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1 Introduction

This thesis is the result of a master assignment carried out at the University of Twente. The as-
signment originates from an interregional project named ’Roboship’ as a part of the INTERREG
IVA project ’SmartBot’.

A team consisting of 7 partners, DFKI Bremen, Imotec, Incas3, Meyer Werft, Univeristy
of Groningen, Xsens and the University of Twente, worked on an independent and intelligent
platform for inspection of ballast water tanks. When I was involved in the project, around
november 2013, the project was already in an advanced stage. One of the issues that needed to
be solved was designing and building a robotic arm.

After a few weeks of in depth reading, learning the mathematics of screw theory and meeting
the other partners of the project, the work-flow marked the borders of what one could call
a design-method. This method is the main part of this report and is written in the form of
an academical paper. Although no brand new science is developed, the systematic structuring
of the problem already showed great interest among other engineers even while the study was
unfinished.

As it seems irrelevant for the method to show some specific details of the simulation, these are
given in appendix A. The algorithm to obtain the elastic wrench is taken from [1] and listed in
appendix B for quick reference purposes. Appendix C is dedicated to some aspects with respect
to the design of the proof-of-principle, like considerations about the used actuators, choices for
the bearing, a custom designed gear, a sleeve bearing and the deviation from the design rules.

i
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Abstract

A robotic-arm supported by a rail mounted platform is de-
signed. The scenario of a Ballast Water Tank fitted with
a rail is converted into a required workspace. Kinematic
structures are synthesized and subjected to design crite-
ria. A generic numerical inverse-kinematics method is de-
scribed which uses the transposed Jacobian and an elastic
wrench based on the framework of screw theory. A sim-
ulation is used to benchmark the kinematic structures. A
proof-of-principle is build and used to validate the simu-
lation results. Keywords: redundant, inverse kinematics,
multibody, confined space, ballast water tank, screw the-
ory, elastic wrench

1 Introduction

Ballast water tanks (BWT) are used in ships to maintain
balance. They are filled and drained based on to the amount
of cargo. As the BWTs are subject to serious fouling they
need to be inspected regularly. Until today this is done
manually through visual inspection and handheld measure-
ment devices, e.g. ultrasonic thickness sensors. These in-
spections are labor intensive and costly because they can
only take place when the ship is in a dry-dock [1]. Due to
the complex structure of the tanks and additional obstacles
such as pipes, stairs and manhols, it is difficult to automate
the maintenance of BWTs. Potentially suitable robotic con-
cepts for automated maintenance of BWTs include robofish
[2], flying robots [3], magnetic crawlers [4] [5], legged
robots [6] and cable-guided robots [7]. However, all these
concepts have drawbacks in view of the structure of the
tanks, limited payload or vulnarability to contamination in-
side the tanks. Currently there is no robotic-arm available
which is foldable, has the required workspace and the ap-
propriate weight versus stiffness for the BWT scenario.

In previous studies, Christensen et al. [8] showed that a
rail-guided robotic system has the greatest potential. This
robot requires a manipulator to position a sensor on the in-
terior walls.

∗Corresponding author: jophuttenhuis@gmail.com
aMechanical Automation & Mechatronics, University of Twente.
bRobotics and Mechatronics, University of Twente.
cINCAS3, Assen, The Netherlands.

1.1 Problem

Borgerink[9] has shown that it is not desirable to have a
single serial manipulator clamped on a compliant rail. A
solution was found in a two stage concept, see fig. 1, where
two serial manipulators are stacked, such that the large
stroke arm positions an intermediate end-effector close to
the point to be measured. This intermediate end-effector
latches to the tank wall by means of an electromagnet. The
small stroke arm positions the final end-effector, the sensor,
on the point of interest.

Large stroke

Small stroke

Rail Wall

Figure 1: Two-stage arm concept, with a magnet as inter-
mediate end-effector, latching to a wall.

The sensor has to be able to measure all interior points
of the tank-wall. The sensor must be placed perpendicu-
lar to the wall, within 5◦ and with a position accuracy of
10mm. It is assumed that the small stroke manipulator
has a workspace with a radius of 100mm. The envelope
of the robotic-arm must be such that, when in stowed con-
figuration, it does not collide with the walls when passing
through the manholes inside a BWT. Furthermore, some re-
dundancy is required to e.g. avoid obstacles or go around a
corner.

