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Abstract

This thesis proposes an adaptive control allocation method to account for occurrence of fail-
ure in a fully actuated multi-copter system. The model used in this work is a hexa-rotor tilted
in a certain configuration that allows it to be a fully actuated vehicle. Among many ways to
account for air-crafts failure, adaptive theory is the one used in this work. The method used
here has many advantages, it does not require exact knowledge of the fault, but it simply adds
an adaptive term that estimates the effect of the failure in the control allocation part. Another
advantage is that it only re-distributes the control effort among available actuators without
the need to re-configure the whole controller. Furthermore, it can be applied on any baseline
controller as long as it has a Lyapunov function whose derivative is negative definite. Back-
stepping control for position and attitude tracking was designed as a baseline controller. The
approach was applied on it and it showed positive results. Simulations were carried out using
20-sim program to confirm the results given later.

<Mohab Abdelbadie>
<The Netherlands, 29th of August 2018>
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1 Introduction

1.1 Motivation

Science and technology have led to the invention of what is called UAV (Unmanned Aerial Ve-
hicle). In the nineteenth century, the first aircraft without a pilot aboard was used for war-
fighting. Since then, the use of unmanned air-crafts has been widely spread. Compared to
manned crafts, UAVs were used for tasks where man can not be involved. First, they were used
for military purposes and then they expanded to different aspects of life including agriculture,
surveillance, inspection, aerial photography and many other scientific applications. Among
many categories of UAVs, those with rotary wings take a heading position due to their privilege
over fixed wings in some aspects such as VTOL (Vertical Take Off and Landing).

This thesis is concerned with a special class of UAVs with rotary wings.

Since aerial robots have a great contribution in many applications, their safety is a subject with
crucial importance. One of safety aspects is hardware design, which simply means that the
drone is designed to overcome any failure or at least, not to be completely damaged if it sud-
denly drops. One way of achieving this is through designing cages for drones as shown in Figure
(1.1). Another aspect on talking about UAVs’ safety, is the matter of their fault tolerance, which
simply shows how the flying drone will behave after the occurrence of failure in one of the parts
of the drone. The failure can take place in many forms including partial damage of one of the
propellers, decrease in the effectiveness of one of the motors or any other forms that will affect
the behaviour of the drone while performing its task. The topic of fault tolerance is a wide one
and contains many aspects such as fault detection, fault analysis and fault diagnosis. Some
controllers focus on only fault detection and recognition, others focus on stabilizing the drone
after the occurrence of failure without the need to identify the fault. Others can do both at the
same time.

Figure 1.1: Droneball cage for safety

1.2 Literature review and contribution

1.2.1 Literature review

Flight control systems have gained much interest in the last decades due to their contribution
in many applications[2]. The subject of fault tolerance control for air-crafts has been widely
discussed. In this section literature review is given showing some of the past contributions of
scientists in the field of fault tolerance control for multi-rotor systems.

One way of tolerating the fault was to construct a separate unit called Fault Detection and Iso-
lation module(FDI). This unit was used to detect the fault and account for different failure sce-
narios. This method was widely used when failure scenarios are few and limited that one easily
can switch between different cases[3]. However, if there exists some failure cases that can not
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2 Fault Tolerant Adaptive Control Allocation for Unmanned Aerial Vehicles

be predicted, then using a separate FDI unit is not the best solution. Another disadvantage
is when there are many failure scenarios, large computational load will be done online. An
example of this method is constructing a box of different gains for the system and it switches
between these gains according to the failure case.

Many control algorithms similar to the pre-mentioned one are gain scheduled Proportional-
Integral-Derivative (PID) controllers. PID controllers with fixed gains fail to make the vehicle
adapt after failure, so the idea was to make the gains time varying such that they are adjusted
by adaptive algorithm to ensure system stability[4] .

Presence of fault in a system indicate the presence of uncertainty because most faults are un-
knowns, that what led many researchers to view fault tolerance control problems as control
problems with uncertainties and think of robust or adaptive control as a solution to this prob-
lem. Sliding mode control has shared a great contribution in this field [5]. Fault tolerance
control was designed using sliding mode with online control allocation, without the need to
reconfigure the whole controller in [6].

Since the great efforts of [7], adaptive control has proved to be an effective way to account for
system uncertainties, actuator failures and external disturbances. It can be divided roughly
into two main sets, the first one depends on a switching strategy through constructing an FDI
module that has a bank of models and it chooses the equivalent one based on the failure case
in adaptive way [8]. The other set depends on direct adaptive actuator failure compensation,
through estimation of the failure in the system [9]. Recently, with advanced switching and se-
lection functions, adaptive fault tolerance control can combine the two techniques together
resulting in a better accounting for failure, the price paid is that the system is not able to detect
the fault in the system, it only accounts for its effect.

1.2.2 Contribution

This thesis represents an adaptive way to account for failure without the need to have a FDI
module or a switching technique to select the appropriate model. However it depends on
adaptive parameter estimation after reformulating the problem of the control allocation with
unknown control effectiveness. Furthermore, it works with any baseline controller as long as
it has a Lyapunov function with negative definite derivative. One more thing is that fault tol-
erance is designed during allocating the virtual control input among the available actuators so
the baseline controller is not reconfigured.

1.3 Problem Statement

The problem can be finally summarized in this section.

Given any baseline controller that provides the system with desired wrench, how can control
allocation with adaptive theory play their role to account for failure in the system without the
need to know this failure?

In other words, What adaptive modification should be added to any controller of a fully actu-
ated vehicle such that the behaviour of the model is not affected after the occurrence of failure,
without the need to reconfigure the controller or know any details about the failure?

1.4 Outline

For a better understanding of the content of this work, the thesis is organized as follows:

Chapter 2 shows the background information the reader needs to understand the rest of the
thesis. Mathematical modeling of the tilted hexa-rotor is shown. Furthermore, The adaptive
control theory behind the proposed approach is discussed.

Mohab Tarek Elsayed Abdelbadie University of Twente



CHAPTER 1. INTRODUCTION 3

Chapter 3 represents the core of this thesis. First it explains the problem of control allocation,
then adaptive control laws behind the approach used are derived briefly.

In chapter 4, back-stepping control is designed from scratch using Newton-Euler formulation.
Simulations of the baseline controller are presented. Adaptive back-stepping control is dis-
cussed briefly. Simulations of failure cases and how adaptive control allocation overcame these
cases are shown.

