16 Sim17

Method Rt [%] Computing time [s] Rt [%] Computing time [s]

Interior-point 10.50 15.42 21.67 47.24

OptQuest NLP 10.50 85.48 21.67 212.09

GA 10.48 605.12 21.67 176.31

Now, all three optimization methods give approximately the same value for Rt. Thus, we are
temped to use the interior-point algorithm since it is the fastest. However, after applying this
to solve all the simulated diffraction patterns, we noticed that the interior-point algorithm gave
suboptimal solutions for several cases. These cases involve peaks that partial overlap. Since we
optimize per component, there might be a local optimum where two peaks are fitted as one broad
peak. Therefore, we will not use the interior-point algorithm, but the OptQuest NLP algorithm.
This gives us more consistent answers. The fitted functions after the optimization of the peak
shape are shown in Figure 40 for HC16 and in Figure 41 for Sim17.
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Figure 40: Fitted function after optimizing the peak shape of HC16 (OptQuest NLP algorithm,
Rt = 10.50%).
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Figure 41: Fitted function after optimizing the peak shape of Sim17 (OptQuest NLP algorithm,
Rt = 21.67%).

7.6 All parameters

After performing the first four optimization steps, we have an approximation for all the parameters.
Next, we perform one final optimization step where all parameters are varied in a small range of
their current approximation. This does not include the lattice parameters, because they are not
part of the Rietveld refinement. We assume that the lattice parameters are fitted correctly.
We define again a least squares optimization problem, now with all the parameters:

Ω(S̃, δ,G, U, V,W, ζ1, ζ2, ζ3) =
∑
i

(
Iobsi − Icalci (S̃, δ,G, U, V,W, ζ1, ζ2, ζ3)− Ibgi

)2

,

where S̃ = − log10(S) and G can represent multiple variables, depending on the number of preferred
planes of a component. We use the same constraints as defined earlier. For the bounds of each
parameter we take either a percentage of the current solution, when a parameter is always positive,
or an absolute range around the current solution, when the parameters can be both positive and
negative. For example, we take the percentage range for S̃: [0.75S̃, 1.25S̃] and the absolute range
for U : [U − 0.1, U + 0.1]. When a percentage range is taken for a negative parameter, the lower
bound becomes larger than the upper bound, i.e. lb = 0.75 ·−1 = −0.75 > 1.25 ·−1 = −1.25 = ub.
We could work around this with a sign function, however, we choose to use an absolute range. The
results of the optimization of all parameters for the different methods is shown in Table 12.

Table 12: Results of different optimization methods for all parameters

HC16 Sim17

Method Rt [%] Computing time [s] Rt [%] Computing time [s]

Interior-point 7.53 14.87 4.83 29.10

OptQuest NLP 7.52 471.85 4.83 680.76

GA 7.51 728.25 5.03 1556.7
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Since we cannot be sure that the interior-point algorithm always finds the global minimum, we
choose to use the OptQuest NLP algorithm for the optimization of all the parameters. The resulting
fitted functions are shown in Figure 42 for HC16 and in Figure 43 for Sim17.
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Figure 42: Fitted function after re-optimizing all parameters of HC16 (OptQuest NLP algorithm,
Rt = 7.52%).
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Figure 43: Fitted function after re-optimizing all parameters of Sim17 (OptQuest NLP algorithm,
Rt = 4.83%).
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7.7 Summary of parameter optimization

We have analyzed all optimization steps of the parameters and concluded which optimization
method perform the best for each step. A small recap is shown in Table 13.

Table 13: Results of different optimization methods for all parameters

HC16 Sim17

Parameter Method Rt [%] Computing time [s] Rt [%] Computing time [s]

Scale & shift Brute-force 18.68 110.60 41.43 150.13

Preferred orientation Interior-point 14.54 1.41 27.75 3.72

Lattice parameters Interior-point 12.81 1.68 27.59 2.12

Peak shape OptQuest NLP 10.50 85.48 19.07 207.82

All parameters OptQuest NLP 7.52 471.85 4.83 680.76

Total 671.02 1044.55

The total computing time is quite large, but note both measurements have been chosen with the
largest number of components. The computation time depends on the number of components, but
also on the number of planes each component has. This is clearly apparent in the optimization of
the peak shape. For each plane, the shape has to be calculated for the entire range of the diffraction
angles. Then, the reflections are summed. We already remove planes after the optimization of the
preferred orientations that have a negligible contribution so save computation time. However,
the calculation of the peak shape is still the slowest part of the Rietveld method and thus the
bottleneck in every function evaluation.
One could also use the interior-point algorithm in the last two optimization steps to decrease the
computation time significantly. However, there is a possibility that the answers are sub-optimal.
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8 Quantification and reactions

Up till now we have discussed how to analyze the diffraction pattern. The optimization of all the
parameters is performed and we obtained an approximation to the diffraction pattern that is de-
composed in the different components. The integral of the reflection of each individual component
in a diffraction pattern represents the amount of that component. This amount can be a surface
concentration [mol m−2], surface density [kg m−2] or something similar. Here, we choose to index
the integrals as surface concentrations. Each component has its own transfer rate from integral
to concentration. Using the fact that the total amount of copper, indium and gallium should
be constant over time, we calculate the transfer rate for all the components by defining a least
squares optimization problem, such that the error in the total (constant) amounts is minimized.
For the simulated measurement, we know how much selenium is absorbed by the precursor stack
at each time (since we tracked it during the simulation), but for real measurements this has to be
approximated.
Once we have calculated the surface concentrations for each measurement, we use a filter to
smoothen the data to get rid of some small fluctuations. Then, we use the difference between
two measurements to calculate the change in surface concentrations that each reaction causes. We
have a list of all the reactions that can occur during the formations of CIGS (see Appendix B.3),
but not all these reactions can occur at the same time. Based on the surface concentrations and
the phase diagrams we can cancel out certain reactions, such that we are left with a smaller set of
reactions. Next, we define a positive linear program to match the changes in surface concentration
with the reactants and products of the reactions. This gives us a the reactions rates between each
set of two measurements.
Finally, we combine the calculated reaction rates with the temperature and volumetric concentra-
tions (surface concentration divided by the height of the stack) to find the frequency factor and
the activation energy in the Arrhenius equation (20) (shown in the Introduction).

8.1 Indexing integrals

As said in the introduction of this chapter, the integral of the reflection of each component is a
representative for the surface concentration of that component. The integrals of the individual
components can be easily calculated from the diffraction patterns. Numerically, integration is
the summation over the intensities at each (discrete) diffraction angle. The integrals for the
heating/cooling (HC) and simulated (Sim) measurements are shown in Figure 44 and Figure 45,
respectively.
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Figure 45: Original integrals (left) and the computed integrals (right) of the individual components
in the simulated measurements.

These measurements still have some inconsistencies due to incorrect fits. Therefore, we apply an
averaging filter to smoothen it, a similar filter as in Section 3.1. We will treat the indexing of both
measurements (heating/cooling and simulated) differently, since the indexing for the heating/cool-
ing measurement cannot be solved uniquely. Until the sixteenth measurement, much indium is
disappearing and nothing reappears in return. This is mainly due to the presence of molten in-
dium. This molten indium has no reflections, while it is an extra unknown.

For the indexing we work with transfer rates, which we call Integral-To-Mass (ITM) rates, which
differs for each component Φ. Furthermore, let IntΦ be the vector containing the values of the
integrals of a component Φ for all measurements. Then, the surface concentration can be calculated
via a simple multiplication: C

′

Φ = IntΦ · ITMΦ. With the molar fractions of each component we
can calculate the surface concentrations of the basic components (Cu, In, Ga, Se and Mo). The
sum over all the basic components should be equal for all measurements, except for selenium.
To calculate the ITM rates, we have to solve a linear system. We expect that there is no exact
solution to this linear system, so we will minimize a least squares problem. First, we set up the
linear system. The indexes we will use are:

Components : Φ = 1, . . . , N

Basic components : i = 1, . . . , 5

Measurements : k = 1, . . . , n.

Then, we define the matrix with all the integrals of each component Int and the vector of all the
ITM rates ITM:

Int = [Int1, Int2, . . . , IntN ] ∈ Rn×N ,

ITM = [ITM1, ITM2, . . . , ITMN ]
T ∈ RN×1.

