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Summary

This master thesis is about Hybrid Integrator Gain System (HIGS), a nonlinear control element.
HIGS is a controller that switches between proportional (P) and integral (I) control. It can be
described by:

H :


u̇(t ) =ωhe(t ) (I-mode),

u(t ) = khe(t ) (P-mode),

u(0)= u0,

where e is the input of the controller and u its output. The conditions that determine when
each of the modes is active are defined such that the input output pair (e,u) always stays inside
a sectorF that is sketched in Figure 1. This is in particular interesting for applications where the
input and output form a power bond, where HIGS could act as an active damper. Furthermore,
the nonlinearity present in HIGS makes it possible to overcome limitations of linear controllers,
for example in reducing or eliminating overshoot in motion control applications.

u = khe

F

e

u

Figure 1: The region F in the (e,u)-plane.

The main goal of this thesis is to study the feedback connection of HIGS with a linear infinite
dimensional plant G, see Figure 2. HIGS has been studied before, but not as a controller for
infinite dimensional systems. In this work, the focus is on extending results on well-posedness
from the finite dimensional to the infinite dimensional case.

H

G

u
−

e

v
w

Σ

Figure 2: The closed loop system that is the main topic of study.

Different mathematical formulations of the closed loop systemΣ are presented, the most useful
one is to write explicitly that the system switches between two linear systems:

ẋ(t ) = A1x(t ) if H in I-mode,

ẋ(t ) = A2x(t ) if H in I-mode,

x(0) = x0.

(1)

Here A1 : X → X and A2 : X → X are operators on a possibly infinite dimensional Hibert space
X ∋ x(t ). In case the system would not switch and Ai can be represented by a matrix, then ẋ(t ) =
Ai x(t ); x(0) = x0 would have the solution x(t ) = eAi t x0, where eAi t is the matrix exponential.
For general operators on Hilbert spaces of infinite dimensions, a generalization of this matrix
exponential is needed, which is the semigroup that is generated by Ai .
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iv Hybrid Integrator Gain System as a Controller for Infinite Dimensional Systems

An earlier proof from the finite dimensional case served as an inspiration to achieve existence
of solutions for the case where the operators A1 and A2 are bounded. This is achieved by ex-
plicitly constructing local solutions using the semigroup that is generated by A1 or A2. It is also
shown that these local solutions can be extended to global solutions.

Many interesting applications, for example systems described by partial differential equations
would result in unbounded A1 and A2. Some first steps are made towards achieving well-
posedness also in this case, for example providing conditions under which A1 and A2 still
generate semigroups. Establishing existence of solutions in the case where A1 and A2 are un-
bounded remains an open problem. This work provides directions that could be promising for
further research to tackle this problem.
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1 Introduction

This master thesis describes research on a specific nonlinear controller element: Hybrid Inte-
grator Gain System (HIGS). HIGS is an element that switches between proportional and integral
control. Although these controller modes are linear, HIGS is a nonlinear system because of the
switching between the modes. This nonlinear characteristic allows HIGS to overcome certain
limitations of linear controllers, but also makes the analysis of mathematical properties chal-
lenging.

1.1 Hybrid Integrator Gain System

Hybrid Integrator Gain System (HIGS) is a controller element that switches between two linear
controller modes: an integral (I) and a proportional gain (P) mode. Because of this switching
behavior, the controller becomes a nonlinear system and can be written as a hybrid system. It
was first introduced by Deenen, Heertjes, Heemels and Nijmeijer in 2017 [1]. HIGS has a single
input e and a single output u (SISO), that is the input and output both take values in R. The
system is defined through:

H :


u̇(t ) =ωhe(t ) (I-mode), if (e(t ),u(t ), ė(t )) ∈F1,

u(t ) = khe(t ) (P-mode), if (e(t ),u(t ), ė(t )) ∈F2,

u(0)= u0.

(1.1)

Here, kh ,ωh are positive constants. The regions F1 and F2 where the I and P mode are active
will be defined below. They are chosen such that the (e,u)-curve stays inside a set F which is
sketched in Figure 1.1 and given by:

F :=F+∪−F+ with F+ :=
{

(e,u) ∈R2 |
〈(

e
u

)
, v1

〉
≥ 0 ∧

〈(
e
u

)
, v2

〉
≥ 0

}
. (1.2)

The vectors v1 and v2 are sketched in Figure 1.1, these are defined as:

v1 :=
(

kh

−1

)
, v2 :=

(
0
1

)
. (1.3)

This means that the set F+ contains the points which lie above the horizontal e-axis and to the
right of the line u = khe. Notice that v1 and v2 are orthogonal to these lines (see also Figure 1.1).

u = khe

F

v2

v1

e

u

Figure 1.1: The region F in the (e, u)-plane.
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2 Hybrid Integrator Gain System as a Controller for Infinite Dimensional Systems

Because equality is also allowed, the two borders are also included in the set F+, which is thus
closed. By (1.2), F contains points that lie in F+ and also points that lie below the e-axis and
to the left of the u = khe line (thus in −F+).

The sets F1 and F2 that determine where the I and P mode are active can also be defined using
v1 and v2:

F2 :=F+
2 ∪−F+

2 withF+
2 :=

{
(e,u,d) ∈R3 |

〈(
e
u

)
, v1

〉
= 0 ∧

〈(
e
u

)
, v2

〉
> 0 ∧

〈(
d
ωhe

)
, v1

〉
< 0

}
.

(1.4)

Notice that this set is in R3 and the third coordinate is denoted by d . In the use of these sets,
this third coordinate will often be equal to ė(t ).The F1 set is defined as:

F1 := {
(e,u,d) ∈R3 | (e,u) ∈F}

\F2. (1.5)

As an illustration of the switching behavior that is achieved by having the I and P mode active
in the F1 and F2 set respectively, an example is considered (inspired by [1]).

Example 1.1 (Open loop response). Consider the HIGS element as defined in (1.1) with kh =
ωh = 1 and F1 and F2 as in (1.5) and (1.4). Consider the situation in which u0 = 0 and the input
to the HIGS element is given by

e(t ) = sin(t )+0.7sin(3t ). (1.6)

In Figure 1.2 the first part of the response is plotted, with two switching points. The starting
point is (e,u) = (0,0). Due to the strict inequality in the definition of F2 in (1.4) (0,0) ∉F2. As
(e,u) ∈F this means (by (1.5)) that (e,u) ∈F1, thus the start is in I-mode. As long as u ̸= khe the
integration can continue.

After some time t1, khe(t1) = u(t1). At this time, it therefore holds that
〈(

e(t1) u(t1)
)T

, v1

〉
= 0.

As u(t1) > 0 also
〈(

e(t1) u(t1)
)T

, v2

〉
> 0. The last condition also holds:〈(

ė(t1) ωhe(t1)
)T

, v1

〉
< 0. This can be seen from the purple arrow in Figure 1.2b. It points

in the direction that the I-mode would go, as in this mode it would hold that u̇(t1) = ωhe(t1).
The arrow points outside the sector, to the left of the u = khe line, meaning that also the last
condition of (1.4) holds and thus (e(t1),u(t1), ė(t1) ∈F2. Therefore, a switch to P-mode is made.
This switch to P-mode ensures that the (e,u)-curve stays inside F . As indicated by the last
condition that was checked, the integrator mode would have led to the trajectory leaving F .

At time t2 the second switch is made, back to I-mode, in Figure 1.2 indicated by a red dot. The
first two conditions on F2 are still satisfied, but as can be seen from Figure 1.2b the purple
arrow now does not point out of the F sector anymore. Hence, (e(t1),u(t1), ė(t1) ∉ F2, but
(e(t1),u(t1), ė(t1) ∈F1 and thus a switch is made back to integrator mode is made.

The plot is extended in Figure 1.3. Again, the integrator mode would at some point lead to the
(e,u)-curve leaving the F sector, thus a switch back to proportional mode is made. This time,
there is no point at which a switch to I-mode can be made before the origin is reached.

Notice that by the construction of the F region, it is no surprise that the point (0,0) is reached
at t = π. This is due to the fact that e(π) = 0, and the region F only has a single point where
e = 0, which is the origin.

From the origin, the trajectory is continued using the I-mode, see Figure 1.4. The switching
behavior in the second half of the period is very similar as in the first half. The only difference
is that e(t ) is negative for t ∈ (π,2π). Therefore, in this second half of the period (e(t ),u(t ), ė(t ) ∉
F+

2 . The P-mode is therefore only active if (e(t ),u(t ), ė(t ) ∈ −F+
2 . By (1.4), that is when the

following three conditions hold:〈(
e(t ) u(t )

)T
, v1

〉
= 0 and

〈(
e(t ) u(t )

)T
, v2

〉
< 0 and

〈(
ė(t ) ωhe(t )

)T
, v1

〉
> 0.
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(a) In grey the input e. In red and blue the resulting output u
of HIGS. The color indicates the mode of operation: I-mode is
drawn in red, P-mode in blue.

e

u

(b) (e,u)-curve in red (I-mode) and blue
(P-mode). In purple the

(
ė ωh e

)T
vec-

tor at the switching points.

Figure 1.2: First part of the open loop response of the HIGS to the input given by (1.6).
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(a) In grey the input e. In red and blue the resulting output u
of HIGS. The color indicates the mode of operation: I-mode is
drawn in red, P-mode in blue.
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u

(b) (e,u)-curve in red (I-mode) and blue
(P-mode). In purple the

(
ė ωh e

)T
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tor at the switching points.

Figure 1.3: Extended open loop response of the HIGS to the input given by (1.6).
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(a) In grey the input e. In red and blue the resulting output u
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(b) (e,u)-curve in red (I-mode) and blue
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Figure 1.4: Full period of the open loop response of the HIGS to the input given by (1.6).
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4 Hybrid Integrator Gain System as a Controller for Infinite Dimensional Systems

1.2 Advantages of HIGS

The sector that HIGS is constrained to has the idea to keep the sign of the input and the output
of HIGS the same. This is powerful, for example because this sign equivalence can ensure that
HIGS only acts as a damping element. If the input and output form a power bond, then HIGS
only extracts energy from the plant. This makes HIGS interesting for active damping, as applied
for example by Heertjes et al. [2]. Another example where this sign equivalence is useful, is in
motion applications where the input to HIGS is a position and the output a force. The sector
boundedness in this case ensures that HIGS does not contribute to overshoot of the system.
This is useful for example in positioning systems such as wafer scanners [3–6].

The idea of constraining the input and output of a controller is not new. The idea stems from
reset control. Reset control was first introduced by Clegg in 1958 [7] and is described by:

C :

{
u̇(t ) =ωe(t ) if eu ≥ 0,

u(t ) = 0 otherwise.

The Clegg integrator thus performs hard resets to 0 to ensure sign equivalence. Reset control
was an inspiration for the developers of HIGS. Whilst also guaranteeing the sign equivalence,
HIGS has a continuous output signal by using the proportional mode to stay away from the
u axis of the (e,u)-plane. This is in contrast to reset control, where the hard reset causes a
discontinuity in the output signal. The continuity of the output signal is important in certain
applications where discontinuities in the controller signal can lead to excitation of higher har-
monics [1].

By switching between the two linear controllers, HIGS becomes a nonlinear controller. Like-
wise, the Clegg integrator is also nonlinear because of the resets of the state. It is this non-
linearity that makes it possible to overcome limitations of linear controllers and thus makes it
interesting for control applications where linear controllers do not provide the desired perfor-
mance. However, the nonlinearity also makes it harder to understand and design the controller,
as tools that are used in linear time-invariant (LTI) controllers are not available. For example,
the frequency domain tools cannot be used as for LTI control. Furthermore, it is not trivial
which mathematical properties HIGS has. Analysis for HIGS specifically is needed to show for
example well-posedness and stability.

1.3 Earlier research on HIGS

The research into HIGS has only started recently, with the first publications dating from
2017 [1]. Most of the related publications are from the Control System Technology group at
the Eindhoven University of Technology, but also authors affiliated with industry (e.g. ASML
[1–3,5,6,8–19], ASM Pacific Technology [20]) and other academia (e.g. from Australian National
University [4, 21, 22]) have published research and applications of HIGS.

Research results for HIGS as a controller for finite dimensional systems are available in the pub-
lished literature. Two approaches have been studied to establish well-posedness of the HIGS
as a controller [9, 23]. One approach is to explicitly construct solutions [1], another approach
is to extend existing theory on projection based systems [23]. These proofs provide inspiration
for the well-posedness proofs in this thesis where an infinite dimensional setting is considered
(Chapters 4 and 5).

For stability, more published literature is available, with multiple approaches being used to
establish rigorous mathematical proofs, see for example [2, 9, 14, 16, 18]. These results are all
assuming that the system to be controlled is finite dimensional, but it is likely that HIGS can be
used for infinite systems as well. For example, for a system that is passive and has a power bond
between input and output (e.g. a port-Hamiltonian system [24]) the fact that the HIGS ensures
that the input and output have equal sign already ensures that the energy in the system can

Jens Oprel



Chapter 1. Introduction 5

only decrease, which ensures stability. A similar argument is used in the finite dimensional
case for example by Heertjes et al. [2].

1.4 Goals

The main goal of this thesis is to establish conditions under which a closed loop system of HIGS
with an infinite dimensional plant is well-posed. This is relevant for example if HIGS is used as
a controller for a system described by a partial differential equation.

The focus is on the following sub-goals:

1. Analyze existing proofs for the finite dimensional case and provide conditions how these
can be generalized to require less restrictive assumptions.

2. Investigate under which conditions the well-posedness results achieved for the finite di-
mensional case can be extended to infinite dimensional systems in feedback connection
with HIGS as a controller.

3. Investigate to what extent HIGS outperforms linear controllers for infinite dimensional
plants.

1.5 Outline of this Thesis

The rest of this thesis is structured as follows: In Chapter 2, different mathematical formula-
tions of HIGS are introduced and shown to be equivalent. The most important are the discon-
tinuous representation and the representation as an extended Projected Dynamical System,
as these play a key role in two existing well-posedness result. It is also shown that HIGS fits
into the more general framework of Hybrid Systems. Chapter 3 introduces theory of (opera-
tor) semigroups. Semigroups can be seen as a generalization of (matrix) exponentials, denoted
as eAt . Semigroups provide solutions to differential equations of the form ẋ(t ) = Ax(t ). The
theory introduced in this chapter is used in Chapters 4 and 5. In Chapter 4, local and global
existence of solutions is shown for a feedback connection of HIGS with an infinite dimensional
linear plant which has bounded operators. In Chapter 5, an attempt is made to further gener-
alize this result to cases where these operators are not bounded. In Chapter 6, simulations of a
HIGS controlled closed loop system are shown. The example that is considered in this chapter
shows that the HIGS can overcome a limitation of LTI control.

Jens Oprel
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2 Representations of HIGS in open and closed loop

In this chapter, different representations of HIGS are presented. First, the HIGS in open loop
as introduced in the previous chapter will be revisited in Section 2.1. Thereafter, a feedback
connection (Σ) of HIGS (H) with a plant (G) as in Figure 2.1 is studied.

For the structure of the plant G, the following assumption is made throughout the rest of this
thesis:

Assumption 2.1. The plant G is linear and has no direct feed-trough. That is, it can be written
in the form:

G :

{
ẋg (t ) = Ag xg (t )+Bg v v(t )+Bg w w(t ),

e(t ) =Cg xg (t ).
(2.1)

The state vector xg (t ) is an element of a Hilbert space XG (the state space) and the input w(t )
is in a Hilbert space Xw (the input space). The control input v(t ) and the output of the plant
e(t ) are assumed to be in R. The following are linear operators Ag : XG → XG , Bg v : R → XG ,
Bg w : Xw → XG and Cg : XG → R. In this thesis, Bg v , Bg w and Cg are always assumed to be
bounded.

For the closed loop system Σ as in Figure 2.1, first the representation of the system as a dis-
continuous system is discussed in Section 2.2. This representation is in some sense the most
intuitive form from the idea of the switching between the integral and proportional control. In
Section 2.3, the observation is made that such switching systems fit into the framework of Hy-
brid Systems. In recent literature, the HIGS is often seen as a particular case of an (extended)
Projected Dynamical system. This representation is presented in Section 2.4.

H

G

u
−

e

v
w

Σ

Figure 2.1: The closed-loop interconnection of the HIGS with a plant.

2.1 Open loop system and closing F1 and F2

The following definition of HIGS H will be used:

H :


ẋh(t ) =ωhe(t ) (I-mode), if (e(t ),u(t ), ė(t )) ∈F1,

ẋh(t ) = kh ė(t ) (P-mode), if (e(t ),u(t ), ė(t )) ∈F2,

xh(0) = xh,0,

u(t ) = xh(t ) and (e(t ),u(t )) ∈F .

(2.2)

The input e(t ), output u(t ) and the state xh(t ) of H are assumed to be inR, thus HIGS is a single
input, single output (SISO) system that has a single internal state. The constant kh > 0 is the
gain in proportional mode and ωh > 0 is the integrator gain.

Remark 2.2. The notation used to define HIGS in this chapter in (2.2) differs slightly from the no-
tation used in (1.1). By writing the proportional mode with a derivative on both sides, it becomes
clearer that the output of HIGS is continuous as long as the input is continuous. The variable xh

represents the internal state of the HIGS, that is used for the integration.

Jens Oprel



8 Hybrid Integrator Gain System as a Controller for Infinite Dimensional Systems

By (2.2), the input-output pair (e,u) of H curve stays inside the set F that was defined in Chap-
ter 1 as:

F :=F+∪−F+ withF+ :=
{

(e,u) ∈R2 |
〈(

e
u

)
, v1

〉
≥ 0 ∧

〈(
e
u

)
, v2

〉
≥ 0

}
, v1 :=

(
kh

−1

)
, v2 :=

(
0
1

)
.

(2.3)

By substituting v1 and v2, the set F+ can also be written as:

F+ ={
(e,u) ∈R2 | khe −u ≥ 0 ∧ u ≥ 0

}
.

Because F is the union of F+ and −F+, the set F is the set of points where khe −u and u have
the same sign, or one of these terms is zero. This means that F can also be written as:

F ={
(e, u) ∈R2 | kheu −u2 ≥ 0

}
. (2.4)

The sets F1 and F2 that determine when the I and P mode are active are defined in Chapter 1
as:

F2 :=F+
2 ∪−F+

2 withF+
2 :=

{
(e,u,d) ∈R3 |

〈(
e
u

)
, v1

〉
= 0 ∧

〈(
e
u

)
, v2

〉
> 0 ∧

〈(
d
ωhe

)
, v1

〉
< 0

}
,

(2.5)

F1 := {
(e,u,d) ∈R3 | (e,u) ∈F}

\F2.

Substitution of v1 and v2 gives:

F+
2 = {

(e,u,d) ∈R3 | khe = u ∧u > 0∧khd −ωhe < 0
}

.

Because kh > 0, the equality in the first condition implies that e and u have the same sign.
Therefore, to lie in F2, it must hold that khd −ωhe and e have opposite sign. That is:

F2 =
{
(e,u,d) ∈R3 | khe = u ∧ωhe2 > khde

}
. (2.6)

Using (2.4) and (2.6), F1 can be written as:

F1 =
{
(e,u,d) ∈R3 | kheu ≥ u2 ∧ (

khe ̸= u ∨ωhe2 ≤ khde
)}

. (2.7)

At the points where a switch of modes occurs, there might be a discontinuity in the derivative as
the modes prescribe different derivatives. Therefore, it is most likely not possible to find a clas-
sical solution i.e., a differentiable function that satisfies the differential equation everywhere.
Therefore, the following weakened definition of a solution is used [25].

Definition 2.3. Let X be a Hilbert space and let f : X ×R≥0 →X . Then a function x : R≥0 →X
is called a Carathéodory solution to the equation ẋ(t ) = f (x(t ), t ) if x an absolutely continuous
function that satisfies the integral version of the differential equation:

x(t ) = x(0)+
∫ t

0
f (x(τ),τ)dτ.

In other words, the solution x is continuous on R≥0 and differentiable almost everywhere on R≥0,
and the differential equation is satisfied almost everywhere.

In case of the HIGS H as in (2.2), the differential equation can be written in the form ẋh(t ) =
f (xh(t ), t ) from Definition 2.3 by defining f as:

ẋh(t ) = f (xh(t ), t ) :=
{
ωhe(t ) if (e(t ), xh(t ), ė(t ) ∈F1,

kh ė(t ) if (e(t ), xh(t ), ė(t ) ∈F2,
(2.8)
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where e is a given input function that needs to be absolutely continuous. The function e is thus
incorporated in the function f :R×R≥0 →R using its time dependence.