Finally, chapter 5 provides summary of this thesis, future work and conclusion.

Robotics and Mechatronics Mohab Tarek Elsayed Abdelbadie



4 Fault Tolerant Adaptive Control Allocation for Unmanned Aerial Vehicles

2 Background and System Modeling

This chapter presents the background knowledge the reader should have before going further
in this thesis. First, the mathematical model is introduced, then adaptive control theory is dis-
cussed in a summarized way since its considered to be the core of this work. System modeling
is done here using Newton-Euler formulation since it will be used later in chapter (4) for de-
signing the back-stepping controller.

Basic information about the tilted hexa-rotor is first given in section 1, before getting deep into
deriving equations of motion by Newton-Euler method in section 2. Section 3 is concerned
with adaptive control theory and its relation with flight control systems.

2.1 Basic Information

The hexa-rotor system is a multicopter with six motors located at vertices of a planar hexagon,
equidistant from the center of mass. Usually normal hexa-rotors have their thrusts in one di-
rection parallel to each other, perpendicular to the plane of the drone, by this configuration the
hexa-rotor is under-actuated system since it can allow forces and moments in four directions
only (Three moments due to rotation about each axis and one force in one direction which is
the thrust) while it has 6 Degrees of freedom . However, the model used in this work is a hexa-
rotor having its motors tilted in a certain configuration allowing it to produce thrust in three
directions, thus it becomes a fully actuated system. The tilting angle of each motor is 47 de-
grees, such that each two adjacent motors are tilted in opposite direction. The choice of this
angle is based on optimization problem that is out of the scope of this thesis. For further details
refer to [10],[11]. The following figure shows the difference between traditional hexa-rotor and
the tilted one.

(a) Traditional hexa-rotor with uni-
directional thrust

(b) Tilted hexa-rotor configuration

Figure 2.1: Tilted Hexa-rotor vs Traditional configuration

The tilted hexa-rotor has six motors, three rotating in a clockwise direction and the other three
rotating in a counter-clockwise direction to balance the rotation of the drone about its verti-
cal axis. They are arranged in a way such that each motor rotating in a clockwise direction is
located between two motors rotating in a counter-clockwise direction.

By rotation of the propellers, a force and a moment are produced and both of them are pro-
portional to the square of the spinning speed of the propeller. A force which is the thrust is
produced normal to the plane of the rotating propeller. A drag moment is produced in a di-
rection opposite to the directing of rotation of the propeller. For more information about the
aerodynamics behind the thrust and drag resulting from rotation of propellers, the reader is
kindly asked to refer to [12].

Mohab Tarek Elsayed Abdelbadie University of Twente



CHAPTER 2. BACKGROUND AND SYSTEM MODELING 5

2.2 Newton-Euler Formulation

The hexa-rotor system is modeled as a rigid body in space affected by forces and torques in all
directions i.e. have 6 degrees of freedom. The forces result from thrust of rotating propellers
and gravitational force. Torques occur due to drag moments of propellers, moments due to
thrust forces and gyroscopic effects. Mapping between forces and torques into speed of each
propeller is done later in the control allocation part. For now, it is dealt with them as a virtual
control input.

The model is presented using 12 states and 6 virtual control inputs. The states are linear posi-
tions, linear velocities, angular positions and angular velocities. The set of forces and moments
affecting the body are the virtual control inputs. For simplicity, one can view the system as 4
states and 2 virtual inputs such that each state is a vector ∈ℜ3 as discussed below.

Let ΨE : 〈OE , XE ,YE , ZE 〉 denote the Inertial frame of reference while ΨB : 〈Ob , Xb ,Yb , Zb〉 de-
notes the body fixed frame with its origin coincides with the center of mass of the drone and its
axes are aligned on the body as shown in the figure.

Figure 2.2: Body fixed frame of tilted hexa-rotor

Before deriving equations of motion, there are some variables that need to be defined, some
of them are considered to be system states and others are considered to be system inputs and
outputs.

X = [x y z]T holds the linear position of the body, it can be expressed in any frame by adding
a sub-script of the initial of the frame, for example Xb stands for the position of the body ex-
pressed in body fixed frame.

η= [φ θ ψ]T represents the attitude, i.e. angular position, of the body expressed in the Inertial
Frame using Euler angles such that φ,θandψ are the roll, pitch and yaw angles respectively.

For the derivation of equations of motion, it is discussed in two parts, the first one for linear
motion and the second one for rotational motion.

2.2.1 Linear Motion

Using Newton’s 2nd law for translation motion:

mv̇E = FE −~gE , (2.1)

Robotics and Mechatronics Mohab Tarek Elsayed Abdelbadie



6 Fault Tolerant Adaptive Control Allocation for Unmanned Aerial Vehicles

where m is the mass of the body ,vE is the velocity of the body with respect toΨE expressed in
ΨE , FE is the set of external forces affecting the body expressed inΨE , such that vE andFE ∈ℜ3

as mentioned above. ~gE is the gravity vector expressed inΨE such that

~gE :=
0

0
g

 , (2.2)

where g is the gravitational constant.

Since thrust forces are always attached to the body, it is better to represent the forces expressed
inΨE as a function of the forces expressed inΨB ,

FE = RE
b Fb , (2.3)

such that RE
b ∈ ℜ3×3 is the rotational matrix from ΨB to the ΨE and Fb ∈ ℜ3 is the set of forces

affecting the body expressed inΨB .

From equation(2.1) one can deduce that acceleration of the body expressed inΨB without grav-
ity compensation can be expressed as follows:

Ẍb = 1

m
Fb , (2.4)

where Ẍb ∈ℜ3 is the linear acceleration of the body expressed inΨB .

Adding gravity effect and referring to equation(2.3), one can finally get equations of linear mo-
tion of the body expressed inΨE .

ẌE = 1

m
RE

b Fb −~gE . (2.5)

One step is left, the linear position can be expressed as function of linear velocity as follows:

ẊE = vE . (2.6)

Attitude parameterization here is expressed using Euler angles with a sequence of Z-Y-X. Nev-
ertheless, it is not the best way to do so and it has singularities leading to what is called Gimbal
Lock. One way to avoid this problem is to use Unit Quaternions instead of Euler angles [13].
However, maneuvers that cause these singularities are not faced during simulations.