Next, we define MP ∈ R5×N as the mole percentage matrix. This matrix consists of the mole
percentages of Cu, In, Ga, Se and Mo in all other components. For example, Cu16In9 had a 16/25
mole percentage of Cu and a 9/25 mole percentage of In. To combine MP with Int, we create a
three dimensional matrix Q ∈ R5×N×n. An element in Q is defined as QiΦk = MPiΦ ·IntkΦ, where
i is the index for the basic components, Φ is the index for any component and k is the index for the
measurement number. Finally, let C

′

b ∈ R5×n be the matrix with the surface concentrations of the

basic component for each measurement. The surface concentrations C
′

b are calculated by Q ·ITM,
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where the multiplication is along the second dimension and then the matrix is reshaped as R5×1×n

to R5×n. This surface concentration matrix can be compared with initial surface concentrations
C‘,init
b in a least squares minimization problem (16):

Ω =

n∑
k=1

5∑
i=1

w
(
C‘,init
b −C

′

b

)2

=

n∑
k=1

5∑
i=1

w
(
C‘,init
b −Q · ITM

)2

, (16)

with the weights wi,j = 1/Rtj (where Rtj the total residual factor of each measurement). We use
these weights, because the total residual factor is a measure for the goodness of the fit. Further-
more, we use a double sum since Cb is a matrix. Now, we are ready to optimize ITM for both
measurements.

For the heating/cooling measurement, however, this method would give bad results. There is amor-
phous indium present that is not detected. Furthermore, it is possible that part of this indium is
reacting with Cu9Ga4 to form Cu9(Ga, In)4 or Cu16(Ga, In)9 [44,45]. These two components are
not incorporated in our tool yet. To get better results, these two should be added and then the
diffraction pattern should be re-analyzed. Even if there was no amorphous indium, this measured
set would not be very useful to analyze the reaction kinetics. The time between two measure-
ments is twenty seconds, which is a long time. For measuring the reaction kinetics, smaller time
intervals are more useful, because the different phase transactions can be seen more clearly. In
this measurement indium melts at 434 K. At that point, it can be seen that the concentrations of
copper, indium and CuIn2 decrease, where Cu16In9 and Cu11In9 appear. However, this occurs in
two measurements. Two measurements is not enough to be able to determine the reactions kinetics
accurately. Therefore, we will not discuss this measurement further.

For the simulated measurement, we do not have any amorphous indium or other amorphous phases.
Thus, we can solve the least squares minimization problem (16). We use a genetic algorithm to
find the optimal values for ITM rates. This finds the optimal values in approximately 15 seconds.
Since we used the same technique to create the diffraction pattern from the concentrations in
the first place, we can compare the calculated ITM rates with the originals. The results from
the least squares optimization together with the original rates are shown in Table 14. For some
components that are not measured in the diffraction pattern the ITM rate cannot be optimized.
The genetic algorithm gives a random value for these components. In Table 14 these values are
made transparent. The column ‘Points’ represents the number of data points that are used for the
fit. The maximum number of points is sixty, since there are sixty measurements.

Table 14: The calculated and original ITM rates for the simulated measurements

ITM · 10−6 [mol m−2] ITM · 10−6 [mol m−2]

Component Computed Original Points Component Computed Original Points

In 8.95 7 3 In6Se7 6.64 11 10

Mo 1.96 2 60 β-In2Se3 8.71 9 26

Cu 2.72 6 55 CuSe2 16.28 8 0

Cu16In9 21.54 27 0 CuSe 6.06 10 0

Cu11In9 16.08 28 0 Cu2−xSe 19.89 13 8

Cu4-xGa 29.22 26 0 GaSe 11.98 15 24

Gu9Ga4 24.35 24 32 Ga2Se3 13.19 12 33

Cu7Ga4 30.00 23 8 MoSe2 13.55 8 0

Cu3Ga2 30.00 22 27 α-CIS 25.71 26 58

In4Se3 15.23 16 6 α-CGS 24.80 24 56

InSe 13.25 14 7

The original and computed surface concentrations profiles for the simulated measurement series
are shown in Figure 46. The surface concentrations are calculated by C

′
= Q · ITM with the

optimized ITM rates.
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Figure 46: The original surface concentration profile (left) and the calculated surface concentration
profile (right) for the simulated measurements.

The largest difference between the original and computed concentrations profiles is the concen-
tration of copper. The computed concentration is about half the original concentration. An
explanation for this is that we did not take the holes into account. Instead, we assumed that there
are no holes in the components containing copper. This assumption is obviously wrong, but we
do not yet have a method to calculate the number of holes. Later, when we calculate the reaction
rates, we can approximate the concentration of the holes in each component. Other smaller dif-
ferences between the original and the computed concentrations involve Cu2−xSe, but this is also
related to the holes, the surface concentration of Cu9Ga4 is too high, which also results in a lower
surface concentration of copper, and the overall concentrations of GaSe and Ga2Se3 are slightly
decreased. The In-Se phases are mostly correct, except for In6Se7, which has a slight peak around
the tenth measurement. The computed concentrations can now be used to determine the reaction
rates.

8.2 Reaction rates

We have calculated the surface concentration of each component for all measurements. With the
change in surface concentration, we can find out which reactions took place and in which amounts.
The set of reactions that we use is presented in Appendix B.3. First, a set of active reactions is
determined by checking the position in the phase diagram of each binary system with the atomic
percentages and temperature at each measurement. Next, we define a positive linear system that
tries to match the stoichiometric coefficients of the reactions to the calculated surface concentra-
tions. A positive linear system is harder to solve than a normal linear system, since all the reaction
‘rates’ have to be positive. To solve this, we define a linear program with the condition that the
reaction ‘rates’ are positive. These calculated reaction ‘rates’ are not real rates, since they have
unit [mol m−2]. To convert them to reaction rates, we divide by the time between two measure-
ments and the height of the stack. Also, to get the volumetric concentrations that are used in the
Arrhenius equation, we divide the surface concentrations by the height of the stack. After we have
calculated the (real) reaction rates [mol m−3 s−1], we make one correction. Reactions that use the
same reactants slow each other down, since the reactants have to be divided between the reactions.
With this correction we determine the reaction rates of the individual reactions from the calculated
reaction rates. As working example, we will use the original (exact) surface concentration profile.
The results for the computed surface concentrations will be given in the Appendix C.
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Let us define the difference in surface concentration D
′

[mol m−2] of a component Φ between two
measurements k and k + 1 as:

D
′

Φ,k = C
′

Φ,k+1 − C
′

Φ,k,

where C
′

= Int · ITM is the matrix containing the surface concentration [mol m−2] of each
component at each measurement from the previous section. The difference in surface concentration
D
′

for the exact concentration profile is shown in Figure 47.
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Figure 47: Difference in original surface concentrations for the simulated measurement.

We define the stoichiometric coefficients of the reactants ReacΦ,l [–] and of the products ProdΦ,l

[–] as matrices that contain for each reaction l the stoichiometric coefficients of each component Φ.

Then, we can calculate the change in surface concentration caused by the reactions R̃ [mol m−2]
by solving the positive linear system (17):

(−Reac+ Prod)R̃ = D
′
, with R̃ ≥ 0. (17)

The reason why we choose for surface concentrations and not volumetric concentrations is that
the a change in volumetric concentration can also be caused by the changing height of the stack.
This height can change due to the absorption of selenium or the difference in density between the
reactants and products. To calculate the actual reaction rate R [mol m−2 s−1] we divide the change

in surface concentration R̃ by the time between two measurements tstep [s] and the height of the

stack hstack [m]: R =
R̃

tstep · hstack
. In the simulated measurements tstep = 5s. The height of the

stack is calculated by using the the molmass and density of each component. The contribution to
the height of a single component is calculated by:

hΦ
stack = C

′

Φ ·MolmassΦ/ρΦ.

Then, summing over all components Φ gives the total height of the stack. For simplicity, let us
write RP = (−Reac + Prod). To solve the positive linear system (17) for R̃, we cannot simply
invert RP and multiply it with both sides for two reasons, because RP is in general not square,
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therefore not invertible. In order to solve this problem, we will convert the positive linear system
to a least squares minimization problem:

min
R̃
‖D′ −RP · R̃‖1

s.t. R̃ ≥ 0.
(18)

This is a linear program, but it is not in a standard form yet. For that, we have to get rid of the
norm (absolute value) in the objective function. To get rid of the absolute value, we introduce an

arbitrary parameter F (with the same dimensions as R̃) and rewrite (18) to:

min
R̃
F

s.t.F ≤ D′ −RP · R̃
F ≥ −(D

′ −RP · R̃)

R̃ ≥ 0.

