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Abstract

In this thesis Artificial Neural Networks are used to predict Formula One finish results. The last
four races of the season 16/17 are predicted based on the first seventeen races.

The first part of this thesis is dedicated to the theory behind Artificial Neural Networks. The
aim is to give readers insights in the world and terminology of artificial neural networks. All
the important terminology is discussed and explained, using some simple examples. Furthermore
some key aspect are discussed in more depth. We look at what the influences of multiple layers
and multiple neurons are. We make clear why a deep neural network is used. The next key as-
pect we discuss is; ’training an artificial neural network’. During training the free parameters are
optimized. This optimization is done by solving a minimization problem. Therefore, training an
artificial neural network can be done by using state-of-the-art optimization methods. Other key
aspect are the different activation functions and cost functions which are used in artificial neural
networks. Lastly, we explain how possible errors during training can be avoided by using so called
regularization methods.

The second part is dedicated to the experimental research. First we give and explain public
available data which we use as prediction features. Afterwards we show how to initialize an arti-
ficial neural network, where we show how multiple layers, activation functions, etc. influence the
predicted results. We finish the experimental research by using the initialized network to predict
the outcome of the last four Formula One races of the season 16/17. We compare three different
data-sets, the first is the actual data of the season 16/17, the other two are data-sets where we
added data in a certain way. Next to this, we compare the predicted results of the artificial neural
network with two simple prediction methods and with multiclass logistic regression. The conclu-
sion of this comparison is that using artificial neural networks has benefits as it predicts better
outcome results.

Keywords: Artificial Neural Networks, multi-layer network, activation function, cost function,
regularization, minimization, optimization
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1 Introduction

1.1 Company Background

Only available with agreement of the author and the confidential company.

1.2 Problem description

This thesis has two main purposes. First of all the goal is to get insights in the world of machine
learning. The main focus will be on Artificial Neural Networks. This implies that one part of this
thesis is literature research. This research will be concluded with a written part which can be seen
as an introduction to Artificial Neural Networks. In the end readers with little to no knowledge
about artificial neural networks, should be able to understand the idea of artificial neural networks
and get a feeling of all the different aspects involved.

The second part of this thesis is dedicated to the confidential company. Therefore, most of this
part is only available with agreement of the author and the confidential company.
Note: rest of this section is not available without agreement.

1.3 Motivation

Not available without agreement.

Writing an introduction to artificial neural networks has the following reasons. First of all, there
has been a lot of research in the area of artificial neural networks, and particularly in recent years
tremendous successes have been reported, e.g. in the area of pattern and face recognition ([70],
[71]). Therefore, the interest in artificial neural networks has renewed.
The focus of this work lies in the data analytics of timed (motorized) races. The power of artificial
neural networks in (motorized) race prediction is only little investigated. This thesis can be used
as a guidance in the world of artificial neural networks, specifically for race prediction. It can
provide students and professors with the basic and necessary knowledge regarding artificial neural
networks. Next to this a demonstration on Formula One race prediction shows how an artificial
neural network could work in this area.

1.4 Outline of this report

This report is divided into two parts. In the first part the theoretical research is explained. In the
second part the experimental research is discussed.
The theoretical research will start with a short review of previous literature research in the area
of race prediction. The section afterwards will be about Artificial Neural Networks, where we will
tell something about the history of artificial neural networks and we discuss in detail all aspects of
this machine learning approach. Then we continue with sections that discuss the important parts
of artificial neural networks in more detail.
In the second part we first start with data explanation and afterwards the predicting of Formula
One races will be discussed.
We will finish this report with a conclusion and a discussion.
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2 Literature review

This chapter will give an overview of the relevant performed research for the problem we are deal-
ing with.
The aim is to find literature in the area of race prediction with the focus on motorized sports.
Next to this we are also interested in machine learning approaches in sports in general.

In general, predicting the outcome of races, or other sports events, can be divided in three dif-

ferent areas: mathematical[1],[2],[3], psychological[4],[5],[6],[7] and data mining or machine learning
techniques. We will discuss some of those machine learning articles in more depth, because our
focus is on machine learning approaches.

First let us look at research to make predictions in motorized race sports.
In the area of motorized sports events, such as motor-racing and car-racing, little research has
been done. However, there are some interesting articles worth mentioning. In the paper of Graves,
Reese and Fitzgerald ([8]) a Bayesian hierarchical framework is used to identify potential good
individual racers, which could be perform well in a higher race class. For this they use three
different classes of NASCAR races, namely WC, BGN and CT. Their data consists of the seasons
1996 till 2000.
In [9], Depken and Mackey discuss the driver success when he is part of a multi-car team instead
of a single-car team. For this they explored the NASCAR Sprint Cup Series from 2005 till 2008.
To predict the driver’s success, they use a multiple regression method.
Allender [10] tries to predict the outcome of NASCAR races and in particular the importance
of driver experience for this prediction. Allender uses a regression model with interaction terms.
This model is tested on data of the season 2002.
Pfitzner and Rishel, [11], did research to find factors/features which could help to predict the out-
come of a race. They only looked at features which are known before a NASCAR race starts. For
this research they used correlation analysis on the finishing order with quantitative and categorical
information collected. As research data they used the NASCAR season of 2003.
The last paper worth mentioning is that of Tulabandhula and Rudin, [12]. To goal of this article is
to make real-time decisions such as when to change tires. This paper differs from other research,
as it is the only one which is in the area of real-time decisions. They are searching for analytical
methods for race prediction within the race and decision making strategies. In this paper the
authors also describe some experimental shortcomings that restrict the predictions and some key
differences between predictions in different sports areas. Furthermore they describe some of the
complexities in race data. For modeling, they use all kinds of state-of-the art machine learning

techniques, such as: support vector regression[13] and LASSO (least absolute shrinkage and selec-

tion operator)[14].
Interested readers in the area of predicting car racing are encouraged to read the article of Tula-
bandhula and Rudin.

The next step is to look at machine learning research in different sport areas. The main fo-
cus of these papers should be on outcome prediction.

In [15] Haghigat, Rastegari and Nourafza give a review of data mining techniques for results
prediction in sports. This article is written in 2013 and studies the advantages and disadvantages
of different data mining systems to predict sports results. They discuss the following classifica-
tion techniques: Artificial Neural Networks, Support Vector Machines, Bayesian Method, Decision
Trees, Fuzzy System and Logistic Regression. All methods have their own advantages and dis-
advantages. Furthermore, the methods can not be evaluated in the sense that one works better
compared to another, because the methods are tested on different sports.
Leung and Joseph discuss in their paper, [16], a sports data mining approach to predict the win-
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ners of American college football games. Instead of using the traditional approach of comparing
the statistics of the two competing teams and projecting the outcome, their approach predicts the
outcomes based on the historical results of American college football games.

In ’Predictive modeling in 400-metres hurdles races[17]’, Przednowek, Iskra and Przednowek try
to predict the results of a 400-meters hurdles races. For this, they use the data of 21 athletes
from the Polish National Team, with a high level of performance (score for 400 meter hurdles:
51.26± 1.24s). They use linear and nonlinear multi-variable models. The linear methods include;
ordinary least squares regression and LASSO regression. For the nonlinear methods they look at;
artificial neural networks and radial basis function network. The ANN predicts the result with an
error of 0.72s.
Schumaker and Johnson, [18], investigated the use of Support Vector Machines to predict longshot
greyhound races. They tested a Support Vector Regression algorithm on 1953 races across 31 dog
tracks. For different betting systems they showed that their model performs better than random
chance.
Purucker [19] and extended work of Kahn [20] uses Artificial Neural Networks to predicted out-
comes in the National Football League (NFL). The model of Purucker almost predicted as good as
experts in NFL prediction and the model of Kahn predicted the outcomes better than the experts.
Tax and Joustra, [21], did research to a public based match prediction system for the Dutch Eredi-
visie. They tested different combinations of dimensionality reduction techniques and classification
algorithms.

At last we will look at some papers in which the use of Artificial Neural Networks in race prediction
is investigated1. Due to these articles the idea to use Artificial Neural Networks for motorized
(Formula One) race prediction is born.
The first article which we discuss can be seen as the start of this research area. It is an article by
Chen et al. called ’Expert Prediction, Symbolic Learning and Neural Networks: An Experiment

on Greyhound Racing’ and is written in 1994 [23]. Their goal is to use machine learning techniques
on greyhound racing. In this experiment they compare the predicted performances of two machine
learning approaches with three human track experts. The machine learning approaches chosen
are: decision-tree and artificial neural network. This research is one of the first in the area of
game playing. This area is unstructured, complex and seldom-studied as stated by Chen. The
following two questions are important in this paper: Can machine-learning techniques reduce the
uncertainty in a complex game-playing scenario? Can these methods outperform human experts
in prediction?
The data they use is of the Tucson Greyhound Park in Tucson, Arizona. This park holds about
112 races in an average week. For each race the park gives information about the dogs which are
racing in that specific race and about track conditions etc. In total there are around 50 variables.
The first phase consists of reducing the complexity, i.e. choosing the right variables. In the ar-
ticle, they use human experts and heuristic methods for this. This has to do with the fact that
machine learning is not yet suited for this task. In the end, they have 10 performance variables,
including; fastest time, win percentage, finish average, time 3 average. The following step is then
to normalize/pre-process the data.
For the neural network they choose only one hidden layer with 25 neurons. The conclusion of this
research is that both the decision tree method and the ANN outperform the human experts in
terms of expected profit.
An article following the idea of Chen et al. is written by Johansson and Sonstrod [24]. They did
a case study where artificial neural networks where used for the gambling domain in the area of
greyhound racing. Instead of using 10 performance variables they used 18.
The following paper, [25], investigates the performance of four different neural network algorithms
in horse racing. The horse racing data is from the Caymans Race Track in Jamaica. The data

1 An recent article focusing on the application of Artificial Neural Networks to sports prediction in general is
written by Bunker and Thabtah [22]
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consists of 143 races, collected from 1 January to 16 June 2007. The four learning algorithms2 are;
back-propagation, quasi-newton, Levenberg-Marquardt and conjugate gradient descent. The ex-
perimental results show an accuracy of 74% when using back-propagation. To predict the results,
Williams and Li use the following features; racing distance, type of race, past position, weight of
horse and its jockey, horse’s finish time, equipment used, age of horse and number of horses in the
race.
In [26], an article by Davoodi and Khanteymooir, Artificial Neural Networks are applied to horse
race prediction. Five different learning approaches are used, namely; normal back-propagation,
back-propagation with momentum, quasi newton, Levenberg-Marquardt and conjugate gradient
descent. The performances are tested on data collected from AQUEDUCT Race Track in New
York, which include 100 actual races from 1 January to 29 January 2010. The results of this
paper show that ANNs are appropriate methods in horse racing prediction context. Furthermore
the results show that BP algorithm performs slightly better than other algorithms, but it needs a
longer training time and more parameter selection.

2 Later we will show that an artificial neural network can be seen as a minimization problem. To solve a
minimization problem different approaches can be used, these approaches are called learning algorithms.
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3 Artificial Neural Networks

Artificial Neural Networks have been used to solve a variety of problems in different scientific disci-
plines. For example, problems in pattern recognition, making predictions, optimization problems
etc. Already existing approaches solve these kind of problems. Nevertheless, typically these do
not perform well outside their domain. Artificial Neural Networks (we use the notation: ANNs)
on the other hand, seem to be suitable to tackle all kinds of problems and many applications could
benefit from using ANNs.
Indeed, modern computers outperform the human brain in multiple areas, such as numeric com-
putation and related symbol manipulation. Yet the brain (humans) can solve complex perceptual
problems without effort. Which again is a challenge for computers. An example of this is face
recognition. We can recognize a person in a huge crowd by just a glimpse of his/her face. Even
the world’s fastest computer cannot do this at such a high speed. Therefore, the architecture of
the biological neural system is a highly interesting area for researchers and this research has led
to the introduction of Artificial Neural Networks. ANNs are inspired by these biological neural
networks. For the interested reader we refer to page 33 of [27], where a section is dedicated to
Biological neural networks.
Nevertheless, here we will focus on the mathematical idea behind ANNs. The goal of this section is
to give the reader an insight in the world of ANNs. They will become acquainted with the kind of
probems that ANNs can be useful for, the structure of an ANN and all the elements corresponding
to this. Furthermore we will be looking at the difficulties when working with ANNs.
First we give a history overview with the most important contributions to ANNs. Then we start
with an overview of ANNs where we give the definitions, the structure of the network and the
mathematical idea behind ANNs. In the sections afterwards we explain the parts of ANNs which
need further elaboration.

Until now a lot of research has been done with regards to artificial neural networks. A lot is
discovered and explained, however, despite all this research there are still some unanswered ques-
tion in the world of ’deep’ artificial neural networks. These questions are:

• How are ’deep’ artificial neural networks able to perform in the way they do?

• What exactly do ’deep’ artificial neural networks learn?

• Which network initialization is optimal for which task?

The goal of this research is not to answer these questions, as this is not currently doable. In the
remainder of this report we give an overview of the key aspects to understanding the content of
the questions better.

3.1 History

If we look throughout the history of ANNs we can see multiple periods of extensive activity. The
first peak in the research of ANNs can be found in the 1940s, with the pioneering work of Mc-
Culloch and Pitts [28]. The second peak is the work of Rosenblatt. In 1957 he introduced the
perceptron algorithm [29] and in the 1960s he came up with the perceptron convergence theorem.
The perceptron is the first known artificial neural network and is able to divide input data in
two classes. The algorithm calculates the weighted sum of the inputs and then uses a threshold
function. If the sum of the input times their weights is higher than a certain value then the input
belongs to class a and if it is lower it belongs to class b. Later, Minsky and Papert’s work showed
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the limitations of a simple perceptron[30]. They showed that a simple (single-layer) perceptron
cannot perform simple logical XOR-operations. Due to this publication the interest in ANNs
seems to have dropped. This drop in interest lasted for almost twenty years.
Around 1980 the interest in ANNs renewed. One of the reasons was the back-propagation learning
algorithm for multi-layer perceptrons, proposed by Werbos [31],[32] and popularized by Rumelhart
et al. in 1986[33]. Besides the fact that multi-layer perceptrons (MLPs) can solve the XOR prob-
lem, the back-propagation algorithm was a huge progress. It namely allows for quick training of
MLPs. However, before this can actually happen, another step is required: instead of using the
step function as activation function, the use of differentiable activation functions turned out to
allow faster training. The back-propagation algorithm uses gradient descent to learn fast.
Nowadays most of the research is in the area of training an artificial neural network. New meth-
ods are researched to improve the learning abilities of an ANN. This new peak is due to; a) the
availability of data, b) the availability of enormous computer capabilities in terms of storage and
processing power and and c) the necessity to make sense of data for companies like Yahoo or
Google. Another fact which lead to a lot of attention to ANN is the big success in face/pattern
recognition lately, specifically using deep learning.
For the interested reader we refer to the article of Schmidhuber, where he gives an excellent
overview of deep learning in neural networks [34].

We will shortly explain some of the basic terminology in ANNs, these terms will be explained
in more detail in the next sub-section. An ANN can be seen as a function which maps its input to
an output, where the inputs are multiple variables which are real valued numbers and the output
is in most cases a probability. For example, we look at ’hypothetical’ pre-screening for cancer
detection, where the input is age, gender, genetic predisposition, etc. . The ANN maps this input
to an output which says whether the person has the change of having cancer or not. The map-
ping consists of multiple steps, first all inputs are multiplied by a weight parameter. This weight
parameter says how much influence the corresponding input variable has on the output. The next
step is to sum all these new values, i.e. the new value is weight times input variable. The new
value is the input for a function, where the answer of this function corresponds to the output.
The functioning of an ANN is based on the idea that it ”learns” by means of a set of input data
that is used in a learning or training phase. In this phase, the ”right” set of weights is determined
iteratively, and based on the given training data. This is possible if the training data comes with
actual output data, which is assumed to be the case. After finding the ”right” weights the ANN
can be used for unseen input data to predict their corresponding output.

3.2 An introduction to Artificial Neural Networks

3.2.1 Definitions of Artificial Neural Network

First of all we will give a short introduction to some of the important terms. These terms will
be used multiple times throughout this report, so it is necessary that we understand these terms
well.
To make our understanding better we start with a visualization in Figure 1.
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Fig. 1: Multi-layer artificial neural network

As can be seen, an ANN is a collection of layers. Layers are used to bring more complexity power
to the ANN, if we have more layers we can learn more levels of abstraction, as argued in [39]. We
will explain this complexity later. A layer consists of neurons. All the neurons from layer i are
connected to all the neurons from layer i+ 1. These connections will be called weights. A neuron
with its incoming weights is called a perceptron. A single perceptron is one of the first artificial
neural networks, as proposed by Rosenblatt [29]. A perceptron is also called an artificial neuron.
A percepton, given in Figure 2, maps its input values to an output value. A formal definition will
be given in Section 3.2.2.
If we look at Figure 1 we can see that there are three different kinds of layers. These are the input
layer, the output layer and the hidden layer(s). The input layer is the layer which stores the input
data of the network. The output layer is the layer where the prediction output of the network is
done. The hidden layers are added to be able to find complex structures in the data. In Figure 1
there is only one hidden layer, but in general there can be multiple hidden layers.
The network can have two types of basic structures, namely the feed-forward structure, as shown
in Figure 1 . In a feed-forward network there are no loops or backward connections. The network
in which a loop or backwards connection exists is called a recurrent network.
The following representation is used for the ANN in Figure 1: 5-3-1. Here the first number means
the number of neurons in the input layer, the second number is the number of neurons in the
hidden layer and the last number is the number of neurons in the output layer.
In general an ANN has L-layers. The output layer is layer L and we have L − 1 hidden layers.
The input layer is not an actual layer, so it is mostly called layer 0. To represent a network we
thus have: l0 − l1 − . . . − lL−1 − lL. Where li represents the number of neurons in layer i. This
representation is also called the network architect.

In each layer there are neurons, a visualization of a neuron is given in Figure 2. In this fig-
ure we have three input variables, x1, x2, x3, the input variables are connected to the neuron by
weights. These weights are w11, w21, w31. The weights are free parameters and therefore can
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be trained, this will be discussed in detail in Section 5. Furthermore we have a bias value b and
Σ = b+w11 ·x1 +w21 ·x2 +w31 ·x3. This Σ is the input for a so called activation function, denoted
by φ(Σ) = a. The value a tells if the neuron is activated or not. If it is activated the neuron adds
value to the prediction. How this works will be discussed using an example.
If we look at Figure 1 we see three neurons in the hidden layer. In multi-layer networks the
weights are denoted by wl+1

i,j , this is the weight connecting neuron i in layer l with neuron j in
layer l+ 1. The trained weights can be such that the first neuron in the hidden layer has as input
a combination of Input 1, Input 2 and Input 3, e.g. w1

1,1 = 1, w1
2,1 = 1, w1

3,1 = 1. The next neuron
is a combination of Input 3 and Input 4, e.g. w1

3,2 = 1, w1
4,2 = 1. The last neuron only represents

Input 5, e.g. w1
5,3 = 1. For all other w1

i,j , w
1
i,j = 0. If Input 5 is a randomly added input variable,

then it will probably not influence the outcome of the network. In this case, the neuron in the
hidden layer which represents Input 5, will not be activated. The activation function can be a
binary function, where the output is 1 if the neuron is activated and zero for non-activated. Thus
for this specific example, φ(w1

5,3 · Input 5) = 0 and φ(w1
3,2 · Input 3 + w4,2 · Input 4) = 1.

The goal of an ANN is to learn underlying structures of the data-set. If we look at the ex-
ample of cancer detection, this could imply that the we want to know if there is a connection
between age and gender with a higher probability of having cancer. In order to accomplish this,
multiple learning methods are available.
In the example of cancer detection, we could have a data-base where age, gender, etc. is given
for the people that participated in this hypothetical survey and if they have cancer or not. In
this case, we know the corresponding output to each input, this is called supervised. In supervised
learning the network learns from available input-output pairs. If we do not know the correspond-
ing output, e.g. we only know age, gender, etc., but we are uninformed about their condition in
terms of cancer, learning will be called unsupervised learning. A combination of both leads to
hybrid learning.
When training the network, we want to know how good the predictions made by the trained ANN
are. For the example of cancer detection, this amounts to knowing how many cancer patients
were detected by the network, but also how many people are falsely classified. For this we use
a cost function. The cost function will be discussed in Section 7. Training a network is finding
the optimal weights, which capture the underlying structures of the data, this will be discussed in
Section 5.
During training, the available data is divided into two sets; the training set and testing set. The
training set is used to train the ANN in such a way that it learns the underlying structures and
the testing set is used as validation. The testing set functionates as a check.
This check is namely needed, as there could occur possible errors. These errors are overfitting and
overtraining. We will discuss these errors in depth in Section 8. To be short; overfitting has to do
with the structure of the network and overtraining has to do with the number of training sample.
The methods which are used to prevent the network to run into these potential pitfalls are called
regularization methods.



