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Abstract

In this thesis, a new analytical model is introduced to predict the performance of a
thermal flow sensor. The analytical model is based on the heat equations, and we
add the heat-sink item into the equation, to ensure the calculation result is closer to
the real performance. To verify the model, we also built a Comsol model, and the
temperature profile of the analytical model is near agreement with Comsol model.
Furthermore, the result of the analytical model also compares to the measuring
result of the thermal flow sensor which provides by Bronkhorst.
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Nomenclature

Symbol List

α Temperature coefficient 1/K

A area um2

cp Heat capacity at constant pressure kJ/(kgK)

G Heat sink’s thermal conductivity K/(Wm)

Hflat Height of the flat structure nm

Hheater Thickness of heater nm

k Thermal conductivity W/(m−1K−1)

keff Effective thermal conductivity W/(m−1K−1)

L Length of beam m

Lgap Gap between heaters um

Lheater Length of heater um

ρ Density kg/(m3)

P Power mW

Q Heat flux density W/m−3

R Resistance of heater Ω

R1 Radius of channel um

R2 Distance between center of channel and heat sink um

T Temperature ◦C

t Time s
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tchannel Thickness of of channel wall um

V Potential V

v Velocity m/s

Wchannel Diameter of the channel um

Wflat Width of the flat structure um

Wheater Width of heater um

x Position of beam m



Chapter 1

Introduction

1.1 Background and motivation

Nowadays, the thermal flow sensor is widely used in many areas, such as a drug
delivery system, chemical analysis, printer, etc.. As those industries developed,
the people have higher requirements for the thermal flow sensor, such as higher
sensitivity, larger measurement range, and lower pressure drop. To design such a
suitable sensor, we need to have an idea about how the parameters can influence
the performance of the sensor. Thus we need to create a model to construct the
thermal flow sensor. Usually, the researcher would like to use an FEA(finite ele-
ment analysis ) software to make a thermal flow sensor model, such as Comsol [1]
and ANSYS [2], the software can provide an accurate prediction of a thermal flow
sensor, but the time consumption is high. Thus, in this thesis, we will introduce a
new analytical model to construct the thermal flow sensor. The figure 1.1 shows the
schematic of the actual sensor. The fluid will go through the closed channel via the
inlet which placed in the backside of the channel, then the temperature distribution
of the heater will be changed by applying the flow. Meanwhile, the resistance value
of the heater embedded on the top of the channel will change, by measuring the
resistance difference, we can derive the velocity of flow.
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10 CHAPTER 1. INTRODUCTION

Figure 1.1: The schematic of the actual sensor. a. Artist impressions of inlet of
the sensor. b. Artist impressions of channel of the sensor. c. Artist
impressions of the sensor. d. SEM picture of the heater.Picture takes
from [3]

1.2 Thesis Outline

Chapter 2 describes two models for the thermal flow sensor. An analytical model
can be used to plot the temperature profile of the sensor in the flow direction. Later,
a finite element model in Comsol is also presented to verify the analytical model/

Chapter 3 will present the measurement results of actual sensors which provide
by Bronkhorst [4]. The measurement results will be used to compare with the ana-
lytical simulation results to see how close they are. Later on, we will change some
parameters, such as the distance between the two heaters, the channel’s length,
etc., to get an understanding of those parameters to influence the sensor.



Chapter 2

Theory and Modeling of thermal flow
sensors

To understand the physics of the thermal flow sensor. This chapter will start by
introducing the basic heat equation. Then based on the heat equation, the analytical
model will be made to construct the thermal flow sensor. Also, a finite element model
in Comsol will be built to verify the analytical model. Next, to make the analytical
model more flexible, we will add more heaters in the analytical model. Again, a
corresponding finite element model will be built to verify the results. Furthermore,
based on the analytical model we made, the heat-sink will be added in the analytical
model to understand how the heat-sink influence the behavior of the thermal flow
sensor.

2.1 Thermal Equation

To derive the temperature profile of the thermal flow sensor, we start from the gen-
eral heat equation [5]:

ρcp[
∂T

∂t
+ (−→v · ∇)T ] = k · T∇2 +Q (2.1)

With ρ is the fluid’s density, cp is the heat capacity at constant pressure,T is the
temperature, t is the time,v is the velocity, k is thermal conductivity and Q is heat
source(density).

Firstly, we assume there is no flow through the channel, and the temperature
does not depend on the time, then the equation reduces to:

0 = k · T∇2 +Q (2.2)

Since we only interesting the temperature profile in the flow direction, see figure

11
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2.1. Then the heat equation reduces to:

0 = k
d2T

dx2
+Q (2.3)

Figure 2.1: Illustration of the how the temperature changes as applying flow. The
heater placed in the middle generates the heat flow Q(donated by black
arrows), and the heat flow will go through the fluid and silicon nitride. As
applying the flow, the heat flux in the downstream will be larger the heat
flux in the upstream. This will result in the temperature at downstream
higher than the temperature upstream.

To construct the model, we need to define the geometry and boundary condition.
The figure 2.2 shows the sketch of the one-dimensional model. There are is one
heater in the middle, and At x = ±L the temperature will be assumed as room
temperature.According to the figure 2.2, the equation 2.3 can be divided into two
equations:

0 = k
d2T

dx2
+Q if |x| ≤ xh (2.4)

0 = k
d2T

dx2
if else (2.5)

Then the temperature at flow direction can be calculated as :
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Figure 2.2: The structure of the one-dimensional model. The heater with length 2xh

dissipates Q watts per cubic meter. At x = ±L the silicon acts as the
heatsink which at room temperature.
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T (x) =


A1x+B1, for−L ≤ x ≤ −xh (2.6)
−Qx2

2k
+Cx+D, for|x| ≤ −xh (2.7)

A2x+B2, forxh ≤ x ≤ L (2.8)

With 2L is the tube length and 2xh is the heater length.
To solve the equation 2.6-2.8, we need to find six equations from the bound-

ary conditions. Firstly, at x = ±L the beam at room temperature, then it can be
assumed that:

T (−L) = T (L) = Troom (2.9)

secondly, the temperature should be continuous at x = ±xh :

Tleft(−xh) = Theater(−xh) (2.10)

Tright(xh) = Theater(xh) (2.11)

The heat flux should also be continuous at x = ±xh:

[k
dTleft

dx
]x=−xh = [k

dTheater

dx
]x=−xh (2.12)

[k
dTright

dx
]x=xh = [k

dTheater

dx
]x=xh (2.13)

By applying those boundary conditions into the equation 2.6-2.8, then we can get
6 equations, by solving those equations we can obtain the values forA1,B1,C,D,A2

and B2::

A1 = −A2 =
Qxh

k
(2.14)

C = 0 (2.15)

D =
Qxh(L− xh

2
)

k
+ Theatsink (2.16)

B1 = B2 = Theatsink +
QxnL

k
(2.17)

If we include the velocity into the equation, the differential equation becomes:

0 = k
d2T

dx2
− ρcpv

dT

dx
+Q if |x| ≤ xh (2.18)
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0 = k
d2T

dx2
− ρcpv

dT

dx
if else (2.19)

Then the temperature at flow direction can be calculated as :

T (x) =


A1e

ρcpvx

k +B1, for −L ≤ x ≤ −xh (2.20)

C1e
ρcpvx

k +C2 +
Qx

ρcpv
, for|x| ≤ −xh (2.21)

A2e
ρcpvx

k +B2, forxh ≤ x ≤ L (2.22)

Substituting r = ρcpv

k
, and applying same boundary conditions as previously,

then we have six equations as following:

A1e
−rL +B1 = Troom,x = −L (2.23)

A2e
rL +B2 = Troom,x = L (2.24)

A1e
−rxh +B1 = C1e

−rxh +C2−
Qxh

rk
,x = −xh (2.25)

A2e
rxh +B2 = C1e

rxh +C2 +
Qxh

rk
,x = xh (2.26)

A1re
−rxh = C1re

−rxh +
Q

rk
,x = −xh (2.27)

A2re
rxh = C1re

rxh +
Q

rk
,x = xh (2.28)

The equation 2.23 and 2.24 describe the temperature at the edges of the channel
which x = ±L, the equation 2.25 and 2.26 describe the temperature is continuous
at x = ±xh, the last two equations decribes the heat flux at x = ±xh is also
continuous. The detail about how to solve these constant can be found in appendix
A, then the constant can be calculated as:

A1 =
Q(er(L+xh) − er(L−xh) − 2xhr)

r2k(erL − e−rL)
(2.29)

A2 =
Q(e−r(L−xh) − e−r(L+xh) − 2xhr)

r2k(erL − e−rL)
(2.30)

B1 = −e−rLQ(
(er(L+xh) − er(L−xh) − 2xhr)

r2k(erL − e−rL)
) (2.31)
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B2 = −erLQ(
(e−r(L−xh) − e−r(L+xh) − 2xhr)

r2k(erL − e−rL)
) (2.32)

C1 = Q(
(e−r(L−xh) − er(L−xh) − 2xhr)

r2k(erL − e−rL)
) (2.33)

C2 = Q(
((rxh + 1)erL − (rxh + 1)e−rL − erxh + e−rxh + 2xhre

−rL)

r2k(erL − e−rL)
) (2.34)

To construct the analytical model, we need to define the simulation parameters.
The figure 2.3 provide the schematic overview of the parameters of the channel, and
the table 2.1 gives the value for those parameters.

Parameters Value Unit Symbol
Thickness of the heater 200 nm Hheater

Width of the heater 100 um Wheater

Length of the heater 3000 um 2 ∗Lheater
Diameter of the channel 63 um Wchannel

Channel wall thickness 1 um tchannel

Width of flat structure 100 um Wflat

Height of flat structure 3.7 um Hflat

Channel length 2000 um L

density of Nitrogen 1000 kgm−3 ρ

Heat power 1 mW P
Conductivity of gold 314 W/mK kgold

Conductivity of SiRN 20 W/mK kSiRN

Conductivity of Nitrogen 26e-3 W/mK kSiRN

Table 2.1: The simulation parameters for analytical model
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Figure 2.3: The schematic overview of the channel.Right: the cross section of the
channel. Left : the top view of the channel.