We convert all constraints to lower-equal constraints and move all variables to the left-hand-side:

min
R̃,F
F

s.t.F +RP · R̃ ≤ D′

−F −RP · R̃ ≤ D′

R̃ ≥ 0.

Finally, we add slack variables to get equality constraint:

min
R̃,F,S1,S2

F + S1 + S2

s.t.F +RP · R̃+ S1 = D
′

−F −RP · R̃+ S2 = D
′

R̃ ≥ 0,

or in matrix form:

min
R̃,F,S1,S2

[
0 1 1 1

]
R̃

F
S1

S2



s.t.

[
RP I I 0

RP −I 0 I

]
R̃

F
S1

S2

 =

[
D
′

D
′

]
.

(19)

In total, we introduced three new vectors of parameters (F ,S1 and S2), so the total number of
variables in our problem has quadrupled. For the simulated measurement we use 24 components,
thus in total this would give us 96 parameters. However, this is not a big issue since such linear
systems can be solved quite fast, for instance, with an interior-point algorithm.
One problem, however, is that the null space of RP is nonempty. For instance, reactions from one
In–Se phase to the other and back would give a nonempty null space. Both reactions can have the
same reaction rate and the net difference in concentration of each component would be zero. To
see this, we take the following reactions (39 and 40 from Appendix B.3):

R̃39: 1 In4Se3 + 1 Se −−→ 4 InSe

R̃40: 4 InSe −−→ 1 In4Se3 + 1 Se
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When R̃39 = R̃40 and we take minus the coefficients of the reactants plus the coefficients of the
products of each component, they add up to zero. Therefore, R̃39 and R̃40 could be anything as
long as they are equal to each other. To solve this problem, we add an extra constraint to set one
of the variables to zero when the other is nonzero:

R̃39 ≤My

R̃40 ≤M(1− y),

whereM is a large number and y ∈ {0, 1} is a binary variable. As we introduce a binary variable,
the problem becomes a mixed integer linear program. Whenever both of the reactions are in the
active set of reactions, we add this constraint to (19). Now, we compute the change in surface

concentration due to the reactions R̃ [mol m−2] at every measurement. These changes are shown
in Figure 48. No legend is shown, because it would have approximately eighty entries and it is not
possible to give all reactions a distinct color.
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Figure 48: Changes in the exact surface concentration due to reactions of the simulated measure-
ment series.

Even though we used the exact surface concentrations, there is still an error in some components.
The absolute and relative errors for each component are shown in Figure 49. They are calculated
as follows:

Absolute error = D
′ −RP · R̃

Relative error = (D
′ −RP · R̃)/‖D′ −RP · R̃‖1 · 100%.
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Figure 49: Absolute and relative error rates for the calculated changes in surface concentration R̃
of the simulated measurement series.

The reason we give both errors is that the relative error for selenium looks quite large. However,
the absolute error is very small as there is very little (free) selenium, so this is no problem. The
error in selenium in the last 30 measurements is actually correct. During the simulation, there
is a very small concentration of free selenium in the CIGS stack. This is due to the solubility of
selenium in CIS/CGS. Selenium will still be absorbed by CIGS, even though there is no copper,
indium or gallium left. Then, it will react with molybdenum. This is unwanted in solar cells as it
decreases the conductivity of the molybdenum layer. The other errors are possibly because we did
not incorporate copper holes in the reactions. The concentration of holes can be quite significant
and should be added to improve the results.
To get the reaction rates R [mol m−3 s−1], we divide R̃ [mol m−2]by the time step tstep [s] and the
stack height hstack [m]. The computed reaction rates are shown in Figure 50.

Figure 50: Changes in the exact surface concentration due to reactions of the simulated measure-
ment series.

Master Thesis
Extracting the reaction kinetics of the formation of CIGS from in-situ X-ray diffraction
measurements

61



Correction
At the creation of the simulation model in [23], we argued that reactions that occur at the same
time and use (one of) the same components slow each other down. The reason for this is that a
certain amount of one component has to be divided between two (or more) reactions. Thus, the
actual volumetric concentration that is used in the Arrhenius equation 20 (from the Introduction)
is reduced and so the reaction rate is also reduced. The computation of the reduced reaction rates
was done by multiplying the original reaction rate with a fraction. This fraction is the original
reaction rate divided by the sum of all reaction rates that use one of the same components. The
reduced reaction rates R are given by the function:

Rj =
R̂2
j∑
Jj
R̂
,

where Jj is the set of components that have the same reactants as reaction j. During the simulation,

R is calculated from R̂. Now, we have R and we want to calculate the original reaction rates R̂.

Since this cannot be done directly, therefore we define G(R̂) =
R̂2∑
Jj
R̂
− R and solve G(R̂) = 0.

The corrected reaction rates R̂ are shown in Figure 51.
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Figure 51: Corrected reaction rates of the simulated measurement series.

Comparing this figure to Figure 50, we see that all the reaction rates have increased (as expected)
and the course of the reaction rates is similar. We will use these reaction rates to fit the parameters
in the Arrhenius equation.

8.3 Arrhenius parameters

Once we have calculated the reaction rate for every reaction at every measurement, we can fit the
Arrhenius parameters. The Arrhenius equation is:

R̂ = k0e
−
Ea
RT Cn1

1 Cn2
2 . . . . (20)

Here, R̂ is the corrected reaction rate [mol m−3 s−1], k0 is the frequency factor [mol1−
∑

i ni

m−3+3
∑

i ni s−1], Ea is the activation energy [J mol−1], R is the gas constant [J mol−1 K−1],
T is the absolute temperature [K], Ci is the volumetric concentration of the i-th reactant [mol
m−3] and ni is the corresponding reaction order [−]. The temperatures are known and we can
calculate the volumetric concentrations by dividing the surface concentrations by the stack height:

C =
C ‘

hstack
.
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The parameters that we want to determine are the frequency factor and the activation energy.
Trying to fit this function directly will not work however. There are certain reactions that occur
consecutively. The volumetric concentration of an intermediate product can be (close to) zero at
two measured times. For example, Cu2−xSe is formed from Cu and Se, but then is immediately used
in the formation of CIS or CGS. The volumetric concentration of Cu2−xSe used in the Arrhenius
equation for reaction rate of CIS/CGS is not close to zero, but there is a constant supply of
Cu2−xSe. It is difficult to say what columetric concentration for Cu2−xSe we should use. We will
use the maximum amount that is available, meaning that we calculate how much Cu2−xSe can
be formed in the reaction of Cu and Se and use these volumetric concentrations in the Arrhenius
equation. Meanwhile, we do not change the volumetric concentrations of Cu and Se, since we still
need them to fit their Arrhenius parameters. Thus, we add only the products of each reaction to
the volumetric concentrations:

C̃ = C + Prod ·R · tstep.