In existing frameworks, such as Hybrid Systems introduced later in this chapter in Section 2.3,
it is common to assume that the sets that prescribe where equations are active are closed. How-
ever, in the definition of HIGS as given before in (2.2) the sets F1 and F2 are not closed. There-
fore, it is natural to propose the following alternative definition of HIGS:

H :


(
ẋh(t ) =ωhe(t ) ∧ (e(t ),u(t ), ė(t )) ∈F1

)
∨

(
ẋh(t ) = kh ė(t ) ∧ (e(t ),u(t ), ė(t )) ∈F2

)
,

xh(0) = xh,0,

u(t ) = xh(t ).
(2.9)

This system cannot be described by a single differential equation anymore, as was the case for
H in (2.8). As the F1 and F2 overlap, the system is instead described by a differential inclusion:

ẋh(t ) ∈ F (xh(t ), t ) :=
{
ωhe(t ) | (e(t ), xh(t ), ė(t ) ∈F1

}
∪

{
kh ė(t ) | (e(t ), xh(t ), ė(t ) ∈F2

}
(2.10)

where e is again an absolutely continuous function that is incorporated into the set valued
mapping F : R×R≥0 ⇒ R. The symbol ‘⇒’ denotes that F maps to sets in R. Differential inclu-
sions generalize differential equations. For example, the differential equation in Equation (2.8)
can be written as a differential inclusion of the same form as in (2.10), where the set valued
mapping always maps to a set with one element. Also the definition of a solution as in Defini-
tion 2.3 can be extended to differential inclusions.

Definition 2.4. Let X be a Hilbert space and let F : X ×R≥0 ⇒X . Then a function x : R≥0 →X
is called a Carathéodory solution to the differential inclusion ẋ(t ) ∈ F (x(t ), t ) if x an absolutely
continuous function that satisfies the differential inclusion almost everywhere.

The following result gives that the formulation of HIGS as in (2.9) is equivalent to (2.2) in the
sense that these formulations have the same Carathéodory solutions.

Theorem 2.5. Consider H and H as defined in (2.2) and (2.9) respectively. Let e(t ) : R≥0 → R be
absolutely continuous. Then, a function xh(t ) : R≥0 → R is a Carathéodory solution to H if and
only if xh(t ) is a Carathéodory solution to H.

Proof. First consider a Carathéodory solution xh to the system H. As (e(t ), xh(t )) ∈F for every
t , it holds that either (e(t ), xh(t ), ė(t )) ∈ F1 or (e(t ), xh(t ), ė(t )) ∈ F2 for times t where ė(t ) is
defined. Therefore, xh(t ) satisfies one of the two differential relations for almost every t ∈R≥0:

(ẋh(t ) =ωhe(t ) ∧ (e(t ), xh(t ), ė(t )) ∈F1) ∨ (ẋh(t ) = kh ė(t ) ∧ (e(t ), xh(t ), ė(t )) ∈F2) .

And thus, as the sets are contained in their closure, it is clear that this implies that xh(t ) is a
Carathéodory solution to H.

To prove the other direction of the equivalence, now assume that xh is a Carathéodory solution
to H. This gives that (e(t ), xh(t ), ė(t )) ∈F2∪F2 =F2∪F2 for a.e. t ∈R≥0. By continuity of e and
xh , it even holds that (e(t ), xh(t )) ∈F =F for all t ∈R≥0. What remains to show is that for almost
every t ∈R≥0 one of the following two statement holds:

ẋh(t ) =ωhe(t ) and (e(t ), xh(t ), ė(t )) ∈F1, or (2.11a)

ẋh(t ) = kh ė(t ) and (e(t ), xh(t ), ė(t )) ∈F2. (2.11b)

As xh is a Carathéodory solution to H, for almost every t ∈ R≥0 at least one of the following
statement holds:

ẋh(t ) =ωhe(t ) and (e(t ), xh(t ), ė(t )) ∈F1, or (2.12a)

ẋh(t ) = kh ė(t ) and (e(t ), xh(t ), ė(t )) ∈F2. (2.12b)
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10 Hybrid Integrator Gain System as a Controller for Infinite Dimensional Systems

Fix a τ such that (2.12a) or (2.12b) holds for t = τ, e and u are differentiable at τ and it does not
hold that (e(τ) = 0∧ ė(τ) ̸= 0). As (e(τ), xh(τ), ė(τ)) ∈F1∪F2 =F1∪F2, one of the following four
cases must hold:

Case 1: (e(τ), xh(τ), ė(τ)) ∈F1 \F2

In particular as (e(τ), xh(τ), ė(τ)) ∉F2, (2.12b) cannot hold for t = τ. Therefore, (2.12a)
must hold. Combined with the assumption that (e(τ), xh(τ), ė(τ)) ∈ F1, it follows that
also (2.11a) holds for t = τ.

Case 2: (e(τ), xh(τ), ė(τ)) ∈F2 \F1

As (e(τ), xh(τ), ė(τ)) ∉ F1, (2.12a) cannot hold and thus (2.12b) must hold for t = τ.
Hence, also (2.11b) holds for t = τ.

Case 3: (e(τ), xh(τ), ė(τ)) ∈F2 ∪F1

As F2 ∩F1 = ;, it is already clear that (2.11a) cannot hold. Thus the aim must be to
show that (2.11b) holds for t = τ.

Towards a contradiction assume that it holds that

ẋh(τ) =ωhe(τ). (2.13)

By definition of F2,

khe(τ) = xh(τ), and (2.14)

kh ė(τ)e(τ) <ωhe(τ)2. (2.15)

Now consider the function ϕ(t ) := khe(t )xh(t )− x2
h(t ). By (2.14), ϕ(τ) = 0. By assump-

tion, e(t ) and xh(t ) are differentiable at t = τ, and thus ϕ is also differentiable at t = τ

and the derivative is given by:

d

dt
ϕ(t )|t=τ = kh ė(τ)xh(t )+khe(τ)ẋh(τ)−2xh(τ)ẋh(τ).

Subsititution of (2.14) gives:

d

dt
ϕ(t )|t=τ = kh

(
kh ė(τ)e(τ)−ωhe(τ)2)=: L.

By definition of the derivative and (2.15):

lim
h→0

ϕ(τ+h)

h
= L < 0.

And thus there exists an ϵ> 0 such that for 0 < h < ϵ ϕ(τ+h) < 0. But this implies that
(e(τ+h), xh(τ+h)) ∉F =F and thus neither (2.12a) nor (2.12b) can hold for t ∈ (τ,τ+h).
As the measure of this interval is ϵ> 0 this contradicts that for almost every t (2.12a) or
(2.12b) holds. Hence, the assumption made in (2.13) cannot hold, meaning that for
t = τ (2.12a) cannot hold, thus by (2.12b) it follows that:

ẋh(τ) = kh ė(τ).

From (e(τ), xh(τ), ė(τ)) ∈F2, it then follows that (2.11a) holds.

Case 4: (e(τ), xh(τ), ė(τ)) ∈F1 ∪F2

As the intersection of F1 and F2 is empty, (e(τ), xh(τ), ė(τ)) ∉ F2. Combined with the
assumption, it follows from the definition of F1 and F2 that:

khe(τ) = xh(τ) ∧ kh ė(τ)e(τ) =ωhe(τ)2.
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And thus:
e(τ) = 0 ∨ kh ė(τ) =ωhe(τ).

If kh ė(τ) = ωhe(τ) then the two differential equations in (2.12a) and (2.12b) pre-
scribe the same differential equation. Hence, it is clear that ẋh(τ) = ωhe(τ). Since
(e(τ), xh(τ), ė(τ)) ∈F1, (2.11a) holds.

If, on the other hand, e(τ) = 0, then it follows from the assumption that ¬(e(τ) = 0∧
ė(τ) ̸= 0) that also ė(τ) = 0. Thus again the same differential equation is prescribed,
from which it can be concluded again that (2.11a) holds.

In the above, it was shown that for τ ∈ T , (2.11a) or (2.11b) holds, where T is the set:

T :=R≥0 \
({

t ∈R≥0 | Both (2.12a) and (2.12b) do not hold
}∪{

t ∈R≥0 | e(t ) = 0∧ ė(t ) ̸= 0
})

.

Both sets that are subtracted are sets with measure zero, the first set because xh is a
Carathéodory solution to H and the second set from the fact that e is absolutely continuous
(by Theorem 1 of [26]).

2.2 Discontinuous representation of the HIGS controlled system

In this section, the goal is to describe the closed loop system Σ as in Figure 2.1 of HIGS with a
plantG. Recall that it is assumed that the plant is of the form of (2.1). Note that the interconnec-
tion of a linear controller with the linear plant would be a linear system. As HIGS is switching
between two linear controllers, it is also possible to write the combined closed-loop system as
a switching linear system with states x := (xg , xh) ∈ XΣ := (XG ×R):

Σ :



ẋ(t ) =
(

Ag −Bg v

ωhCg 0

)
x(t )+

(
Bg w

0

)
w(t ) if H in I-mode,

ẋ(t ) =
(

Ag −Bg v

khCg Ag −khCg Bg v

)
x(t )+

(
Bg w

khCg Bg w

)
w(t ) if H in P-mode,

e(t ) =
(
Cg 0

)
x(t ).

The following operators are defined to be the block operators that appear in the above closed
loop system:

A1 :XΣ→ XΣ, A1 :=
(

Ag −Bg v

ωhCg 0

)
, B1 :Xw → XΣ, B1 :=

(
Bg w

0

)
, (2.16)

A2 :XΣ→ XΣ, A2 :=
(

Ag −Bg v

khCg Ag −khCg Bg v

)
, B2 :Xw → XΣ, B2 :=

(
Bg w

khCg Bg w

)
, (2.17)

C :XΣ→R, C := (
Cg 0

)
. (2.18)

What remains is to describe when the two modes are active, in terms of the states and inputs.
As xh = u, it holds that:

u =
〈(

e
u

)
,

(
0
1

)〉
R2

=
〈(

xg

xh

)
,

(
0XG

1

)〉
XΣ

. (2.19)

Because Cg is a bounded linear functional, by Riesz-Fréchet [27, Sec. 8.3], there is an element
cg ∈ XG such that Cg (xg ) = 〈

xg ,cg
〉

for all xg ∈ XG . As e =Cg (xg ), this gives the following result:

khe −u =
〈(

e
u

)
,

(
kh

−1

)〉
R2

=
〈(

xg

xh

)
,

(
khcg

−1

)〉
XΣ

. (2.20)
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Comparing the obtained relations (2.19) (2.20) to the definition of F (2.3) it is easy to see that:

(e,u) ∈F ⇐⇒ x ∈S :=S+∪−S+, with S+ := {
x ∈ XΣ |

〈
x, f1

〉 ≥ 0 ∧ 〈
x, f2

〉 ≥ 0
}

, (2.21)

where the vectors f1 and f2 in XΣ are given by:

f1 :=
(
khcg

−1

)
, f2 :=

(
0XG

1

)
. (2.22)

Sometimes, it is easier to work with the linear functionals F1 and F2 on XG given by F1 =
〈·, f1

〉
and F2 =

〈·, f2
〉

.

The next step is to construct sets S1 and S2 such that (x(t ), w(t )) ∈S1 ⇐⇒ (e(t ),u(t ), ė(t )) ∈F1

and (x(t ), w(t )) ∈ S2 ⇐⇒ (e(t ),u(t ), ė(t )) ∈ F2. The dependence on w is needed because
this input can directly influence the derivative of the output of the plant, ė. Using (2.16)-
(2.18),(2.22) and (2.3), the following relation can be obtained:〈

A1x(t )+B1w(t ), f1
〉 = khCg (Ag xg (t )−Bg v xh(t )+Bg w w(t ))︸ ︷︷ ︸

=ẋg (t )

−ωhCg xg (t ),

= kh ė(t )−ωhe(t ),

=
〈(

ė(t )
ωhe(t )

)
, v1

〉
.

From this equality, the equalities (2.19) and (2.20) and the definition of F2 (2.5), it can be seen
that the P-mode is needed when (x(t ), w(t )) ∈S2:

S2 :=S+
2 ∪−S+

2 with S+
2 := {

(x, w) ∈ XΣ×Xw | 〈x, f2
〉 > 0∧〈

x, f1
〉 = 0∧〈

(A1x +B1w) , f1
〉 < 0

}
.

(2.23)
The I-mode is thus active for (x, w) ∈ S1 with S1 defined as S1 := {(x, w) ∈ XΣ×Xw | x ∈S} \S2.
Using (2.21) and (2.23), S1 can be written as S1 =S+

1 ∪−S+
1 , with

S+
1 := {

(x, w) ∈ XΣ×Xw | 〈x, f2
〉 ≥ 0∧〈

x, f1
〉 ≥ 0∧ (〈

x, f1
〉 > 0∨〈

(A1x +B1w) , f1
〉 ≥ 0

)}
. (2.24)

With A1, A2,B1,B2 and C from (2.16)-(2.18) and S1 and S2 from (2.24) and (2.23), the closed
loop system Σ can thus be written as:

Σ :


ẋ(t ) = A1x(t )+B1w(t ) if (x(t ), w(t )) ∈S1,

ẋ(t ) = A2x(t )+B2w(t ) if (x(t ), w(t )) ∈S2,

x(0) = x0 ∈S ,

e(t ) =C x(t ) and x(t ) ∈S .

(2.25)

Remark 2.6. The formulation of S2 in (2.23) is (slightly) different than in earlier literature. In
the work by Deenen et al. [9] as well as in earlier work by Sharif et al. [12], the first inequality in
the formulation of S2 is not strict. In this earlier work, the S2 set is defined as:

S̃2 = S̃+
2 ∪−S̃+

2 with S̃+
2 := {

(x, w) ∈ XΣ×Xw | 〈x, f2
〉 ≥ 0∧〈

x, f1
〉 = 0∧〈

(A1x +B1w) , f1
〉 < 0

}
.

This is problematic, because with the formulation of S1 as in (2.24) (which is also used in the
cited work), there is overlap between the sets:

S1 ∩ S̃2 =
{
(x, w) ∈ XΣ×Xw | 〈x, f2

〉 = 0∧〈
x, f1

〉 = 0∧〈
(A1x +B1w) , f1

〉 ̸= 0
}

.

This set is in general not the empty set. As these sets are used to determine which mode is being
used in the system description (2.25), this means that there are points where two modes are active,
which is problematic because then it could happen that Σ as in (2.25) prescribes two different
equations for ẋ(t ) simultaneously.
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H
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eW
v

w

Σ
Σ̂

Figure 2.2: By writing w as the output of another linear system, it is possible to describe the output using
a system Σ̂ that has no external inputs.

2.2.1 Incorporating the input in the closed loop system

Under an additional assumption, it is possible to incorporate the input w into the system [9].
This is useful, because the system can then be represented as a system without inputs, which
is needed for the proofs in the following chapters. The idea is that if w is the output of a linear
system itself, the system including w can be written as a system Σ̂ that has no inputs. See
Figure 2.2.

The following assumption on w is needed to take this approach:

Definition 2.7. Let Xw and Xxw be Hilbert spaces, with possibly infinite dimensions. Then w :
R≥0 → Xw is called a Bohl function if there are bounded linear operators Hw : Xxw → Xw and
Fw : Xxw → Xxw and a vector xw,0 ∈ Xxw such that w is the output of the linear system given by:

W :


ẋw (t ) = Fw xw (t ),

w(t ) = Hw xw (t ),

xw (0) = xw,0.

(2.26)

If Fw and Hw are matrices, this means that:

w(t ) = Hw eFw t xw,0. (2.27)

Here, eFw t is the matrix exponential of Fw t , see Equation (3.1) for the definition. The same
expression can be used for bounded operators, as will be discussed in the next chapter (Sec-
tion 3.1).

Remark 2.8. The definition of a Bohl function in Definition 2.7 is more general than the defini-
tion commonly used in literature. Usually, the Xw and Xxw spaces are finite dimensional [28, Sec.
3.5], such that Fw and Hw are represented by matrices and thus the matrix exponential as in
(2.27) can be used as an alternative definition.

The systems from (2.25) and (2.26) can be written as a combined system that switches between
two linear modes. The state of this system is x̂ := (x, xw ) ∈ X̂Σ := (XΣ×Xxw ).

Σ̂ :


˙̂x(t ) = Â1x̂(t ) if x̂(t ) ∈ Ŝ1,
˙̂x(t ) = Â2x̂(t ) if x̂(t ) ∈ Ŝ2,

e(t ) = Ĉ x̂(t ) and x̂(t ) ∈ Ŝ .

(2.28)

The operators Â1 : X̂Σ→ X̂Σ, Â2 : X̂Σ→ X̂Σ and Ĉ : X̂Σ→R are given by:

Âi =
(

Ai Bi Hw

0 Fw

)
, ∀i ∈ {1,2}, Ĉ = (

C 0
)
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14 Hybrid Integrator Gain System as a Controller for Infinite Dimensional Systems

Choose f̂i := ( fi ,0), such that
〈

x, fi
〉 = 〈

x̂, f̂i
〉 = Fi (x) for i ∈ {1,2}. The sets Ŝ1 and Ŝ2 can then

describe the conditions for the integrator and gain modes only in terms of the (expanded) states
x̂:

Ŝ := Ŝ+∪−Ŝ+ with Ŝ+ :={
x̂ ∈ X̂Σ |

〈
x̂, f̂1

〉 ≥ 0∧〈
x̂, f̂2

〉 ≥ 0
}

,

Ŝ2 := Ŝ+
2 ∪−Ŝ+

2 with Ŝ+
2 :={

x̂ ∈ X̂Σ |
〈

x̂, f̂2
〉 > 0∧〈

x̂, f̂1
〉 = 0∧〈

Â1x̂, f̂1
〉 < 0

}
,

Ŝ1 := Ŝ \ Ŝ2 = Ŝ+
1 ∪−Ŝ+

1 with Ŝ+
1 :={

x̂ ∈ X̂Σ |
〈

x̂, f̂2
〉 ≥ 0∧〈

x̂, f̂1
〉 ≥ 0∧ (〈

x̂, f̂1
〉 > 0∨〈

Â1x̂, f̂1
〉 ≥ 0

)}
.

Because the system is already a switching system, it is relatively easy to allow switches in the W
system too. This means that it is possible to only require w to be piecewise Bohl in the sense of
the following definition.

Definition 2.9. A function w : R≥0 → Xw is called a piecewise Bohl function if there exists 0 <
t1 < t2 . . . such that each compact interval of R≥0 only contains finitely many t j ’s and for each
interval [t j , t j+1) there is a Bohl function w̃ j such that w(t ) = w̃ j (t ) for all t ∈ [t j , t j+1).

2.2.2 Closing the S1 and S2 sets

Theorem 2.5 showed that H has the same Carathéodory solutions as H, if e is absolutely con-
tinuous. As the output of the plant will be absolutely continuous, it is clear that also the closed
loop system Σ can be equivalently written as:

Σ :


(
ẋ(t ) = A1x(t )+B1w(t )∧ (x(t ), w(t )) ∈S1

)
∨

(
ẋ(t ) = A1x(t )+B1w(t )∧ (x(t ), w(t )) ∈S2

)
,

x(0) = x0,

e(t ) =C x(t ).
(2.29)

2.3 Hybrid System framework

The discontinuous representation of the closed loop system in the previous section fits into
a more general class of systems: hybrid systems. These systems describe a combination of
continuous and discrete dynamics. Hybrid systems have been studied since the 1960’s [29]
and have evolved in a broadly studied class of systems [30]. The model structure is useful to
describe systems with continuous dynamics and discrete elements, such as switches or digi-
tal controller components. In this section, the framework is introduced and it is shown that
HIGS fits into this framework. This also clarifies the name of the Hybrid Integrator Gain System
(HIGS).

Solutions to hybrid systems are of the form φ(t , j ) : E → R where E ⊆ R≥0 ×N is the hybrid
domain. A hybrid domain is a union of intervals [t j , t j+1]× { j }, where 0 = t1 ≤ t2 ≤ t3 . . . . The
last interval (if it exists) can also be of the form [t j , t j+1) or [t j ,∞) [31]. A general definition of a
hybrid systems is as follows.

Definition 2.10 (Adapted from Goebel et al., [31]). A hybrid systemΨ acting on a state space X
is a tuple ( f , g ,C,D,φ0) that contains the data of the Hybrid System:

• The flow map f (φ) :X ×R≥0 ⇒X is a set valued mapping that maps elements X to sets in
X and describes the continuous dynamics.

• The jump map g (φ) : X ×R≥0 ⇒ X is a set valued mapping that describes the discrete
dynamics.

• The flow set C ⊆X is the set where the continuous dynamics are active.
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• The jump set D ⊆X is the set where the discrete dynamics are active.

• φ0 ∈X is the initial condition.

φ(t , j ) : E →R is called a solution to the hybrid systemΨ if the following conditions hold:

• E is a hybrid domain.

• φ(0,1) =φ0.

• For each j ∈ N, the function t 7→ φ(t , j ) is absolutely continuous on the interval I j := {t |
(t , j ) ∈ E }.