Because the analytical model is in the one-dimensional equation, then we need
to calculate the effective conductivity keff of the sensor:

keff =
kgoldAheater + kSiRNASiRN + kNitrogenAchannel

Atotal

(2.35)

In which A is the cross sectional area.
In the equation 2.20, we use Q to indicate the heater source, but in the table

2.1, the heater source is P . Thus we need to divide the entire volume of the tube to
calculate the heat density Q which is 0.1433e9[Wm−3].

By filling the data from the table 2.1 into equation 2.20, the relation between the
velocity of flow and temperature can be described in figure 2.4.

From the figure 2.4 it can be seen that as the flow increases, the temperature
distribution will move in the same direction as flow.
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Figure 2.4: The relation between velocity and temperature. As the flow increases,
the temperature profile will shift as same direction as flow.

2.2 Numerical simulations

In this section, the finite element model will be made in COMSOL Multiphysics 5.3
to verify the analytical model. The figure 2.7 shows the overview schematic of the
simulation model.

At the inlet and outlet, the temperature is fixed to the room temperature. The
heater is replaced in the middle of the channel which can generate the 1 mW
power. To make the Comsol model is comparable with the analytical model, we will
use the same parameter as table 2.1.

The figure 2.8 shows the COMSOL simulation result. As applying the flow, the
temperature profile shift in the same direction as flow. To compare both simula-
tions quantitatively, we will subtract the temperature of both simulations and then
divide by the maximum temperature to calculate the relative average temperature
difference, see equation 2.36. For the v = 0m/s, there is 12% relative average
temperature difference between two simulations. For the v = 1m/s, the relative
average temperature difference is 16%. For the v = 5m/s, the relative average
temperature difference different is 9.5% and the relative average temperature differ-
ence at v = 20m/s is 8%. The reason behind it is because the geometrical detail
is not taken into consideration in the Matlab model. Thus the effective conductivity
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Figure 2.5: Cross Section of Channel Figure 2.6: Side View of Channel

Figure 2.7: Overview of the simulation schematic.Left: cross section of the tube.
Right: side view of the tube

in Matlab will have some difference compare to Comsol simulation.

σtemperature =

k=n∑
k=1

(TComsol − Tanalytical)

Tmaximum ∗ n
(2.36)

In which σtemperature is relative average temperature difference, n is simulation
mesh points and Tmaximum is maximum temperature of Comsol simulation.

Figure 2.8: The comparison between COMSOL and Matlab simulation result, the
solid line indicates the result from the Matlab and the dash line indicates
the result from COMSOL
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2.3 Thermal Equation with Different Geometry

To make the analytical model more flexible, in this section, more heaters will be
added to the analytical model. Then the analytical model can provide the simulation
results for the sensor up to 3 heaters.

To include the more heaters in the model, we need to recall the heat equation
2.1. The figure2.9 shows the new schematic of thermal flow sensor. Compare to the
previous schematic, and there are three heaters placed on the channel, then we can
change the value of Q and Q1 to determine the number of heaters. At the Q = 0, it
means the sensor includes two heaters, and we even can choose the different heat
flux density for these two heaters. At the Q1 = 0, there is only one heater in the
sensor. If we want to simulate the sensor with three heaters, then we can set the Q
and Q1 to the value we want.

Figure 2.9: The new geometry of thermal sensor. There are three heater place
on the sensor, by changing the Q, we can simulation the model in the
different cases

The equation becomes more complicated because of two more heaters is added:
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T (x) =



A1e
ρcpvx

k +B1, for−L ≤ x ≤ −xh (2.37)

C1e
ρcpvx

k +C2 +
Q1x

ρcpv
, for−xh ≤ x ≤ −xh1 (2.38)

A2e
ρcpvx

k +B2, for−xh1 ≤ x ≤ −xh2 (2.39)

C3e
ρcpvx

k +C4 +
Qx

ρcpv
, for−xh2 ≤ x ≤ xh2 (2.40)

A3e
ρcpvx

k +B3, forxh2 ≤ x ≤ xh1 (2.41)

C5e
ρcpvx

k +C6 +
Q1x

ρcpv
, forxh1 ≤ x ≤ xh (2.42)

A4e
ρcpvx

k +B4, forxh ≤ x ≤ L (2.43)

Where L, xh, xh1, xh2 is indicated in the figure 2.9, Q1 and Q is the heat flux
density of heater.

The similar boundary condition as section 2.1 will be used. Firstly, at x = ±L,
the temperature of the equation is the same as room temperature. At x = ±xh, x =

±xh1, x = ±xh2 , the temperature and heat flux is continuous . Then we can find
14 equations with 14 variables. Because these equations are too difficult to solve,
these equations are solved with Wolfram Mathematica 11.1 [6]. All constants can
be found in Appendix B. To verify whether the solution is correct, we assume there
is only one heater in the middle, which gives the same solution as section 1 and the
figure 2.10 shows the plot of two calculations.
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Figure 2.10: The solid line indicate the plot of equation 2.37, and the circle is the
plot of equation 2.20. Under the same conditions, the two equations
can get the same result.

Compared to the previous mathematical model. The new analytical model should
be able to simulate the thermal flow sensor with up to three heaters. In the following
section, we will run the analytical simulations for the sensor with a different structure.
Again, the Comsol simulations will be used to verify the result.

2.3.1 A sensor with two heaters and large gap

Firstly, A sensor with two heaters and a large distance between heaters will be sim-
ulated. The simulation will be base on the parameters in table 2.1, in the Table
2.2 only shows the simulation parameter which is different from table 2.1. Figure
2.11 shows the overview schematic of the sensor. The figure 2.12 show the sim-
ulation result from Comsol and Matlab. At v = 0m/s,v = 1m/s,v = 5m/s and
v = 20m/s, the relative average temperature difference is 7% ,7.5%,7.38% and
7.52%. The main reason cause this difference is the analytical model doesn’t con-
sider the geometrical details of channel.
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Parameters Value Unit Symbol
Heater length 1000 um Lheater

Gap between two heaters 1000 um Lgap

Table 2.2: The new parameters for two heaters and large gap

Figure 2.11: The sensor with two heaters and large distance. The two heaters will
generate the same power, and dimension of two heaters is same as
well
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Figure 2.12: The simulation result of the sensor, the dash line indicates the simula-
tion result whereas the solid ones indicates the analytical model. Be-
cause there is no heater between x = −500um and x = 500um,The
temperature remains same at v = 0m/s. As applying the flow, the
maximum temperature will shift as same direction as flow.
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2.3.2 The sensor with one heater in the middle

In this part, the sensor with one heater will be presented. The table 2.3 and figure
2.13 shows the changing parameters of the sensor and an overview schematic of
the sensor. The figure 2.14 shows the simulation results, from the figure it can be
seen that Comsol simulations gives the almost the same results as the analysis
model. Compare to the figure 2.12, the temperature amplitude of one heater design
is higher. It can be concluded that as the heater become shorter, the heat flux
density will increase.

Parameters Value Unit Symbol
Heater length 1000 um Lheater

Table 2.3: The changing simulation parameters for The sensor with one heater

Figure 2.13: The sensor with one short heater place on the middle
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Figure 2.14: The simulation result of the sensor with one heater in the middle, the
dash line indicates the simulation result whereas the solid ones in-
dicates the analytical model. At v = 0m/s,v = 1m/s,v = 5m/s

and v = 20m/s, the relative average temperature difference is
5%,5%,5.32% and 6.5%
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2.3.3 The sensor with more heaters and different heat power

In this section,more complex structures will be presented to see whether the analysis
model can predict the temperature profile of the sensor. The table 2.4 and figure 2.15
shows the detail of the sensor. The figure 2.16 shows the simulation results, com-
pared to the previous geometry, the simulation results doesn’t fit with the analysis
model, and the relative average temperature difference is bigger than the previous
two geometries. As the geometry of the sensor becomes more complex, the differ-
ence between the calculated effective thermal conductivity and thermal conductivity
in Comsol is larger.

Parameters Value Unit Symbol
Heater length 500 um Lheater

Distance between heaters 500 um Lgap

Heat power for the middle heater 1 mW P
Heat power for side heaters 0.5 mW P1

Table 2.4: The new parameters for the sensor with three heaters

Figure 2.15: The sensor with three heaters. The heater in the middle can generated
1mW power, the heat between±xh and±xh1 can generate 0.5mW

power.
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Figure 2.16: The simulation result of the sensor with Three heater in the middle, the
dash line indicates the simulation result and the solid ones indicates
the analytical model.At v = 0m/s,v = 1m/s,v = 5m/s and v =

20m/s, the relative average temperature difference is 17%,20%,17%

and 17%
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2.4 The Sensor with Heat-sink

If we include the heat-sink, the differential heat equation becomes more compli-
cated. Compare to the previous heat equation 2.1, and the new equation will consist
of the conductivity of the heat-sink. Thus the equation can be written as:

0 = Acrossk
d2T

dx2
−AcrossρCpv

dT

dx
−GT +Q

′
(2.44)

With Across is area of the channel’s cross section, G is the thermal line con-
ductance of the heat-sink in [W/(Km)] and Q′ is line power in [W/(m)]. By
substituting G′

= G
Across

:

0 = k
d2T

dx2
− ρCpv

dT

dx
−G′

T +Q (2.45)

Now, the temperature profile does not only depend on the flow and beam but
also rely on the heat sink, see figure 2.17.

Figure 2.17: The overview schematic of the thermal flow sensor with heat-sink. The
blue part indicates the heat-sink which is under the channel.

Because there is an additional item in the equation, the equation is different
compared to the previous solution:
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T (x) =



A1e
r1x +B1e

r2x, for−L ≤ x ≤ −xh (2.46)

C1e
r1x +C2e

r2x +
Q1

G′ , for−xh ≤ x ≤ −xh1 (2.47)

A2e
r1x +B2e

r2x, for−xh1 ≤ x ≤ −xh2 (2.48)

C3e
r1x +C4e

r2x +
Q

G′ , for−xh2 ≤ x ≤ xh2 (2.49)

A3e
r1x +B3e

r2x, forxh2 ≤ x ≤ xh1 (2.50)

C5e
r1x +C6e

r2x +
Q1

G′ , forxh1 ≤ x ≤ xh (2.51)

A4e
r1x +B4e

r2x, forxh ≤ x ≤ L (2.52)

Where L ,xh,xh1 and xh2 are indicated in the figure 2.9,r1 and r2 are the two
solutions of general solution which can be desirable as:

r1 =

ρcpv

k
+

√
(ρcpv)2

k2
+ 4G′

k

2
(2.53)

r2 =

ρcpv

k
−

√
(ρcpv)2

k2
+ 4G′

k

2
(2.54)

By applying the same boundary condition as previously,14 equations can be
found. The solutions can be found in Appendix C.