So the question is: "What should the kinematic structure
look like to satisfy the above requirements?"

As the inverse kinematics is a highly non-linear prob-
lem, in general, there exists no ’closed form’ solution [10].
Therefore, a numerical solution for the inverse kinematics
needs to be found.

1.2 Goal

The primary purpose of this paper is to describe the generic
method to generate kinematic models and to evaluate their
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suitability for a certain scenario. This paper will focus
only on the large-stroke stage and therefore the intermedi-
ate end-effector, the magnet. The steps required to come up
with a kinematic design given the boundary conditions will
be described. The secondary purpose is to show the imple-
mentation by means of a realized proof-of-concept build
for demonstration purposes.

1.3 Outline
In section 2 the method is presented. The steps required to
end up with a simulation of a kinematic structure are ex-
plained. First is explained how a scenario can be converted
into a set of relative poses. Then the notation for kinematic
models is explained. The inverse kinematics are explained
by means of an iterative algorithm. Finally the steps are
combined to be able to run simulations. In section 3 the
method is applied to the BWT scenario. One of the ob-
tained kinematic structures is used to implement a proof-
of-principle. This robotic arm is presented in section 4.

2 Method
In this section the general approach to find a kinematic
structure will be explained. Geometrical and structural
requirements like link dimensions or stiffness will not be
taken into account. Instead of designing a kinematic struc-
ture and evaluating the resulting workspace in this method
relative poses and candidate models are taken as starting
point and are evaluated by simulation.

The position and orientation of a certain frame, e.g. the
end-effector, with respect to another frame, e.g. the base, is
called a pose. When no reference frame is mentioned the
global inertial frame is used.

The purpose of the simulation is to evaluate whether a
candidate-model is able to reach all required poses. To an-
swer this question the following is required:

1. Desired poses for the end-effector must be given

2. A kinematic model must be known

3. A method that yields the joint-coordinates

These requirements are explained in the following sub-
sections.

2.1 Scenario simplification
Usually the workspace of a robotic arm is expressed w.r.t.
a fixed base. For a rail mounted system the reachable
workspace is more complicated as the base is able to move
along a rail track. It is useful to simplify this scenario. A
scenario consists of a set of desired end-effector poses and
a rail-system on which the base of the robot can position
itself. Certain aspects of the scenario can be exploited to
obtain a model that is simple yet sufficient. For example
the rail can be installed such that it is parallel to large sec-
tions of the walls. It is then possible to define a limited set

of target-poses for the end-effector which need to be evalu-
ated for reachability.

Figure 2 is used to illustrate the simplification process
in case the rail is positioned parallel with a straight wall.
The rail is assumed to be a straight path between ΨA and
ΨA′ . A flat wall, at a certain distance and parallel to the
rail, is indicated by the yellow rectangle. Close to each cor-
ner of the wall a frame is defined, these denote the desired
end-effector poses and are a function of the system require-
ments. Now the pose of Ψ1 and Ψ2 can be expressed in
frame ΨA. As the base of the robot is able to move along
the rail between ΨA and ΨA′ , every point between Ψ1 and
Ψ1′ would yield an identical relative pose. Furthermore, as
the frames Ψ1 and Ψ2 are extremes in the sense of maxi-
mum distance from ΨA, it is assumed that when Ψ1 and Ψ2
are reachable every point between them is also reachable.

In fig. 3 a corner section is modeled with a top, bot-
tom and two back walls. A quarter bend rail is installed
and starts in the center of the front-left plane (not shown)
and ends in the center of the front-right plane (not shown).
Although the robot is able to move continuous along the
curved rail, only three base poses are chosen at the begin-
ning, half way and end of the bend. These are denoted as
ΨA, ΨB and ΨC. For the front-right corner the frames Ψ1
and Ψ2 denote the desired end-effector pose with the nor-
mal direction facing outward. They should be reachable

Ψ1

Ψ2

Ψ2′

Ψ1′

ΨA

ΨA′

Figure 2: Base- and end-effector poses along a straight wall

ΨA
ΨB ΨC

Ψ1

Ψ2

Ψ3

Ψ4
Ψ5

Ψ6

Ψ7

Figure 3: Three base- and seven end-effector poses in a
corner section with a bent rail. For clarity the front-left and
-right plane are not shown.
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from pose ΨC. For the top-back corner the frame Ψ3, Ψ4
and Ψ5 are selected, and should be reachable from pose ΨB.
For the top-left corner the frames Ψ6 and Ψ7 are selected
and should be reachable from pose ΨA. Although the other
corners are also included in the model during simulation,
for the purpose of clarity they are omitted in this figure.

