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Abstract 
Chip-sized diode lasers having both an ultra-narrow linewidth and a large continuous wavelength 
tuning range are of high interest for many applications. Ultra-narrow intrinsic laser linewidths can be 
obtained by hybrid integration of a semiconductor amplifier with a low-loss dielectric waveguide-
based feedback circuit. This integrated extended-cavity provides spectrally-selective feedback and a 
significant extension of the cavity length, which narrows the laser linewidth. However, as the length 
of the laser cavity increases, the cavity mode spacing decreases, which causes undesired instabilities 
in the form of mode hops when tuning the laser wavelength. We overcome these instabilities and 
experimentally demonstrate a new approach towards mode-hop-free tuning of such lasers, well 
beyond the standard limit that is formed by the cavity mode spacing. This approach addresses the 
conflicting demands on the laser cavity length resulting from the requirement of both a narrow 
intrinsic linewidth and a large continuous tuning range. Furthermore, we present for the first time an 
analytical model that describes the mode-hop-free tuning as realized with this approach. After 
calibration, this model can be used to accurately predict the laser wavelength anywhere within its 
mode-hop-free tuning range. We demonstrate this by measuring several absorption lines of acetylene 
with a high accuracy and resolution. 

The hybrid laser used in the experiments comprises an InP amplifier and a Si3N4 waveguide feedback 
circuit with a tunable phase section, and a Vernier filter comprising two tunable microring resonators  
of slightly different radii. When tuning the laser by tuning the phase section only, this results in mode-
hop-free tuning only over a single free spectral range of the laser cavity, which is 0.034 nm. To 
overcome this tuning limit, we synchronously control the phase section and both rings with a proper 
ratio, resulting in a mode-hop-free tuning range increase by a factor of 6 to 0.22 nm. This increase is 
not only due to the synchronization of the three involved tuning elements. In addition, the 
synchronous tuning results in a 2.8 times larger tuning slope of the laser wavelength versus phase 
section heater power, which corresponds to much shorter laser cavity where the rings are not present. 

These results indicate that both an ultra-narrow linewidth and a broad mode-hop-free tuning range can 
be achieved with a fully integrated extended-cavity laser based on microring resonators. 
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1 Introduction 
Light is an essential ingredient for our lives. It allows to observe the world we live in, it plays a 
central role in photosynthesis and, for example, it is at the foundation of our modern information 
society. Most of the light around us is based on the process of spontaneous emission, which is a 
random event in which a system decays from an excited energy state to a lower energy state by 
emission of a light particle known as a photon.[1] 

In the 1960s a new type of light source, the laser1, was invented[2], which was based on stimulated 
emission, a process already predicted by Einstein[3]. In this process, an appropriate photon stimulates 
an atom in an excited state to decay to a lower energy state by emitting a photon with the same 
properties as the incident photon, which leads to coherent amplification of the light. The invention of 
the laser heralded a new era of novel light sources with special capabilities. These unique capabilities, 
e.g., high spatial and temporal coherence, large choice of wavelengths and high radiance quickly led 
to a huge variety of applications. Nowadays, these applications range from various forms of material 
processing and manufacturing to numerous medical applications to sensing and security applications 
to high-precision metrology to high-speed, high-bandwidth optical data transmission and many more. 

The gain medium of a laser, where the light is amplified, can be formed of many different material 
types, e.g., the first laser used a ruby crystal[2]. Shortly after the introduction of the first laser, lasers 
were developed based on semiconductor materials[4]. Currently, the semiconductor-based laser diode 
is the most used and widespread laser type. The small size, low cost, direct electric pumping and high 
efficiency makes these devices very suitable for integration in many systems. In addition, the advance 
of integrated optics gives the semiconductor laser an even more central role, because these lasers can 
be integrated as light sources into photonic integrated circuits. 

The increasing demand for data speed and bandwidth by our information society drives the need for 
robust and compact light sources that can be continuously tuned and have a narrow intrinsic 
linewidth. For example, in the field of coherent optical communication, an ultra-narrow intrinsic 
linewidth is required for data transmission over optical fiber links, using higher order modulation 
formats, such as 4096-QAM[5]. On the other hand, increasing the capacity of optical fiber links by 
dense wavelength division multiplexing (WDM) requires the laser wavelength to be tuned to a 
specific channel in a frequency grid[6] and to electronically stabilize it to that channel. Other fields that 
greatly benefit from narrow-linewidth tunable lasers are, amongst others, high-resolution 
spectroscopy[7] using fully integrated[8] dual Kerr frequency combs[9], optical sensing[10] for lab-on-a-
chip applications[11], interferometry[12], integrated photonic clocks[13] and microwave photonic links[14].  

Basic laser theory shows that the continuous tuning range for a standard semiconductor Fabry-Pérot 
laser is limited by the free spectral range of the laser cavity, which is inversely proportional to its 
optical length[15]. On the other hand, the linewidth of the laser is determined by the frequency (or 
phase) fluctuations. These fluctuations are ultimately limited by spontaneous emission via the so-
called Schawlow-Townes limit[16], which scales with the reciprocal of the length of the laser cavity 
squared. Increasing the cavity length will reduce the laser linewidth, because this reduces the number 
of spontaneous emission photons in the lasing mode with respect to the stimulated emission photons. 
Reducing technical noise contributions to the linewidth is typically easier for lasers with a small 
Schawlow-Townes linewidth, by using feedback loops and, e.g., lock the laser frequency to an 
external reference. Stabilization and locking of the laser also requires continuous tuning[17] as a 
sudden and discontinuous jump of the laser wavelength is hard to correct in a servo control system.  

                                                      
1 Actually, the maser was demonstrated a few years earlier and also relied on the process of stimulated 
emission to produce coherent electromagnetic radiation in the microwave spectral range[1]. 
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These considerations, unfortunately, show that requiring both a large continuous wavelength tuning 
range and a small Schawlow-Townes linewidth results in conflicting demands on the laser cavity 
length. A large tuning range requires a short cavity length, while a small Schawlow-Townes 
bandwidth requires a long cavity length. Typical diode lasers, such as distributed Bragg reflector 
(DBR) and distributed feedback (DFB) lasers, either have a short cavity length, below a few hundred 
micrometer, with an associated large tuning range and a broad linewidth in the MHz-range, or have a 
long cavity length with an associated small tuning range and a narrow linewidth. As the length of the 
laser cavity increases, the free spectral range of the laser cavity, which limits the continuous tuning 
range, decreases.  

The conflicting demands on the laser cavity length resulting from the requirement of both a large 
continuous tuning range and a narrow Schawlow-Townes linewidth have been addressed in several 
ways. Here, we recall solutions applied to diode lasers. Typically, one facet of the diode laser is anti-
reflection coated and, using bulk optics, an extended cavity is created for the diode laser which can be 
substantially longer. An appropriately narrow spectral filter is added inside the laser cavity to select a 
single cavity mode. When tuning such a laser by changing the cavity length, the filter has to be tuned 
synchronously, in order to avoid undesired mode hops, which result in discontinuous wavelength 
changes. For example, in a bulk external cavity laser, continuous tuning was demonstrated using a 
grating as filter in both a Littman-Metcalf[18] and Littrow configuration[19]. More recently, continuous 
tuning of an external cavity laser has been reported by synchronous rotation of a multi-layered 
dielectric filter with extension of the cavity[20]. Although continuous tuning is possible ultimately over 
the full gain bandwidth, these bulk external cavity lasers are intrinsically sensitive to mechanical 
vibration and misalignments.  

To provide a fundamentally more stable solution, we investigate in this thesis a fully integrated 
extended cavity to obtain single mode lasing of a semiconductor laser with a large tuning range 
combined with a narrow Schawlow-Townes linewidth. This solution allows for easy system 
integration at low cost, which would make more applications economically feasible. 

Liu et al. proposed a microring resonator (MRR) coupled diode laser to obtain single mode lasing 
with a narrow Schawlow-Townes linewidth[21]. The filtering mechanism of a microring resonator 
provides a very sharp Lorentzian shaped transmission peak, to select a single laser mode, and it 
effectively extends the on-chip optical cavity length of the laser. To provide a low-loss feedback 
circuit for the diode laser, bending losses will limit the workable ring radius, and thus limit the free 
spectral range of the filter. However, by using a combination of two or more microring resonators as 
filter, a free spectral range of the filter equal to or surpassing the gain bandwidth can be obtained via 
the so-called Vernier effect[21], [22], thereby allowing single mode and narrow linewidth operation over 
the complete gain bandwidth of the diode laser. For example, by integrating two ring resonators on a 
low loss feedback circuit and coupling this circuit with a semiconductor optical amplifier, the 
linewidth can be reduced to the 10-kHz-range[23]–[25]. Recently, an extremely narrow linewidth of 290 
Hz has been reported, by adding a third ring resonator[26].  

When multiple rings are used as a single mode filter, different laser architectures are possible. The 
effect of different architectures on laser performance has been investigated by Komljenovic et al., 
with the so-called ring-bus-ring archicture having the most promising performance[27]. All 
architectures investigated have separate tuning of a phase section to change the cavity phase and 
tuning of the microrings to shift its resonances, although using a single tuning element has been 
proposed[28]. Wide-tuning of these devices, i.e., covering the complete gain bandwidth, has widely 
been demonstrated[23]–[25]. However, mode-hop-free tuning of these lasers has not been studied so far.  

The laser used for studying mode-hop-free tuning in this thesis is schematically shown in Fig. 1.1. 
The laser comprises a semiconductor (InP) chip and a glass (Si3N4/SiO2) chip. The semiconductor 
chip contains an optical amplifier and a feedback mirror in the form of a high reflectivity (HR) 
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coating on one facet of the chip. The low-loss dielectric glass chip implements a phase section and 
two sequential microring resonators, placed inside a loop mirror, following the bus-ring-bus 
architecture[27]. This combination allows for wavelength selective feedback. Further, a balanced 
Mach-Zehnder interferometer, used as a tunable coupler, extracts part of the resonating light towards 
the output port of the integrated laser, which is butt-coupled to an output fiber. This particular 
feedback configuration allows tuning over the full gain bandwidth of the amplifier and imposes a 
narrow Schawlow-Townes laser linewidth in the 10-kHz range. Full electronic tuning is realized via 
five resistive heaters that are placed above the phase section, the two microrings (MRR1 and MRR2) 
and the tunable coupler (two heaters, one above each arm), respectively. By applying an electric 
current to the heaters, the material refractive index and thus the optical length of these sections can be 
controlled, i.e., the phase of the light passing through each section. 

 
Fig. 1.1: Schematic view of the integrated laser. Shown are the semiconductor optical amplifier with a high 
reflectivity coating on one facet, the phase section, the two sequential microring resonators in a loop mirror to 
provide wavelength selective feedback, and a tunable coupler to direct part of the light to the output port of the laser. 
The output of the laser is available via a fiber that is butt-coupled to the output port. 

Using microrings for the spectral filtering has the added advantage that a small change to the optical 
length of one of the rings, i.e., a small change in phase advance acquired during one roundtrip, is 
enhanced with respect to a single roundtrip, because the lifetime of the light inside the ring is much 
larger than one roundtrip time. In this thesis, we present for the first time a theoretical analysis for 
mode-hop-free tuning based on this effect and we confirm the analysis with experimental data. The 
analysis shows that the tuning sensitivity, i.e., the change in lasing wavelength with a change in 
optical phase induced by the phase section, is that of the same laser without the microrings. This 
means that the tuning sensitivity corresponds to that of a laser having a short laser cavity without 
microrings, while the Schawlow-Townes linewidth corresponds to that of a laser having a long laser 
cavity with microrings. 

This thesis is organized as follows. In chapter 2 we briefly recall the appropriate theory for 
waveguiding of light and develop an analytic model that describes mode-hop-free tuning. The hybrid 
laser used in the experiment and the experimental setup is described in chapter 3. Chapter 4 describes 
for the first-time experimental results for on-chip, all-electronic and mode-hop-free tuning of such a 
laser, with a tuning range that extends beyond its mode spacing limit. Finally, in chapter 5, a summary 
of the results is presented together with a conclusion and outlook.  
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2 Theoretical background 
Here we present a model for the wavelength tuning of the hybrid laser. A first goal is finding 
analytical expressions that describe the tuning behavior and can be compared with experimental data 
for validation. The second goal is to use the expressions for drawing conclusions on the general 
requirements for continuous tuning. The third goal is to investigate the potential for further extension 
of the tuning range. We present only the most important steps of the derivation, while a detailed 
derivation is found in appendix A. 

2.1 Optical waveguides 
Optical waveguides are the fundamental elements of integrated photonics, to guide light within 
photonic chips and interconnect the different building blocks of a photonic integrated circuit. A 
waveguide is a structure to guide an electromagnetic wave along the waveguide axis, while restricting 
the propagation into the other directions. This allows electromagnetic waves to be confined to a small 
area without the divergence as found in diffraction in free space. The physical background of a 
waveguide can be found in more detail in several textbooks[29]–[31]. 

For a typical dielectric waveguide, the confinement of the light is based on total internal reflection. 
This happens when a dielectric material of higher refractive index surrounded by materials of lower 
refractive index. The cross-section of an optical waveguide can have different geometries, but the 
material with the highest refractive index always forms the core of the waveguide. Based on the 
refractive index contrast, the shape and size of the waveguide, one or more transverse optical modes 
can be guided by the waveguide at a specific wavelength. These spatial patterns of the 
electromagnetic field are discrete solutions to the Maxwell equations for the specific waveguide 
structure.  

Each transverse optical mode can be characterized by its propagation constant, given by 

   𝛽𝛽 = 𝑘𝑘0𝑛𝑛eff(𝜆𝜆) = 2𝜋𝜋
𝜆𝜆
𝑛𝑛eff(𝜆𝜆), (2.1)  

where 𝑘𝑘0 is the wave vector of light in vacuum, 𝜆𝜆 is the vacuum wavelength and 𝑛𝑛eff is the effective 
refractive index of the mode. This effective refractive index can be understood as a weighted average 
of the refractive indices of the involved materials, weighted by the fraction of the electromagnetic 
field in each material. The effective refractive index of the transverse optical mode is wavelength 
dependent as a result of chromatic dispersion of the involved dielectric materials and due to form 
dispersion, which is the wavelength dependence of the optical mode on the waveguide cross section. 
To obtain an approximate estimate of the value for a rectangular waveguide, analytical methods are 
available[32]. However, for gaining higher precision and due to the universality of the approach, it is 
more customary to use numerical mode solvers. 

If only one fundamental mode is supported by an optical waveguide per polarization direction, the 
waveguide is called ‘single-mode’. The advantage of supporting only a single mode is that both the 
spatial distribution and the propagation of the electromagnetic wave are predictable, such that the 
optical functionality of building blocks based on these single mode waveguides remains reliable. 

When multiple wavelengths propagate through a dispersive medium, such as an optical waveguide, 
they form a propagating beat pattern. The propagation delay of this beat pattern is quantified by the 
group index, 𝑛𝑛𝑔𝑔, which can be derived from the effective refractive index via[29] 

 𝑛𝑛𝑔𝑔(𝜆𝜆) = 𝑛𝑛eff(𝜆𝜆)− 𝜆𝜆 𝑑𝑑𝑛𝑛eff(𝜆𝜆)
𝑑𝑑𝑑𝑑

.  (2.2)  
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2.2 Wavelength tuning  
The hybrid laser we consider here has been introduced in chapter 1 and consists of an InP 
semiconductor optical amplifier (SOA) connected to a wavelength-tunable feedback circuit 
implemented using Si3N4 waveguides (see Fig. 1.1). Tuning of the wavelength at which the laser 
oscillates can be done by tuning of the phase section as well as tuning of the microring resonators 
present in the feedback circuit via resistive heaters placed on top of these elements. 

In order to model the tuning of the laser and how the heaters modify the laser wavelength, the effect 
of a heater on the propagating mode must be known. The basic physical effect of the heater on the 
propagating mode is well understood, namely that the heaters change the refractive index of the core 
and cladding materials, Si3N4 and SiO2, respectively, which changes the effective index of the guided 
optical mode, while the physical length change can be neglected. The changes in the refractive indices 
are sufficiently small such that the transverse field distribution is unaffected by the heaters. The effect 
of the heaters is thus mainly a change in optical phase of the guided mode. The electric-thermal-
optical performance can be well modeled using finite-element modelling, and therefore, a well-
defined change in optical phase can be determined. Even if there is a small uncertainty in material 
properties due to fabrication uncertainties, all the heaters can still be calibrated. Therefore, we assume 
that the sole action of each heater element is to modify the optical phase by an amount 𝜙𝜙ps,𝜙𝜙r1 or 𝜙𝜙r2 
for the cavity phase section (PS) and the microrings MRR1 and MRR2, respectively. For the hybrid 
semiconductor-glass laser investigated here, the maximum change in optical phase is about 2.5𝜋𝜋 for 
the 1-mm-long phase section used and 1. 5𝜋𝜋 for the ring resonators. This maximum phase shift is 
limited by the maximum dissipated electrical power without breakdown of the heaters, which is 
determined by the material properties and physical dimensions of the heaters. 