Note that we did not use the corrected reaction rates, because the original reaction rates R are
used between two measurements and here we work with volumetric concentrations, thus we do not
multiply with hstack. We use the corrected reaction rates R̂ to fit the Arrhenius equation. Now,
we define a least squares minimization problem:

Ω(k0, Ea) =
∑
k

(
R̂(k)− k0e

− Ea
RT (k) C̃n1

1 (k)C̃n2
2 (k)

)2

, (21)

where the sum is over all measurements k where the computed reaction rate is nonzero. There
is no point in trying to find the frequency factor and the activation energy if the number of data
points, where the reaction rate is nonzero, is too low. The minimum number of data points that we
require is set to three. After we optimized both parameters, we can calculate confidence intervals.
As this is a nonlinear optimization problem, the Hessian (matrix of the second derivatives) is also
needed to estimate the variance. The 95% confidence intervals are calculated as follows [46]:[

k∗0
Ea∗

]
± t0.95,v

‖Res‖√
v

(
∇2Ω(k∗0 , Ea

∗)
)−1

,

with the residual Res = R̂ − k0e
− Ea
RT C̃n1

1 C̃n2
2 , the degrees of freedom v (number of data points

minus the number of variables) and the value of the t-distribution t0.95,v. The last term represents
the inverse of the Hessian at the optimal value (denoted with asterisks). We optimize the frequency
factor and the activation energy for the sixteen reactions that have the most data points (ranging
from 9 to 59 out of 60). The optimal values, original values (used in the simulation model) and
the 95% confidence intervals are shown in Table 15. The actual fits of the Arrhenius equation are
shown in Figure 52. Here, the horizontal axis (when held correctly) are the data points. This gives
a good view of how the fit matches at each point. In Figure 53, the horizontal axis represents the
temperatures of the data points.
In Appendix C the values of the frequency factor and the activation energy are shown in Table 24
for the computed concentrations instead of the exact concentrations. Also, the fits at each point
and at the temperatures are shown in Figure 62 and 63, respectively.
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Figure 52: Fitted Arrhenius equations at each data point for a set of reactions.
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Figure 53: Fitted Arrhenius equations at each temperature point for a set of reactions.
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Comparing the optimal values of the frequency factor and the activation energy with the original
values, we see that most do not match. The frequency factor is always too low. This might be
caused by the conversion from surface to volumetric concentration and from change in surface
concentration to reaction rate. Here, we both divided by the height of the stack hstack. In the
Arrhenius equation (21), the volumetric concentrations are multiplied, thus the effect of dividing
by the stack height is greater than on the left side, where there is only divided by one time the stack
height. This would imply that a difference in frequency factor could be seen between reactions
with one, two or three reactants. However, this does not clearly follow from our results. There is
a slight difference, but this can be a coincidence. Therefore, this reason is unlikely, but we do not
have another explanation.

Upon looking at the Figure 52, the shape of the fitted function matches approximately with
the measured values. This indicates that the activation energy is adequate. In some cases, e.g.
reactions 42, 44 and 53, this is indeed correct. For these reactions in Figure 53, there are points in
a wide variety of temperatures. However, this is not always the case. For several reactions, all data
points have temperatures that are approximately equal, for instance reaction 13. This makes the
temperature dependency very weak. In that case, the activation energy becomes a scaling factor,
just as the frequency factor. The frequency factor and the activation energy can both be increased
and the fit remains the same. This can be better seen when we visualize Ω for the range of the
parameters for the thirteenth reaction (see Figure 54). The computed optimal value is represented
with a red cross.

Figure 54: Residual Ω for the total range of the frequency factor and the activation energy for the
thirteenth reaction defined in (21).

There is an entire curve where Ω is minimized. However, the values of the model are not on this
curve. We took a reaction where this effect is severe, but for the other reaction this effect will also
be present. Therefore, to get a better fit for the frequency factor and the activation energy, more
data points at different temperatures are needed.

Concluding this chapter, we have constructed a method for determining the frequency factor and
the activation energy in the Arrhenius equation. However, with the current data sets, the computed
parameters are not consistent. This is mainly due to the fact that the temperature at most data
points is constant. This makes the temperature dependency superfluous and both parameters
become scaling factors. To resolve this, the measurement should contain points at many different
temperatures. For instance, threshold the temperature at critical values for some reactions.
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9 Summary and conclusions

For the extraction of the reaction kinetics (Arrhenius parameters) from in-situ X-ray diffraction
measurements, we developed an analysis tool. To test our tool we used two measurements. The
first measurement consists of the heating and cooling of a CIG stack. This measurement was
performed at TNO/Solliance. The second measurement is simulated with the model we created
in a previous study. In this measurement CIS and CGS are formed from the precursor stack of
copper, indium and gallium. The outline of the tool is as follows:

1. Decomposition of the diffraction pattern

(a) Preliminary data analysis

(b) Optimizing the parameters in the Rietveld method

2. Calculating the reaction kinetics

(a) Conversion of integrals to surface concentrations [mol m−2]

(b) Calculating the reaction rates [mol m−3 s−1]

(c) Fitting the Arrhenius equation

The measured diffraction pattern consists of much more than only the reflection of the crystals.
Therefore, we perform a preliminary data analysis to approximate the other factors. We use a
low pass noise filter to smoothen the signal and use a Chebyshev polynomial to approximate the
background intensity. Next, we locate the peaks with a peak detection algorithm that is based on
the wavelet transform of the diffraction pattern. Then, based on the location of the molybdenum
peak, we correct for the z-displacement of the holder of the sample, which might be displaced
due to temperature gradients in the setup. Molybdenum does not expand upon heating, therefore
this is a good reference point. Other components, such as indium, expand upon heating (until
indium melt at 434 K). Therefore, we used an approximation to the lattice parameters as function
of temperature. Finally, we introduced a base shift of the reflections to account for the stresses
in the thin film. However, this parameter will be optimized together with the scale factor of the
Rietveld method.

The Rietveld method is a function that calculates the reflection of crystals by using certain prop-
erties of the crystal structure. The diffraction angle (position in the diffraction pattern) of the
different planes in a crystal is calculated by Bragg’s law. The diffraction angle of several planes
might be the same due to symmetry in the crystal structure. The multiplicity factor counts the
number of planes with the same diffraction angle. The structure factor accounts for the intensity of
the reflection of the planes. This factor involves the scattering of X-rays and the occupancy of the
sites by atoms in the crystal structure. Usually, the temperature factor (vibrations of atoms due
to temperature) is also present in the structure factor, but we neglect this, since it has almost no
influence when using metallic compounds. Furthermore, the Lorentz polarization factor accounts
for two aspects of the geometrical effects. For the peak shape we use the Pearson-VII function.
There is also a general scaling factor. Finally, the preferred orientation factor accounts for the
preferred planes in the crystal. Since we work with a thin film, the crystals might grow in one
direction. This results in an increased intensity for this particular plane.

In the Rietveld method combined with the stress correction, several parameters can be adjusted
to fit the diffraction pattern. These parameters are the base shift (position of all peaks), the
lattice parameters (position of an individual peak), scale factor (scaling of all peaks), preferred
orientation factor (mutual ratio between peaks) and the peak shape (height, width and base width
of all peaks). Almost everything of the reflection of a component can be adjusted. Therefore, we
optimize the parameters in several steps. Several algorithms have been examined for the optimiza-
tion of the parameters. First, the scale and base shift are optimized with the brute-force method
to match the measured peaks with the components. Then, the preferred orientation is optimized
with the interior point algorithm, followed by the lattice parameters (if needed), which is also done
with the interior-point algorithm. The lattice parameters might be off due to the incorrectness of
the thermal expansion approximation. Next, the peak shape is optimized with the OptQuest NLP
algorithm. Finally, all parameters are varied a little to get an even better result. The calculation
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of the peak shape function is the bottleneck in the Rietveld function evaluation.

If the function of the Rietveld method adequately approximates the diffraction pattern, we can use
the integrated intensities of the individual components as a measure for the surface concentration.
The conversion of an integral value to a surface concentration is not trivial. Each component has
their own transfer rate. By using the fact that the total amount of copper, indium, gallium and
molybdenum stay constant during the measurements and we know how much selenium is absorbed
by the stack, we can calculate the individual transfer rates. For the heating/cooling measurement,
we could not calculate the surface concentrations as there was amorphous indium present. This
gives no reflection and thus there is one extra variable that is always present. This made it impos-
sible to uniquely determine the surface concentrations. For the simulated measurement this could
be done, because we used the reverse process to create the diffraction pattern. The retrieval of the
transfer rates was satisfactory. The only real difference was in the transfer rate of copper. This
was because we did not incorporate the concentration of holes in the analysis.

With the change in surface concentration, we were able to calculate the reaction rates between two
measurements. This involved solving a positive linear system that matches the stoichiometric co-
efficients of the reactants and products with the change in surface concentration for each reaction.
This change in concentration can be converted to reaction rates by dividing by the time between
two measurements and the height of the stack. Since the reaction rates have to be positive, we
cannot find a unique solution. However, this was not be expected since we (again) did account for
the holes in the stoichiometric coefficients. The calculated reaction rates for the simulated mea-
surement are adequate. In the first fifteen measurements, many things are happening, therefore, it
is difficult to get accurate results. The fitting of the function in the Rietveld method was reasonable
in this area, but the reaction rates are also not perfect. The relative errors by comparing the actual
change in concentration with the computed change in the reaction rate in this region is maximal
18% for four components (out of 24). Afterwards, we perform a correction for the reactions that
happen alongside each other. This causes the reaction rates to decrease as a component has to
be divided between two reactions. With this correction, we determine the individual reaction rates.