3 Artificial Neural Networks 15

x2 w21 Σ φ

Activation
function

a

Output

x1 w11

x3 w31

Weights

Bias
b

Inputs

Fig. 2: Artificial neuron

3.2.2 Overview of Artificial Neural Networks

Problems
There is a wide class of problems for which ANNs can be used. An example, already given, is
the problem of cancer detection. Here the ANN can be used to predict if a certain person has
cancer or not. In this subsection we will discuss some problem types which can be solved using
ANNs. Most attention will be given to classification problems. The end goal of this research is to
predict race results. This can be seen as a classification problem, because we classify the racers
for a certain end position.
A formal definition of the (supervised) classification problem follows; given a set of N different
instances x(i) ∈ Γ ⊂ Rn, e.g. x(i) is a n-dimensional vector3, with corresponding labels f(x(i)) =
y(i) ∈ Rk, where k is the number of possible labels and f an unknown function. Next to this there
exists a training set, called Strain with instances and corresponding labels:

Strain := {(x(i), y(i))|i = 1 . . .m where m ≤ N} (1)

The classification problem is nothing more than approximating the unknown function f : Γ → R
such that f(x(i)) = y(i) for (x(i), y(i)) ∈ Strain. The goal is to find the ”perfect” classifier, i.e. the
function which classifies all x(i) to their the correct labels y(i). The classifier is trained on the set
Strain. To measure the accuracy of the classifier f there is a different set, called test set, Stest

which satisfies Strain ∩Stest = ∅. The meaning of accuracy in this problem is how much inputs of
the test set are correctly classified to their corresponding labels.
The following holds for Stest; |Stest| = N −m, furthermore for each x(j) ∈ Stest the corresponding
label y(j) is known. Strain and Stest are disjoint sets because it is desired to train and test on
different instances. The reason why this is desired has to do with the bias and variance of the
approximate function, we discuss this in detail in Section 8, here a short explanations follows.
Suppose we approximate the function f with f̂ , where for each x(i) ∈ Strain the f̂(x(i)) = y(i). In
other words we have found the ’perfect’ classifier for the training set. This means that the bias
of the approximate function is low. However most of the times, in real life, the input consists of
noise. Therefore, a low bias corresponds to a high variance, which is also known as overfitting.
This implies that for ’untrained’ inputs, e.g. the instances in Stest, the classifier has a lower
accuracy than for the training inputs. To make sure there is a fair trade-off between bias and
variance the accuracy is tested on inputs which are not the same as the training inputs. Based on
the accuracy of both the training as the validation set we either continue with approximate the
unknown function or we stop, e.g. terminate. In general we have N known instances, in Strain

3 In this case there are n-variables as input.
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we have m instances and in Stest we have the other N −m instances. A division of 75% training
instances and 25% validation instances is a common choice.

For the cancer detection example an instance x(i) is the information known about a person i,
e.g. x(i) = (agei, genderi, genetic predispositioni, etc.). In this case n ≥ 3. The corresponding la-
bels are ’cancer’ and ’no cancer’, where ’cancer’ corresponds to y = 1 and ’no cancer’ corresponds
to y = 0.
For race prediction x(i) could be for example: x(i) = (start positioni, cari,best lapi, experiencei, etc.).
The corresponding labels are y(i) = 1, y(i) = 2, y(i) = 3, etc., where each y(i) corresponds to the
finish position of racer i.

We will give some ”simple” examples of classification problems to demonstrate how we could
approximate the function f . In the first example we have three classes; circles, crosses and
triangles. The goal is to separate these objects from each other. In Figure 3 a visualiza-
tion is given. The three classes correspond to the three labels, thus for example y(i) = circle.
We have in total 30 different training instances x, instances are points in the Euclidean space,
x = (x1, x2) ∈ R2. We denote with Xcircles all input instances which have label y = circle, e.g.
Xcircles = {x(j); f(x(j)) = circle}. If x(j) ∈ Xcircles then x(j) /∈ Xtriangles;Xcrosses.
One way of solving this problem is by first separating the circles from the crosses and triangles,
e.g. finding a function f which divides all input instances in either cross/triangle or circle. The
data is linearly separable, hence a classifier is given by some line that separates the circles from
the crosses and triangles. This line is given by a hyperplane: wT1 x = b1. All instances x for which
wT1 x < b1 holds are classified as circles. The same can be done to divide the crosses from the
triangles, this hyperplane is given by wT2 x = b2. In the end this means the following for unseen
instances x, if wT1 x > b1 and wT2 x > b2 the instance x belongs to the class of crosses. If however
wT1 x < b1 the instance belongs to the class circles. A similar decision region can be obtained for
the triangles.
For this example, note that the function f that will correctly classify the instances is an inner
product of the input, x, times the weight vector wi followed by a threshold bi.
For this example constructing the function f is relatively simple, the data is linearly separable,
which enable us to use hyperplanes. In general, the data which we want to separate is not linearly
separable and we need to find another method.

Figure 4 depicts data that can be separated by means of a circle, which can be seen from visual
inspection of the figure. Here the goal is to separate the inner circle with crosses from everything
else, e.g. the circles. In this case it is not possible to separate the data using only hyperplanes
wTi x − bi. Using four hyperplanes gives the opportunity to make a square around the crosses.
However, some instances x are then falsely classified. With 8 hyperplanes, the opportunity exists
to make an octagon around the crosses, but still some instances will be classified wrong. Therefore,
another method should be used to separate this inner circle. In this case a transformation can be
used to make the data more representative. This method is a so called mapping from Cartesian
coordinates to Polar coordinates4. In the new Polar coordinates, it is easier to linear divide, e.g.
using hyperplanes, the data.
For this specific problem first a transformation, e.g. from Cartesian coordinates to Polar coordi-
nates, is performed. After this transformation, the data is more representative and classification
is easier. The transformation of a circle in Cartesian coordinates gives a rectangle in the Polar
coordinates. A circle in Cartesian coordinates around the origin with radius R gives after the
transformation a rectangle in Polar coordinates of size [0, R]× [0, 2π].
For the example we have a circle of crosses around the origin with radius Rcross, therefore after
the transformation we get the rectangle [0, Rcross]× [0, 2π]. If we perform the same transforma-
tion on the circles we get the rectangle [Rcross + ε,∞] × [0, 2π], where ε > 0. These rectangles
can be divided by the hyperplane wT1 x = Rcross+ ε

2 .

4 (x1, x2)→ (r, θ) where r =
√

(x21 + x22), θ = arctan x2
x1
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The approach discussed above seems like a good method to tackle general non-linear classifi-
cation problems: first map the data to a more informative feature space and separate the data in
this space instead of in the input space. This is exactly what an (multi-layer) ANN does, it maps
its input data to a more informative space and performs separating in that space5.
An ANN thus performs two key steps; the first step is called feature extraction, where it maps
instances to a more informative space. The second step is called task specific, where in the case
of classification problems it means that the ANN tries to classify all instances to their right
class/label.

wT1 x = b1wT2 x = b2

Fig. 3: Example of linearly separable data

Fig. 4: Example of non-linearly separable data

Another problem for which ANNs can be used is function approximation. Suppose there is a set of
n labeled training patterns. These are input-output pairs; {(x1, y1), (x2, y2), . . . , (xn, yn)}. These

5 This will be explained later, when dealing with multi-layer neural networks.



3 Artificial Neural Networks 18

input-output pairs are generated from an unknown function µ(x), but of course, the pairs could
include noise. The goal of function approximation is to find an estimation, µ̂, of the unknown
function µ. In this problem, xi can also be a vector. In this case we are searching for a function
µ̂ : Rn → R. An example is given in [27].

Above we gave two examples of supervised learning. In supervised learning for all training in-
stances, the corresponding output is known. Knowing this corresponding output makes finding
a function f(x) = y easier. The network is learning from these input-output pairs. It learns
to determine the weights, w. For the example in Figure 3 the weight-vectors are w1, w2, w3 and
they are chosen in such a way that the weights correspond to the separating hyperplanes. During
training the weights are adjusted in such a way that each adjustment will lead to more correctly
classified instances. For the example of function approximation this implies that µ̂ ≈ µ.

Another form of learning is unsupervised learning. In unsupervised learning it is not necessary for
each input instance to have the corresponding output class/label. In unsupervised learning the
goal is to find ’similar’ input instances, e.g. input instances which have certain input features in
common. These ’similar’ input instances are then put in the same category.
For example see Figure 3; now for each instance it is not known whether they belong to the class of
circles, crosses or triangles. However, in these 30 instances there can be found similarities in input
instances. For example the instances corresponding to the triangles all have a low value of x1 and
x2. In unsupervised learning these instances are put together in the same category. Unsupervised
learning is, at least intuitively, harder than supervised learning.
The last type of learning is hybrid learning. In hybrid learning supervised and unsupervised learn-
ing is combined. This means that for some input instances the corresponding output is known
and for others it is not.

A well known unsupervised learning problem is clustering. Clustering, which is sometimes re-
ferred to as unsupervised pattern classification, has no known labels corresponding to the input
instances. The goal of clustering is to find similarities between the input instances and place these
similar instances in clusters. An application of clustering is data mining. The example given
above can be seen as a form of clustering. In [34] and chapter 5 of [35] more can be learned about
unsupervised learning. In [36] the focus is on data clustering.

Now we known which types of problems ANNs can solve, we are able to continue discussing
the structure of an ANN.

The structure of an ANN
The perceptron of Rosenblatt [29] is one of the first ANNs ever build. It was designed for classifica-
tion, e.g. saying whether instance x belongs to class one or two f(x) = y1 or f(x) = y2. Nowadays
the idea of perceptrons is improved and the ANN structure has become more complicated. The
perceptron by Rosenblatt is nowadays called an artificial neuron. An artificial neuron calculates
the weighted sum of the input and processes this value through a (non)-linear activation function.

Definition 1 (Artificial neuron): A neuron with input x ∈ Rn, input bias b ∈ R, weights w ∈ Rn\0
and a known activation function φ : R→ R and this neuron is defined as the function:

ξ(x; b, w, φ) = φ(wTx+ b) (2)

Where wTx+ b = Σ are the scores and the output a = φ(Σ) is referred to as the activation value.

Figure 2 indicates an artificial neuron, as defined in Definition 1. It is represented as an a-cyclic
graph. Here the small circles are the inputs, which are multiplied by their corresponding weights,
together with the bias, b, to become the score Σ. This is the score of the neuron (big circle). This
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score is the input of a (non)-linear activation function which computes the (binary) activation
a of the neuron. The perceptron proposed by Rosenblatt is the same as the artificial neuron in
Definition 1, where the activation function is a threshold function;

φ(Σ) =

{
1, Σ ≥ 0

0, Σ < 0

Using Equation 2 and rewriting the above equation gives the following result;

φ(wTx+ b) =

{
1, wTx+ b ≥ 0

0, wTx+ b < 0
=

{
1, wTx ≥ −b
0, wTx < −b

(3)

i.e. the neuron separates the input space by a separating hyperplane: wTx = −b. In this case the
bias determines the threshold of the neuron, which is −b. The perceptron of Rosenblatt can only
be used to separate the input data linearly. If this perceptron is trained, the weight vector w is
updated. This is done in such a way that in the end the hyperplane is constructed which divide
the input ’perfectly’.
Using only one perceptron (with threshold activation function) can divide the data into two classes,
e.g. wTx < b and wTx ≥ b. Using multiple perceptrons together, e.g. an input layer and a hidden
layer with at least two perceptrons can divide the input instances x in four classes; e.g. class 1:
wT1 x < b1 and wT2 x < b2, class 2: wT1 x ≥ b1 and wT2 x < b2, class 3: wT1 x < b1 and wT2 x ≥ b2, class
4: wT1 x ≥ b1 and wT2 x ≥ b2.
In the Appendix Section A this approach, e.g. using multiple perceptrons, will solve the XOR-
problem.

To solve the XOR-problem there was already need of a hidden layer. In general, the problems for
which neural networks are used nowadays require multiple hidden layers. These complex prob-
lems can be solved more efficient using a ’deeper’ network, e.g. a network with multiple hidden

layers[44],[45]. A neural network with multiple hidden layers is called a multi-layer neural network.
A multi-layer neural network starts with an input layer and ends with an output layer. In between
these two layers are so-called hidden layers, the ’heart’ of the network. When there are more
hidden layers used, the depth of the network increases. In the literature a multi-layer neural net-
work with only one hidden layer is called a ’shallow’ network. In Figure 1 a visual representation
of a shallow network is given. A ’deep’ neural network is another name for a multi-layer neural
network. Nowadays, with ’deep’ learning we mean learning a neural network with a large number
(> 50) of layers and corresponding neurons.
Intuitively we can say that each neuron in a layer can be seen as an ’AND’ or ’OR’ operation, e.g.
they tell if some input variables are relevant together or not. Using multiple layers behind each
other can combine these ’AND’ and ’OR’ operations.
The reason why we say that ’deep’ neural networks are more efficient will be discussed in Section
4. In short, the efficiency is in the computational speed, a ’deeper’ neural network require less free
parameters. Furthermore in Section 4 we will discuss the influence of multiple layers and neurons
in a layer on the performance of an artificial neural network.

As discussed in Section 3.2.1 we have two main structures for an artificial neural network. These
are:
- feed-forward : the network is acyclic.
- recurrent : the network may have cycles.
In Figure 5 we see multiple different ’names’ for the network structures as they appear in the
literature. However, all these structures are either a feed-forward network or a recurrent network.
In the remainder of this research the focus is on feed-forward networks. In special feed-forward
networks with multiple (hidden) layers, which is also called the multi-layer neural network.
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Fig. 5: ’Different’ network structures, as given in [27].

We will give the mathematical definition for a multi-layer neural network in this section. However,
we first need to discuss some important properties. One of these properties concerns the activa-
tion function for multi-layer neural networks. For multi-layer networks the threshold activation
function is not used. We require for an activation function, in a multi-layer network, that it is
continuous and differentiable. In a multi-layer neural network, the hardest part is training the
network, e.g. finding the right set of parameters. In Section 5 we show that learning this right
set of parameters can be done by solving an optimization problem. To solve this optimization
problem the back-propagation algorithm6 is introduced. This algorithm uses the derivative of the
activation function. Therefore, for multi-layer neural network we require continuous and differ-
entiable activation functions. In Section 6 we discuss different activation functions which can be
used. Furthermore, we will discuss some of the advantages and disadvantages they have, when
used in a ’deep’ network.

As already mentioned, during training the goal is to find the optimal parameters. The optimality
is measured in terms of a cost function. For supervised learning the cost function is positive, e.g.
> 0, if the predicted outcome is not the same as the actual outcome, and zero if they are the same.
For a classification problem this can be represented by Equation 4.

cost function =

{
> 0 if f̂(x(i)) 6= y(i)

0 if f̂(x(i)) = y(i)
(4)

Meaning that a lower value of the cost function is desired. In Section 7 different cost functions for
supervised learning are given.

Training an artificial neural network can be seen as two different computational processes. The
first process is called the forward pass of the network. In the forward pass the cost function for
a specific set of parameters is calculated. In the second process, e.g. the backward pass of the
network, the back-propagation algorithm is used to update the parameters. This will be discussed
in more detail in Section 5.

Another property we require for a multi-layer neural network is that it is fully connected. Fully-
connected means that every neuron from the previous layer is connected to each neuron in the
current layer. Below we give the definition of a fully-connected layer :

6 Will be discussed in Section 5.
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Definition 2 (Fully-connected layer): Suppose we have inputs x ∈ RLj (the previous layer, j, has Lj
neurons) and the current layer, j+1, has Lj+1 neurons with corresponding differentiable activation
functions7 φ : R → R, weights vectors wi ∈ RLj+1 and biases b ∈ RLj+1 . A fully-connected layer
is defined by the function:

φ(xW + b) (5)

Where W (j+1) = W := ([w1, w2, . . . , wLj ]
T ) ∈ RLj×Lj+1 is the weight matrix between layer j and

layer j+1. The activation function, φ(·) is applied point-wise. If we use the notation of Definition
1 and denote the input to the activation function as Σ := xW + b ∈ RLj+1 and in the same way
the outputs or activations as a := φ(Σ) ∈ RLj+1 we can simplify Equation 5 :

a = φ(Σ)

A popular and simple choice of a differentiable activation function is the sigmoid function: φ(Σ) =
1

1+e−Σ .

As already discussed, training an multi-layer neural network can be seen as learning a map-
ping into a more representative space. In this space we can perform classifications (e.g. for the
classification problem). In general this means that a multi-layer neural network can be seen as a
function going from an input space to a label space, consisting of a feature extraction followed by
a task specific function. See Definition 3.

Definition 3 (Multi-layer artificial neural network or feed-forward artificial neural network): An artificial
neural network is defined as the function f : Rn → L, where f is:

f(x) = Λ(G(x;ωG);ωΛ) (6)

L is the label space, G(x, ωG) is the feature extraction function, where ωG are the weights which
parametrize this function. Λ is a task specific function which is parametrized by another set of
weights ωΛ. For classification problems this task-specific function is a classifier.
Both the functions Λ and G are compositions of multiple layers gi. If there are in total L layers
and NG layers in the feature extraction the following holds:

G(x;ωG) = (gNG ◦ gNG−1 ◦ · · · ◦ g1)(x;ωG)

and
Λ(y;ωΛ) = (gL ◦ gL−1 ◦ · · · ◦ gNG+1

)(y;ωΛ)

The multi-layer neural network is a composition of multiple fully-connected layers. First, a certain
number of fully-connected layers is taken in the feature extractor G. Afterwards a certain number
of fully-connected layers is taken in the task specific function Λ, which is designed to map the
outputs of the feature extractor to the real output we strive for. The task-specific function consists
mostly of a few fully-connected layers with the final output size equal to the number of outputs
the problem has. This means for classification that Λ is a classifier where the output layer has
equal size to the number of classes of the problem8.

In [37] M. Peemen, B. Mesman and H. Corporaal give an example of how we can interpret the use
of feature extraction layers and task specific layers for the problem of handwritten digit recogni-
tion. A visualization is given in Figure 6. The goal is to recognize the handwritten digit, in this

7 The activation function need to be differentiable, otherwise the network cannot be trained. The back-
propagation algorithm can not be used then, see Section 5.

8 For cancer detection we have two outputs, e.g. cancer or no cancer. For race prediction we have l outputs,
where l is the number of racers in that specific race.
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case 3. The input is a 32 x 32 grid, where some grid cells have high intensity if they contain a
part of the digit and others have low intensity.
In the feature extraction phase the input grid is divided into smaller grids. Until there are sixteen
5 x 5 grids. The small grids are the input for the task-specific layers, in this case two. In the
task-specific layers classification is performed. The output layer consists of 10 neurons, as there
are 10 possible digits. The output of the network is the predicted digit.
Note: In this example the terms convolution and subsampling are used. Handwritten digit recog-
nition is mostly performed by a special class of multi-layer neural networks, the so called Convolu-
tional neural networks (CNN). In this report we do not pay attention to CNNs, because we focus
on the general theory behind artificial neural networks. However, CNNs are often used nowadays,
the majority of face recognition problems is solved by the use of CNNs. Therefore, for the inter-
ested reader, we refer to [38], [39]. The idea behind CNNs is to reduce the number of parameters
by exploiting the similarity structure in images.

For this specific example the number of layers L = 6. If we look at Λ we can write this as Λ(y;ωΛ) =
(n2 ◦ n1)(y;ωΛ) and G(x;ωG) = (S2 ◦C2 ◦ S1 ◦C1)(x;ωG), with x = the input grid of 32× 32 and
y = G(x;ωG). The parameters in this case are the weights connecting the different layers.

Fig. 6: Example for feature extraction, as given in [37]. As input we have a 32 × 32 grid with a
handwritten digit in it. The output is the predicted digit. First the grid is filtered through
a convolutional layer with 5 × 5 kernels, yielding 6 feature maps of size 28 × 28. These
feature maps are subsampled through a 2 × 2 max-pooling layer. Then a convolutional
step is performed and afterwards again a subsampling. After the feature extraction phase,
finally the classification takes place. Where the output is a predicted probability for each
digit.
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4 The influence of multiple layers and multiple neurons

In this section the influence of multiple layers and multiple neurons on the performance of the
neural network, will be explained. A visualization is given in which the difference of multiple layer
can easily be seen. Furthermore, some important rules regarding the number of neurons and the
number of layers are discussed. In addition to the rules it will be emphasized that the wrong
network structure will lead to bad or wrong performance.