The tuning of the laser cavity can either be described in the frequency or wavelength domain. Here we 
make the arbitrary choice to describe the tuning in the wavelength domain. To find the tuning 
sensitivity 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
 for the laser, i.e., the change in laser wavelength Δ𝜆𝜆 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
Δ𝜙𝜙 when the optical phase of 

the light changes by a small amount Δ𝜙𝜙, we need to consider the tuning sensitivities due to the PS, 
MRR1 and MRR2. This involves determining the tuning sensitivity 𝜕𝜕𝜆𝜆r1

𝜕𝜕𝜙𝜙r1
 and 𝜕𝜕𝜆𝜆r2

𝜕𝜕𝜙𝜙r2
 for resonant 

wavelength 𝜆𝜆r1 and 𝜆𝜆r2 for the two microrings MRR1 and MRR2, respectively. This also involves 
determining the tuning sensitivity of the laser wavelength, 𝜆𝜆𝑐𝑐, by tuning the phase section alone, 𝜕𝜕𝜆𝜆𝑐𝑐

𝜕𝜕𝜙𝜙ps
, 

and the tuning sensitivity 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙r1

 and 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙r2

 of the laser wavelength when tuning the microrings separately 

for the two microrings MRR1 and MRR2, respectively. Finally, the tuning sensitivity � 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙ps

�
MHF

of 

the laser wavelength by the phase section with synchronous tuning of the two microring resonators, 
i.e., in the case of mode-hop-free tuning, will be determined. 

These tuning sensitivities are connected to the free spectral ranges Δ𝜆𝜆𝑐𝑐,Δ𝜆𝜆r1 and Δ𝜆𝜆r2 of the laser 
cavity and the microrings MRR1 and MRR2, respectively, as follows. When the wavelength changes 
over one free spectral range, the optical phase increases in all cases by 2𝜋𝜋. In addition, we will relate 
these free spectral ranges with the effective lengths 𝐿𝐿eff,𝑐𝑐 ,𝐿𝐿eff,r1 and 𝐿𝐿eff,r2 of the laser cavity and the 
microrings, to connect the tuning sensitivities with the physical dimensions and design specifications 
of the laser. 

To simplify the analysis, the derivation of the laser wavelength tuning is carried out for the case of a 
so-called cold-cavity, i.e., a laser cavity without any gain present. Furthermore, we are primarily 
interested here in the tuning of the laser wavelength and not in its absolute value. Including gain 
would shift the resonances of the laser cavity, e.g. via frequency pulling by the frequency dependent 
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gain and via gain-index coupling in the semiconductor material. However, including gain at a fixed 
value, i.e., fixed injection current, would have limited to no effect on the tuning via the heaters. 

2.3 Laser cavity and phase section 
To describe the tuning of the laser cavity under consideration, we start with analyzing the cold-cavity 
resonances. These resonances are found when the cold-cavity roundtrip phase, 𝜃𝜃rt,𝑐𝑐 fulfills the 
resonance condition 

 𝜃𝜃rt,𝑐𝑐 = 𝑚𝑚𝑐𝑐2𝜋𝜋, (2.3) 

where 𝑚𝑚𝑐𝑐 is an integer, which indicates the number of wavelengths that fit along one roundtrip of the 
laser cavity, also called the cavity mode number. The actual value of the integer is determined by the 
wavelength that is closest to where the laser shows the highest ratio of roundtrip gain to roundtrip 
loss. This ratio is usually highest at the peak of the laser’s gain spectrum, unless intra-cavity filters are 
inserted to give a different spectral region a higher ratio of gain and loss. At non-integer multiples of 
the mode number, due to destructive interference in multiple roundtrips, the light intensity in the 
amplifier will be less, rendering a reduced or even zero stimulated emission rate.  

The cavity roundtrip phase is determined by the local propagation constant of the light integrated over 
the distance propagated. The distance the light effectively propagates through the microring is defined 
as 𝐿𝐿eff,r1 and 𝐿𝐿eff,r2 for MRR1 and MRR2, respectively. Then, the cold-cavity roundtrip phase is 
given by 

 𝜃𝜃rt,𝑐𝑐 = 2𝐿𝐿SOA𝛽𝛽SOA + 2𝐿𝐿bus𝛽𝛽Si3N4 + 𝐿𝐿eff,r1𝛽𝛽Si3N4 + 𝐿𝐿eff,r2𝛽𝛽Si3N4, (2.4) 

where 𝛽𝛽𝑖𝑖 is the local propagation constant, as defined in Eq. 2.1, in section 𝑖𝑖 (𝑖𝑖 = SOA or Si3N4). 
Note, that both the propagation constants as well as the effective lengths of the microring resonators 
are wavelength dependent. 2𝐿𝐿SOA is the geometrical roundtrip length of the semiconductor optical 
amplifier (SOA), and 2𝐿𝐿bus is the geometrical roundtrip length of Si3N4 bus waveguides belonging to 
the laser cavity excluding the microrings. The microring effective lengths are not multiplied by 2, 
because these microrings are part of the loop mirror that forms one of the end mirrors of the laser 
cavity. Note that 

 𝛽𝛽SOA = 𝛽𝛽Si3N4
𝑛𝑛eff,SOA
𝑛𝑛eff,Si3N4

, (2.5) 

and by defining 𝛽𝛽 ≡ 𝛽𝛽Si3N4 and using Eq. 2.5 we can rewrite Eq. 2.4 as 

 𝜃𝜃rt,𝑐𝑐 = 2𝐿𝐿eff,𝑐𝑐𝛽𝛽, (2.6) 

where we have introduced the effective cavity length 𝐿𝐿eff,𝑐𝑐 as 

 𝐿𝐿eff,𝑐𝑐 = 𝑛𝑛eff,SOA
𝑛𝑛eff,Si3N4

𝐿𝐿SOA + 𝐿𝐿bus + 1
2
�𝐿𝐿eff,r1 + 𝐿𝐿eff,r2�.  (2.7) 

The weight factor 𝑛𝑛eff,SOA
𝑛𝑛eff,Si3N4

 is included here because the light propagates at a higher speed through the 

dielectric waveguides as compared to the semiconductor waveguide, due to the differences in 
effective index. 

To make the dependence of the cold-cavity roundtrip phase 𝜃𝜃rt,𝑐𝑐 on the vacuum wavelength 𝜆𝜆 more 
explicit, we rewrite Eq. 2.6 by using Eq. 2.1 as 

 𝜃𝜃rt,𝑐𝑐 = 4𝜋𝜋𝐿𝐿eff,𝑐𝑐(𝜆𝜆)𝑛𝑛eff(𝜆𝜆)
𝜆𝜆

 (2.8) 
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where we have introduced 𝑛𝑛eff ≡ 𝑛𝑛eff,Si3N4 and made the wavelength dependence of the effective 
cavity length explicit. We further write the effective refractive index explicitly as 𝑛𝑛eff(𝜆𝜆) to express 
that it depends on the wavelength as a result of both chromatic dispersion of the involved dielectric 
materials as well as due to the geometry of the waveguide. The effective cavity length 𝐿𝐿eff,𝑐𝑐(𝜆𝜆) has a 
strong wavelength dependence because the effective length of the microring resonators is strongly 
wavelength dependent, becoming much larger than the geometrical circumference of the rings near 
the resonances of the rings, as will be described in more detail section 2.4. 

Starting from Eq. 2.8, and by imposing the resonance condition for the roundtrip phase, the 
longitudinal mode spacing of the laser cavity can be derived. This spacing, defined as the wavelength 
difference between two subsequent resonant modes of the laser cavity, is also called the cavity free 
spectral range (FSR). The FSR, ∆𝜆𝜆𝑐𝑐, is given by (see appendix A.1 for the derivation) 

 ∆𝜆𝜆𝑐𝑐 = 𝜆𝜆𝑐𝑐2

2𝑛𝑛𝑔𝑔(𝜆𝜆𝑐𝑐)𝐿𝐿eff,𝑐𝑐
′ (𝜆𝜆𝑐𝑐), (2.9) 

where 𝜆𝜆𝑐𝑐2 is the vacuum wavelength of the cavity belonging to resonant mode 𝑚𝑚𝑐𝑐. 𝐿𝐿eff,𝑐𝑐′  is nearly the 
same as 𝐿𝐿eff,𝑐𝑐 introduced in Eq. 2.7 but with the ratio 𝑛𝑛eff,SOA

𝑛𝑛eff,Si3N4
 replaced by 𝑛𝑛g,SOA

𝑛𝑛g,Si3N4
 and 𝑛𝑛g,Si3N4 ≡ 𝑛𝑛𝑔𝑔. 

It is interesting to note that the group index, 𝑛𝑛𝑔𝑔, appears in Eq. 2.9, although our derivation did not 
intend to describe the propagation of multiple wavelengths in the laser cavity, as we aim solely on 
describing single-wavelength oscillation. Nevertheless, describing the distance between the resonant 
cavity modes requires to calculate the resonator properties at two subsequent resonant wavelengths, 
separated by one FSR, which is why the group index enters the equation. 

Tuning of the cavity resonant wavelength via the phase section can be modeled by including the 
single-pass phase, 𝜙𝜙𝑃𝑃𝑃𝑃, added by the phase section, to Eq. 2.8,  

 𝜃𝜃rt,𝑐𝑐 = 4𝜋𝜋𝐿𝐿eff,𝑐𝑐(𝜆𝜆𝑐𝑐)𝑛𝑛eff(𝜆𝜆𝑐𝑐)
𝜆𝜆𝑐𝑐

+ 2𝜙𝜙ps, (2.10) 

where the factor 2 is due to the fact that the light passes the phase section twice during one laser 
cavity roundtrip. In appendix A.2 is shown that Eq. 2.10 leads to a tuning slope, 𝜕𝜕𝜆𝜆𝑐𝑐

𝜕𝜕𝜙𝜙ps
 , of the cavity 

resonant wavelength given by 

 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙𝑝𝑝𝑝𝑝

= Δλ𝑐𝑐
𝜋𝜋

 (2.11) 

Equation 2.11 reveals that the tuning sensitivity for tuning the phase section is simply determined by 
the free spectral range of the laser cavity. For instance, multiplying Eq. 2.11 with a phase shift of 
almost 𝜋𝜋, increases the wavelength of the considered mode by almost one FSR, which is to be 
expected as the roundtrip optical phase advance is then almost 2𝜋𝜋 and this is the optical phase 
difference for two adjacent longitudinal modes of the resonator. 

However, if a phase shift larger than 𝜋𝜋 is applied, the wavelength of the considered mode (𝑚𝑚𝑐𝑐) tunes 
farther than one FSR away from the original wavelength. This means that now the neighboring mode 
with order 𝑚𝑚𝑐𝑐 + 1 (or 𝑚𝑚𝑐𝑐 − 1) is closer to the wavelength of optimum gain-to-loss ratio. In this case, 
laser oscillation will start up at that neighboring mode, which ceases oscillation of the former mode 
via gain competition, which is well-known as a mode hop2. These hops form the standard limit to 
mode-hop-free tuning of any laser. Solely tuning the phase section does not allow a wider continuous 

                                                      
2 Here it is assumed that the gain is inhomogeneously broadened, which is well fulfilled in quantum well semiconductor lasers, where also 
spatial hole burning is weakened by the free mobility of charge carriers along the optical propagation direction. This assumption would be 
much less justified in quantum dot lasers, where gain competition is much reduced and spatial hole burning can become a strong effect. 
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tuning range than one FSR of the laser cavity, Δλ𝑐𝑐. Extending the cavity length for a narrower laser 
linewidth would reduce the FSR and thus reduce this limit of continuous tuning. 

To prevent such a mode hop and thereby extend the continuous tuning range beyond the limit of one 
FSR, it is required to tune the transmission of both microring resonators as well, in suitable 
synchronism. The goal of tuning the microrings is to impose and maintain larger roundtrip losses for 
all other modes except the for the oscillating mode with order 𝑚𝑚. The effect of tuning the microring 
resonators will be described in the next section. 

2.4 Microring resonator 
The type of hybrid lasers investigated here may contain two microring resonators inside the laser 
cavity (e.g., as in Fig. 1.1). Here we describe wavelength tuning of a single microring as a prototype 
example. The goal is to provide expressions for the tuning sensitivity of the resonant microring 
wavelength and for the tuning sensitivity of the laser cavity wavelength, when tuning the microring. 
We will find that the effective length contribution of the microring inside the laser cavity plays an 
important role in these equations. 

 
Fig. 2.1: Model of an add-drop ring resonator[33]. 

Fig. 2.1 shows a schematic of a microring as used in the loop mirror of the laser cavity. Light is 
incident at the input port and via a coupler coupled into the ring described in the most general case 
with complex coupling coefficient 𝜅𝜅1. The remainder is transmitted to the throughput port with 
complex transmission 𝑡𝑡1. Light coupled into the ring starts to circulate inside the ring and is coupled 
out at a second coupler, located at half a roundtrip from the first coupler, with coupling coefficient 𝜅𝜅2 
and transmitted with transmission coefficient 𝑡𝑡2. In the remainder we consider the two couplers to be 
identical, symmetric and loss-free, i.e.,  𝜅𝜅1 = 𝜅𝜅2 ≡ 𝑖𝑖𝑖𝑖 and 𝑡𝑡1 = 𝑡𝑡2 ≡ 𝑡𝑡 with both 𝜅𝜅 and 𝑡𝑡 real 
quantities and 𝜅𝜅2 + 𝑡𝑡2 = 1. 

For light circulating inside the microring resonator, the roundtrip phase, 𝜃𝜃rt,r, and the resonance 
condition are formally identical to those of the standing wave (linear) laser cavity (Eqs. 2.3 and 2.8), 
except that the length 𝐿𝐿rt,𝑟𝑟 is the geometrical roundtrip length of the resonator. Hence, the resonance 
condition becomes  

  𝜃𝜃rt,r = 2𝜋𝜋𝐿𝐿rt,𝑟𝑟𝑛𝑛eff(𝜆𝜆𝑟𝑟)
𝜆𝜆𝑟𝑟

= 𝑚𝑚𝑟𝑟2𝜋𝜋,  (2.12) 

where 𝜆𝜆𝑟𝑟 is the wavelength of longitudinal mode 𝑚𝑚𝑟𝑟 inside the microring resonator. In general, 𝑚𝑚𝑟𝑟 <
𝑚𝑚𝑐𝑐 because the roundtrip length of the intra-cavity ring resonator is generally smaller than the 
roundtrip length of the laser cavity.  
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As shown in appendix A.1, we obtain for the FSR of a ring resonator 

 Δλ𝑟𝑟 = 𝜆𝜆𝑟𝑟2

𝑛𝑛𝑔𝑔(𝜆𝜆𝑟𝑟)𝐿𝐿rt,𝑟𝑟
. (2.13) 

Adding a tunable phase shift, 𝜙𝜙r, that can be adjusted, e.g., via a heater on top of the ring resonator, 
the resonance condition becomes 

 𝜃𝜃rt,𝑟𝑟 = 2𝜋𝜋𝐿𝐿rt,𝑟𝑟𝑛𝑛eff(𝜆𝜆𝑟𝑟)
𝜆𝜆𝑟𝑟

+ 𝜙𝜙𝑟𝑟 = 𝑚𝑚𝑟𝑟2𝜋𝜋.  (2.14) 

The tuning sensitivity of the resonant wavelength of the ring resonator,  𝜕𝜕𝜆𝜆𝑟𝑟
𝜕𝜕𝜙𝜙𝑟𝑟

, can now be expressed in 

a similar way as the tuning sensitivity for the phase section (see appendix A.2),  

 𝜕𝜕𝜆𝜆𝑟𝑟
𝜕𝜕𝜙𝜙𝑟𝑟

= Δλ𝑟𝑟
2𝜋𝜋

. (2.15) 

To find how the resonant laser wavelength, 𝜆𝜆𝑐𝑐, changes with the extra phase due to the heater on top 
of the microring, i.e., the tuning sensitivity 𝜕𝜕𝜕𝜕𝑐𝑐

𝜕𝜕𝜙𝜙𝑟𝑟
, we start with the phase shift between the input and 

drop port of the microring. Light leaving the drop port will have attained an increase in optical phase 
of 𝜃𝜃𝑑𝑑 with respect to the light incident on the input port. According to Eq. 2.4, this corresponds to an 
effective geometric length[21] 𝐿𝐿eff,𝑟𝑟(𝜆𝜆𝑐𝑐) inside the ring given by  

   𝜃𝜃𝑑𝑑(𝜆𝜆𝑐𝑐) = 𝛽𝛽𝛽𝛽eff,𝑟𝑟(𝜆𝜆𝑐𝑐) = 2𝜋𝜋𝑛𝑛eff(𝜆𝜆𝑐𝑐)𝐿𝐿eff,𝑟𝑟(𝜆𝜆𝑐𝑐)
𝜆𝜆𝑐𝑐

, (2.16) 

where the length of the linear laser cavity is increased by 𝐿𝐿eff,𝑟𝑟(𝜆𝜆𝑐𝑐)/2. The next step is to find an 
expression for this effective length of the ring resonator inside the laser cavity. In appendix A.3 a 
relation for this length is derived (see Eqs. A.16-A.22), giving 

 𝐿𝐿eff,𝑟𝑟(𝜆𝜆𝑐𝑐) ≈ 𝐿𝐿rt,𝑟𝑟
𝜕𝜕𝜃𝜃𝑑𝑑
𝜕𝜕𝜃𝜃rt,𝑟𝑟 

 (2.17) 

Equation 2.17 shows that the effective length of the ring resonator is equal to the roundtrip length of 
the ring resonator times the change in phase of the light at the drop port with respect to a change in 
phase of the recirculating light inside the ring. The optical phase advance of the light from input port 
to drop port is given by (see appendix A.3, Eqs. A.23-A.26) 

 𝜃𝜃𝑑𝑑 = Arg� −𝜅𝜅2

𝑒𝑒−
1
2𝑗𝑗𝜃𝜃rt,𝑟𝑟−(1−𝜅𝜅2)𝑒𝑒

1
2𝑗𝑗𝜃𝜃rt,𝑟𝑟

�. (2.18) 

Equation 2.18 can in principle be used to calculate 𝜕𝜕𝜃𝜃𝑑𝑑
𝜕𝜕𝜃𝜃rt,𝑟𝑟 

 and thereby to find the effective length of the 

ring resonator using Eq. 2.17. However, it is more illustrative to show how the effective length 𝐿𝐿eff,𝑟𝑟 
changes when the roundtrip phase changes over a range of 2𝜋𝜋, i.e., corresponding to one full FSR of 
the ring resonator. As can be seen in Fig. 2.2, when decreasing 𝜅𝜅2, the effective length of the ring 
resonator, and consequently also the length of the laser cavity, becomes largely enhanced at the 
resonances of the ring resonator, where 𝜃𝜃rt,𝑟𝑟 = 𝑛𝑛2𝜋𝜋. 