It is essential to realize that only the relative position
and orientation from the base of the manipulator to the
required end-pose are relevant. Therefore, by identifying
the required end-effector positions and choosing base po-
sitions, a finite set of relative poses is obtained that should
be reachable. They are conveniently expressed as homoge-
neous transformation matrices, and are used in section 2.3
to calculate the inverse kinematics and in section 2.4 for
simulation purposes.

2.2 Model synthesis

A kinematic structure is a set of links interconnected by
joints. This method focuses on serial mechanisms with
rigid links. The links and joints can be captured in a generic
structure using screw theory [11]. The individual links can
be described as constant transformation matrices whereas
the joints are described by finite twists. The dynamics of
the systems are discarded at this point, as only the kine-
matics are considered. Self-intersection of links and joint
limits is ignored, as this depends on the geometry of the
links.

As an example the kinematic structure of a 2-DOF ma-
nipulator with rotational joints in its initial configuration,
shown in fig. 4, will be described. The inertial frame is de-
noted by Ψ0. The pose of joint 1 is denoted by Ψ1 and is de-
scribed as a constant homogeneous transformation matrix
H0

1 , thus Ψ1 is fixed w.r.t. the base. Frame Ψ1′ is attached
to link 1 and is obtained after applying the joint transfor-
mation. The motion of joint 1 is described as a unit twist
T1 and is expressed in frame Ψ1 the amount of motion is
denoted by θ1. Frame Ψ2 denotes the pose of joint 2 and
is expressed as H1

2 . Analogue to joint 1, T2 describes the
motion of joint 2 and determines the pose of frame Ψ2′ .
It is now possible to describe the transformation H0

e from
the end-effector coordinate frame to the base frame using

Ψ0

Ψ1,Ψ1′T̂1

Link 1
Ψ2,Ψ2′

T̂2

Link 2

Ψe

Figure 4: Example of a 2-DOF kinematic structure

screw theory notation:

H0
e = H0

1eT̃ 1
1′H1′

2 eT̃ 2
2′H2′

e (1)

Where Hb
a are homogeneous transformation matrices used

to map coordinates from frame a to frame b, and eT̃ b
a is the

exponential format of the finite twist T̃ .
The link lengths and joint orientations are captured in

the H-matrices. Using this notation any serial chain can be
described.

2.3 Inverse Kinematics
2.3.1 Introduction

Inverse-kinematics (IK) is referred to as the problem of
finding the joint-coordinates given the end-effector pose. It
involves solving a nonlinear set of equations, and although
for some specific kinematic structures a closed-form solu-
tion is available, in general it is not. In the case the robotic
arm has more DOFs than the end-effector has constraints,
the structure is redundant and in general there are infinite
IK solutions. Furthermore, when the desired end-effector
pose is outside the reachable area there exists no solution.

Multiple techniques are available for solving the IK
problem such as transposed Jacobian, pseudoinverse and
damped least squares method [12]. The transposed Jaco-
bian method is used as it can be implemented using an elas-
tic wrench in a straightforward manner. Furthermore, it is
fast and relatively easy to compute.

2.3.2 Transposed Jacobian method

The geometrical Jacobian J, is used in forward kinematics
as a map from joint velocities θ̇, to end-effector twist T .

T = J(θ)θ̇ (2)

Due to duality the transposed Jacobian is the map from a
wrench W, acting on the end-effector, to joint-torques τ.

τ> = J>(θ)w> (3)

When a translational and a rotational spring are modeled
between the end-effector frame and the desired frame, these
springs will naturally pull the end-effector into place. The
stiffness of the springs determine the convergence rate. The
springs can be combined and generalized to a wrench. This
elastic wrench is the key component of the algorithm and
was presented by Stramigioli [13]. With the wrench mod-
eled as an elastic element between the end-effector and the
desired location, its magnitude can be seen as a measure of
error. An iterative algorithm is implemented which goal is
to minimize this error by updating joint-coordinates.