In Figure 9 a geometric interpretation is given, which can help to explain the role of hidden
layers and the role of neurons in a hidden layer. In this geometric interpretation the activation
function used is the threshold activation function, e.g. wTx ≥ b, OR wTx < b. If there are L
layers it means there are L − 1 hidden layers and one output layer. Thus a 2 layer network has
one hidden layer and one output layer.
Neurons in the first hidden layer form a hyperplane in the label space; as already discussed, a
hyperplane can be used to divide data in two classes. Neurons in the second hidden layer combine
the outputs of the first hidden-layer neurons. This implies that in the second layer a new decision
region is obtained. This decision region is obtained by performing logical AND & OR operations
on the hyperplanes. To illustrate this; suppose in hidden layer 1 there are two neurons. Neuron
1 is activated, for input x, if wTx ≥ b1 and neuron 2 is activated if wTx ≥ b2. A neuron in
the second hidden layer could then be activated if: ’Neuron 1 activated AND neuron 2 activated’
(∀x where: wTx ≥ b1 ∩ wTx ≥ b2); ’Neuron 1 activated OR neuron 2 activated’ (∀x where:
wTx ≥ b1 ∪ wTx ≥ b2), e.g. its combines the hyperplanes of hidden layer 1. See also the example
of the XOR-problem in Appendix Section A. The output-layer neurons combine these decision
regions by performing logical OR operations.
As exemplified in Figure 9, the decision regions which can be obtained by using a multi-layer
network are arbitrary. The complexity of the decision regions is limited by the number of neurons
in the hidden layer, e.g. more neurons means a decision region which can become more complex.
The arbitrary complexity of the single-hidden layer neural network is known as the ’Universal
Approximation Theorem’ and is proved by several researchers. This theorem can be described as:
”a single-hidden layer (feed-forward) network can approximate every continuous function of n real
variables with at most n neurons in the hidden layer. Where approximate means that we can get
a error/cost < ε”. Here ε is the value of the cost-function. The theorem is first proved in 1989 by
G. Cybenko [40] where he used the Hahn-Banach theorem to prove this theorem. For the proof,
he used the following activation function: sigmoid activation function. Another proof uses the
Stone-Weierstrass theorem, this proof is from K. Hornik, M. Stinchcombe and H. White [41]. Fur-
thermore, they showed it for every continuous non-constant activation function. After this result,
other researchers proved that ”single-hidden layer feed-forward networks with at most N neurons
(including biases) can learn N distinct samples (xi, yi) with zero error and the weights connecting
the input neurons and the hidden neurons can be chosen ”almost” arbitrarily”[42]. This is for the
case where the activation function is the signum function9. The paper of Guang-Bin Huang and
Haroon A. Babri (1998) [43] gives the same result but the difference is that their proof is for every
bounded non-linear activation function which has a limit at one.
A visualization of this property is given in Chapter 4 of [55].

Why use a deep network given the ’Universal Approximation Theorem’ just discussed? For this
we look at results shown by Bengio and Le Cun [44] and Bengio [45]. They show, using complexity
theory of circuits, that deep architectures can be much more efficient, sometimes exponentially,

9 The signum function or sign function is:

sign(x) :=


−1 if x < 0

0 if x = 0

1 if x > 1
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than shallow architectures. This is in terms of computational elements and parameters required
to solve a certain (classification) problem.
This sounds a bit counter-intuitive, therefore we will illustrate this. Suppose we have a fully-
connected10 network with two hidden layers, each hidden layer has n neurons. This implies that
we have n ·n = n2 free weight parameters. Now, instead of two hidden layers, we have four hidden
layers with n

2 neurons in each layer, that is the total number of neurons is the same. The number

of weights connect one layer to another is n
2 ·

n
2 = n2

4 . In total we thus have 3 · n
2

4 = 3n2

4 weight

parameters. Dividing the number of neurons over four instead of two layers gives a decrease of n
2

4
in the number of free parameters.

For eight hidden layers with n
4 neurons in each layer we have n

4 ·
n
4 = n2

16 weights to connect two

layers and thus in total 7n2

16 weight parameters. For sixteen hidden layers with n
8 neurons in each

layer we have in total 15n2

64 free weight parameters.
To perform AND & OR operations we need at least two neurons in each layer. If we have a
network with only two neurons in each layer we have n layers and thus 4n − 4 free parameters.
However, the complexity of the decision regions depends on the number of neurons in the hidden
layers. Furthermore, for the problems where we use ’deep’ networks we have in general multiple
input features and output classes, where the number of input features is bigger than the number of
output classes. In most cases the number of neurons in a hidden layer is higher than the number
of output classes. A rule of thumb is namely to have at least l0+lL

2 neurons in a hidden layer, e.g.
the mean of the number of input neurons and output neurons. Therefore, two neurons in a hidden
layer in not used most often.
Intuitively, it is not desired to have more hidden layers than number of neurons in a hidden layer,
because the complexity depends mostly on the number of neurons in a hidden layer.
Therefore, a choice which can be made is to take

√
2 ·
√
n neurons over

√
2 ·
√
n layers, then we

have in total 2 · (
√

2 ·
√
n− 1) · n free parameters.

We thus can conclude that by multiplying the number of layers and dividing the number of neu-
rons per layer, we get fewer free weight parameters. In Section 5 we see that for training an ANN
we need to calculate the gradient of the cost function with respect to the parameters. Therefore,
having less free parameters will also result in less computations.
Throughout the history of ANNs researchers have been trying to find the optimal network struc-
ture and the corresponding rules. In [46] an overview is given of methods which can help to choose
the number of hidden neurons.

Another reason is given by Zeiler and Fergus in [39] and Larochelle et al in [47]. They can-
not claim that deep networks perform better than shallow ones. However, there is evidence that
using a deep structure can benefit when performing a complex task, as long as there is enough
data available to capture this complexity.

Despite these reasons, ’deep’ neural networks where not used most often, e.g. they are harder
to train as shallow ones. However, the reason why nowadays ’deep’ neural networks can be used
has to do with this training part. A lot of research and development has been done to improve the
training abilities of an ANN. The first step in this direction was the back-propagation algorithm.
This algorithm required the derivative of the activation function. Therefore, the threshold func-
tion cannot be used. For this the sigmoid function is introduced, the sigmoid activation function
is a continuous differentiable function. Furthermore, the sigmoid function ’looks’ the same as the
threshold function, see Figure 7.

10 See Definition 2 for the meaning of fully-connected.
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Fig. 7: Threshold and Sigmoid function

In Section 5 we discussed that training an neural network can be seen as solving an optimization
problem. We know that we can solve an optimization problem by using gradient descent. How-
ever, simple learning methods such as plain gradient descent will lead to poor behavior for ’deep’
networks. This implies that using a ’deep’ network structure is still not preferable. However, there
are all kinds of variations to gradient descent which allow us to train ’deep’ networks. Some of
these methods will be given in Section 5. Due to these better optimization methods ’deep’ neural
networks are the standard nowadays.

If increasing the number of layers and neurons will lead to a network which can solve complex
problems (e.g. complex decision boundaries), why should we not always use a deep network. This
seems to be a smart idea, having enough layers to solve complex problems should also solve less
complex problems. However, this is not true. The structure of an ANN is important, choosing
too many or too little layers will lead to problems and even bad performance.
When we have too many layers or neurons, the network may result in errors. These errors are
overfitting and overtraining 11. Overtraining has to do with the number of training iterations.
Overtraining may happen when we have too few samples and we train the network for too many
iterations. Overfitting has to do with the network structure. In Section 8 we will discussed in
detail the meaning of overtraining. Here, the meaning of overfitting will be explained based on an
example, see Figure 8. In here, the black dots are the input pairs (x(i), y(i)) and the goal is to find
the unknown function µ(x). The input can contain noise, therefore we try to find the approximate
function µ̂(x). For this example µ(x) is an polynomial of degree 3, but the approximate µ̂(x)
is an polynomial of degree 5. The approximate is thus a more complex function as the actual
function. This can happen if we choose a network structure which contains too many layers and
neurons. In Section 8 we see that overfitting corresponds to a low bias of µ̂(x) and a high variance
of µ̂(x). To have the best performance of a network, we need the right number of layers and
neurons. The best performance of an ANN is reached when the ’easiest’ network structure is used.
Here ’easiest’ means the network with the fewest number of layers and neurons which still has
a good performance. The performance is the outcome of the cost function. For each problem a
good performance can be different, e.g. for the problem of cancer detection a good performance
should be that if a person has a change of having cancer the ANN predicts that this person has a
high probability of having cancer. Or in other words, if a person has cancer and the ANN falsely
predicts this person as not having cancer, the performance of the ANN is really bad. In the case
of race prediction, it is more important to have the first three riders in the right order than the
last three riders, e.g. here the performance is good as we predict the first three positions good.
Another example of overfitting; we have a shallow network, i.e. one hidden layer, with P different
input samples. In the beginning of this Section we gave the ’Universal Approximation Theorem’
for shallow networks. If we use this property we can conclude that if we have more than P neurons
in the hidden layer that we have a too complex structure. This comes from the fact that with at
most P neurons in the hidden layer we can get a cost value of epsilon. Thus, using more than P
neurons implies overfitting.

In general, it is not easy to say how deep the network needs to be and how many neurons there
are in each layer. This is often a trail-and-error method. In the second part of this report a trail-
and-error method is used to find the number of layers for Formule One prediction, see Section 12.
To see if a network structure performs well we need to look at the value of the cost function for

11 Will be discussed in more detail in Section 8
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Fig. 8: Example of overfitting

both the training set as the validation set. If we find a network structure which performs well it
is always necessary to try a less complex structure, e.g. less layers or less neurons in a layer, to
see whether the chosen structure is the right one [49] .
A method which tries different network structures is the dropout method [53]. This method takes a
neuron into account with probability p. This will be discussed this in Section 8. Another method
is constructively adding layers [48]. As each layer in a multi-layer neural network can be seen as
a representation of the input obtained through a learned transformation. By adding layers in this
way, for each different network structure the performance, e.g. the value of the cost function, can
be calculated. The network with the best value for the cost function is then the desired network.
Other methods which can help to find the best structure will be discussed in Section 8.

To conclude this section, we will look more closely at how depth increases complexity. In general,
for non-linear activation functions, we can explain the role of the layers as follows. Each (neu-
ron in a) layer is a linear transformation (wTx + b) followed by a non-linear activation function
(φ(wTx + b)). This means that a neural network is a parametrization of a non-linear mapping.
Increasing the depth of the network will lead to more complex and more non-linear mappings,
which implies that the decision region can become arbitrary complex.
An increasing depth also means more neurons. If we interpret these neurons as decision units, we
can explain the extra complexity in the following way. In each layer the neurons make decisions
based on the value of the weights and the input of the layer. The input of a layer is the output of
the previous layer, this means that we make decisions based on the outcomes of other decisions.
In the end our outcome, the last complex decision, is built upon other, simpler decisions. Thus,
increasing the number of layers (or neurons in a layer), the number of possible AND & OR paths
towards the final decision outcome increases.

Fig. 9: Geometric interpretation of the role of hidden layers in a two-dimensional input space. [27]
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5 Training an artificial neural network

At this moment the reader should be familiar with the underlying idea of an ANN and the struc-
ture, architecture behind it. Nevertheless, the hardest and most important part of an ANN is
not understanding it, but training it. In this section we will explain how to train an ANN. For
small networks it will turn out that training is not that hard. It is following the back-propagation
algorithm in its easiest form. For deeper networks it turns out to be quite difficult.

When training a network, the goal is to find optimal parameters for a specific task. The first
thing we need to define is what optimality means in terms of the output of the network, i.e. when
is the output of the network bad and when is it good? This judgment is based on the value of a
cost-function, which is based on a particular set of weights, the parameters. Furthermore, we need
the actual output of a sample, this is called the ground-truth. We have costs when the output of
the network does not equal the ground-truth.
In other words, we can train an artificial neural network as a minimization problem;

Definition 4 (The minimization problem of an ANN): The output of the network is the function f :
Γ → Rk. Where f (i) is the output of the network corresponding to input x(i) ∈ Γ ⊂ Rn and a
specific set of parameters ω; where ω are the weight matrices W (i) and bias b12. The ground-truth
corresponding to sample x(i) ∈ Strain is denoted as y(i).
The optimization of a network which is parametrized by ω, over all (N) samples x(i) can be
described by the minimization problem;

minωC(ω) =
1

N

N∑
i=1

C(i)(f (i), y(i)) + λJ(ω) (7)

where C denotes the overall cost, C(i) is the cost for sample x(i), J(ω) is a regularizer with
regularization parameter λ | 0 ≤ λ ∈ R.

Where C(i) could be: (f (i) − y(i))2 for example, which is the quadratic cost formula. In this case
the difference between the output of the network and ground-truth is squared to get the cost for
instance i.
J(ω) could be:

∑L
i=1(W (i))2 for example. In this case the regularizer is the sum of squares of the

weights.

The different cost-functions will be discussed in Section 7 and the regularizer will be discussed in
Section 8.

Training an ANN, which is also called learning, is done by solving Equation 7. It is also called
learning, because during the training part the network is trained to seek input-output structures
in the data. This is the same as saying that it learns how input affects output.
If we look more closely at Equation 7 the goal is to optimize the parameters given some function
C(·). Or in other words, we are solving an optimization problem. An optimization problem in
standard form is given by:

min
x

f(x)

subject to x ∈ F

Where F denotes the feasible region. Looking at Definition 4 we minimize the overall cost func-
tion C(ω) with respect to the parameters ω. The feasible region in this case is W (i) ∈ RLi−1×Li

12 See Definition 3 ”Multi-layer artificial neural network”.
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∀i = 1, . . . L and b(i) ∈ RLi ∀i = 1, . . . L 13, as ω consists of all weight matrices W (i) and bias-
vectors b(i). Thus, training or learning an ANN is solving an optimization problem. This brings
us to the property of using all kinds of optimization algorithms for optimization problems. The
area of algorithms to solve optimization problems is well known and a lot of research has been
done in this area. For example, there are heuristic algorithms which can be used. However, for the
optimization of an ANN mostly iterative methods are used. These iterative methods can evaluate
the Hessian or the gradient.

If we want to minimize Equation 7 we will use an iterative method called gradient descent. Gradi-
ent descent is an optimization algorithm which is mostly used for non-linear optimization problems
and, as the name already suggests, it evaluates the gradient. The way gradient descent optimiza-
tion works is as follow; it performs iterative steps on the parameters based on the gradient of the
cost-function with respect to the parameters. Mathematically for the k − th iteration:

ωk = ωk−1 − η∇ωC(ωk−1) (8)

η is called the learning rate14. The iterative steps we take are in the direction of the steepest de-
scent of the cost-function, the step size is η. The reason for taking steps in the negative direction
of the gradients has to do with the problem we want to optimize. The gradient (∇ωC) points in
the direction of the greatest rate of increase for function C. The optimization of an ANN is a
minimization problem and therefore we need to go in the direction of the greatest rate of decrease,
which is the negative gradient.
Instead of normal gradient descent, mostly stochastic gradient descent or batch-wise gradient de-
scent are used in practice. Let us look why these methods are helpful when using it for non-convex
optimization. In Figure 10 we can see the non-convex function g(w). We have two minima, a local
one (w

′
) and a global one (w∗). If we start on the left of the graph with gradient descent and we

go in the direction of the steepest descent, the algorithm will converge to the local minimum, i.e.
the red dot (w

′
). If we start at the right of the graph, the algorithm will converge to the global

minimum, i.e. the blue dot (w∗) 15. Instead of using normal gradient descent and ending up in a
local minimum [50] we can use some randomness to avoid getting stuck in a local minimum. This
randomness can be accomplished by using stochastic or batch-wise gradient descent.
Another reason why we can use stochastic or batch-wise gradient descent is the computational
speed. This will be explained in the next part of this section.

Fig. 10: Non-convex optimization with gradient descent, example.

In stochastic and batch-wise gradient descent the gradient ∇ωC is approximated. Since the cost-
function is the sum over all training instances, the gradient is just the sum over all individual
gradients, i.e. ∇ωC = 1

N

∑
x∇ωC(x). This is the sample mean of the cost over N samples. If we

use some knowledge from statistics we can say the following; if we decrease the number of samples
we decrease the confidence of our approximation. This means that we increase the randomness

13 See Definition 2 ”Fully-connected layer”.
14 At the end of this section we discuss some choices of η.
15 In this example we consider a learning rate which is smaller than the optimal learning rate. For convergence

we need to choose the right learning rate.
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in the updates. This is precisely what happen with stochastic/ batch-wise gradient descent, the
gradient ∇ωC is approximated by the derivative of just one/a batch, randomly chosen, sample(s):

stochastic: ∇ωC ≈ ∇ωC(x)

batch-wise: ∇ωC ≈
1

B

B∑
j=1

∇ωC(j) where B � N

In expectation the approximation of the gradient is equal to the actual gradient used in gradient
descent:

Ex[∇ωC(x)] =
1

N

∑
x

∇ωC(x)

Batch-wise gradient descent is a generalization of stochastic gradient descent. Instead of approx-
imating the gradient with just one randomly chosen sample from the training set, the gradient
in batch-wise is a batch-average. This average is usually of a small subset B � N , which is
randomly chosen from the training set. If we choose B = N we have normal gradient descent and
if we choose B = 1 we get stochastic gradient descent.
Using stochastic or batch-wise gradient descent instead of normal gradient descent has two main
advantages. The first we already pointed out, namely the benefit of adding stochasticity. We can
avoid getting stuck in a local minimum, but actually reach the global minimum. However, this
is not a guarantee. Another big advantage is the computational cost. If we use normal gradient
descent, the cost function is a function of all samples in the training set. This means that we
must process the whole training set before we get the value of the cost for a certain set of weights.
In deep learning this becomes a real problem, because training sets for these kinds of problems
can consist of more than a million samples. Calculating the cost over all these samples is far
from practical. Using batch-wise gradient descent in this case is more efficient. In batch-wise the
gradient is calculated only over a small subset. Now take the computational time to calculate
the gradient over all examples. In the same amount of time we can calculate multiple batch-wise
gradients.
Furthermore, the gradient of the batch is in expectation the same as the actual gradient. There-
fore, the new set of parameters, for the k−th iteration, ωk is in expectation the same for batch-wise
gradient descent and normal descent. See Equation 8.

If we compare stochastic gradient descent with batch gradient descent we can give advantages
for both methods. The advantages of stochastic learning are; it is usually much faster than batch
learning. Next to this, stochastic learning in general leads to better solutions. The advantages for
batch learning are; the conditions of convergence are well understood. Many acceleration tech-
niques only operate in batch learning. The last point is that theoretical analysis of the weight
dynamics and convergence rates are simpler. The advantages are given by Y. LeCun et al. in [60].
Furthermore in [60] all kinds of acceleration techniques (used for ’deep’ networks) are discussed,
such as Quasi-Newton (or BFGS) and the conjugate gradient method. These acceleration tech-
niques are one of the main reasons that deep networks can be used nowadays. The acceleration
techniques are all optimization algorithms and we see that research in the area of optimization
problems is used to improve the performances of neural networks.

To update the parameters, as given in Equation 8, the back-propagation algorithm is used. The
back-propagation algorithm is an implementation of gradient descent on the cost function. The
algorithm uses the chain rule for differentiation to calculate the gradient. ∇ωC, i.e. the gradient
of the cost-function, needs to be taken over all trainable parameters (all weights which we can
adjust). To calculate all these derivatives, we start with the parameters in the last layer and con-
tinue with the second last layer, etc. We thus move backwards in the network, this is called the
backward pass. The reason of using the backward pass comes from the dependence of gradients; if
we compute the gradient with respect to the parameters in layer l we need to know the gradient
with respect to the parameters in layer l + 1. For this dependence we need the chain rule. An
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explanation with illustration will be given in the next paragraph.
The back-propagation algorithm first computes the gradient of the cost-function with respect to
the parameters in the last layer L. After computing this gradient, the gradient with respect to
the parameters in layer L − 1 is computed. This process is repeated until the gradient of the
first layer in the network is computed. The algorithm back-propagates through the network, it
back-propagates the gradients from the last layer to earlier layers. That is why the name back-
propagation algorithm is chosen for this algorithm.

To see why we need the chain-rule for differentiation, let us look closely at the formulas for
the derivatives. We look at the stochastic gradient descent, thus ∇ωC. Where C is the overall
cost for sample x(i) and can be divided into the cost for sample x(i) and the regularization term,
e.g. respectively C(i) and J(ω). If we only look at the cost for sample x(i) we have; C(i)(f (i), y(i)).
Here f (i) is given by Equation 6 . If we look further in Definition 3 we see that f (i) is a composi-
tion all layers hence the cost-function is also a composition of all layers. If we take the derivative
with respect to the parameters in layer L − 1 we can see in Definition 3 that the chain-rule for
derivatives must be used for the derivative with respect to the parameters in layer L. 16

We will will illustrate this by looking at the network in Figure 11.