Starting from Eq. 2.18, a more specific relation for 𝜕𝜕𝜃𝜃𝑑𝑑
𝜕𝜕𝜃𝜃rt,𝑟𝑟 

 can be derived for the ring resonator near the 

resonances (see appendix A.3, Eqs. A.26-A.32), 

 𝜕𝜕𝜃𝜃𝑑𝑑
𝜕𝜕𝜃𝜃rt,𝑟𝑟 

≈ �1
2

+ 1−𝜅𝜅2

𝜅𝜅2
�. (2.19)  
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Substituting Eq. 2.19 into Eq. 2.17 results in 

 𝐿𝐿eff,𝑟𝑟 ≈ 𝐿𝐿rt,𝑟𝑟 �
1
2

+ 1−𝜅𝜅2

𝜅𝜅2
�. (2.20) 

Equation 2.20 shows that the effective length of a ring resonator is enhanced by a factor of  1
2

+ 1−𝜅𝜅2

𝜅𝜅2
 

on resonance. The geometrical distance between the input and drop port is just half a roundtrip length, 
which explains the factor 1

2
. Added to this is the increase in effective length, by a factor of 1−𝜅𝜅

2

𝜅𝜅2
, 

caused by light travelling around in the ring resonator many times at resonance, before it is coupled 
out. Equation 2.20 describes the effective length contribution of the microring inside the laser cavity, 
restricted by the condition that it is only valid for near resonance operation. 

 
Fig. 2.2: Effective length of a microring resonator inside a laser cavity, 𝐿𝐿eff,𝑟𝑟, compared to the roundtrip length of the 
same microring resonator, 𝐿𝐿rt,𝑟𝑟, as function of the roundtrip phase 𝜃𝜃rt,𝑟𝑟 from −𝜋𝜋 to 𝜋𝜋, for different values of the 
coupling coefficient 𝜅𝜅2 between the bus and ring waveguide. 

When the ring resonator inside the loop mirror is tuned, not only does the resonant wavelength of the 
ring resonator change, but also the resonant wavelength of the laser cavity. As with the phase section, 
we assume that tuning of the ring resonator induces an additional phase 𝜙𝜙𝑟𝑟  on the propagating light 
inside the ring. Using Eq. 2.17 we obtain 

 𝜕𝜕𝜃𝜃𝑑𝑑
𝜕𝜕𝜙𝜙𝑟𝑟

= 𝜕𝜕𝜃𝜃𝑑𝑑
𝜕𝜕𝜃𝜃rt,𝑟𝑟 

= 𝐿𝐿eff,𝑟𝑟(𝜆𝜆𝑐𝑐)
𝐿𝐿rt,𝑟𝑟

, (2.21) 

as Eq. 2.17 remains valid whether the change in phase of the light is from a change in wavelength or 
from an added phase due to heater on top of the ring resonator. For the change in resonant 
wavelength, 𝜆𝜆𝑐𝑐 of the laser cavity we now can write 

 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙𝑟𝑟

= 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜃𝜃𝑑𝑑

 𝜕𝜕𝜃𝜃𝑑𝑑
𝜕𝜕𝜙𝜙𝑟𝑟

= 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜃𝜃𝑑𝑑

𝐿𝐿eff,𝑟𝑟(𝜆𝜆𝑐𝑐)
𝐿𝐿rt,𝑟𝑟

. (2.22) 

The effect of a phase change at the drop port of the ring resonator, Δ𝜃𝜃𝑑𝑑, on the cavity wavelength is 
one half of the effect of the phase change by setting the phase section, Δ𝜙𝜙ps, because the phase 
section is passed twice per laser roundtrip, while the ring resonator is passed once per roundtrip. 
Using this, we can rewrite Eq. 2.22 as (cf. Eq. 2.11) 

 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙𝑟𝑟

= 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙ps

1
2
𝐿𝐿eff,𝑟𝑟(𝜆𝜆𝑐𝑐)
𝐿𝐿rt,𝑟𝑟

= Δ𝜆𝜆𝑐𝑐
2𝜋𝜋

𝐿𝐿eff,𝑟𝑟(𝜆𝜆𝑐𝑐)
𝐿𝐿rt,𝑟𝑟

. (2.23) 
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Combining Eqs. 2.20 and 2.23 finally gives the tuning sensitivity of how the resonant laser 
wavelength changes with the extra phase due to the heater on top of a microring, 

 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙𝑟𝑟

≈ Δ𝜆𝜆𝑐𝑐
2𝜋𝜋

 �1
2

+ 1−𝜅𝜅2

𝜅𝜅2
�. (2.24) 

If we compare the shift in resonant wavelength due to tuning the ring resonator (Eq. 2.24) with the 
shift resulting from tuning the phase section (Eq. 2.11), we observe that tuning of the ring resonator 
enhances the change in resonant wavelength by a factor of 1

2
�1
2

+ 1−𝜅𝜅2

𝜅𝜅2
�. Therefore, to shift the laser 

wavelength with the same amount, the ring heater needs to induce a much smaller phase change 𝜙𝜙𝑟𝑟 
compared to the phase 𝜙𝜙ps induced by the phase section heater.  

2.5 Vernier filter 
For stable single-mode operation of a semiconductor laser with a broad gain bandwidth, for the laser 
investigated here in the order of 100 nm, a filter FSR is required of at least this value. There are two 
ways to obtain a large filter FSR. One method is to reduce the roundtrip length of the microring 
resonator because the FSR is inversely proportional to the roundtrip length (cf. Eq. 2.13). However, 
decreasing the roundtrip length requires a decreasing ring radius, which results in a significant 
increase in bending loss and this limits the spectral selectivity. Another well-known approach, as used 
in the laser investigated here, is to use two ring resonators in series with a slightly different FSR. This 
increases the wavelength spacing between the filter transmission peaks, without reducing the bend 
radii, based on the Vernier effect. The resulting FSR of the Vernier filter, Δ𝜆𝜆𝑉𝑉, is then given by[34] 

 Δ𝜆𝜆𝑉𝑉 ≡ 𝑀𝑀r1Δ𝜆𝜆r1 = 𝑀𝑀r2Δ𝜆𝜆r2 (2.25) 

where 𝑀𝑀r1 and 𝑀𝑀r2 are integers and need to be coprime for obtaining Δ𝜆𝜆𝑉𝑉. Note that these integers 
should not be confused with the longitudinal mode numbers 𝑚𝑚r1 and 𝑚𝑚r2 of the microring resonators. 
By rewriting Eq. 2.25 we obtain 

 Δ𝜆𝜆𝑉𝑉 = (𝑀𝑀r2 −𝑀𝑀r1) Δ𝜆𝜆r1Δ𝜆𝜆r2
Δ𝜆𝜆r1−Δ𝜆𝜆r2

. (2.26) 

A suitable Vernier filter transmission curve can be found under the condition of 𝑀𝑀r2 −𝑀𝑀r1 = 1[23]. 
Substituting this condition in Eq. 2.26 gives 

 Δ𝜆𝜆𝑉𝑉 = Δ𝜆𝜆r1Δ𝜆𝜆r2
|Δ𝜆𝜆r1−Δ𝜆𝜆r2|, (2.27) 

showing that the resulting Vernier FSR is largely increased when the difference between the 
microring FSRs is small. To find the required ratio between the roundtrip lengths of both microring 
resonators, we substitute Eq. 2.25 in Eq. 2.13 and find that 

 𝐿𝐿rt,r2 = 𝑀𝑀r2
𝑀𝑀r1

𝐿𝐿rt,r1, (2.28) 

under the assumption that both rings are identical except for the ring circumference. Filling in Eq. 
2.28 in the resonance condition Eq. 2.12 for both ring resonators gives a similar condition for the 
longitudinal mode numbers  

 𝑚𝑚r2 = 𝑀𝑀r2
𝑀𝑀r1

𝑚𝑚r1. (2.29) 

Because 𝑀𝑀r1 and 𝑀𝑀r2 are coprime integers, common resonances occur only for longitudinal mode 
numbers fulfilling the condition, 𝑚𝑚r1 =  𝑚𝑚𝑉𝑉𝑀𝑀r2 and 𝑚𝑚r2 =  𝑚𝑚𝑉𝑉𝑀𝑀r1 where 𝑚𝑚𝑉𝑉 is an integer, 
describing the order of the common Vernier transmission. This significantly reduces the available 
mode numbers. Therefore, the continuous tuning condition, Eq. A.12, remains fulfilled over a larger 
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tuning range, namely the Vernier FSR. For continuous tuning of the Vernier filter peak, both ring 
resonances have to be tuned synchronously while maintaining 𝛿𝛿𝜆𝜆r1 = 𝛿𝛿𝜆𝜆r2. Using Eqs. 2.15, 2.25 and 
2.28 we obtain the tuning ratio for the two rings as  

 �𝛿𝛿𝜙𝜙r1
𝛿𝛿𝜙𝜙r2

�
𝑉𝑉

= Δ𝜆𝜆r2
Δ𝜆𝜆r1

= 𝐿𝐿rt,r1
𝐿𝐿rt,r2

= 𝑀𝑀r1
𝑀𝑀r2

 (2.30) 

for continuous tuning of the Vernier filter transmission peak. 

2.6 Mode-hop-free tuning 
Now that we have provided expressions for tuning of the resonant laser wavelength via the phase 
section and ring resonators separately, we consider the synchronous tuning of the phase section and 
both ring resonators. First, we observe for tuning the cavity resonant wavelength by the phase section 

 𝛿𝛿𝜆𝜆𝑐𝑐,ps = 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙ps

𝛿𝛿𝜙𝜙ps = Δ𝜆𝜆𝑐𝑐
𝜋𝜋
𝛿𝛿𝜙𝜙ps, (2.31) 

and we know from Eq. 2.23 the resonant wavelength shift in each ring resonator. When all three 
elements are tuned at the same time, we have three contributions to the change in cavity resonant 
wavelength, 𝛿𝛿𝜆𝜆𝑐𝑐  

 𝛿𝛿𝜆𝜆𝑐𝑐 = 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙ps

𝛿𝛿𝜙𝜙ps + 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙r1

𝛿𝛿𝜙𝜙r1 + 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙r2

𝛿𝛿𝜙𝜙r2, (2.32) 

due to the phase section and the ring resonators 1 and 2. For mode-hope-free tuning we require that  

 𝛿𝛿𝜆𝜆𝑐𝑐 =  𝛿𝛿𝜆𝜆r1 = 𝛿𝛿𝜆𝜆r2, (2.33) 

Combining Eqs. 2.15 and 2.33, we obtain for each ring resonator 

 𝛿𝛿𝜙𝜙𝑟𝑟 = 2𝜋𝜋
Δ𝜆𝜆𝑟𝑟

𝛿𝛿𝜆𝜆𝑐𝑐. (2.34) 

Substituting Eq. 2.34 into Eq. 2.32 and using Eqs. 2.11, 2.13 and 2.23, we obtain 

 𝛿𝛿𝜆𝜆𝑐𝑐 = Δλ𝑐𝑐
𝜋𝜋
𝛿𝛿𝜙𝜙ps + Δ𝜆𝜆𝑐𝑐𝑛𝑛𝑔𝑔(𝜆𝜆𝑐𝑐)

𝜆𝜆𝑟𝑟2
�𝐿𝐿eff,𝑟𝑟1(𝜆𝜆𝑐𝑐) + 𝐿𝐿eff,r2(𝜆𝜆𝑐𝑐)�𝛿𝛿𝜆𝜆𝑐𝑐 (2.35) 

where we have used that 𝜆𝜆r1 = 𝜆𝜆r2 = 𝜆𝜆𝑐𝑐 for the case of mode-hope-free tuning. Solving Eq. 2.35 for 
𝛿𝛿𝜆𝜆𝑐𝑐 gives  

 𝛿𝛿𝜆𝜆𝑐𝑐 = � 𝜋𝜋
Δ𝜆𝜆𝑐𝑐

+ π𝑛𝑛𝑔𝑔(𝜆𝜆𝑐𝑐)
𝜆𝜆𝑐𝑐2

�𝐿𝐿eff,r1(𝜆𝜆𝑐𝑐) + 𝐿𝐿eff,r2(𝜆𝜆𝑐𝑐)��
−1
𝛿𝛿𝜙𝜙ps. (2.36) 

Finally, using Eq. 2.9, we obtain 

 𝛿𝛿𝜆𝜆𝑐𝑐 = 𝜆𝜆𝑐𝑐2

𝜋𝜋𝑛𝑛𝑔𝑔(𝜆𝜆𝑐𝑐)
1

2𝐿𝐿eff,𝑐𝑐
′ (𝜆𝜆𝑐𝑐)−�𝐿𝐿eff,r1(𝜆𝜆𝑐𝑐)+𝐿𝐿eff,r2(𝜆𝜆𝑐𝑐)�

𝛿𝛿𝜙𝜙ps, (2.37) 

and the tuning sensitivity for mode-hope-free tuning is given by  

 � 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙ps

�
MHF

= 𝜆𝜆𝑐𝑐2

𝜋𝜋𝑛𝑛𝑔𝑔(𝜆𝜆𝑐𝑐)
1

2𝐿𝐿eff,𝑐𝑐
′ (𝜆𝜆𝑐𝑐)−�𝐿𝐿eff,r1(𝜆𝜆𝑐𝑐)+𝐿𝐿eff,r2(𝜆𝜆𝑐𝑐)�

, (2.38)  

or, alternatively, 

 � 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙ps

�
MHF

= Δ𝜆𝜆𝑐𝑐
𝜋𝜋

𝐿𝐿eff,𝑐𝑐
′ (𝜆𝜆𝑐𝑐)

𝐿𝐿eff,𝑐𝑐
′ (𝜆𝜆𝑐𝑐)−12�𝐿𝐿eff,r1(𝜆𝜆𝑐𝑐)+𝐿𝐿eff,r2(𝜆𝜆𝑐𝑐)�

. (2.39) 
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For a discussion of this result we recall that when tuning the resonant laser wavelength using the 
phase section alone, the maximum mode-hop-free tuning was the free spectral range, Δ𝜆𝜆𝑐𝑐 of the laser 
cavity. Equations 2.38 and 2.39 show that now the mode-hop-free tuning range is different. By 
including the two rings in the laser cavity, the mode-hope-free tuning range is increased by a factor 
equal to the ratio of the roundtrip cavity length, 𝐿𝐿eff,𝑐𝑐′ , to the roundtrip cavity length minus half the 
sum of the effective lengths of the microring resonators. Therefore, to maximize the mode-hop-free 
tuning range, the effective length of the microring resonators should be the dominant contribution to 
the roundtrip length of the laser cavity, i.e., the gain and bus waveguides should be as short as 
possible. 

The denominator in Eqs. 2.38 and 2.39 is equal to the weighted sum of the length of the SOA, the 
phase section and the bus waveguide. This means that both equations describe that the tuning 
sensitivity of the hybrid laser is equal to the same laser without the ring resonators adding optical 
length, i.e., a laser with a much higher tuning sensitivity equal to that of a much shorter laser. 
Consequently, the hybrid laser provides the tuning range, i.e., one FSR for a 2𝜋𝜋 phase shift of the 
propagating light, of a short laser while the intrinsic linewidth is that of a laser with a long cavity. The 
reason for this effect to occur is the synchronous tuning of the phase section and the rings, which 
increases the total phase shift experienced by the light for one roundtrip, compared to tuning of the 
phase section alone. The mode-hop-free tuning further assures that the total phase shift is not limited 
to 2𝜋𝜋 any more, and continuous tuning over a larger range is now possible. 

For finding the synchronous tuning ratio of the ring resonators versus the phase section, that gives 
mode-hop-free tuning, we combine Eqs. 2.15 and 2.33 and find for the ring resonators that  

 �𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙r

�
MHF

= Δλr
2𝜋𝜋

. (2.40) 

which is similar to the tuning of the resonant wavelength of the ring resonator. Merging Eqs. 2.7, 
2.13, 2.39 and 2.40 gives the tuning ratio of the first ring resonator versus the phase section 

 �𝜕𝜕𝜙𝜙r1
𝜕𝜕𝜙𝜙ps

�
MHF

= 𝐿𝐿rt,r1
𝐿𝐿eff,𝑐𝑐
′ (𝜆𝜆𝑐𝑐)−12�𝐿𝐿eff,r1(𝜆𝜆𝑐𝑐)+𝐿𝐿eff,r2(𝜆𝜆𝑐𝑐)�

= 𝐿𝐿rt,r1
𝑛𝑛𝑔𝑔,SOA
𝑛𝑛𝑔𝑔,Si3N4

𝐿𝐿SOA+𝐿𝐿bus
. (2.41) 

A similar expression can be derived for the synchronous tuning of the second ring versus the phase 
section. In common designs for a laser feedback circuit based on microring resonators, including the 

laser described here, evaluating Eq. 2.41 will result in �𝜕𝜕𝜙𝜙r1
𝜕𝜕𝜙𝜙ps

�
MHF

≪ 1. Hence, the amount of phase 

shift applied by the phase section has to be much larger than the phase shift applied by the ring 
resonator. To optimize a feedback circuit for the technical realization of mode-hop-free tuning, it 
would be beneficial if these phase shifts are of the same order, so that evaluating Eq. 2.41 results in ≈
1. This could be realized by designing the feedback circuit according to 𝐿𝐿rt,r ≈

𝑛𝑛𝑔𝑔,SOA

𝑛𝑛𝑔𝑔,Si3N4
𝐿𝐿SOA + 𝐿𝐿bus, 

by choosing a sufficiently large 𝐿𝐿rt,r and by minimizing 𝐿𝐿bus. However, the drawback of increasing 
𝐿𝐿rt,r  is that it also reduces the microring FSR (cf. Eq. 2.13) and therefore complicates a proper design 
of the Vernier filter. 