Next, because the heat-sink is included. Then heat transfer via conduction
through the air to the heat sink can be approximated by taking a cylinder [7], see
figure 2.18.

G
′
=

2 ∗ π ∗ kair
ln(R2

R1
) ∗Across

(2.55)

With R1 and R2 is the radius of channel and gap between the channel and heat
sink, kair is the thermal conductivity of air which is 26e−3W/(Km), and Across

is the cross section of channel . Then the value of G can be approximated as
2.8e−7W/(Km3).

Again, the Comsol model will be used to verify the analytical model,see figure
2.19.. The simulation parameters is same as table 2.2, 2.3, 2.4.
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Figure 2.18: Method of Images for cylinder approximation

Figure 2.19: The simulation model in Comsol, which have silicon bulk layer
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Figure 2.20: Left: the simulation result of Comsol and Matlab,the dash line indi-
cates the simulation result and the solid ones indicates the analytical
model. At v = 0m/s,v = 1m/s,v = 5m/s and v = 20m/s, the rel-
ative average temperature difference is 5.17%,5.17%,5.45% and 6%.
Right:the overview of the simulation schematic.
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Figure 2.21: Left: the simulation result of Comsol and Matlab,the dash line indi-
cated the simulation result whereas the solid ones denote the analyt-
ical model.At v = 0m/s,v = 1m/s,v = 5m/s and v = 20m/s,
the relative average temperature difference is 6%,6%,7.3% and 6.5%.
Right:the overview of the simulation schematic.
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Figure 2.22: Left: the simulation result of Comsol and Matlab,the dash line indi-
cated the simulation result whereas the solid ones denote the analyt-
ical model.At v = 0m/s,v = 1m/s,v = 5m/s and v = 20m/s, the
relative average temperature difference is 5.6%,5.6%,6.2% and 4.7%.
Right:the overview of the simulation schematic.
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The figure2.18, 2.20 and 2.22 shows the simulation result from Comsol and Mat-
lab, the result of both simulations are in close agreement with each other.
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2.5 Overview

In this chapter the basic theory and simulation are introduced, the result of the an-
alytical model and Comsol model is quite fit each one, and compare to the Comsol
model the simulation time of analytical model is much less. Thus if the analytical
model also agrees with measurement results, this model can be used to find the
optimal parameters to design a better thermal flow. Then the next chapter will show
the thermal flow sensor provide by Bronkhorst, and the measurement result will be
compared with the numerical simulation result to see how closely they are.



Chapter 3

Bronkhorst Sensors

This chapter describes the design, simulation, fabrication, and characterization of
the thermal flow sensor developed in collaboration with the Bronkhorst. The sec-
tion ends with a discussion of the results and suggestions for the new thermal flow
sensor.

3.1 Design

There are three types of the sensor designed by Bronkhorst, and all of them have
two heaters on the channel, which can heat the channel up and measure the tem-
perature changes. The next section will describe the important structures of each
sensor.

3.1.1 The design with different diameters of channel

Firstly, the thermal flow sensor with different channel diameters will be introduced,
see figure 3.1. The important structures are denoted as:

1. The channel with 31 um radius.

2. The channel with 45 um radius.

3. The channel with 55 um radius.

4. Inlet.

5. Outlet.

6. Pressure sensor.

7. Pressure sensor.

37
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Figure 3.1: The sensor with different channel diameters, the dash block 1 is the
channel with 31.5 um, the dash block 2 is the channel with 45 um and
the last one is the channel with 55 um.

To fabricate the channel with different radii, different densities of patterns (purple)
will be used on the device layer, see figure 3.2.The design parameters can be found
in table 3.1.

Parameters Value Unit
Heater’s dimension(Hheater ∗Wheater ∗Lheater) 0.2× 95× 1500 um

Resistance of heater 500 Ω

Tube length 4000 um

Radius of channel 1 31.5 um

Radius of channel 2 45 um

Radius of channel 3 55 um

Table 3.1: The design parameter for thermal flow sensor with different diameters
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Figure 3.2: The overview of the schematics of the channels. The channel with 31.5
um radius have one line patterns on the device layer, the channel with
45 um radius have two lines patterns on the device layer and the chan-
nel with 55 um radius have three lines patterns on the device layer.

3.1.2 The Sensor with Different Heater Length

In this section, the sensor with different heater’s length will be presented. Under
the same supply voltage, the short heater will generate more power than the long
heater. The sensor is designed as figure 3.3. The important structures are denoted
as:

1. The heater with 500 um .

2. The heater with 1000 um radius.

3. The heater with 1500 um radius.

4. Inlet.

5. Outlet.

6. Pressure sensor.

7. Pressure sensor.

The specific parameters can be found in table 3.3.
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Figure 3.3: The sensor with different heater length. The dash block 1 is the channel
with 500 um heater, the dash block 2 is the channel with 1000 um
heater and the dash block 3 is the channel with 1500 um.

Parameters Value Unit
Heater1’s dimension(Hheater ∗Wheater ∗Lheater) 0.2× 95× 500 um

Resistance of 500 um heater 200 Ω

Heater2’s dimension(Hheater ∗Wheater ∗Lheater) 0.2× 95× 1000 um

Resistance of 1000 um heater 350 Ω

Heater3’s dimension(Hheater ∗Wheater ∗Lheater) 0.2× 95× 1500 um

Resistance of 1500 um heater 500 Ω

Radius of channel 31.5 um

Table 3.2: The design parameter for thermal flow sensor with different heater’s
length
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3.1.3 The design with parallel channels

The third sensor is designed with several parallel channels, the purpose of this de-
sign is to reduce the pressure drop of fluid and increase the measurement range.
For each channel, there is the 1500um heater replace on the channel. The sensor
layout is shown in figure 3.4, and the important structures are denoted as:

1. 3 Parallel Channels .

2. 5 Parallel Channels .

3. Pressure Sensor.

4. Pressure Sensor.

5. Inlet.

6. Outlet.

Figure 3.4: The sensor with parallel channels.

The specific parameters can be found in table 3.3.
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Parameters Value Unit
Heater’s dimension(Hheater ∗Wheater ∗Lheater) 0.2× 95× 500 um

Resistance of 3 parallel channel 1500 Ω

Resistance of 5 parallel channel 2500 Ω

Tube length 4000 um

Radius of channel 31.5 um

Table 3.3: The design parameter for thermal flow sensor with parallel channels

3.2 Fabrication Process

Figures 3.5 , 3.6 and 3.7 show the fabrication process of the sensor. The process
starts with depositing SiRN layer by using low-pressure chemical vapor deposition.
Then the chromium is sputtered to protect the SiRN during the channel etch. Next,
a photoresist layer is deposited and patterned; the pattern will determine the shape
and size of the channel. The channel will be etched by using a semi-isotropic SF6.
Then the resist and chromium will be removed. Instead, a layer of silicon dioxide
is deposited by using LPCVD, and the silicon dioxide layer will prevent etching the
channel during the inlet and outlet etch.

The inlet and outlet are etched by using reactive-ion etching(DRIE), and the sil-
icon dioxide layer will protect the channel from etching. Next, the silicon dioxide is
removed using wet etch, and the SiRN layer is deposited to cover the channel and
access, using LPCVD. Afterwards, a 200 nm thick metal layer is sputtered at the
topside of the channel. Last, the channel is released from the bulk.

Figure 3.5: The legend of fabrication process.The picture is taken from paper [3]
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Figure 3.6: The overview of the fabrication process. The picture is taken from paper
[3]
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Figure 3.7: The overview of the fabrication process. The picture is taken from paper
[3]
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3.3 Specific readout design

In the real design, there are four heaters assembled on one ”U” shaped tube as is
shown in figure 3.8, and all heaters will heat up to the same temperature when there
is no flow applied. As applying the flow, the distribution of temperature will be shifted
in the flow direction. This temperature shift will change the heater’s resistance which
can be described as following equation [8] [9]:

Figure 3.8: The configuration of the channel, in the figure the red part is the heater
and measurement resistor, and these four heaters will be connected as
Wheatone Bridge

R(T ) = R0[1 +α∆T ] (3.1)

∆T =
∆R

αR0

(3.2)

Where the R0 is the heater’s resistance at T = Troom, ∆T the temperature
difference between T and Troom, and α the temperature coefficient of resistance of
the heater.

To measure the resistance changes in the equation 3.2, the Wheatstone-bridge
will be used. Figure 3.9 shows the configuration of the circuit and the mathematical
equations of this circuit can be described as following:

Voutput = (
Rdown

Rdown +Rup

−
Rup

Rdown +Rup

) ∗ Vbridge (3.3)
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To simplify the equation 3.3, the Rdown and Rup can be described as:

Rup = R0 + ∆TupαR0 (3.4)

Rdown = R0 + ∆TdownαR0 (3.5)

Where ∆Tdown and ∆Tup is the average temperature difference on the upstream
and downstream. Then the equation 3.3 can be described :

Voutput = Vbridge ∗
(∆Tdown −∆Tup)α

2 + (∆Tdown + ∆Tup)α
(3.6)

Figure 3.9: The Wheatstone bridge circuit to measure the change in resistance.
The Rup indicates the heater placed on the up-stream and Rdown indi-
cates the heater placed on the down-stream. The amplifier can amplify
the signal up to 150 times.
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3.4 Measurement Result

In this section, the measurement result will be presented and compared to the sim-
ulation result. The silicon nitride layer and the gold layer are regarded as thin film
material. Then in the later on in simulation, the thermal conductivity of silicon ni-
tride will be 3 W/Km [10]. The TCR of gold is 0.00147/K which comes from
measuring.

Furthermore, the sensor with parallel channels is not working during the mea-
surement, in this section, only the results coming from the working sensor will be
presented and discussed. To compare the different simulation results, all the simu-
lations will use the same volumetric flow rate as the measurement. Again, we will
subtract the simulation result from the measurement result, and divided by the max-
imum voltage output of Comsol to calculate the relative average voltage difference.

Some parameters will be changed to get an understanding of how they influence
the sensitivity and measurement range of the sensor. Figure 3.10 shows how to
define the sensitivity and measurement range of the sensor. The measurement
range is the range of this linear part, and the slope of this linear line can be defined
as sensitivity.