• For all j ∈N,
φ̇(t , j ) ∈ f (φ(t , j )) for almost every t ∈ I j , and

φ(t , j ) ∈ C for all t in the interior of I j
(2.30)

• For all (t , j ) ∈ E such that (t , j +1) ∈ E,

φ(t , j ) ∈ g (φ(t , j )), and

φ(t , j ) ∈D.
(2.31)

The system description of the hybrid system Ψ shows that when the state is in the flow set C,
the solution can ‘flow’ as described by a differential equation as in (2.30). In the jump set, the
solution exhibits discrete behavior by jumping when the discrete variable j increases, whilst no
time t is passing.

The differential inclusion as in (2.30) generalizes differential equations. If the set f (φ) is a sin-
gleton for every φ, then the differential inclusion is equivalent to a regular differential equa-
tion. This generalization is quite common in literature on hybrid systems [32]. One reason
for this generalization is that it allows to consider alternative solution concepts (Filippov and
Krasovskii solutions) that are useful to study discontinuous controllers. Another reason to con-
sider differential inclusions in the study of HIGS, is that theorems from differential inclusions
(e.g. from Aubin & Cellina [33]) are useful to study conditions for existence of solutions, as for
example in the work of Heemels & Tanwani [23].

The HIGS can also be formulated as an hybrid system, as shown in the following theorem.

Theorem 2.11. The closed loop interconnection of the HIGS with a linear system as in (2.25)
with states x ∈ X and initial condition x0 can be written as a hybrid system as in Definition 2.10
for a continuous input w(t ). This is done by choosing as state space for the hybrid system X as

X ×R×R with states φ(t , j ) = (
x̃(t , j ) q(t , j ) τ(t , j )

)T
, and the following flow and jump map,

flow and jump set and initial condition:

f

x̃(t , j )
q(t , j )
τ(t , j )

=



(

A1x̃(t , j )+B1w(τ)
)

(2−q(t , j ))+ (
A2x̃(t , j )+B2w(τ)

)
(q(t , j )−1)

0
1

 ,

g

x̃(t , j )
q(t , j )
τ(t , j )

=


 x̃(t , j )
3−q(t , j )
τ(t , j )

 ,

C =
(
S1 × {1}×R≥0

)
∪

(
S2 × {2}×R≥0

)
,

D =
(
S1 × {2}×R≥0

)
∪

(
S2 × {1}×R≥0

)
,

φ0 =
x0

1
0

 .
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16 Hybrid Integrator Gain System as a Controller for Infinite Dimensional Systems

Then for a function x :R≥0 ⊇T→ X , the following statements are equivalent:

i) x is a Carathéodory solution to the system Σ for t ∈ T that does not switch infinitely many
times on a compact time interval.

ii) E is a hybrid time domain with {t ∈ R | (t , j ) ∈ E } = R and the function φ : E → X given by

φ(t , j ) = (
x̃(t , j ) q(t , j ) τ(t , j )

)T
is a solution to the hybrid system ( f , g ,C,D,φ0) for some

q : E →R and τ(t , j ) : E →R.

Proof. For ii) =⇒ i), consider a solutionφ to the hybrid system. First note, that by looking at the
third component of g and f , it is clear that τ(t , j ) = t . From the second component, it is clear
that for fixed j , q(t , j ) is constant and that it switches between 1 and 2. Furthermore, because
the jump map does not cause jumps in the state x̃, the set {x̃(t , j ) | j ∈N is such that (t , j ) ∈ E }
only has a single element for each time t . This means that the function x(t ) is continuous. It
is even absolutely continuous, since it is differentiable everywhere, except on time instances t
such that (t , j ) ∈ E and (t , j +1) ∈ E of which there are only finitely many on each compact time
interval.

For almost every t ∈ [0, tmax), the flow map is satisfied and φ(t , j ) ∈ C. This means that:(
˙̃x(t , j ) = A1x̃(t , j )+B1w(τ(t , j ))∧φ ∈

(
S1 × {1}×R≥0

))
∨ (2.32)(

˙̃x(t , j ) = A2x̃(t , j )+B2w(τ(t , j ))∧φ ∈
(
S2 × {2}×R≥0

))
As x̃(t , j ) = x(t ) and τ= t , this means that x(t ) is a Carathéodory solution to Σ as in (2.29).

For i) =⇒ ii), consider the Carathéodory solution x to the systemΣ. Denote by T1 the set where
ẋ(t ) = A1x(t )+B1w(t ) is satisfied and by T2 the set where ẋ(t ) = A2x(t )+B2w(t )∧ (x, w) ∈S2 is
satisfied. As x is a Carathéodory solution T1 ∪T2 = [0, tmax]. Define q̃ :R≥0 →R as:

q̃(t ) =
{

1 if t ∈ T1,

2 if t ∈ T2 \T1.

And let j be:
j (t ) := 1+ the number of switches of q̃ on [0, t ].

This is well defined, because there are only finitely many switches. Now define the elements of
the function φ(t , j ) = (

x̃(t , j ) q(t , j ) τ(t , j )
)

by:

x̃(t , j ) = x(t , j ), q(t , j ) = q(t j ), τ(t , j ) = t , ∀(t , j ) ∈ E .

By construction, the flow map is satisfied. This can be seen from the fact that for almost every
t such that q(t , j ) = 1, it holds that x̃(t , j ) ∈S1 and

˙̃x(t , j ) = A1x̃(t , j )+B1w(τ(t , j )).

Similarly, for almost every t such that q(t , j ) = 2, it holds that x̃(t , j ) ∈S2 and

˙̃x(t , j ) = A2x̃(t , j )+B2w(τ(t , j )).

To see that the jump map is also satisfied notice that by the construction of j , q(t , j ) ̸= q(t , j+1).
Combining this with the fact that q(t , j ) ∈ {1,2} for all (t , j ) ∈ R, it is clear that the jump map is
satisfied, since:

q(t , j )+q(t , j +1) = 3.

Furthermore, by continuity of x and w and the closedness of S1 and S2, it holds that
(x(t ), w(t )) ∈Sq(t j ) for t ∈ I j . It can thus be concluded that:

φ(t , j ) ∈ C for all (t , j ) ∈ E , such that t lies in the interior of I j , and

φ(t , j ) ∈D for all (t , j ) ∈ E such that (t , j +1) ∈ E .

Jens Oprel



Chapter 2. Representations of HIGS in open and closed loop 17

In the above, the flow and jump sets C and D are closed. This was possible because H and H
were shown to be equivalent formulations of HIGS in Theorem 2.5. The closedness is impor-
tant, because existing theorems often rely on the following assumptions [30].

Assumption 2.12 (‘Basic Assumptions’ on hybrid systems, from [30]). The Basic Assumptions
are the following conditions on a hybrid system ( f , g ,C,D,φ0):

1. The sets C and D are closed in X .

2. f : X → X is an outer semiconinuous set-valued mapping that is locally bounded on C
and such that f (φ) is non-empty and convex for every φ ∈ C.

3. g :X →X is outer semicontinuous that is locally bounded on D and g (φ) is nonempty for
every φ ∈D.

The hybrid system as in Theorem 2.11 satisfies these Basic Assumptions.

2.4 (Extended) Projected Dynamical Systems framework

As an alternative to explicitly prescribing the two modes of operation of the HIGS, the HIGS
can also be represented using a projection-like operator. In literature, this interpretation of the
HIGS is used for both intuitive understanding and establishing mathematical properties such
as a well-posedness [23].

In short, a projected dynamical system projects dynamics onto a tangent cone.

2.4.1 The tangent cone

Definition 2.13. The tangent cone of a point x in a normed space X to a set A ⊆ X denoted TA(x)
is the following set:

TA(x) :=
{

w ∈ X | ∃(xi )i∈N in A, (τi )i∈N in R+ with xi → x and τi → 0 as i →∞ s.t. w = lim
i→∞

xi −x

τi

}
.

The following proposition establishes some properties of the tangent cone.

Proposition 2.14. Let A and B be sets in a vector space X . Then,

a) TA(x) is a cone. That is, if w ∈ TA(x) and λ> 0, then λw ∈ TA(x).

b) If A is convex, then TA(x) is a convex cone.

c) T(A∪B)(x) = TA(x)∪TB (x) ∀x ∈ X .

Proof. To prove a), fix any w ∈ TA(x) and λ> 0. Then by definition of the tangent cone, there is
a sequence (xi )i∈N in A and a sequence (τi )i∈N in R+ with xi → x and τi → 0 as i →∞ such that
w = limi→∞

xi−x
τi

. Now let τ̃i = τi /λ for any i ∈N. Then τ̃i → 0 as i →∞ and

lim
i→∞

xi −x

τ̃i
= lim

i→∞
λ

xi −x

τi
=λw.

And thus, λw ∈ TA(x).

b): Since by a) TA(x) is a cone, it suffices to show that for all w, w̃ ∈ TA(x), we have that w + w̃ ∈
TA(x). To this extent, fix w, w̃ ∈ TA(x). Then there exist sequences (xi )i∈N, (x̃i )i∈N in A and
(τi )i∈N, (τ̃i )i∈N in R+ with xi , x̃i → x and τi , τ̃i → 0 as i →∞ such that:

w = lim
i→∞

xi −x

τi
and w̃ = lim

i→∞
x̃i − x̃

τ̃i
.
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18 Hybrid Integrator Gain System as a Controller for Infinite Dimensional Systems

Adding these two equalities gives:

w + w̃ = lim
i→∞

xi −x

τi
+ x̃i −x

τ̃i
,

= lim
i→∞

1

τi
xi +

1

τ̃i
x̃i −

(
1

τi
+ 1

τ̃i

)
x,

= lim
i→∞

τi + τ̃i

τi τ̃i

(
τ̃i

τi + τ̃i
xi +

τi

τi + τ̃i
x̃i −x

)
. (2.33)

Now define for i ∈N, σi := τi τ̃i
τi+τ̃i

> 0 and yi := τ̃i
τi+τ̃i

xi + τi
τi+τ̃i

x̃i . By convexity of A, yi ∈ A. Also,
yi → x and σi → 0 as i →∞. This leads to (2.33) becoming:

w + w̃ = lim
i→∞

yi −x

σi
.

Thus, by definition of the tangent cone, w + w̃ ∈ TA(x).

For c): To show that T(A∪B)(x) ⊆ TA(x)∪TB (x), fix any w ∈ T(A∪B)(x). There exists a sequence
(xi )i∈N in A ∪B that converges to x and a sequence of positive real numbers (τi )i∈N that con-
verges to 0 such that w = limi→∞(xi − x)/τi . Now define the sets of indices for which xi lies in
either of the sets:

NA = {i ∈N | xi ∈ A},

NB = {i ∈N | xi ∈ B}.

Then, at least one of the subsequences (xi )i∈NA and (xi )i∈NB has infinitely many element and
still converges to x. By selecting the corresponding subsequence of (τi )i∈N, it follows that
w ∈ TA(x) or w ∈ TB (x). As this holds for any w ∈ T(A∪B)(x), it can be concluded that indeed
T(A∪B)(x) ⊆ TA(x)∪TB (x)

From the definition of the tangent cone and the fact that A ⊆ A∪B and B ⊆ A∪B , it follows that
also T(A∪B)(x) ⊇ TA(x)∪TB (x).

As the main idea of the HIGS is to keep the input and output in a sector, the tangent cone of
this sector is of special interest. In this view, the following proposition is useful.

Proposition 2.15 (Sharif et al. [12]). Let S be of the form S = K ∪−K with K the closed cone
formed using n f constraints (defined through f1 to fn f ∈ X ):

K := {
x ∈ X | 〈x, f j

〉 ≥ 0 ∀ j ∈ {1,2, . . . ,n f }
}

. (2.34)

Then, the tangent cone to K at x is empty if x ∉ K and otherwise given by:

TK (x) = {w ∈ X | 〈w, f j
〉 ≥ 0 ∀ j ∈ J (x)}

With J (x) denoting the set of active constraints
{

j ∈ {1,2, . . . ,n f } | 〈x, f j
〉 = 0

}
.

Furthermore, the tangent cone to S at x is given by:

TS(x) =


TK (x) for x ∈ K \−K ,

−TK (x) for x ∈−K \ K ,

K ∪−K for x ∈ K ∩−K ,

; for x ∉ S.

Proof. To prove the expression for TK (x), notice first that if x lies outside K , there is no se-
quence in K that has x as its limit, so the tangent cone at x is empty.
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For any x ∈ K and w ∈ TK (x) there exists a sequence (xi )i∈N in K and a sequence (τi )i∈N in R+
with xi → x and τi → 0 as i → ∞ such that w = limi→∞

xi−x
τi

. For each j in the set of active

constraints, it holds that
〈

x, f j
〉 = 0. As by assumption the xi ’s lie in K and thus also

〈
xi , f j

〉 ≥ 0
for any i . Then by linearity of the inner product,〈

xi −x

τi
, f j

〉
≥ 0 ∀i ∈N.

And thus also the limit w lies in {w ∈ X | 〈w, f j
〉 ≥ 0 ∀ j ∈ J (x)}.

This shows that TK (x) ⊆ {w ∈ X | 〈w, f j
〉 ≥ 0 ∀ j ∈ J (x)}.

To show “⊇", fix any x ∈ K and any w such that
〈

w, f j
〉 ≥ 0 ∀ j ∈ J (x). To show that w lies in

TK (x), define τi = ϵ/i and xi = x +wτi with ϵ> 0 to be determined later. For active constraints,〈
x, f j

〉 = 0 and thus: 〈
xi , f j

〉 = τi
〈

w, f j
〉 ≥ 0 ∀ j ∈ J (x).

For non-active constraints,
〈

x, f j
〉 > 0 because x ∈ K , this means:〈

xi , f j
〉 = 〈

x, f j
〉+ ϵ

i

〈
w, f j

〉 ∀ j ∉ J (x).

As there are finitely many constraints, ϵ can be chosen such that
〈

x, f j
〉+ϵ〈w, f j

〉
is positive for

all j ∉ J (x) and thus xi lies in K for all i ∈N. Also, limi→∞ xi = x and limi→∞τi = 0. Furthermore,
by construction:

xi −x

τi
= w ∀i ∈N.

And thus by construction w = limi→∞(xi − x)/τi . From this it can be concluded that w lies in
TK (x).

The tangent cone TS(x) is obtained immediately from the derived expression of TK (x) by appli-
cation of Proposition 2.14 c.

2.4.2 Projected dynamical systems

Research into Projected Dynamical Systems (PDS) originates from equilibrium problems that
arise in various applications, such as economics and operations research [34, 35]. These prob-
lems are described by variational inequalities.

Definition 2.16. Consider a Hilbert space X and let K be a closed, convex and non-empty sub-
set of X , and let f : K → X . Then the variational inequality problem associated with K and f
(denoted as VI(F,K )) is:

Find x ∈ K such that
〈− f (x), y −x

〉 ≥ 0 ∀y ∈ K . (2.35)

In the analysis of the problem, it turned out to be useful to consider the following dynamical
system.

Definition 2.17. Consider a Hilbert space X and let K be a closed, convex and non-empty subset
of X , and let f : K → X . Then the projected dynamical system associate K and f (denoted as
PDS(F,K )) is the following differential equation:

ẋ(t ) =ΠK (x(t ), f (x(t ))); x(0) = x0 ∈ K (2.36)

where the projection onto the tangent cone is defined trough

ΠK (x, v) :=argmin
w∈TK (x)

∥w − v∥ . (2.37)
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20 Hybrid Integrator Gain System as a Controller for Infinite Dimensional Systems

The following result clarifies why the dynamical result was interesting for the analysis of varia-
tional inequality problems:

Theorem 2.18. Let X be a Hilbert space and K ⊂ X be closed, convex and non-empty, and let
f : K → X . Then:

x∗ is a solution to VI(F,K ) ⇐⇒ ΠK (x∗, f (x∗)) = 0.

Thus, x∗ is a critical point, or equilibrium of the dynamical system.

For a proof, see [36]. This work by Cojocaru & Jonker also proves the following result, showing
existence of local solutions in a possibly infinite dimensional setting.

Theorem 2.19. Consider a Hilbert space X and let K ⊂ X be closed, convex and non-empty. Let
f : K → X be a Lipschitz continuous mapping with Lipschitz constant b. Take x0 ∈ K ,L > 0 such
that ∥x0∥ ≤ L. Then the system: {

ẋ(t ) =ΠK (x(t ), f (x(t ))),

x(0) =x0.

has a unique solution on the interval [0, l ] where l = L
∥ f (x0)∥+bL

.

2.4.3 Extended projected dynamical systems

The HIGS constrains the dynamics to a sector. This is similar to a projection. However, to study
the dynamics of systems with projections in controllers, the framework of PDS needs to be
adjusted. Because only the controller performs some kind of projection, the plant states should
not be affected by the projection of the controller dynamics. Thus only partial projection of
the states is desired in such a way that only the controller states are changed. The following
extension to the PDS framework was first proposed by Sharif et al. [12] to be able to describe
the dynamics of controllers such as the HIGS, called an extended Projected Dynamical System
(ePDS):

ẋ(t ) =ΠS,E (x(t ), f (x(t ))), (2.38)

where the extended projection onto the tangent cone is defined trough

ΠS,E (x, v) :=argmin
w∈TS (x)
w−v∈E

∥w − v∥ . (2.39)

Here, E is a subspace of X which defines in which directions the dynamics may be changed
by the projection operator. For controlled systems, such a constraint is needed to ensure that
the projection operator does not influence plant states, only states that correspond to the con-
troller.

Proposition 2.20 (Similar to Lemma 3.1 in [12]). Assume that:

• K is a cone in Hilbert space X of the form given by (2.34) with n f = 2.

• S is the double cone K ∪−K .

• E is a one dimensional subspace of X .

• E ∩S = {0} and S +E = X .

Then the operatorΠS,E (x, v) has a unique outcome for every x ∈ S and v ∈ X .
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Proof. Let E be spanned by the vector h ∈ X with ∥h∥ = 1. As w − v ∈ E , there exists an η ∈ R
such that w − v = ηh. The projection operator in (2.39) can be equivalently written as:

ΠS,E (x, v) = argmin
η∈ΛTS (x)(v)

∥∥ηh
∥∥2 . (2.40)

The setΛA(v) is defined for sets A ⊆ X , and v ∈ X as

ΛA(v) :={
η ∈R | ηh + v ∈ A

}
.

If ΛTS (x)(v) is non-empty and convex, the minimization problem in (2.40) has a unique out-

come. This follows from the observation that
∥∥ηh

∥∥2 =
∣∣η∣∣2

2 is strictly convex.

It thus remains to show that ΛTS (x)(v) is non-empty, closed and convex for every x ∈ S, v ∈ X .
First note that if A ⊆ X is closed and convex, then so isΛA(v). For convexity consider:

η, η̃ ∈ΛA(v),α ∈ (0,1) =⇒ v + (
αη+ (1−α)η̃

)
h =α(

v +ηh
)+ (1−α)

(
v + η̃h

) ∈ΛA(v). (2.41)

For closedness, consider a sequence (ηi )i∈N with ηi ∈ΛA that converges to η̃ ∈R. Then:

lim
i→∞

∥∥ηi h + v − (η̃h + v)
∥∥= lim

i→∞
∣∣ηi − η̃

∣∣= 0

And thus, (ηi h + v)i∈N converges to (η̃h + v) ∈ X . Furthermore, as for every i , (ηi h + v) ∈ A and
A is closed, also the limit (η̃h + v) ∈ A. This means η̃ ∈ ΛA . Because the limit is in ΛA for an
arbitrary converging sequence that lies in the set,ΛA is closed.

To show that ΛTS (x)(v) is non-empty, closed and convex, consider the following cases sepa-
rately:

Case 1: x ∈ K ∩−K
Recall from Proposition 2.15 that TS(x) = S in this case. From the assumption that
S +E = X , it then follows thatΛTS (x)(v) is nonempty.

ΛTS (x)(v) can be rewritten as:

ΛS(v) = {
η | ηh + v ∈ S

}= {
η | ηh + v ∈ K

}︸ ︷︷ ︸
ΛK (v)

∪{
η | ηh + v ∈−K

}︸ ︷︷ ︸
Λ−K \K (v)

.

In fact,ΛS(v) =ΛK (v) orΛS(v) =Λ−K \K (v). To prove this, assume towards a contradic-
tion that there exist elements:

η+ ∈ΛK (v) and η− ∈Λ−K \K (v). (2.42)

Then,

η+h + v ∈ K and η−h + v ∈−K =⇒ −η−h − v ∈ K .

By convexity of K , it then follows that:

1

2
(η+−η−)h ∈ K .

But 1
2 (η+−η−)h is also clearly an element of E . Then by the assumption that E∩K = {0}

it follows that η+−η− = 0, contradicting (2.42). It must then hold that indeed ΛS(v) =
ΛK (v) or ΛS(v) = Λ−K \K (v). As both K and −K \ K are closed and convex, it follows
from (2.41) thatΛTS (x)(v) is also convex.
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Case 2: x ∈ K \−K
Because x ∈ K \−K , there must be i ∈ {1,2} such that

〈
x, fi > 0

〉
. So constraint i is not

an active constraint.