2.3.3 Elastic Wrench

Where a conventional spring can be seen as a one dimen-
sional element, the elastic wrench is a spatial element. Us-
ing [13] and [14] it is defined as a generalized force and
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torque caused by misalignment of two different frames. By
attaching one frame to the end-effector and the other to the
desired pose, the misalignment can be expressed as Hd

e . Us-
ing this displacement and a stiffness K, an elastic element
can be modeled:

we = we(K,Hd
e ) (4)

The reaction torques for static equilibrium can be calcu-
lated using Equation eq. (3). The sign and magnitude of
the torques indicate how to move the joints to minimize the
wrench.

For large values of the wrench the joint update become
large, this can lead to unstable simulation results. There-
fore the magnitude of the joint update is limited.

2.3.4 Iterative Algorithm

The robotic-arm starts in an initial configuration, e.g.
straight up. An elastic wrench is calculated using eq. (4)
and applied to the end-effector which depends on the
pose of the end-effector with respect to the required end-
pose and a certain stiffness. In this configuration, the
joint torques can be calculated for static equilibrium using
eq. (3). Then all joints coordinates can be updated using
the induced reaction torques. Hereby the end-effector will
move toward the required end-pose and the magnitude of
the elastic wrench will decrease. This process is repeated
until the end-effector pose is within a certain range.

The algorithm uses only the kinematic structure to find
a feasible solution. There are no dynamics involved as no
assumptions with respect to mass or inertia are being made.
It does not check for collision with itself or maximum joint
limits, these aspects are related to the geometric design. In
general, the solution is dependent on the initial configura-
tion and the choice of the spatial stiffness K.

The algorithm suffers from local minima when the links
are asymmetric. One way to avoid this is to make the links
symmetric, as illustrated in fig. 6. A link is called symmet-
ric if the axes of the two connected joints are co-planar.

2.4 Simulation

The purpose of the simulation is to evaluate every kine-
matic model for all obtained relative poses using the IK-
algorithm. When a joint configuration has been found
where the end-effector is within a certain range w.r.t. posi-
tion and orientation, the combination of model and pose is
marked as ’success’. The joint configuration is stored and
the next pose is evaluated. The process is illustrated by the
flowchart in fig. 5.

The required pose might be outside the reachable
workspace of the end-effector, the model will move as close
as possible to the required pose. To prevent an infinite loop
the process is aborted when the number of iterations ex-
ceeds a certain limit. The combination of model and pose
is marked as ’failed’.

3 Implementation

To give the general approach more meaning it is applied to
a real world application. The use case consists of designing
the kinematic structure of a manipulator on a rail guided
robotic platform in a BWT.

3.1 Scenario simplification

The scenario is given by an experimental tank, whose di-
mensions are actual sizes. A modular rail system is in-
stalled inside the tank. As the tank consists of many flat
surfaces it is assumed that if the end-effector can reach all
corners, it can reach the whole surface.

The process of mapping coordinates of the experimen-
tal tank to relative locations is explained on the basis of

Load kinematic structure
set initial configuration

Load desired pose

Calculate
elastic wrench

Calculate ∆q

Update kinematic
configuration

Significant joint speed
and within max.
iteration limit?

Pose within
criterion?

Stop
(Failed)

Stop
(Success)

Yes

No
Yes

No

Figure 5: Inverse Kinematics Algorithm.

(a) (b) (c)

Figure 6: An asymmetric link shown in two different con-
figurations in figs. 6a and 6b and a symmetric link in fig. 6c.

44



1
2
3
4
5
6

7
8
9

A

B

(a) Experimental tank
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−0.05 00.05 0.1

−0.1

0

0.1

0.2

0.3

0.4

0.5 7
8

9

2

5

3

4

1

6

(b) Required workspace

Figure 7: Mapping of tank locations to relative locations.
The relative locations from the tank (fig. 7a) determine the
required workspace (fig. 7b). For clarity only the normal
direction of the required pose is shown.

an example. Figure 7 shows a section view of the experi-
mental tank with two arbitrary starting positions on the rail
in different compartments. The end-effector must be able
to reach tank-locations 1 through 6 while at root-location
A, and tank-locations 7 through 9 while at B. When all
tank locations are expressed in the frame of their respec-
tive root-location, see fig. 7a, the required relative poses
are obtained. Note the orientation of root-location B differs
from A.