Figure 3.10: The figure of output voltage vs flow rate, the linear part which indicated
by the black dash line is measurement range of sensor, and the slope
of this line is the sensitivity of the sensor.
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3.4.1 Simulation and Measurement Result of Sensor with Differ-
ent Diameter Channel

In this section, the sensor with different diameters will be tested and simulated, to
make sure the simulation is in the same conditions as the real measurement, the
simulation parameters as table 3.4 will be used. Furthermore, to ensure the Matlab
simulation have the proper heat-sink structure, the thermal conductance of heat-sink
will directly be derived from Comsol simulation.

Parameters Value Unit
Thermal Conductivity of Silicon Nitride 3 W/Km

TCR of Gold 0.00147 1/K

Thermal Conductivity of Gold Thin Flim [11] 80 W/Km

Bridge Voltage of Wheatone Bridge 956 mV

Heater’s Length 1500 um

Ambient Temperature 293.15 K

Amplification Factor 150

Table 3.4: The Simulation Parameters

The Sensor with 31.5 um Radius Channel

The results of measurement and simulation are shown in figure 3.11.
The G′

= 14e6W/Km3 is derived from Comsol simulation, the Comsol simulation
and Matlab simulation is close to each other, but there is an unexpected drop in flow
velocity 28m/s and 29m/s. To investigate the reason, we increased sweep steps
and mesh density, but this unexpected drop is still in the figure, thus it might be for
some specific value the Comsol can’t give a proper result.

But for both simulation results, there is around 20% different from the measure-
ment result, because the channel is placed on the position where there is a silicon
wall on one side and another side is air, thus the heat-sink structure of measurement
sensor is more complicated than the simulation structure. It is too difficult to build
the same heat-sink structure as the actual sensor in the Comsol and Matlab.

Even for the same type of the sensor from the same wafer, the measurement
are also different, figure 3.11 shows the measurement result of two sensors which
are fabricated from the same wafer. As can be seen in the figure, even for the same
channel design in different chip where the result is also different. Thus it is difficult to
make sure all the simulation have the same heat-sink structure. But we can adjust
the conductance coefficient to approximate how much they differ, figure 3.12 shows
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Figure 3.11: The results of different sensor for 31.5um radius channel. The blue
line indicates the simulation result from analytical model, the red line
indicates the Comsol simulation, the pink one indicates the measure-
ment result from chip 4.6 and the black line indicates the measure-
ment result from chip 9.8. The relative average voltage difference with
respect to measurement data and analysis data of chip 4.6 is 21%,
and the relative average voltage difference with respect to Comsol
data and measurement data is 19%. The sensitivity of the sensor is
40.6mV/(ml/min) and the measurement range is 1.5ml/min.
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the measurement result and Matlab result with adjusted conductance coefficient with
G

′
= 19e6W/Km3.

Figure 3.12: The result of analytical model and measurement, the blue line indi-
cates the result of analytical Model and the pink point is the mea-
surement result. In this simulation G′

= 19e6W/Km3.The relative
average voltage difference is 2.4%
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The Sensor with 45 um Radius Channel

The results of the channel with 45um radius channel is shown in figure 3.13, The
G

′
= 8.7e6W/Km3 . From the figure, it can be seen that the difference between

measurement value and simulation is smaller than the sensor with 45um radius
channel. Since theG′

= G/Across, as the radius of the channel increases, the ther-
mal conductivity line increases, and meanwhile the cross-section area increases,
but when the change rate of the cross section is bigger than the change rate of
thermal conductivity, then the cross-section area will dominate the equation. This
changes will result in the G′ decrease. Thus there is less influence from the heat-
sink structure.

Figure 3.13: The results of simulation and measurement for 45um radius channel.
The blue line indicates the simulation result from analytical model, the
red line indicates the Comsol simulation and the black one indicate the
measurement result. The relative average voltage difference with re-
spect to measurement data and analysis data is 12%, and the relative
average voltage difference with respect to Comsol data and measure-
ment data is 11%.The sensitivity of the sensor is 48mV/(ml/min)

and the measurement range is 1.5ml/min.
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The Sensor with 55 um Radius Channel

This section describes how the sensitivity of the sensor is influenced by changing the
heater’s length. As with the previous measurement with the variation of the channel’s
radius, the simulation parameters should be the same for Matlab and Comsol. The
table 3.5 shows the simulation parameters. Furthermore, the G′ will also directly
derived from Comsol simulation.

Figure 3.14: The results of simulation and measurement for 55um radius chan-
nel. The blue line indicates the simulation result from analytical model,
the red line indicates the Comsol simulation and the black one in-
dicate the measurement result. The relative average voltage differ-
ence with respect to measurement data and analysis data is 6.18%,
and the relative average voltage difference with respect to Comsol
data and measurement data is 5.14%.The sensitivity of the sensor is
50mV/(ml/min) and the measurement range is 1.5ml/min.
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3.4.2 Simulation and Measurement Result of Sensor with Differ-
ent Heater Length

In this section, we will change the heater’s length to investigate how it will influence
the sensitivity of the sensor. As with the previous measurement with the variation
of the channel’s radius, the simulation parameters should be the same for Matlab
and Comsol. But in this section, as the length of heater decreases, the resistance of
heaters will decreases as well, and the heater can generate more power. The table
3.5 shows the simulation parameter. Furthermore, the heat-sink conductance will
also directly derived from Comsol simulation.

Parameters Value Unit
Thermal Conductivity of Silicon Nitride 3 W/Km

TCR of Gold 0.00147 1/K

Thermal Conductivity of Gold Thin Flim [11] 80 W/Km

Radius of Channel 31.5 um

Bridge Voltage of Wheatone Bridge 956 mV

Power of 1500um heater 0.418 mW

Power of 1000um heater 0.595 mW

Power of 500um heater 0.8272 mW

Ambient Temperature 293.15 K

Amplification Factor 150

Table 3.5: The Simulation Parameters For The Sensor With Different heater’s length
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The Sensor with 1500 um heater length

Firstly, the sensor with 1500 um heater will be measured. The figure 3.15 shows
the simulation result and measurement result. Because of the difference of heat-
structure between the simulation model and sensor, there still is some difference
between the simulation result and measuring result. The figure 3.16 shows the
simulation result of the adjusted heat-sink value, the G′

= 18e6W/Km3, and the
relative average voltage difference is 1.5%.

Figure 3.15: The result of simulation and measurement for the sensor with 1500um

heater.The blue line indicates the simulation result from analytical
model, the red line indicates the Comsol simulation and the black one
indicate the measurement result. The relative average voltage differ-
ence with respect to measurement data and analysis data is 12.68%,
and the relative average voltage difference with respect to Comsol
data and measurement data is 9.2%.The sensitivity of the sensor is
52mV/(ml/min) and the measurement range is 1.5ml/min.
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Figure 3.16: The result of Matlab Model and measurement, the blue line indicates
the result of Matlab Model and the pink line is the measurement result.
In this simulation the conduction of heat sink is 18e6W/Km3, and the
relative average voltage difference is 1.5%

The Sensor with 1000 um heater length

Secondly, the sensor with 1000 um heater length is simulated and measured. The
figure 3.17 shows the simulation and measuring result. Compared to the sensor
with 1500 um heater length, the sensitivity of the sensor is improved, because the
heat flux density is increasing as the length of heater decreasing. But there still
some difference between the simulation result and measurement result, because of
the difference of the heat-sink structure. But compared to the sensor with 1500 um
channel length, the influence of the heat-sink structure is decrease when the heater
becomes shorter.
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Figure 3.17: The result of simulation and measurement for the sensor with 1000um

heater.The blue line indicates the simulation result from analytical
model, the red line indicates the Comsol simulation and the black
one indicate the measurement result. In this simulation the G′

=

15.4e6W/Km3.The relative average voltage difference with respect
to measurement data and analysis data is 6.2%, and the relative aver-
age voltage difference with respect to Comsol data and measurement
data is 5.2%.The sensitivity of the sensor is 118mV/(ml/min) and
the measurement range is 1.5ml/min.



3.4. MEASUREMENT RESULT 57

The Sensor with 500 um heater length

The last sensor is fabricated with 500 um heater length, the simulation and mea-
surement result can be found in figure 3.18. The G′

= 15.4e6W/Km3. When the
heater becomes shorter, the temperature difference between the upstream heater
and downstream heater is increasing in length. Meanwhile, the sensitivity is also
increasing. The relative average voltage difference between the simulation result
and the measurement result is 7% (Analytical model) and 5.14%(Matlab model).

Figure 3.18: The result of simulation and measurement for the sensor with 500um

heater.The blue line indicates the simulation result from analytical
model, the red line indicates the Comsol simulation and the black one
indicate the measurement result. The relative average voltage dif-
ference with respect to measurement data and analysis data is 7%,
and the relative average voltage difference with respect to Comsol
data and measurement data is 5.14%.The sensitivity of the sensor is
250mV/(ml/min) and the measurement range is 1.5ml/min.
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3.5 The Prediction of Parameter’s Influence

An excellent thermal flow sensor should have high sensitivity, large measurement
range, and low-pressure drop. In the last sections, we have already investigated
the how the behavior of sensor changes with changing radius and heater’s length.
However, there are still a lot of parameters that can influence the performance of the
sensor. For example, the position of the heater can be adjusted, the channel length
can be adjusted, etc. In this section, we will change some parameters to see how it
influence the behavior of the sensor.

3.5.1 Distance Between Heaters

Firstly, the distance between the two heaters will be adjusted to investigate how it
influences the performance of the sensor. The simulation parameters will be the
same as the sensor with 1500um, 1000um and 500um the heater length which
presented in the last section, and the distance between two heaters will be changed
from 0um to 200um. The table 3.6 shows the simulation parameters.

Parameters Value Unit
Thermal Conductivity of Silicon Nitride 3 W/Km

TCR of Gold 0.00147 1/K

Thermal Conductivity of Gold Thin Flim [11] 80 W/Km

Radius of Channel 31.5 um

Bridge Voltage of Wheatone Bridge 956 mV

Ambient Temperature 293.15 K

Amplification Factor 150

Table 3.6: The simulation parameters for the model with changing distance between
two heaters.

From the figure 3.19, as the distance between heaters increases, the sensitivity
of the sensor will decreases. The reason behind it is as the distance between the
heaters increase, the temperature drop between the two heaters will also increase,
the temperature profile shows in appendix D.