As h ∉ S, the inner products
〈

h, f1
〉

and
〈

h, f2
〉

are nonzero and have opposite sign.
Thus for any v ∈ X , η can be chosen to be:

η=−
〈

v, f j
〉〈

h, f j
〉 ,

where j ̸= i is the other constraint that may be active or not. Then, by this choice of η:〈
v +ηh, f j

〉 = 〈
v, f j

〉+η〈
h, f j

〉 = 0.

And thus, v +ηh ∈ TK (x) as in Proposition 2.15 and thus η ∈ ΛTS (x)(v), which is thus
non-empty.

By Proposition 2.14 and closedness and convexity of K , TS(v) = TK (v) is convex. The
closedness and convexity ofΛTS (x)(v) then follows from (2.41).

Case 3: x ∈−K \K The same reasoning as in Case 2 can be applied to conclude thatΛTS (x)(v) is
non-empty, closed and convex.

In the proposition, it is assumed that the subspace E is one dimensional, which is enough for
controllers with only one state. As HIGS has only one state, this result is sufficient for the mo-
ment. It is very likely that this result can be extended to general finite dimensional subspaces
E : In the work by Sharif et al. [12] where a similar result is shown for the case where X =Rn no
assumption is needed on the dimension of the subspace E .

2.4.4 The HIGS in the ePDS framework

The HIGS can be written in the ePDS framework for suitable S,E and f (x). This is established
in the following theorem that is inspired by the work of Sharif et al. [12].

Theorem 2.21. The HIGS defined trough the discontinuous representation of (2.25) can equiv-
alently be written as an ePDS, that is, of the form of (2.38). This is done by choosing:

• E := span{ f2}, where f2 = (0XG ,1) is as before the unit vector in the component correspond-
ing to the state of the HIGS element.

• S :=S , with S being as defined before through (2.21).

• f (x) := A1x.

Proof. First note that with this choice of S and E , the assumptions from Proposition 2.20 are
satisfied and thusΠS,E (x, A1x) is well posed.

To show the equivalence to the discontinuous representation consider the following cases for
x ∈S∩D(A1):

Case 1: There are no active constraints:
〈

x, f1
〉 ̸= 0 and

〈
x, f2

〉 ̸= 0.
Then, TS (x) = X ∋ A1x, so η= 0 is feasible and clearly optimal.

Case 2: Both constraints are active:
〈

x, f1
〉 = 0 and

〈
x, f2

〉 = 0.
In this case, TS (x) = S (by Proposition 2.15). The constraints imply that Cg xg = 0 and

xh = 0. Thus A1x = (
Ag xg 0

)T
which implies that

〈
A1x, f2

〉 = 0, and thus A1x ∈S and
again η= 0 is feasible and optimal.
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Case 3: Only the second constraint is active
〈

x, f1
〉 ̸= 0 and

〈
x, f2

〉 = 0.
Then, by Proposition 2.15 the tangent cone is given by the set where

〈
v, f2

〉
is zero or

has the same sign as
〈

x, f1
〉

:

TS (x) = {
v | 〈v, f1

〉 〈
x, f2

〉 ≥ 0
}

.

Now notice that as
〈

x, f2
〉 = xh = 0, the value of

〈
A1x, f2

〉 = ωhCg xg . As
〈

x, f1
〉 =

khCg xg and ωh and kh are positive, it follows that A1x ∈ TS (x). Thus η = 0 is again
feasible.

Case 4: Only the first constraint is active
〈

x, f1
〉 = 0 and

〈
x, f2

〉 ̸= 0.
In this case the tangent cone is given by:

TS (x) = {
v | 〈v, f2

〉 〈
x, f1

〉 ≥ 0
}

.

In this case it can happen that
〈

A1x, f1
〉

and
〈

x, f2
〉

have opposite sign and thus that
A1x ∉ TS (x). Then, from Equation (2.40) it follows that η should be chosen such that∣∣η∣∣ is smallest and 〈

x, f2
〉 (〈

A1x, f1
〉+η〈

h, f1
〉)≥ 0.

If x ∈ {±x | 〈x, f1
〉 = 0∧〈

x, f2
〉 > 0∧〈

A1x, f1
〉 < 0

}
, then the above is not satisfied for

η= 0. The set above is exactly how S2 was defined in the discontinuous representation
(2.23). The optimal η to the optimization problem (2.40) for these x is:

η=−
〈

A1x, f1
〉〈

h, f1
〉 = 〈

A1x, f1
〉

.

So in conclusion:

ẋ(t ) =ΠS,E (x, v) =
{

A1x +〈
A1x, f1

〉
f2 if x ∈S2,

A1x otherwise.
(2.43)

By substituting the definition of F1, it can be seen that:

A1x +〈
A1x, f1

〉
f2 =

(
Ag −Bg v

ωhCg 0

)
x +

((
khCg −1

)( Ag −Bg v

ωhCg 0

)
x

)(
0XG

1

)
=

(
Ag −Bg v

khCg Ag −khCg Bg v

)
x = A2x. (2.44)

Hence, it is clear that (2.43) describes the same dynamics as (2.25).

Besides providing an interesting new perspective, the formulation of the HIGS as an ePDS also
makes it clearer how A1 and A2 are related. From (2.44) it becomes clear that A2 is a rank-1
perturbation of A1, furthermore the perturbation can be expressed in terms of A1 as :

A2x − A1x = 〈
A1x, f1

〉
f2. (2.45)

It is also possible to express the perturbation in terms of A2 as:

A1x − A2x =−〈
A2x, f2

〉
f2 +

ωh

kh

〈
x, f1 + f2

〉
f2. (2.46)

This relation can be verified by substituting the definitions of the A1, A2,F1 and F2.
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2.5 Conclusion

This chapter shows that HIGS can be represented in multiple ways. In Theorem 2.5 it was
shown that in the open loop definition can be written such that the modes are active on closed
sets F1 and F2. In the closed loop setting, it is possible to write the plant and HIGS in a com-
bined system that switches between two linear modes of operation. This representation fits
into the Hybrid Systems framework. It was shown that this feedback connection can also be
written as an extended Projected Dynamical System (ePDS), where only the controller state of
the integrator dynamics is projected to ensure that the dynamics stay inside theS sector. These
different representations provide insights for stability and well-posedness results, as becomes
clear in the following chapters.
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3 Semigroup theory

This chapter introduces the theory of semigroups. The definitions and most of the results are
from the text books by Engel & Nagel [37] (Chapter I, II and IV) and Curtain & Zwart [38]. The
aim of this chapter is to give a brief introduction and state the results that will be needed to
study the well posedness of the closed loop system in the following two chapters.

A semigroup generalizes the exponential and matrix exponential. It is well-known that these
play a central role in the solutions to linear differential equations. For example in the scalar
case, x(t ) = eat x0, a ∈R is the solution to the ordinary differential equation (ODE):

ẋ(t ) = ax(t ); x(0) = x0.

For the square matrix M ∈Rn×n , the matrix exponential is defined as:

eM =
∞∑

i=0

1

i !
M i . (3.1)

A linear system of ODEs of the form ẋ(t ) = M x(t ); x(0) = x0 has the solution x(t ) = eM t x0. As the
two modes of the controlled system in the discontinuous representation (2.28) are of a similar
form: ˙x(t ) = Ax(t ) where A : X̂Σ→ X̂Σ is an operator. To be able to construct solutions to these
linear systems, a generalization of the matrix exponential is needed.

Definition 3.1. Let X be a Hilbert space. Consider a family of operators (T (t ))t≥0, where T (t ) is a
linear bounded operator from X to X . (T (t ))t≥0 is called a strongly continuous semigroup, often
denoted as C0-semigroup, if it satisfies:

i) T (t + s) = T (t )T (s) ∀t , s ≥ 0 (semigroup law).

ii) T (0) = I .

iii) limt↓0 ∥T (t )x −x∥ = 0 ∀x ∈ X (strong continuity).

The infinitesimal generator A of the semigroup is defined whenever the following limit exits

Ax = lim
t↓0

1

t
(T (t )− I ) x.

The domain D(A) is the set of x ∈ X where the above limit exists.

Example 3.2. The simplest example of a C0-semigroup is the exponential function on R: T (t ) =
eat · with a ∈R. It indeed satisfies the properties of Definition 3.1, property i) and ii) follow from
the well-known properties of the exponential:

i) ea(t+s) = eat eas .

ii) e0 = 1.

The third property follows from the continuity of eat :

iii) 0 ≤
∥∥eat x −x

∥∥≤
∣∣eat −1

∣∣ |x|→ 0 as t ↓ 0 for every x ∈R.

The generator of this semigroup is the number a:

lim
t↓0

1

t

(
eat −1

)= d

dt
eat |t=0 = a.
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Also the matrix exponential eM t that is defined through (3.1) is a C0-semigroup and M is its
generator. It is in fact a specific case of the semigroups considered in Section 3.1.

Proposition 3.3. Let T (t ) be a strongly continuous semigroup on Hilbert space X . Then there
exist constants M ≥ 1 and w ∈R such that

∥T (t )∥ ≤ Mew t . (3.2)

For a proof of this statement, see [37, Sec. I-5].

The following proposition clarifies why semigroups play an important role in the analysis of dif-
ferential equations: T (t )x(0) is the solution to the (abstract) differential equation ẋ(t ) = Ax(t ).

Proposition 3.4. Let (T (t ))t≥0 be a C0-semigroup on Hilbert space X . Then for all x0 ∈ D(A) the
following statements hold:

i) T (t )x0 ∈ D(A) ∀t ≥ 0.

ii) T (t )x0 is differentiable with respect to t for t > 0 and right differentiable at t = 0.

iii)
d

dt
(T (t )x0) = AT (t )x0 ∀t > 0.

iv) AT (t )x0 = T (t )Ax0 ∀t ≥ 0.

Proof. To prove i) and iv), first consider the right limit in X :

lim
s↓0

T (t + s)x0 −T (t )x0

s
= T (t ) lim

s↓0

1

s
(T (s)− I )x0.

By the definition of the generator of the semigroup in Definition 3.1, the right hand side equals
T (t )Ax0. From Definition 3.1, it follows that T (t )T (s) = T (s)T (t ), and thus the limit can also be
written as:

T (t ) lim
s↓0

1

s
(T (s)− I )x0 = lim

s↓0

T (t + s)x0 −T (t )x0

s
= lim

s↓0

1

s
(T (s)− I )T (t )x0.

As the left limit exist, also the right limit exists and thus T (t )x0 ∈ D(A) and:

AT (t )x0 = T (t )Ax0. (3.3)

This proves i) and iv) and the right differentiability at t = 0. To prove ii) and iii) it remains to
show that also the left limit exists and equals the above right limit. For 0 < s < t , it holds that

T (t − s)x0 −T (t )x0

−s
= T (t − s)

(T (s)− I )x0

s
. (3.4)

Taking the limit s ↓ 0 gives that also the left derivative lims↓0
T (t−s)x0−T (t )x0

−s exists and equals
T (t )Ax0. Then, by the equality in (3.3) the left and right derivative are equal for t > 0, proving
differentiability.

3.1 Uniformly continuous semigroups

For a bounded operator A : X → X , the following operator can be defined:

T (t ) := eAt :=
∞∑

i=0

t i

i !
Ai . (3.5)
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For bounded A, this series converges in the operator norm and is indeed bounded for fixed t ,
as can be seen by taking in the norms:∥∥∥∥∥ ∞∑

i=0

t i

i !
Ai

∥∥∥∥∥≤
∞∑

i=0

t i

i !

∥∥∥Ai
∥∥∥= et∥A∥.

The series in (3.5) indeed defines a C0-semigroup and A is the infinitesimal generator. See [38,
Example 2.1.3 and 2.1.12] for a proof of this. For property iii) of Definition 3.1, it can be shown
that the convergence of T (t ) to I as t → 0 is uniform in X [38]:

0 ≤ ∥T (t )x −x∥ ≤ ∥T (t )− I∥∥x∥ ≤
∞∑

i=1

t i

i !
∥A∥i ∥x∥ = (

e∥A∥t −1
)∥x∥ .

Clearly,
(
e∥A∥t −1

) → 0, as this is independent on x, the convergence is uniform. Such a semi-
group is called uniformly continuous.

Definition 3.5. A C0-semigroup is called uniformly continuous if:

lim
t↓0

∥T (t )− I∥ = 0.

Here, ∥·∥ denotes the operator norm.

As the above analysis can be done for any bounded operator A on the Hilbert space X , it is
clear that A generates a uniformly continuous semigroup if it is bounded (and thus also a
C0-semigroup). Conversely, any uniformly continuous semigroup also has a generator that
is bounded. For a proof of this last result, see [37, Th. I-3.7].

3.2 Resolvents and their properties

The series that was used to describe the semigroup generated by a bounded operator in (3.5) is
not suitable to use for unbounded operators, because the domain of an unbounded operator is
not the whole space X . Before another formulation of a semigroup is given in Section 3.3, the
resolvents of an operator need to be defined. For the following definition, a complex Hilbert
space is needed. Up to this point, this thesis worked with real operators on real Hilbert spaces.
These spaces and operators can be complexified to continue with the following theory, see for
example [39, Sec. 12.1].

Definition 3.6. For an operator A : D(A) ⊂ X → X that generates a semigroup on a complex
Hilbert space X , the resolvent set is defined as:

ρ(A) := {λ ∈C |λI − A : D(A) → X has a bounded inverse } .

The spectrum of A, denoted as σ(A) is the complement of the resolvent set.

For λ ∈ ρ(A), the resolvent is defined as the following bounded operator from X → X :

R(λ, A) = (λ− A)−1. (3.6)

Proposition 3.7. For the resolvents of generators A and B on a Hilbert space X, the following
properties hold:

a) AR(λ, A) = R(λ, A)A =λR(λ, A)− I ∀λ ∈ ρ(A).

b) R(λ, A)−R(µ, A) = (µ−λ)R(λ, A)R(µ, A) ∀λ,µ ∈ ρ(A) (Resolvent equation).

c) R(λ,B)−R(λ, A) = R(λ, A)(B − A)R(λ,B) ∀λ ∈ ρ(A)∪ρ(B) (Second resolvent equation).
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For a proof, see [37, Sec. IV.1].

The above theory holds for any linear operator A on a Hilbert space. If A generates a C0-
semigroup, another characterization of the reolvent can be given.

Proposition 3.8. Let (T (t ))t≥0 be a C0-semigroup on a Hilbert space X and let M , w ∈R be such
that (3.2) is satisfied. Then:

i) if λ ∈C is such that the following integral exists for every x ∈ X∫ ∞

0
e−λt T (t )x dt .

Then λ ∈ ρ(A) and R(λ, A)x is equal to the above integral.

ii) If ℜ(λ) > w, then λ ∈ ρ(A) and the resolvent is given by the integral in i).

iii) ∥R(λ, A)∥ ≤ M
ℜ(λ−w) for all λ such that ℜ(λ) > w.

3.3 Analytic semigroups

In this section, the resolvents introduced in the previous section will be used to show that the
following (possibly unbounded) operators generate a semigroup with nice properties.

Definition 3.9. An operator A : D(A) ⊂ X → X on a Hilbert space X is called sectorial of angle
0 < δ≤π/2 if the resolvent set ρ(A) contains the sector given by:

Sπ/2+δ := {
λ ∈C |

∣∣arg(λ)
∣∣<π/2+δ}

\ {0},

and if for 0 < ϵ< δ there is an Mϵ ≥ 0 such that:

∥R(λ, A)∥ ≤ Mϵ

|λ| ∀λ ∈ Sπ/2+δ \ {0}.

For these sectorial operators, a family of operators (T (t ))t≥0 can be defined trough:{
T (z) := I for z = 0,

T (z) := 1
2πi

∫
γ eλz R(λ, A)dλ for z > 0.

(3.7)

Here, γ is a piecewise smooth curve in the sector Sπ/2+δ going from ∞e−i (π/2+δ′) to ∞e+i (π/2+δ′)

with
∣∣arg(z)

∣∣< δ′ < δ. An example of such a γ curve sketched in Figure 3.1. As the integrand is
analytic, the integral does not depend on the path that is chosen between these endpoints.

The family of operators as defined in (3.7) has the following properties.

Proposition 3.10. Let A be a sectorial operator of angle δ on a Hilbert space X. Then:

i) T (z) is a bounded operator from X to X for any for z ∈ Sδ ∥T (z)∥ is uniformly bounded for
z ∈ Sδ′ with 0 < δ′ < δ.

ii) z 7→ T (z) is an analytic map in Sδ.

iii) T (z1 + z2) = T (z1)T (z2) ∀z1, z2 ∈ Sδ.

iv) z 7→ T (z) is strongly continuous in Sδ′ ∪ {0} with 0 < δ′ < δ.
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σ(A) δ r

γ

ϑ

γ′

ℜ(z)

ℑ(z)

Figure 3.1: Sketch of the integration paths γ and γ′.

Proof. Here, only the proof of iii) is given, as it gives an impression of how the structure of T (z)
as in (3.7) can be used. For a proof of the other statements, see [37, Sec. II-4a].
By the definition of T (z) as in (3.7),

T (z1)T (z2) = 1

(2πi )2

∫
γ

∫
γ′

eµz1 eλz2 R(µ, A)R(λ, A)dλ dµ.

Here, γ is the curve sketched in Figure 3.1 that consists of three parts:

γ1 :
{
−ρe−iϑ|−∞≤ ρ ≤ r

}
,

γ2 :
{

r e−iα|−ϑ≤α≤ϑ
}

,

γ3 :
{
ρeiϑ|r ≤ ρ ≤∞

}
,

where δ < ϑ < max
{∣∣arg(z1)

∣∣ ,
∣∣arg(z1)

∣∣} such that z1 and z2 lie to the left of the γ curve. The γ′

curve is the same curve, but shifted to the right by ϵ > 0 with ϵ small enough such that z1 and
z2 also lie to the right of the γ′ curve. The radius r is chosen small enough such that the curves
do not intersect.

Using the resolvent identity (Proposition 3.7 b),

T (z1)T (z2) = 1

(2πi )2

∫
γ

∫
γ′

eµz1 eλz2
1

λ−µ
(
R(µ, A)−R(λ, A)

)
dλ dµ.

Splitting the integral and applying Fubini’s theorem in the second part gives

T (z1)T (z2) = 1

(2πi )2

∫
γ

eµz1

∫
γ′

eλz2

λ−µ dλ R(µ, A)dµ− 1

(2πi )2

∫
γ′

eλz2

∫
γ

eµz1

λ−µ dµ R(λ, A)dλ.

By closing the curve γ on the left at infinite radius, which can be done because the exponential
will be zero there, Cauchy’s integral theorem can be applied to the second term. From which it
can be concluded that this term is zero. Similarly, by closing the γ′ to the left Cauchy’s integral

formula can be used in the first term to conclude that 1
2πi

∫
γ

eλz2

λ−µ = eµz2 . Substitution then gives:

T (z1)T (z2) = 1

2πi

∫
γ

eµz1 eµz2 R(µ, A)dµ.

By definition of the semigroup as in (3.7), this is just T (z1 + z2).

From Proposition 3.10 iii) and iv), it is clear that T (z) as in (3.7) is a C0-semigroup. The gener-
ator of this semigroup is the sectorial operator A [37, Prop. II-4.4]. The additional properties
established in Proposition 3.10 make it a special C0-semigroup, which is called a bounded an-
alytic semigroup.
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Definition 3.11. A family of bounded linear operators (T (z))z∈Sδ∪{0} on a Hilbert space X is called
an analytic semigroup if ii)-iv) from Proposition 3.10 hold. If in addition also i) holds, then the
semigroup is called bounded analytic.

It follows directly from Proposition 3.10 that every sectorial operator generates a bounded an-
alytic semigroup. The converse also holds: The generator of a bounded analytic semigroup is
sectorial [37, Th. II-4.6].

Although bounded analytic semigroups are always generated by a sectorial operator, this is not
true for general analytic semigroups: Also operators that are not sectorial can generate analytic
semigroups. The following perturbation result gives such a result.

Theorem 3.12. Let A generate an analytic semigroup on a Hilbert space X. Then there exists a
constant α> 0 such that:

∃a <α,b > 0such that∥F x∥ ≤ a ∥Ax∥+b ∥x∥ =⇒ (A+F ) generates an analytic semigroup.

For a proof, see [37, Sec. III-2].

Remark 3.13. In particular, Theorem 3.12 shows that if A is sectorial and thus the generator of
an analytic semigroup, then (A+ cI ) also generates a semigroup for every c ∈R. This means that
if there is a c such that (A+ cI ) is sectorial, then it generates an analytic semigroup.

3.4 Conclusion

In this chapter, semigroup theory was introduced. It was shown that a semigroup is a gener-
alization of the exponential and matrix exponential and that the semigroup can be seen as the
solution to the abstract differential equation ẋ(t ) = Ax(t ) as d

dt T (t )x0 = AT (t )x0.