Fig. 11: An example network to show how back-propagation works

Where x(i) is the i− th input sample and f (i) the outcome of the network corresponding to input
sample i. We are interested in the gradient of the cost function with respect to the parameters,
this is C(i)(f (i), y(i)). In the cost function only f (i) depends on the parameters and therefore we
can look at the gradient of the outcome with respect to the parameters. Thus we get: ∇ωf (i).
The parameters in this case are: ω = {W (1),W (2),W (3)}. Next to this, following Definition 2, we
have; a(2) = φ(x(i) ·W (1)); a(3) = φ(a(2) ·W (2)) and f (i) = φ(a(3) ·W (3)).
Thus first we calculate the gradient with respect to the parameters in the last layer: W (3).

∇W (3)f (i) = ∇W (3)φ(a(3) ·W (3)) = a(3) · φ
′
(a(3) ·W (3))

The next step is to calculate the gradient with respect to the parameters in layer L − 1, in this
case W (2).

∇W (2)f (i) = ∇W (2)φ(a(3)·W (3)) = ∇W (2)φ(φ(a(2)·W (2))·W (3)) = a(2)·φ
′
(a(2)·W (2))·W (3)·φ

′
(a(3)·W (3))

In the same way we get for the gradient with respect to W (1):

∇W (1)f (i) = x(i) · φ
′
(x(i) ·W (1)) ·W (2) · φ

′
(a(2) ·W (2)) ·W (3) · φ

′
(a(3) ·W (3))

We now see that for the gradient in layer L − 1 we need the result of the gradient in layer L.
Hence the name back-propagation.

To train an ANN the following steps are taken; first the parameters are initialized following some
rules, see next paragraph. The choice of initialization depends on the chosen activation functions,
i.e. the range they have. Then a repeated process starts, this process is repeated until convergence

16 The function is (gL ◦gL−1 ◦ · · · ◦g1) thus if we are at gL−1 we have f(x) = gL ◦gL−1. If we want the derivative
of f(x) with respect to gL−1 we need the chain-rule.

(f ◦ g)′ = (f
′ ◦ g) · g′
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or manual termination. In the process we start with a forward pass to compute the cost of this
specific combination of weights. After the forward pass we perform the backward pass, where we
compute all gradients. The next step is to update all weights according to Equation 8. Now we
start again with the forward step.

When we initialize the weights, before we start with the first feed-forward step, we need to make
sure we follow the rules as given by [60], [61] and [62]. These articles provide rules for initializing
weights for distinct activation functions. The weights are initialized based on the number of neu-
rons in a layer. If we start with these initialized weights, it is easier to train the network, which
will make the performance of the network better. To illustrate, we will give the rule when we
use sigmoid function as activation function. In [62] they give the following rule, for the weights
between layer i and i+ 1:

W ∼ U

[
−

√
6

√
li +

√
li+1

,

√
6

√
li +

√
li+1

]
U is the uniform distribution and li is the number of neurons in layer i.
There is however one important property which we should not violate. We cannot initialize the
weights to zero, thus wi,j 6= 0 ∀i, j where wl+1

i,j denotes the weight between neuron i in layer l

with neuron j in layer l + 1. If wl+1
i,j = 0 then ∂wl+1

i,j
C(·) = 0. This implies that wl+1

i,j = 0 for all

iterations, see Equation 8. This of course will not improve the learning ability.

A note regarding the learning rate η. The choice of this learning rate is important. Choosing
this learning rate wrong can lead to bad performances of the network. The choice of η depends
on the problem we are dealing with and the way the optimization is done. Stochastic gradient
descent requires a different choice of η as batch-wise gradient descent. In [60] LeCun et al. gave
some tricks to choose a good learning rate.
Let us look at some different learning rates, to see how they perform. This is given in Figure 12.
If we choose η to be strictly smaller than the optimal learning rate, ηopt we will convergence to
the optimal value for the parameters, see Figure 12a . However, if we take η too small it can lead
to slow or no convergence at all, at each step we come closer to the minimum but also the step we
take will be smaller. This can carry on for an infinite number of steps without convergence.
If η is exactly ηopt, convergence will take place in one step, see Figure 12b.
Taking η bigger than ηopt will lead to ’zigzagging’, see Figure 12c. However, if the learning rate η
is bigger than 2 · ηopt we do not get convergence but divergence instead, see Figure 12d.
Therefore, when training an ANN, it is good to pay attention to the learning rate and try different
choices of η.

Fig. 12: Different choices of the learning rate in comparison with the optimal learning rate[60].
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6 Activation functions

In this section the idea of the activation function will be discussed and some of the most used
activation functions will be given. We will also discuss the different activation functions in terms
of usability.

The first known activation function is the threshold function. The threshold function is used
in the perceptron as given by Rosenblatt in 1957 [29]. The threshold gives a binary output, where
the output is 1 if the input is greater equal a certain threshold c and zero otherwise, as represented
by the formula in Equation 9.

f(x) =

{
1 if x ≥ c
0 if x < c

(9)

However, nowadays the threshold function is not used anymore as an activation function. Around

the 1980’s the back-propagation algorithm was introduced[31],[32]. The back-propagation algo-
rithm makes it easier to train ’deep’ neural networks. As already discussed in Section 4 using
’deep’ networks is desired over ’shallow’ networks. The back-propagation algorithm requires the
use of continuous differentiable activation functions. The threshold function is not continuous and
not differentiable and therefore cannot be used in ’deep’ networks.
The activation function which is first used in the back-propagation algorithm is the sigmoid func-
tion. The sigmoid function is a continuous and differentiable function. The sigmoid function is
given by the formula in Equation 10.

f(x) = θ(x) =
1

1 + e−x
(10)

The derivative of the sigmoid function is (see Appendix Section B for the derivation):

d

dx
f(x) = f

′
(x) = θ(x)(1− θ(x)) (11)

(a) Sigmoid funtion (b) Derivative of the sigmoid func-
tion

Fig. 13: The Sigmoid function

In Figure 13a we see that the sigmoid function looks like a ”smooth step function”. The limx→∞ θ(x) =
1 and limx→−∞ θ(x) = 0, and ∀x; 0 < θ(x) < 1.
However, the sigmoid activation function is not suitable for the ’deep’ networks as used nowadays.
The use of the sigmoid activation function in ’really deep’ networks can cause the problem of
vanishing gradient. The problem of vanishing gradient can be described as follows; in deep neural
networks the gradient tends to get smaller as we move backward through the network. If we
update the parameters in layer l we need the gradient of the cost function with respect to these
parameters. The gradient with respect to the parameters in layer l is a product of parts of the
gradients of layers l+1, l+2, . . ., L, as explained in Section 5. To update the parameters of layer l
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we already have L− l multiplications of derivatives of the activation function. In Figure 13b we see
that the derivative of the sigmoid function is between (0, 0.25), hence smaller than 1. Therefore,
the gradient of the cost-function with respect to the parameters in the lower (first hidden layers)
layers will decrease exponentially with the number of layers L and hence tends towards zero. This
implies that the parameters in the earlier layers will learn slower than the parameters in later
layers, resulting in bad overall performance of the network. For an example and extra information
about unstable gradients, we refer to Chapter 5 of [55].

Something quite similair to the sigmoid function is the hyperbolic tangens.

f(x) = tanh(x) =
ex − e−x

ex + e−x
=

2

1 + e−2x
− 1 (12)

The hyperbolic tangens is in fact a scaled version of the sigmoid function;
e.g. tanh(x) = 2 · θ(2x)− 1.
The derivative of the hyperbolic tangens is (see Appendix Section C for the derivation):

d

dx
f(x) = f

′
(x) = 1− tanh(x)2 (13)

(a) Hyperbolic tangens (b) Derivative of the hyperbolic
tangens

Fig. 14: The Hyperbolic Tangens function

The hyperbolic tangens has similar characteristics as mentioned for the sigmoid function, as it is
a scaled version of the sigmoid function. The hyperbolic tangens is bounded between (−1, 1), the
limx→∞ tanh(x) = 1 and limx→−∞ tanh(x) = −1, and ∀x; −1 < tanh(x) < 1. The hyperbolic
tangens is more suitable for ’deep’ neural networks than the sigmoid function. In Figure 14b the
graph of the derivative of the hyperbolic tangens is given. The derivative reaches value between
(0, 1). However, as the derivative is still smaller than 1 the hyperbolic tangens also has the prob-
lem of vanishing gradient.
In multi-layer networks, which are not too deep, the hyperbolic tangens is used instead of the
sigmoid as activation function.

We discussed that activation functions with derivatives smaller than 1 have the problem of van-
ishing gradient. On the other hand, if we take activation functions with derivatives larger than
one, we get a similar problem. This problem is called exploding gradient, e.g. the gradient in lower
layers will exponentially grow.

To avoid the problem of vanishing or exploding gradient we want to have an activation function
for which the derivative is constant and equal to 1. A function which has a constant derivative is
the linear function, as given in Equation 14.

f(x) = ax+ b (14)

The derivative of the linear function is the constant value a. Therefore, if we choose this a to be
equal to 1 we have an activation function which has a constant derivative equal to 1.
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An activation function which is used in practice and shares this idea is the ReLU (Rectified linear
units) activation function [66]. The ReLU function is given by the formula in Equation 15:

f(x) = max{0, x} (15)

The ReLU function is a continuous activation function with a constant derivative. For positive
inputs the derivative is 1 and for negative inputs the derivative is 0. However, this derivative
of zero can cause a problem called dying ReLU problem. A derivative of zero means that the
weights will not be adjusted during training. If the weights are not changing, the neurons will
stop to respond to variations in the input. The dying ReLU problem can thus be described in the
following way: due to the gradient of zero, some of the neurons will die out and will not respond
anymore, which makes a substantial part of the network passive.
We can solve this issue quite easily, with the so called ”leaky ReLU” [67]:

f(x) =

{
x if x ≥ 0

0.01x if x < 0
(16)

The goal of this function is to make sure that the gradient is not zero anymore.

We will lose one advantage if we use ”leaky ReLU” instead of ReLU. This advantage is called;
sparsity of the activation, which is caused by ”dying ReLU”. With this we mean that in a large
network almost all neurons will normally have an activation value unequal to zero. In the end
the output will be described using all neurons/activations. In other words, the activation is dense
and this is highly costly. If we have multiple neurons with activation value equal to zero, these
neurons will not be activated and thus the activations are more sparse implying more efficiency.
In ”leaky ReLU” the derivative is never zero and hence all neurons will give a value.
For the ReLU activation function we now have argued that dying ReLU does not only have to
cause problems, but might result in an advantage too. Dying ReLU is indeed a problem, but for
really ’deep’ networks it might help us in a positive way.

As can be seen, choosing the right activation function is quite difficult. All activation functions
have their own advantages and disadvantages. However, we can say something about choosing the
right activation function. In small networks, e.g. a few hidden layers, the hyperbolic tangens is
mostly used. In deep neural network, as used nowadays, the ReLU activation function is mostly
used. The reason behind this is that a ReLU activation function does not have the problem of an
unstable gradient. Next to this it has the advantage of the sparsity of the network which speeds
up the process.
Instead changing the activation function, researchers have also proposed to use a new sort of neural
network. This network is called residual network [70]. In this new network skip-connections are
used to guarantee stable, non-zero gradients.

All activation functions above calculate the activation value only based on their own input, x.
There are however also activation functions which calculate the activation value differently, e.g.
they calculate the activation value of neuron i based on the inputs for all neurons in that layer.
One of these functions is worth mentioning. This is the Softmax activation function, as given by
the formula in Equation 17. In this function, i denotes the i-th neuron in the layer:

fi(~x) =
exi∑J
j=1 e

xj
for i = 1, . . . , J (17)

Where (~x) is a vector which contains the different inputs for all neurons in the layer; (~x) =
{x1, x2, . . . , xJ}.
A property of the Softmax function is that all the activation values in a layer sum up to 1.
When interested in output probabilities for a certain class, the Softmax function is highly useful
as activation function in the output layer. We can interpret the Softmax function as follows
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fi = P (y = i|x). An explanation of this can be found in Appendix Section E.
The derivative of the Softmax function is, taken component-wise:

∂fi(~x)

∂xj
= fi(~x)(δij − fj(~x)) (18)

Where δ is the Kronecker delta 17. The derivation of this derivative is given in Appendix Section D.

When looking at classification problems, the Softmax function is commonly used as activation
function. It is used in the output layer to make sure that the output is a probability. In the hid-
den layers mostly the hyperbolic tangens is preferred as an activation function for ’small’ networks
and the ReLU for ’deep’ networks.

17 The Kronecker delta is defined as follows:

δij =

{
0 if i 6= j

1 if i = j
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7 Cost functions

In this section we will discuss some cost functions which can be, and are used for Artificial Neural
Networks.
For the cost function we introduce the following formula, Equation 19:

C =

N∑
i=1

C(i)(~x(i)) ~x(i) = {x(i)
1 , x

(i)
2 , . . . , x(i)

n } (19)

In this function C denotes the cost. Next, C(i) denotes the cost of training example i with respect
to input vector ~x(i), where the input vector consists of n different input variables: xj . N is the
total number of training examples we have. In this section we denote the output of the network
as ŷ, where ŷ(i) is the output corresponding to input ~x(i) and the set of parameters ω. Thus
ŷ(i) = f(~x(i), ω).
With y(i) we denoted the actual output, called ground truth, corresponding to ~x(i) ∈ Strain.

If we have l output classes y(i) and ŷ(i) are vectors of size l, e.g. y(i) = {y(i)
1 , y

(i)
2 , . . . , y

(i)
l }.

Looking at a classification problem a simple cost function could be, the total number of incorrect
classifications. In mathematical notation this is given by Equation 20:

C(i)(~x(i), y(i)) =

{
0 if ŷ(i) = y(i)

1 if ŷ(i) 6= y(i)
(20)

This means that if the predicted outcome is not the same as the ground truth we get a cost of 1.
In the end this cost function gives us the total number of wrongly predicted outcomes. We are
indeed interested in the total number of good and bad predictions. However, this is mostly not
used as a cost function. If we use the sigmoid function to predict in probability whether the input
belongs to a certain class or not the following can happen: for input sample i we get an output
value of 0.9 and for another input sample j we get an output value of 0.55. Both output values
(probabilities) are above 0.5 and thus the input belongs to that certain class. However, 0.9 is a
way better prediction in comparison to 0.55, this means we want to have a cost function which
uses this kind of knowledge.

Popular cost functions, throughout the history of ANNs, include; quadratic cost, cross-entropy
cost. The quadratic cost function is defined as:

C(i)(~x(i), y(i)) =
1

2
||ŷ(i) − y(i)||22 (21)

which is the squared Euclidean distance between the output of the network and the ground-truth.
Note: the factor 1

2 is present because we use the derivative of the cost function18, the factor 1
2

cancels out the factor 2 which we get extra from the derivative.
The quadratic cost function is nowadays not as popular as it was earlier, as it has several drawbacks
when used for ’deep’ neural networks. One of the reasons/drawbacks is the slow learning rate for
classification problems. The slow learning rate will be explained using the gradient given at the end
of this section, see Equation 23, e.g. the gradient is given by: ∇ωC(i) = (ŷ(i)(ω)−y(i)) ·∇ω ŷ(i)(ω)
Where ∇ω ŷ(i)(ω) is the gradient of the output with respect to the parameters. In other words,
this is the gradient of the activation function in the last layer. In Section 6 we discussed the issue
of an unstable gradient. For all activation functions we discussed in Section 6 the derivatives of
the activation functions are bounded, e.g. |∇ω ŷ(i)(ω)| ≤ 1 ∀ activation functions. Furthermore,

for classification problems the ground truth is either one or zero, e.g. y
(i)
j = 1 or y

(i)
j = 0 ∀j.

18 We use the derivative in the back-propagation algorithm, as we calculate the gradient of Equation 7 to update
the parameters.
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Next to this, for a classification problem we know, ŷ
(i)
j ∈ [0, 1] ∀j. Thus |ŷ(i)

j − y
(i)
j | ≤ 1 and if

ŷ
(i)
j → y

(i)
j then |ŷ(i)

j − y
(i)
j | → 0.

In the end we have the following result: |∇ωC(i)| = |(ŷ(i)(ω)−y(i))·∇ω ŷ(i)(ω)| ≤ 1. If the outcome
prediction becomes better, e.g. ŷ(i) → y(i), we get |∇ωC(i)| → 0. In words this means that better
predictions will lead to a smaller updating step for the parameters19. This phenomena is called
small learning rate. In Chapter 3 of [55] the slow learning rate is also discussed and explained.
Another reason, why the quadratic cost function is not used anymore, is that the vectors ŷ and
y can become high-dimensional if we have a large number of (output) classes. This will lead to a
problem, because Euclidean distances in high-dimensional spaces are not very informative. Two
instances can be very similar but their Euclidean distance can tell us something quite different.
This problem lead to a very unstable cost function and it makes convergence to a good solution
hard.

The cross-entropy cost function is defined as, when having l output classes:

C(i)(~x(i), y(i)) = −
l∑

j=1

y
(i)
j log ŷj

(i) (22)

Another way to look at the cross-entropy is as the distance between the probability distributions
ŷ and y. We can interpret it as a (minus) log-likelihood for the data yj , under a model ŷj . An
explanation can be found in Appendix Section F. This automatically means that the output of the
ANN, where we use cross-entropy as cost function, must be a probability, e.g. all outputs must
sum up to precisely 1. To achieve this we can use the Softmax activation function, as proposed in
Equation 17.
An advantage of the cross-entropy cost function is that it does not have to slow learning problem.

The gradient of the cross-entropy function is given by: −
∑l
j=1

y
(i)
j

ŷ
(i)
j (ω)

· ∇ω ŷ(i)(ω), see Equation

24. The term
y

(i)
j

ŷ
(i)
j

can be rewritten for classification problems;

y
(i)
j

ŷ
(i)
j

=

0 if y
(i)
j = 0

1

ŷ
(i)
j

if y
(i)
j = 1

The term 1

ŷ
(i)
j

is greater equal 1 for all values of ŷ
(i)
j , as ŷ

(i)
j ∈ [0, 1] for classification problems.

Hence, the gradient of the cross-entropy function will not convergence to 0 if ŷ
(i)
j → y

(i)
j . There-

fore, the cross-entropy has not the slow learning problem. This is explained in more depth in
Chapter 3 of [55].

Another cost function which can be used in combination with the Softmax activation function
is the log-likelihood cost function according to Nielsen in [55]. For the log-likelihood cost function
see [56].

In Section 5 we showed that for training an ANN we need to minimize the optimization problem
as given in Equation 7. This total cost function is separable into two functions; i.e. the cost func-
tion and the regularization function. We need to minimize the total cost function with respect
to the parameters, ω. To minimize this function, we need to have the gradient of the function
with respect to the parameters. As the total cost function is separable into two functions we can
also take the gradient separable, e.g. take the gradient of the cost function with respect to the
parameters and take the gradient of the regularization function with respect to the parameters.
Here we will give the gradient of the cost function with respect to the parameters for the cost

19 See Equation 8.
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functions discussed.
In the cost functions given in this section we have that ŷ denotes the output of the network, hence
ŷ is the network function and thus is a function of the parameters ω; ŷ(ω) 20.
The gradient for the quadratic cost is given by:

∇ωC(i) = ∇ω
1

2
||ŷ(i)(ω)− y(i)||22 = (ŷ(i)(ω)− y(i)) · ∇ω ŷ(i)(ω) (23)

Where ∇ω ŷ(i)(ω) is the gradient of the network function with respect to the parameters.

The gradient of the cross-entropy function is defined as:

∇ωC(i) = ∇ω
(
−

l∑
j=1

y
(i)
j log ŷj

(i)(ω)
)

= −
l∑

j=1

y
(i)
j

ŷ
(i)
j (ω)

· ∇ω ŷ(i)
j (ω) (24)

Again ∇ω ŷ(i)(ω) is the gradient of the network function for the j-th output neuron with respect
to the parameters.

20 See Definition 3.
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8 Regularization

In Equation 7 the term J(ω) is used. This is the regularization term of the total cost function.
There are several regularization functions which could be used and we will discuss some of the
most common ones.
First let us explain why there is need for such a regularization function. For this we need to look at
overfitting and overtraining. We will start with a quote, which points out the problem; ”The Nobel
prizewinning physicist Enrico Fermi was once asked his opinion of a mathematical model which
some of his colleagues had proposed for a physics problem. The model gave excellent agreement
with experiment, however Fermi was skeptical. He asked for the amount of free parameters in the
model. The answer was ’four’. Fermi replied: ’I remember my friend John van Neumann used
to say, with four parameters I can fit an elephant, and with five I can make him wiggle his trunk.’ ”.