Then to design a high sensitivity thermal flow sensor, the gap between the two
heaters should be as small as possible. Otherwise, there is more heat loss due to
the heat-sink. Or we can design the thermal flow sensor with only one heater placed
in the middle of the channel.
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Figure 3.19: The simulation result with changing the distance between the two
heaters. The first figure is the heater with 500 um length, and the
distance is changed from 0 um to 200 um. The second figure is the
sensor with 1000 um heater and the third one is the sensor with 1500
um heater.

3.5.2 Channel length

In the analytical model, the length of the channel is one of the variables in the heat
equation. Thus it is interesting to know how the length of the channel influences the
sensitivity. Firstly the simulation parameters will be defined, the heater’s length will
be chosen as 500um and without any gap between two heaters, and the length of
the channel will changes from 4000 to 1000 um. And the rest of the parameters will
be the same as 3.6.

Figure 3.20 shows the simulation result. For the 4000 um, 3000 um and 2000
um, the output voltage remains at same level. But from the 1800 um, the output
voltage is lower. Because as the channel length decreases, the heater is closer to
the boundary of the channel, then the heat-sink will force the temperature level drop
to the room temperature. To have a better understanding about how the heat-sink
forces the temperature to the room temperature, Appendix E shows the temperature
profiles. As the output voltage decreases, the sensitivity of the sensor is also de-
creasing, then to design a high sensitivity sensor, the silicon heat-sink should keep
some distance from heaters.
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Figure 3.20: The simulation results of changing channel length. The triangle mark is
the sensor with 4000 um channel length, the blue cross is the sensor
with 3000 um channel length, the blue solid line is the sensor with
2000 um channel length and red line is s the sensor with 1000 um

3.5.3 How the fabrication process influence the performance

During the fabrication process, it is difficult to make sure the thickness of the material
is the same as it supposes to be. Since some material such as the heater and the
SiRN wall are regarded as thin film material,the changing the thickness will cause the
properties of the material to change. Thus, in this section, we will investigate how
the material properties influences the performance of the sensor. The simulation
parameters can be found in table 3.7.

Parameters Value Unit
G

′ 20 W/(km3)

Radius of Channel 31.5 um

Length of heater 500 um

Length of Channel 2000 um

Bridge Voltage of Wheatone Bridge 956 mV

Ambient Temperature 293.15 K

Amplification Factor 150

Table 3.7: The simulation parameters for changing the material’s property.
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Figure 3.21: The simulation result of changing effective thermal conductivity.

Firstly, the thermal conductivity of SiRN will increase from 3W/mK to 9W/mK.
The figure 3.21 shows the simulation result, as the thermal conductivity of SiRN
increases the sensitivity of the sensor decrease.

Secondly, the TCR of the gold heater is also relevant, because it will influence
the resistance of the measuring resistor. Thus we will increase the TCR of gold to
see how it will affect the performance of the sensor, see figure 3.22. As the TCR of
gold decrease, the sensitivity of the sensor is decreasing.
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Figure 3.22: The simulation result of changing TCR of gold.

3.6 Overview

This chapter presents both simulation results and the measurement results. There
still some differences between the simulation results and measurement results. The
reason behind it is we can’t build the same heat-sink structure as the real sensor,
and calculation value of the G′ will be different from the actual sensor. However, we
can adjust the G′ to fit the measurement result, which also means if we can get the
accurate value for the conductivity of heat-sink, the simulation model can predict the
output of sensor accurately.

From the simulation result of the Bronkhorst’s sensor, it turns out that the sen-
sitivity of the sensor can be improved by increasing the radius of the channel and
decrease the heater’s length. However, there still some parameters we can change
to optimize the sensor. Later on, we also change some parameters in the simulation
to investigate how it influences the sensor. First, we adjusted the distance between
the two heaters, from the simulation result, the sensitivity of the sensor is improved
by decreasing the distance between the two heaters. Second, when the channel’s
length is close to the heater’s length, the sensitivity of the sensor is also decreased.
What else, we also found that if the fabrication process is not accurate enough, the
behavior of sensor will also change as the material’s properties changes, for exam-
ple, by increasing the thickness of the SiRN wall, the thermal conductivity of SiRN
will be increased, it will results in the sensitivity of the sensor decrease.



Chapter 4

Conclusion and Discussion

This thesis presents two types of model to predict the behavior of a thermal flow
sensor. The first model is built in Comsol, which is using numerically way to calculate
the temperature profile of the sensor. The advantages of Comsol is that it can create
the model in 3D, and it can use the multiple physical models. But it takes a long time
to finish the simulation, especially if there is any thin film structure in the model,
we must increase the mesh size to get an accurate result, and it will result in even
longer time consumption. The second model is an analytical model which based on
the heat equation. The advantage of the analytical model is that it takes much less
time to generate the result, and the result is close to the Comsol simulation.

Later on, the sensors from the Bronkhorst are measured to verify the simulation
results. The simulation result is close to the measurement result, but there is some
difference between the simulation result and measurement result. The main reason
behind it is that the heat structure in the actual sensor is too complex to construct
it in the simulation. Meanwhile, we also investigate how the design parameters
will influence the behavior of the thermal flow sensor. From the simulation and mea-
surement result in chapter 3.4.1, the sensitivity of the sensor increases as the radius
increases. For example, the sensitivity of the sensor with 31.5um radius channel is
40.6mV/(ml/min), when we increase the radius of channel to 45um, the sensi-
tivity now is 48mV/(ml/min). In the chapter 3.4.2, the sensitivity of the sensor
can be improved by decreasing the heater’s length. For example, the sensitivity of
the sensor with 1000um heater is 118mV/(ml/min), the sensitivity of the sensor
with 500um heater is 250mV/(ml/min). Except for these two parameters, there
still have some parameters can influence the behavior of the sensor. Thus, in chap-
ter 3.5, we run the analytical model by adjusting some design parameters, such as
the distance between two heaters, channel length, and material properties. It turns
out that increasing the distance of two heaters, decreases the channel length and
increases the thickness of SiRN will result in decreasing the sensitivity. By collecting
all these information, the new thermal sensor with one heater is designed. But due
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to the time limitation, we design a mask but doesn’t fabrication out, see the appendix
F.



Chapter 5

Outlook on future work

In this thesis, the analytical model is built to predict the behavior of the thermal flow
sensor, but there are some items remain to be done:

1. The equation to approximate the G′ in this thesis is not accurate enough,
therefore it is important to find a proper way to calculate the G′.

2. Except the design parameters mentioned in this thesis, there still have some
design parameters can be investigated, for example, it might help to place
the sensor in the vacuum, the sensitivity might be improved by applying more
heaters, the measurement range might be an increase by using multiple chan-
nels, etc.

3. Base on the analytical model in this thesis, it might be interesting to develop a
software can generate omptimal design parameter when we enter the sensi-
tivity and measurement range.
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Appendix A

The method to solve the constants

In this section, we will present the way to solve the equation 2.23 to 2.28 in section
2.1:

A1e
−rL +B1 = A2e

rL +B2 = Theatsink (A.1)

A1e
−rxh +B1 = C1e

−rxh +C2−
Qxh

rk
(A.2)

A2e
rxh +B2 = C1e

rxh +C2 +
Qxh

rk
(A.3)

A1re
−rxh = C1re

−rxh +
Q

rk
(A.4)

A2re
rxh = C1re

rxh +
Q

rk
(A.5)

To solve the six constant,firstly we rewrite the equation A.1 as following:

A1e
−rL−A2e

rL = B2−B1 (A.6)

Then using equation A.3 minus A.2:

A2e
rxh −A1e

−rxh +A1e
−rL−A2e

rL = C1e
rxh −C1e

−rxh + 2
Qxh

rk
(A.7)

Next using equation A.5 minus A.4 to find the relation between C1 , A1 and A2

A2re
rxh −A1re

−rxh = C1e
rxh −C1e

−rxh (A.8)

Replacing the equation A.8 into A.7, the relation between A1 and A2 can be
found as:

A1 = 2
Qxh

rke−rL
+A2e

2rL (A.9)
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To solve the A1 and A2 we need using euqaiton A.4 and A.5 again, but before
subtracting them, the equation A.4 need to divide e−rxh and the equation A.5 need
to divide erxh :

A1−A2 =
Q

r2ke−rxh
−

Q

r2kerxh
(A.10)

Replacing equation A.9 into A.10 the A2 can be solved as:

A2 =
Q(e−r(L−xh) − e−r(L+xh) − 2xhr)

r2k(erL − e−rL)
(A.11)

Now we have already known A2, then theA1 can be solved by replacing A2 into
equation A.10, C1 can be solved by replacing A1 and A2 into equation A.8, and B1

and B2 can be solved by using equation A.1.



Appendix B

The constant for equation 2.37

This section provide the constants for the heat equation 2.37, which is located in
Chapter 2.3.

It is difficult to solve the 14 variables with 14 equations, then the software called
Mathematica is used to solve the equation, the PDF file attached as following shows
those 14 equations and the solution of them.