To find the maximum mod-hop-free tuning range, we consider the three conditions that limit this 
range. First, in a feedback circuit where the maximum phase shift is the same for every tuning 

element, and where �𝜕𝜕𝜙𝜙r1
𝜕𝜕𝜙𝜙ps

�
MHF

≪ 1 , the mode-hop-free tuning range is technically limited by the 

phase section. By recalling that the change in laser wavelength is given by Δ𝜆𝜆 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
Δ𝜙𝜙, we obtain the  
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maximum mode-hop-free tuning range, Δ𝜆𝜆MHF,max, as (cf. Eq. 2.39)  

 Δ𝜆𝜆MHF,max ≦
Δ𝜆𝜆𝑐𝑐
𝜋𝜋

𝐿𝐿eff,𝑐𝑐
′ (𝜆𝜆𝑐𝑐)

𝐿𝐿eff,𝑐𝑐
′ (𝜆𝜆𝑐𝑐)−12�𝐿𝐿eff,r1(𝜆𝜆𝑐𝑐)+𝐿𝐿eff,r2(𝜆𝜆𝑐𝑐)�

Δ𝜙𝜙ps,max. (2.42) 

Second, in any feedback circuit, the maximum mode-hop-free tuning range is technically limited by 
the continuous tuning range of the microring resonances. So, the maximum range is limited by the 
maximum phase shift that can be applied on either one of the ring resonators via (cf. Eq. 2.15) 

 Δ𝜆𝜆MHF,max ≦
Δλ𝑟𝑟
2𝜋𝜋

Δ𝜙𝜙𝑟𝑟,max. (2.43) 

Third, and finally, synchronous tuning of the Vernier filter is physically limited to the Vernier FSR, as 
described in section 2.5. As the mode-hop-free tuning method depends on the continuous tuning of the 
Vernier filter, the tuning range is ultimately limited by the Vernier FSR, i.e., 

 Δ𝜆𝜆MHF,max ≦ Δ𝜆𝜆𝑉𝑉. (2.44) 

For any design of a laser feedback circuit based on microring resonators, the smallest value resulting 
from evaluation of either Eqs. 2.42, 2.43 or 2.44 restricts the mode-hop-free tuning range. 
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3 Laser device and set-up 

3.1 Hybrid integrated laser 
The hybrid laser was already coarsely described in the introduction. Here we provide a more complete 
description of the laser and its driving electronics. The schematic representation of the laser circuit 
shown in Fig. 1.1 comprises an InP-based RSOA gain chip and the Si3N4-based feedback chip with a 
mirror and Vernier filter based on two microring resonators. Using the relations given in chapter 2, we 
discuss here the design choices for the integrated hybrid diode laser.  

Two different material platforms are used for the fabrication of the photonic chips that are combined 
via hybrid integration to form the laser. There are several major material platforms in integrated 
photonics, such as Silicon-on-Insulator (SOI), the III-IV semiconductors, e.g. InP, and Silicon Nitride 
(Si3N4). Each platform has its specific advantages, making it suitable for certain functionalities or 
applications. For example, SOI is compatible with existing processing facilities for electronics and its 
high index contrast allows for integration of many components on small chips[35]. The III-IV 
semiconductor platform excels in the integration of light sources, high-speed modulators and detectors 
on a chip[36]. For Si3N4, the main advantage is that it offers a good balance between the moderately 
tight confinement of the waveguide modes in combination with very low propagation losses, making 
this platform very suitable for high-quality microring resonators[37]. The combination of several 
requirements can be a major challenge for any single material platform. For example, the combination 
of light sources with low-loss waveguides is not easy to meet, because no single platform excels in 
both. For building a laser with low intrinsic linewidth, both properties are required. Light has to be 
amplified and a long, low-loss laser cavity is required for achieving a low linewidth. To fulfill both 
requirements in the same device, the laser described here is based on hybrid integration, benefitting 
from the best of two specific platforms: the light generation functionality of InP and the low 
propagation losses from Si3N4. 

Table 3.1. Design parameters of the hybrid laser, specified around the operating wavelength of 1550 nm. 
Symbol Value Description 
𝜆𝜆𝑐𝑐 1550 nm Operating wavelength (nominal value) 
𝑛𝑛eff,SOA 3.155 Effective index of the SOA 
𝑛𝑛g,SOA 3.6 Group index of the SOA 
𝑛𝑛eff,Si3N4 1.535 Effective index of Si3N4 feedback circuit waveguides 
𝑛𝑛g,Si3N4 1.715 Group index of Si3N4 feedback circuit waveguides 
𝐿𝐿SOA 0.7 mm Single-pass geometrical length of the SOA 
𝐿𝐿bus 6.7 mm Single-pass geometrical bus waveguide length  
𝐿𝐿rt,r1 885.1 μm Roundtrip length of MRR 1 
𝐿𝐿rt,r2 857.4 μm Roundtrip length of MRR 2 
𝜅𝜅2 0.10 Power coupling coefficient between bus and MRR 

 
The SOA chip, fabricated by the Fraunhofer Heinrich Hertz Institute (HHI)[38], contains a multi-
quantum well active waveguide, based on InP, functioning as an optical amplifier with a gain 
bandwidth of > 100 nm around 1550 nm. One facet of this chip has a high-reflection (HR) coating of 
~ 90% reflectivity against air, which forms one of the feedback mirrors of the laser cavity. At the 
other facet, light is coupled to the Si3N4 chip, which forms the other feedback mirror. To reduce 
undesired reflections from the interface between the two chips, two measures are taken. One is an 
anti-reflection (AR) coating applied at the interface facet and the other is a tilt of 9° of the waveguide 
with the facet normal. Other design parameters for the InP chip can be found in Table 3.1. 
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The Si3N4 chip forms the remaining part of the hybrid laser cavity. This chip is based on the TriPleX 
symmetric double-stripe (SDS) waveguide[39]. This waveguide geometry consists of two 1.2 µm wide 
and 170 nm thick Si3N4 stripes, with a 500 nm thick layer of SiO2 in between. The waveguide is 
single-mode, optimized for small bend radii, down to 100 µm, and offers very low propagation losses 
(<0.1 dB/cm). The effective index and group index at the nominal wavelength of 1550 nm are also 
specified in Table 3.1, together with other parameters for the Si3N4 chip. One of the main advantages 
of the Si3N4 platform is that the waveguides can be tapered two-dimensionally for optimal matching 
of the optical mode to the mode of another chip or an optical fiber. This involves vertical tapering, by 
reducing the thickness of both Si3N4 layers to 35 nm. At the facet for coupling with the RSOA, the 
waveguide is tapered two-dimensionally and angled down with 19.85° with respect to the facet 
normal to match the InP waveguide optical mode and angle at the interface. This mode and angle 
matching allows efficient coupling and reduces spurious reflections to a minimum. 

Based on these TriPleX SDS waveguides, a set of lithographic masks of the feedback circuit with 
dedicated heaters was designed, as shown in Fig. 3.1 (a), which implements the schematic circuit 
shown in Fig. 1.1. The waveguide circuit contains two racetrack-shaped microring resonators, which 
serve as a frequency selective mirror. The designed roundtrip lengths, as presented in Table 3.1 are 
nearly the smallest lengths possible based on the chosen implementation of racetrack resonators with 
adiabatic bends and the requirement of bend radii of at least 100 µm. This choice of slightly different 
roundtrip lengths results in FSRs of 1.58 nm and 1.63 nm, respectively for the two microrings. By 
utilizing the Vernier effect with two cascaded resonators and by using the ratio 𝑀𝑀r2

𝑀𝑀r1
= 32

31
, the total 

FSR, Δ𝜆𝜆𝑉𝑉, is 50.5 nm around the nominal wavelength. Even though this FSR is smaller than the gain 
bandwidth of the InP chip, this filter severely restricts the possible modes at which the laser can 
operate. Assisted by additional filtering, as described in section 4.1, single-mode operation is provided 
across the full gain bandwidth. 

  
Fig. 3.1. (a) Mask design of the Si3N4 feedback chip, showing two identical feedback circuits with different 
interfaces for two different gain chips. The lower half of this design is used for the laser investigated here. (b) Hybrid 
assembly of the laser photonic chip, on top of a one Euro coin. The left part is the Si3N4 feedback chip, while the 
right part is the SOA on top of a submount.  

To extract an adjustable fraction of the light form the cavity, a tunable Mach-Zehnder interferometer 
is placed inside the cavity, which functions as a tunable coupler with coupling ratios between 0 and 
100%. The tunable coupler together with the Vernier filter can be considered as the second feedback 
mirror of the laser cavity, with a tunable and wavelength-dependent reflectivity. Via the tunable 
coupler, part of the light circulating inside the cavity can be directed toward the output facet. At this 
output facet, the waveguide is tapered two-dimensionally for optimal coupling with a single mode 
fiber, which forms the output of the laser. Tuning any element, e.g., the amplifier, ring resonators and 
tunable coupler, also changes the phase of the light circulating inside the cavity. To compensate for 
these phase changes and to control the cavity roundtrip phase, a so-called tunable phase section is 
added to the circuit as well.  

(a) (b) 
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For tuning all elements in the feedback circuit as required, five resistive heaters are placed on top of 
the waveguides. The effect of the heaters is to add a tunable optical phase, as we describe in section 
2.2. Heaters are placed on both ring resonators, the tunable coupler (two heaters, one on each MZI 
branch) and the phase section. Each heater is connected with a lead to corresponding bond pads for a 
ground and signal voltage. The heaters and leads are based on a platinum and gold layer stack. The 
platinum heaters can, according to the manufacturer, be driven with electrical currents up to 
approximately 85 mA before breaking down. In order not to damage the laser, we limit the current 
here to a value of 70 mA. As described in section 4.2, this limits the dissipated power in the heaters on 
the microrings to approximately 600 mW, enabling nearly 2π phase tuning, and approximately 700 
mW on the other heaters, enabling more than 2π phase tuning. 

In order to assemble the hybrid laser, the following steps are carried out. Glass rails are glued on top 
of the Si3N4 chip to facilitate polishing. Both facets are polished, to decrease the facet roughness after 
dicing. The InP chip, placed on a submount, which serves as a heatsink, is then aligned and glued to 
the glass chip. The resulting hybrid assembly is shown in Fig. 3.1 (b) on top of a one Euro coin, to 
indicate the size of the hybrid integrated laser. 

3.2 Butterfly package and PCB 
The full hybrid laser is assembled in a 14-pin butterfly package as shown in Fig. 3.2 (a). This butterfly 
package contains a Peltier element and thermistor for temperature control and stabilization of the laser 
chip. The bond pads on the chip are wire bonded to the butterfly pins such that these pins can be used 
for electrical access to the SOA and heaters. A single-mode polarization maintaining fiber is attached 
to the output waveguide of the laser chip. This fiber is terminated with an FC/APC connector, which 
has an angled facet to prevent undesired reflections back into the laser. 

  
Fig. 3.2. (a) Photo of the hybrid laser and output fiber assembled in a 14 pin butterfly package with Peltier element 
and thermistor for temperature control. (b) Photo of the butterfly package placed on top of a printed circuit board for 
controlling the laser, with a current source, Peltier controller and various DACs, all controlled by a microcontroller 
and connected via a USB-interface to a computer. 

For controlling the laser, LioniX has developed a printed circuit board (PCB) as shown in Fig. 3.2 (b). 
This PCB contains a temperature controller for controlling the Peltier element with temperature 
feedback from a thermistor. It also contains a current source to provide the SOA with a constant 
current. To control the voltages to the various heaters, an 8-channel, 16-bits DAC is placed on the 
board.  A microcontroller is used for operating the board through messages via an USB-interface 
connected to a computer. The butterfly package is mounted via a thermal heatsink, on top of this PCB 
and electrically connected with the corresponding voltage, current and Peltier drivers. The PCB serves 
as a control station to operate the laser via a computer, enabling accurate and reproducible control of 
laser operation.   

(a) (b) 
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3.3 Experimental set-up 
The experimental setup used to characterize the laser in terms of output power, wavelength and 
linewidth, is schematically shown in Fig. 3.3. The output fiber of the laser is connected with a fiber 
isolator (Thorlabs IO-G-1550-APC) to prevent undesired external reflections back into the laser. The 
laser light is then equally divided by a 50:50 fiber optical coupler (Thorlabs TW1550R5A2). One of 
the outputs of the splitter is connected with an integrating sphere photodiode (Thorlabs S144C). All 
measured values on the photodiode are compensated for the measured transmission loss through the 
isolator and the splitter of 3.87 dB. The other output is again split in two by a 95:5 fiber optic coupler 
(AOFR WBY05131510aSR). For measuring the linewidth, the largest part, 95%, is sent to a delayed 
self-heterodyne (DSH) measurement setup. This setup consists of an unbalanced Mach-Zehnder 
interferometer, where one arm contains a 20 km long fiber delay line, and the other arm contains an 
acoustic-optical modulator to induce a frequency shift of 80 MHz, as described in more detail by Fan 
et al.[24]. The linewidth can be retrieved from the beat signal, detected by a fast photodiode (DSC-
R401HG, 20 GHz) connected to a Radio-Frequency Spectrum Analyzer (RFSA, Agilent E4405B). 
The remainder of the light, 5% from the fiber optic coupler, is sent to an optical spectrum analyzer 
(OSA). Two different OSAs are used, depending on the required resolution and wavelength range for 
the measurement. One OSA (ANDO AQ6317) is based on a rotating grating in combination with a slit 
and has a specified resolution of 15 pm. The other OSA (Finisar WaveAnalyzer 1500S) is based on 
coherent detection with a scanning laser and has a much smaller resolution bandwidth of 1.4 pm and a 
sampling resolution of 0.16 pm. To improve the signal to noise ratio in the measured spectra, spectral 
averaging on this device was set to 16 times. 

 
Fig. 3.3. Schematic view of the experimental set-up for characterizing the laser, showing the laser, an isolator (→) 
and a 50/50 fiber optic coupler. One output of the coupler is connected with a photodiode (PD1), while the other 
output is further divided by a 5/95 fiber optic coupler, where the 5% output is connected to an optical spectrum 
analyzer (OSA). The 95% output is fed into the delayed self-heterodyne (DSH) linewidth measurement setup, which 
uses a fast photodiode (PD2) connected to radio-frequency spectrum analyzer (RFSA) for measuring the beat 
frequency. 

For simultaneous operation of all equipment (except the Finisar OSA), we developed a LabVIEW-
based program with an interface as shown in Fig. 3.4. This program allows to control the different 
instruments and retrieve measurement data via either RS232, GPIB and USB interfaces. The laser can 
be controlled via sliders, each acting at one laser control. In addition to power sensor, OSA and RSA 
measurements, 1D parameter sweeps can be performed, where one laser setting is varied and 
simultaneously the output power, wavelength and linewidth are measured at each setting. The 
measured data can be processed and graphically displayed with the program. For example, the data 
obtained from the RFSA connected to the self-heterodyne detection setup is automatically processed 
with a Voigt fit, revealing the Lorentzian and Gaussian linewidth components associated with the 
spectral output of the laser. 
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Fig. 3.4. LabVIEW interface for simultaneous operation of the laser with the measurement equipment with (a) a 
close-up of the modelled Vernier transmission, (b) the modelled Vernier transmission over the full gain bandwidth, 
(c) control panel of the OSA, (d) control panel of the laser, (e) control panel of the RFSA for the linewidth 
measurement with the fitting results, (f) measured graph retrieved from the OSA, (g) control panel of the optical 
power sensor and (h) measured graph retrieved from the RFSA with the applied linewidth fits. 

To assist tuning of the laser, a physical model of both MRRs in Vernier configuration was added to 
the LabVIEW program that predicts the laser wavelength as function of tuning these MRRs, as 
described in more detail in section 4.2.3. This allows comparison of the predicted wavelength with the 
measurement data obtained from the OSA, and it allows entering a desired laser wavelength to set the 
MRRs to the required value. 

To simplify the setting of the laser, a so-called auto-phase tune function was added. This function 
sweeps the heater power applied to the phase section and simultaneously measures the output power 
of the laser. Afterwards, the phase section is set to the heater value, where the output power is 
maximum, causing the cavity mode to overlap with the common resonance of both microring 
resonators. The auto-phase tuning can also be used during parameter sweeps, such that the phase 
section is optimized for each step of the sweep, to compensate an unwanted phase shift of the cavity 
mode caused by the swept parameter.  

Having installed the described hardware and software, the control of the hybrid laser is much 
improved compared to earlier versions of these lasers. First, the hybrid assembly of the laser in a 
butterfly package with a Peltier element allows for precise thermal stabilization and obtaining 
reproducible results. Second, the placement of the butterfly package on a computer controlled PCB 
allows for systematic control of all laser settings. And third, the LabVIEW interface simplifies 
retrieving measurement data and allows for fast parameter sweeps. These improvements enable an 
accurate, reproducible and systematic characterization of the laser, as described in the next chapter.  

(a)  
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4 Experimental results 

4.1 Laser characteristics 
The output characteristics of the laser depend on the interplay between various laser settings. For 
example, the output power depends on the Peltier temperature, the gain current, the wavelength 
position of the Vernier transmission peak, the outcoupling set by the tunable coupler, and the setting 
of the phase section. Changing these settings will affect the wavelength and linewidth of the laser as 
well. To systematically characterize the properties of the laser, we start presenting the dependence of 
the output power, threshold current, spectral coverage, side mode suppression ratio and linewidth 
versus various laser settings.  