The quote points out that models with a large amount of free parameters can describe a wide
range of phenomena, e.g. can come up with complex decision boundaries. The model agrees very
well with the available data, but that does not necessary mean that it is a good model. It could
be that the amount of freedom in the model is such that it can describe almost any data point
of the given set, without even capturing insights of the underlying dependence of input features.
This means that the model will work well on the available data but will fail when we validate it on
test data (from the same distributions). However, the goal is to make the model perform properly
on both available (or train) data and new (or test) data.
There are two different kinds of ’errors’ which could occur, namely; overtraining and overfitting.
We define the training-error to be the the error (costs) of the training set. The error (costs) of the
testing set, is define to be the testing-error. We can say that our model is overtraining when the
training-error is decreasing for each iteration (after a specific number of iterations U) and that the
testing-error is increasing at that point. In other words, the network is memorizing the training
set instead of learning the underlying process. As a consequence the ANN predicts samples from
the training set better each following iteration but the samples from the testing set are predicted
worse. The samples from the testing set are from the same data set as the training ones, but they
are different from one another, i.e. Strain ∈ Γ, Stest ∈ Γ and Strain ∩ Stest = ∅ .
Overtraining, as the name already mentions, can occur if we train for to many iterations, but it
can also occur when we have limited training data. If we train a network with limited training
data even after a few iterations the model will start overtraining.
Suppose, to illustrate the concept of overtraining, we have m training samples, e.g. |Strain| = m
and we train the ANN for T iterations, where T � m. We use stochastic gradient descent to up-
date the parameters. In each iteration a sample x(i) ∈ Strain is picked to update the parameters.
We denoted ωk to be the parameters after k iterations. If we update the parameters using sample
x(i), e.g. we get ωk+1, this will imply that: |f (i)(ωk+1) − y(i)| ≤ |f (i)(ωk) − y(i)|. Here f (i)(ωk)
is the output of the ANN for input sample i and parameters (ωk) and y(i) is the ground-truth
corresponding to input i. Throughout the training iterations we will have sample x(i) multiple
times as input and eventually, after U iterations, f (i)(ωu)− y(i) ≈ 0 ∀u ≥ U . This will happen for
all m input samples in Stest. Thus, after U iterations the parameters are not updated significantly
anymore because the ANN ’remembers’ the input- ground-truth pairs. The parameters ωu≥U will
most likely not perform well on the testing set, as they learn the input-output pairs instead of the
underlying structure.

Overfitting is based on Occam’s Razor, or the principle of parsimony. This says that models
and procedures only need to contain all that is necessary for modeling and nothing more. Overfit-
ting is the use of models or procedures which violates this parsimony. This means that they include
more terms than necessary or uses a more complicated approach than necessary. As a result the
network will learn complicated relationships out of the training data. However, in the test data
these complicated relationships will not occur, even if it is drawn from the same distribution as
the training data.
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Overfitting can also be described as the bias/variance dilemma. This is explained in [68] and
[69]. Here we describe it in a short paragraph, but the interested reader should read one of the
two articles provided.
Suppose we have input-output pairs (xi, yi), where yi = µ(xi) + ε with µ(x) an unknown function
and ε is a noise term. The noise is distributed normally with mean 0 and variance σ2. The goal
is to find an approximate function µ̂(x).
We use the squared error cost function to find the approximate function, e.g. (y − µ̂(x))2, see
Equation 21.
We are now interested in the expected mean squared error (this give us an expectation on how
well this network behaves) for this network, E[(y − µ̂(x))2]. Rewriting this expectation we get:

E[(y − µ̂(x))2] = E[y2]− E[2 · y · µ̂(x)] + E[µ̂(x)2]

Here E[y2] = V ar[y] +E[y]2, E[µ̂(x)2] = V ar[µ̂(x)] +E[µ̂(x)]2 and E[2 · y · µ̂(x)] = 2 · µ(x) ·E[µ̂].
Inserting this in the original equation, we get:

E[(y − µ̂(x))2] =V ar[y] + E[y]2 − 2 · µ(x) · E[µ̂] + V ar[µ̂(x)] + E[µ̂(x)]2

=V ar[y] + V ar[µ̂(x)] + (E[y]2 − 2 · µ(x) · E[µ̂] + E[µ̂(x)]2)

=V ar[y] + V ar[µ̂(x)] + (µ(x)2 − 2 · µ(x) · E[µ̂] + E[µ̂(x)]2) E[y] = µ(x)

=V ar[y] + V ar[µ̂(x)] + (µ(x)− E[µ̂(x)])2

The last step is to rewrite this equation in terms of bias and variance of the approximate function.
The bias is given by; Bias[µ̂(x)] = E[µ̂(x)−µ(x)] = E[µ̂(x)]−E[µ(x)] = E[µ̂(x)−µ(x)]. Further-
more V ar[y] = E[(y−E[y])2] = E[(y−µ(x))2] = E[(µ(x)+ ε−µ(x))2] = E[ε2] = V ar[ε]+E[ε]2 =
σ2. Using this, gives the final result:

E[(y − µ̂(x))2] = V ar[µ̂(x)] +Bias[µ̂(x)]2 + σ2

Approximating an input set thus gives us a bias/variance trade-off, where overfitting corresponds
to a high complexity model. A high complexity model(network) has a low bias but a high variance.
The opposite of overfitting is underfitting, where the model(network) has a low complexity and
thus a high bias and low variance.
Figure 15 illustrates the effect of the bias/variance trade-off on the expected error.

Fig. 15: The effect of the bias/variance trade-off on the expected error

Overfitting and overtraining are a major problem in artificial neural networks nowadays. A lot of
parameters are present in modern networks. To train such a network efficiently we need a way
to detect at which point U overtraining starts. Furthermore, we want methods which make the
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model less sensitive for overfitting.

One of the ’easiest’ and best methods to prevent our model from overfitting/overtraining is in-
creasing the amount of training data. If there is enough training data available it is hard for the
network to overfit/overtrain. However, in most cases not enough data is available. This means
that we need other methods. These methods are called regularization methods. The goal of these
methods is to make sure that the model, e.g. the parameters, does not become too complex. This
is done by giving penalties to the parameters, in such a way that in the end only the parameters
are used which give actual value to the data.
Popular regularization methods are; L1 regularization, L2-norm regularization, soft weight sharing
[51] , Kullback-Leibler (KL) divergence [52], the dropout-technique [53] and data-augmentation.
L1, L2 and soft weight sharing are methods which introduce weight penalties. These methods
prefer weights which have a small value or with have a value of zero.

L1 regularization is given by the function:

λJ(ω) = λ

L∑
i=1

|wi| where wi is the weight vector for layer i (25)

This functions sums up all the absolute values of the weights. The regularization term is added
to the cost function to give total costs21. So for L1 regularization it is best if the (absolute value
of the) weights are as low as possible. In that case the total costs will be namely lower. Hence
small weights are preferred over high weights.
L2-norm regularization is given by:

λJ(ω) = λ

L∑
i=1

w2
i where wi is the weight vector for layer i (26)

This is the sum of squares of the weights. Again lower weights make the total costs lower and
hence they are preferred.
Nevertheless, there is a drawback with this method. It can favor two weak interactions over one
strong one, as can be seen below. If a neuron receives input from two neurons which are highly
correlated with each other, its behavior will be similar if we have weights w and 0 or weights w

2
and w

2 . The penalty term favors the latter:(w
2

)2

+
(w

2

)2

< w2 + 02

Instead we want as many zero weights as possible. If we have many zero-weights we can remove
these connections and we get a simpler network structure. The simpler the network the less chance
of overfitting and overtraining.

The idea of soft weight sharing is based on the idea of weight sharing. In weight sharing a
single weight is shared among many connections in a network [33], [57] . The purpose is to get
less adjustable weights (parameters) than the number of connections. Le Cun et al. [58] showed
that this approach is effective for some problems. If parts of the problem are already understood,
it is ’easier’ to specify, in advance, which weights should be identical.
In soft weight sharing the distribution of weight values is modeled as a mixture of multiple gaus-
sians. The model itself learns which weights should be tied together. This is done by adjusting
the means and variances of the gaussians.
The soft weight sharing method tackles the problem of L2-norm regularization, as the gaussian
idea will preform many near-zero weights without forcing large weights away from there needed

21 The total costs is given by: C(ω) = 1
N

∑N
i=1 C

(i)(f (i), y(i)) + λJ(ω)
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values.
A formula as given in [51], for a mixture of a narrow (n) and a broad (b) gaussian :

p(w) = πn
1√

2πσn
e
−(w−µn)2

2σ2
n + πb

1√
2πσb

e
−(w−µb)

2

2σ2
b (27)

Here πn and πb are the mixing properties of the two gaussians and are therefore constrained to
sum to 1. Furthermore σ2 and µ are respectively the variance and mean of the gaussian.
The soft weight sharing regularization term will become, if we have j different gaussians:

−
L∑
i=1

log

[∑
j

πjpj(wi)

]
(28)

Kullback-Leibler divergence is given by:

J(ω) =
∑
j

y
(i)
j ln

(
yij

ŷ
(i)
j

)
(29)

This function can be seen as a measure of how much information is lost whenever we approximate
y(i) with ŷ(i). In other words, it is a measure of how one probability distribution diverges from
a second expected probability distribution. A Kullback-Leibler divergence of 0 indicates that we
can expect similar behavior (or the same) of the two distributions. Whereas a KL-divergence of 1
indicates that the two distributions behave in a different manner.

Before we explain the dropout-technique we need to explain something else. When we have
unlimited computational expenses, the best way to make sure overfitting/overtraining does not
occur (for a fixed-sized model) is to average the predictions of all possible settings of the param-
eters. Model combinations nearly always improve the performance of machine learning methods.
However, if we are dealing with large neural networks, the idea of averaging the outputs of many
separately trained networks is prohibitively expensive. Furthermore combining several models is
most helpful when they are tested on different data. But we know, as stated earlier, that there is
not enough data available.
Dropout is a technique which ’tackles’ both issues [53]. It prevents the network from overfit-
ting/overtraining and provides a way for combining exponentially many different neural network
architectures in an efficient way. In the dropout technique, as expected by the name, we are
dropping out units (neurons) in the neural network. Both the units in the hidden layers and in
the visible (input, output) layers could be dropped. If we drop a unit, we temporarily remove the
unit from the network, along with all its incoming and outgoing connections. An example is given
in the article of Srivastava et al. [53]. See Figure 16 for this example.

Fig. 16: An example of the dropout method[53].
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The units which are dropped are chosen randomly. In the simplest case we train a unit with
probability p and drop it with probability 1 − p, where 0 ≤ p ≤ 1. If we apply dropout we get a
”thinned” network. It consist of all the units and corresponding connections which survived the
dropout, see Figure 16(b). If we have in total n units in our neural network, there are in total 2n

possible thinned neural networks. Because all these networks share weights, the total number of
parameters is still O(n2).
Training a neural network with the use of dropout can be seen as training a collection of 2n thinned
networks, where the networks share their weights. Each network is trained rarely, or sometimes
not at all.
For testing the network becomes a approximate average of all trained networks, because for testing
we only use one neural network. The weights of this single network are calculated as follows; if
a unit is retrained with probability p in the training-phase, the outgoing weights of that unit are
multiplied by p for the network used in the testing-phase.
In [53] it is shown that using dropout gives a significantly lower error on a wide variety of classifi-
cation problems compared to other regularization methods. By training on less complex network
structures the chance of overfitting decreases, e.g. the number of free parameters is lower. By
combining all these less complex networks we reconstruct the original network. Combining these
networks will give the new parameters for the actual network, which still solve the problem we
are dealing with. Moreover as given in [53] combining several methods nearly always improves
the performance of machine learning methods. Therefore dropout is a good method to solve a
classification problem and making sure overfitting occurs to a lesser extent [53].

The last method is data-augmentation. In this method we do not work with a fixed set of training
instances, but instead we perform random transformations on each instance before processing it.
These transformations, such as rotation and translation, will lead to the following; for the network
is will be harder to overfit the training data. In other words data-augmentation can be seen as a
way to learn specific in-variances in the network. The transformation is done on the input instances
but the labels (output) stay the same. For classification problems, for example, this lead to the
fact that we can force insensitivity to the type of transformation used in the data-augmentation.
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Part II. Experimental Research

To illustrate the usefulness of artificial neural networks in race prediction we will make predictions
for Formula One. Formula One is the highest race-podium for car racing.
First we will explain the data we used and how we prepared it. Next we will tell on which data-sets
we tested it.
We also explain how to initialize an ANN. This is done by showing the influence of each step
throughout initialization on the prediction for a given data-set.
We will finish the experiments with predicting the outcome of several races. In this section, we
will also compare the results of the ANN with some other predicting methods.
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9 Data preparation

For the required Formula One data we looked at the season 16/17. This season consists of 21 races.
We only look at four different racers, because we needed to make this data-set by hand and these
results only illustrate the power of ANNs. These racers are; Lewis Hamilton, Max Verstappen,
Felipe Massa and Jenson Button. The following public features are chosen to be considered in our
model:

Tab. 1: Features used for Formula One race prediction

Feature Description
Circuit length This represents the length of a circuit in kilometers
Number of laps This represents the total number of laps of which the race consists
Weather This represents the weather at the race day
Start grid This represents the start position of each racer before the race
Recent form racer This represents the last results of a racer
Recent form others This represents the last results of the contestants
Best qualification lap This represents the best lap-time of the racer during the qualification in seconds
Race result This represents the actual outcome of the race

These features are chosen because they are public available, i.e. they can be found on the internet
22. Furthermore, these are features which can be found for all races. Next to this, they can
be found for races that happened before the season 16/17, which implies that our model can be
tested on championships in the past and also for races in the present. Another reason is that these
features are known before the race starts, which is needed to predict the race beforehand. Lastly,
we believe these features are definitely needed to predict race results.

How are the features from Table 1, used in the race prediction model:
First we make a new feature called: Total race length, which is the Circuit length times the Num-
ber of laps. This new feature represents the duration of a race in kilometers. The feature will be
normalized, we divide it by the maximum Total race length. We normalize the total race length
due to its big number, looking at the other features the total race length is way bigger. This will
lead to unfair weights and corresponding activations.
The weather is a binary variable; Weather ∈ {0, 1}. Where Weather = 1 means a rainy race and
Weather = 0 means that it is not a rainy race. This structure is chosen because different circum-
stances are to be considered when there is rain. Difference in temperature will be less significant.
The Best qualification lap is the best lap of a racer during his classification. The feature is a number
which will be given in seconds. In our model this feature is used to get Difference in qualification,
which is the difference between the best qualification lap of all 4 racers and the best qualification
lap of a specific racer. This is calculated in the following way; let bqlr be the best qualification
lap for racer r, r = 1, 2, 3, 4. With dbqlr we denote the difference in qualification for racer r and
with bestlap we denote the best qualification lap overall. Where bestlap = min{bql1, bql2, bql3, bql4}.
Then dbqlr = |bqlr − bestlap|.
The Start grid and Race result are given in the same way. We represent the start grid and the
race result with binary variables. For each racer we have an array of size 4 which represents the
start grid and an array of size 4 which represents the race result. At each position p, p = 1, 2, 3, 4
in the array it holds that the value i(p) it is either 0 or 1. Furthermore

∑4
p=1 i(p) = 1. If i(p) = 1

it holds that the racer start/finish at this position. An illustration of this is given in Table 2.

The only features which still need to be explained are the form features. For the form we look at
the past 3 races. We choose this number because we believe that this number represents a racers

22 All this information can be found on: Wikipedia:FormulaOne2016

https://en.wikipedia.org/wiki/2016_FIA_Formula_One_World_Championship
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Tab. 2: Position example

1 0 0 0 Means: Position 1
0 1 0 0 Means: Position 2
0 0 1 0 Means: Position 3
0 0 0 1 Means: Position 4

form in a good way. Furthermore, if a racer gets a DNF 23 which results in an end position of 4,
this result will only be taken into account the next three races. Taking a bigger number of races
for form will imply that a DNF will be taken into account for all those races. We believe this is
not fair, therefore the choice for three races is made. Next to this, in horse-racing and dog-racing

some articles also use a past 3-race average([23],[24]).
The next step is to calculate the form; we will provide formulas for this. We have four racers;
r = 1, 2, 3, 4 and 21 races; t = 1, 2, . . . , 21. Where t = 1 means race 1, t = 2 means race 2, etc.
With CurrentFormr

t we denote the form of racer r at race t and with CurrenFormOthersrt we
denote the form of the contestants for racer r at race t. Next to this with finishrt we denote the
finish position of racer r at race t. This lead to the following formulas:

CurrentFormr
t =


0 if t = 1

finishr1 if t = 2∑2
i=1 finishri

2 if t = 3∑3
i=1 finishrt−i

3 if t ≥ 4

CurrentFormOthersrt =



0 if t = 1∑
j 6=r finishj1

3 if t = 2∑
j 6=r

∑2
i=1 finishji
6 if t = 3∑

j 6=r
∑3
i=1 finishjt−i

9 if t ≥ 4

Let us look how all these features work for an actual race. For this we pick the Australian Grand
Prix. The general race data for this grand prix is:

Tab. 3: General race data Australian Grand Prix

Circuit length 5.303 km
Number of laps 57
Weather Partly cloudy; 22-23 ◦C

This is the first race of the season, therefore we do not have any numbers for the form of the racer
itself and neither for form of the contestants. For this race they will zero, as stated by the formula.
The qualification results, which determine the start grid are given in Table 4.

We need to mention something regarding the best qualification lap. It could be possible that
the order of the best qualification lap does not correspond to the order of the start grid. In the
Formula One season 16/17 the qualification consists of three different parts, called ’Q1, Q2 and
Q3’. Where in Q1 all racers participate, in Q2 the best 16 racers of Q1 participate and in Q3 the
best 10 racers of Q2 participate. The order of Q3 determines the start grid for the first 10 racers,
the order in Q2 determines the start position for the positions 11 till 16 and start position 17-22
is determined from the order in Q1. This means that a racer can drive the best qualification lap
of all racers but is not starting at pole position.

23 DNF means: did not finish
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Tab. 4: Qualification results Australian Grand Prix

Name Start Position Best qualification lap
Lewis Hamilton 1 83.837 seconds
Max Verstappen 2 85.434 seconds
Felipe Massa 3 85.582 seconds
Jenson Button 4 86.304 seconds

The end result for this race is given in Table 5.

Tab. 5: End result Australian Grand Prix

Name End result
Lewis Hamilton 1
Max Verstappen 3
Felipe Massa 2
Jenson Button 4

The input of the Australian Grand Prix for the ANN-model is then:

Tab. 6: Input Australian Grand Prix as used for training the ANN

Start grid Race data Form Qualification
Pos 1 Pos 2 Pos 3 Pos 4 Track length Weather Racer Other Best lap difference

Hamilton 1 0 0 0 0.97379 0 0 0 0
Verstappen 0 1 0 0 0.97379 0 0 0 1.597
Massa 0 0 1 0 0.97379 0 0 0 1.745
Button 0 0 0 1 0.97379 0 0 0 2.467

Note: The maximum total race length for all races is 310.408 kilometer. All track lengths will be
divided by this number.

The corresponding output of this race is given in Table 7.

Tab. 7: Final Result Australian Grand Prix as used for training the ANN

Race result
Pos 1 Pos 2 Pos 3 Pos 4

Lewis Hamilton 1 0 0 0
Max Verstappen 0 0 1 0
Felipe Massa 0 1 0 0
Jenson Button 0 0 0 1

To illustrate how the current form works in practice we will give an example. We consider race
six of the championship, this is the Grand Prix of Monaco. To get the current form for all the
riders, we need the end results of grand prix 5, 4 and 3. These results are given in Table 8.