The corrected reaction rates are finally used to fit the Arrhenius equation. The temperatures
at each measurement are known and we calculated the volumetric concentrations by dividing
the surface concentration by the height of the stack. Furthermore, we add the products of all
reactions to account for the volumetric concentrations of intermediate components. We calculated
the frequency factor and the activation energy for sixteen reactions with corresponding confidence
intervals. The first thing we noticed is that the frequency factors are too low. Furthermore, at
most data points the temperature is almost constant. This makes the temperature dependency
very weak. Then, both parameters become scaling factors and they are interchangeable. Therefore,
many of the found parameters can be different, but still be optimal. To resolve this problem, the
measured data should have a more diverse set of temperatures.
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10 Suggestions for further work

So far, the tool to analyze the diffraction patterns has only been tested on two measurement sets;
the heating/cooling of a CIG stack and the simulation of the formation of CIGS. The heating/cool-
ing measurement had the problem of amorphous indium and therefore, the concentration profile
could not be determined. The simulated measurement was a test to set all the settings of the tool
to optimal values (algorithms, constants, etc.). The next step is to use this tool to analyze a real
measurement with selenium. Probably, some things have to be adjusted due to the difference be-
tween the simulated measurement and a real measurement. These things might involve accuracy of
the intermediate answers for different settings. Furthermore, more components have to be added.
In this work we already mentioned that Cu9(Ga, In)4 and Cu16(Ga, In)9 should be added, but also
extra CIS and CGS phases (Cu(In,Ga)3Se5) should be added.

The tool itself can also be improved. The first thing is to enable holes in certain components. This
can be done by estimating the concentration of holes in CIS and CGS in the last measurement.
Then work backwards with the calculated reaction rates. The holes change the stoichiometric
coefficients in the reactions and thus it changes the fits of the reaction rates. Another possibility
is to add more factors to the preliminary data analysis or the Rietveld method. The setup with
different slits and mirrors (for the X-rays) have an effect on the broadness of the peaks. Incorpo-
rating these effects will change the shape of the peaks and thus the integrated intensity. In the
Rietveld method, the asymmetry of the peaks can be added. Some peaks are not symmetric due
to stresses inside the material.

Another way of solving the least squares minimization problems for the Rietveld parameters is to
use a machine learning approach. This kind of approach is often used for pattern recognition and
might very well work here. However, a problem with this might be that it needs a large amount of
data to train on. This could be solved by generating data with the simulation model. Still some
real data is needed to make it work properly.
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A Crystal structures

This appendix is a small introduction to the chemistry of crystal structures. It covers the theory
of different unit cells that occur in crystals, crystallographic planes and their notation (Miller
indices), the distance between parallel planes and the symmetry of planes in a unit cell. The main
books that were used to write this chapter are Fundamentals of Materials Science and Engineering
by W. Callister and D. Rethwisch [26] and Fundamentals of Powder Diffraction and Structural
Characterization of Materials from V. Pecharsky and P. Zavalij [27].

A.1 Unit cells

In crystalline materials the atoms are ordered in a structural way. There is a basic crystal structure,
that is repeated many times. For simple materials, such as pure metals, the crystal structure is
easy, since there are not many possibilities to arrange the atoms. For materials with more different
elements, the crystal structure is usually more complex. The repeating crystal structure is called
the unit cell. The most common unit cells for pure metals are shown Figure 55.

Figure 55: Some unit cells types of crystal structures; (a): Face-Centered Cubic (FCC), (b):
Body-Centered Cubic (BCC), (c): Hexagonal Close-Packed (HCP). [26]

The crystal structure has a huge influence on the properties of the material. For instance the atoms
in a FCC structure are more closely packed than in a BCC structure, therefore the density of a
metal with a FCC structure is higher than that of a metal with a BCC structure. In alloys the
metals have different atomic radii. Therefore, they may not fit into a cubic structure, but it may
have a tetragonal structure. In general, a unit cell is defined by six parameters: the length, the
width and the height of each lattice, a, b, and c respectively, and the angles between the lattices,
α, β and γ respectively (see Figure 56).

Figure 56: The lattice parameters which define a unit cell. [26]

Upon varying the lattice parameters a different unit cell is created. It is useful to group unit cells
with the same geometry together, since they can exhibit the same properties. Some geometries
and their names are given in Figure 57. Note that a unit cell is the repeating structure, this tells
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us nothing about the arrangement of the atoms inside the cell, e.g. FCC and BCC both have a
cubic unit cell.

Figure 57: Geometries of unit cells for different lattice parameters. [26]

The positions of atoms in a unit cell are given by coordinates in the xyz-plane relative to the lattice
lengths and along the lattices. Thus the coordinates in each direction are always numbers between 0
and 1. For example in a BCC structure the atoms are at the coordinates 000, 100, 010, 110, 1

2
1
2

1
2 , 001,

101, 011, 111.

A.2 Crystallographic planes and Miller indices

Crystallographic planes link atoms to each other in crystal structures. There can be many different
planes in a unit cell and some might be similar due to symmetry. The planes are specified by three
Miller indices (hkl), with h, k, l ∈ Z. A plane then passes through the points in the xyz-plane at
a/h, b/k and c/l. If one of the indices is zero, then the line (or point in case two of the indices are
zero) would be extended infinitely in that direction. Thus the plane will be parallel to the axis
whose index is zero. If a index is negative, then the plane passes through a point outside the unit
cell. An overbar on an index indicates a minus sign, thus a negative index. Some examples of
planes with their Miller indices are shown in Figure 58.

y

z

x (010)

y

z

x (011)

y

z

x (111)

y

z

x (1̄10)

y

z

x (11̄1)

y

z

x (211̄)

Figure 58: Examples of crystallographic planes and their corresponding Miller indices.

If the lattice parameters are equal, then some planes are similar due to symmetry. For instance
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in a pure metal where a = b = c, the planes (100), (010), (001), (001̄), (01̄0), (001̄) are similar. The
number of similar planes in a unit cell is called the multiplicity of a plane. This number will play
an important role in the analysis of the diffraction measurements as the distance between these
planes is the same. Each crystal structure (unit cell) has a different set of similar plane, because of
the different symmetries. Next, we will discuss how to calculate the distance between planes and
then the symmetry in crystal structures.

A.3 Distance between planes

The distance between two parallel planes is the length of the vector that is perpendicular to the
planes. If the plane has nonnegative Miller indices, then one plane goes through the origin and
another plane lies inside the unit cell. Then the distance between the planes is the length of the
normal vector, which goes through the origin. This can be easily represented by a vector with
three elements (for the three directions). When a plane has negative Miller indices, then the
normal vector does not go through the origin. However, we can always redefine our axis such that
the normal vector goes through the origin, which we assume in the remainder of this section. Now
the length of the normal vector can be calculated with some simple geometry. For example, take
an orthorhombic unit cell with a general plane, which intercepts the lattice vectors at ã = a

h , b̃ = b
k

and c̃ = c
l (see Figure 59).

y

z

x

b
k

c
l

a
h

~n

Figure 59: A general plane in an orthorhombic unit cell.

The normal to this plane is given by the cross product of the vectors that make up the plane:
n = (P2 −P1)× (P3 −P1) with P1 = [ã, 0, 0], P2 = [0, b̃, 0] and P3 = [0, 0, c̃]. The normal vector is:
~n = (b̃c̃, ãc̃, ãb̃). The formula of the Miller plane is: b̃c̃·x+ãc̃·y+ãb̃·z−ãb̃c̃ = 0. The minimal length
between two planes is the distance between the origin and the intersection of the normal vector
(from the origin) and the plane. This vector can be easily calculated by substituting the normal
vector with an additional constant in the formula for the Miller plane and then scaling the constant

such that the formula is correct. This vector is: ~d = ãb̃c̃
‖~n‖ (b̃c̃, ãc̃, ãb̃) with ‖~n‖ = (b̃c̃)2 +(ãc̃)2 +(ãb̃)2.