In the following chapters, the theory introduced here will be used to study the well-posedness
of the infinite dimensional systems that are formed by interconnecting HIGS with an infinite
dimensional plant, that are described by such abstract differential equations.
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4 Well-posedness of HIGS as a controller for plants with a
bounded generator

In this chapter, the well-posedness of HIGS as a controller for a bounded linear plant is estab-
lished. The system that is studied is the combined closed-loop systemΣ of a linear plant G with
a HIGS element H as controller. This is depicted in Figure 2.1. Different descriptions of this
system were studied in Chapter 2. In earlier research, two different proofs were established for
the existence of solutions to this interconnection in the finite-dimensional case. One proof by
Deenen et al. [9] explicitly constructs local solutions to the system, and provides an argument
why these local solutions can be extended to global solutions. This proof uses the discontinu-
ous representation of HIGS as in Section 2.2. A later proof by Heemels & Tanwani [23] uses the
projection-based representation to apply theorems from differential inclusions and hybrid sys-
tems to establish existence of solutions. This latter proof needs less assumptions on the plant
structure and the input w(t ) and is thus more general.

As the theory from differential inclusions and hybrid systems underlying the later proof by
Heemels & Tanwani [23] are not readily available in the infinite dimensional setting, the ex-
plicit construction of solutions as in the proof by Deenen et al. [9] seemed to us to be the most
straightforward approach to establish a first well-posedness result for the interconnection of
HIGS with an infinite dimensional plant.

This chapter generalizes the result by Deenen et al. [9] The structure of the proof is strongly
motivated by their proof. The result of this chapter includes the result of Deenen et al. [9] and
generalizes it: Here, it is not assumed that C Bg v =C Bg w = 0, in contrast to the work by Deenen
et al. Furthermore, the proof by Deenen et al. assumes a finite dimensional state and input
space, so that the generators of the semigroups describing the I and P-mode (A1 and A2) can
be represented by matrices. In this chapter it is only assumed that the semigroup generators
are bounded operators that act on a Hilbert space X that may be infinite dimensional.

H

G

u
−

e

v
w

Σ

Figure 4.1: The closed-loop interconnection of HIGS with a plant G.

4.1 Aim of this chapter

The aim of this chapter is to show that solutions to the feedback connection as in Figure 4.1
exist. As in Assumption 2.1, the plant is linear and has no direct feed-trough. In this chapter, it
is also assumed that the linear operators in the plant (Ag , Bg v , Bg w and Cg ) are bounded.

In the existence proof presented in this chapter, existence is shown by explicitly constructing
local solutions and showing that these can be extended. For this it is useful to consider the
discontinuous system representation of the HIGS controlled interconnection (Σ) that was in-
troduced in Section 2.2. It makes it explicit that HIGS is switching between two linear systems
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that have similarities:

Σ :



ẋ(t ) =
(

Ag −Bg v

ωhCg 0

)
︸ ︷︷ ︸

A1

x(t )+
(

Bg w

0

)
︸ ︷︷ ︸

B1

w(t ) for (x(t ), w(t )) ∈S1,

ẋ(t ) =
(

Ag −Bg v

khCg Ag −khCg Bg v

)
︸ ︷︷ ︸

A2

x(t )+
(

Bg w

khCg Bg w

)
︸ ︷︷ ︸

B2

w(t ) for (x(t ), w(t )) ∈S2,

e(t ) =
(
Cg 0

)
︸ ︷︷ ︸

C

x(t ) and x(t ) ∈S .

(4.1)

Here, kh ,ωh > 0 are parameters that come from the HIGS element (H). The operators that
originate from the plant are Ag : XG → XG , Bg v : R → XG , Bg w : Xw → XG and Cg : XG → R.
Recall that in this chapter, these operators are all assumed to be bounded and thus also A1 and
A2 are bounded operators. From Section 3.1 it is therefore clear that A1 and A2 generate a C0-
semigroup. If the system would not switch and the inputs are zero, it would thus be easy to
state what the solution would be, it would simply be given by eAt x0.

Due to the switching behavior of the Σ system it is not clear whether solutions exist. One could
imagine that it would be possible to end up in a situation where HIGS switches infinitely many
times and therefore would end up getting ‘stuck’.

Recall from Section 2.2 that the sets S1 and S2 that determine which mode is active are given
by Si =S+

i ∪−S+
i for i ∈ {1,2}, with:

S+
1 :={

(x, w) ∈ XΣ×Xw | 〈x, f2
〉 ≥ 0∧〈

x, f1
〉 ≥ 0∧ (〈

x, f1
〉 > 0∨〈

(A1x +B1w) , f1
〉 ≥ 0

)}
,

S+
2 :={

(x, w) ∈ XΣ×Xw | 〈x, f2
〉 > 0∧〈

x, f1
〉 = 0∧〈

(A1x +B1w) , f1
〉 < 0

}
,

S :=S1 ∪S2, S1 ∩S2 =;.

To simplify the notation of S1, the following definition will be introduced, which also plays a
key role in the equivalences established in the next section.

Definition 4.1. With the (strict) lexicographic inequality, denoted by (>l ) ≥l for elements
a1, a2, · · · ∈R is defined as follows.

• The strict lexicographic inequality (a1, a2, . . . ) >l 0 holds if ∃ j ∈ N such that a j > 0 and
ai = 0 ∀i < j . In other words, the first non-zero element of the sequence (ai )i∈N is positive.

• The non-strict lexicographic inequality (a1, a2, . . . ) ≥l 0 holds if (a1, a2, . . . ) >l 0 or
(a1, a2, . . . ) = 0.

Using a lexicographic inequality, the set S+
1 can also be written as:

S+
1 = {

(x, w) ∈ XΣ×Xw | 〈x, f2
〉 ≥ 0∧ (〈

x, f1
〉

,
〈

(A1x +B1w) , f1
〉)≥l 0

}
. (4.2)

As the system Σ is discontinuous, any solution can have a discontinuous derivative at time
instances at which the mode of operation changes. Solutions in the classical sense are required
to be continuous and satisfying the differential equations everywhere (in the usual definition,
see for example [25]). The HIGS controlled system cannot be expected to have a continuous
derivative. Thus, the aim is to show existence of Carathéodory solutions as in Definition 2.3,
satisfying the system equations almost everywhere.

In this chapter, it is shown that Σ has a Carathéodory solution for all x0 ∈ S and all inputs w
that are piecewise Bohl functions (see Definition 2.9). This assumption on w is needed to be
able to write w as an exo-system locally, and thus to be able to locally write a system Σ̂ as in
(2.28).
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4.2 Local behavior of the semigroup evaluation

The following equivalences between local behavior of the semigroup evaluation
〈

eAt x, f
〉

and
lexicographic inequalities involving the generator A are important in the proof of local exis-
tence of solutions.

Lemma 4.2. Consider a Hilbert space (X ;〈·, ·〉). For vectors f , x ∈ X and a bounded linear opera-
tor A ∈L(X ; X ), the following equivalences hold:

a) ∃ϵ> 0 s.t. ∀t ∈ [0,ϵ],
〈

eAt x, f
〉 = 0 ⇐⇒ (〈

x, f
〉

,
〈

Ax, f
〉

,
〈

A2x, f
〉

, . . .
)= 0.

b) ∃ϵ> 0 s.t. ∀t ∈ (0,ϵ],
〈

eAt x, f
〉 > 0 ⇐⇒ (〈

x, f
〉

,
〈

Ax, f
〉

,
〈

A2x, f
〉

, . . .
)>l 0.

c) ∃ϵ> 0 s.t. ∀t ∈ [0,ϵ],
〈

eAt x, f
〉 ≥ 0 ⇐⇒ (〈

x, f
〉

,
〈

Ax, f
〉

,
〈

A2x, f
〉

, . . .
)≥l 0.

Proof.
⇐= in (a). Using the definition of the semigroup generated by A as in (3.5) and the assumption
that

〈
Ai x, f

〉 = 0 for any i in N, the following can be obtained:

〈
eAt x, f

〉 = ∞∑
i=0

t i

i !

〈
Ai x, f

〉
= 0 ∀t ≥ 0.

=⇒ in (a). By assumption, there exists ϵ > 0 such that for all t ∈ [0,ϵ],
〈

eAt x, f
〉 = 0. In partic-

ular, evaluation at t = 0 gives
〈

x, f
〉 = 0. Furthermore, function

〈
eAt x, f

〉
is right-differentiable

with respect to t at t = 0 infinitely many times. Taking the i -th right derivative with i ∈N gives
that: 〈

Ai x, f
〉
= 0 ∀i ∈N.

⇐= in (b). By assumption: (〈
x, f

〉︸ ︷︷ ︸
=:a0

,
〈

Ax, f
〉︸ ︷︷ ︸

=:a1

,
〈

A2x, f
〉︸ ︷︷ ︸

=:a2

, . . .
)>l 0.

By definition of the lexicographic inequality, there is at least one non-zero term in the sequence
(ai )i∈N0 , and the first non-zero term is positive, i.e.:

∃ j ∈N0 s.t. a j > 0 and ak = 0 ∀ k < j .

The following bound can be established:

∞∑
i= j+1

∣∣∣∣ 1

i !

〈
Ai x, f

〉∣∣∣∣≤ ∞∑
i=0

∣∣∣∣ 1

i !

〈
Ai x, f

〉∣∣∣∣≤ ∥∥ f
∥∥ ∞∑

i=0

(
1

i !
∥A∥i

)
∥x∥ =

∥∥ f
∥∥e∥A∥ ∥x∥ =: K <∞. (4.3)

This bound can be used to obtain the following inequality for t ≤ 1:

〈
eAt x, f

〉 = t j

j !

〈
A j x, f

〉
+

∞∑
i= j+1

t i

i !

〈
Ai x, f

〉
,

≥ t j

j !

〈
A j x, f

〉
− t j+1

∞∑
i= j+1

t i− j−1

i !

∣∣∣〈Ai x, f
〉∣∣∣ ,

≥ t j

j !

〈
A j x, f

〉
− t j+1K (Using (4.3) and i − j −1 ≥ 0),

= t j
(

a j

j !
− tK

)
. (4.4)
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As a j > 0 and K ≥ 0, it follows that ϵ := min
{

a j

j !(K+1) ,1
}
> 0. Then for t ∈ [0,ϵ], it holds that

a j / j ! > tK ≥ 0. Hence, by (4.4),
〈

eAt x, f
〉 > 0 for all t ∈ (0,ϵ].

⇐= in (c). For t ∈ (0,ϵ], this follows directly from ( ⇐= ) of (a) or (b). For t = 0, it is clear that〈
eAt x, f

〉 = 〈
x, f

〉 ≥ 0, as
〈

x, f
〉

is the first term of the assumed lexicographic inequality.

=⇒ in (b). To prove this direction of the equivalence, it is easier to prove the contrapositive.
That is to show:(〈

x, f̃
〉

,
〈

Ax, f̃
〉

,
〈

A2x, f̃
〉

, . . .
)≤l 0 =⇒ ∀ϵ> 0,∃t ∈ (0,ϵ],

〈
eAt x, f̃

〉 ≤ 0. (4.5)

Note that ⇐= of (c) with f =− f̃ already gives that:(〈
x,− f̃

〉
,
〈

Ax,− f̃
〉

,
〈

A2x,− f̃
〉

, . . .
)≥l 0 =⇒ ∃ϵ> 0 s.t. ∀t ∈ [0,ϵ],

〈
eAt x,− f̃

〉 ≥ 0.

This is already a stronger statement than (4.5).

=⇒ in (c). Likewise, the contrapositive of this statement follows directly from ⇐= of (b) with
f =− f̃ .

In particular, this lemma shows that there is an interval near zero where
〈

eAt x, f
〉

has a unique
sign.

Corollary 4.3. Consider a Hilbert space (X ;〈·, ·〉). For vectors f , x ∈ X and a bounded linear
operator A ∈L(X ; X ), exactly one of the following statement holds:

i) ∃ϵ> 0 such that ∀t ∈ [0,ϵ],
〈

eAt x, f
〉 = 0.

ii) ∃ϵ> 0 such that ∀t ∈ (0,ϵ],
〈

eAt x, f
〉 > 0.

iii) ∃ϵ> 0 such that ∀t ∈ (0,ϵ],
〈

eAt x, f
〉 < 0.

Proof. From the definition of the lexicographic inequality, it follows that exactly one of the fol-
lowing statements is true:

i)
(〈

x, f
〉

,
〈

Ax, f
〉

,
〈

A2x, f
〉

, . . .
)= 0.

ii)
(〈

x, f
〉

,
〈

Ax, f
〉

,
〈

A2x, f
〉

, . . .
)>l 0.

iii)
(〈

x, f
〉

,
〈

Ax, f
〉

,
〈

A2x, f
〉

, . . .
)<l 0.

The proof then follows directly from the equivalences established in Lemma 4.2.

4.3 Proving local existence of solutions

In this section, local existence of solutions is established for linear plants of the form (2.1) with a
bounded Ag . The approach in this proof is that first the input w is incorporated in the system,
by assuming that the input is a piecewise Bohl function. Next, the region S is split into two
parts, corresponding to the two modes of operation. For initial conditions in each of these
regions, candidate solutions are proposed that correspond to the two modes of operation of
the HIGS element.

Theorem 4.4. Assume that Ag , Bg v and Cg are bounded operators. Then, the HIGS-controlled
system Σ as in Equation (4.1) is locally well-posed in the sense that for any x0 ∈S and any piece-
wise Bohl input w it admits a Carathéodory solution on the time interval [0,ϵ] for some ϵ> 0.
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Proof. Because w is a piecewise Bohl function, it is Bohl on an interval [0, ϵ̃] for some ϵ̃ > 0
sufficiently small. Thus, w(t ) can be written as the output of an exosystem W of the form as in
(2.26).

The systems Σ and W can be written combined on the interval [0, ϵ̃], with states x̂ := (x, xw ) ∈
X̂Σ := (XΣ×Xxw ), as before in (2.28):

Σ̂ :



˙̂x(t ) =
(

A1 B1Hw

0 Fw

)
︸ ︷︷ ︸

Â1

x̂(t ) if x̂(t ) ∈ Ŝ1,

˙̂x(t ) =
(

A2 B2Hw

0 Fw

)
︸ ︷︷ ︸

Â2

x̂(t ) if x̂(t ) ∈ Ŝ2,

e(t ) =
(
C 0

)
︸ ︷︷ ︸

Ĉ

x̂(t ) and x̂(t ) ∈ Ŝ .

(4.6)

By the boundedness of Ag , Bg v and Cg , also the operators Â1 and Â2 are bounded. The sets Ŝ1

and Ŝ2 describe the conditions for the integrator and gain modes in terms of the (expanded)
states (x̂) and are given by:

Ŝ1 = Ŝ+
1 ∪−Ŝ+

1 with Ŝ+
1 :={

x̂ ∈ X̂Σ |
〈

x̂, f̂2
〉 ≥ 0∧ (〈

x̂, f̂1
〉

,
〈

Â1x̂, f̂1
〉)≥l 0

}
, (4.7)

Ŝ2 := Ŝ+
2 ∪−Ŝ+

2 with Ŝ+
2 :={

x̂ ∈ X̂Σ |
〈

x̂, f̂2
〉 > 0∧〈

x̂, f̂1
〉 = 0∧〈

Â1x̂, f̂1
〉 < 0

}
, (4.8)

Ŝ := Ŝ+∪−Ŝ+ with Ŝ+ :=Ŝ+
1 ∪ Ŝ+

2 = {
x̂ ∈ X̂Σ |

〈
x̂, f̂1

〉 ≥ 0∧〈
x̂, f̂2

〉 ≥ 0
}

. (4.9)

In these definitions, f̂i := ( fi ,0), such that
〈

x, fi
〉 = 〈

x̂, f̂i
〉 = Fi (x) for i ∈ {1,2}.

Now, the region Ŝint is defined as:

Ŝint :=
{

x̂0 ∈ Ŝ | ∃ϵ> 0,∀t ∈ [0,ϵ],eÂ1t x̂0 ∈ Ŝ
}

(4.10)

Using Lemma 4.2, it can be seen that Ŝint can also be written as Ŝint = Ŝ+
int ∪−Ŝ+

int with:

Ŝ+
int := {

x̂ ∈ X̂Σ |
(〈

x̂, f̂1
〉

,
〈

Â1x̂, f̂1
〉

, . . .
)≥l 0∧ (〈

x̂, f̂2
〉

,
〈

Â1x̂, f̂2
〉

, . . .
)≥l 0

}
. (4.11)

The cases that the initial condition x̂0 lies in Ŝint or in Ŝ \ Ŝint are considered separately.

Case 1: x̂0 ∈ Ŝint:
From (4.11) it is clear that Ŝint ⊆ Ŝ1. Even more, it will be shown that x̂(t ) := eÂ1t x̂0 is in
Ŝ1 for t ∈ [0,ε] for some ε> 0 and is thus a solution on this interval.

By definition of Ŝint, there is an ϵ > 0 such that eÂ1s x̂0 ∈ S for all s ∈ [0,ϵ]. Let s = t +δ
and t ,δ ∈ [0,ϵ/2], then by the semigroup law,

eÂ1s x̂0 = eÂ1δeÂ1t x̂0 ∈S , ∀t ,δ ∈ [0,ϵ/2]

It then follows from the definition of Ŝint in (4.10) that even eÂ1t x̂0 ∈ Ŝint for t ∈ [0,ϵ/2].
Since Ŝint ⊆ Ŝ1, it follows that eÂ1t is a solution on this interval.

Case 2: x̂0 ∈ Ŝ \ Ŝint:
In the case that x̂0 ∈ Ŝ \ Ŝint, it will be shown that the function x̂P(t ) defined by x̂P(t ) :=
eÂ2t x̂0 takes values in Ŝ2 for t ∈ (0,ϵ] and is thus a Carathéodory solution on [0,ϵ] for
some ϵ> 0.
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For x̂0 ∈ Ŝ \ Ŝint, it will first be shown that:

x̂0 ∈ Ŝ \ Ŝint =⇒ 〈
x̂0, f̂1

〉 = 0∧〈
x̂0, f̂2

〉 ̸= 0. (4.12)

The contrapositive is proven in cases. Notice that the right side of (4.12) being false can
be written as

(〈
x̂0, f̂1

〉 < 0∨〈
x̂0, f̂1

〉 > 0∨〈
x̂0, f̂2

〉 = 0
)
. Now three cases are considered:

Case a:
(〈

x̂0, f̂1
〉 > 0∧〈

x̂0, f̂2
〉 < 0

)∨ (〈
x̂0, f̂1

〉 < 0∧〈
x̂0, f̂2

〉 > 0
)
:

In this case x̂0 ∉ Ŝ , hence also x̂0 ∉ Ŝ \ Ŝint.

Case b:
(〈

x̂0, f̂1
〉 > 0∧〈

x̂0, f̂2
〉 > 0

)∨ (〈
x̂0, f̂1

〉 < 0∧〈
x̂0, f̂2

〉 < 0
)
:

In this case, x̂0 lies in the interior of Ŝ1. In other words, there is some δ > 0
such that the open ball B(x̂0,δ) ⊆ Ŝ1. Then by continuity of eÂ1t x̂0, there is
some ϵ > 0 such that this function lies inside of Ŝ1 for all t ∈ [0,ϵ]. Hence, by
definition of Ŝint in (4.10), x̂0 ∈ Ŝint, implying that x̂0 ∉ Ŝ \ Ŝint.

Case c:
〈

x̂0, f̂2
〉 = 0:

First, it can be observed that the following equality holds (by substitution):

F̂2 Â1 =
ωh

kh
(F̂1 + F̂2).

From which it can also be concluded that:〈
Â1x̂, f̂2

〉 = ωh

kh

〈
x̂, f̂1 + f̂2

〉 ∀x̂. (4.13)

Now, consider one of the sequences of the lexicographic inequalities in the
alternative definition of Ŝint as in (4.11):

(〈
x̂, f̂1

〉
,
〈

Â1x̂, f̂1
〉

, . . .
)
, which is de-

noted here as a. It must hold that a ≥l 0 or −a ≥l 0. If it can be shown that the
other sequence b = (〈

x̂, f̂2
〉

,
〈

Â1x̂, f̂2
〉

, . . .
)

satisfies a lexicographic inequality
with the same sign (i.e. a ≥l 0 =⇒ b ≥l 0 and a ≤l 0 =⇒ b ≤l 0), it is clear that
x̂ ∈ Ŝint from (4.11).

Notice that if all elements of a are zero, and by assumption
〈

x̂0, f̂2
〉 = 0, then

(4.13) implies that all elements of b are zero.

On the other hand, if aρ is the first nonzero element of a, then by similar rea-
soning bi = 0 for i ≤ ρ. For the ρ+1-th element, substitution in Equation (4.13)
gives: 〈

Âρ+1
1 x̂0, f̂2

〉
= ωh

kh

〈
Âρ

1 x̂0, f̂1
〉

.

Hence, the first nonzero element of b, bρ+1, has the same sign as the first
nonzero element of a. Therefore, a lexicographic inequality on a implies the
same direction of lexicographic inequality on b. It can thus be concluded that
in this case x̂0 ∈ Ŝint.