The input for the Monaco Grand Prix then becomes: see Table 9.
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Tab. 8: Past results

Name Chinese Grand Prix Russian Grand Prix Spanish Grand Prix
Lewis Hamilton 2 1 4
Max Verstappen 3 4 1
Felipe Massa 1 2 2
Jenson Button 4 3 3

Tab. 9: Input Monaco Grand Prix as used for training the ANN

Start grid Race data Form Qualification
Pos 1 Pos 2 Pos 3 Pos 4 Track length Weather Racer(*) Other(**) Best lap difference

Ham 1 0 0 0 0.83853 1 2.33333 2.55556 0
Ver 0 0 0 1 0.83853 1 2.66667 2.44444 8.525
Mas 0 0 1 0 0.83853 1 1.66667 2.77778 1.443
But 0 1 0 0 0.83853 1 3.33333 2.22222 1.41

We show the calculation of the form for Lewis Hamilton:
(*) 2+1+4

3 = 7
3 → CurrentForm1

6

(**)
3+4+1

3 + 1+2+2
3 + 4+3+3

3

3 =
8
3 + 5

3 + 10
3

3 = 23
9 → CurrentFormOthers1

6
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10 Different data-sets

The season 16/17 of the Formula One consists only of 21 races. All these races are different, so no
input sample is the same. In total we have 21 ·4 = 84 different input samples, e.g. the information
of a racer is an individual input sample, thus per race we have four input samples. This comes
from the fact that the developed ANN can only learn per racer and not per race.
The races represent how well the different racers performed during the season. However, the data
can sometimes not always fully represent the interrelation between the different riders. For ex-
ample, if one of the riders has an engine failure, it will not finish the race and thus finish last.
However, this rider could have been the best of the four. This makes working with only 21 races
difficult, because the data can contain noise. This is not impossible though. We will still try to
find an optimal network initialization for predicting these results based on the noisy data.
Another data-set which we want to investigate can be described by; the actual data-set where we
add another 21 races. In this data-set we let them, e.g. the racers, race again on each track, thus
total race length stays the same. We only adjust the qualification time, start-grid and end result.
How this is done will be explained in Section 10.1. We thus simulate 21 new races.
From the four chosen riders, Hamilton is by far the best racer according to the results in the
season 16/17. To illustrate the learning abilities of an ANN, we adjusted the end-results in the
data-set with 42 races. In the newly made data-set Hamilton is a bad rain driver. This implies
that whenever there is rain, Hamilton will finish in the back of the field. Meaning fourth place,
unless somebody has a DNF. In this case Hamilton will finish in a higher position.

The data needs to be divided into a training set and a validation set, where the predictions
on the validation set will tell us if the artificial neural network makes good predictions or not.
Next to this, we need the validation set to make sure that our model is not overtraining itself, we
do not want that it remembers the training input and predict the training results perfectly but
when we use it on unseen data it predicts worse. Looking at the predictions in the validation set
we can see if the model overtrains itself. Furthermore, the validation set is added to make sure
that we do not overfit, e.g. choosing a too complex network structure.
When splitting the data in training and validation data, there needs to be a certain ratio between
training data and validation data. If there are not enough training inputs, the ANN will most
likely overtrain, but there must be enough validation input to test the predictions. We choose to
train on the first 17 races of the season and to validate it on the last 4 races of the season. This
implies a balance of approximately 80% training instances and 20% validation instances.
For the bigger data-sets we also use the last four races of the actual season 16/17 as validation
and all others as training. This gives an division of: 90% training and 10% validation. We choose
to have the same validation set, and not bigger, because we want to see if the ’randomly24’ added
races actually improve the prediction or not. Therefore, we need to validate it on the same set.
Next to this, we want to validate our model on races which have actually occurred, and not on
’fake’ races.

The validation set consists on the following grand prixs:

• United States Grand Prix (Race 18)

• Mexican Grand Prix (Race 19)

• Brazilian Grand Prix (Race 20)

• Abu Dhabi Grand Prix (Race 21)

24 The races we added according to Section 10.1.
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The real results for the last four races of the season 16/17 are given in Table 10. We give this
table because we will refer to it multiple times throughout the results.

Tab. 10: Results of the last four Grand Prix’s of the season 16/17

United States GP Mexican GP Brazilian GP Abu Dhabi GP
Lewis Hamilton 1 1 1 1
Max Verstappen 4 2 2 2
Felipe Massa 2 3 4 3
Jenson Button 3 4 3 4

In the validation set the only rain race is the Brazilian Grand Prix. If we train and validate the
data-set where Hamilton is a bad rain racer we need to adjust the end result of the Brazilian GP.
In this case, the new outcome will become; Verstappen ends first, in front of Button and Massa
and finishing last is Hamilton.

10.1 Enlarging the data-set

The following steps are done to enlarge the data-set:
First of all, as already said, we race again on each track. This means that we added another 21
races. In this new race, we leave the Circuit length and Number of laps the same, which means
that the Total race length is equivalent. Instead of only racing once on a circuit we ’let’ them race
twice at each circuit. If we do this multiple times, it could show if a racer is good at a certain
track or not. Another reason to add the same tracks again is due to the Formula One itself. Most
of the Formula One seasons are raced on the same 21 tracks as they did in the season 16/17. We
thus could have chosen to add the season 15/16 and even earlier seasons, however due to time
constraints this is not done.
For the weather we look at how many times it has rained in the actual 21 races, say that this is z
times. Then in the newly added races the probability of rain is z

21 and the probability of no rain
is thus 1− z

21 .
The best qualification lap for racer r on race/track t is taken from a normal distribution with
mean=µ and variance=σ2. Where µ is the best qualification lap of racer r on track t in the actual
data-set; bqlr. The variance is chosen to be 1 percent of the best qualification lap, thus σ2 =
0.01× µ. It applies for the newly added races that: bglr(new) = N (µ, σ2) = N (bqlr, bqlr × 0.01).

For the race result and the start grid of the race we have in total 24 different possibilities of
ordering. We namely have 4 possible positions for each racer, which leads to a total of 4! = 24
different orders. For each race we have 2 orders, namely the start grid order and the end re-
sult order. An order could for example be, Verstappen, Hamilton, Massa, Button. This means
that Verstappen is on position one, Hamilton on position two, etc. In total we have 42 orders of
Hamilton, V erstappen, Massa, Button. If we look more closely at the 42 orders we see that the
following different orders occur, see Table 11. In the column ’Order’ number 1 refers to Hamilton,
2 to Verstappen, 3 to Massa and 4 to Button.

Each of these different orders will be presented as a probability. Where the probability is given by:
Numberoftimesoccurintotal

42 . If we now add races to the data-set with these probabilities the race will
have a certain order for start position and for end result. Adding the start and finishing position
in this way will give in expectation for Hamilton the same amount of first place starts and finishes
as in the actual 21 races.
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Tab. 11: Different start and finish orders in the actual 21 races of the season 16/17.
Order 1, 2, 3, 4 refers to Hamilton first, Verstappen second, Massa third and Button
fourth. Similar order 2, 3, 1, 4 refers to Verstappen first, Massa second, Hamilton third
and Button fourth.

Order Number of times occur in total # occur in qualification standings # occur in race result
1,2,3,4 20 11 9
1,2,4,3 6 3 3
1,3,2,4 3 1 2
1,3,4,2 1 1 0
1,4,2,3 2 0 2
1,4,3,2 2 1 1
2,1,3,4 1 0 1
2,3,1,4 1 0 1
3,2,1,4 2 2 0
4,1,2,3 2 1 1
4,1,3,2 2 1 1

The recent form of a racer and the recent form of the others will be calculated exactly the same as
before, we do not need to add some randomness to these features. This is because these features
depend on the race-results of previous races.

If we take all steps explained above, we can make the data-set with each step bigger. Still the
steps explained will leave the underlying structure of the data-set the same. In this way we hope
that when we train an ANN on the bigger data-set it will find the same structure for the ANN as
can be used for the actual data-set of 21 races.
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11 Results structure

To show how the trained ANN performed we took the last four races of the season 16/17 as ref-
erence, see Table 10. This implies that training is done on all other races. Section 12 shows the
steps taken to initialize the ANN. The purpose of that section is to show how different choices of
activation functions, cost functions, etc. influence the prediction abilities of the ANN. In Section
13 the optimal network for each data-set is used to predict the outcome of the races in the valida-
tion set.

Results structure
We will first tell how we structure the results. It will contribute to the understanding of the results
and how we derived them.
The first part, e.g. Section 12, is used to find the optimal network structure. In this section we
try to find the optimal number of layers and corresponding number of neurons in each layer. We
find the optimal number of layers by using a trail-and-error method. We start with 1 layer and
train the model to see what the training costs are and the number of wrongly predicted outcomes
in the training set. The next step is to do this for 2 layers, 3 layers etc. Using this trail-and-error
method, where we consider all the different number of layers, will eventually give us the number
of layers which perform best for the training set.

The second step is to find the best combination of activation function and cost function. For
all possible combinations we use the network structure derived in the previous step. Again,
comparison is based on the training costs and number of wrongly predicted outcomes for each
combination. We choose the combination with the lowest costs.

After finding the best combination of activation and cost function, the next step is to look at
a good regularization function and learning rate. In this step we also look at the results of the
network for the validation set. It is important that these choices have a good impact on the
predicted results in the validation set.

When we have found the optimal network structure, optimal functions and optimal learning rate
we will give the end results. The (end) results obtained from the trained and validated ANN will
be given in the following way:

First, we give some general results, see Table 12.

Tab. 12: Result-structure for the general results

Running time Will be given in seconds
Number of iterations Is a number, which represents the number of iterations

to get the smallest cost
Number of wrong predictions Gives the number of miss predictions in the training set

for the ’optimal’ network
Total Costs Is the total cost, which is cost for miss predictions

and cost given from the regularization function
Smallest value of wrong predictions Gives the smallest number of miss predictions in the training set reached

Note: We have ’Number of wrong predictions’ and ’Smallest value of wrong predictions’. They
are not the same. The optimal network will be reached with the lowest ’Total Costs’, so it could
be possible that somewhere during training, we have less wrongly predicted outcomes than in the
end. However the total costs could be higher, this will be explained with an example later25.
We will give ’Number of wrong predictions’, ’Total Costs’ and ’Smallest value of wrong predictions’

25 See Section 12, Tables: 19 and 20
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for both the training set and the validation set.

Next to this table we give a graph where we set the number of iterations against the Total costs.
In this graph we only show points where we decrease in total costs. At all these points we also
calculated the validation costs. We show these costs also in a graph.

The most important part of the results is of course how well we perform on the reference races.
We want to have a predicted finish position for each racer and in the end a predicted finishing
order.
The ANN output for each racer are its individual probabilities on a certain position. The outcome
of the ANN is given in Table 13.

Tab. 13: Probabilities of each racer to finish at a certain position

Position 1 Position 2 Position 3 Position 4
Lewis Hamilton ph(1) ph(2) ph(3) ph(4)
Max Verstappen pv(1) pv(2) pv(3) pv(4)
Felipe Massa pm(1) pm(2) pm(3) pm(4)
Jenson Button pb(1) pb(2) pb(3) pb(4)

As we are working with probabilities, the sum of each row needs to be exactly 1, thus as example:
ph(1) + ph(2) + ph(3) + ph(4) = 1.
Note: this table gives individual probabilities; therefore ph(1)+pv(1)+pm(1)+pb(1) = 1 is not per
definition the case. In Section 13.1 we will propose a method on how we go from these individual
probabilities to an end result prediction.

Furthermore, the predicted results of the ANN will be compared with other methods which can
be used for prediction. This is done to see if using a complex method such as the ANN really has
benefits. The end result will be compared with two ’simple’ prediction methods and one other
machine learning approach.
The two simple prediction models are based on the start position and the recent form. The ’start
position’ prediction means the following: the start gird order is the finish order, e.g. the start
position of racer r is the finish position of racer r. Thus, if racer r starts at position 2, then the
end prediction will be position 2.
The ’recent form’ prediction predicts the end results based on the order of the current form. First
the current form of the racers will be ordered. The lowest current form correspond with the best
racer 26 . Thus based on the ordering of the current form the end result is predicted.
The machine learning approach is: ”Multiclass logistic regression”. For this we use the ”Azure
Machine Learning Studio”, where the multiclass logistic regression is a built-in function. This
built-in function is used for classification problems with multiple output classes. More informa-
tion about multiclass logistic regression can be found in [63], Chapter 4.3.4 of [64] and Chapter 7
in [65].

26 See Equation 9
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12 Explanation of how to initialize an Artificial Neural Network

The first step is to find a good network structure, in terms of number of layers. We test this in
terms of error in training set, which is in this case only the cost function. We do not yet add the
regularization function, because we first want to find a good network structure which will lead to
good predictions. Once we have this network, we add the regularization function to optimize the
network in terms of neurons.
This initialization is based on the data-set which consists of 42 races, e.g. the actual 21 races plus
the simulated 21 races.

We initialize our model in the following way:

• Maximum number of iterations = 100000

• Activation function = Hyperbolic tangens

• Cost function = Cross-entropy

• Regularization function = Not used, because we are only interested in the predicted result

• Learning rate = 0.001

• Regularization rate = 0.01 Not used, because we do not have a regularization function

We have chosen to initialize in this way for the following reasons; as already mentioned the eu-
clidean distance cost function does not always perform good. To be sure that we do not get any
problems, we choose the cross-entropy cost function. The activation function is hyperbolic tan-
gens. We think this is the best activation function that can be chosen.
To make sure that the last layer outputs a probability we use the Softmax function as activation
function for the last layer.
Furthermore, we choose a descent amount of iterations and a small learning rate to make sure we
do not end up in a local minimum.

Now we start adding layers to the network and see how it behaves in terms of number of wrongly
predicted outcomes and corresponding costs.
The total cost is in this case not divided by the total number of samples. This is not necessary
because we do not use a regularization function. So we get:

Total costs =

N∑
i=1

C(i) where C(i) = −
4∑
j=1

y
(i)
j log(ŷ

(i)
j )

y(i) (the actual output) is an array of size 4, where at one position, j, a 1 is located and on the
other positions a 0. This 1 corresponds to the end results of that specific rider. Therefore, costs

only exist when y
(i)
j = 1.

ŷ(i) is the output of the ANN and is given as a row of Table 13. ŷ
(i)
j corresponds to the j-th

element of the row. This is the value given by the Softmax function.
To illustrate this; suppose we have as input sample Verstappen in the Australian Grand Prix. We
know that Verstappen has finished the Australian Grand Prix as third. Thus, y(V erstappen,Australian) =
[0, 0, 1, 0]. The output of the ANN will be given by ŷ(V erstappen,Australian) = [p1(v), p2(v), p3(v), p4(v)].
Thus, C(V erstappen,Australian) = log(p3(v)).

From the results in Tables 14 and 15 we can expect that the ’optimal’ network consists of 4,5,6
or 7 layers. After 7 layers the number of wrong predictions is rising again and the total costs are
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Tab. 14: Behavior for different number of (hidden) layers (1)

1-Layer 2-Layers 3-Layers 4-Layers 5-Layers
# Wrong predictions (Smallest # Wrong predictions) 70 (68) 52 (51) 47 (46) 43 (42) 42 (41)
Total costs 156.2834 136.7398 135.2950 123.1804 113.0944
# Iterations to reach smallest total costs 31491 70909 99972 94897 94967

Tab. 15: Behavior for different number of (hidden) layers (2)

6-Layers 7-Layers 8-Layers 9-Layers 10-Layers
# Wrong predictions (Smallest # Wrong predictions) 44 (44) 42 (39) 62 (60) 73 (62) 67 (64)
Total costs 128.6641 120.7266 143.0668 159.3978 144.1272
# Iterations to reach smallest total costs 85742 47720 21906 11539 26217

rising as well. Furthermore, looking at the number of iterations, we can see that it stops learning
relatively fast. It is searching for underlying structures which do not exist in this data-set. Next
to this, we do not want to investigate a too complex network. Therefore, the choice is easily made
when deciding to look at networks with at most 7 layers.
The next step is to investigate there performance of these networks for more iterations, i.e. we
will let the ANN learn for a maximum of 200000 iterations. This lead to the following results:

Tab. 16: Behavior for different number of (hidden) layers (more iterations)

4-Layers 5-Layers 6-Layers 7-Layers
# Wrong predictions (Smallest # Wrong predictions) 38 (37) 37 (37) 38 (38) 42 (42)
Total costs 124.9528 114.4131 128.6290 124.6389
# Iterations to reach smallest total costs 66855 93115 68719 66932

Giving the results from Table 16, we choose to focus mainly on a neural network with 5 layers,
thus 4 hidden layers. For this network we will try different functions and choices for learning rates
etc. From the table we can notice that it is best to choose a learning rate which is smaller. We
can conclude this from ”# iterations to reach smallest costs” where all the values are far below
the maximum number of iterations. It is namely possible that the learning rate is too big and the
network diverges afterwards. Choosing a smaller learning rate makes this less predictable.
We choose this structure, e.g. 5 layers, because we can see that the number of wrong predictions is
the lowest and the costs are lower than in other network structures. This implies that the distance
between the probability distributions is the lowest when using 5 layers. This lets us believe that
we can improve a 5-layered network the most.

Now that we have a 5-layered network, the next step is to find the best functions 27 for the
problem we are dealing with.
For the activation functions we can choose between; linear, sigmoid and hyperbolic tangens.
For the cost functions we can choose between; euclidean distance and cross-entropy.
For the regularization method we can choose between; L1 regularization, L2 regularization and
KL divergence.

The first step in finding the best function is to find the best combination of activation and cost
function. If we have the best combination of these functions we will add the regularization function
to see which regularization method will improve the performance of the network the most.
We have 6 different combinations between activation and cost functions. We will test them with
the following initialization:

27 See Sections: 6, 7 and 8 for the formulas of all the functions.
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• Maximum number of iterations = 200000

• Regularization function = Not used, because we are only interested in the predicted result

• Learning rate = 0.0005

• Regularization rate = 0.01 Not used, because we do not have a regularization function

We have chosen to take a learning rate which is two times smaller as in the last experiment.
Again, we test for the smallest error in the training set, where we do not use any of the regular-
ization methods yet.
The results are given below:

Tab. 17: Results for different combinations of activation and cost function (1)

linear(*)/euclidean linear(*)/cross-entropy sigmoid/euclidean
# Wrong predictions (Smallest #) 50 (50) 52 (52) 68 (68)
Total costs 37.2434 131.5434 55.4306
# Iterations to reach smallest total costs 199959 90131 199994

Tab. 18: Results for different combinations of activation and cost function (2)

sigmoid/cross-entropy tangens/euclidean tangens/cross-entropy
#Wrong predictions(Smallest#) 64 (64) 40 (39) 32 (32)
Total costs 172.7031 30.7138 114.5540
# Iterations to reach smallest total costs 199950 199915 177215

(*) for the linear activation function in combination with euclidean distance as cost function we
needed to adjust the learning rate. The linear function is not bounded which leads to really big
values after the activation. Therefore, we changed the activation function, we choose a = 0.1
instead of a = 1. Therefore, the derivative is smaller and we choose to increase the learning rate
to 0.1. In the end this leads to a change of 0.1× 0.1 = 0.01 each iterative step.

Note: we cannot compare the cost of the euclidean cost function with the cross-entropy cost
function. These are different cost functions and therefore the costs are in a different range. We
can however compare the number of wrongly predicted outcomes.
Furthermore note: The optimal number of layers can depend on the chosen combination of activa-
tion function/cost function. In our case we find the optimal number of layers with the hyperbolic
tangens and cross-entropy. This can imply that other combinations will perform better on a dif-
ferent number of layers. However, following the theory discussed in the literature research of this
work, the combination of hyperbolic tangens/cross-entropy works best for multi-layer networks
which are not too ’deep’.

The conclusion which can be based on Table 18 is; using the hyperbolic tangens as an activation
function and the cross-entropy as the cost function, is for this problem the optimal combination.
The hyperbolic tangens activation function has the lowest ”Total costs” and ”Wrong predictions”
for both cost functions. Another conclusion which can be made is that most models are still im-
proving with more iterations. This implies that we can choose a higher maximum for the number
of iterations. Next to this, we can look at the behavior for a different range of learning rates.
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Now we have chosen the right structure and functions for this problem we will focus on the
learning rate and the regularization function.
We will give a plot where we set the total costs against the learning rate. Besides this, for the regu-
larization function we also take into account the results on the validation set. We are interested in
both the training error and the validation error. Next to this, we are interested in the total number
of wrongly predicted outcomes. However, we will give the most attention to costs. In general, the
costs give a better insight in the performance of the network than the number of wrong predictions.

We will illustrate this behavior by the use of an example:
We have three racers and thus three different outcome positions; 1, 2, 3. We computed the proba-
bility that a racer will finish on one of these positions. These are the individual probabilities28 .
The highest probability will imply that the racer will finish there. We give two different outcomes
and show the difference. We use the cross-entropy function as cost function.

Tab. 19: Example 1

Predicted Actual outcome Correct
0.3 0.3 0.4 0 0 1 Yes
0.3 0.4 0.3 0 1 0 Yes
0.1 0.2 0.7 1 0 0 No

The cross-entropy cost for example 1 is: −(1 log(0.4) + 1 log(0.4) + 1 log(0.1)) = 4.14. Whereas
the number of wrongly predicted outcomes is 1.

Tab. 20: Example 2

Predicted Actual outcome Correct
0.1 0.1 0.8 0 0 1 Yes
0.4 0.3 0.3 0 1 0 No
0.4 0.5 0.1 1 0 0 No

The cross-entropy cost for this example is: −(1 log(0.8) + 1 log(0.3) + 1 log(0.4)) = 2.34. Whereas
the number of wrongly predicted outcomes is 2.