The length of this vector is then the distance between two planes:

‖~d‖ =

( ãb̃c̃

‖~n‖ b̃c̃
)2

+

(
ãb̃c̃

‖~n‖ ãc̃
)2

+

(
ãb̃c̃

‖~n‖ ãb̃
)2
1/2

,

=

( ãb̃c̃

‖~n‖

)2

· ‖~n‖

1/2

,

=

[
ã2b̃2c̃2

(b̃c̃)2 + (ãc̃)2 + (ãb̃)2

]1/2

,

=

[
1

1
ã2 + 1

b̃2
+ 1

b̃2

]1/2

,

=

[
k2

a2
+
h2

b2
+
l2

c2

]−1/2

. (22)
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With a similar analysis the distance between planes in different crystal structures can be calculated.
This results in the following equations for different crystal structures:

Cubic:
1

d2
=
h2 + k2 + l2

a2
, (23a)

Tetragonal:
1

d2
=
h2 + k2

a2
+
l2

c2
, (23b)

Hexagonal:
1

d2
=

4

3

h2 + hk + k2

a2
+
l2

c2
, (23c)

Orthorhombic:
1

d2
=
k2

a2
+
h2

b2
+
l2

c2
, (23d)

Monoclinic:
1

d2
=

h2

a2 sin2(β)
+
k2

b2
+

l2

c2 sin2(β)
+

2hl cos(β)

ac sin2(β)
, (23e)

Triclinic:
1

d2
=

(
h2

a2
sin2(α) +

2kl

bc
(cos(β) cos(γ)− cos(γ))+

k2

b2
sin2(β) +

2hl

ac
(cos(α) cos(γ)− cos(β))+

l2

c2
sin2(γ) +

2hk

ab
(cos(α) cos(β)− cos(γ))

)
/
(
1− cos2(α)− cos2(β)− cos2(γ) + 2 cos(α) cos(β) cos(γ)

)
. (23f)

The equation for triclinic crystals is the most general and this equation will reduce to the other
equations when the metrical conditions of other crystal structures are used. Therefore we will use
the triclinic equation for the calculation of the distance between planes.

A.4 Symmetry and space groups

The symmetry in crystal structures is of great importance when analyzing the diffraction pattern,
as it influences the location and intensity of the different peaks. Every unit cell has a asymmetric
part, which forms the basis of the atoms in a unit cell. Via symmetry operations on the asymmetric
part the other atoms in the unit cell can be placed. There are four symmetry operations: rotation,
inversion, reflection and translation, which are illustrated in Figure 60.

Figure 60: Four symmetry operations. From left to right: rotation, inversion, reflection and
translation. [27]

Geometrically these symmetry operations are represented by either a point, vector/line or a plane.
The symmetry elements are: rotation axis, center of inversion, mirror plane and translation vector.
Some symmetry operations can be combined to form a new symmetry element; rotation and
inversion give a roto-inversion axis, rotation and translation give a screw axis and reflection and
translation give a glide plane. Thus there are seven symmetry elements in total. All the symmetry
elements are represented be a symbol (number or letter). These symbols are given in Table 16.

74 June 28, 2017



Table 16: Hermann-Mauguin symbols for symmetry elements.

Symbol Meaning Symbol Meaning

1 360◦ rotation axis 1̄ 360◦ roto-inversion axis 1

2 180◦ rotation axis 2̄ 180◦ roto-inversion axis 2

3 120◦ rotation axis 3̄ 120◦ roto-inversion axis

4 90◦ rotation axis 4̄ 90◦ roto-inversion axis

6 60◦ rotation axis 6̄ 60◦ roto-inversion axis

m Mirror plane a glide plane with shift 1
2a

3

21 Screw axis with shift 1
2 b Glide plane with shift 1

2b
3

31, 32 Screw axis with shift 1
3 ,

2
3 c Glide plane with shift 1

2c
3

41, 42, 43 Screw axis with shift 1
4 ,

2
4

3
4 n Glide plane with shift 1

2 (a+ b)3

61, 62, 63, 64, 65 Screw axis with shift 1
6 ,

2
6 ,

3
6 ,

4
6 ,

5
6 d Glide plane with shift 1

4 (a+ b)3

1 also used for center of inversion.
2 equal to mirror plane.
3 where a, b and c are lattice parameters.

Upon combining two different symmetry operations, no new symmetry operations arises. For
instance, the combination of a twofold rotation axis with a center of inversion is equal to a mirror
plane that is perpendicular to the rotation axis and goes through the center of inversion. Also,
the order of the symmetry operations can be interchanged. In symbols the symmetry operation
for the example would be:

2× 1̄( on 2) = 1̄( on 2)× 2 = m(⊥ 2 through 1̄),

where × represents the consecutive application of the symmetry operation on an object. Thus the
combination of rotation and inversion (which includes reflection) provides a closed set of symmetri-
cal atoms, which are called point groups. These are called point groups, because all the symmetry
elements in such a group have at least one point in common.
To be able to characterize crystal structure further, the type of unit cell is important. There are
seven types of standard unit cells:

1. Primitive (P ), contains no extra atoms, but the corners of the unit cell.

2-4. Base-centered (A,B,C), contains additional atoms at the opposite faces of the A,B or C-
plane.

5. Body-centered (I), contains an extra atom at the center of the unit cell.

6. Face-centered (F ), contains extra atoms at the centers of all faces of the unit cell.

7. Rhombohedral (R), contains two extra atoms at 1
3

2
3

2
3 and 2

3
1
3

1
3 (only for trigonal structure).

Examples of some standard unit cells are given in Figure 61.

Figure 61: Four standard unit cells. From left to right: primitive (P ), base-centered (C), body-
centered (I) and face-centered (F ). [27]

Combining the symmetry elements from point groups with translation (thus adding screw axis and
glide planes) and a given standard unit cell, this results in a space group. Due to the limitations
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in rotation and translation, there are a total of 230 space groups. Thus the symmetry of a crystal
can be described by a space group. A full list of all the space groups and their properties can be
found in the International Table for Crystallography Volume A [49]. For more information about
symmetry and examples, the reader is referred to the book Fundamentals of Powder Diffraction
and Structural Characterization of Materials from V. Pecharsky and P. Zavalij [27].
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B Tables

B.1 Multiplicity planes

Table 17: Families of planes and their multiplicity factor in a triclinic crystal

Multiplicity Similar planes

2 hkl, h̄k̄l̄

Table 18: Families of planes and their multiplicity factor in a monoclinic crystal, unique b axis

Multiplicity Similar planes

4 hkl, h̄kl̄, hk̄l, h̄k̄l̄

2 h0l, h̄0l̄

2 0k0, 0k̄0

Table 19: Families of planes and their multiplicity factor in a orthorhombic crystal

Multiplicity Similar planes

8 hkl, h̄kl, hk̄l, hkl̄, h̄k̄l, h̄kl̄, hk̄l̄, h̄k̄l̄

4 0kl, 0k̄l, 0kl̄, 0k̄l̄

4 h0l, h̄0l, h0l̄, h̄0l̄

4 hk0, h̄k0, hk̄0, h̄k̄0

2 h00, h̄00

2 0k0, 0k̄0

2 00l, 00l̄

Table 20: Families of planes and their multiplicity factor in a tetragonal crystal

Multiplicity Similar planes

16 hkl, h̄kl, hk̄l, hkl̄, h̄k̄l, h̄kl̄, hk̄l̄, h̄k̄l̄

khl, k̄hl, kh̄l, khl̄, k̄h̄l, k̄hl̄, kh̄l̄, k̄h̄l̄

8 hhl, h̄hl, hh̄l, h̄h̄l, hhl̄, h̄hl̄, hh̄l̄, h̄h̄l̄

8 h0l, h̄0l, h0l̄, h̄0l̄, 0kl, 0k̄l, 0kl̄, 0k̄l̄

8 hk0, h̄k0, hk̄0, h̄k̄0, kh0, k̄h0, kh̄0, k̄h̄0

4 hh0, h̄h0, hh̄0, h̄h̄0

4 h00, h̄00, 0k0, 0k̄0

2 00l, 00l̄
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Table 21: Families of planes and their multiplicity factor in a hexagonal crystal

Multiplicity Similar planes

24 hkil, kihl, ihkl, h̄k̄īl, k̄īh̄l, īh̄k̄l, khil, hikl, ikhl, k̄h̄īl, h̄īk̄l, īk̄h̄l

hkil̄, kihl̄, ihkl̄, h̄k̄īl̄, k̄īh̄l̄, īh̄k̄l̄, khil̄, hikl̄, ikhl̄, k̄h̄īl̄, h̄īk̄l̄, īk̄h̄l̄