The coordinates of the corners are obtained from the
CAD-drawings of the tank. The required pose of the in-
termediate end-effector is obtained using the coordinates of
the corner, the direction of the surface normal and an off-
set distance of the corner. The second stage is considered
to have a workspace with a radius of 100mm, this distance
will be used as the offset. For the base of the manipula-
tor a suitable pose can be obtained from the CAD-model.
As the robot has a pre-defined orientation on the rail and
because its locomotion has only one DOF, the shortest dis-
tance from the rail to the required end-effector pose is a
plausible choice.

From the experimental tank a set of 303 relative poses
are obtained. Many of the poses are similar due to the repet-
itive geometry of the BWT, when they are within 4mm and
1◦ from each other they are removed from the set. The re-
maining set of 169 relative poses will be used as the mini-
mal performance criterion for the kinematic structure.

3.2 Model synthesis

As presented in section 2.2 the kinematic structure consists
alternating link and joint elements. For simplicity reasons
the joints types will be restricted to rotational. Further-
more, the orientation of the axis of motion will be limited
to roll-, pitch- and yaw-joints base on the longitudinal di-

rection of the prior link as illustrated in fig. 8 .
By exploiting some of the properties of the system, cer-

tain design rules can be deduced. The intermediate end-
effector consists of a magnet that needs to be positioned
perpendicular to the walls. Since the small stroke arm will
be able to rotate around the longitudinal axis of the end-
effector, the orientation about this axis is irrelevant. There-
fore, a 5 DOF robotic arm is the minimal requirement. But
as BWT’s have obstacles like pipes and the rail itself some
kind of kinematic redundancy is essential. Therefore, a 6
DOF robotic arm will be designed and evaluated.

One way to generate models is to create a model for ev-
ery possible combination of joint types. In general for a
n-DOF system with three types of joints this would yield
3n possibilities. For the assumed 6 DOF system this yields
729 possible combinations. Fortunately, many of these
have are irrelevant value. The following design rules will
eliminate many models (joint numbering starts at the base):

(1) The longitudinal orientation of the end-effector is irrel-
evant therefore the last joint should not be a roll-joint.
(2) For the first joint a pitch- and yaw-joint are unfavor-

Roll

Yaw

Pitch

(a) (b)

Figure 8: Roll- Yaw- and Pitch-joints in their initial (fig. 8a)
and deformed (fig. 8b) configuration.

1

R

Y

Y

Y

R

Y

2

R

Y

Y

P

R

Y

3

R

Y

P

Y

R

Y

4

R

Y

P

P

R

Y

5

R

Y

R

Y

R

Y

Figure 9: Candidate kinematic structures with
(R)oll/(Y)aw/(P)itch-joint elements.
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able. Their range is limited to prevent collision with the
base.
(3) Two subsequent roll-joints introduce an internal mode
with no advantages.
(4) After a roll-joint a pitch- and yaw-joint are effectively
equal.
(5) To allow maximum orientational dexterity for the end-
effector while maintaining maximum reachability, even
when avoiding obstacles, the before last joint must be a
roll-joint.

After applying these ’elimination rules’ only five models
are left, these are shown in fig. 9. Notice that these models
only show the joint types and their order.

A complete kinematic model also needs link lengths, for
which the following design rules were used. From the re-
quired workspace a maximum distance of 0.774m is ob-
tained between base and desired pose. This yields the ab-
solute minimal length. Foldability is required to shape the
robotic-arm into a small envelope. This is necessary for
maneuvering through manholes and making bends with a
radius of 400mm. Folding can only be accomplished by
yaw- and pitch- joints. As the maximum height to pass
through manholes is 180mm this means for the candidates
that the distance from the base to the first non-roll joint
must be small. The same reasoning holds for the last link
length. In this research no optimization is done with respect
to the link length, they are chosen manually.

The longitudinal position of a roll-joint essentially does
not change the kinematic structure, as long as it fits be-
tween the preceding and consecutive joint. Therefore a
roll-joint effectively merges two individual link lengths into
one effective length. Therefore the number of relevant link-
length parameters to be chosen are equal to the number of
non-roll joints plus one. For example, structure 5 in fig. 9
has 4 effective link lengths.

As stated above, the last end-effector link should be as
short as possible for maximum reachability while still able
to orientate. But to leave space to attach the second stange
arm, a link length of 100mm was chosen. Furthermore
for a compact envelope the first link length should also
be minimal. After a design study the first effective link
length turned out to be of a minimal length of approxi-
mately 50mm, the dimension is limited by the available
sizes of the bearing and motors.