The well known Rotation matrix is defined as follows:

RE
b (η) :=

cθcψ cψsθcφ− cφsψ cφcψsθ+ sφsψ
cθsψ cφcψ+ sθsφsψ cφsθcψ− cψcφ
−sθ cθsφ cθcφ

 (2.7)

For the derivation of the Rotational matrix refer to [14].

2.2.2 Rotational Motion

Newtons 2nd law for rotational motion is expressed as follows,

Jbω̇b =−ωb × Jbωb +Mb , (2.8)

Mohab Tarek Elsayed Abdelbadie University of Twente



CHAPTER 2. BACKGROUND AND SYSTEM MODELING 7

ωb = [ωxb ωyb ωzb ]T is the set of angular velocities of the body with respect to ΨE expressed
in ΨB . Mb ∈ ℜ3 is the set of external moments affecting the body expressed in ΨB . Jb is the
diagonal inertia matrix ∈ℜ3×3 such that

Jb =
Ixx 0 0

0 Iy y 0
0 0 Izz

 . (2.9)

Unlike linear motion, transformation of angular velocities from ΨB to ΨE is expressed in the
following equation,

η̇= T (η)ωb , (2.10)

where T is the transformation matrix,

T (η) :=

1 si nφt anθ cosφt anθ
0 cosφ −si nφ

0 si nφ
cosθ

cosφ
cosθ

 (2.11)

Remark : It must be noted that there exist some moments affecting the body such as gyroscopic
effects due to rotation of propellers, which were neglected due to their small contribution. For
detailed modeling of the system, refer to [15].

Finally, equations (2.5 , 2.6 , 2.8 , 2.10) represent the full equations of motion of the system, and
it can be summarized as follows:


Ẋ

mẌ
η̇

Jb ẇ

=


v

−m~gE

Tω
−ω× Jbω

+


03 03

RE
b 03

03 03

03 I3

∗
[

Fb

Mb

]
. (2.12)

It can be expressed as a non linear system in state space representation as follows

ẋ = f (x)+ g (x)v, (2.13)

where x ∈ℜ12 holds states of the system , v ∈ℜ6 is the virtual control input which is the desired
Wrench of the system Wdes .

2.3 Adaptive control theory

Adaptive control is a wide branch of control theory which mainly deals with systems having
uncertainties, parameters varying with time or unknown disturbance[16]. The role of adaptive
control comes from its name, it adapts the controller to these changes without the need to know
these unknowns. A very simple example to illustrate this concept is to imagine having a point
mass in space that wants to track a certain trajectory. The problem you are facing is that you do
not know the mass of this body. However, you are not concerned with knowing its mass, your
target is to minimize the tracking error whether you have knowledge of the body’s mass or not.
Of course, it would be a privilege to get the mass known, but its not the main concern. For this
type of problems, adaptive control is considered to be one of few techniques to get it solved.
Another example that shows advantages of adaptive control is to imagine an aircraft flying in
air affected by wind, you have no knowledge of the wind’s direction, its effect or its magnitude.
If adaptive control did not intervene in the design of the aircraft controller, severe results will
be shown when implementing this controller into a real aircraft system.
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8 Fault Tolerant Adaptive Control Allocation for Unmanned Aerial Vehicles

Unlike robust control which requires prior information about these unknowns such as their
bounding, adaptive control requires no prior information. Nevertheless, adaptive control is
used when these uncertainties are slowly varying with time, otherwise robust control must be
used. In many cases, adaptive control alone is not enough to account for system unknowns and
in these cases robust adaptive control must be used. One reason for this is something called pa-
rameter drift which simply indicates that the estimated parameter diverges until infinity with-
out being bounded[17]. In this case, some robust adaptive techniques such as projection or
leakage solve this problem. However, in the approach introduced in this thesis, there was no
need to robust adaptive techniques and they are to be done in future work.

On talking about adaptive control, a very important term comes to mind which is parameter
estimation. Parameter estimation which is a branch of system identification is considered to
be the foundation of adaptive control. As the name states, adaptive control relies on estimating
the unknown parameters and using these estimates to update the control law. There are many
ways for parameter estimation such as Least square method, decent gradient and Lyapunov
stability method. Least square method depends on solving an optimization problem to esti-
mate the unknown parameter. Lyapunov stability method is the one used in this work and it
simply derives the adaptive law to ensure stability of the system. So, while deriving the adaptive
control law, it is already made sure that the system states will not diverge.

Adaptive controller can be divided into three main categories; direct, indirect and hybrid meth-
ods. Direct adaptive control is the method where the estimated parameters are used directly in
the controller. In indirect methods, estimated parameters are used to calculate other required
control parameters. Hybrid relies on both of parameter estimation and direct modification of
the control law.

To sum up why adaptive control theory was the one used in this work, a multi-copter flying
in air is subjected to many uncertainties, such as wind, unbounded disturbance, sensor noise
or actuator failure. For this thesis, actuator failure is the reason for presence of uncertainties
in the system. And its adaptive control role to account for this failure. It does not depend on
direct estimation of this failure, but it estimates another parameter that will be used in the con-
troller as discussed later. Parameter estimation is done through Lyapunov method to ensure
convergence of system states and their stability.
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3 Adaptive Control Allocation

3.1 Control Allocation

For every system, there must exist some inputs and outputs. For a drone flying in air, one can
easily see that voltage supplying the motors is the input of the system. By varying the voltage,
the speed of spinning will be varied resulting in a thrust that we can control to reach certain
position and orientation in space, which are the system outputs. The relation between voltage
to the motors and their rotational speed is out of the scope of this thesis [18].

Control allocation is the problem of distributing control effort among multiple actuators. In
other words, transforming the set of forces and moments coming from the controller to the set
of actuators available. In the context of this work, it can be viewed as mapping between the
desired wrench affecting the body into the spinning speed of each motor. [19]

So, the actual input of the system is the rotational speed of the motors. In the earlier sections,
it was dealt with the set of forces and moments resulting from rotation of motors as the virtual
control input. Mapping between virtual control inputs and real inputs is shown in this section.