12 hh2̄hl, h2̄hhl, 2̄hhhl, h̄h̄2hl, h̄2hh̄l, 2hh̄h̄l, hh2̄hl̄, h2̄hhl̄, 2̄hhhl̄, h̄h̄2hl̄, h̄2hh̄l̄, 2hh̄h̄l̄

12 0kk̄l, kk̄0l, k̄0kl, 0k̄kl, k̄k0l, k0k̄l, 0kk̄l̄, kk̄0l̄, k̄0kl̄, 0k̄kl̄, k̄k0l̄, k0k̄l̄

12 hki0, kih0, ihk0, h̄k̄ī0, k̄īh̄0, īh̄k̄0, khi0, hik0, ikh0, k̄h̄ī0, h̄īk̄0, īk̄h̄0

6 hh2̄h0, h2̄hh0, 2̄hhh0, h̄h̄2h0, h̄2hh̄0, 2hh̄h̄0

6 0kk̄0, kk̄00, k̄0k0, 0k̄k0, k̄k00, k0k̄0

2 000l, 000l̄

Table 22: Multiplicity factor for planes in a cubic crystal

Multiplicity Similar planes

48 hkl, h̄kl, hk̄l, hkl̄, h̄k̄l, h̄kl̄, hk̄l̄, h̄k̄l̄, khl, k̄hl, kh̄l, khl̄

k̄h̄l, k̄hl̄, kh̄l̄, k̄h̄l̄, hlk, h̄lk, hl̄k, hlk̄, h̄l̄k, h̄lk̄, hl̄k̄, h̄l̄k̄

lkh, l̄kh, lk̄h, lkh̄, l̄k̄h, l̄kh̄, lk̄h̄, l̄k̄h̄, klh, k̄lh, kl̄h, klh̄

k̄l̄h, k̄lh̄, kl̄h̄, k̄l̄h̄, lhk, l̄hk, lh̄k, lhk̄, l̄h̄k, l̄hk̄, lh̄k̄, l̄h̄k̄

24 hhl, h̄hl, hh̄l, h̄h̄l, hhl̄, h̄hl̄, hh̄l̄, h̄h̄l̄, hkk, hk̄k, hkk̄, hk̄k̄

h̄kk, h̄k̄k, h̄kk̄, h̄k̄k̄, hkh, h̄kh, hkh̄, h̄kh̄, hk̄h, h̄k̄h, hk̄h̄, h̄k̄h̄

24 hk0, h̄k0, hk̄0, h̄k̄0, h0l, h̄0l, h0l̄, h̄0l̄, kh0, k̄h0, kh̄0, k̄h̄0

0kl, 0k̄l, 0kl̄, 0k̄l̄, l0h, l̄0h, l0h̄, l̄0h̄, 0lk, 0l̄k, 0lk̄, 0l̄k̄

12 h0h, h̄0h, h0h̄, 0kk, 0k̄k, 0kk̄, 0k̄k̄, h̄0h̄, hh0, h̄h0, hh̄0, h̄h̄0

8 hhh, h̄hh, hh̄h, hhh̄, h̄h̄h, h̄hh̄, hh̄h̄, h̄h̄h̄

6 h00, h̄00, 0k0, 0k̄0, 00l, 00l̄
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B.2 Preferred planes

Table 23: Preferred planes of all used components

Component Preferred plane (h,k,(i),l)

Cu (1,1,1)

In (1,0,1) and (0,0,2)

Mo (1,1,0)

Cu4−xGa (0,0,0,2)

Cu9Ga4 (3,3,0)

Cu7Ga4 (3,3,0)

Cu3Ga2 (3,3,0)

Cu7In3 (2,3,1) and (2,-3,-1)

Cu16In9 (1,1,-2,0)

Cu11In9 (0,2,0) and (4,0,2)

CuIn2 (2,1,1)

In4Se3 (2,0,0) and (0,4,0)

InSe (0,0,6)

In6Se7 (2,1,-3) and (0,2,0)

β-In2Se3 (0,0,0,9) and (1,0,-1,1)

γ-In2Se3 (0,0,0,6) and (1,1,-2,0)

CuSe2 (1,2,0)

CuSe (0,0,0,4) and (0,0,0,6)

Cu2−xSe (2,2,0) and (3,1,1)

GaSe (0,0,0,4) and (0,0,0,5)

Ga2Se3 (2,0,0) and (1,-1,3)

MoSe2 (0,0,0,4)

α-CIS (0,0,3) and (0,0,4)

β-CIS (1,1,1) and (2,2,0)

α-CGS (0,0,3) and (0,0,4)
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B.3 Reactions

1. 16 Cu + 9 In −−→ 1 Cu16In9

2. 11 Cu + 9 In −−→ 1 Cu11In9

3. 4-xCu + 1 Ga −−→ 1 Cu4−xGa

4. 9-xCu + 4 Ga −−→ 1 Cu9Ga4

5. 7-xCu + 4 Ga −−→ 1 Cu7Ga4

6. 3-xCu + 2 Ga −−→ 1 Cu3Ga2

7. 4 In + 3 Se −−→ 1 In4Se3

8. 1 In + 1 Se −−→ 1 InSe

9. 6 In + 7 Se −−→ 1 In6Se7

10. 2 In + 3 Se −−→ 1β-In2Se3

11. 1 Cu + 2 Se −−→ 1 CuSe2

12. 1 Cu + 1 Se −−→ 1 CuSe

13. 2-xCu + 1 Se −−→ 1 Cu2−xSe

14. 1 Ga + 1 Se −−→ 1 GaSe

15. 2 Ga + 3 Se −−→ 1 Ga2Se3

16. 1 Mo + 2 Se −−→ 1 MoSe2

17. 1 CuSe + 1 InSe −−→ 1α-CIS

18. 1 Cu2−xSe + 1 Ga2Se3 −−→ 2α-CGS

19. 1 Cu16In9 + 45
11 In −−→ 16

11 Cu11In9

20. 1 Cu11In9 −−→ 11
16 Cu16In9 + 45

11 In

21. 1 Cu16In9 −−→ 16 Cu + 9 In

22. 1 Cu11In9 −−→ 11 Cu + 9 In

23. 1 Cu9Ga4 −−→ 2 Cu4−xGa + 2 Ga

24. 2 Cu4−xGa + 2 Ga −−→ 1 Cu9Ga4

25. 1 Cu7Ga4 −−→ 1 Cu9Ga4 + 1 Ga

26. 1 Cu9Ga4 + 1 Ga −−→ 1 Cu7Ga4

27. 2 Cu3Ga2 −−→ 1 Cu7Ga4 + 1 Ga

28. 1 Cu7Ga4 + 1 Ga −−→ 2 Cu3Ga2

29. Cu4−xGa −−→ 4 Cu + Ga

30. Cu9Ga4 −−→ 9 Cu + 4 Ga

31. Cu7Ga4 −−→ 7 Cu + 4 Ga

32. Cu3Ga2 −−→ 3 Cu + 2 Ga

33. 1 CuSe2 −−→ 1 CuSe + 1 Se

34. 1 CuSe + 1 Se −−→ 1 CuSe2

35. 2 CuSe −−→ 1 Cu2−xSe + 1 Se

36. 1 Cu2−xSe + 1 Se −−→ 2 CuSe

37. 1 Ga2Se3 −−→ 2 GaSe + 1 Se

38. 2 GaSe + Se −−→ 1 Ga2Se3

39. 1 In4Se3 + 1 Se −−→ 4 InSe
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40. 4 InSe −−→ 1 In4Se3 + 1 Se