3.3 Inverse Kinematics
This section describes how the implementation of the
method is done. For calculation of the elastic wrench the
pose of the end-effector frame is expressed in the desired
frame, this is calculated using eq. (5).

Hd
e =

(
H0

d

)−1
H0

e (5)

The stiffness of the elastic wrench is set using the stiff-
ness matrix K as denoted in eq. (6)

K =

(
Kt Kc

Kc
T Ko

)
(6)

Where

Kt =


1 0 0
0 1 0
0 0 1

 (7a)

Ko =


0.05 0 0

0 0.05 0
0 0 0

 (7b)

Kc =


0 0 0
0 0 0
0 0 0

 (7c)

Notice the translation-stiffness Kt has been set to unity.
The orientational stiffness Ko has been set to 0.05 ex-
cept for the direction along the z-axis. It is important the
end-effector frame is oriented such that the local z-axis is
aligned with the longitudinal direction of the sensor. The
coupling stiffness Kc has been set equal to zero.

The maximum number of iterations is set to 104 steps.
The values ∆q are limited at 2◦. The end-effector position
criterion is implemented as:

∥∥∥pd
e

∥∥∥2 ≤ dcr (8)

where pd
e denotes the translation vector taken from the ho-

mogeneous matrix, and dcr denotes the desired value of
5mm.

For the orientation criterion only the perpendicularity to
the wall is important. This is implemented by calculating
the angle between the z-axis of the end-effector with re-
spect to the desired frame using the dot-product as:

R
d
e


0
0
1



 •


0
0
1

 ≤ cos (αcr) (9)

where Rd
e the rotation matrix taken from the homogeneous

matrix, and αcr denotes the orientation criterion of 5◦. In
this case the left hand side reduces to the single element
Hd

e (3, 3).

4 Results

4.1 Simulation results
In general the simulation of the generated models show
they are all feasible structures. But when gradually reduc-
ing the total link length up to 1.076m, models 1, 2 and 4
showed many failures. Model 3 and 5 showed successful
simulations down to a length of 0.808m, which results in
an efficiency of 92% with respect to the Euclidean distance
between the base and the required position. The only dif-
ference between these models is the type of the third joint,
in model 3 this is a pitch- and in model 5 this is a roll-joint.

4.2 Proof of Principle
The robot-arm is mounted on a passive carrier pulled by the
drive system, see fig. 11. The white plastic covers are added
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80mm

70mm

Link 2

Link 3

Link 1BaseCarrierRailLink 6

Link 4

Link 5

Figure 10: CAD model based on kinematic model 5. The
asymmetric link 1 has an offset of 80mm, and link 4 has an
offset of 70mm.

for protecting electronic components and for aesthetic rea-
sons. From a remote system, running Matlab, the setpoints
for the Dynamixels are send by a wireless link. This way
a pre-programmed path can be executed or the end-effector
can be controlled by visual servoing.

The simulation showed model 5 as one of the feasible
candidates. This model also inhibits the most recogniz-
able null-space motion. Based on this kinematic model the
CAD-model shown in fig. 10 is designed with Dynamix-
els MX-106 as actuators. The Dynamixels are not capable
to withstand the bending torque induced on the roll joints.
For the first (roll-)joint, a THK RA7008C-UU-C0 crossed-
roller bearing yields the required support stiffness, and has
small sizes. A 6mm GT2 timing belt and corresponding
gears result in a 36:110 gear ratio for the first joint. The
roll-joints 3 and 5 consist of coaxial tubes. The outer tube
is fixed to the Dynamixel-housing, the inner tube is con-
nected to the output shaft, and supported by a nylon bush-
ing.

The symmetric-link design restriction was released for
the first link, as collision of the second link with the rail
was a major joint limitation. Furthermore, for joint 4, the
succeeding link was offset in the direction of axis of rota-
tion, this modification eliminates collision during folding.
The (intermediate) end-effector consists of an electromag-
net and forms the basis on which the second stage will be
mounted.

Figure 11: Proof of principle robot-arm, with covers,
mounted on the drive unit. The relative pose of base- and
end-effector is similar to the relative pose of ΨB and Ψ3
from fig. 3.