 
Fig. 4.1. (a) Measured fiber-coupled output power of the laser as function of the amplifier current without tuning the 
phase section (green data points) and with tuning of phase section (red data points) for each setting of the amplifier 
current. The corresponding amplifier voltage is shown as blue data points. Power fluctuations due to mode hops are 
visible when the phase section is not tuned (green data points) and are absent when the phase section is tuned (red 
data points). For these measurements, the TEC temperature was set to 20° C, the Vernier filter wavelength was set to 
1576 nm and the outcoupling to 80%. (b) Threshold current (red) and slope efficiency (blue) measured as function of 
the outcoupling ratio of the tunable coupler. The amplifier current was swept between 0 and 40 mA to determine 
both parameters. For this measurement series, the Vernier filter wavelength set to 1557.7 nm and auto tuning of the 
phase section was applied before every single measurement. 

In Fig. 4.1 (a) the fiber-coupled output power of the laser is shown as function of the amplifier 
current. A coarse scan of different laser settings was first performed to search for the maximum output 
power. The maximum output power is available at the lowest temperature, 20° C, of the operating 
temperature range between 20° C and 50° C, as specified by the manufacturer. For all subsequent 
measurements, the temperature was set to 25° C to guarantee operation above ambient temperature to 
prevent undesired condensation of ambient air humidity. This setting reduces the maximum output 
power by only a few percent. Due to the variation of the gain and loss with wavelength, the maximum 
power also depends on the wavelength setting of the Vernier filter. An initial scan of this filter 
indicated that the maximum output power can be found around 1575 nm, which likely corresponds to 
the peak of the net gain curve. Consequently, the Vernier filter was set at approximately this 
wavelength for determining the maximum output power. Fig. 4.1 (a) shows that only increasing the 
amplifier current does not always increase the output power when auto-phase tuning is off. Increasing 
the amplifier current leads to a variety of effects in the gain section[15]. Amongst these are, a shift in 
the peak of the gain, a higher free-carrier density, and an increase in temperature due to non-radiative 
charge carrier recombination. The net results of these effects for our laser is an increase in effective 
refractive index of the gain section. The increased index effectively adds an extra phase to the 
propagating light, which changes the alignment of the cavity mode with respect to the Vernier filter 
peak, which changes the output power. This effect is clearly visible for the green data points of Fig. 

(a) (b) 
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4.1 (a) where the phase section was not automatically tuned for maximum output power. If the tuning 
of the phase section is automatically optimized for maximum output power before every 
measurement, the phase shift in the gain material becomes counteracted, resulting in a much smoother 
function of output power versus current, as can be seen as the red data points in Fig. 4.1 (a). We 
measured a maximum fiber-coupled optical power of 24 mW, which is more than previous reported 
values of 1.7 mW[24] and 10 mW[25] for similar lasers using a two-ring Vernier filter, and it is more 
than the maximum of 13 mW reported for a laser containing three rings[26]. An even higher output 
power will likely be attainable above the maximum safe driving current of 300 mA, as specified by 
the manufacturer. 

The threshold current and slope efficiency of the laser depend strongly on the outcoupling ratio. Fig. 
4.1 (b) shows this dependency with a measurement of the threshold current and slope efficiency as a 
function of the outcoupling ratio of the tunable coupler. The outcoupling ratios used in the experiment 
were derived from a simplified model for the tunable coupler. The coupler is modelled as a balanced 
and wavelength-independent Mach-Zehnder interferometer whose outcoupling ratio, 𝜂𝜂𝑡𝑡𝑡𝑡, is related to 
the applied voltage 𝑉𝑉𝑡𝑡𝑡𝑡 via 𝜂𝜂𝑡𝑡𝑡𝑡 = sin(𝑎𝑎𝑉𝑉𝑡𝑡𝑐𝑐2 + 𝑏𝑏)2, where 𝑎𝑎 and 𝑏𝑏 were experimentally determined by 
sweeping the tunable coupler voltage and measuring the output power of the laser. As can be seen 
here, increasing the outcoupling ratio increases both the threshold current and the slope efficiency of 
the laser. We note that the laser can easily become multimode at low outcoupling ratios. A good 
operating point for single mode behavior with high output power was found for an outcoupling ratio 
of approximately 80%. 

 
Fig. 4.2. (a) Full tuning range illustrated by superimposed laser spectra showing the optical power in a 0.1 nm 
resolution bandwidth as measured with the OSA for an amplifier current of 300 mA and an outcoupling of ~80%. 
The Vernier filter is adjusted to obtain lasing at wavelength increments of ~5 nm over a range of ~120 nm. The 
phase section was adjusted before each measurement to obtain maximum output power. (b) Measured laser power in 
a 0.01 nm resolution bandwidth as measured with the OSA, showing a high SMSR of 63 dB. The amplifier current is 
set to 300 mA, the tunable coupler to ~80% outcoupling, the Vernier filter to 1550 nm and auto-phase tuning is 
applied. The spectrum is an average of 10 independent measurements to reduce the background noise level and 
increase the visibility of the side modes. 

To demonstrate the broad gain bandwidth and corresponding tuning range of the laser, Fig. 4.2 (a) 
shows several superimposed laser spectra where the Vernier filter was tuned in steps of approximately 
5 nm. The amplifier current was set to its maximum, to obtain the broadest possible tuning range. We 
note that the Vernier FSR of 50 nm limits normal laser operation to the range between 1530-1580 nm. 
Although the tunable coupler is designed to be a wavelength-independent balanced Mach-Zehnder 
interferometer, if no additional phase shift is applied, the fabrication process introduced an optical 
path length difference between the two arms. Consequently, the coupler becomes wavelength 
dependent. Fortunately, we can use this dependence to enforce a lasing wavelength outside the normal 
operating range. This is realized by choosing a setting for the coupler that retains an outcoupling of 
approximately 80% for the wavelengths of interest but increases outcoupling, and thus the roundtrip 

(a) (b) 
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loss, for the wavelengths in the normal operation range of 1530-1580 nm. In this way we were able to 
extend the total tuning range to 120 nm, which exceeds the Vernier filter FSR by a factor of more than 
2. This range is also much broader than the previously reported values of 43.2 nm[24], 50 nm[25] and 81 
nm[26]. 

In order to investigate the single-mode behavior of the laser, we characterized the ratio between the 
main laser mode and other unwanted modes, also called the side mode suppression ratio (SMSR). The 
highest SMSR was obtained at a wavelength of 1550 nm and at the maximum gain current of 300 mA. 
The corresponding spectrum is shown in Fig. 4.2 (b). On both sides of the main laser peak, side 
modes are visible at a level of 63 dB below the main peak. These side peaks are separated by 1.61 nm 
in wavelength from the main peak, which matches the average FSR of both ring resonators at 1550 
nm. We note that the height of these two side peaks is equal when the filter peaks of both ring 
resonators and the cavity mode overlap well. This was achieved by iterative tuning of one microring 
resonator and the phase section, until the output power of the laser was as high as possible. We 
expected to find the highest SMSR around the peak of the gain curve, around 1575 nm. With the 
Vernier filter tuned to that wavelength, other laser modes build up around 1525 nm, at one Vernier 
FSR from the main laser mode, which results in a lower SMSR. When the laser is tuned to 1550 nm, 
side modes at ~50 nm distance are not detectable with the OSA anymore, possibly because these side 
modes are suppressed by lower gain or higher losses. The high SMSR of 63 dB that we found 
indicates proper single-mode lasing. This value has improved compared to previously reported values 
of 35 dB[24], 50 dB[25]  and 61 dB[40] for similar lasers. We believe that our value is higher because of 
the improved control of the fully packaged laser, which allows to systematically optimize all laser 
settings.  

 
Fig. 4.3. Recorded self-heterodyne beat signal (blue) on the RFSA connected to the laser via the self-heterodyne 
linewidth measurement setup. The amplifier current is 150 mA, the outcoupling set by the tunable coupler is ~80%, 
and the Vernier filter is set to 1534.1 nm. The laser phase section is optimized for the smallest linewidth with a slight 
detuning compared to the setting for maximum output power. The RFSA resolution bandwidth is 10 kHz and 
averaging is set to 20. Fitting a Voigt profile (red) to the recorded signal reveals a Lorentzian linewidth component 
of 8 kHz and a Gaussian linewidth component of 1.5 MHz. 

A notable feature of this type of hybrid laser is the ultra-narrow intrinsic linewidth, as previously 
demonstrated. A hybrid laser with a feedback circuit based on three microring resonators provides a 
record-low intrinsic linewidth of 290 Hz[26]. To investigate the intrinsic linewidth of this laser, we use 
the delayed self-heterodyne measurement setup described in section 3.3. The beat between the 
delayed original laser output and the frequency shifted laser output is measured by a high-speed 
photodetector connected to a radio-frequency spectrum analyzer (RFSA). In Fig. 4.3, the measured 
beat signal is shown, from which two linewidth components of the laser can be retrieved. The 
measured line shape of the RF beat signal can be well approximated with a so-called Voigt profile, 
which is a convolution of a Gaussian and Lorentzian profile. 1/𝑓𝑓-noise, often introduced by technical 
noise, contributes to the Gaussian part of the Voigt profile, while spectrally infinite quantum noise, 
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e.g., through spontaneous emission, contributes to the Lorentzian part of the profile. The width of this 
last part is also called the intrinsic linewidth of the laser. In order to find the lowest intrinsic linewidth 
for this laser, we measured the linewidth at different wavelength settings for the Vernier filter and 
found that the linewidth is lowest around 1534 nm, where the laser could be operated without 
applying a voltage to any of the heaters. The latter criterion was applied to reduce also technical noise. 
When scanning the linewidth as function of the amplifier current, we found that the intrinsic linewidth 
decreases until a current of about 150 mA, but then remains constant for larger currents. The line 
shape measurement as presented here is measured around 1534 nm and at a current of 150 mA. By 
applying a Voigt profile fit to this measurement, we found a Gaussian linewidth component of 1.5 
MHz and a Lorentzian component of 8 kHz. The intrinsic (Lorentzian) linewidth of 8 kHz is much 
smaller than the previously reported values of 25 kHz[23], 24 kHz[41], 90 kHz[24] and 35 kHz[25] for 
similar hybrid devices utilizing a two-rings Vernier filter. 

Based on this characterization, we conclude that the laser is better in terms of output power, tuning 
range, SMSR and linewidth compared to previous versions of a hybrid laser with a feedback circuit 
utilizing two ring resonators. We believe that this improvement is due to the ongoing development 
and optimization of the hybrid laser technology. For example, the thermal management of the gain 
chip and the hybrid assembly is improved, which allows higher pump currents. Also, the propagation 
losses of the feedback chip are reduced, in several ways. The spot size converters are designed to 
adiabatically change the thickness of the guiding layers, which minimizes the excess loss to below 
0.05 dB per spot size converter[39], [42]. The Y-junctions from previous laser designs are replaced with 
directional couplers or tunable couplers in the current design, which removes the excess loss of the Y-
junction due to the gap between the two branches[39]. The ring resonators are now implemented as 
racetrack resonators having adiabatic bends. This allows for better control of the coupling coefficient 
between the bus and ring waveguides and it reduces the mode transition loss between straight and 
bent waveguides[39]. The processing of the current feedback chip is based on stepper lithography 
instead of contact lithography, which likely reduces the sidewall roughness of the waveguides and 
consequently reduces the propagation loss. Also, the design of the feedback chip is optimized, to 
reduce undesired back reflections. There are no on-chip terminated waveguides anymore. In contrast 
to earlier designs where the through ports of the ring resonators were used as filter output, here the 
drop ports are used to enable better filtering. And finally, the hybrid assembly technology is 
developed further for stable and low-loss coupling between the gain chip and the feedback chip. The 
combination of these technological advances has probably brought the improved characteristics of the 
laser investigated here, compared to earlier versions of similar hybrid lasers. 

4.2 Laser tuning response 

4.2.1 Heater resistances 
For accurate control of the tuning of the laser, it is required to know exactly how much phase shift is 
applied by each heater on the feedback chip when a certain voltage is set across this heater. The 
dissipated electric power in a heater is to first order linear with the temperature increase of the 
waveguide, which is also to first order linear with the applied phase shift. In contrast, the dissipated 
power is not linear with the set heater voltage. Applying a voltage 𝑈𝑈 on the heater with resistance 𝑅𝑅 

results in a dissipated power 𝑃𝑃 described by 𝑃𝑃 = 𝑈𝑈2

𝑅𝑅
. Therefore 𝑃𝑃~𝑈𝑈2, assuming a constant value of 

the resistor. However, the platinum heaters deposited on the feedback chip have a positive 
temperature coefficient and, therefore, the heater resistance increases with increasing temperature due 
to the dissipated power. 

To investigate the temperature dependent resistance for the heaters used, we have electrically 
characterized these heaters. We measured the heater current 𝐼𝐼 as function of the set heater voltage 𝑈𝑈 
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for the various heaters placed on the feedback circuit. The results are shown in Fig. 4.4 (a), and the 
temperature dependence of the heater resistance becomes apparent at the higher driving voltages. In 
Fig. 4.4 (b) we plot the calculated heater resistance 𝑈𝑈

𝐼𝐼
 versus the calculated heater power 𝑈𝑈𝑈𝑈. Fig. 4.4 

(b) shows that all heaters have the same power dependence of 0.050 ± 0.002 Ω/mW, but differ in 
nominal resistance, which can be addressed to the different length of the heaters. For instance, the 
length of the microring heaters is limited by the roundtrip length, which is shorter than the 1 mm 
length used for the other heaters.  

 
Fig. 4.4. Measured electrical response of the thermo-optic phase shifter on the feedback chip: (a) heater current vs. 
heater voltage and (b) calculated heater resistance vs. calculated heater power. 

Regarding the temperature dependence of the heaters, it can be derived from the data in Fig. 4.4 (b) 
that the resistance value increases by as much as 30% at the maximum allowable heater power. This 
significant effect should be included in the model of these heaters, for accurate control of the laser. 
For this purpose, a linear fit was applied to the calculated heater resistances (Fig. 4.4 (b)) and the fit 
results are used in the LabVIEW program for controlling the lasers. This model, in combination with 
the values of the power required for 2𝜋𝜋 phase shift at each heater, 𝑃𝑃2𝜋𝜋, allows for calculating the 
required heater voltage as function of the applied phase shift, and vice versa. This modelling and 
calibration of the heaters is ultimately required for the technical realization of predictable and mode-
hop-free tuning of the laser wavelength. 

4.2.2 Tuning by the phase section 
The most straightforward way to change the laser wavelength is via the phase section. The effect of 
this laser setting is to change the roundtrip phase of the laser cavity, resulting in a change of resonant 
cavity wavelength (cf. Eq. 2.11). Theoretically, by changing the heater power on the phase section, the 
laser wavelength can be tuned continuously over a range, limited by one FSR of the laser cavity. As a 
second effect, the detuning between the cavity mode and Vernier transmission peak would change the 
losses in the laser cavity, leading to a change of the output power as well. 

To investigate the laser tuning by the phase section, we measured the wavelength and output power of 
the laser, when varying the electrical power on the phase section heater. To improve the detection of 
small wavelength steps, we used the Finisar WaveAnalyzer 1500S as OSA, because of its high 
resolution. The resulting measurements are shown in Fig. 4.5. Indeed, Fig. 4.5 (a) shows a continuous 
increase in lasing wavelength when the heater power of the phase section is increased. The tuning 
follows almost a linear dependence, as expected based on Eq. 2.11. Immediately after a mode hop, the 
tuning is slightly nonlinear, which we believe is due to a change in effective length contribution of the 
rings inside the laser cavity, when the cavity mode is detuned from the ring resonances. The data of 
Fig. 4.5 (b) recorded simultaneously show a continuous decrease in output power of the laser, when 

(a) (b) 
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the heater power is increased. The latter is in agreement with the initial setting of the laser, where the 
Vernier resonance coincides with a laser cavity mode. 

The most apparent factor in Fig. 4.5 (a) and (b) is a set of discontinuities. At these points, the 
continuous tuning range is terminated by a mode hop for a particular heater power level 
corresponding to a phase shift of 𝜋𝜋. When the phase section is tuned to a multiple of 𝜋𝜋, the laser hops 
to larger mode numbers, with corresponding wavelength discontinuities. These mode hops limit the 
tuning range to the cavity FSR and cause large variations in the output power of the laser, both being 
highly undesired. 

 
Fig. 4.5. (a) Measured wavelength and (b) output power of the laser when only the heater power on the phase section 
is varied. The amplifier current is 70 mA, the outcoupling set by the tunable coupler is ~80%, and the target 
wavelength of the Vernier filter is set to 1534.325 nm. 

From the characterization of the phase section, we can retrieve the cavity FSR, Δλ𝑐𝑐, by taking the 
average of the laser wavelength shifts by the mode hops. By evaluating Eq. 2.9 with this FSR and the 
group index of Si3N4 waveguides as provided in Table 3.1, an effective cavity length 𝐿𝐿eff,𝑐𝑐′  of about 20 
mm is estimated. What can also be retrieved, is the heater power 𝑃𝑃2𝜋𝜋,ps required for 2𝜋𝜋 phase tuning, 
by taking the difference in heater power between two mode hops. The resulting values are shown in 
Table 4.1. 

Tuning the laser wavelength by only changing the phase section heater power results in a very limited 
wavelength tuning range with variable output power, due to the relative long cavity length of 20 mm. 
In order to enable tuning over a much larger wavelength range while maintaining an approximately 
constant output power, in the next section, we describe additional tuning by the microring resonators. 