71



解方程

SolveA1 × ⅇ
-r*L

+ B1 ⩵ 0 && A4 × ⅇ
r*L

+ B4 ⩵ 0 &&

A1 × ⅇ
-r*Xh + B1 - C1 × ⅇ

-r*Xh - C2 + Q × Xh  r × k ⩵ 0 &&

A1 × r × ⅇ
-r*Xh - C1 × r × ⅇ

-r*Xh - Q  r × k ⩵ 0 &&

A2 × ⅇ
-r*Xh1 + B2 - C1 × ⅇ

-r*Xh1 - C2 + Q × Xh1  r × k ⩵ 0 &&

A2 × r × ⅇ
-r*Xh1 - C1 × r × ⅇ

-r*Xh1 - Q  r × k ⩵ 0 &&

A2 × ⅇ
-r*Xh2 + B2 - C3 × ⅇ

-r*Xh2 - C4 + Q × Xh2  r × k ⩵ 0 &&

A2 × r × ⅇ
-r*Xh2 - C3 × r × ⅇ

-r*Xh2 - Q  r × k ⩵ 0 &&

A3 × ⅇ
r*Xh2 + B3 - C3 × ⅇ

r*Xh2 - C4 - Q × Xh2  r × k ⩵ 0 &&

A3 × r × ⅇ
r*Xh2 - C3 × r × ⅇ

r*Xh2 - Q  r × k ⩵ 0 &&

A3 × ⅇ
r*Xh1 + B3 - C5 × ⅇ

r*Xh1 - C6 - Q × Xh1  r × k ⩵ 0 &&

A3 × r × ⅇ
r*Xh1 - C5 × r × ⅇ

r*Xh1 - Q  r × k ⩵ 0 &&

A4 × ⅇ
r*Xh + B4 - C5 × ⅇ

r*Xh - C6 - Q × Xh  r × k ⩵ 0 &&

A4 × r × ⅇ
r*Xh - C5 × r × ⅇ

r*Xh - Q  r × k ⩵ 0,

{A1, B1, A2, B2, A3, B3, A4, B4, C1, C2, C3, C4, C5, C6}

A1 →
1

-1 + ⅇ2 L r k r2
ⅇ
L r-r Xh-r Xh1-r Xh2 Q

-ⅇ
L r+r Xh+r Xh1 + ⅇ

L r+r Xh+r Xh2 - ⅇ
L r+r Xh1+r Xh2 + ⅇ

L r+2 r Xh+r Xh1+r Xh2 - ⅇ
L r+r Xh+2 r Xh1+r Xh2 +

ⅇ
L r+r Xh+r Xh1+2 r Xh2 - 2 ⅇ

r Xh+r Xh1+r Xh2 r Xh + 2 ⅇ
r Xh+r Xh1+r Xh2 r Xh1 - 2 ⅇ

r Xh+r Xh1+r Xh2 r Xh2,

B1 → -
1

-1 + ⅇ2 L r k r2
ⅇ
-r Xh-r Xh1-r Xh2 Q -ⅇ

L r+r Xh+r Xh1 + ⅇ
L r+r Xh+r Xh2 - ⅇ

L r+r Xh1+r Xh2 +

ⅇ
L r+2 r Xh+r Xh1+r Xh2 - ⅇ

L r+r Xh+2 r Xh1+r Xh2 + ⅇ
L r+r Xh+r Xh1+2 r Xh2 -

2 ⅇ
r Xh+r Xh1+r Xh2 r Xh + 2 ⅇ

r Xh+r Xh1+r Xh2 r Xh1 - 2 ⅇ
r Xh+r Xh1+r Xh2 r Xh2,

A2 →
1

-1 + ⅇ2 L r k r2
ⅇ
-r Xh-r Xh1-r Xh2 Q -ⅇ

2 L r+r Xh+r Xh1 + ⅇ
2 L r+r Xh+r Xh2 - ⅇ

2 L r+r Xh1+r Xh2 +

ⅇ
2 r Xh+r Xh1+r Xh2 - ⅇ

r Xh+2 r Xh1+r Xh2 + ⅇ
2 L r+r Xh+r Xh1+2 r Xh2 -

2 ⅇ
L r+r Xh+r Xh1+r Xh2 r Xh + 2 ⅇ

L r+r Xh+r Xh1+r Xh2 r Xh1 - 2 ⅇ
L r+r Xh+r Xh1+r Xh2 r Xh2,

B2 →
1

-1 + ⅇ2 L r k r2
ⅇ
-r Xh-r Xh1-r Xh2 Q ⅇ

L r+r Xh+r Xh1 - ⅇ
L r+r Xh+r Xh2 + ⅇ

L r+r Xh1+r Xh2 -

ⅇ
L r+2 r Xh+r Xh1+r Xh2 + ⅇ

L r+r Xh+2 r Xh1+r Xh2 - ⅇ
L r+r Xh+r Xh1+2 r Xh2 + ⅇ

r Xh+r Xh1+r Xh2 r Xh +

ⅇ
2 L r+r Xh+r Xh1+r Xh2 r Xh - ⅇ

r Xh+r Xh1+r Xh2 r Xh1 - ⅇ
2 L r+r Xh+r Xh1+r Xh2 r Xh1 + 2 ⅇ

r Xh+r Xh1+r Xh2 r Xh2,

A3 →
1

-1 + ⅇ2 L r k r2
ⅇ
-r Xh-r Xh1-r Xh2 Q -ⅇ

r Xh+r Xh1 + ⅇ
2 L r+r Xh+r Xh2 - ⅇ

2 L r+r Xh1+r Xh2 +

ⅇ
2 r Xh+r Xh1+r Xh2 - ⅇ

r Xh+2 r Xh1+r Xh2 + ⅇ
r Xh+r Xh1+2 r Xh2 - 2 ⅇ

L r+r Xh+r Xh1+r Xh2 r Xh +

2 ⅇ
L r+r Xh+r Xh1+r Xh2 r Xh1 - 2 ⅇ

L r+r Xh+r Xh1+r Xh2 r Xh2,

B3 →
1

-1 + ⅇ2 L r k r2
ⅇ
-r Xh-r Xh1-r Xh2 Q ⅇ

L r+r Xh+r Xh1 - ⅇ
L r+r Xh+r Xh2 + ⅇ

L r+r Xh1+r Xh2 - ⅇ
L r+2 r Xh+r Xh1+r Xh2 +

ⅇ
L r+r Xh+2 r Xh1+r Xh2 - ⅇ

L r+r Xh+r Xh1+2 r Xh2 + ⅇ
r Xh+r Xh1+r Xh2 r Xh + ⅇ

2 L r+r Xh+r Xh1+r Xh2 r Xh -

ⅇ
r Xh+r Xh1+r Xh2 r Xh1 - ⅇ

2 L r+r Xh+r Xh1+r Xh2 r Xh1 + 2 ⅇ
2 L r+r Xh+r Xh1+r Xh2 r Xh2,

Printed by Wolfram Mathematica Student Edition



A4 →
1

-1 + ⅇ2 L r k r2
ⅇ
-r Xh-r Xh1-r Xh2 Q -ⅇ

r Xh+r Xh1 + ⅇ
r Xh+r Xh2 - ⅇ

r Xh1+r Xh2 +

ⅇ
2 r Xh+r Xh1+r Xh2 - ⅇ

r Xh+2 r Xh1+r Xh2 + ⅇ
r Xh+r Xh1+2 r Xh2 - 2 ⅇ

L r+r Xh+r Xh1+r Xh2 r Xh +

2 ⅇ
L r+r Xh+r Xh1+r Xh2 r Xh1 - 2 ⅇ

L r+r Xh+r Xh1+r Xh2 r Xh2, B4 → -
1

-1 + ⅇ2 L r k r2

ⅇ
L r-r Xh-r Xh1-r Xh2 Q -ⅇ

r Xh+r Xh1 + ⅇ
r Xh+r Xh2 - ⅇ

r Xh1+r Xh2 + ⅇ
2 r Xh+r Xh1+r Xh2 - ⅇ

r Xh+2 r Xh1+r Xh2 +

ⅇ
r Xh+r Xh1+2 r Xh2 - 2 ⅇ

L r+r Xh+r Xh1+r Xh2 r Xh + 2 ⅇ
L r+r Xh+r Xh1+r Xh2 r Xh1 - 2 ⅇ

L r+r Xh+r Xh1+r Xh2 r Xh2,

C1 → -
1

-1 + ⅇ2 L r k r2
ⅇ
-r Xh-r Xh1-r Xh2 Q ⅇ

2 L r+r Xh+r Xh1 - ⅇ
2 L r+r Xh+r Xh2 + ⅇ

2 L r+r Xh1+r Xh2 -

ⅇ
2 r Xh+r Xh1+r Xh2 + ⅇ

2 L r+r Xh+2 r Xh1+r Xh2 - ⅇ
2 L r+r Xh+r Xh1+2 r Xh2 +

2 ⅇ
L r+r Xh+r Xh1+r Xh2 r Xh - 2 ⅇ

L r+r Xh+r Xh1+r Xh2 r Xh1 + 2 ⅇ
L r+r Xh+r Xh1+r Xh2 r Xh2,

C2 →
1

-1 + ⅇ2 L r k r2
ⅇ
-r Xh-r Xh1-r Xh2 Q ⅇ

L r+r Xh+r Xh1 - ⅇ
L r+r Xh+r Xh2 + ⅇ

L r+r Xh1+r Xh2 -

ⅇ
r Xh+r Xh1+r Xh2 + ⅇ

2 L r+r Xh+r Xh1+r Xh2 - ⅇ
L r+2 r Xh+r Xh1+r Xh2 + ⅇ

L r+r Xh+2 r Xh1+r Xh2 - ⅇ
L r+r Xh+r Xh1+2 r Xh2 +

ⅇ
r Xh+r Xh1+r Xh2 r Xh + ⅇ

2 L r+r Xh+r Xh1+r Xh2 r Xh - 2 ⅇ
r Xh+r Xh1+r Xh2 r Xh1 + 2 ⅇ

r Xh+r Xh1+r Xh2 r Xh2,

C3 →
1

-1 + ⅇ2 L r k r2
ⅇ
-r Xh-r Xh1-r Xh2 Q -ⅇ

2 L r+r Xh+r Xh1 + ⅇ
2 L r+r Xh+r Xh2 - ⅇ

2 L r+r Xh1+r Xh2 +

ⅇ
2 r Xh+r Xh1+r Xh2 - ⅇ

r Xh+2 r Xh1+r Xh2 + ⅇ
r Xh+r Xh1+2 r Xh2 - 2 ⅇ

L r+r Xh+r Xh1+r Xh2 r Xh +

2 ⅇ
L r+r Xh+r Xh1+r Xh2 r Xh1 - 2 ⅇ

L r+r Xh+r Xh1+r Xh2 r Xh2,

C4 →
1

-1 + ⅇ2 L r k r2
ⅇ
-r Xh-r Xh1-r Xh2 Q ⅇ

L r+r Xh+r Xh1 - ⅇ
L r+r Xh+r Xh2 + ⅇ

L r+r Xh1+r Xh2 -

ⅇ
r Xh+r Xh1+r Xh2 + ⅇ

2 L r+r Xh+r Xh1+r Xh2 - ⅇ
L r+2 r Xh+r Xh1+r Xh2 + ⅇ

L r+r Xh+2 r Xh1+r Xh2 - ⅇ
L r+r Xh+r Xh1+2 r Xh2 +

ⅇ
r Xh+r Xh1+r Xh2 r Xh + ⅇ

2 L r+r Xh+r Xh1+r Xh2 r Xh - ⅇ
r Xh+r Xh1+r Xh2 r Xh1 - ⅇ

2 L r+r Xh+r Xh1+r Xh2 r Xh1 +

ⅇ
r Xh+r Xh1+r Xh2 r Xh2 + ⅇ

2 L r+r Xh+r Xh1+r Xh2 r Xh2, C5 → -
1

-1 + ⅇ2 L r k r2

ⅇ
-r Xh-r Xh1-r Xh2 Q ⅇ

r Xh+r Xh1 - ⅇ
r Xh+r Xh2 + ⅇ

2 L r+r Xh1+r Xh2 - ⅇ
2 r Xh+r Xh1+r Xh2 + ⅇ

r Xh+2 r Xh1+r Xh2 -

ⅇ
r Xh+r Xh1+2 r Xh2 + 2 ⅇ

L r+r Xh+r Xh1+r Xh2 r Xh - 2 ⅇ
L r+r Xh+r Xh1+r Xh2 r Xh1 + 2 ⅇ

L r+r Xh+r Xh1+r Xh2 r Xh2,

C6 →
1

-1 + ⅇ2 L r k r2
ⅇ
-r Xh-r Xh1-r Xh2 Q ⅇ

L r+r Xh+r Xh1 - ⅇ
L r+r Xh+r Xh2 + ⅇ

L r+r Xh1+r Xh2 - ⅇ
r Xh+r Xh1+r Xh2 +

ⅇ
2 L r+r Xh+r Xh1+r Xh2 - ⅇ

L r+2 r Xh+r Xh1+r Xh2 + ⅇ
L r+r Xh+2 r Xh1+r Xh2 - ⅇ

L r+r Xh+r Xh1+2 r Xh2 + ⅇ
r Xh+r Xh1+r Xh2

r Xh + ⅇ
2 L r+r Xh+r Xh1+r Xh2 r Xh - 2 ⅇ

2 L r+r Xh+r Xh1+r Xh2 r Xh1 + 2 ⅇ
2 L r+r Xh+r Xh1+r Xh2 r Xh2

2     euqation_solover_thermal.nb

Printed by Wolfram Mathematica Student Edition
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Appendix C

The constant for equation 2.46

The solution for the equation 2.46,as describe in the chapter 2.4. The constant is
solved by using Mathmematica ,reads:
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解方程

SolveA1 × ⅇ
-r1*L

+ B1 × ⅇ
-r2*L

⩵ 0 && A4 × ⅇ
r1*L

+ B4 × ⅇ
r2*L

⩵ 0 &&

A1 × ⅇ
-r1*Xh + B1 × ⅇ

-r2*Xh - C1 × ⅇ
-r1*Xh - C2 × ⅇ

-r2*Xh - Q1  G ⩵ 0 &&

A1 × r1 × ⅇ
-r1*Xh + B1 × r2 × ⅇ

-r2*Xh - C1 × r1 × ⅇ
-r1*Xh - C2 × r2 × ⅇ

-r2*Xh ⩵ 0 &&

A2 × ⅇ
-r1*Xh1 + B2 × ⅇ

-r2*Xh1 - C1 × ⅇ
-r1*Xh1 - C2 × ⅇ

-r2*Xh1 - Q1  G ⩵ 0 &&

A2 × r1 × ⅇ
-r1*Xh1 + B2 × r2 × ⅇ

-r2*Xh1 - C1 × r1 × ⅇ
-r1*Xh1 - C2 × r2 × ⅇ

-r2*Xh1 ⩵ 0 &&

A2 × ⅇ
-r1*Xh2 + B2 × ⅇ

-r2*Xh2 - C3 × ⅇ
-r1*Xh2 - C4 × ⅇ

-r2*Xh2 - Q  G ⩵ 0 &&

A2 × r1 × ⅇ
-r1*Xh2 + B2 × r2 × ⅇ

-r2*Xh2 - C3 × r1 × ⅇ
-r1*Xh2 - C4 × r2 × ⅇ

-r2*Xh2 ⩵ 0 &&

A3 × ⅇ