5 Conclusion
The presented method is generic and can be used for many
other scenarios. A complete description of a general ap-
proach to design serial kinematic mechanisms has been
given. It is shown that for rail-mounted systems the core
of the required workspace lies in the relative poses. A sim-
ple procedure is used to generate every possible candidate
kinematic model using predefined joint types. Using elim-
ination rules this set of candidate models is drastically re-
duced. Model generation is fast and structured but the rules
dependent on the requirements.

A kinematic model does not imply the geometry of the
links, therefore, at this stage it makes no sense to impose
joint limits or implement collision detection. These aspects
are of course essential for a mechanical design.

The inverse kinematics are obtained using a intuitive and
natural approach. The algorithm is robust and does not suf-
fer from instability due to singularities. When asymmetric
links are modeled local minima can occur. The rate of con-
vergence depends on the size of the update steps and the
specified stiffness for the elastic wrench.

A proof-of-concept has been build, where the restric-
tion for symmetry has been released for the first link. The
choice for the modular actuators contributed to the abil-
ity to quickly (re-)build a mechanism. Although they did
not meet their specifications they proof to be useful for the
proof-of-principle.
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A Simulation

This section illustrates the process of two simulations, one successful and one unsuccessful. It is
important to notice that most of the time a successful convergence required only a fraction of the
timesteps with respect to an unsuccessful simulation. The simulation time for every kinematic
structures described in the paper, using 169 relative configurations, ranges from 14m18s for
model 2 with 57 failures to 2m44s for model 3 with no failures. There was no optimization done
to run the code faster by e.g. parallel threads. Simulation was done on a Intel R© CoreTMi7-2630
CPU @2.00 Ghz, using 12Gb of RAM, and Matlab 2013a.

A.1 Successful convergence

In figure A.1 some results of a simulation can be seen. In this case the kinematic model is
able to postition its end-effector in the desired pose. Due to the choice of the constant stiffness
matrix K, the position error dominates the behavior during the first timesteps. At t = 114,
the end-effector is within the position and orientation criterion and the simulation ends. The
intermediate configurations of the kinematic model are shown in overlay in figure A.2.
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Figure A.1: Trajectory of joint error, end-effector position error
and end-effector orientation error, for manipulator 1, location 7.

The joint error represents the amount of rotation the joint has to make to end in the last time
step of the simulation.
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Figure A.2: Overlay in isometric view of kinematic model of manipulator 1,
location 7, during simulation at timestep t=1, 7, 40, 65 and 114.
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A.2 Unsuccessful convergence

In figure A.3 the results of a simulation with an unsuccessful convergence is shown. As can be
seen from figure A.4b the end-effector has not reached the desired pose, therefore the wrench is
non-zero. But the current configuration and the choice of the stiffness matrix K yield a static
equilibrium. Therefore, therefore no joint motion is induced, and the mechanism stays in the
current configuration for the rest of the simulation.
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Figure A.3: Trajectory of joint error, end-effector position error
and end-effector orientation error, for manipulator 2, location 147.
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(a) Simulation at timestep t=1, 10, 30 and 140.
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location 147, during simulation at different timesteps.

III



B Elastic wrench

This section is taken from [1, par 6.4.3]. It describes the algorithm to obtain an elastic wrench
between two bodies. It is included as a quick reference for the reader. Figure B.1 illustrates the
concept.

1. Choose a relative position rji of minimal potential energy.

2. In this relative position, choose a common point which will be the center of stiffness.

3. Choose two coordinate systems Ψi and Ψj for i and j respectively, which have their origin

in the center of stiffness and coincide at the equilibrium relative position rji .

4. Choose the desired Kt, Ko, Kc which are expressed at equilibrium in the frames Ψi = Ψj .

5. Calculate the corresponding Gt, Go, Gc with

Gx =
1

2
tr(Kx)I −Kx (1)

6. With Hj
i , the total wrench generated by the spring on body i and expressed in Ψi is

the sum of the wrenches of the orientational, translational and coupling energies W̄ i =[
(mi)T (f i)T

]
with:

m̃i = −2as(GoR
j
i ) − as(GtR

i
j p̃

j
i p̃

j
iR

j
i ) − 2as(Gcp̃

j
iR

j
i ) (2)

f̃ i = −Ri
jas(Gtp̃

j
i )R

j
i − as(GtR

i
j p̃

j
iR

j
i ) − 2as(GcR

j
i ) (3)

(4)

where

as(A) :=
1

2
(A−AT ) (5)