Thus in all cases (a-c), the conclusion is drawn that x̂0 ∉ Ŝ \ Ŝint, and thus (4.12) is
proven.

Define x̂+
P (t ) := eÂ2t x̂+

0 , with:

x̂+
0 :=

{
x̂0 if

〈
x̂0, f̂2

〉 > 0,

−x̂0 otherwise,
(4.14)

If it is shown that this is in Ŝ2 for t ∈ (0,ϵ], then by the symmetry of Ŝ2, also x̂P(t ) is in
Ŝ2. From (4.12) it follows that for x̂0 ∈ Ŝ \ Ŝint it must hold that either

〈
x̂0, f̂2

〉 > 0 or
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〈
x̂0, f̂2

〉 < 0. For both cases, by definition of x̂+
0 in (4.14),

〈
x̂+

0 , f̂2
〉 > 0. By continuity,

there is some ϵ1 > 0 such that
〈

x̂+
P (t ), f̂2

〉 > 0 for all t ∈ [0,ϵ1].

As A2 describes proportional feedback it is not surprising that khe(t ) = u(t ) and thus〈
x̂+

P (t ), f̂1
〉 = 0 for t ∈ (0,ϵ1]. To show this, notice that by (4.12), it holds that in this case〈

x̂+
0 , f̂1

〉 = 0. Also, from the definitons of F̂1 and Â2:

F̂1 Â2 =
(
khCg −1

)( Ag −Bg v

khCg Ag −khCg Bg v

)
= 0.

And thus, (〈
x̂+

0 , f̂1
〉

,
〈

Â2x̂+
0 , f̂1

〉
,
〈

Â2
2x̂+

0 , f̂1
〉

, . . .
)=(〈

x̂+
0 , f̂1

〉
, F̂1 Â2x̂+

0 , F̂1 Â2
2x̂+

0 , . . .
)= 0.

By Lemma 4.2 and the definition of x̂+
P (t ), it can then be concluded that indeed〈

x̂+
P (t ), f̂1

〉 = 0.

To show that x̂+
P (t ) is in Ŝ2 for a.e. t in [0,ϵ] it remains to show that

〈
Â1x̂+

P (t ), f̂1
〉 < 0 for

a.e. t in [0,ϵ]. For this, notice that by (4.11):

x̂+
0 ∈ Ŝ \ Ŝint =⇒ (〈

x̂+
0 , f̂1

〉
,
〈

Â1x̂+
0 , f̂1

〉
, . . .

)<l 0. (4.15)

The following relation holds, as can be verified by substitution. It also follows from
(2.44):

Â2x = Â1x̂ +〈
Â1x̂, f̂1

〉
f̂2, ∀x̂ ∈ X̂Σ. (4.16)

With this, the following claim can be made:
Claim: If for some N ∈N,

〈
Âk

1 x̂, f̂1
〉 = 0 ∀k ∈ {0,1, . . . , N }, then it will be shown that:〈

Â1 Âi
2x̂, f̂1

〉
=

〈
Âi+1

1 x̂, f̂1

〉
(for i ∈ {0,1, . . . , N }).

In particular:〈
Â1 Âi

2x̂, f̂1

〉
= 0 (for i ∈ {0,1, . . . , (N −1)}).

Proof of the claim. By induction. As induction basis, the statement trivially holds that
for i = 0. For the induction step, assume that for some 0 < h < N , it holds that:〈

Â1 Âi
2x̂, f̂1

〉
=

〈
Âi+1

1 x̂, f̂1

〉
∀0 ≤ i ≤ h. (4.17)

Then, using (4.16) with x̂ = Â j
2 x̂+

0 , the following can be obtained:

Â j+1
2 x̂+

0 = Â1 Â j
2 x̂+

0 +
〈

Â1 Â j
2 x̂+

0 , f̂1

〉
f̂2 ∀0 ≤ j ≤ h. (4.18)

By substitution of the induction assumption (4.17), and using the assumption in the
claim this can be reduced to:

Â j+1
2 x̂+

0 = Â1 Â j
2 x̂+

0 ∀0 ≤ j < h. (4.19)

Substitution of (4.19) for j = h −1,h −2, . . . ,1,0 gives:

Âh
2 x̂+

0 = Âh
1 x̂+

0 .
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With this the induction step can be completed:〈
Â1 Âh+1

2 x̂+
0 , f̂1

〉
=

〈
Â1 Â2 Âh

1 x̂+
0 , f̂1

〉
.

Substitution of (4.16) gives:〈
Â1 Âh+1

2 x̂+
0 , f̂1

〉
=

〈
Âh+2

1 x̂+
0 , f̂1

〉
+

〈
Âh+1

1 x̂+
0 , f̂1

〉〈
Â1 f̂2, f̂1

〉
,

=
〈

Âh+2
1 x̂+

0 , f̂1

〉
.

Thus, for any 0 ≤ h < N , the induction assumption holds also for h +1. This proves the
claim.

Combining (4.15) with the claim gives:

x̂+
0 ∈ Ŝ \ Ŝint =⇒ (〈

Â1x̂+
0 , f̂1

〉
,
〈

Â1 Â2x̂+
0 , f̂1

〉
,
〈

Â1 Â2
2x̂+

0 , f̂1
〉

, . . .
)<l 0. (4.20)

From Lemma 4.2, it can then be concluded that there is some ϵ2 for which t ∈ (0,ϵ2] =⇒〈
Â1eÂ2t x̂+

0 , f̂1

〉
< 0. In conclusion, by taking ϵ= min{ϵ1,ϵ2}, it holds that x̂P(t ) ∈ Ŝ2 for

all t ∈ (0,ϵ]. Thus x̂P(t ) is a local Cartheodory solution of the HIGS controlled system Σ.

In the two cases, a local Carathéodory solution to the system Σ̂ could be constructed based on
the semigroup generated by A1 and A2 respectively. This proves that a local solution exists for
all x̂0 ∈ Ŝ , and thus for all x0 ∈S and piecewice Bohl inputs w .

Remark 4.5. In the proof of Theorem 4.4 that is given above, the steps taken are very similar to
the proof by Deenen et al. [9] where A is assumed to be finite dimensional (a matrix). Because
of the boundedness of A, the equivalences as in Lemma 4.2 are available on which the proof
heavily relies. In contrast to the result by Deenen et al. [9], it is not assumed in Theorem 4.4 that
Cg Bg v = 0. Omitting this assumption leads to A2 and B2 having more non-zero elements in the
second row. This results in w appearing in the definition of the S1 and S2 sets. However, this
dependence quickly drops when the combined system Σ̂ is constructed: The sets Ŝ1 and Ŝ2 are
then again of the same form as in the work by Deenen et al. [9].

4.4 Global existence of solutions

Now that local existence of solutions is proven, it can be shown that these solutions can be
extended. In other words, that the solutions are forward complete in the sense of the following
definition.

Definition 4.6. Let T⊆ R≥0 be of the form [0,T ], [0,T ) or R≥0 with T ∈ R. A solution x :T→ XΣ
is called maximal if there does not exist another solution x ′ : T′ → XΣ with T′ = [0,T ′) ⊋ T that
satisfies x(t ) = x ′(t ) ∀t ∈T.
x :T→ XΣ is called forward complete if it is maximal and T is R≥0.

Theorem 4.7. All maximal solutions to the HIGS controlled system Σ are forward complete.

Proof. It will be shown that a solution x :T→ XΣ to the HIGS controlled system with T= [0,T ]
or T = [0,T ) for any T > 0 is not maximal (i.e. it cannot be extended), by showing that the left
limit limt↑T x(t ) exists and is in S . Then the local-existence result of Theorem 4.4 can be used
to extend the solution to [0,T +ϵ).

Case 1: T= [0,T ]:
As the solutions are assumed to be absolutely continuous, the left limit exists.
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Case 2: T= [0,T ):
Again, the assumption that w(t ) is a piecewise Bohl function is used. By this assump-
tion, there is a ti such that w is a Bohl function on [ti ,T ). Then by the reasoning as in
Section 2.2.1, a system like Σ̂ in (2.28) can be obtained (possibly with different Â1 and
Â2). Therefore, it holds that:

˙̂x =
{

Â1x̂ if x̂ ∈ Ŝ1,

Â2x̂ if x̂ ∈ Ŝ2.

As Â1 and Â2 are bounded, there is some M such that
∥∥ ˙̂x(t )

∥∥≤ M ∥x̂(t )∥ for all t ∈ [ti ,T ).

By the Fundamental Theorem of Calculus:

x̂(t ) = x̂(ti )+
∫ T

ti

˙̂x(τ)dτ,

∥x̂(t )∥ ≤ ∥x̂(ti )∥+
∫ T

ti

∥∥ ˙̂x(τ)
∥∥dτ,

∥x̂(t )∥ ≤ ∥x̂(ti )∥+M
∫ T

ti

∥x̂(τ)∥dτ.

Then by Gronwalls Lemma, it can be concluded that there exists an L > 0 such that
∥x̂(t )∥ ≤ L for all t ∈ [ti ,T ). Furthermore, for s, t ∈ [ti ,T ):

∥x(t )−x(s)∥ ≤ ∥x̂(t )− x̂(s)∥ ≤
∫ t

s

∥∥ ˙̂x(τ)
∥∥dτ,

≤ M
∫ t

s
∥x̂(τ)∥dτ,

≤ ML(t − s).

So x is Lipschitz continuous on [ti ,T ), this implies that the limit limt↑T x(t ) exists. As
the set S is closed in XΣ, this limit also lies in S .

4.5 Conclusion

In this chapter, existence of Carathéodory solutions to the closed loop system of HIGS with a
plant G of the form (2.1) with bounded Ag ,Bg v and Cg was established. First, local existence of
such solutions was established in Theorem 4.4, where the equivalences from Lemma 4.2 played
a central role. In the proof of Theorem 4.4, the following steps were taken:

1. Use the assumption that w is a piecewise Bohl function to write w as the output of an
exosystem W on an interval [0, ϵ̃].

2. Combine the systems Σ and W to obtain a single system Σ̂ that has no external inputs.

3. Define the set Ŝint as in (4.10) and show that for x̂0 ∈ Ŝint, a local solution is given by
x̂I(t ) = eÂ1t x̂0 by showing that x̂I(t ) ∈ Ŝ1 for t ∈ [0,ϵ].

4. Forx̂0 ∈ Ŝ\Ŝint, show that a local solution is given by x̂P(t ) = eÂ2t x̂0 by showing that x̂P(t ) ∈
Ŝ2 for t ∈ [0,ϵ] by proving the three conditions from the definition of Ŝ2 as in (4.8):

a.
〈

x̂+
P (t ), f̂2

〉 > 0.

b.
〈

x̂+
P (t ), f̂1

〉 = 0.

c.
〈

A1x̂+
P (t ), f̂1

〉 < 0.
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To show that the local solutions can be extended to global solutions that are define for all t ∈R≥0

in Theorem 4.7, the following steps were made:

1. A solution that is defined on [0,T ] can be extended using the local result from Theo-
rem 4.4 can be used with x0 = x(T ).

2. Similarly, a solution defined on [0,T ) can also be extended to a larger interval as by the
boundedness of Â1 and Â2, x is Lipschitz continuous and thus limt↑T x(t ) exists. Thus
again Theorem 4.4 can be used to extend the solution.

3. As solutions can be extended if they are defined on the interval [0,T ] or [0,T ), it can be
concluded that solutions cannot be maximal if they are not forward complete.

In the next chapter, an attempt is made to further generalize these existence results by trying to
relax the assumption that Ag is bounded.
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5 An attempt to establish well-posedness of HIGS as a
controller for plants with an unbounded generator

In the previous chapter, it was shown that global solutions exist for the HIGS in feedback with
a linear system of the form

G :

{
ẋg (t ) = Ag xg (t )+Bg v v(t )+Bg w w(t ),

e(t ) =Cg xg (t ),

when Ag : XG → XG , Bg v : R→ XG , Bg w : Xw → XG and Cg : XG →R are bounded operators.

The proof of local existence of solutions as in Chapter 4 relies heavily on the assumption that
these operators are bounded, and thus also A1 and A2 are bounded. As many interesting ex-
amples, such as partial differential equations, have an Ag that is not bounded, it would be nice
if an existence result could be obtained for a more general set of generators. In this section, an
attempt is made to generalize the well-posedness results from the previous chapter to analytic
semigroups.

For simplicity, the focus is on a system for which the input w is zero. Once that question would
be settled, it is likely possible to generalize this result by assuming that that the input is piece-
wise Bohl. The system without inputs that is considered in this chapter is given by:

Σ :



ẋ(t ) =
(

Ag −Bg v

ωhCg 0

)
︸ ︷︷ ︸

A1

x(t ) if x ∈S1,

ẋ(t ) =
(

Ag −Bg v

khCg Ag −khCg Bg v

)
︸ ︷︷ ︸

A2

x(t ) if x ∈S2,

e(t ) =
(
Cg 0

)
︸ ︷︷ ︸

C

x(t ) and x ∈S

(5.1)

The definitions of S , S1 and S2 from (2.21), (2.23) and (2.24) reduce to:

S1 :=S+
1 ∪−S+

1 with S+
1 :={

x ∈ XΣ |
〈

x, f2
〉 ≥ 0∧ (〈

x, f1
〉

,
〈

A1x, f1
〉)≥l 0

}
, (5.2)

S2 :=S+
2 ∪−S+

2 with S+
2 :={

x ∈ XΣ |
〈

x, f2
〉 > 0∧〈

x, f1
〉 = 0∧〈

A1x, f1
〉 < 0

}
, (5.3)

S :=S1 ∪S2. (5.4)

Notice that this system is very similar to the Σ̂ system that is used for the well-posedness proof
in Chapter 4 after the input had been incorporated in the system.

In the bounded case, it was quite clear that A1 and A2 generate semigroups. This is not obvious
in the unbounded case. Conditions for A1 and A2 to be generators of semigroups are given in
Section 5.1.

The proof of Theorem 4.4 relies on the characterization of the behavior of
〈

eAt x, f
〉

near t = 0
from Lemma 4.2. The equivalences from this lemma cannot hold in the case where A is un-
bounded, even more, the lexicographic inequalities can not even be written down in a mean-
ingful way if x ∉ D(A∞) = ⋂

i∈ND(Ai ). Therefore, an alternative characterization is proposed
in Lemma 5.4. This new characterization is shown to be equivalent for bounded A using
Lemma 4.2.
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In Section 5.3 an attempt is made to show local existence of solutions using the alternative
characterization.

To prove the characterization, it is proposed to make an assumption on the initial condition in
Section 5.4.

5.1 Generation of semigroups

In the previous chapter, explicit solutions were proposed and shown to satisfy the combined
system (Σ̂) to achieve local existence of solutions to this system. These solutions were of the
form eÂ1t x0 or eÂ2t x0. Here, eÂi t denotes the semigroup generated by Âi . In the previous chap-
ter, Â1 and Â2 were bounded. Therefore it was clear that these operators indeed generate a
semigroup, by (3.5). In this chapter, A1 and A2 can be unbounded. The semigroups are es-
sential to be able to construct local solutions. Therefore, the first question to answer is under
which conditions A1 and A2 generate a semigroup. Application of Theorem 3.12 already gives
a partial answer:

Proposition 5.1. Consider A1 as in (2.25). Then A1 generates an analytic semigroup on X if Ag

generates an analytic semigroup on XG and Bg v and Cg are bounded.

Proof. The operator A1 can be written as:

A1 =
(

Ag 0
0 0

)
︸ ︷︷ ︸

Ãg

+
(

0 −Bg v

ωhCg 0

)
︸ ︷︷ ︸

F̃

.

In the above, Ãg clearly generates an analyitic semigroup on X = Xg ×R, as Ag generates an
analytic semigroup on Xg . The second operator is bounded. Thus, A1 is a bounded pertur-
bation of Ãg . Then, it follows from Theorem 3.12 that also A1 = Ãg + F̃ generates an analytic
semigroup.

The perturbation A2−A1 is not necessarily bounded, so a different argument is needed to show
that also A2 generates a semigroup. The special structure of A1 and A2 results in the fact that
A2 − A1 is a rank-1 perturbation (as established in Equation (2.45)):

A2 − A1 =
〈

A1x, f1
〉

f2.

The following theorem from Desch and Schappacher [40, Thm. 1] guarantees that A2 also gen-
erates an analytic semigroup:

Theorem 5.2. Let A be the generator of an analytic semigroup and let F : (D(A),∥A·∥+ ∥·∥) →
(X ,∥·∥) be a compact linear operator. Then (A+F ) also generates an analytic semigroup.

As an operator from (D(A1),∥A1·∥+∥·∥) to (X ,∥·∥),
〈

A1x, f1
〉

f2 is bounded. As its range is one
dimensional, and thus it is a compact operator. Hence, Theorem 5.2 gives the result that indeed
A2 generates an analytic semigroup if A1 does, also the domains of A1 and A2 are the same.

5.2 An alternative characterization of behavior of semigroups for small t

For an unbounded operator A, the terms involving A in the lexicographic inequalities from
Lemma 4.2 cannot be defined when x ∉ D(Ai ) for i ≥ 1. To be able to adapt the proof to a more
general situation, another characterization of the behavior of

〈
eAt x, f

〉
near zero is needed. In

this section, the following alternative characterization is proposed and proven under certain
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conditions:

∃ϵ> 0 s.t. ∀t ∈ [0,ϵ],
〈

eAt x, f
〉 = 0 ⇐⇒ ∃Λ> 0 s.t. ∀λ≥Λ,

∫ ∞

0
λe−λt 〈

eAt x, f
〉

dt = 0, (5.5a)

∃ϵ> 0 s.t. ∀t ∈ (0,ϵ],
〈

eAt x, f
〉 > 0 ⇐⇒ ∃Λ> 0 s.t. ∀λ≥Λ,

∫ ∞

0
λe−λt 〈

eAt x, f
〉

dt > 0, (5.5b)

∃ϵ> 0 s.t. ∀t ∈ [0,ϵ],
〈

eAt x, f
〉 ≥ 0 ⇐⇒ ∃Λ> 0 s.t. ∀λ≥Λ,

∫ ∞

0
λe−λt 〈

eAt x, f
〉

dt ≥ 0. (5.5c)

In Lemma 5.4 a generalized version of the proposed equivalences is established, under a con-
dition of sign uniqueness in an interval near zero. Corollary 4.3 shows that this condition is
satisfied for bounded semigroups. It could be that this property also holds for more general
semigroups, but we were not able to provide a proof.

The following counterexample already shows that the above result does not generalize to non-
analytic semigroups.

Remark 5.3. The equivalences proposed in Equation (5.5) cannot hold in general for semigroups
that are not analytic. To see this, consider the left shift on the Hilbert space L2(R≥0), with the
usual inner product, that is:

(T (t )g )(η) := g (η+ t ), ∀g ∈ L2(R≥0), t ,η ∈R≥0.

As shown e.g. in [41, Example 2.1.4], this is indeed a strongly continuous semigroup on L2(R≥0).
It is not an analytic semigroup.

Now take f to be 1[0,1], so one on the interval [0,1] and zero elsewhere. And let g be −1[2,3]. Then
for t ∈R≥0 \ (1,3),

〈
T (t )g , f

〉 = 0, however for t ∈ (1,3),
〈

T (t )g , f
〉 < 0, and hence:∫ ∞

0
λe−λt 〈

T (t )g , f
〉

dt < 0 ∀λ> 0.

Therefore the ‘ =⇒ ’-direction of (5.5a) and (5.5c) fails. Furthermore, the ‘ ⇐= ’-direction of (5.5b)
fails when considering − f .

In the following lemma, a sufficient condition that gives the equivalences for special analytic
semigroups.

Lemma 5.4. Consider an analytic function g : C ⊇ D(g ) → C with D(g ) ⊃ R≥0 that is exponen-
tially bounded and for which it holds that exactly one of the following statements is true:

i) ∃ϵ> 0 s.t. ∀t ∈ [0,ϵ], g (t ) = 0.

ii) ∃ϵ> 0 s.t. ∀t ∈ (0,ϵ], g (t ) > 0.

iii) ∃ϵ> 0 s.t. ∀t ∈ (0,ϵ], g (t ) < 0.

Then, the following equivalences hold:

a) ∃ϵ> 0 s.t. ∀t ∈ [0,ϵ], g (t ) = 0 ⇐⇒ ∃Λ> 0 s.t. ∀λ≥Λ,
∫ ∞

0
λe−λt g (t )dt = 0.

b) ∃ϵ> 0 s.t. ∀t ∈ (0,ϵ], g (t ) > 0 ⇐⇒ ∃Λ> 0 s.t. ∀λ≥Λ,
∫ ∞

0
λe−λt g (t )dt > 0.

c) ∃ϵ> 0 s.t. ∀t ∈ [0,ϵ], g (t ) ≥ 0 ⇐⇒ ∃Λ> 0 s.t. ∀λ≥Λ,
∫ ∞

0
λe−λt g (t )dt ≥ 0.
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Proof.
=⇒ in (a). It is assumed that the function g is zero in an interval [0,ϵ]. As g is analytic on an
open set inC containing (0,∞), it follows from the identity theorem that the function is zero for
all t ∈ (0,∞) and thus the integral is zero too.