r1*Xh2 + B3 × ⅇ

r2*Xh2 - C3 × ⅇ
r1*Xh2 - C4 × ⅇ

r2*Xh2 - Q  G ⩵ 0 &&

A3 × r1 × ⅇ
r1*Xh2 + B3 × r2 × ⅇ

r2*Xh2 - C3 × r1 × ⅇ
r1*Xh2 - C4 × r2 × ⅇ

r2*Xh2 ⩵ 0 &&

A3 × ⅇ
r1*Xh1 + B3 × ⅇ

r2*Xh1 - C5 × ⅇ
r1*Xh1 - C6 × ⅇ

r2*Xh1 - Q1  G ⩵ 0 &&

A3 × r1 × ⅇ
r1*Xh1 + B3 × r2 × ⅇ

r2*Xh1 - C5 × r1 × ⅇ
r1*Xh1 - C6 × r2 × ⅇ

r2*Xh1 ⩵ 0 &&

A4 × ⅇ
r1*Xh + B4 × ⅇ

r2*Xh - C5 × ⅇ
r1*Xh - C6 × ⅇ

r2*Xh - Q1  G ⩵ 0 &&

A4 × r1 × ⅇ
r1*Xh + B4 × r2 × ⅇ

r2*Xh - C5 × r1 × ⅇ
r1*Xh - C6 × r2 × ⅇ

r2*Xh ⩵ 0,

{A1, B1, A2, B2, A3, B3, A4, B4, C1, C2, C3, C4, C5, C6}

A1 → -
1

-ⅇ2 L r1 + ⅇ2 L r2 G r1 - r2

ⅇ-r1 Xh-r2 Xh-r1 Xh1-r2 Xh1-r1 Xh2-r2 Xh2 -ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2 Q r1 +

ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+2 r2 Xh2 Q r1 + ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r1 Xh2+r2 Xh2 Q1 r1 -

ⅇL r1+L r2+r1 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 + ⅇL r1+L r2+r1 Xh+2 r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 -

ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+2 r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 + ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r2 Xh2 Q r2 -

ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+2 r1 Xh2+r2 Xh2 Q r2 - ⅇ2 L r1+r1 Xh+r2 Xh+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 +

ⅇ2 L r1+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 - ⅇ2 L r1+2 r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 +

ⅇ2 L r1+r1 Xh+r2 Xh+2 r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2,

B1 → -
1

-ⅇ2 L r1 + ⅇ2 L r2 G -r1 + r2
ⅇ-r1 Xh-r2 Xh-r1 Xh1-r2 Xh1-r1 Xh2-r2 Xh2

-ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2 Q r1 + ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+2 r2 Xh2 Q r1 +

ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇ2 L r2+r1 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇ2 L r2+r1 Xh+2 r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+2 r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r2 Xh2 Q r2 - ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+2 r1 Xh2+r2 Xh2 Q r2 -

ⅇL r1+L r2+r1 Xh+r2 Xh+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇL r1+L r2+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 -

ⅇL r1+L r2+2 r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 +

ⅇL r1+L r2+r1 Xh+r2 Xh+2 r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2,

A2 → -
1

-ⅇ2 L r1 + ⅇ2 L r2 G r1 - r2
ⅇ-r1 Xh-r2 Xh-r1 Xh1-r2 Xh1-r1 Xh2-r2 Xh2

-ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2 Q r1 + ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+2 r2 Xh2 Q r1 +

ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇL r1+L r2+r1 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇL r1+L r2+r1 Xh+2 r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+2 r2 Xh1+r1 Xh2+r2 Xh2

Q1 r1 + ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r2 Xh2 Q r2 - ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+2 r1 Xh2+r2 Xh2 Q r2 -

ⅇ2 L r1+r1 Xh+r2 Xh+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇ2 L r1+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 -

ⅇ2 L r2+2 r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇ2 L r2+r1 Xh+r2 Xh+2 r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2,

B2 → -
1

ⅇ2 L r1 - ⅇ2 L r2 G r1 - r2
ⅇ-r1 Xh-r2 Xh-r1 Xh1-r2 Xh1-r1 Xh2-r2 Xh2

-ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2 Q r1 + ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+2 r2 Xh2 Q r1 +

ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇ2 L r2+r1 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇ2 L r1+r1 Xh+2 r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+2 r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r2 Xh2 Q r2 - ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+2 r1 Xh2+r2 Xh2 Q r2 -
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ⅇL r1+L r2+r1 Xh+r2 Xh+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇL r1+L r2+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 -

ⅇL r1+L r2+2 r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 +

ⅇL r1+L r2+r1 Xh+r2 Xh+2 r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2,

A3 → -
1

-ⅇ2 L r1 + ⅇ2 L r2 G r1 - r2
ⅇ-r1 Xh-r2 Xh-r1 Xh1-r2 Xh1-r1 Xh2-r2 Xh2

-ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2 Q r1 + ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+2 r2 Xh2 Q r1 +

ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇL r1+L r2+r1 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇL r1+L r2+r1 Xh+2 r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+2 r2 Xh1+r1 Xh2+r2 Xh2

Q1 r1 + ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r2 Xh2 Q r2 - ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+2 r1 Xh2+r2 Xh2 Q r2 -

ⅇ2 L r1+r1 Xh+r2 Xh+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇ2 L r1+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 -

ⅇ2 L r2+2 r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇ2 L r2+r1 Xh+r2 Xh+2 r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2,

B3 → -
1

ⅇ2 L r1 - ⅇ2 L r2 G -r1 + r2
ⅇ-r1 Xh-r2 Xh-r1 Xh1-r2 Xh1-r1 Xh2-r2 Xh2

ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2 Q r1 - ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+2 r2 Xh2 Q r1 -

ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r1 Xh2+r2 Xh2 Q1 r1 + ⅇ2 L r2+r1 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 -

ⅇ2 L r1+r1 Xh+2 r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 + ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+2 r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 -

ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r2 Xh2 Q r2 + ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+2 r1 Xh2+r2 Xh2 Q r2 +

ⅇL r1+L r2+r1 Xh+r2 Xh+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 - ⅇL r1+L r2+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 +

ⅇL r1+L r2+2 r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 -

ⅇL r1+L r2+r1 Xh+r2 Xh+2 r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2,

A4 → -
1

-ⅇ2 L r1 + ⅇ2 L r2 G r1 - r2
ⅇL r2-r1 Xh-r2 Xh-r1 Xh1-r2 Xh1-r1 Xh2-r2 Xh2

-ⅇL r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2 Q r1 + ⅇL r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+2 r2 Xh2 Q r1 +