As was just mentioned earlier, a rotating propeller i produces thrust forceλi and a drag moment
τi . Since both thrust and drag moment are proportional to the square of the spinning speed,
they can be written as follows,

λi = µ Ω2
i , (3.1)

τi = γ σi λi , (3.2)

where µ is a thrsut co-efficient,Ωi is the rotational speed of ı -th motor ,γ is the drag-to-thrust
ratio, σ is either 1 or -1 indicating the direction of the produced moment.

Remark 1 :

It is obvious that each tilted propeller i produce thrust λi in 3D-space can be expressed in body
fixed frame asλi = [λix λi y λiz ]T and since tilting angle of propellers is 47 degrees for all motors,
then one can deduce that the z−component will always be,

λiz =λi cos(47) ∀ı . (3.3)

x, y−components are derived using figure(3.1).

The following figure shows the X-Y plane of the body, where the vectors shown indicate the
direction of the thrust of each propeller in the X-Y plane. Numbering of motors and their di-
rection of rotation is also displayed. By using this figure and equation (3.1, 3.2), one can easily
deduce how forces and moments are mapped into their thrusts.

The control allocation can be expressed in the following equation,

Wb =
(

Fb

Mb

)
= B λ, (3.4)

where B∈ℜ6×6 is the control allocation matrix.

Using simple geometry of a regular hexagon and basics of mechanics one can easily represent
thrusts shown in the above figure as x, y components only. By the same way, each thrust causes
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Figure 3.1: XY plane of the model showing direction of thrusts

a rotating torque due to its arm. Writing each force and moment into three components {x, y, z}
leads to the following:



Fbx

Fby

Fbz

Mbx

Mby

Mbz

=



−s −s s
2

s
2

s
2

s
2

0 0 −p3s
2

−p3s
2

p
3s
2

p
3s
2

c c c c c c
−lc −γs lc +γs lc

2 + γs
2

−l c
2 + −γs

2
−lc

2 + −γs
2

lc
2 + γs

2

0 0 −p3lc
2 + −p3γs

2

p
3l c
2 +

p
3γs
2

−p3lc
2 + −p3γs

2

p
3lc
2 +

p
3γs
2

−l s +γc +l s −γc −l s +γc l s −γc l s −γc −l s +γc





λ1

λ2

λ3

λ4

λ5

λ6


(3.5)

Where s , c indicate sin47 ° and cos47 ° respectively. l is the length between any propeller and
center of mass of the body.

To reach for the thrust of motors from the system wrench, one way to solve equation(3.4) is to
get the pseudo-inverse of the control allocation matrix. However, in our case the system is a
fully actuated one, which means that B always has full rank and non singular so it can be solved
using inverse of a matrix directly [20].

λ= B−1 Wb . (3.6)

Spinning speed of each motor can be easily derived through,

Ωi =
√
λi

µ
. (3.7)

Advantages of using control allocation can be easily observed here, by using any high-level
control algorithm that provides the system with the desired wrench, one can get easily the real
input to the motors.

3.2 Adaptive Control Allocation

As discussed earlier, control allocation is the mapping between virtual control inputs( forces
and moments ) into the real inputs of the system ( thrust of each motor ), expressed in equation
(3.4) as

Wb =
(

Fb

Mb

)
= B λ. (3.8)
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Remark 1:

As presented in the previous chapter that the desired wrench coming from the controller is ex-
pressed in body fixed frame, so the sub-script is removed in the coming sections for simplicity.

Remark 2:

From the beginning of this section, due to the existence of failure in the system, the desired
wrench that should affect the body does not equal to the actual one. A sub-script will be added
such that Wact is the actual wrench, Wdes is the desired one and Wer r is the error between the
desired and actual one,

Wer r =Wdes −Wact . (3.9)

Remark 3:

Figure 3.2: Fault classification according to their modeling [1]

Faults in any system can be classified according to their location into three categories; actuator
faults, component fault or sensor fault. As mentioned earlier, this thesis is concerned with
actuator faults. Furthermore, with respect to fault modeling, it can be classified as additive or
multiplicative as shown in the above figure (3.2)[1].

Usually actuator faults are modeled using the multiplicative way, so one way of representing
this fault is to multiply each thrust by a constant showing its degree of damage, such that



λ1

λ2

λ3

λ4

λ5

λ6


e f f

=



Λ1 0 0 0 0 0
0 Λ2 0 0 0 0
0 0 Λ3 0 0 0
0 0 0 Λ4 0 0
0 0 0 0 Λ5 0
0 0 0 0 0 Λ6





λ1

λ2

λ3

λ4

λ5

λ6


calc

(3.10)

where 0 ÉΛi É 1 , such that 0 represents complete damage of the rotor and 1 indicates that the
rotor has no failure[21]. This extends equation (3.1) to be,

Wact =
(

F
M

)
= B Λ λ, (3.11)

whereΛ ∈ℜ6×6 is called the effectiveness matrix and it is considered to be unknown represent-
ing uncertainty in the system.

If the effectiveness matrix is known, then equation (3.11) could be easily solved using inverse of
matrix (BΛ) as long as it has full rank. If not, which is the case in many over-actuated systems,
then its solved as an optimization problem[20].
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Many fault tolerance control allocation techniques depend on estimating of the effectiveness
matrix, then solving an optimization problem. Estimation can be done through Kalmen filters
or any other adaptive techniques[22] .

Nevertheless, the method used here is also based on estimation techniques, but without the
need to solve any optimization problems. Instead of using equation (3.6) to get the actual con-
trol input of the system, here comes the rule of adaptive estimation to solve this problem.

If there exists a term Θ such that (B−1 +Θ) = (BΛ)−1 ,then no need to have knowledge of the
effectiveness matrix[23]. Lets call that

λo = B−1 Wdes , (3.12)

the nominal control law i.e, the case where the effectiveness matrix is an identity matrix. In
other words, the case where the system has no rotor failure. What if there exists some failure
which is unknown in one or more of the rotors. The nominal control law must be augmented
with adaptive part to account for this failure. In this case

λ=λo +λad . (3.13)

The adaptive augmentation is defined as follows,

λad = Θ̂ Wdes , (3.14)

where Θ̂ ∈ℜ6×6 is an estimation of the ideal parameterΘ satisfying the condition

(B Λ) (B−1 +Θ) = I6, (3.15)

where I6 is a 6 × 6 identity matrix.