7. The wrench W̄ j that the spring applies to body j will be W̄ j = −AdT
Hi

j
W̄ i, which implies

that:

mj = −Ri
jm

i − p̃jiR
j
if

i (6)

f j = −Rj
if

i (7)

Ψi
Ψj

Hj
i

Bi
Bj

Figure B.1: Spatial spring connecting two bodies.
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C Proof-of-principle

C.1 Dynamixel

Dynamixels are a package consisting of a Maxon motor, a 225 : 1 spur gear reduction, a ball
bearing supported output shaft fitted with a hall-effect absolute position sensor and an ARM
Cortex-M3 microcontroller from STMicroelectronics. The Maxon motor is custom, but based on
type 222036, and has the following specs:

Nominal voltage 9 V
Nominal torque 10.8 mN m
Maximum torque 52.4 mN m

The ideal maximum torque at the output shaft is 52.4 mN m · 225 = 11.7 N m. This matches
quite well with the listed stall torque listed by the supplier, 10.0 N m. Unfortunately during
testing in the lab, the motors failed to match these specs. One of the major disadvantages is the
proprietary firmware disabling the Dynamixel at approximately 5 N m.

C.2 Bearing

The bearing on the output shaft of the Dynamixels insufficient for support of the roll-joints.
Especially for the first joint which needs to support a bending moment of approximately: 1 m ·
1 kg = 9.81 N m A solution was found in the form of a crossed roller bearing type shown in
figure C.1. The bearing consist of a low height, large inner and large outer diameter. The
circular raceway is occupied by rollers of witch the orientation alternates.

Figure C.1: A crossed roller bearing, with a partial
cut-out of the inner and outer raceway. Type: THK
RA7008C-UU-C, with ID=70 mm, OD=86 mm,
W=8 mm, Basic radial load rating=5.98 kN

According to the datasheet [2], the equivalent radial load for a given moment can be calculated
according to:

P0 = X0 ·
(
Fr +

2M

dp

)
+ Y0 · Fa (8)

where the parameters for a load of 10 N applied at a arm length of 1 m are

X0 Static radial factor X0 = 1
Fr Radial load 10 N
Y0 Static axial factor Y0 = 0.44
M Moment 10 N m
Fa Axial load 0 N
dp Roller pitch circle diameter 0.77 m

the static equivalent radial load, P0, becomes 269 N m, which is well below the specs of
5.98 kN.
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C.3 Joint 1 gear

For joint 1 the output torque of the Dynamixel is insufficient to connect directly. A timing belt
of type GT2 in combination with some gears proofed to be a good solution. The primary gear,
attached to the Dynamixel mounted on link 1, has 36 teeth, and the secondary gear, attached
to the link 0, has 110 teeth. The 110 teeth gear is a size which can not be ordered, therefore it
was custom made at the university using a stack of laser cutted steel plates. This is a cheap and
relative fast way to obtain the part. The assembly is shown in figure C.2.

Figure C.2: Gear assembly with 110:36 ratio. The gears are built
from a stack of 2, 3 and 2mm steel plate.

C.4 Asymmetric link

In the paper is stated that an asymmetric link can introduce a local minimum. Although this is
a disadvantage of the asymmetry, it offers a major advantage in terms of workspace reachability.
In figure C.3 it can be seen that joint 2 has an offset of 80 mm. Hereby link 2 can position joint
4 to the opposite side of the rail on which the carrier is mounted, without collision with the rail.

Joint 1 axis

Joint 2

80 mm

Joint 3 axis

Carrier module

Outline of manhole

Rail curve section

Joint 4

Figure C.3: Asymmetric link 1 makes joint 2 offset by 80 mm which allows link 2 to put joint 4
to the opposite side of the rail with respect to the base.
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C.5 Sleeve bearing

For joint 3 and 5 the output shaft of the Dynamixels is unable to withstand the bending torque.
A solution was found in a design where the Dynamixel is mounted to an aluminium housing, and
a nylon bushing is placed coaxial at a distance of 60 mm of the housing. In figure C.4 a drawing
of joint 4 can be seen.

AA

A-A  (1 : 2)

Link 4 Link 5

Dynamixel Nylon sleeve bushing

Aluminium housing

Figure C.4: Drawing of roll-joint 5 assembly connecting link 4 and link 5.
Section view A-A shows the nylon sleeve bushing.
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