=⇒ in (b). This direction follows from continuity of g . First, the integral is split into three parts:∫ ∞

0
λe−λt g (t )dt =

∫ ϵ/2

0
λe−λt g (t )dt +

∫ ϵ

ϵ/2
λe−λt g (t )dt +

∫ ∞

ϵ
λe−λt g (t )dt .

By the assumption that g (t ) > 0 for t ∈ (0,ϵ], the first integral is non-negative. Furthermore,
note that there exists mϵ > 0 such that for t ∈ [ϵ/2,ϵ], g (t ) > mϵ. The expression can then be
bounded from below by:∫ ∞

0
λe−λt g (t )dt ≥

∫ ϵ

ϵ/2
λe−λt mϵdt −

∫ ∞

ϵ
λe−λt

∣∣g (t )
∣∣dt .

As g is exponentially bounded, there exist M and ω such that
∣∣g (t )

∣∣< Meωt for t > 0:∫ ∞

0
λe−λt g (t )dt ≥

∫ ϵ

ϵ/2
λe−λt mϵdt −

∫ ∞

ϵ
λe−λt Meωt dt .

For λ>ω both integrals on the right exist and equal:∫ ∞

0
λe−λt g (t )dt ≥ mϵe

−λϵ/2 −mϵe
−λϵ−M

λ

λ−ωeωϵ−λϵ.

For λ> 2ω, this can be bounded from below by
(

mϵ︸︷︷︸
>0

− (mϵ+M/2 eωϵ)e−λϵ/2︸ ︷︷ ︸
→0 for λ→∞

)
e−λϵ/2.

Thus, for sufficiently large λ, the result is positive.

⇐= in (a). From having that:

∃Λ> 0 s.t. ∀λ≥Λ,
∫ ∞

0
λe−λt g (t )dt = 0,

it follows that:

∄Λ> 0 s.t. ∀λ≥Λ,
∫ ∞

0
λe−λt g (t )dt > 0,

and:

∄Λ> 0 s.t. ∀λ≥Λ,
∫ ∞

0
λe−λt g (t )dt < 0.

From the contrapositive of =⇒ in (b) it then follows that ii) and iii) from the statement of the
lemma are false. And thus, by assumption:

∃ϵ> 0 s.t. ∀t ∈ [0,ϵ], g (t ) = 0.

⇐= in (b). From having that:

∃Λ> 0 s.t. ∀λ≥Λ,
∫ ∞

0
λe−λt g (t )dt > 0,

it follows that:

∄Λ> 0 s.t. ∀λ≥Λ,
∫ ∞

0
λe−λt g (t )dt = 0,

and:

∄Λ> 0 s.t. ∀λ≥Λ,
∫ ∞

0
λe−λt 〈

eAt x,− f
〉

dt > 0.

From the contrapositive of =⇒ in (b) (with − f ) and =⇒ in (a) it then follows that statements
i) and iii) are false and that thus ii) must hold.

The equivalence in (c) follows directly from the established equivalences from (a) and (b), com-
bined with the assumption.
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5.3 First steps towards well-posedness using the alternative characterization

The alternative characterization for the behavior of the semigroup near t = 0 proposed in
Equation (5.5) has been established for semigroups generated by bounded A (following from
Lemma 5.4 and Corollary 4.3). For these bounded operators also the characterization from
Lemma 4.2 is available. Despite this, there is hope that the proposed equivalences can also be
established for more general, i.e. analytic, semigroups. Under the following assumption, many
steps of the proof for the bounded case (as in Section 4.5) can also be done in the unbounded
case.

Assumption 5.5. For the HIGS-controlled system Σ as in Equation (4.1), it is assumed that x0,
A1 and A2 satisfy the following statements:

1. Ag generates an analytic semigroup.

2. x0 ∈ D(A1) (= D(A2)).

3. For all i , j ∈ {1,2}, exactly one of the following holds:

i) ∃ϵ> 0 s.t. ∀t ∈ [0,ϵ],
〈

eAi t x0, f j
〉 = 0.

ii) ∃ϵ> 0 s.t. ∀t ∈ (0,ϵ],
〈

eAi t x0, f j
〉 > 0.

iii) ∃ϵ> 0 s.t. ∀t ∈ (0,ϵ],
〈

eAi t x0, f j
〉 < 0.

4. For i ∈ {1,2}, exactly one of the following holds:

i) ∃ϵ> 0 s.t. ∀t ∈ [0,ϵ],
〈

A1eAi t x0, f1
〉 = 0.

ii) ∃ϵ> 0 s.t. ∀t ∈ (0,ϵ],
〈

A1eAi t x0, f1
〉 > 0.

iii) ∃ϵ> 0 s.t. ∀t ∈ (0,ϵ],
〈

A1eAi t x0, f1
〉 < 0.

Recall that the proof for local existence of solutions as presented in Section 4.3 in the case where
A1 and A2 are bounded consisted of the following steps (For the situation in this chapter the
first two steps are not relevant as it was assumed that w = 0):

1. Use the assumption that w is a piecewise Bohl function to write w as the output of an
exosystem W on an interval [0, ϵ̃].

2. Combine the systems Σ and W to obtain a single system Σ̂ that has no external inputs.

3. Define the set Ŝint as in (4.10) and show that for x̂0 ∈ Ŝint, a local solution is given by
x̂I(t ) = eÂ1t x̂0 by showing that x̂I(t ) ∈ Ŝ1 for t ∈ [0,ϵ].

4. For x̂0 ∈ Ŝ \ Ŝint, show that a local solution is given by x̂P(t ) = eÂ2t x̂0 by showing that
x̂P(t ) ∈ Ŝ2 for t ∈ [0,ϵ] by proving the three conditions from the definition of Ŝ2 as in (4.8):

a.
〈

x̂+
P (t ), f̂2

〉 > 0.

b.
〈

x̂+
P (t ), f̂1

〉 = 0.

c.
〈

A1x̂+
P (t ), f̂1

〉 < 0.

Steps 1 and 2 are not relevant in this chapter, as the simplification w = 0 was made. The steps
to focus on are thus 3 and 4. These steps involve the Ŝint region. It is defined as:

Sint :=
{

x0 ∈S | ∃ϵ> 0,∀t ∈ [0,ϵ],eÂ1t x0 ∈S
}

. (5.6)
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Now using the new characterization from Lemma 5.4 (with g (t ) = 〈
eA1t x, f j

〉
) that holds by

Assumption 3, it can be seen that Ŝint can also be written as:

Sint =S+
int ∪−S+

int with S+
int =

{
x ∈ XΣ | ∃Λ> 0 s.t. ∀λ≥Λ,

∫ ∞

0
e−λt 〈

eA1t x0, f1
〉

dt ≥ 0 (5.7)

∧
∫ ∞

0
e−λt 〈

eA1t x0, f2
〉

dt ≥ 0

}
.

5.3.1 An alternative for Step 3 of proving local existence of solutions without Lemma 4.2

Proposition 5.6. Assume Assumption 5.5 and assume that x0 ∈ Sint. Then xI (t ) := eA1t x0 ∈ S1

for t ∈ (0,ϵ] and some ϵ> 0. And thus xI (t ) is a solution to Σ on this interval.

Proof. It is clear that if x0 ∈Sint, then x0 ∈S+
int or −x0 ∈S+

int. As in the first proof, define

x+
0 :=

{
x0 if x0 ∈S+

int ∨
〈

x0, f2
〉 > 0,

−x0 otherwise,
(5.8)

such that x0 ∈ Sint =⇒ x+
0 ∈ S+

int. It will be shown that this implies that for some ε> 0, x+
I (t ) :=

eA1t x+
0 ∈S+

1 , ∀t ∈ [0,ε].

From the definition of S+
int, it can be concluded that:

∃ε1 such that t ∈ [0,ε1] =⇒ 〈
eA1t x+

0 , f1
〉 = 〈

x+
I (t ), f1

〉 ≥ 0, (5.9)

and:

∃ε2 such that t ∈ [0,ε2] =⇒ 〈
eA1t x+

0 , f2
〉 = 〈

x+
I (t ), f2

〉 ≥ 0. (5.10)

From (5.9), it is clear that statement iii) from Assumption 5.5.3 cannot hold. Now consider the
other two cases separately:

Case a: Assumption 5.5.3.ii): ∃ε3 > 0 s.t. ∀t ∈ (0,ε3],
〈

eA1t x0, f1
〉 > 0.

Then it also follows that for t ∈ (0,ε3],
(〈

x+
I (t ), f1

〉
,
〈

A1x+
I (t ), f1

〉)≥l 0.

Case b: Assumption 5.5.3.i): ∃ε4 > 0 s.t. ∀t ∈ [0,ε4],
〈

eA1t x0, f1
〉 = 0.

Apply integration by parts on the first integral of the alternative definition of S+
int as in

(5.7) to obtain: ∫ ∞

0
λe−λt 〈

eA1t x0, f1
〉

dt ≥ 0 ∀λ>Λ,[
−e−λt 〈

eA1t x0, f1
〉]∞

0
+

∫ ∞

0
e−λt 〈

A1eA1t x0, f1
〉 ≥ 0 ∀λ>Λ.

The evaluation of the first term at t = 0 gives 0 by assumption. Using (3.2), it can be
concluded that also the evaluation at t =∞ gives 0 for λ>ω. Hence:∫ ∞

0
λe−λt 〈

A1eA1t x0, f1
〉 ≥ 0 ∀λ> max{Λ,ω}.

Then, using the equivalence from Lemma 5.4 (which holds by Assumption 5.5.4i), there
is some ε3 such that for each t ∈ [0,ε3], it holds that

〈
A1x+

I (t ), f1
〉 ≥ 0.

Combined with the assumption of this case it therefore also holds that in this interval:(〈
A1x+

0 , f1
〉

,
〈

A2
1x+

0 , f1
〉

, . . .
)≥l 0.

In case a and b, it is concluded that there is some ε3 such that for t ∈ (0,ε3],(〈
x+

I (t ), f1
〉

,
〈

A1x+
I (t ), f1

〉) ≥l 0. Combined with (5.10), it can be concluded that for
ε= min{ε2,ε3}, x+

I ∈S1 ∀t ∈ [0,ε]. As by definition ofS1, x ∈S1 =⇒ −x ∈S1 it can be concluded
that also xI (t ) ∈ S1 ∀t ∈ [0,ε]. As xI (t ) is a solution to the integral mode by construction, xI (t )
is a local solution for initial values x0 ∈Sint.
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5.3.2 An alternative for Step 4 of proving local existence of solutions without Lemma 4.2

For x0 ∈S \Sint, the goal is to show that xP (t ) = eA2t x0 by showing that xP(t ) ∈S2 for t ∈ [0,ϵ] by
proving the three conditions from the definition of S2 as in (5.3):

a.
〈

x+
P (t ), f2

〉 > 0.

b.
〈

x+
P (t ), f1

〉 = 0.

c.
〈

A1x+
P (t ), f1

〉 < 0.

For a and b, the following proposition provides a proof.

Proposition 5.7. Assume Assumption 5.5 and assume that x0 ∈S \Sint. Then for xP (t ) := eA2t x0

there exists ϵ> 0 such that for all t ∈ (0,ϵ] it holds that:

a.
〈

x+
P (t ), f2

〉 > 0.

b.
〈

x+
P (t ), f1

〉 = 0.

Proof. For x0 ∈S \Sint, it will first be shown that:

x0 ∈S \Sint =⇒ 〈
x0, f1

〉 = 0∧〈
x0, f2

〉 ̸= 0. (5.11)

Like in the proof of Theorem 4.4, the contrapositive is proven in cases:

Case a & b:
〈

x0, f1
〉 < 0∨〈

x0, f1
〉 > 0:

The proof of these cases is identical to the proof of Theorem 4.4: It follows that either
x0 ∉S or x0 ∈Sint.

Case c:
〈

x0, f2
〉 = 0:

Recall the following equality from the proof of Theorem 4.4 (that can be verified by
substitution): 〈

A1x, f2
〉 = ωh

kh

〈
x, f1 + f2

〉 ∀x ∈ X . (5.12)

From the combination of the statement of assumption 3 and Lemma 5.4, it follows that
at least one of the following two statements is true:

∃ϵ> 0 s.t. ∃Λ> 0 s.t. ∀λ≥Λ,
∫ ∞

0
λe−λt 〈

eA1t x0, f1
〉

dt ≥ 0, (5.13a)

∃ϵ> 0 s.t. ∃Λ> 0 s.t. ∀λ≥Λ,
∫ ∞

0
λe−λt 〈

eA1t x0, f1
〉

dt ≤ 0. (5.13b)

To show that x0 is in Sint, the aim is to show that such a statement also holds with the
same sign for f2 instead of f1. To do this, integration by parts is used:∫ ∞

0
λe−λt 〈

eA1t x0, f2
〉

dt =
[
−e−λt 〈

eA1t x0, f2
〉]∞

0
+

∫ ∞

0
e−λt 〈

A1eA1t x0, f2
〉

dt .

Again, by the assumption that
〈

x0, f2
〉 = 0 and the growth bound of the C0-semigroup

(3.2), the first term on the r.h.s. is zero. Then using (5.12) gives:∫ ∞

0
λe−λt 〈

eA1t x0, f2
〉

dt =
∫ ∞

0
e−λt ωh

kh

〈
eA1t x0, f2

〉+e−λt ωh

kh

〈
eA1t x0, f1

〉
dt .

Taking the first term on the right to the left hand side gives:(
λ− ωh

kh

)∫ ∞

0
e−λt 〈

eA1t x0, f2
〉

dt , = ωh

kh

∫ ∞

0
e−λt 〈

eA1t x0, f1
〉

dt .

For λ ≥ max{Λ,ωh/kh ,ω}, it is thus clear that indeed the same sign is obtained as in
(5.13a) or (5.13b). Thus, by the alternative definition of Sint as in (5.7), x0 is in Sint.
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Thus in all cases (a-c), the conclusion is drawn that x0 ∉S \Sint, and thus (5.11) is proven.

In particular, it then follows that for x0 in S \Sint it must hold that
〈

x+
0 , f2

〉 > 0. By continuity,
there is some ϵ1 > 0 such that

〈
x+

P (t ), f2
〉 > 0 for all t ∈ [0,ϵ1].

To show that
〈

x+
P (t ), f1

〉 = 0 for t ∈ (0,ϵ1], notice that by (5.11), it holds that in this case
〈

x+
0 , f1

〉 =
0. By definition of f1 and A2: 〈

A2x, f1
〉 = 0 ∀x ∈ X̂Σ. (5.14)

By integration by parts, using that
〈

x+
0 , f1

〉 = 0 (from (5.11)) and the growth bound from (3.2):∫ ∞

0
λe−λt 〈

eA2t x0, f1
〉

dt =
∫ ∞

0
e−λt 〈

A2eA2t x0, f1
〉

dt = 0, (5.15)

for λ > ω. By assumption (3) combined with the equivalences established in Lemma 5.4 and
the definition of x+

P (t ), it can then be concluded that indeed
〈

x+
P (t ), f1

〉 = 0.

To show that x+
P (t ) is in S2 for almost every t in [0,ϵ] it remains to show that

〈
A1x+

P (t ), f1
〉 < 0

for a.e. t in [0,ϵ] (Step 4c). By Assumption 4 and Lemma 5.4, this can be done by showing that
for someΛ> 0: ∫ ∞

0
λe−λt 〈

A1x+
P (t ), f1

〉
dt < 0 ∀λ>Λ.

Using (2.46), the integral can be rewritten as:∫ ∞

0
λe−λt 〈

A1x+
P (t ), f1

〉
dt =

∫ ∞

0
λe−λt

[〈
A2x+

P (t ), f1
〉−〈

A2x+
P (t ), f2

〉 〈
h, f1

〉
+ ωh

kh

〈
x+

P (t ), f1 + f2
〉 〈

h, f1
〉]

dt .

Using
〈

h, f1
〉 =−1 and (5.15), this can be reduced to:∫ ∞

0
λe−λt 〈

A1x+
P (t ), f2

〉
dt =

∫ ∞

0
λe−λt

[〈
A2eA2t x+

0 , f2
〉− ωh

kh

〈
eA2t x+

0 , f2
〉]

dt ,

=
〈

A2λ

∫ ∞

0
e−λt eA2t x+

0 dt , f2

〉
− ωh

kh

〈
λ

∫ ∞

0
e−λt eA2t x+

0 dt , f2

〉
.

Using the integral representation of the resolvent (Proposition 3.8):

= 〈
λ(λ− A2)−1 A2x+

0 , f2
〉− ωh

kh

〈
λ(λ− A2)−1x+

0 , f2
〉

,

= 〈
λ(λ− A2)−1 A2x+

0 , f2
〉− ωh

kh

〈
(λ−λ+ A2)(λ− A2)−1x+

0 +x+
0 , f2

〉
,

=
〈(
λ− ωh

kh

)
(λ− A2)−1 A2x+

0 , f2

〉
− ωh

kh

〈
x+

0 , f2
〉

.

Thus it was shown that:∫ ∞

0
λe−λt 〈

A1x+
P (t ), f1

〉
dt<0 ⇐⇒

〈(
λ− ωh

kh

)
(λ− A2)−1 A2x+

0 , f2

〉
− ωh

kh

〈
x+

0 , f2
〉<0. (5.16)

In the above, the achievement made is that the semigroup could be replaced by the resolvents
and that A1 is not combined with the semigroup of A2 anymore. Furthermore, it is known
that the term

〈
x+

0 , f2
〉

is negative. However, unfortunately it is not clear whether the entire
expression is also negative for sufficiently large λ.
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5.4 How additional conditions on x0 could help to satisfy the assumptions of
Lemma 5.4 and why this is problematic

In order to satisfy the assumptions of Lemma 5.4, it can be of help to impose additional condi-
tions on the initial state x0. Let T1(t ) denote the analytic semigroup generated by A1. Then, if it
is assumed that x0 is of the form T1(δ)x̃0 for some x̃0 ∈ XΣ, x0 would be in D(A∞

1 ). Furthermore,
because the map t 7→ T1(t )T1(δ)x̃0 = T1(t +δ)x̃0 is analytic at 0, the property in the assumption
of Lemma 5.4 that says that

〈
T1(t )x0, f

〉
has a unique sign in a small interval (0,ϵ] would be

satisfied, as follows from the following proposition.

Proposition 5.8. If, given an ϵ > 0, the function g (t ) : C ⊇ D(g ) → R with D(g ) ⊃ (−ϵ,∞) is
analytic on its domain, then exactly one of the following statements holds:

i) ∃ϵ> 0 s.t. ∀t ∈ [0,ϵ], g (t ) = 0.

ii) ∃ϵ> 0 s.t. ∀t ∈ (0,ϵ], g (t ) > 0.

iii) ∃ϵ> 0 s.t. ∀t ∈ (0,ϵ], g (t ) < 0.

Proof. Towards a contradiction assume that the above statement is false, then it must be the
case that none holds (as they exclude each other). If no statement holds true it means that
∀ϵn > 0, there are t+ and t− ∈ (0,ϵ] such that g (t+) ≥ 0 and g (t−) ≤ 0). Then, by continuity the
interval [min{t−, t+},max{t−, t+}] contains at least one zero, say at ti . As this holds for any ϵ,
procede by taking ϵ = ti /2 to construct a sequence {ti }n∈N such that for any i , g (ti ) = 0. Then
by the identity theorem it follows that g = 0, contradicting that statement i) is false.

The proposed assumption to let x0 be of the form T1(δ)x̃0 is however not immediately suf-
ficient to satisfy all statements in Assumption 5.5, as analyticity would be needed both for
t 7→ T1(t )T1(δ)x̃0 and t 7→ T2(t )T1(δ)x̃0. One could hope that the special structure of A1 and
A2 would still provide the analyticity of both functions. This is however not true, as a result of
the following counterexample:

Lemma 5.9. Let A be an unbounded operator generating the analytic semigroup (T (t ))t≥0. Then,
there exists a bounded, rank 1 perturbation P such that (A+P ) has an eigenvector g correspond-
ing to a nonzero eigenvalue λ with g ∉ D(A∞).
Moreover, for any p ∈ X \ D(A∞), λ ∈ ρ(A) \ {0} and Q : D(A) → R such that Q((λI − A)−1p) = 1,
P x =Q(x) ·p such a perturbation.

Proof. The perturbation of the form P x = Q(x) ·p with p ∈ X and Q : D(A) → R has rank 1 by
construction and is bounded if Q is bounded. Let λ be in ρ(A) \ {0}. Choose p ∉ D(Ai ) for some
i ∈N, which is possible because A is unbounded. Then define g := (λI − A)−1p, as p ∉ D(A∞)
and (λI − A)−1 is linear, g ̸= 0. Now choose Q such that Q(g ) = 1, which is possible by the
Hahn-Banach theorem [27, Sec. 16.1]. From the definition of g , it follows that:

p = (λI − A)g .