Finally the control law can be expressed as,

λ= (B−1 + Θ̂) Wdes . (3.16)

If a very accurate estimate was obtained such that Θ̂−→Θ then in this case,

Wact = B Λ λ= (B λ) (B−1 +Θ)Wdes = I6 Wdes =Wdes (3.17)

But unfortunately, there never exist the case of ideal estimation, there will always be an estima-
tion error Θ̃ ,

Θ̃= Θ̂−Θ, (3.18)

which causes the wrench error and can be defined as follows,

Wer r =Wdes −Wact ,

=Wdes − (B λ) (B−1 + Θ̂)Wdes ,

=Wdes − (B λ) (B−1 + Θ̃+Θ)Wdes ,

=Wdes −Wdes −BΛΘ̃Wdes ,

=−BΛΘ̃Wdes .

(3.19)
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No failure case

Imagine having a baseline controller that provides the system (2.13)

ẋ = f (x)+ g (x)Wdes , (3.20)

with the control law Wdes and this system has Lyapunov function and its derivative such that

Ψ1(x) ≤V0(x, t ) ≤Ψ2(x), (3.21)

V̇0(x, t ) = ∂V0

∂t
+

(∂V0

∂x

)T
( f (x)+ g (x)Wdes) ≤−Ψ3(x). (3.22)

WhereΨ1(x),Ψ2(x)andΨ3(x) are continuous positive definite functions.

Failure case

Due to the presence of failure in the system,

V̇0 = ∂V0

∂t
+

(∂V0

∂x

)T
( f (x)+ g (x)Wact ),

= ∂V0

∂t
+

(∂V0

∂x

)T
( f (x)+ g (x)(Wdes −Wer r )),

≤Ψ3(x)−
(∂V0

∂x

)T
(g (x)Wer r ),

≤−Ψ3(x)+
(∂V0

∂x

)T
(g (x)BΛΘ̃Wdes).

(3.23)

The main idea is to add a term in the Lyapunov function such that its derivative cancels the

term
(
∂V0
∂x

)T
(g (x)BΛΘ̃Wdes) so V̇ is negative semi-definite function.

V =V0 +Vad , (3.24)

where Vad carries information about parameter error Θ̃,

Vad = 1

2δ
tr (Θ̃Θ̃TΛ). (3.25)

Remark : Since, the tilted hexa-rotor is a fully actuated vehicle and there is no redundancy in
the system, it is impossible to tolerate a complete rotor failure. So, failure cases discussed only
show rotor degradationΛi > 0, which imply thatΛ is always positive definite matrix.

δ is the adaptive gain ∈ℜ> 0 ,

tr (X Y T ) is a way to present matrix multiplication in a scalar way in case X,Y are non-scalar
square matrices, such that

tr (X Y T ) =∑n
i=1 xT

i yi where xT
i is the i -th row of X

Calculating the derivative leads to

V̇ = V̇0 + V̇ad ,

≤−Ψ3(x)+
(∂V0

∂x

)T
(g (x)BΛΘ̃Wdes)+ 1

δ
tr (Θ̃ ˙̃ΘTΛ).

(3.26)

From equation (3.18) if the failure in the rotor is not time varying then Θ̇= 0 =⇒ ˙̃Θ= ˙̂Θ

V̇ ≤−Ψ3(x)+
(∂V0

∂x

)T
g (x)BΛΘ̃Wdes +

1

δ
tr (Θ̃ ˙̂ΘTΛ). (3.27)
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14 Fault Tolerant Adaptive Control Allocation for Unmanned Aerial Vehicles

Using mathematical properties of tr( ) method ,

i f A,B ar e col umn vector s

then tr (AT B) = AT B ,

V̇ ≤−Ψ3(x)+ tr (
(∂V0

∂x

)T
g (x)BΛΘ̃Wdes)+ 1

δ
tr (Θ̃ ˙̂ΘTΛ),

tr (ABC ) = tr (BC A) = tr (C AB)

i .e. c ycl i c pr oper t y o f tr ace,

≤−Ψ3(x)+ tr (Θ̃Wdes

(∂V0

∂x

)T
g (x)BΛ)+ 1

δ
tr (Θ̃ ˙̂ΘTΛ),

tr (AB)+ tr (C D) = tr (AB +C D),

≤−Ψ3(x)+ tr (Θ̃Wdes

(∂V0

∂x

)T
g (x)BΛ+ 1

δ
Θ̃ ˙̂ΘTΛ),

≤−Ψ3(x)+ tr (Θ̃(Wdes

(∂V0

∂x

)T
g (x)B +

˙̂ΘT

δ
)Λ).

(3.28)

Finally the adaptive law can be expressed as,

˙̂ΘT =−δWdes

(∂V0

∂x

)T
g (x)B , (3.29)

and the control allocation problem can be solved using equation(3.16).
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4 Adaptive Back-stepping control

4.1 Motivation

The previous chapters presented the mathematical model of the tilted hexa-rotor using
Newton-Euler formulation as a rigid body in space then a problem of control allocation was
solved to allocate the control effort among the six actuators. In chapter three, the main ap-
proach was presented and it was said that for this approach to work, the baseline controller has
to have a Lyapunov function whose derivative is negative definite. One thing to be mentioned,
a trial was performed before on a baseline controller whose Lyapunov function derivative is
negative semi-definite and it failed, refer to the appendix(A.1) for more information.

On thinking of a controller that has a lyapunov function whose derivative is negative defi-
nite, back-stepping seems to be a perfect choice since it is already derived through a series
of Lyaounov functions. Back-stepping control is used here as the baseline controller for posi-
tion and attitude tracking. Control input laws are derived in section 2 using the model obtained
previously from Newton-Euler formulation. Results and simulations of tracking any arbitrary
trajectory without failure is shown in section 3. The augmentation of the adaptive part is added
in section 4. Section 5 shows final simulations after occurrence of failure and how it managed
to overcome the two problems of the aforementioned controller.

4.2 Back-stepping Control design

Back-stepping is a recursive Lyapunov-based scheme proposed in the beginning of 1990s. The
idea is to design a controller recursively by considering some of the state variables as virtual
controls (stepping variables) and designing for them intermediate control laws[24].

As was mentioned before, the tilted hexa-rotor is a fully actuated vehicle so, position control
can be achieved separately from attitude control. Control design is divided into two parts, one
for tracking desired position and the other one for tracking desired attitude. Each one of them
is done in two steps using one stepping variable.