Table 4.1. Experimentally retrieved parameters of the phase section for a laser wavelength around 1534 nm. 
Symbol Value Description 
Δλ𝑐𝑐 0.0341 ± 0.0008 nm Free spectral range of the laser cavity 
𝐿𝐿eff,𝑐𝑐′  20.1 ± 0.5 mm Effective cavity length 
𝑃𝑃2𝜋𝜋,ps 0.58 ± 0.01 W Heater power required for 2𝜋𝜋 phase tuning 

 

4.2.3 Tuning by a single microring resonator 
The Vernier feedback filter for the laser investigated here consists of 2 microring resonators with 
slightly different radii. To facilitate predictable wavelength tuning by the Vernier filter, first we 
investigate the tuning of the microring resonators individually. For each ring resonator, we swept the 
heater power and measured the laser wavelength with the peak detection algorithm of the OSA, after 
optimizing the laser output power via tuning of the phase section. The ANDO AQ6317 was used as 
OSA because it is able to measure the laser wavelength over a large range. While tuning one ring, the 
heater for the other ring is turned off. Results of these sweeps are shown in Fig. 4.6 (a) and (b) for the 

(a) (b) 
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first and second microring resonator, respectively. The highest detected peak, corresponding with the 
main laser mode, is shown in red. Any other detected peaks, corresponding with weaker side modes, 
are shown in blue. The power of these side modes varies between -34 and -57 dB with respect to the 
main mode. 

Fig. 4.6 shows that the lasing wavelength can be tuned over a much larger range, compared to tuning 
by the phase section. The tuning range now corresponds to the FSR of the Vernier filter (~ 50 nm). 
However, it can also be seen that tuning is no longer continuous and mode hops are visible. When 
microring 1 is tuned, the mode hops are set by the resonances of microring 2, which are at fixed 
locations on the wavelength axis. Therefore, tuning only microring 1 reveals the FSR of microring 2, 
while tuning only microring 2 reveals the FSR of microring 1. Further, Fig. 4.6 shows opposite tuning 
of the laser wavelength when the heater power for microring 1 and 2 is increased, respectively. This is 
in agreement with microring 1 having the smaller FSR (greater roundtrip length) of the two. Finally, 
Fig. 4.6 shows that for wavelengths up to 1555 nm, for each lasing wavelength there is a certain 
heater power where no side modes are detected within the measurement range of the OSA, while for 
neighboring heater powers one or two side modes are present. At longer lasing wavelengths, side 
modes are nearly always present for the heater powers used. This is probably due to the higher gain at 
these wavelengths. We also conclude that careful tuning of the heater powers is required, to a higher 
degree than used in this experiment, for proper single mode lasing. 

 
Fig. 4.6. Measured laser wavelength as function of tuning the heater powers on microring 1 (a) and microring 2 (b). 
The amplifier current is 50 mA, the outcoupling is set by the tunable coupler to ~80% and auto-phase tuning is 
applied for every measurement. The measured wavelengths of sidemodes in the laser spectra (blue) are indicated 
separately from the wavelength of the main laser mode (red). 

The experimental data can be used to retrieve some parameters of the microrings, in particular the 
roundtrip length. Knowing these values allows more accurate simulation of the laser performance and 
allows for a model to more accurately predict the lasing wavelength. This is especially useful for 
mode-hop-free tuning and setting the laser to an arbitrary lasing wavelength. 

The straightforward method to obtain the roundtrip length of the MRRs is to evaluate Eq. 2.13 for the 
FSR at a certain lasing wavelength. However, this method is associated with a relative large 
uncertainty in the obtained roundtrip length, due to the limited resolution of the OSA. To increase the 
certainty statistically, we calculate the roundtrip length for each detected FSR and we take the average 
of the calculated values. Here we use a model of the wavelength dependent group index, represented 
by a linear fit. The results of this processing are shown in Table 4.2. Comparison of these averaged 
roundtrip lengths with the corresponding design values (see Table 3.1) shows that the calculated 
lengths agree with the design values within the measurement uncertainty. If we assume that the 
coupling constants 𝜅𝜅2 are equal for both rings, then its value can be calculated by evaluating Eqs. 2.7 
and 2.20 with the experimentally determined effective cavity length and ring resonator lengths. The 
resulting value, as provided in Table 4.2, is lower than the design value of 0.10. This could be 

(a) (b) 
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explained by a slight deviation of the waveguide width during fabrication, which changes the coupling 
of the light between the bus and ring waveguide. The table also shows the estimated values for the 
power required for 2𝜋𝜋 phase shift, 𝑃𝑃2𝜋𝜋,𝑟𝑟. These values are obtained by extrapolation and therefore are 
less accurate. The reason is that applying a phase shift over 2𝜋𝜋 is not possible here, due to the heater 
current limit of 70 mA that we follow for the microring heaters, and the according power limit of 
approximately 600 mW. 

Table 4.2. Experimentally retrieved parameters of the Vernier filter, given at a wavelength of 1534 nm. 
Symbol Value Description 
Δλ𝑟𝑟1 1.547 ± 0.001 nm Free spectral range of MRR 1 
Δλ𝑟𝑟2 1.597 ± 0.002 nm Free spectral range of MRR 2 
𝐿𝐿rt,𝑟𝑟1 885 ± 1 μm Roundtrip length of MRR 1 
𝐿𝐿rt,𝑟𝑟2 857 ± 1 μm Roundtrip length of MRR 2 
𝜅𝜅2 0.071 ± 0.003 Power coupling coefficient between bus and MRR 
𝑃𝑃2𝜋𝜋,𝑟𝑟1 0.78 ± 0.01 W Heater power required for 2𝜋𝜋 phase tuning of MRR 1  
𝑃𝑃2𝜋𝜋,𝑟𝑟2 0.75 ± 0.01 W Heater power required for 2𝜋𝜋 phase tuning of MRR 2 

 
By using the measured values, the transmission function of the Vernier filter can be simulated, which 
corresponds to a calibration of wavelength changes versus heater current. However, due to a 
remaining uncertainty in the order of 1 μm in the roundtrip length, this model is not sufficiently 
accurate to predict the absolute wavelength for zero tuning, i.e., with all heaters off. For instance, 
based on the nominal measured roundtrip lengths, the predicted zero-tuning wavelength is 1525.6 nm, 
while the measured value is 1534.2 nm. Due to the small roundtrip length difference between the two 
rings, this zero-tuning wavelength is very sensitive to the actual length difference between these rings. 
Nevertheless, to attempt to achieve agreement between model and measurement, we tweak the found 
ring lengths until the predicted zero-tuning wavelength agrees with the measured value. Indeed, after 
tweaking, the roundtrip lengths of 885.6 and 857.7 μm for microring 1 and 2, respectively, provide the 
measured zero-tuning wavelength and are still within the measurement uncertainty of the 
experimentally retrieved values. 

 
Fig. 4.7. Modelled transmission of both ring resonators and the Vernier filter, for power coupling coefficients 𝜅𝜅2 =
0.1 and assuming no losses. When the heaters on both ring resonators are not actuated, maximum transmission is 
approximately at 1534.1 nm, which corresponds with the zero-tuning wavelength of the laser. 

The simulated transmission function of the Vernier filter, based on the tweaked roundtrip values for 
both ring resonators, is shown in Fig. 4.7. The transmission peak around 1534.1 nm is approximately 
the zero-tuning laser wavelength (cf. Fig. 4.6). By adding the phase shift, applied by microring 
heaters, into this model, the transmission function can be predicted when setting the heaters to any 
value. The reverse calculation, namely setting the heaters as function of a requested wavelength is 
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then also possible. Such a model was implemented into the LabVIEW program for controlling the 
laser, to enable predictable wavelength tuning of the laser within the FSR of the Vernier filter. 

To summarize what has been presented so far, we have described how the laser wavelength can be 
accurately predicted, based on a calibrated model of the Vernier filter. We have demonstrated that the 
laser wavelength can be adjusted continuously over a small range, limited by mode hops, by tuning 
the phase section or with mode hops over a larger range by tuning the ring resonators. In the next 
chapter we will show how to use these elements together in a suitable synchronism for tuning over a 
large range, not limited by mode hops. 

4.3 Mode-hop-free tuning 
For continuous wavelength tuning of the laser, i.e., avoiding mode hops, over a range larger than the 
cavity FSR, we investigate here laser tuning via synchronous variation of the Vernier filter and phase 
section. By tuning both ring resonators together, not only does the Vernier filter transmission peak 
shift continuously, but also the resonant laser wavelength changes, as we derive in section 2.4. 
However, these wavelength shifts are clearly not equal, due to the presence of non-tuned parts in the 
circuit, specifically the bus waveguides and the optical amplifier. Therefore, also a tuning of the phase 
section is required, to keep the shift of the laser cavity mode equal to the shift of the resonant 
wavelength of the Vernier filter. 

The challenge with tuning all these three elements together is to find the right tuning ratios of the 
heater powers and corresponding phase shifts for all the elements, that synchronize Vernier filter and 
cavity length tuning. In section 2.6 we derived this tuning ratio theoretically. However, as these 
expressions were not available at the time of performing the experiment, the ratios were determined 
experimentally. 

The approach we used was to first align the Vernier filter resonance to a resonance of the laser cavity. 
This was done by tuning the Vernier filter, without applying any heater power to the phase section, 
and maximize the output during tuning. This resulted in an initial wavelength of 1534.25 nm. In this 
way the full heater power range of the phase section remains available for tuning the laser. Next, we 
optimized the tuning ratio between the phase section and the Vernier filter, by maximizing the laser 
output power during synchronous tuning and by rejecting a tuning ratio if an undesired mode hop 

occurred. The ratios 
𝜕𝜕𝜙𝜙r1
𝜕𝜕𝜙𝜙ps

= 0.107 and 
𝜕𝜕𝜙𝜙r2
𝜕𝜕𝜙𝜙ps

= 0.103 for ring resonator 1 and 2, respectively, were 

found experimentally to provide the maximum laser power during synchronous tuning. For 
comparison, the theoretical values obtained from Eq. 2.41, using the laser parameters from Tables 4.1 
and 4.2, are 

𝜕𝜕𝜙𝜙r1
𝜕𝜕𝜙𝜙ps

= 0.108 and 
𝜕𝜕𝜙𝜙r2
𝜕𝜕𝜙𝜙ps

= 0.105, for ring resonator 1 and 2, respectively, agree closely 

with the experimental values. Using the experimentally optimized tuning ratios, we chose discrete 
values of heater powers to tune the laser wavelength in 0.005 nm intervals. The required heater power 
for the ring resonators as a function of the heater power for the phase section are shown in Fig. 4.8 (a) 
as blue and red data points for rings 1 and 2, respectively. After each interval of tuning, i.e., after 
applying each set of heater powers to the phase section and ring resonators, a laser spectrum was 
acquired, using the Finisar WaveAnalyzer 1500S, and the laser output power was measured. The 
measured spectra are shown superimposed in Fig. 4.8 (b), while the corresponding laser center 
wavelengths and laser output powers are shown in Fig. 4.8 (c, red) and Fig. 4.8 (d, red), respectively. 
For comparison, Fig. 4.8 (c, blue) also shows the lasing wavelength and Fig. 4.8 (d, blue) shows the 
output power, when only the phase section is tuned and the heater power for the two rings is kept 
constant.  
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Fig. 4.8. (a) Experimentally optimized heater power tuning ratios between the phase section and the ring resonators 
for synchronous tuning. The shown datapoints are calculated for a tuning interval of 0.005 nm. (b) Superimposed 
OSA spectra, taken with an interval of 0.005 nm, for synchronous tuning of phase section with the Vernier filter, 
which demonstrates the 0.22 nm mode-hop-free tuning range. (c) Measured laser wavelength and (d) output power as 
function of the phase section heater power. Synchronous tuning of the phase section with the Vernier filter is shown 
by the red data points, while the tuning of only the phase section is shown by the blue data points for comparison. 
Mode hops are only visible in the latter measurement series. The amplifier current is 70 mA and the outcoupling set 
by the tunable coupler is ~ 80% for these measurements.  

Fig. 4.8 (c) and (d) clearly display the difference between synchronous tuning and tuning of the phase 
section alone. For the latter, mode hops are clearly visible as discontinuities in lasing wavelength and 
output power. On the other hand, synchronous tuning provides a continuous wavelength tuning. Also, 
a stable output power is observed due to the absence of power discontinuities over a much larger 
range. Although we aimed for a constant output power, Fig. 4.8 (d, red) shows a small remaining 
oscillation in optical power with a period that seems to correspond to the distance between the mode 
hops. This may indicate that the oscillation is due to a non-optimal setting of one or more of the 
tuning parameters of the laser, which modulates the laser losses when the laser cavity is tuned 
synchronously with the Vernier filter.   

Fig. 4.8 (c) further shows an interesting effect. In a standard external cavity diode laser, e.g. in a 
Littrow configuration, one expects that synchronous tuning the filter (grating) with a phase section 
yields a wider tuning range than one cavity FSR, but that the tuning slope remains unchanged. 
However, we observe also a steeper tuning slope, i.e., a higher tuning sensitivity. The tuning slope of 
laser wavelength versus phase section heater power is found to be 0.31 pm/mW for synchronous 
tuning, while it is only 0.11 pm/mW when only the heater power of the phase section is varied. 
Synchronous tuning has increased the tuning sensitivity by a factor of 2.8. This effect is confirmed to 
be present also from the theoretical analysis. From Eqs. 2.11 and 2.39 we expect a tuning sensitivity 
increase factor of 2.5 using the experimental values of Table 4.1 and Table 4.2. The observed 

(a) (b) 

(c) (d) 
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increased tuning slope confirms the tuning model described in chapter 2, where we attribute this 
increase by the change of cavity resonant wavelength due to heating the ring resonators, which is 
enhanced by the multiple passes that the light performs through the ring resonators. The synchronous 
tuning results in a tuning sensitivity of this laser as if the rings are not present, i.e., as if the laser 
possesses a much shorter cavity. In addition, synchronous tuning allows a larger added phase than 𝜋𝜋 
by the phase section without inducing a mode hop due to the equal wavelength shifts of the Vernier 
filter transmission and the lasing cavity mode. 

Most importantly, Fig. 4.8 (b) and (c) show that the continuous wavelength tuning range of the laser is 
significantly increased to 0.22 nm when using synchronous tuning of the heaters. This wavelength 
range is approximately 6 times the cavity FSR, which limits the tuning when only the phase section is 
used. Both the absence of mode hops and the increased tuning sensitivity result in this significant 
increase. The continuous tuning range we realized with this laser is technically limited by the 
maximum heater power of approximately 730 mW that can be applied to the phase section. Therefore, 
Eq. 2.42 is appropriate in determining the maximum continuous or mode-hop-free tuning range. This 
equation gives a tuning range of 0.21 nm, when using the maximum phase shift by the phase section 
of 2.5𝜋𝜋 and the experimental laser parameters of Table 4.1 and Table 4.2. The calculated value agrees 
well with the experimentally found range. The overall good agreement between the experimentally 
determined tuning properties and the analytical model of chapter 2 demonstrates again that the laser 
tuning model provides an accurate description of our mode-hop-free tuning method.   

4.4 Acetylene absorption spectroscopy with mode-hop-free laser tuning 

4.4.1 Acetylene absorption spectrum 
In the previous section we demonstrated mode-hop-free tuning of the laser. The capability to tune a 
narrow laser line continuously over a certain wavelength range suggests that such a laser can be used 
for high-resolution spectroscopy without the need of a separate wavelength meter. We demonstrate 
this by measuring several of the absorption lines of acetylene. Acetylene is chosen because it has a 
well-known absorption spectrum in the range of interest that can be accurately calculated using the 
HITRAN spectroscopic database[43]. By comparing our measurements with the HITRAN based 
absorption spectrum, we verify that the laser can be swept continuously over the wavelength range of 
the absorption lines. 

Acetylene (12C2H2) is a small gas molecule consisting of only two carbon and two hydrogen atoms. 
Due to the low number of atoms, the absorption spectrum shows a relatively simple structure. The 
spectrum in the range between 1510 and 1540 nm contains about 50 strong and well-defined 
absorption lines. These lines are due to transitions involving changes in both vibrational and rotational 
states of the molecule, also called ro-vibrational transitions, where a change in quantum rotational 
number Δ𝐽𝐽 equal to Δ𝐽𝐽 = +1 corresponds to the so-called 𝑅𝑅-branch and Δ𝐽𝐽 = −1 corresponds to the 
so-called 𝑃𝑃-branch[46]. The rotational levels, which are much closer spaced than the vibrational levels, 
give a fine sub-structure to the vibrational transition. This transition is associated with the 𝜈𝜈1 + 𝜈𝜈3 
vibrational combination band, based on the simultaneous excitement of the symmetric (𝜈𝜈1) and the 
asymmetric (𝜈𝜈3) C-H stretch. 

Fig. 4.9 (a) shows a recorded acetylene spectrum in the wavelength region of interest, measured with 
spectrally broadband light from a LED, passed through an acetylene-filled absorption cell[44]. To 
simulate the absorption spectrum based on the spectroscopic data from the HITRAN database, 
depending on the gas cell temperature, pressure and length, several applications are available, 
including SpectraPlot[45]. We used this tool to calculate the absorption spectrum as shown in Fig. 4.9 
(b), with similar experimental conditions as the recorded spectrum in Fig. 4.9 (a). The comparison of 
both graphs clearly shows that the measured and calculated absorption spectra are in good agreement. 
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Fig. 4.9. (a) Acetylene (12C2H2) spectrum taken by passing light from a LED through a 5 cm long absorption cell and 
recording the spectrum of the transmitted light with an OSA. This spectrum has been normalized to the LED 
spectrum[44]. (b) Simulated acetylene spectrum with SpectraPlot[45], under similar environmental conditions as the 
measured spectrum, namely T = 295 K, P = 0.08 atm and L = 5 cm. 