Looking at example 1 and example 2 we can see that in example 1 the two good predicted
outcomes are not strong. They are below 0.5 and just 0.1 higher as the probabilities for the other
positions. Next to this, the wrongly predicted outcome is bad, we predicted only 0.1 instead of 1.
In example 2 the correctly predicted outcome is strong, as we predicted 0.8.
For most problems it is preferable to have strong outcomes, e.g. outcomes which are close to either
one class or another class. Therefore, the focus is on the cost function and less on the number
of wrongly predicted outcomes. The cost function (cross-entropy) tells us how well the probabil-
ity distributions, of the predicted outcome and the real output, are the same, as stated in Section 7.

Now we will continue with finding the optimal learning rate for the Formula One problem. The
model is now initialized as follows: 5-layers, hyperbolic tangens as activation function and cross-
entropy as cost function. We will learn the model for 200000 iterations with different choices for
the learning rate. The results are given in Figures 17 and 18 . In these figures we show, for
both the training and validation set, the (minimum) costs and the number of wrongly predicted
outcomes per learning rate. Note that the number of samples in the training set is 152 and the

28 see Table 13.
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number of samples in the validation set is 16 29.

Looking at both figures the following conclusions can be made; for both the training set as the
validation set a high learning rate (bigger as 0.01) means bad predictions, in terms of costs and
number of wrong predictions. Therefore, our focus is at learning rates smaller than 0.01. However,
we can also conclude that a learning rate too small, e.g. 0.0001 will lead to bad results. At all four
graphs the minimum is at a learning rate of 0.0005. Therefore, we choose to use a learning rate of
0.0005. If we use a huge number of training iterations we can always choose a bigger learning rate
in the beginning to speed up the process and in the end choose a smaller learning rate to optimize
the parameters.

Fig. 17: Total costs for different learning rates. The costs are given by:
∑N
i=1 C

(i) =

−
∑N
i=1

∑4
j=1 y

(i)
j log(ŷ

(i)
j )

Fig. 18: Number of wrongly predicted outcomes for different learning rates

The next and final step is to find a suitable regularization function. Furthermore, we need to
think about whether a regularization function is needed or not. We only have a small neural net-
work, so it may not be necessary to use a regularization method. To see if we need a regularization

29 In total we have 42 races, we have 38 races in the training set and 4 races in the validation set. Each race has
four different input samples, hence 38 · 4 = 152 and 4 · 4 = 16.
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method, we look at the predictions for the validation set. We compare the prediction results of
the models with regularization with the model without regularization.
The results of this comparison are given in Table 21.
In this table ’Total Costs’ is given by Equation 7:

1

N

N∑
i=1

C(i)(f (i), y(i)) + λJ(ω)

and ’Costs per sample’ is given by: 1
N

∑N
i=1 C

i(f (i), y(i)). The ’Costs per sample’ are added be-
cause we want to compare the different regularization methods. The regularization methods all
have a different range of output values and therefore we cannot compare these methods based on
the ’Total Costs’.
Where Ci(f (i), y(i)) = −

∑4
j=1 y

(i)
j log(f

(i)
j ) and J(ω) the regularization function.

Looking at Table 21 we can conclude that, for the training set, KL divergence works best as
regularization function. However, this gives the worst ’Costs per sample’ for the validation set.
The same holds the other way around, L1 performs the best for validation set but the worst for
the training set.
If we compare the results of the model without regularization to the model with regularization we
see that it looks quite the same. ’KL divergence’ and ’No regularization’ have almost the same
results. In comparison with L1 and L2 regularization, the model without regularization function
performs significantly better at the training set. Therefore, we prefer a model without regulariza-
tion. This will speed up the process, as the regularization function does not need to be calculated
and the derivative of the regularization function does not need to be taken into account.

Tab. 21: Results using different regularization functions

L1 L2 KL divergence No regularization

Training
Total Costs 4.4755 5.3817 1.8552 0.7225
Costs per sample 0.9242 0.9218 0.7362 0.7225
Wrong predictions 59 56 35 31

Validation
Total Costs 4.3280 5.3481 1.0547 0.8999
Costs per sample 0.8506 0.8883 0.9093 0.8999
Wrong predictions 5 8 5 5

In the end we have made the following choices for the initialization of the ANN:

• Number of layers: 5

• Number of neuron per layer: 10 neurons per hidden layer, 4 neurons in the output layer

• Activation function: hyperbolic tangens

• Cost function: cross-entropy

• Regularization function: non

• Learning rate: 0.0005

• Maximum number of iterations: 350000

Fig. 19: Initialization Artificial Neural Network
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13 Results Formula One

13.1 Results for data-set consisting of 42 races

In the previous sector we showed how to initialize the Artificial Neural Network for this data-set.
The end initialization is given in Figure 19. The end results, using this initialization, are given in
Table 22. These results correspond to the minimum validation costs.
We choose to use the weights/parameters which belong to the minimum value of the validation
set, because we do not want that the model starts overtraining.

Tab. 22: General Results

Running time 3620.66
Number of iterations 139019
Number of wrong predictions (training) 35
Total Costs per sample (training) 0.7675
Smallest value of wrong predictions (training) 32
Number of wrong predictions (validation) 5
Total Costs per sample (validation) 0.7692
Smallest value of wrong predictions (validation) 5

Fig. 20: Total training costs

Looking at both graphs, Figures 20 and 2130, we can see that the learning algorithm of the ANN
does not need the maximum number of iterations to reach the lowest costs. However, we let the
ANN learn for all iterations, we can namely see multiple parts where the costs do not decrease.
Therefore, it is hard to say if we should stop the algorithm before its maximum number of iter-
ations. The same holds when looking at validation costs. We see that it increases around 50000
iterations, which could mean overtraining. However, around 125000 iterations it is decreasing
again. Thus it is best to let the algorithm learn for all iterations.

30 The total costs are given by: 1
N

∑N
i=1 C

(i)(f (i), y(i)) + λJ(ω) = 1
N

∑N
i=1 C

(i)(f (i), y(i)) as we do not use a
regularization method.
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Fig. 21: Total validation costs

The fact that the costs per sample for both the training and the validation set are quite the same;
0.7675 and 0.7692, is a good thing. This means that the trained model works the same on the
validation set as on the training set, e.g. the ANN has similar performance on the training set as
on the validation set.

Now it is time to show the actual predictions for the races in the validation set. The first race we
are looking at is the United States Grand Prix, according to Table 10 Lewis Hamilton wins this
race, in front of Felipe Massa and Jenson Button. In last finished Max Verstappen.
The predicted individual probabilities, as predicted by the trained ANN, are given in Table 23. If
we look at the individual probabilities we can say the following:
The expected finishing for Hamilton is first. For Verstappen the expected finishing position is first
as well. For Massa third and Button fourth. These expected finishing positions are those with the
highest probability.

Tab. 23: Probabilities of each racer for different positions United States Grand Prix

Position 1 Position 2 Position 3 Position 4
Lewis Hamilton 0.71123444 0.09625511 0.09625511 0.09625533
Max Verstappen 0.65485424 0.16789600 0.08862488 0.08862488
Felipe Massa 0.06631157 0.18898324 0.48997991 0.25472528
Jenson Button 0.06274518 0.06319911 0.41042806 0.46362765

However, now we have two racers who are predicted to finish first, therefore we need a model
which turns these individual probabilities into an expected race result. To do this we propose
the following method: first we take the sum of all the probabilities for each position. For posi-
tion 1 this is: 0.7112344 + 0.65485424 + 0.06631157 + 0.06274518 = 1.49514543, the probability
that Hamilton will finish first given the opposition of Verstappen, Massa and Button is then:
0.71123444
1.49514543 = 0.47569583. In words this means that in a race consisting of Lewis Hamilton, Max
Verstappen, Felipe Massa and Jenson Button the probability that Lewis Hamilton finishes at po-
sition 1 is the individual probability that Lewis Hamilton finishes first divided by the sum of the
probabilities that each individual racer finishes first
If we do this for all positions and all riders we get the following predicted race result: Hamilton
first, Verstappen second, Massa third and Button fourth. See Appendix Section G for the calcu-
lated ranking. The actual end result for this race is: Hamilton first, Massa second, Button third
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and Verstappen last, as given by Table 10. So we only predicted Hamilton right. However, if
we look more closely at the actual results we can see that Verstappen has a DNF due to engine
failure. Taking this into account we can say that we predicted the outcome order right, Hamilton
before Massa before Button.

Lets continue with the predicted results for the Mexican Grand Prix. According to Table 10
the actual outcome here is: Hamilton first, Verstappen second before Massa in third and last is
Button.
The individual probabilities, the outcome of the trained ANN, are given in Table 24.

Tab. 24: Probabilities of each racer for different positions Mexican Grand Prix

Position 1 Position 2 Position 3 Position 4
Lewis Hamilton 0.71123446 0.09625512 0.09625512 0.09625530
Max Verstappen 0.09625492 0.71123302 0.09625531 0.09625675
Felipe Massa 0.06589593 0.18685370 0.48690874 0.26034163
Jenson Button 0.08563357 0.08564247 0.19597271 0.63275125

Following the proposed method, the predicted outcome for this race is: Hamilton first, Verstappen
second, Massa third and last Button.

The output of our ANN for the Brazilian Grand Prix is given in Table 25.

Tab. 25: Probabilities of each racer for different positions Brazilian Grand Prix

Position 1 Position 2 Position 3 Position 4
Lewis Hamilton 0.71123443 0.09625511 0.09625511 0.09625534
Max Verstappen 0.08922853 0.65931460 0.14345704 0.10799983
Felipe Massa 0.08628710 0.24690843 0.40690874 0.25700534
Jenson Button 0.08118000 0.08240500 0.42435253 0.41206247

The prediction for this race is quite hard. The first two positions are clear; Hamilton will win and
Verstappen will be second. But for the positions three and four it is not yet clear. We see that
both Massa and Button have an individual result of finishing third. Our proposed method cannot
really predict this battle either, but because Massa has an higher probability of finishing second
we predict Massa on position three.
The actual end result for this race is: Hamilton, before Verstappen, before Button and in last
Massa.

The last validation race is the Grand Prix of Abu Dhabi. The outcome of the ANN is given
in Table 26.

Tab. 26: Probabilities of each racer for different positions Abu Dhabi Grand Prix

Position 1 Position 2 Position 3 Position 4
Lewis Hamilton 0.71108102 0.09623435 0.09623435 0.09645027
Max Verstappen 0.09110787 0.67320118 0.10965993 0.12603102
Felipe Massa 0.06623365 0.18781291 0.48940418 0.25654926
Jenson Button 0.06695407 0.06707801 0.37124053 0.49472739

Here we predict the following outcome: Hamilton first, Verstappen second, Massa third and But-
ton fourth.
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The actual output is the same as our predicted output, see Table 10.

Now let us look how well the proposed ANN performed on the validation set in terms of costs and
wrongly predicted outcomes.

Tab. 27: Number of wrongly predicted positions and costs for validation set

# Wrong predictions (Mean) Costs per sample
United States Grand Prix 3 1.3302
Mexican Grand Prix 0 0.4647
Brazilian Grand Prix 2 0.7433
Abu Dhabi Grand Prix 0 0.5388
Total 5 0.7692

From Table 27 we can concluded that we did a terrible job predicting the United States Grand
Prix, we not only predicted three racers wrong, but also the costs per sample are high. If we do
not take Verstappen into account, due to his DNF, and calculate the (mean) costs per sample for
the other three we still get 0.9658. For the other three validation races we scored a better (mean)
costs per sample than for the training set, the training set namely has a (mean) costs per sample of
0.7675. Thus for the other three races the proposed ANN did a descent job predicting the outcome.

Looking at how well we scored in terms of right predicted outcomes we can say the following: In the
training set we wrongly predicted 35 outcomes, on a total of 152 outcomes, this is: 35

152 = 0.23, so
we predicted 77% of the outcomes right. For the validation set this percentage is 16−5

16 ·100 = 69%.

Note: In the validation set for each race we predicted the outcome Hamilton first, Verstappen
second, Massa third and Button fourth. If we look at the outcomes for the training set this is
not true. The ’optimal weights’ also give different orders as predicted outcome for races in the
training set. Therefore, we can say that the ANN can predict different race outcomes.

To see how well the ANN predicts the outcome of races, we compare it with other methods.
We look at the number of races predicted perfectly and the number of positions predicted right.
The corresponding results are given in Table 28.

Tab. 28: Comparison with other methods

Start Position Current Form(*) ANN

Training
Races predicted perfectly 11 10 18
Positions predicted good 80 77 117

Validation
Races predicted perfectly 2 1 2
Positions predicted good 11 8 11

(*) The current form only exists after the first race has been raced. So we do not predict an
outcome based on the current form for the first race.

Concluding from the comparison with other simpler methods we can see that using an ANN
indeed has benefits. For the validation set the model where we predicted the outcome based on
start position gets the same results, but we can see that in the training set, the ANN predicts 47%
of the races perfectly and 77% of the positions, in comparison with 28% and 53% using the start
position. Therefore, in the training set the ANN predicts more accurate.

Next to a comparing with simpler methods, we also compare the performance of the ANN with
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another machine learning approach. The results for the multiclass logistic regression model are
given in Table 29. We see that the proposed ANN method and multiclass logistic regression have
the same results for the validation set. For the training set the ANN predicts 117 outcomes good
and the multiclass logistic regression only 99, a difference of 18.

Tab. 29: Results multiclass logistic regression

Training
Races predicted perfectly 17
Positions predicted good 99

Validation
Races predicted perfectly 2
Positions predicted good 11

To concluded this subsection:

• An ANN can be used to predict Formula One results.

• The proposed ANN predicted 77% of the training instances right and 69% in the validation
set. Where it predicts in total 17 training races right and 2 validation races.

• The ANN performs better as simple prediction methods.

• The ANN performs better as the multiclass logistic regression method.

13.2 Results for data-set consisting of 42 races with Hamilton as a bad rain
driver

In this part we will give the predicted race results for the data-set where we say that Hamilton is
a bad rain driver. As can be seen, from the four chosen riders, Hamilton is by far the best racer.
To show that an ANN can also learn different scenarios; we turn Hamilton into a bad rain driver.

We obtained the following network structure; we have 5 layers, where each layer, excluded the
output layer, has 10 neurons. The output layer has 4 neurons, which corresponds to the number
of possible outcome positions.
The following choices are made regarding the functions; the activation function is hyperbolic
tangens, the cost function is the cross entropy and the regularization function is KL-divergence
regularization.
Other choices that are made are; regularization parameter λ = 0.01 and learning rate α = 0.0005
for the first 250000 iterations and α = 0.0001 for the other iterations.
In total there are 350000 iterations allowed. This will give a total running time of about a hour.
Getting this settings is done in the same way as discussed in Section 12. In the end this was the
network initialization which predicted the best race results.

The general results belonging to this network are given in Table 30 and the graphs following
this table.
Total Costs (per sample) is calculated with the following formula: 1

N

∑N
i=1 C

(i)(f (i), y(i)) and To-

tal Costs Regularization is: 1
N

∑N
i=1 C

(i)(f (i), y(i)) + λJ(ω). Where C(i) is the cross entropy cost
function and J(ω) is the KL divergence regularization function.
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Tab. 30: General results for the rain data set

Running time 3572.01 seconds
Number of iterations 329420
Number of wrong predictions (training) 30
Total Costs per sample (training) 0.7280
Smallest value of wrong predictions (training) 30
Number of wrong predictions (validation) 5
Total Costs per sample (validation) 0.7955
Smallest value of wrong predictions (validation) 4

Fig. 22: Total costs per sample and total costs with regularization for the training set

Fig. 23: Total costs per sample and total costs with regularization for the validation set

This network gives the following predicted individual probabilities for the races in the valida-
tion set: see Tables 31, 32, 33 and 34.

Tab. 31: Probabilities of each racer for different positions United States Grand Prix

Position 1 Position 2 Position 3 Position 4
Lewis Hamilton 0.71123191 0.09625855 0.09625477 0.09625477
Max Verstappen 0.07296270 0.53912546 0.11193716 0.27597468
Felipe Massa 0.07347508 0.30852477 0.54291152 0.07508862
Jenson Button 0.08090184 0.10032903 0.22098090 0.59778823
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Tab. 32: Probabilities of each racer for different positions Mexican Grand Prix

Position 1 Position 2 Position 3 Position 4
Lewis Hamilton 0.71123191 0.09625855 0.09625477 0.09625477
Max Verstappen 0.07774602 0.57446968 0.12297882 0.22480549
Felipe Massa 0.06919993 0.34770365 0.51132214 0.07177428
Jenson Button 0.07995421 0.09989487 0.22936475 0.59078616

Tab. 33: Probabilities of each racer for different positions Brazilian Grand Prix

Position 1 Position 2 Position 3 Position 4
Lewis Hamilton 0.08408079 0.62127769 0.11694756 0.17769395
Max Verstappen 0.71123050 0.09626034 0.09625458 0.09625458
Felipe Massa 0.06028210 0.43400793 0.44542785 0.06028211
Jenson Button 0.08040165 0.24366081 0.59409231 0.08184523

Tab. 34: Probabilities of each racer for different positions Abu Dhabi Grand Prix

Position 1 Position 2 Position 3 Position 4
Lewis Hamilton 0.71123208 0.09625833 0.09625479 0.09625479
Max Verstappen 0.07732936 0.57139100 0.12657298 0.22470666
Felipe Massa 0.07350481 0.30829677 0.54313119 0.07506723
Jenson Button 0.08023788 0.10000798 0.22687199 0.59288216

The predicted race results for each race, using the individual probabilities and the proposed
method, are then:

• United States GP: Hamilton before Verstappen, Massa third and Button last.

• Mexican GP: Hamilton first, Verstappen second, Massa third and fourth Button.

• Brazilian GP: Verstappen first, Massa second, Button third and last Hamilton.

• Abu Dhabi GP: Hamilton before Verstappen, in third Massa and last Button.

For the Brazilian GP, the only rain race in the validation set, the prediction was hard. It is easy
to see that Verstappen will finish first. However, the other three positions are hard, we can see
that the individual probability of Hamilton will correspond to position two, but his individual
probability of finishing last is way higher than that of the others. Therefore, it is hard to predict
Hamilton’s position, but our proposed method gives probabilities where Massa and Button have
higher chances to finish in the top three than Hamilton has, that is why we predict Hamilton in
fourth.

Let us look how well we did in terms of costs and wrongly predicted outcomes for each race
in the validation set, see Table 35.

From this table we can conclude that we predicted the Mexican and Abu Dhabi Grand Prix well.
Not only did we predict each racer in the right place, we also have low costs per sample. For the
proposed network it was hard to predict the rain race right. This is probably caused by the fact
that we have a low amount of rain races in the training set.

For the training set we predicted 87% of the positions right. For the validation set this was:
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Tab. 35: Number of wrongly predicted positions and costs for validation set

# Wrong predictions (Mean) Costs per sample
United States Grand Prix 3 1.0785
Mexican Grand Prix 0 0.5230
Brazilian Grand Prix 2 1.0723
Abu Dhabi Grand Prix 0 0.5084
Total 5 0.7955

69%.

Again we compare the results of the ANN with the other methods. This comparison is given
in Table 36. From this table we can conclude that the ANN for both the training and validation
set works better than some other ’simpler’ methods. The ANN predicts 50% of the races in the
validation set perfectly and in total 69% positions right, the best other method gives here 50%
and 63%. For the training set the ANN gives the following percentages; 50% and 87%. The best
order method gives; 45% and 64%.

Tab. 36: Comparison with other methods

Start Position Current Form(*) Logistic Regression ANN

Training
Races predicted perfectly 11 10 17 19
Positions predicted good 80 77 97 132

Validation
Races predicted perfectly 2 1 2 2
Positions predicted good 10 7 10 11

To conclude this subsection:

• An ANN can learn the difference between good and bad rain racers. However, the predicted
contrast between good and bad rain drivers is not as good as expected. If there are more
rain races the ANN can learn this contrast between good and bad rain racers better.

• The proposed ANN predicted 80% of the training instances right and 69% in the validation
set, where it predicts in total 19 training races right and 2 validation races.

• The ANN performs better as simple prediction methods for both training and validation
races.

• The ANN performs better as the multiclass logistic regression method for both training and
validation races.