Remark :

Variables in this section are expressed in Inertial frame unless mentioned otherwise. For exam-
ple, X stands for position of body expressed in Inertial Frame.

Definitions :

Xd = [xd yd zd ]T is the desired position expressed in Inertial Frame.

ηd = [φd θd ψd ]T is the desired attitude expressed in Inertial Frame.

Assumptions :

The desired trajectory { Xd , ηd } is twice differentiable and all its derivatives are bounded.

4.2.1 Position tracking

Let us first define position tracking error ex , such that

ex = Xd − X . (4.1)

Starting with the first Lyapunov function,

V1 = 1

2
eT

x ex > 0, (4.2)
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whose derivative is

V̇1 = eT
x ( ėx ) = eT

x (Ẋd − Ẋ ) = eT
x (Ẋd − v). (4.3)

Define the first and only back-stepping variable v such that u1 = v .In other words, v is a virtual
control input. Let

u1 = Ẋd +K1ex , (4.4)

such that K1 ∈ℜ3×3 , the term K1ex is used to stabilize ex to make l i mt→∞ex → 0.

V̇1 =−eT
x K1 ex < 0. (4.5)

Now, define the error between stepping variable and state variable. e1 = u1 − v , if it was man-
aged to stabilize this error, ex will be stabilized.

e1 = u1 − v =⇒ v = u1 −e1, (4.6)

ė1 = u̇1 − v̇ = Ẍd +K1(ėx )− v̇ . (4.7)

The augmented Lyapunov function will be

V2 =V1 + m

2
eT

1 e1 > 0, (4.8)

V̇2 = V̇1 +meT
1 ė1,

=−eT
x K1ex +eT

x e1 +eT
1 (mẌd +mK1ėx −mv̇),

=−eT
x K1ex +eT

1 (mẌd +mK1ėx −mv̇ +ex ),

f r om equati on (2.5),

=−eT
x K1ex +eT

1 (mẌd +mK1ėx −RE
b Fdes +m ~gE +ex ).

(4.9)

After reaching the real control input, Fb is chosen to stabilize the error e1, i.e. l i mt→∞e1 → 0,

Fdes = (RE
b )T (mẌd +mK1ėx +m ~gE +ex +K2e1),

= Rb
E (mẌd +mK1ėx +m ~gE +ex +K2e1),

(4.10)

where K2 ∈ℜ3×3 is a gain matrix used to stabilize the error e1 resulting in,

V̇2 =−eT
x K1ex −eT

1 K2e1 < 0. (4.11)

4.2.2 Attitude tracking

Going through same steps as previous section,

eη = ηd −η. (4.12)

Choosing Lyapunov function,

V3 = 1

2
eT
η eη > 0, (4.13)

Mohab Tarek Elsayed Abdelbadie University of Twente



CHAPTER 4. ADAPTIVE BACK-STEPPING CONTROL 17

whose derivative is,
V̇3 = eT

η ( ėη) = eT
η (η̇d − η̇) = eT

η (η̇d −Tωb), (4.14)

where T is the transformation matrix defined in equation (2.11).

let ωb be a virtual control such that ωb = u2,

u2 = T −1(η̇d +K3eη), (4.15)

leadi ng to

V̇3 =−eT
η K3eη < 0. (4.16)

Introducing the error between stepping variable and state varaible e2

e2 = u2 −ωb =⇒ωb = u2 −e2, (4.17)

ė2 = u̇2 − ω̇b . (4.18)

u̇2 is derived below but used later as u̇2 for simplicity,

u̇2 = d

d t
(T −1(η̇d +K3eη)),

=−T −2(η̇d +K3eη)+T −1(η̈d +K3ėη).
(4.19)

The augmented Lyapunov function is,

V4 =V3 + 1

2
eT

2 Je2 > 0, (4.20)

where J is the inertia matrix defined before in chapter 2.

V̇4 = V̇3 +eT
2 J ė2,

=−eT
η K3eη+eT

η Te2 +eT
2 (J u̇2 − Jω̇b),

f r om equati on (2.8),

=−eT
η K3eη+eT

η Te2 +eT
2 (J u̇2 +ωb × Jbωb −Mdes),

=−eT
η K3eη+eT

2 (J u̇2 +ωb × Jbωb −Mdes +Teη).

(4.21)

Choosing ,
Mdes = J u̇2 +ωb × Jbωb +Teη+K4e2, (4.22)

leads to,
V̇4 =−eT

η K3eη−eT
2 K4e2 < 0, (4.23)

where K3,K4 ∈ℜ3×3 are gain matrices.
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Stability analysis

Using Lyapounov theorem for stability [25], since

• V (x) is positive definite, (4.8 , 4.20 ),

• V̇ (x) is negative definite (4.11 , 4.23 ),

• V (x) is radially unbounded, it can be clearly seen that l i m|x|→∞V (x) →∞,

therefore, Global Asymptotic stability of ex ,e1,eη,e2 = 0 is guaranteed.

Before ending this section let us define the whole Lyapunov function of the system V5 such that

V5 =V2 +V4, (4.24)

V̇5 = V̇2 + V̇4 =−eT
x K1ex −eT

1 K2e1 −eT
η K3eη−eT

2 K4e2. (4.25)

In a summarized way there exists a Lyapunov function of the system V5(x, t ), such that

0 ≤V5(x, t ) ≤Ψ1(x), (4.26)

V̇5(x, t ) ≤−Ψ2(x), (4.27)

whereΨ1(x),Ψ2(x) are continuous positive definite functions.

The upper boundingΨ1(x) of equation(4.26) can be proved as follows:

Since it was proved that global asymptotic stability of {ex ,e1,eη,e2} = 0 is guaranteed. That
means that they will never diverge, they will always have an upper bound. And since Lyapunov
function is the summation of these terms, therefore it must also have an upper bound.

4.3 Simulations for baseline controller

As was mentioned in the above section, tracking a desired trajectory should be guaranteed with
this controller, simulations will confirm these results in this section

4.3.1 Position tracking results

Simulations were carried out on both constant desired trajectory and time varying trajectories.
In real life, constant desired trajectory means that the drone will just go from a place to another
and the aim to hover at the desired location, while time-varying trajectories can be viewed as
you are trying to reach a target which is continuously changing and moving.
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(a) (b)

Figure 4.1: Altitude tracking results

(a) (b)

Figure 4.2: x tracking results

(a) (b)

Figure 4.3: y tracking results

Figures (4.1 , 4.2 , 4.3 ) show how tracking any trajectory was achieved for every linear motion;
altitude and both longitudinal directions. Part (b) of each figure shows the case when the tra-
jectory is time varying while part (a) shows constant trajectory tracking. Zero initial conditions
were set to all the variables.