41. 1 In6Se7 −−→ 6 InSe + 1 Se

42. 6 InSe + 1 Se −−→ 1 In6Se7

43. 3β-In2Se3 −−→ 1 In6Se7 + 2 Se

44. 1 In6Se7 + 2 Se −−→ 3β-In2Se3

45. 1 In4Se3 −−→ 4 In + 3 Se

46. 1 InSe −−→ 1 In + 1 Se

47. 1 In6Se7 −−→ 6 In + 7 Se

48. 1β-In2Se3 −−→ 2 In + 3 Se

49. Cu16In9 + Se −−→ Cu2−xSe + InSe

50. 1 Cu9Ga4 + Se −−→ 1 Cu2−xSe + 2 Cu3Ga2

51. 1 Cu3Ga2 + 4 Se −−→ 2 Cu2−xSe + 2 GaSe

52. 1 Cu2−xSe + 2 InSe + 1 Se −−→ 2α-CIS

53. 1 Cu2−xSe + 1β-In2Se3 −−→ 2α-CIS

54. 1 Cu2−xSe + 3 GaSe −−→ 2α-CGS

55. 1 Cu2−xSe + 2 In + 3 Se −−→ 2α-CIS

56. Cu16In9 + In −−→ Cu16In9 + In

57. Cu4−xGa + Ga −−→ Cu4−xGa + Ga

58. Cu9−xGa4 + Ga −−→ Cu9−xGa4 + Ga

59. Cu7−xGa4 + Ga −−→ Cu7−xGa4 + Ga

60. Cu3−xGa2 + Ga −−→ Cu3−xGa2 + Ga

61. Cu2−xSe + Se −−→ Cu2−xSe + Se

62. 1α-CIS + 1 Cu2−xSe −−→ 1α-CIS + 1 Se

63. 1α-CGS + 1 Cu2−xSe −−→ 1α-CGS + 1 Se

64. 7 Cu + 3 In −−→ 1 Cu7In3

65. 1 Cu7In3 −−→ 7 Cu + 3 In

66. 1 Cu + 2 In −−→ 1 CuIn2

67. 1 CuIn2 −−→ 2 Cu + 1 In

68. 2 Cu7In3 + 30
16 In −−→ 14

16 Cu16In9

69. 1 Cu16In9 −−→ 16
7 Cu7In3 + 15

7 In

70. 1 Cu + 2 Ga −−→ 1 Cu1−xGa2

71. 1 Cu1−xGa2 −−→ 1 Cu + 2 Ga

72. 1 Cu3Ga2 + 4 Ga −−→ 3 Cu1−xGa2

73. 1 Cu1−xGa2 −−→ 1
3 Cu3Ga2 + 4

3 Ga

74. 1 Cu1−xGa2 + 1 Ga −−→ 1 Cu1−xGa2 + 1 Ga

75. 2 In + 3 Se −−→ 1 γ-In2Se3

76. 3 γ-In2Se3 −−→ 1 In6Se7 + 2 Se

77. 1 In6Se7 + 2 Se −−→ 3 γ-In2Se3

78. 1 γ-In2Se3 −−→ 2 In + 3 Se

C Additional results
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Figure 62: Fitted Arrhenius equations at each data point for a set of reactions from the computed
concentrations.
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Figure 63: Fitted Arrhenius equations at each temperature point for a set of reactions from the
computed concentrations.
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D Algorithms

D.1 Tree construction in peak detection

CP : Current Points, set of all the leaves of the tree,

NP : Next Points, set of all the points that have to be added to the tree,

PTA : Points To Add, set of all the points that are closest to CP (i).

Algorithm 1 Tree construction

1: Create an initial set of CP from largest scale.
2: for All scales j starting at the one but largest scale do
3: Get NP for scale j.
4: i = 1;
5: while i ≤ amount of CP do
6: Calculate the distance between CP and all NP :
7: ∆ = |NP − CP (i)|;
8: if #(∆ ≤ δ) = 1 then
9: if This point is closer to some other point in CP then

10: Do nothing and continue to the next point.
11: i = i+ 1;
12: else
13: Add point to the tree and update CP .
14: Remove point form NP .
15: i = i+ 1;
16: end if
17: end if
18: if #(∆ ≤ δ) > 1 then
19: Create PTA.
20: if Some points in PTA are closer to other points in CP then
21: Remove point from PTA
22: end if
23: if PTA is empty? then
24: Do nothing and continue to the next point.
25: i = i+ 1;
26: else
27: Add point to the tree and update CP .
28: Remove point form NP .
29: end if
30: end if
31: if #(∆ ≤ δ) < 1 then
32: i = i+ 1;
33: end if
34: end while
35: if Some points left in NP then
36: Create a new branch in the tree and add the points to CP .
37: end if
38: end for
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D.2 Brute force

D.2.1 One variable

1 function [xval,fval] = FindMinBF(fun,left,right,n,m,type)
2 % Finds minimum of a 1D function 'fun' between the boundaries 'left' and
3 % 'right'. 'n' is the amount of loops and type is either linear/log spaced
4

5 if nargin < 6
6 type = 'linear';
7 end
8 if nargin < 5
9 m = 100;

10 end
11

12 for nn = 1:n
13 % Create x
14 if strcmp(type,'linear')
15 x = linspace(left,right,m);
16 elseif strcmp(type,'log')
17 x = logspace(log10(left),log10(right),m);
18 end
19

20 % Find minimum
21 ff = zeros(m,1);
22 for i = 1:m
23 ff(i) = fun(x(i));
24 end
25 [Val,Index] = min(ff);
26 % Update left and right
27 if nn 6= n
28 if Index == 1
29 left = x(Index);
30 right = x(Index+1);
31 elseif Index == m
32 left = x(Index−1);
33 right = x(Index);
34 else
35 left = x(Index−1);
36 right = x(Index+1);
37 end
38 m = 10; % for next cycle
39 end
40 end
41 xval = x(Index);
42 fval = Val;

D.2.2 Two variables

1 function [xval,fval] = FindMinBF2(fun,left,right,n,m,type)
2 % Finds minimum of a 2D function 'fun' between the boundaries 'left' and
3 % 'right' (1x2 vectors). 'n' is the amount of loops and type creates either
4 % linear or log spaced variables.
5

6 if nargin < 6
7 type = 'linear';
8 end
9 if nargin < 5

10 m = 100;
11 end
12

13 if length(left) 6= 2 | | length(right) 6= 2
14 error('Left and right bounds should be a 1x2 (or 2x1) vector!');
15 end
16

17 for nn = 1:n
18 % Create x1 and x2
19 if strcmp(type,'linear')
20 x1 = linspace(left(1),right(1),m);
21 x2 = linspace(left(2),right(2),m);
22 elseif strcmp(type,'log')
23 x1 = logspace(log10(left(1)),log10(right(1)),m);
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24 x2 = logspace(log10(left(2)),log10(right(2)),m);
25 end
26

27 % Find minimum
28 ff = zeros(m,m);
29 for i = 1:m
30 for j = 1:m
31 ff(i,j) = fun([x1(i),x2(j)]);
32 end
33 end
34 [Val,Index] = min(ff(:));
35 [Row,Col] = ind2sub(size(ff),Index);
36 % Update left and right
37 if nn 6= n
38 if Row == 1
39 if Col == 1
40 left(1) = x1(1);
41 left(2) = x2(1);
42 right(1) = x1(2);
43 right(2) = x2(2);
44 elseif Col == m
45 left(1) = x1(1);
46 left(2) = x2(m−1);
47 right(1) = x1(2);
48 right(2) = x2(m);
49 else
50 left(1) = x1(1);
51 left(2) = x2(Col−1);
52 right(1) = x1(2);
53 right(2) = x2(Col+1);
54 end
55 elseif Row == m
56 if Col == 1
57 left(1) = x1(m−1);
58 left(2) = x2(1);
59 right(1) = x1(m);
60 right(2) = x2(2);
61 elseif Col == m
62 left(1) = x1(m−1);
63 left(2) = x2(m−1);
64 right(1) = x1(m);
65 right(2) = x2(m);
66 else
67 left(1) = x1(m−1);
68 left(2) = x2(Col−1);
69 right(1) = x1(m);
70 right(2) = x2(Col+1);
71 end
72 else
73 if Col == 1
74 left(1) = x1(Row−1);
75 left(2) = x2(1);
76 right(1) = x1(Row+1);
77 right(2) = x2(2);
78 elseif Col == m
79 left(1) = x1(Row−1);
80 left(2) = x2(m−1);
81 right(1) = x1(Row+1);
82 right(2) = x2(m);
83 else
84 left(1) = x1(Row−1);
85 left(2) = x2(Col−1);
86 right(1) = x1(Row+1);
87 right(2) = x2(Col+1);
88 end
89 end
90 m = 10; % for next cycle
91 end
92 end
93 xval = [x1(Row),x2(Col)];
94 fval = Val;
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