13.3 Results for the actual data-set, only consisting of 21 races

Here we show the results of the ANN when we only use the races raced in the season. We thus have
17 training races and 4 validation races. Thus, we have 68 training samples and 16 validations
samples.
For this we obtained the following network structure, see Figure 24. The general results corre-
sponding to this network are given in Table 37 and Figures 25 and 26.
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• Number of layers: 5

• Number of neurons per layer: 10 neurons per hidden layer, 4 neurons in the output layer

• Activation function: hyperbolic tangens

• Cost function: cross-entropy

• Regularization function: KL-divergence

• Regularization rate: 0.1

• Learning rate: 0.001

• Maximum number of iterations: 200000

Fig. 24: Initialization Artificial Neural Network

Tab. 37: General results for the Formula 1 season 16/17

Running time 1043.17 seconds
Number of iterations 54140
Number of wrong predictions (training) 15
Total Costs per sample (training) 0.6767
Smallest value of wrong predictions (training) 12
Number of wrong predictions (validation) 4
Total Costs per sample (validation) 0.8192
Smallest value of wrong predictions (validation) 4

Fig. 25: Total costs per sample and total costs with regularization for the training set

We can see from this results that even with the use of a regularization function this network is
probably overtraining. The costs per sample for the training set are decreasing until almost 0.6,
however the minimum costs per sample for the validation set are 0.8192. This implies most def-
initely that the training set is to small to prevent overtraining. Ideally the costs per sample for
the training and validation set are the same.

Now let us look at the predictions for the validation races, in the Tables 38, 39, 40 and 41
the individual probabilities are given.



13 Results Formula One 69

Fig. 26: Total costs per sample and total costs with regularization for the validation set

Tab. 38: Probabilities of each racer for different positions United States Grand Prix

Position 1 Position 2 Position 3 Position 4
Lewis Hamilton 0.68584817 0.12851279 0.09281946 0.09281959
Max Verstappen 0.05961818 0.05961606 0.44050641 0.44025934
Felipe Massa 0.08859197 0.08859197 0.65461100 0.16820506
Jenson Button 0.31879606 0.28086476 0.04777756 0.35256162

Tab. 39: Probabilities of each racer for different positions Mexican Grand Prix

Position 1 Position 2 Position 3 Position 4
Lewis Hamilton 0.68585841 0.12849977 0.09282084 0.09282097
Max Verstappen 0.12309109 0.69011507 0.093396922 0.09339693
Felipe Massa 0.08832020 0.08832020 0.65260293 0.17075666
Jenson Button 0.09589082 0.09589890 0.099667625 0.70854266

Tab. 40: Probabilities of each racer for different positions Brazilian Grand Prix

Position 1 Position 2 Position 3 Position 4
Lewis Hamilton 0.67317043 0.14462041 0.09110371 0.09110545
Max Verstappen 0.11662051 0.69520732 0.09408608 0.09408609
Felipe Massa 0.08837377 0.08837377 0.65299871 0.17025376
Jenson Button 0.05990208 0.05990214 0.43757592 0.44261986

Tab. 41: Probabilities of each racer for different positions Abu Dhabi Grand Prix

Position 1 Position 2 Position 3 Position 4
Lewis Hamilton 0.67313795 0.14466115 0.09109932 0.09110158
Max Verstappen 0.15256633 0.66691846 0.09025760 0.09025760
Felipe Massa 0.08855726 0.08855726 0.65435458 0.16853090
Jenson Button 0.09586538 0.09587300 0.09990695 0.70835467

The predicted race results for each race, using the individual probabilities and the proposed
method, are then:
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• United States GP: Hamilton before Button, Massa third and Verstappen last.

• Mexican GP: Hamilton first, Verstappen second, Massa third and fourth Button.

• Brazilian GP: Hamilton first, Verstappen second, Massa third and last Button.

• Abu Dhabi GP: Hamilton before Verstappen, in third Massa and last Button.

The costs and number of wrongly predicted outcomes31 per race are given in Table 42.

Tab. 42: Number of wrongly predicted positions and costs for validation set

# Wrong predictions (Mean) Costs per sample
United States Grand Prix 2 1.6656
Mexican Grand Prix 0 0.3798
Brazilian Grand Prix 2 0.8391
Abu Dhabi Grand Prix 0 0.3925
Total 4 0.8192

Looking at this table we can see that the ANN predicted the Mexican and Abu Dhabi Grand Prix
real good. However, the United States Grand Prix is predicted really bad.

In Table 43 we compare the prediction results of the ANN with the other methods. Again the

Tab. 43: Comparison with other methods

Start Position Current Form(*) Logistic Regression ANN

Training
Races predicted perfectly 5 5 7 9
Positions predicted good 35 38 43 53

Validation
Races predicted perfectly 2 1 2 2
Positions predicted good 11 9 11 12

ANN performs the best of all methods for both the validation as the training set.

The conclusions which can be made based on this subsection are:

• Looking at only 21 races will probably lead to overtraining.

• The proposed ANN predicted 78% of the training instances right and 75% in the validation
set, where it predicts in total 9 training races right and 2 validation races.

• In the validation set the ANN performs good on two races and really bad at one race.

• The ANN performs better as simple prediction methods for both training and validation
races.

• The ANN performs better as the multiclass logistic regression method for both training and
validation races.

31 See Table 10 for the real outcome of each race.
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14 Conclusion

In this research we have focused ourselves on Artificial Neural Networks. We have acknowledged
ourselves with the principles regarding ANNs. In which we have studied and discussed multiple
important parts in the world of ANNs. An example is the influence of multiple layers and different
numbers of neurons. We also discussed how to train an artificial neural network. Furthermore, we
have emphasized some different activation- and cost functions. Lastly, we looked at regularization.
Regularization is used to prevent the model from becoming too complex.
This knowledge is used to predict race results for the last four races of the Formula One season
16/17. We compared the predicted results of the ANN with some other prediction ideas.
We tested the performance of the ANN on three different data-sets, where the differences in data
sets are the additional races added to the original 21 races of the season 16/17. The other data
set is created to show the ability of the ANN to separate good and bad rain drivers.

The artificial neural network structure for this problem is obtained by testing different network
structures and different combinations of cost- and activation functions. Furthermore, the model
is tested for different learning rates and the use of a regularization function.
We obtained a relatively simple neural network with only 5 layers, e.g. 4 hidden layers. Following
the theory, we could see that the hyperbolic tangens works best as activation function and the
cross-entropy function as a cost function. Depending on which data-set we want to predict, using
a regularization function can help us finding optimal weights and prevent us from overtraining.
For the two bigger data-sets the learning rate is twice as low as for the smaller data-set.

Looking at the first question, e.g. can ANNs be used to predict Formula One results, the an-
swer is yes. ANNs can be used to predict race results and for the data-sets we considered the
ANN outperforms the other methods tested. We showed that using a machine learning approach
outperforms simple prediction models such as only looking at the start position or the last three
race results. This implies that race results are not only determined by start position and recent
form, but multiple other features are also important. We also compared the performance of the
ANN with another machine learning approach called: multiclass logistic regression. The results
support that ANNs are a better approach for race prediction as multiclass logistic regression.

Next the following points can be concluded. First of all, we see that the ANN always performs
better on the training set than on the validation set. Both the costs per sample and the number
of wrongly predicted outcomes are lower for the training set. This can imply overtraining on the
training set and for the smallest data-set this is probably true. Here the costs per sample really
difference for the bigger data-sets this difference is smaller. This brings us directly to another
interesting result of our research. We see that adding another 21 races to the actual 21 races will
lead to better results in the validation set. The added 21 races share a similar input structure,
as discussed in Section 10.1. Therefore, we think that training an ANN only on one season with
around 20 races is too hard. This also has to do with the fact that the data is noisy. Races that
contain crashes influence the end results. Adding races, in this specific case however improved the
prediction abilities. The data-set where we turned one of the racers a bad rain driver showed us
that the ANN can indeed learn the difference between good and bad rain drivers. However, the
result was not as strong as we would have expected. Probably this has to do with the fact that
we only had three rain races in the training set. We therefore think that we need more rain races
to emphasize this difference.

To conclude this section, we can see that Artificial Neural Networks can be used to predict Formula
One results and it even outperforms some other methods. However, we cannot say that ANNs are
the best method to use for race prediction. The prediction power of ANNs really depends on the
number of samples and the chosen network structure plus initialization.
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15 Discussion and further research

In this report the focus has been the use of artificial neural networks for Formula One prediction.
Not available without agreement of the author and confidential company.

Another interesting research area in race prediction could be lap prediction. Meaning that we
want to predict the order of the race at each lap. For these predictions, we can also take into
account events happening during the race. The lap predictions are namely made during the race,
so called real-time predictions. A little more on this topic is discussed in [12].

Looking more to the area of real-time predictions, a nice question could be to investigate whether
artificial neural networks can be used to predict a racers strategy. Where of course the strategy
of pit stopping can be investigated, e.g. at which lap does the racer need to make a pit-stop. Or
even if the racer needs to speed up or even speed down.

In the experimental part of this research we only considered two cost functions and three reg-
ularization functions. There are however more cost functions and regularization functions. Some
more attention to them could also be a good direction for further research.

As already discussed in this report, the data of the Formula One is a little noisy. We need to
deal with accidents and penalties, which influence the outcome of the race. On a training data-set
which only consists of seventeen races, one race which is influenced by an accident is already a big
percentage. We could choose to filter the data in such a way that we only have a data-set with
races where there are no accidents. For four racers this is doable, but if we take into account all
racers it is impossible. In each Formula One race there are accidents. Therefore, we need to come
up with a clever way of taking into account this ’noise’.

During this research we used multiple public available feature as inputs. However, there are
of course more public available features which could tell us something about the race. For exam-
ple we could take into account the brand of the car.
We could test the ANN with more input features, however more convenient would be doing a
data pre-process step. In this pre-process step we take all features which could influence the race
outcome and perform a regression test on them. With this test we can already see whether some
of the features really have an influence on the outcome and which do not have any influence, e.g.
we test for correlation. In [10], [11] a correlation test is done for NASCAR-races. This pre-process
step will eventually speed up the learning abilities of the ANN.

In this research, the goal was to predict the last four races of the season 16/17. However, it
would be nice to predict each race and not only the last four. For this, we could propose to train
the network on a previous season and then predict the first race of the new season. Afterwards we
put the first race of the new season in the training set and train the model again. We can repeat
this for each race. A similar approach is used in [21] for the Dutch football league.

The main focus of this research has been on Artificial Neural Networks and in this research a
lot is discovered and explained. However, a really important part, maybe even the most impor-
tant part of ANNs, is not yet understood. There is no mathematical proof why ANNs can be used
and why they can predict some problems in a good way. Focusing on this important question
would be a rather hard but beautiful research, which will eventually solve a lot of unanswered
questions in the world of ANNs.
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Appendices

A The XOR-problem

The XOR, or Exclusive OR, is a logical operation that outputs true only when inputs differ. Or
in other words; one of the inputs is true and the other is false.
The XOR-problem which is solved by the multi-layer perceptron has two inputs x1 and x2. With
corresponding truth table, see Table 44, where 1 means true and 0 corresponds to false.

Tab. 44: XOR truth table

Input
Output

x1 x2

0 0 0
1 0 1
0 1 1
1 1 0

The following network structure is used to solve this problem: 2− 2− 1. The activation function
φ is the threshold function. This is visualized in Figure 27a.

(a) Visualization of an neural network to solve the XOR-
problem

(b) Visualization of the XOR-
problem

Fig. 27: The XOR-problem

In here we have tree neurons with an activation function, e.g. ’Hidden 1’, ’Hidden 2’ and ’Output
1’. In ’Hidden 1’ the threshold b1 = 0 and in ’Hidden 2’ the threshold b2 = 0. In the ’Output’
the threshold b3 = 0. Choosing the weights in the following way will solve the XOR-problem:
w11 = 1, w12 = −1, w21 = −1, w22 = 1, w13 = 1, w23 = 1.
For example look at input: x1 = 1, x2 = 0. This gives for ’Hidden 1’: x1 · w11 + x2 · w21 =
1 · 1 + 0 · −1 = 1 the threshold here is 0, 1 > 0 which implies that the value after the activation
function is 1. For ’Hidden 2’ the activation value is 0 as; x1 · w12 + x2 · w22 = 1 · −1 + 0 · 1 = −1
and −1 > 0 is false. The output is then: Hidden1 ·w13 +Hidden2 ·w23 = 1 · 1 + 0 · 1 = 1 which is
bigger than the threshold 0 therefore the output is 1. All the calculations are given in Table 45.
Concluded can be that even for a simple logical operation as the XOR there is already need of a
network which has multiple perceptrons and at least one hidden layer, as proven by Minsky and
Papert in [30]. The XOR has only two classes, but there are three regions; as can be seen in Figure
27b. Thus only one perceptron cannot solve the XOR-problem.
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Tab. 45: XOR-results

Input
Hidden 1 Hidden 2 Output

x1 x2

0 0 (0 · 1 + 0 · −1 = 0), 0 > 0→ 0 (0 · −1 + 0 · 1 = 0), 0 > 0→ 0 (0 · 1 + 0 · 1 = 0), 0 > 0→ 0
1 0 (1 · 1 + 0 · −1 = 1), 1 > 0→ 1 (1 · −1 + 0 · 1 = −1), −1 > 0→ 0 (1 · 1 + 0 · 1 = 1), 1 > 0→ 1
0 1 (0 · 1 + 1 · −1 = −1), −1 > 0→ 0 (0 · −1 + 1 · 1 = 1), 1 > 0→ 1 (0 · 1 + 1 · 1 = 1), 1 > 0→ 1
1 1 (1 · 1 + 1 · −1 = 0), 0 > 0→ 0 (1 · −1 + 1 · 1 = 0), 0 > 0→ 0 (0 · 1 + 0 · 1 = 0), 0 > 0→ 0

B Derivative of the sigmoid activation function

Derivation of the derivative of the sigmoid activation function:

d

dx
f(x) =

d

dx
σ(x)

=
d

dx

1

1 + e−x

=
e−x

(1 + e−x)2
quotient rule

=
1

1 + e−x
· e−x

1 + e−x

=σ(x) · 1 + e−x − 1

1 + e−x

=σ(x) ·
(1 + e−x

1 + e−x
+

−1

1 + e−x

)
=σ(x) · (1− σ(x))

C Derivative of the hyperbolic tangens activation function

Derivation of the derivative of the hyperbolic tangens activation function:

d

dx
f(x) =

d

dx
tanh(x)

=
d

dx

ex − e−x

ex + e−x

=
(ex + e−x) · (ex + e−x)− (ex − e−x) · (ex − e−x)

(ex + e−x)2
quotient rule

=
(ex + e−x)2

(ex + e−x)2
− (ex − e−x)2

(ex + e−x)2

=1− tanh(x)2

D Derivative of the Softmax activation function

If we look at Equation 17, this is the Softmax function, we can see that the input x is a vector.
So we need to take the derivative with respect to each of those components, we are thus looking
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for the partial derivatives.

∂fi(~x)

∂xj
=
∂ exi∑K

k=1 e
xk

∂xj

Again we will use the quotient rule. For this we rename some terms:

gi = exi

hi =

K∑
k=1

exk

If we look at the derivatives of gi and hi with respect to xj we can conclude the following:

∂gi
∂xj

=

{
exi if i = j

0 if i 6= j

∂hi
∂xj

= exj ∀j

We will split this derivative up into two cases the first case is where i = j and the second is where
i 6= j.
- i = j

∂fi(~x)

∂xj
=
∂ exi∑K

k=1 e
xk

∂xj

=
∂ gihi
∂xj

=
exihi − exjgi

h2
i

exi = gi and exj = gj

=
gi
hi
· hi − gj

hi
=fi(~x)(1− fj(~x))

- i 6= j

∂fi(~x)

∂xj
=
∂ exi∑K

k=1 e
xk

∂xj

=
∂ gihi
∂xj

=
0 · hi − exjgi

h2
i

exj = gj

=
−gjgi
h2
i

=− gj
hi

gi
hi

=− fj(~x)fi(~x)

Combining both cases and making use of the Kronecker delta gives us exactly in Equation 18.
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E Explanation of the probabilities

Suppose we have a classification problem with two classes; y1 and y2. We can express the posterior
probability of y1 using Bayes’ theorem:

P (y1|x) =
P (x|y1) · P (y1)

P (x|y1) · P (y1) + P (x|y2) · P (y2)

Dividing top and bottom of the right hand side by P (x|y1) · P (y1) gives:

P (y1|x) =
1

1 + P (x|y2)·P (y2)
P (x|y1)·P (y1)

Now we define z as the ratio of log posterior probabilities:

z = ln

(
P (x|y1) · P (y1)

P (x|y2) · P (y2)

)
Using this we can define the following:

P (y1|x) = f(z) =
1

1 + e−z

Thus for a two class problem, where we have as output the sigmoid function we can say the follow-
ing; using the sigmoid function as output can be seen as providing a posterior probability estimate.

If we have more than two classes we consider the following function, related to the log poste-
rior probability of class yk:

zk = ln(P (x|yk)) · P (yk)

where zk is the activation value of output k. Substituting this into Bayes’ theorem, gives us the
following expression for the posterior probability:

P (yk|x) =
ezk∑J
j=1 e

zj

This function is precisely the Softmax function.
Using this as the activation function in the output layer for a multi-class problem, will guaran-
tee that the J output values sum up to 1. That is a necessary condition for probability estimation.

Thus:

fk =
ezk∑
j e
zj

zk = (wTx)k e.g. the input for neuron k

F Explanation of the cross-entropy function

The cross-entropy function can be interpreted as the (minus) log-likelihood for the data yj under
a model ŷj .
Suppose we have some ”hypothesis”, which predicts for l classes {1, 2, . . . , l} their hypothetical
occurrence probabilities ŷ1, ŷ2, . . . , ŷl. In the end we observed (in reality) k1 instances of class 1,
k2 instances of class 2, etc. According to the model the likelihood of this is:

P (data|model) = ŷk1
1 ŷk2

2 . . . ŷkll
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Now taking the (minus) logarithm gives:

− logP (data|model) = −k1 log ŷ1 − k2 log ŷ2 − . . .−−kl log ŷl = −
l∑

j=1

kj log ŷj

If we now divide by the number of observations N = k1 + k2 + . . .+ kl and denote the empirical
probabilities as yj =

kj
N , we get precisley the cross-entropy function:

− 1

N
logP (data|model) = − 1

N

l∑
j=1

kj log ŷj = −
l∑

j=1

yj log ŷj
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G Example of calculating the predicted race results

First the outcome table is given by Table 46:

Tab. 46: Probabilities of each racer for different position

Position 1 Position 2 Position 3 Position 4
Lewis Hamilton ph(1) ph(2) ph(3) ph(4)
Max Verstappen pv(1) pv(2) pv(3) pv(4)
Felipe Massa pm(1) pm(2) pm(3) pm(4)
Jenson Button pb(1) pb(2) pb(3) pb(4)

Because we are working with probabilities the sum of each row need to sum up to exactly 1, thus
as example: ph(1) + ph(2) + ph(3) + ph(4) = 1.
The proposed model calculates the probabilities which are given in Table 47:

Tab. 47: Race Prediction, given all probabilities

Lewis Hamilton Max Verstappen Felipe Massa Jenson Button
Position 1 p1(h) p1(v) p1(m) p1(b)
Position 2 p2(h) p2(v) p2(m) p2(b)
Position 3 p3(h) p3(v) p3(m) p3(b)
Position 4 p4(h) p4(v) p4(m) p4(b)

Where:

pi(j) =
pj(i)∑

t={h,v,m,b} pt(i)
∀i = 1, 2, 3, 4 & j = h, v,m, n

Let us now look how this works in practice. For this we take the predicted individual probabilities
for the US Grand Prix. See Table 48.

Tab. 48: Probabilities of each racer for different positions United States Grand Prix

Position 1 Position 2 Position 3 Position 4
Lewis Hamilton 0.71123444 0.09625511 0.09625511 0.09625533
Max Verstappen 0.65485424 0.16789600 0.08862488 0.08862488
Felipe Massa 0.06631157 0.18898324 0.48997991 0.25472528
Jenson Button 0.06274518 0.06319911 0.41042806 0.46362765

Following the proposed method Table 49 is made:

Tab. 49: Race Prediction United States Grand Prix, , given all probabilities

Lewis Hamilton Max Verstappen Felipe Massa Jenson Button
Position 1 0.47569583 0.43798698 0.04435125 0.04196594
Position 2 0.18642045 0.32516970 0.36601006 0.12239980
Position 3 0.08869085 0.08166025 0.45147456 0.37817434
Position 4 0.10656753 0.09811961 0.28201498 0.51329787

Now we look per position for the highest probability. For position 1 this implies Hamilton. For
position 2 and 3 Massa, however for position 3 this probability is higher and Verstappen has a
higher probability of finishing first. Thus position 3 is Massa and therefore position 2 is Verstappen.
Position four is Button.
The predicted outcome is now thus: Hamilton, Verstappen, Massa, Button.
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