It is it to be noted that by decreasing the values of the gains (K1,K2), the settling time of the out-
put response decreases and vise verse. And this makes sense, the larger the values of the gains,
the faster the convergence to the desired state. However, there were not any time specifications
that should be met, the goal was to achieve tracking error = 0, and this was achieved. In addi-
tion to that for setting (K1,K2) to very low values (for example Identity matrix) an overshoot can
be observed. The following Figure(4.4) shows the result after varying the gains. One can easily
observe that for large values of gains, the settling time is so small (nearly less than 0.5 sec) and
there is no overshoot. On the other hand, both overshoot and undershoot are observed for very
low gain values and the settling time is around 7 seconds which is way slower than the previous
case.
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(a) Increasing gain values (b) Decreasing gain values

Figure 4.4: Effect of gains’ variation

4.3.2 Attitude tracking results

Before showing the results, one thing has to be mentioned; in the previous section, two types
of trajectories were shown and this was for a purpose. In real life, one task for a drone would be
doing a circle maneuver in air and mathematically that implies that both x, y are sine or cosine
waves shifted by constants, that’s why the case of time varying trajectories was shown. While
for the case of orientation, the most common case is that the drone stabilizes itself around a
certain angle, no one would ever like to see his drone pitching up and down continuously. So
attitude stabilization around zero angle is the case shown here with non-zero initial conditions.

Figure 4.5: Roll angle φ convergence to 0

Figure 4.6: Pitch angle θ convergence to 0
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Figure 4.7: Yaw angle ψ convergence to 0

Remark :

As said previously in chapter(2), attitude parameterization is done in this thesis using Euler
angles and this for sure has crucial drawbacks. The main one is having a singularity at θ =±π

2
, this results in not having a single solution of Euler angles or what is known by Gimbal Lock,
and this can be observed here as in figure(4.8) by setting θ > π

2 , so its sure that it will pass by the
singularity on its way to convergence.

(a) Roll angle φ at a singularity (b) Pitch angle θ at a singular-
ity

(c) Yaw angle ψ at a singularity

Figure 4.8: Effect of Euler Singularity on Attitude angles

4.4 Adaptive Back-stepping control

In this section, adaptive control allocation is designed to account for actuator failure without
modifying the baseline controller. Its crucial for the reader to read the section(3.2) before going
further as it contains all the necessary information for the method applied here.

For the case of failure, the actual wrench is no longer the desired one due to the presence of
error in the system.

The final Lyapunov function following same steps as previous chapter,

V =V5 + 1

2δ
tr (Θ̃Θ̃TΛ) > 0. (4.28)

As equation(3.26) states,

V̇ =−eT
x K1ex −eT

1 K2e1 −eT
η K3eη−eT

2 K4e2 + [eT
1 RE

b eT
2 ] Wer r ++1

δ
tr (Θ̃ ˙̃ΘTΛ). (4.29)

Going through same steps for derivation of adaptive law, it is chosen as

˙̂ΘT = δ Wdes [eT
1 RE

b eT
2 ]B , (4.30)

resulting in
V̇ =−eT

x K1ex −eT
1 K2e1 −eT

η K3eη−eT
2 K4e2 ≤−Ψ2(x). (4.31)

And the control allocation problem is solved using equation(3.16) from previous chapter.

For the detailed derivation of equation(4.29 , 4.30), refer to the Appendix(A.2).
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Stability Analysis

Since the Lyapunov function derivative is no longer negative definite, the traditional Lyapunov
method for stability can not help here and its time to use Barbalt’s Lemma.

Before using Lyabunov Like lemma "Barbalat’s Lemma for Stability Analysis", Lets sum up ev-
erything here ,

•

V=
1

2
eT

x ex + m

2
eT

1 e1 + 1

2
eT
η eη+ 1

2
eT

2 Je2 + 1

2δ
tr (Θ̃Θ̃TΛ) > 0, (4.32)

is a positive definite function ( lower bounded ),

•
V̇ =−eT

x K1ex −eT
1 K2e1 −eT

η K3eη−eT
2 K4e2 ≤−Ψ2(x), (4.33)

is a negative semi definite function where Ψ2(x) is a continuous positive definite func-
tion,

• V̈ is bounded, and this can be proven as follows,

V̈ = 2∗ (−eT
x K1ėx −eT

1 K2ė1 −eT
η K3ėη−eT

2 K4ė2), (4.34)

To prove the bounding of V̈ , it has to show that all four terms on the right hand side are
bounded, and each term is an error multiplied by its derivative. So, both the error and its
derivative have to be bounded.

Through Lyapunov stability analysis, it can shown that each error is only stable, which
imply that each error is bounded (ex ,e1,eη,e2).

Bounding of an error does not imply the bounding of its derivative, the error derivative
has to be proved from system dynamics. Let us take ex and e1 as an example and it goes
for the rest of the four errors.

ėx = Ẋd − Ẋ = Ẋd − v. (4.35)

Ẋd is bounded from the assumption in the beginning of this chapter, v is already a
system-state which was proven that it will never diverge, which means that it is bounded.
This implies the bounding of ėx .

ė1 = u̇1 − v̇ = Ẍd +K1(ėx )− v̇ ,

= Ẍd +K1(ėx )− 1

m
(RE

b Fdes −m~gE ),

= Ẍd +K1(ėx )− 1

m
(RE

b (Rb
E (mẌd +mK1ėx +m~gE +ex +K2e1))−m~gE ),

= −1

m
(ex +K2e1),

(4.36)

and ex ,e1 are known to be bounded so ė1 is bounded.

Following the same procedure for the other two errors, V̈ is bounded.

By Barbalt’s lemma, this leads to V̇ −→ 0 as t −→ ∞ which indicates the convergence of all
errors in failure case, and the graphs in the next section confirm this result.
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4.5 Simulations and Results

As mentioned earlier, the tilted hexa-rotor is a fully actuated system with no redundant actu-
ators so there is no way for complete rotor failure. Situations of rotors degradation show that
with adaptive fault tolerance, the system can stand partial failure of all rotors at the same time.