ⅇL r1+r1 Xh+r2 Xh+r1 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇL r1+r1 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇL r1+r1 Xh+2 r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇL r1+r1 Xh+r2 Xh+r1 Xh1+2 r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇL r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r2 Xh2 Q r2 - ⅇL r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+2 r1 Xh2+r2 Xh2 Q r2 -

ⅇL r2+r1 Xh+r2 Xh+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇL r2+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 -

ⅇL r2+2 r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇL r2+r1 Xh+r2 Xh+2 r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2,

B4 → -
1

-ⅇ2 L r1 + ⅇ2 L r2 G -r1 + r2
ⅇ-r1 Xh-r2 Xh-r1 Xh1-r2 Xh1-r1 Xh2-r2 Xh2

-ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2 Q r1 + ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+2 r2 Xh2 Q r1 +

ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇ2 L r1+r1 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇ2 L r1+r1 Xh+2 r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+2 r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r2 Xh2 Q r2 - ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+2 r1 Xh2+r2 Xh2 Q r2 -

ⅇL r1+L r2+r1 Xh+r2 Xh+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇL r1+L r2+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 -

ⅇL r1+L r2+2 r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 +

ⅇL r1+L r2+r1 Xh+r2 Xh+2 r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2,

C1 → -
1

-ⅇ2 L r1 + ⅇ2 L r2 G r1 - r2
ⅇ-r1 Xh-r2 Xh-r1 Xh1-r2 Xh1-r1 Xh2-r2 Xh2

-ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2 Q r1 + ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+2 r2 Xh2 Q r1 +

ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇL r1+L r2+r1 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇL r1+L r2+r1 Xh+2 r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+2 r2 Xh1+r1 Xh2+r2 Xh2

Q1 r1 + ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r2 Xh2 Q r2 - ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+2 r1 Xh2+r2 Xh2 Q r2 -

ⅇ2 L r1+r1 Xh+r2 Xh+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇ2 L r1+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 -

ⅇ2 L r2+2 r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇ2 L r1+r1 Xh+r2 Xh+2 r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2,

C2 → -
1

-ⅇ2 L r1 + ⅇ2 L r2 G -r1 + r2
ⅇ-r1 Xh-r2 Xh-r1 Xh1-r2 Xh1-r1 Xh2-r2 Xh2

-ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2 Q r1 + ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+2 r2 Xh2 Q r1 +

ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇ2 L r2+r1 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇ2 L r1+r1 Xh+2 r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+2 r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r2 Xh2 Q r2 - ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+2 r1 Xh2+r2 Xh2 Q r2 -
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ⅇL r1+L r2+r1 Xh+r2 Xh+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇL r1+L r2+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 -

ⅇL r1+L r2+2 r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 +

ⅇL r1+L r2+r1 Xh+r2 Xh+2 r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2,

C3 → -
1

-ⅇ2 L r1 + ⅇ2 L r2 G r1 - r2
ⅇ-r1 Xh-r2 Xh-r1 Xh1-r2 Xh1-r1 Xh2-r2 Xh2

-ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2 Q r1 + ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+2 r2 Xh2 Q r1 +

ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇL r1+L r2+r1 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇL r1+L r2+r1 Xh+2 r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+2 r2 Xh1+r1 Xh2+r2 Xh2

Q1 r1 + ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r2 Xh2 Q r2 - ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+2 r1 Xh2+r2 Xh2 Q r2 -

ⅇ2 L r1+r1 Xh+r2 Xh+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇ2 L r1+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 -

ⅇ2 L r2+2 r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇ2 L r2+r1 Xh+r2 Xh+2 r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2,

C4 → -
1

ⅇ2 L r1 - ⅇ2 L r2 G r1 - r2
ⅇ-r1 Xh-r2 Xh-r1 Xh1-r2 Xh1-r1 Xh2-r2 Xh2

-ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2 Q r1 + ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+2 r2 Xh2 Q r1 +

ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇ2 L r2+r1 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇ2 L r1+r1 Xh+2 r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+2 r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r2 Xh2 Q r2 - ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+2 r1 Xh2+r2 Xh2 Q r2 -

ⅇL r1+L r2+r1 Xh+r2 Xh+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇL r1+L r2+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 -

ⅇL r1+L r2+2 r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 +

ⅇL r1+L r2+r1 Xh+r2 Xh+2 r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2,

C5 → -
1

-ⅇ2 L r1 + ⅇ2 L r2 G r1 - r2
ⅇ-r1 Xh-r2 Xh-r1 Xh1-r2 Xh1-r1 Xh2-r2 Xh2

-ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2 Q r1 + ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+2 r2 Xh2 Q r1 +

ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇL r1+L r2+r1 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 +

ⅇL r1+L r2+r1 Xh+2 r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 - ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+2 r2 Xh1+r1 Xh2+r2 Xh2

Q1 r1 + ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r2 Xh2 Q r2 - ⅇ2 L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+2 r1 Xh2+r2 Xh2 Q r2 -

ⅇ2 L r2+r1 Xh+r2 Xh+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇ2 L r1+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 -

ⅇ2 L r2+2 r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 + ⅇ2 L r2+r1 Xh+r2 Xh+2 r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2,

C6 → -
1

ⅇ2 L r1 - ⅇ2 L r2 G -r1 + r2
ⅇ-r1 Xh-r2 Xh-r1 Xh1-r2 Xh1-r1 Xh2-r2 Xh2

ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2 Q r1 - ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+2 r2 Xh2 Q r1 -

ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+r1 Xh2+r2 Xh2 Q1 r1 + ⅇ2 L r2+r1 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 -

ⅇ2 L r1+r1 Xh+2 r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 + ⅇ2 L r1+r1 Xh+r2 Xh+r1 Xh1+2 r2 Xh1+r1 Xh2+r2 Xh2 Q1 r1 -

ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r2 Xh2 Q r2 + ⅇL r1+L r2+r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+2 r1 Xh2+r2 Xh2 Q r2 +

ⅇL r1+L r2+r1 Xh+r2 Xh+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 - ⅇL r1+L r2+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 +

ⅇL r1+L r2+2 r1 Xh+r2 Xh+r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2 -

ⅇL r1+L r2+r1 Xh+r2 Xh+2 r1 Xh1+r2 Xh1+r1 Xh2+r2 Xh2 Q1 r2

euqation_solove_heatsink.nb     3

Printed by Wolfram Mathematica Student Edition



Appendix D

The temperature profile of changing
the distance between heaters

To understand how the distance between two heaters influences the sensitivity, we
plot the temperature profile of different simulation in here. It can be seen from the
figure as the distance between the two heaters increase, the temperature is dropped
more, thus when we calculate the average temperature of two heaters, the value
will be decreased and the temperature difference between two heaters will also be
decreased. Then to reach a high sensitivity, the gap between the two heaters should
as small as possible.
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80APPENDIX D. THE TEMPERATURE PROFILE OF CHANGING THE DISTANCE BETWEEN HEATERS

Figure D.1: The temperature profile
of sensor with 1500 um
heater and distance be-
tween two heaters is 200
um

Figure D.2: The temperature profile
of sensor with 1500 um
heater and distance be-
tween two heaters is 40
um

Figure D.3: The temperature profile
of sensor with 1500 um
heater and distance be-
tween two heaters is 16
um

Figure D.4: The temperature profile
of sensor with 1500 um
heater and distance be-
tween two heaters is 0
um
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Figure D.5: The temperature profile
of sensor with 1000 um
heater and distance be-
tween two heaters is 200
um

Figure D.6: The temperature profile
of sensor with 1000 um
heater and distance be-
tween two heaters is 40
um

Figure D.7: The temperature profile
of sensor with 1000 um
heater and distance be-
tween two heaters is 16
um

Figure D.8: The temperature profile
of sensor with 1000 um
heater and distance be-
tween two heaters is 0
um



82APPENDIX D. THE TEMPERATURE PROFILE OF CHANGING THE DISTANCE BETWEEN HEATERS

Figure D.9: The temperature profile
of sensor with 500 um

heater and distance be-
tween two heaters is 200
um

Figure D.10: The temperature profile
of sensor with 500 um
heater and distance be-
tween two heaters is 40
um

Figure D.11: The temperature profile
of sensor with 500 um
heater and distance be-
tween two heaters is 16
um

Figure D.12: The temperature profile
of sensor with 500 um
heater and distance be-
tween two heaters is 0
um



Appendix E

The temperature profile of changing
the distance between heaters

In this section, the temperature profile of the sensor with different channel length
will be presented. From the figure, it can be seen that when the channel length
decreased, the heat-sink on the begging and end of the channel will force the tem-
perature close to room temperature.
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84APPENDIX E. THE TEMPERATURE PROFILE OF CHANGING THE DISTANCE BETWEEN HEATERS

Figure E.1: The temperature profile
of sensor with 500 um

heater and channel
length is 4000 um

Figure E.2: The temperature profile
of sensor with 500 um

heater and channel
length is 3000 um

Figure E.3: The temperature profile
of sensor with 500 um

heater and channel
length is 2000 um

Figure E.4: The temperature profile
of sensor with 500 um

heater and channel
length is 1000 um



Appendix F

New Thermal Flow Sensor

In this section, we will present the mask design for the new sensor, which is men-
tioned in the conclusion. The figure F.1 shows the mask of the new sensor, same as
Bronkhorst sensor the sensor has asymmetric design and important structure are
denoted as:

1. The channel with 31 um radius.

2. The channel with 55 um radius.

3. Pressure sensor.

4. Pressure sensor.

5. Inlet.

6. Outlet.

7. Temperature sensor.

Compare to the Bronkhorst sensor, the new sensor use only one heater in the
middle and two measurement resistance placed on the side of heaters,see figure
F.2. Because in chapter 3, we have investigated that if we want a high sensitivity
sensor, the length of the heater and the gap between the two heaters should as
shorter as possible, but if the heater is too short, the current will be limited, thus
we need to make sure the short heater still can generate enough power. What is
more, we integrated one temperature sensor in the chip, the temperature sensor will
help us to measure the chip temperature, then we can calculate the temperature
difference more accurate.
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86 APPENDIX F. NEW THERMAL FLOW SENSOR

Figure F.1: The new thermal flow sensor, in design the dash bloc 6 is the tempera-
ture sensor to measuring the chip’s temperature, the dash block 1 and
2 is the channel with 31.5 um and 55 um.

Figure F.2: There is only one heater in the middle of channel, on the two side is
measurement resistance.
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