4.4.2 Wavelength sweep over an acetylene absorption line 
To measure the acetylene absorption lines by applying the mode-hop-free tuning to our hybrid laser, 
we use an experimental setup as shown schematically in Fig. 4.10. The output fiber of the laser is 
connected with a fiber isolator (Thorlabs IO-G-1550-APC) to reduce unwanted external reflections 
back into the laser. The output light is then equally divided by a 50:50 fiber optic coupler (Thorlabs 
TW1550R5A2) over two outputs. One part is sent through the acetylene gas cell to a photodiode 
(Thorlabs S144C), while the other part serves as a reference. This reference is again split in two by a 
95:5 fiber optic coupler (AOFR WBY05131510aSR). The largest part is sent to a second equivalent 
photodiode, while the remaining 5% is used to check the wavelength of the laser with an optical 
spectrum analyzer (Ando AQ6317). The acetylene gas cell is a standard sealed fiber-coupled package 
from Wavelength Reference Inc., with a path length of 5.5 cm and a pressure of 50±5 Torr. This cell 
was held at the lab temperature of about 295 K. 

To record transmission spectra, the laser was mode-hop-free tuned over a range of ~ 0.2 nm with a 
step size of ~ 0.1 pm. As the step size is much smaller than the resolution of the OSA, which is 15 
pm, the set-value of the laser was measured with the OSA for about 100 different set-values along the 
range. Linear interpolation is then used to convert the range of set-values into wavelength. For the 
various scans performed, the linear interpolations have coefficients of determination equal to or better 
than 0.9988, showing a very linear relation between set-values and wavelengths measured by the 
OSA. As this calibration still may contain a systematic error, e.g., the OSA has a fixed offset in 

(a) 

(b) 
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wavelength, we decided to offset each of the measured absorption lines to coincide with the 
corresponding calculated absorption lines.   

The acetylene absorption was retrieved from dividing the signal from photodiode PD1 (see Fig. 4.10) 
by the reference photodiode PD2 to remove any intensity fluctuations from the laser. The result is 
then normalized to the maximum signal as measured by reference photodiode PD2, in order to allow a 
direct comparison between the measured and calculated absorption line shapes.  

 
Fig. 4.10. Schematic view of the experimental set-up for the acetylene absorption measurement, showing the laser, 
an isolator (→), a 50/50 fiber optic coupler, a 95/5 fiber optic coupler, the acetylene (12C2H2) absorption cell, two 
photodiodes (PD1 and PD2) and the optical spectrum analyzer (OSA). 

The measured traces are plotted in Fig. 4.11 (a) to (c) for absorption lines P13, P19 and P21, 
respectively. Also shown is the calculated normalized transmission as calculated with SpectraPlot[45] 
based on HITRAN data. The manufacturer specifications of the acetylene gas cell are used as input 
parameters for the calculated transmission. The offsets applied to each of the measured absorption 
lines, are -15.4 pm, -1.8 pm, and -5.7 pm for the P13, P19 and P21 lines, respectively. The average 
offset of -7.6 pm with a standard deviation of 5.7 pm falls well within the resolution of the OSA.  

We observe in Fig. 4.11 an overall good match between our measured and the predicted transmission. 
However, a slight mismatch could be observed between the measured and predicted traces. The 
measured absorption lines are slightly broader and stronger than the calculated lines. We address this 
mismatch in part to the uncertainty in gas cell pressure and in part to the uncertainty in calibration of 
the laser wavelength. Especially, the latter may be responsible for the slight misalignment of the 
secondary absorption lines in the measured spectrum compared to the calculated spectrum. The 
measured acetylene absorption demonstrates clearly that the laser could be tuned mode-hop-free over 
a range of ~ 0.23 nm (~ 29 GHz) with a step size as small as ~ 0.12 pm (~ 15 MHz). 

Although the laser is capable of tuning its wavelength over absorption lines P13, P19 and P21 with 
high accuracy, it was not possible to measure all of the absorption lines. The reason is that the heaters 
on the microring resonators do not support full 2𝜋𝜋 phase tuning. As a result, certain wavelengths 
cannot be set with fine-tuning of the Vernier filter, and a wavelength sweep over several other 
absorption lines is not possible. We expect that the support of full 2𝜋𝜋 phase tuning for the heaters will 
ensure measurement of all absorption lines with very high resolution. Also, the minimum wavelength 
step size for the laser depends nonlinearly on the actual wavelength setting of the laser, by using the 
control electronics as described in section 3.2. Any requested DAC value is almost linearly converted 
to a heater voltage, but the corresponding heater power and laser wavelength tuning depend 
approximately quadratically on the DAC value. A linear control of the heater power would enable a 
fixed wavelength step size over the tuning range of the laser. 

Finally, we like to point out that acetylene is an excellent choice for a wavelength reference at 
telecom wavelengths. Its ground state has zero angular momentum of the electron cloud and the 
molecule has no permanent electric dipole due to its symmetry. The main source of line shift is due to 
an energy-level shift caused by elastic collisions and is thus pressure dependent. These properties 
make the molecule particularly insensitive to external perturbations caused by temperature 
fluctuations or by an electromagnetic field[44]. Indeed, the long-term frequency stability was improved 
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to a level of ~ 10−12 and a reproducibility of ~ 10 kHz by locking a semiconductor laser to various 
acetylene absorption lines[17]. For precise wavelength stabilization of the laser, it is required to use 
narrow and strong acetylene absorption lines. Therefore, an acetylene cell with a lower gas pressure 
and a longer length would be more suitable for laser locking than the gas cell used for this experiment. 
The hybrid extended cavity diode laser investigated here has a mode-hop-free tuning range that is 
wide enough to safely tune across an individual absorption line, including possible side peaks. In 
addition, it allows for very small changes in the wavelength. Therefore, it is an ideal candidate for 
wavelength stabilization and locking to, e.g., the wing of an acetylene absorption line. This would be 
beneficial to various applications including high precision laser-based metrology. 

 

 
Fig. 4.11. Measured and modelled transmission through an acetylene gas cell as function of wavelength for different 
absorption lines (a) P13 at λ = 1532.830 nm, (b) P19 at λ = 1536.713 nm, and (c) P21 at λ = 1538.058 nm. The 
modelled transmission assumes a temperature of 295 K, and a gas cell with 5.5 cm length and 50 Torr pressure. 
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5 Conclusions and outlook 
We present in this thesis for the first time on-chip, all-electronic and mode-hop-free wavelength 
tuning of an integrated extended-cavity laser with a tuning range that extends beyond its standard 
mode spacing limit. The hybrid laser used here comprises an InP amplifier and a Si3N4 waveguide-
based frequency selective feedback circuit with a tunable phase section and two tunable microring 
resonators in a Vernier configuration. This long and low-loss cavity enables a narrow Schawlow-
Townes laser linewidth, for this particular laser in the order of 10 kHz. However, the long cavity also 
reduces the cavity mode spacing, which forms the standard limit for continuous wavelength tuning. 
We present a synchronous tuning method of the phase section with the microrings to enable both a 
large continuous tuning range and a narrow Schawlow-Townes linewidth for a chip-based laser. 
Furthermore, we provide for the first time an analytical model for this synchronous tuning method and 
validated it with experimental data. 

We experimentally demonstrated that tuning the laser with only the phase section results in a mode-
hop-free wavelength tuning range equal to the standard free spectral range of the laser cavity, which is 
0.034 nm. Further tuning, beyond an induced phase of 𝜋𝜋, results in mode hops, visible as 
discontinuities in both the laser wavelength and output power. Synchronous control of the phase 
section and both microring resonators with the proper ratio avoids these mode hops and has the added 
advantage of a higher tuning sensitivity, i.e., a larger shift in laser wavelength for a given change in 
induced phase by the phase section. With synchronous control, we demonstrated continuous 
wavelength tuning over a much larger range of 0.22 nm, which is larger by a factor of 6 compared to 
tuning by the phase section only. Both, the larger tuning sensitivity as well as the larger tuning range 
are due to the additional and synchronous tuning of the microrings present in the laser resonator. The 
phase added to the light inside the rings, not only shifts the ring transmission peak, but also adds 
phase to the light inside the laser cavity, which is enhanced by the multiple passes that the light 
performs through the rings. This effect yields the increased tuning sensitivity, while the transmission 
filter shift prevents mode hops and allows an increased tuning range. 

An analytical model describing the mode-hop-free tuning of the hybrid laser has been developed. As 
is well-known, for determining the Schawlow-Townes linewidth of the laser, the full cavity length, 
including the effective length of the microring resonators, needs to be taken into account. On the other 
hand, the tuning model shows that for the mode-hop-free tuning of the laser, the effective length of 
the microring resonators can be excluded from the cavity length, provided that the phase section and 
microring resonators are controlled synchronously in the appropriate way. Good agreement was found 
between predictions based on this model with experimental data. 

The tuning model allows, after appropriate calibration, to accurately predict the lasing wavelength for 
given laser settings. To demonstrate this and the mode-hop-free tuning, we performed an acetylene 
transmission measurement with wavelength steps of ~ 0.12 pm (~ 15 MHz) for several absorption 
lines. Good agreement was found between the result and the calculated absorption spectrum using the 
HITRAN database, showing accurate, high-resolution and mode-hop-free tuning of the hybrid laser. 

To remove some of the current limitations of the investigated hybrid laser, several modifications are 
suggested. First, the Vernier FSR of 50.5 nm around the nominal wavelength of 1550 nm should be 
increased to at least 120 nm to cover the full gain bandwidth. This will considerably simplify the 
wavelength tuning of the laser and prevent the laser to become multimode with modes spaced at the 
Vernier FSR. Second, the heaters for the microring resonators are unable to induce an optical phase 
shift of 2𝜋𝜋 for a single roundtrip of the light in the ring. As a result, certain wavelengths cannot be set 
with fine-tuning the Vernier filter. To ensure complete wavelength coverage of the laser, full 2𝜋𝜋-
phase tuning should be guaranteed, either by a slight increase of the circumference of the rings or by 
more effective phase shifting elements. Third, to enable wavelength tuning with fixed small step sizes, 
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a linear control of the dissipated power in the heaters would be required, instead of the current linear 
control of heater voltages by the DACs on the PCB. Finally, operation of the laser would greatly 
benefit from on-chip detectors for the optical power[47] and for the gain voltage[48]. These signals could 
enable optimization algorithms for laser settings and provide the best laser performance, e.g., allow 
continuous tuning of the laser wavelength at truly constant output power. 

To further increase the mode-hop-free tuning range, we suggest the following improvements. The 
tuning range is in the current design limited by the optical phase induced by the phase section. Thus, a 
larger part of bus waveguides needs to be converted to a phase section by covering it with a heater. 
The length of the remaining, unheated bus waveguide should be minimized. To increase the 
effectiveness of the thermal heaters, the top cladding thickness could be reduced to the minimum 
value that does not affect the optical propagation loss. We estimate that these suggested improvements 
will increase the mode-hop-free tuning range to a value between 1 and 2 nm for this hybrid laser type. 
In addition, the Schawlow-Townes linewidth could be further reduced, without reducing the mode-
hop-free tuning range. For this purpose, a microring configuration could be implemented where each 
ring is passed twice on every cavity roundtrip, instead of the current configuration where the rings are 
placed in a loop mirror. The rings could also have weaker coupling to the bus waveguides. This 
enhances the effective length of the rings and thus lowers the Schawlow-Townes linewidth. 
According to our model, this would not affect mode-hop-free tuning of the hybrid laser. 

The advantages of the presented mode-hop-free tuning approach can be further exploited with other 
laser designs. A VCSEL typically has a much shorter gain length than the edge-emitting amplifier 
used in the current design, which is beneficial for obtaining a large tuning sensitivity. Coupling a 
VCSEL to an external cavity based on tunable microring resonators could benefit from the same 
linewidth reduction and mode-hop-free tuning approach, as described in this thesis, to possibly 
outperform the hybrid laser investigated here. Moving the phase section to the SOA chip may provide 
a more effective phase shifter resulting in a larger phase shift over a smaller length. Also, replacing 
the resistive heaters with novel types of phase shifters would offer several benefits. Stress-optic tuning 
by PZT phase shifters can reduce the power consumption with two orders of magnitude with respect 
to thermal phase shifters, while enabling modulation frequencies of at least 10 kHz[49]. Novel 
plasmonic modulators feature modulation beyond 500 GHz with a length of below 25 µm[50]. Using 
these faster and more effective phase shifters is advantageous for the tuning range, tuning speed and 
power consumption. 

To conclude, the demonstrated large mode-hop-free tuning range and small Schawlow-Townes 
linewidth of the hybrid extended-cavity laser based on microring resonators, together with the 
potential for significant improvements, provides a promising, fully integrated solution that would 
greatly benefit applications that rely on these characteristics. 
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Appendix A 

A.1 Laser cavity free spectral range 
To derive the laser cavity free spectral range, we start with Eq. 2.8, which relates the laser cavity 
roundtrip phase 𝜃𝜃rt,𝑐𝑐 with the vacuum wavelength 𝜆𝜆  

 𝜃𝜃rt,𝑐𝑐 = 4𝜋𝜋𝐿𝐿eff,𝑐𝑐(𝜆𝜆)𝑛𝑛eff(𝜆𝜆)
𝜆𝜆

, (A.1) 

where 𝐿𝐿eff,𝑐𝑐(𝜆𝜆) is the effective cavity length and 𝑛𝑛eff(𝜆𝜆) is effective refractive index of the dielectric 
waveguide transverse mode. The effective cavity length depends on the wavelength as both the 
effective refractive index of the modes and the effective length of the microring resonators are 
dependent on the wavelength. Within the broad gain bandwidth of the semiconductor amplifier, laser 
oscillation can occur only at a discrete set of wavelengths that fulfill the resonance condition specified 
in Eq. 2.3. Combining Eqs. A.1 and 2.3 leads to 

 2𝐿𝐿eff,𝑐𝑐(𝜆𝜆)𝑛𝑛eff(𝜆𝜆)
𝜆𝜆

= 𝑚𝑚𝑐𝑐.  (A.2) 

If we consider the difference of this expression between two consecutive resonant wavelengths, 𝜆𝜆𝑚𝑚 
and 𝜆𝜆𝑚𝑚+1, with 𝜆𝜆𝑚𝑚 > 𝜆𝜆𝑚𝑚+1, the corresponding phases will be 𝜃𝜃rt,c,𝑚𝑚 and 𝜃𝜃rt,c,𝑚𝑚+1, respectively. We 
then obtain  

 2𝐿𝐿eff,𝑐𝑐(𝜆𝜆𝑚𝑚+1)𝑛𝑛eff(𝜆𝜆𝑚𝑚+1)
𝜆𝜆𝑚𝑚+1

− 2𝐿𝐿eff,𝑐𝑐(𝜆𝜆𝑚𝑚)𝑛𝑛eff(𝜆𝜆𝑚𝑚)
𝜆𝜆𝑚𝑚

≡ Δ𝑚𝑚𝑐𝑐 �
2𝐿𝐿eff,𝑐𝑐(𝜆𝜆)𝑛𝑛eff(𝜆𝜆)

𝜆𝜆
� = 1, (A.3) 

In absence of any spectral filtering, a typical laser cavity has closely spaced longitudinal modes, so 
that we may approximate Eq. A.3 by 

 1 = Δ𝑚𝑚𝑐𝑐 �
2𝐿𝐿eff,𝑐𝑐(𝜆𝜆)𝑛𝑛eff(𝜆𝜆)

𝜆𝜆
� ≈ −2 𝑑𝑑

𝑑𝑑𝜆𝜆
�𝐿𝐿eff,𝑐𝑐(𝜆𝜆)𝑛𝑛eff(𝜆𝜆)

𝜆𝜆 
��
λ=λm

Δ𝜆𝜆𝑐𝑐, (A.4) 

where Δ𝜆𝜆𝑐𝑐 ≡ 𝜆𝜆𝑚𝑚 − 𝜆𝜆𝑚𝑚+1 is called the free spectral range of the laser cavity. For convenience and to 
easily associate 𝜆𝜆𝑚𝑚 as a resonant wavelength of the laser cavity, we write as 𝜆𝜆𝑚𝑚 = 𝜆𝜆𝑐𝑐. Note that the 
product 𝐿𝐿eff,𝑐𝑐(𝜆𝜆)𝑛𝑛eff(𝜆𝜆) appearing in Eq. A.4 contains two effective refractive indices (see Eq. 2.7). 
For the SOA section of 𝐿𝐿eff,𝑐𝑐(𝜆𝜆) the derivative in Eq. A.4 evaluates to  

 −𝐿𝐿SOA
𝑑𝑑
𝑑𝑑𝜆𝜆
�𝑛𝑛eff,SOA(𝜆𝜆)

𝜆𝜆
��
𝜆𝜆=𝜆𝜆𝑐𝑐

Δ𝜆𝜆𝑐𝑐 = 1
𝜆𝜆𝑐𝑐2

 𝐿𝐿SOA �𝑛𝑛eff,SOA(𝜆𝜆𝑐𝑐)− 𝜆𝜆𝑐𝑐
𝑑𝑑𝑛𝑛eff,SOA(𝜆𝜆)

𝑑𝑑𝑑𝑑
�
𝜆𝜆=𝜆𝜆𝑐𝑐

�Δ𝜆𝜆𝑐𝑐 .(A.5) 

Using the definition of the group index (Eq. 2.2), Eq. A.5 can be rewritten as 

 −𝐿𝐿SOA
𝑑𝑑
𝑑𝑑𝜆𝜆
�𝑛𝑛eff,SOA(𝜆𝜆)

𝜆𝜆
��
𝜆𝜆=𝜆𝜆𝑐𝑐

Δ𝜆𝜆𝑐𝑐 = 𝑛𝑛𝑔𝑔,SOA(𝜆𝜆𝑐𝑐)𝐿𝐿SOA
Δ𝜆𝜆𝑐𝑐
𝜆𝜆𝑐𝑐2

 . (A.6) 

A similar expression can be derived for the bus section of the Si3N4 waveguides. However, for the 
Si3N4 microrings the effective ring length is also wavelength dependent, leading to extra terms such as 
2𝜋𝜋𝑛𝑛eff,Si3N4(𝜆𝜆𝑐𝑐)

𝜆𝜆𝑐𝑐

𝜕𝜕𝐿𝐿eff,r1(𝜆𝜆)
𝜕𝜕𝜆𝜆

�
𝜆𝜆=𝜆𝜆𝑐𝑐

 in the expression for the derivative in Eq. A.4. As we are interested in 

mode-hop-free tuning, the resonant wavelength of the resonator must also correspond to resonances of 
both microring resonators. In Fig. 2.2 it is shown that at resonance, the effective length remains 
stationary with respect to small variations in the wavelength around the resonant value, so  
𝜕𝜕𝐿𝐿eff,r1(𝜆𝜆)

𝜕𝜕𝜆𝜆
�
𝜆𝜆=𝜆𝜆𝑐𝑐

 is zero at resonances of the ring and it can be neglected in the evaluation of the 

derivative in Eq. A.4. Hence, we obtain  
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 1 = −2 𝑑𝑑
𝑑𝑑𝜆𝜆
�𝐿𝐿eff,𝑐𝑐(𝜆𝜆)𝑛𝑛eff(𝜆𝜆)

𝜆𝜆 
��
λ=λc

Δ𝜆𝜆𝑐𝑐 = 2𝑛𝑛𝑔𝑔(𝜆𝜆𝑐𝑐)𝐿𝐿eff,𝑐𝑐′ Δ𝜆𝜆𝑐𝑐
𝜆𝜆𝑐𝑐2

, (A.7) 

where 𝐿𝐿eff,𝑐𝑐′  is the same as Eq. 2.7 but with the ratio 𝑛𝑛eff,SOA
𝑛𝑛eff,Si3N4

 replaced by 𝑛𝑛g,SOA

𝑛𝑛g,Si3N4
 and 𝑛𝑛g,Si3N4 ≡ 𝑛𝑛𝑔𝑔. 