The trajectory used for testing failure is a circle maneuver at constant altitude, degradation of
all rotors occur after 12 seconds as shown in the next figures(4.9 , 4.10). It is clear from the
graphs of figure(4.9) that failure affects all axes of linear motion, however the altitude is the
one affected the most. Graphs of figure(4.10) show that even linear velocity of the system was
tracking the desired velocity ( which is Ẋd ) before occurrence of failure, after 12 seconds, an
error appeared and it converges soon.

(a) (b)

(c)

Figure 4.9: Effect of failure on linear position

(a) (b)

(c)

Figure 4.10: Effect of failure on linear velocity
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The following figures show the effect of adaptive control allocation after occurrence of failure.
Figure(4.11) shows how the adaptive modification changes the whole behaviour of the system
after failure, it nearly looks like the case with no failure. That is considered to be a great result
of the approach proposed in this work.

It is to be noted that the effect of failure on the angular positions and velocities was not clear
that’s why simulations are shown for linear motion only.

(a) (b)

(c)

Figure 4.11: Effect of failure on linear position after adaptation

(a) (b)

(c)

Figure 4.12: Effect of failure on linear velocity after adaptation
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5 Conclusion and Future work

5.1 Conclusion

In this thesis, an adaptive control allocation approach was applied to a position tracking prob-
lem of a class of fully actuated UAVs. The model used in this work was a hexa-rotor tilted in
a certain configuration allowing it to be a fully actuated body. Due to the fact that there is
no redundancy in the system, failure was viewed as a degradation of rotors without complete
failure. The approach can be implemented on any baseline controller as long as it has a Lya-
punov function with negative definite derivative. Adaptive control allocation was applied once
on a baseline controller with a Lyapunov function whose derivative is negative semi-definite
and it showed some drawbacks as mentioned in the Appendix(A.1). The method was then
applied on a back-stepping controller since it was sure that it satisfies the above-mentioned
condition. The approach used in this work has several advantages, first, it does not require
any prior knowledge about the fault in the system. Furthermore, the baseline controller is not
changed, only the virtual control input which is the wrench affecting the body is redistributed
among available actuators without the need to reconfigure the whole controller. Results were
confirmed using 20-sim as a simulation program. Simulations show that the system can stand
partial failure of all rotors at the same time and this is considered to be an astonishing result.

5.2 Future work

It is well known from literature that uncertainties or noise in any system may lead to what is
known as parameter drift. Which simply means that adaptation will not end, furthermore it
will diverge resulting in an unstable system. So, the solution for this is to use robust adaptive
techniques to ensure that the adaptive estimate will never diverge. From the robust modifica-
tions to be used is projection or leakage which simply bound the adaptive estimate and also
allow adaptation only when needed.

One last thing is to try the back-stepping controller with adaptive control allocation in a real
experiment. This requires to re-configure the flight controller, adjust the gains and trials will be
conducted.
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A Appendix 1

A.1 First Attempt of adaptive control allocation

The method was first tried on a controller with Lyapunov function whose derivative is nega-
tive semi-definite and it showed severe drawbacks. The baseline controller used was a spatial
impedance controller. Stability of system states was proven with no information about conver-
gence to the desired trajectory. It was also proven mathematically and during simulations that
without gravity compensation, the actual wrench of the system tend to 0 during adaptation
which simply indicates that the body will hover in its place without moving. One impractical
solution to this problem is to make the failure varying with time, in this sense the actual wrench
of the system will not tend to 0. The last drawback that appeared only during simulation that
adaptation has to work only if there is failure, otherwise the drone will end up hovering in its
place without moving even if there is no failure in the system. A solution to this problem maybe
that feedback about failure time is given to the system so it can start adaptation after failure oc-
currence but this is not practical.

A.2 Adaptive back-stepping detailed derivation

keeping in mind that due to the presence of failure the virtual control input ( W ) is the actual
wrench and not the desired one. Which means that actual forces and moments are to be shown.

So jumping back to equation (4.9) and changing Fdes to be Fact such that,

Fact = Fdes −Fer r , (A.1)

lead s to

V̇2 =−eT
x K1ex +eT

1 (mẌd +mK1ėx −RE
b Fdes +RE

b Fer r +m ~gE +ex ), (A.2)

and using same control law as in (4.10)

Fdes = Rb
E (mẌd +mK1ėx +m ~gE +ex +K2e1), (A.3)

lead s to

V̇2 =−eT
x K1ex −eT

1 K2e1 +eT
1 RE

b Fer r , (A.4)

Following the same steps for the moments, changing Mdes to be Mact in equation (4.21) such
that,

Mact = Mdes −Mer r (A.5)

lead s to

V̇4 =−eT
η K3eη+eT

2 (J u̇2 +ωb × Jbωb −Mdes +Mer r +Teη), (A.6)

and choosing same control law

Mdes = J u̇2 +ωb × Jbωb +Teη+K4e2, (A.7)

lead s to

V̇4 =−eT
η K3eη−eT

2 K4e2 +eT
2 Mer r . (A.8)
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From equations ( A.4 and A.8 ) it is clear that the final Lyapunov function derivative is

V̇5 = V̇2 + V̇4 =−eT
x K1ex −eT

1 K2e1 −eT
η K3eη−eT

2 K4e2 +eT
1 RE

b Fer r +eT
2 Mer r , (A.9)

V̇5 ≤−Ψ2(x)+eT
1 RE

b Fer r +eT
2 Mer r ,

≤−Ψ2(x)+ [eT
1 RE

b eT
2 ] Wer r .

(A.10)

Recalling from equation( 3.19 ) that Wer r =−BΛΘ̂Wdes ,

V̇5 ≤−Ψ2(x)− [eT
1 RE

b eT
2 ] BΛΘ̃Wdes . (A.11)

Following same methedology as previous chapter, equation (A.11) is same as equation (3.23)

and the term
(
∂V0
∂x

)T
g (x) turns out to −[eT

1 RE
b eT

2 ] , so as equation(3.29) states, the final adap-

tive law is defined as:

˙̂ΘT = δ Wdes [eT
1 RE

b eT
2 ]B. (A.12)
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