Rearranging Eq. A.7 gives the expression for the FSR of the laser cavity,  

 Δ𝜆𝜆𝑐𝑐 = 𝜆𝜆𝑐𝑐2

2𝑛𝑛𝑔𝑔(𝜆𝜆𝑐𝑐)𝐿𝐿eff,𝑐𝑐
′ . (A.8) 

A.2 Laser cavity resonant wavelength tuning 
Tuning of the cavity resonant wavelength by including the single pass-phase added by the phase 
section, 𝜙𝜙ps, can be modeled, starting from Eq. 2.10, 

 𝜃𝜃rt,𝑐𝑐 = 4𝜋𝜋𝐿𝐿eff,𝑐𝑐(𝜆𝜆𝑐𝑐)𝑛𝑛eff(𝜆𝜆𝑐𝑐)
𝜆𝜆𝑐𝑐

+ 2𝜙𝜙ps, (A.9) 

where the factor 2 is due to the fact that the light passes the phase section twice during one laser 
cavity roundtrip. Combining this with the resonance condition (Eq. 2.3) leads to: 

 𝜙𝜙ps = 𝑚𝑚𝑐𝑐𝜋𝜋 −
2𝜋𝜋𝐿𝐿eff,c(𝜆𝜆𝑐𝑐)𝑛𝑛eff(𝜆𝜆𝑐𝑐)

𝜆𝜆𝑐𝑐
 . (A.10) 

For obtaining 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙ps

 from Eq. A.10, we proceed, for simplification, by determining the inverse 

expression, 𝜕𝜕𝜙𝜙ps
𝜕𝜕𝜆𝜆𝑐𝑐

,  

 𝜕𝜕𝜙𝜙ps
𝜕𝜕𝜆𝜆𝑐𝑐

= 𝜕𝜕
𝜕𝜕𝜆𝜆𝑐𝑐

(𝑚𝑚𝑐𝑐𝜋𝜋) − 𝜕𝜕
𝜕𝜕𝜆𝜆
�2𝜋𝜋𝐿𝐿eff,𝑐𝑐(𝜆𝜆)𝑛𝑛eff(𝜆𝜆)

𝜆𝜆
��
𝜆𝜆=𝜆𝜆𝑐𝑐

 . (A.11) 

To derive the condition for continuous tuning, i.e., that no mode hop occurs, we evaluate Eq. A.11 
with the boundary condition that the order of the oscillating mode, 𝑚𝑚𝑐𝑐, remains constant during 
tuning, i.e.,  

  𝜕𝜕
𝜕𝜕𝜆𝜆𝑐𝑐

(𝑚𝑚𝑐𝑐𝜋𝜋) = 0. (A.12) 

This condition is only valid if the cavity mode does not hop to a neighboring mode with order 𝑚𝑚𝑐𝑐 + 1 
(or 𝑚𝑚𝑐𝑐 − 1) during tuning of the laser, also called mode-hop-free tuning. By applying Eq. A.12 to Eq. 
A.11 and using Eq. A.7, we obtain 

 𝜕𝜕𝜙𝜙ps
𝜕𝜕𝜆𝜆𝑐𝑐

= −2𝜋𝜋𝑛𝑛𝑔𝑔(𝜆𝜆𝑐𝑐) 𝐿𝐿eff,𝑐𝑐
′

𝜆𝜆𝑐𝑐2
. (A.13) 

Taking the reciprocal, we obtain 

 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙ps

= 𝜆𝜆𝑐𝑐2

2𝜋𝜋𝑛𝑛𝑔𝑔(𝜆𝜆𝑐𝑐)𝐿𝐿eff,𝑐𝑐
′ (𝜆𝜆𝑐𝑐)

  (A.14) 

Combining Eqs. A.8 and A.14 gives  

 𝜕𝜕𝜆𝜆𝑐𝑐
𝜕𝜕𝜙𝜙ps

= Δλ𝑐𝑐
𝜋𝜋

  (A.15) 

under the condition of mode-hope-free tuning, imposed by Eq. A.12. 
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A.3 Microring resonator effective length 
To derive the effective length of the microring resonator in the laser cavity, we start with the increase 
in optical phase of the light leaving the drop port of a ring resonator 𝜙𝜙𝑑𝑑 with respect to the light 
incident on the input port. This corresponds to an effective geometric propagation length 𝐿𝐿eff,r(𝜆𝜆𝑐𝑐) 
inside the ring given by Eq. 2.16 

   𝜃𝜃𝑑𝑑(𝜆𝜆𝑐𝑐) = 𝛽𝛽𝛽𝛽eff,𝑟𝑟(𝜆𝜆𝑐𝑐) = 2𝜋𝜋𝑛𝑛eff(𝜆𝜆𝑐𝑐)𝐿𝐿eff,𝑟𝑟(𝜆𝜆𝑐𝑐)
𝜆𝜆𝑐𝑐

. (A.16) 

Differentiating Eq. A.16 with respect to the laser wavelength gives 

 𝜕𝜕𝜃𝜃𝑑𝑑
𝜕𝜕𝜆𝜆𝑐𝑐

= 2𝜋𝜋 𝑛𝑛𝑔𝑔(𝜆𝜆𝑐𝑐)
𝜆𝜆𝑐𝑐2

𝐿𝐿eff,𝑟𝑟(𝜆𝜆𝑐𝑐) + 2𝜋𝜋𝑛𝑛eff(𝜆𝜆𝑐𝑐)
𝜆𝜆𝑐𝑐

𝜕𝜕𝐿𝐿eff,𝑟𝑟(𝜆𝜆𝑐𝑐)
𝜕𝜕𝜆𝜆𝑐𝑐

, (A.17) 

where we have again introduced the group index (Eq. 2.2). Similar to the reasoning leading to Eq. 
A.7, we neglect the second term on the rhs in the remainder. Solving for the effective length for a 
longitudinal laser mode gives 

 𝐿𝐿eff,𝑟𝑟(𝜆𝜆𝑐𝑐) ≈ 𝜆𝜆𝑐𝑐2

2𝜋𝜋𝑛𝑛𝑔𝑔(𝜆𝜆𝑐𝑐)
𝜕𝜕𝜃𝜃𝑑𝑑
𝜕𝜕𝜆𝜆𝑐𝑐

 (A.18) 

By applying the chain rule we get  

 𝜕𝜕𝜃𝜃𝑑𝑑
𝜕𝜕𝜆𝜆𝑐𝑐

= 𝜕𝜕𝜃𝜃𝑑𝑑
𝜕𝜕𝜃𝜃rt,𝑟𝑟

𝜕𝜕𝜃𝜃rt,𝑟𝑟
𝜕𝜕𝜆𝜆𝑟𝑟

𝜕𝜕𝜆𝜆𝑟𝑟
𝜕𝜕𝜆𝜆𝑐𝑐

. (A.19) 

To avoid mode-hops during tuning of the laser wavelength, it is required that mode-hops are absent in 
both the laser cavity and in the ring resonator. This is why tuning the laser wavelength requires to tune 
the resonant wavelength of the laser cavity, 𝜆𝜆𝑐𝑐, by the same amount as the resonant wavelength of the 
ring resonator, 𝜆𝜆𝑟𝑟. We call this synchronous tuning, expressed as 

 𝜕𝜕𝜆𝜆𝑟𝑟
𝜕𝜕𝜆𝜆𝑐𝑐

= 1. (A.20) 

In section 2.6 we show how synchronous tuning can be realized by appropriate and synchronous 
tuning of the phase section and ring resonators. Inserting the condition of synchronous tuning, Eq. 
A.20, into Eq. A.19, gives 

 𝜕𝜕𝜃𝜃𝑑𝑑
𝜕𝜕𝜆𝜆𝑐𝑐

= 𝜕𝜕𝜃𝜃𝑑𝑑
𝜕𝜕𝜃𝜃rt,𝑟𝑟

𝜕𝜕𝜃𝜃rt,𝑟𝑟
𝜕𝜕𝜆𝜆𝑟𝑟

, (A.21) 

Substituting Eq. A.21 into Eq. A.18 and using Eqs. 2.13 and 2.15 gives 

 𝐿𝐿eff,𝑟𝑟(𝜆𝜆𝑐𝑐) ≈ 𝐿𝐿rt,𝑟𝑟
𝜕𝜕𝜃𝜃𝑑𝑑
𝜕𝜕𝜃𝜃rt,r 

, (A.22) 

In order to derive an expression for the RHS of Eq. A.22, we use the relation between the input 
electric field 𝐸𝐸in of the light and the electric field 𝐸𝐸𝑑𝑑 of the light at the drop given by[33]  

 𝐸𝐸𝑑𝑑 = −𝜅𝜅2𝑒𝑒
1
2𝑗𝑗𝜃𝜃rt,𝑟𝑟

1−𝑡𝑡2𝑒𝑒𝑗𝑗𝜃𝜃rt,𝑟𝑟
𝐸𝐸in (A.23) 

where we have ignored the propagation loss inside the ring resonator, and assumed that both couplers 
are identical and symmetric, i.e., 𝜅𝜅1 = 𝜅𝜅2 ≡ 𝑖𝑖𝑖𝑖 and 𝑡𝑡1 = 𝑡𝑡2 ≡ 𝑡𝑡 with both 𝜅𝜅 and 𝑡𝑡 real quantities. 
Ignoring the propagation loss is a reasonable assumption for the low-loss Si3N4 waveguide platform 
we are considering here. Rewriting Eq. A.23 gives  

 𝐸𝐸𝑑𝑑 = −𝜅𝜅2

𝑒𝑒−
1
2𝑗𝑗𝜃𝜃rt,𝑟𝑟−𝑡𝑡2𝑒𝑒

1
2𝑗𝑗𝜃𝜃rt,𝑟𝑟

𝐸𝐸in. (A.24) 
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On the other hand, 

 𝐸𝐸𝑑𝑑 = |𝐸𝐸𝑑𝑑|𝑒𝑒𝑗𝑗(𝜃𝜃𝑑𝑑+𝜃𝜃in), (A.25) 

where 𝜃𝜃in is the optical phase of the light at the input port of the ring resonator. Comparing Eq. A.25 
with Eq. A.24 shows that the optical phase advance of the light from input port to drop port is given 
by  

 𝜃𝜃𝑑𝑑 = Arg � −𝜅𝜅2

𝑒𝑒−
1
2𝑗𝑗𝜃𝜃rt,𝑟𝑟−𝑡𝑡2𝑒𝑒

1
2𝑗𝑗𝜃𝜃rt,𝑟𝑟

�. (A.26) 

As laser oscillation will take place near the peak of the resonance, where feedback of the light into the 
gain medium is strong, i.e., the roundtrip losses of the laser cavity are small, we can find an analytic 
expression for the effective length of the resonator, 𝐿𝐿eff,𝑟𝑟(𝜆𝜆) under the condition of near resonance 
operation. We therefore write 𝜃𝜃rt,𝑟𝑟 = 𝜃𝜃𝑛𝑛 + 𝛿𝛿𝜃𝜃rt,𝑟𝑟 = 𝑛𝑛2𝜋𝜋 + 𝛿𝛿𝜃𝜃rt,𝑟𝑟, where 𝛿𝛿𝜃𝜃rt,𝑟𝑟 remains small 
(|𝛿𝛿𝜃𝜃rt,r| ≪ 1). Using this assumption, we can rewrite Eq. A.26 as  

 𝜃𝜃𝑑𝑑 = Arg� −𝜅𝜅2

(−1)𝑛𝑛�𝑒𝑒−
1
2𝑗𝑗𝑗𝑗𝜃𝜃rt,𝑟𝑟−𝑡𝑡2𝑒𝑒

1
2𝑗𝑗𝑗𝑗𝜃𝜃rt,𝑟𝑟�

�. (A.27) 

As |𝛿𝛿𝜃𝜃rt,𝑟𝑟| ≪ 1, we can use 𝑒𝑒±1
2𝑗𝑗𝑗𝑗𝜃𝜃rt,𝑟𝑟 ≈ 1 ± 1

2
𝑗𝑗𝑗𝑗𝜃𝜃rt,𝑟𝑟 and substitute this in Eq. A.27 to obtain 

 𝜃𝜃𝑑𝑑 = Arg� −𝜅𝜅2

(−1)𝑛𝑛�(1−12𝑗𝑗𝑗𝑗𝜃𝜃rt,𝑟𝑟)−𝑡𝑡2(1+12𝑗𝑗𝑗𝑗𝜃𝜃rt,𝑟𝑟)�
�. (A.28) 

Equation A.28 can be written as  

 𝜃𝜃𝑑𝑑 = Arg(−𝜅𝜅2) − Arg((−1)𝑛𝑛)− Arg �1 − 𝑡𝑡2 − 1
2
𝑗𝑗𝑗𝑗𝜃𝜃rt,𝑟𝑟(1 + 𝑡𝑡2)�, (A.29) 

and evaluating yields 

 𝜃𝜃𝑑𝑑 = (1 − n)π − Arg �1 − 𝑡𝑡2 − 1
2
𝑗𝑗𝑗𝑗𝜃𝜃rt,𝑟𝑟(1 + 𝑡𝑡2)�. (A.30) 

We are interested in the phase added to the optical field by the ring resonator when reaching the drop 
port, close to resonance, so we rewrite Eq. A.30 in the form of 𝜃𝜃𝑑𝑑 = (1 − n)π + 𝛿𝛿𝜃𝜃𝑑𝑑 to obtain 

 𝛿𝛿𝜃𝜃𝑑𝑑 = −Arg �1 − 𝑡𝑡2 − 1
2
𝑗𝑗𝑗𝑗𝜃𝜃rt,𝑟𝑟(1 + 𝑡𝑡2)�. (A.31) 

By rewriting the argument on the r.h.s. of Eq. A.31 in the form of 𝑧𝑧 = 𝑥𝑥 + 𝑗𝑗𝑗𝑗 and using 
tan�Arg(𝑧𝑧)� = 𝑦𝑦

𝑥𝑥
 we get 

 tan(𝛿𝛿𝜃𝜃𝑑𝑑) = 1
2
1+𝑡𝑡2

1−𝑡𝑡2
𝛿𝛿𝜃𝜃rt,𝑟𝑟 . (A.32) 

Since |𝛿𝛿𝜃𝜃rt,𝑟𝑟| ≪ 1, the rhs of Eq. A.32 is small and we may approximate tan(𝛿𝛿𝜃𝜃𝑑𝑑) ≈ 𝛿𝛿𝜃𝜃𝑑𝑑 and 

 𝛿𝛿𝜃𝜃𝑑𝑑 ≈
1
2
1+𝑡𝑡2

1−𝑡𝑡2
𝛿𝛿𝜃𝜃rt,𝑟𝑟. (A.33) 

Since 𝜅𝜅2 + 𝑡𝑡2 = 1 for a loss-free coupler, this can be written as  

 𝛿𝛿𝜃𝜃𝑑𝑑 ≈ �1
2

+ 1−𝜅𝜅2

𝜅𝜅2
� 𝛿𝛿𝜃𝜃rt,𝑟𝑟. (A.34) 
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Equation A.34 shows that near resonance the phase advance at the drop port, and hence the effective 
length of the ring resonator is significantly enhanced when the ring has a small coupling to the bus 
waveguide. Combining Eqs. A.22 with A.34 we obtain an expression of the effective microring 
resonator length, under condition of near resonance operation, 

 𝐿𝐿eff,𝑟𝑟 ≈ 𝐿𝐿rt,𝑟𝑟 �
1
2

+ 1−𝜅𝜅2

𝜅𝜅2
�. (A.35) 

Equation A.35 shows that 𝐿𝐿eff,𝑟𝑟 is independent of the resonant wavelength as long as the coupling 
constant 𝜅𝜅 is independent of the wavelength. 
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