Using Q(g ) = 1, the above can be rewritten as:

Ag +Q(g ) ·p =λg .

Then, by definition of P , this is:

(A+P )g =λg .
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And thus, g is an eigenvector of (A +P ). From the assumption that p ∉ D(Ai ), it can be con-
cluded that:

g = (λI − A)−1p ∉ D(Ai (λI − A)) ⊇ D(A(i+1)) ⊇ D(A∞).

A consequence of this lemma is that if A and (A +P ) generate analytic semigroups (T1(t ))t≥0

and (T2(t ))t≥0, the mapping t 7→ T1(t )T2(δ)x0 with δ > 0 is not necessarily analytic at t = 0 for
generic perturbations P . Also not in general for perturbations P that are bounded or only of
rank 1: By choosing x0 as the eigenvector of (A+P ) as in Lemma 5.9, the following is the result:

T1(t )T2(δ)g = T1(t )e(δλ)g .

As g ∉ D(A∞), the function is not differentiable at t = 0, and can thus not be analytic at this
point.

For the specific case of the system Σ, the generator of the semigroup corresponding to the in-
tegrator mode A1 and the perturbation P that is added for the proportional mode are given
by:

A = A1 =
(

Ag −Bg v

ωhCg 0

)
P = A2 − A1 =

〈
A1x, f1

〉︸ ︷︷ ︸
Q(x)

f2︸︷︷︸
p

.

The perturbation in case of the HIGS is thus rank 1 and of the form as in Lemma 5.9. The

fact that A f2 =
(−Bg v

0

)
means that if Bg v ∉ D(Ag ), then f2 ∉ D(A∞

1 ). In view of Lemma 5.9, the

question that remains is whether it is possible in the structure of the HIGS to have that Q(g ) = 1.
The function Q : D(A1) →R can be rewritten as:

Q(x) = 〈
A1x, f1

〉 = (
Cg (kh Ag −ωh I ) −khCg Bg v

)(xg

xh

)
. (5.17)

Choose λ ∈ ρ(Ag )∩R+, then g can be written using the Schur complement of the A1−λI block
operator [42, p. 650] as:

S :=−λ+Cg (Ag −λI )−1Bg v ∈R,

g =
(

Ag −λI −Bg v

ωhCg −λ
)−1

f2 =
1

S

(
(Ag −λI )−1Bg v

1

)
.

Substituting this into (5.17) gives:

Q(g ) = 1

S

(
Cg (kh Ag −ωh I ) −khCg Bg v

)((Ag −λI )−1Bg v

1

)
,

= 1

S

[
Cg (kh Ag −ωh I )(Ag −λI )−1Bg v −khCg Bg v

]
.

To have that Q(g ) = 1, the following should thus be satisfied:

S =Cg (kh Ag −ωh I )(Ag −λI )−1Bg v −khCg Bg v ,

−λ+Cg (Ag −λI )−1Bg v =Cg (kh Ag −ωh I )(Ag −λI )−1Bg v −khCg Bg v ,

−λ+Cg (Ag −λI )−1Bg v = khCg Ag (Ag −λI )−1Bg v −ωhCg (Ag −λI )−1Bg v −khCg Bg v ,

−λ+Cg (Ag −λI )−1Bg v = khCg Bg v − (ωh −khλ)Cg (Ag −λI )−1Bg v −khCg Bg v ,

−λ+Cg (Ag −λI )−1Bg v =−(ωh −khλ)Cg (Ag −λI )−1Bg v .

This can be satisfied by choosing Cg (·) = −〈·, (Ag −λI )−1Bg v
〉

/
∥∥(Ag −λI )−1Bg v

∥∥ and ωh and
kh such that 1+λ=ωh −khλ, which is possible for λ positive and real.
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5.5 Conclusion

In this chapter, the goal was to generalize the results on existence of solutions from Chapter 4
to the case where Ag and thus also A1 and A2 are unbounded operators.

A new characterization of local behavior was proposed in Section 5.2, that uses the Laplace
transform for largeλ to conclude something about what the sign is of the semigroup evaluation〈

T (t )x, f
〉

for small t . The proposed equivalences hold in the bounded case, where also the
equivalences from Lemma 4.2 are available.

In Section 5.3, it was shown that the new characterization can be used to replace arguments
that only hold for bounded A1 and A2. The last step of the proof remains an open problem,
we were unable to show without arguments that originate from the bounded case that for x0 ∈
S \Sint and small t ,

〈
A1x+

P (t ), f1
〉 < 0.

An option to establish the equivalences in an unbounded case would be to choose the initial
condition x0 of a special form. This is proposed in Section 5.4. However, because of the switch-
ing behavior of the HIGS, it is not reasonable to make this assumption.
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6 Simulations of HIGS as a controller

In this chapter, numerical simulations of HIGS as a controller are presented. The focus is on
controlling a plant that has two integrators, as this highlights a limitation of LTI control. This
example is inspired by the work of Dinther et al. [10], in Remark 6.3 an important difference to
their example will be highlighted.

A feedback connection as in Figure 6.1 is studied. In this setting a reference r is tracked. The
focus is on the case where P is a double integrator and r is a unit step. That is:

P :


ẋp (t ) = Ap xp (t )+Bp u(t ),

y(t ) =Cp xp (t ),

xp (0) = xp,0,

(6.1)

with xp ∈R2 and:

Ap :=
(
0 0
1 0

)
, Bp :=

(
1
0

)
, Cp := (

0 1
)

.

Alternatively, P can be described by the transfer function P (s) := 1/s2. First a linear PID con-
troller is simulated in Section 6.1. This example will show overshoot in the step response. In
Section 6.2, it is shown that this is no coincidence, because any causal linear controller that sta-
bilizes the system will have overshoot in the step response, which is a known limiatation of LTI
control, see e.g. [43, Ch. 1]. However, by using a controller with a HIGS element it is possible to
avoid any overshoot in the step response, as shown in the simulations in Section 6.3.

PK u y

−
r + ẽ

Figure 6.1: Feedback connection of a plant P and a controller K tracking a reference r .

6.1 Example of a linear controller acting on the double integrator plant

Before using HIGS as a controller, an example is given of the closed loop step response of this
system if K is a PID controller that is described by the transfer function:

K (s) = kp +ki
1

s
+ kd s

T f s +1
.

Notice that the derivative part is not a pure derivative, an additional pole is added at 1/T f . This
ensures that the controller is causal. With kp = 1, ki = 0.1, kd = 2 and T f = 0.1, the system is
stable. The step response is shown in Figure 6.2. As is clear from Figure 6.2a, the step response
has overshoot.

6.2 Proof that linear controllers always have overshoot in this situation

It is no coincidence that the PID controller considered above leads to overshoot in the step
response of the closed loop system. In fact, for any causal LTI controller (that does not have
a zero at s = 0) the closed loop system would have overshoot in the step response. This is a
consequence of the following theorem, which is inspired by [43, Th. 1.3.2]. (In [43], only the
case n = 2 is treated.)
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Figure 6.2: Step response of the closed loop system where P is a double integrator and K a PID con-
troller.

Theorem 6.1. Consider the closed loop system as in Figure 6.1, where K and P are linear systems
described by the transfer functions K (s) and P (s). Assume that the closed loop system is stable.
Then, if there is an n ≥ 2 such that:

lim
s→0

snP (s)K (s) = c,

for some c that satisfies 0 < |c| <∞, then for the error ẽ resulting from a step input it holds that:

lim
t→∞ ẽ(t ) = 0, and

∫ ∞

0
ẽ(t )dt = 0.

Proof. The Laplace transform of a step input is given by R(s) = 1/s for s in a right half plane.
Using this, the Laplace transform of the error can be written as:

E(s) = R(s)
1

1+P (s)K (s)
.

Therefore,

lim
s→0

E(s) = lim
s→0

1

s

1

1+P (S)K (s)
,

lim
s→0

E(s) = lim
s→0

s(n−1)

sn + snP (s)K (s)
.

As the numerator goes to zero as s → 0 and the denominator goes to c, the limit lims→0 E(s) = 0.
From the stability of the closed loop system, it follows that s = 0 is in the region of convergence
of the Laplace transform (see e.g. [43, Lemma 1.3.1]), and thus:∫ ∞

0
ẽ(t )dt = lim

s→0
E(s) = 0.

Similarly,

lim
s→0

sE(s) = lim
s→0

1

1+P (s)K (s)
= 0.

Now apply the final value theorem to conclude that:

lim
t→∞ ẽ(t ) = lim

s→0
sE(s) = 0.

Corollary 6.2. Consider the step response of the closed loop system as in Figure 6.1 with P (s) =
1/s2 (that is P as in (6.1)), then for any causal stabilizing LTI controller K that does not have a
zero at s = 0, the step response has overshoot.
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PHC∗ e u y

−
r + ẽ

Figure 6.3: Feedback connection of a plant P and a controller composed of a linear element C∗ and a
HIGS element H tracking a reference r .

P

H

C∗ e

−
u

v −y

+ ẽ

r
+

G

Figure 6.4: Feedback connection of HIGS H with a linear system G. The linear system consists of a
controller element C∗, the plant P and a reference r that is assumed to be constant.

Proof. From the causality and the assumption that the controller K does not have a zero at
s = 0, it follows that there exists a j ≥ 0 such that:

lim
s→0

s j K (s) = c, for some c that satisfies 0 < |c| <∞.

Then it follows from Theorem 6.1 that: ∫ ∞

0
ẽ(t )dt = 0. (6.2)

Since ẽ(0) = 1 for a step response and ẽ is continuous, there must be an ϵ> 0 such that ẽ(t ) > 1/2
for t ∈ [0,ϵ], therefore: ∫ ϵ

0
ẽ(t )dt > 1

2
ϵ.

Combining (6.2) with (6.2) gives that: ∫ ∞

ϵ
ẽ(t )dt < 1

2
ϵ.

Therefore, there must be a t such that ẽ(t ) < 0, implying that there is overshoot.

6.3 Example of HIGS based controller acting on the double integrator plant

Again, the feedback connection of Figure 6.1 is considered with P being a double integrator as
in (6.1). It will be shown that if K is a series connection of a specific linear controller C∗ with a
HIGS element H as in Figure 6.3 that then the step response does not exhibit overshoot.

Notice that if the reference input is constant, then the linear systems C∗ and P , together with
the reference input can be written as a linear system G, that is sketched in Figure 6.4. Because
C∗ is linear and causal, it can be written in state space form as:

C∗ :


ẋc (t ) = Ac xc (t )+Bc ẽ(t ),

e(t ) =Cc xc (t )+Dc ẽ(t ),

xc (0) = xc,0.

(6.3)
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Here, Ac , Bc and Cc are matrices of appropriate sizes. Using (6.1), (6.3) and a new state xr that
is intended to be equal to the reference r , the system G can be written as:

G :




ẋp (t )

ẋr (t )

ẋc (t )

=


Ap 0 0

0 0 0

BcCp Bc Ac




xp (t )

xr (t )

xc (t )

+


Bp

0

0

v(t ),

e(t ) =
(
Cc Dc DcCp

)
xp (t )

xr (t )

xc (t )

 ,


xp (0)

xr (0)

xc (0)

=


xp,0

r

xc,0

 .

The feedback connection as in (6.4) with G as above thus fits exactly in the structure that is
studied in Chapter 4 with w = 0, as can be seen when comparing to the assumed structure (2.1)
and Figure 4.1. The operators Ag , Bg v and Cg are represented by a matrix a column and a row
vector respectively:

Ag =
 Ap 0 0

0 0 0
BcCp Bc Ac

 , Bg v =
Bp

0
0

 , Cg = (
Cc Dc DcCp

)
.

The structure of G fits with the setting of Theorems 4.4 and 4.7, which guarantees that the sys-
tem considered here is well-posed in the sense that a global Carathéodory solution must exist.

To simulate the closed loop system, it is useful to consider the discontinuous representation as
in Section 2.2 again. It is then clear that the closed loop system is switching between two linear
systems:

Σ :



ẋ(t ) =
(

Ag −Bg v

ωhCg 0

)
︸ ︷︷ ︸

A1

x(t ) if x ∈S1,

ẋ(t ) =
(

Ag −Bg v

khCg Ag −khCg Bg v

)
︸ ︷︷ ︸

A2

x(t ) if x ∈S2,

e(t ) =
(
Cg 0

)
︸ ︷︷ ︸

C

x(t ) and x ∈S .

(6.4)

With S1, S2 and S as in (5.2)-(5.4). The simulation is performed in MATLAB using the following
approach:

1. The step response is obtained by choosing xp and xc to be the zero vector such that the
system is in steady state with r = 0, and performing a simulation with r = 1.

2. It is checked whether x0 (with r = 1) lies in S1 or S2.

3. The corresponding linear system is simulated using ode45(), an ODE solver in MATLAB

that is based on an explicit Runge-Kutta method [44]. Options of the solver are used
to detect when the border of S1 or S2 is reached. When this happens the simulation is
stopped.
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4. When the simulation is stopped because it was detected that the border of S1 or S2 might
be reached, the initial condition is updated to the final states of the simulation that had
ended. Then, we return to step 1.

5. If the simulation is stopped because the final simulation time is reached, the simulation
is done (and the results are plotted).

The MATLAB-code that was used for the simulation is in Appendix A.

Using ωh = kh = 1 for the parameters of the HIGS and using a prefilter of the form:

C∗(s) = kd s

T f s +1
+kp .

That is, the PID controller from before without integral action. With kd = 2, kp = 1 and T f = 0.1,
the results as in Figure 6.5 were obtained for the step response. From Figure 6.5a it can be seen
that this controller consisting of a linear part C∗ and a HIGS element H is able to achieve a step
response without overshoot.
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(a) Plant output y .

e

u

(b) HIGS input and output in the (e,u)-plane.
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(c) Controller output u.
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(d) HIGS input e.

Figure 6.5: Step response of the closed loop system where P is a double integrator that is controlled
by PID controller. The color of the lines indicates the mode of operation of the HIGS element, red for
I-mode and blue for P-mode.

Remark 6.3. The example shown here is very similar to that in the work of Deenen et al. [9].
However, in their work it is proposed to use the following prefilter:

C∗(s) = kp

(
s

ωc
+1

)
.

However, as the number of zeros is bigger than the number of poles, this system is not causal.
In view of overcoming a limitation of LTI control this is problematic, as with a non-causal LTI
controller it would be possible to perfectly track the reference (by choosing the inverse of the plant,
K (s) = s2 in this case). The example presented in this section shows that it is also possible to
prevent overshoot using a causal prefilter.
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6.4 Conclusion

In this section, simulations were performed with a HIGS based controller acting on a linear
plant. The focus was on using a double integrator as a plant. It was found that an LTI controller
that stabilizes the closed loop and does not have a zero at s = 0 always results in overshoot of
the step response. On the contrary, a HIGS based controller was shown to have no overshoot
in this situation, which motivates why the HIGS can be useful in applications where there is a
stringent requirement on the overshoot.
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7 Conclusion and Discussion

7.1 Conclusion

The main contributions of this thesis are the following:

1. In Chapter 2, the main representations of a closed loop system with HIGS that are com-
monly used in literature for the case where the plant is finite dimensional are presented
in an infinite dimensional setting. The discontinuous system shows that the closed loop
system is switching between two linear systems. The representation as an extended pro-
jected dynamical system provides an alternative view, which could be useful especially
to extend results to nonlinear plants and more general classes of inputs.

Furthermore, it was shown that the closed loop system is a specific case of a Hybrid Sys-
tem. To satisfy common assumptions in literature on Hybrid Systems, it was shown that
the sets used to define the modes can be closed without changing the (Carathéodory)
solutions to the system.

2. The well-posedness result that shows existence of local and global solutions in the closed
loop setting presented in Chapter 4 generalizes an earlier result from Deenen et al. [9]. It
was possible to use similar arguments as in the cited work to obtain this result for cases
where the operators in the plant act on possibly infinite dimensional state spaces, as long
as these operators are bounded. Furthermore, an assumption that was made in earlier
work could be dropped. That is, it was shown that it is not required that Cg Bg v = 0.

3. Chapter 5, presents first steps towards an extention of the well-posedness result to
plants in which there are unbounded operators (Ag ). Unbounded operators are typi-
cally present in models represented by partial differential equations. For this generaliza-
tion, another characterization of local behavior of the semigroup evaluation

〈
eAt x, f

〉
is

needed. In Section 5.2, an alternative characterization is proposed and it is shown that if
A is bounded this characterisation is equivalent to Lemma 4.2 that was used in the proof
for the bounded case. It is unclear if the assumption holds in general for unbounded
operators. In a specific case where an assumption is made on the initial condition, it is
possible to show that the alternative characterization holds. However, as shown in Sec-
tion 5.4 this approach does not work in the case of the feedback connection with HIGS.

Thus, it can be concluded that the feedback interconnection of HIGS with a linear plant has
global solutions if the operators in the plant are bounded. In case of unbounded A this the-
sis does not yet provide an answer to the well-posedness question, but it gives ideas on what
approaches might or might not be promising to investigate further.

7.2 Discussion

In this section, a reasoning is provided for some of the choices made in the research described
in this thesis. Also, opportunities for further research are identified.

7.2.1 Structure of existing proofs for well-posedness in finite dimensional case and choices
made to extend these to an infinite dimensional setting

In the finite dimensional setting, two proofs exist that establish existence of solutions for the
closed loop system of HIGS with a finite dimensional plant [9, 23]. The proof by Deenen et
al. [9] uses the representation of the closed loop system as a discontinuous system (as in Sec-
tion 2.2). The proof by Heemels & Tanwani [23] is based on the representation as an extended
projected dynamical system (as in Section 2.4). The later proof by Heemels & Tanwani [23] is
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more general, as it allows for a larger class of input functions and nonlinear plants, in contrast
to the proof by Deenen et al. [9] where the assumption is made that the input is a piecewise
Bohl function and the plant is linear. The proof by Deenen et al. [9] explicitly constructs local
solutions and provides an argument why these can always be extended to global solutions. On
the other hand, the proof by Heemels & Tanwani [23] is based more on existing results from
differential inclusions and hybrid systems.

In Chapters 4 and 5, where these results are extended to the infinite dimensional setting, it was
chosen to base the proof on the earlier work by Deenen et al. [9] and thus to attempt to explicitly
construct local solutions and show later that these could be extended to global solutions. The
reasoning behind this choice was that in other proving strategies, such as for example using
the representation of HIGS as an extended Projected Dynamical System (ePDS), some struc-
ture of the HIGS might be hard to use. Most results used in a proof that takes this approach
by Heemels & Tanwani are the finite dimensional setting, which limits the applicability in the
infinite dimensional setting that is considered here. Furthermore, in infinite dimensional set-
ting it was envisioned that it would be much harder to achieve a general result for any plant
than in the finite dimensional case. This can for example be seen from the fact that it is a priori
not obvious that A1 and A2 generate a semigroup: Because these systems were seen as linear
systems, a positive result could be established in Section 5.1. Such a result would come much
less natural when one would start from the representation as an ePDS.

The approach to explicitly construct local solutions and thereafter show that global solutions
exist was shown to be successful in Chapter 4: Under the assumption that the plant is linear, has
no direct feed-trough and that the operators that define the plant are bounded, the existence
of solutions could be guaranteed. For the bounded case, many of the arguments from the finite
dimensional proof as in the work by Deenen et al. [9] could still be used.

7.2.2 Difficulties in further extending results to plants with unbounded generators

Establishing a well-posedness result in a situation where the generator of the plant is un-
bounded still remains an open problem. In Chapter 5, first steps are made towards such a
result. To be able to use a similar proving strategy as in the case of bounded generators, an al-
ternative characterization of local behavior was need. Although a formulation was found that
was equivalent for bounded generators and meaningful also for unbounded ones, the state-
ment could not be proven without stringent assumptions in the unbounded setting.

In Section 5.3, it was shown that the new characterization from Lemma 5.4 can be used in
most steps of the proof for local well-posedness to replace arguments that require that the
generator is bounded. However, the proof has not yet been completed it remains an open
problem, to show assuming that the generator is bounded that for x0 ∈ S \Sint and small t ,〈

A1eA2t x0, f1
〉 < 0. Also, we have not been able to produce a counterexample. In the bounded

case, it is known that this statement is true from Theorem 4.4, but also this is not clear imme-
diately in this case from the new characterization. Since the new characterization is equivalent
to the characterization used in the bounded case (Lemma 4.2), we expect it to be possible to
use the structure of A1, A2, f1 and f2 to complete the argument. One could hope that these
arguments could then also transfer to the unbounded case.

The assumptions made to achieve the equivalences of Lemma 5.4, Assumption 5.5-3 and 4
are hard to achieve in case of semigroups with an unbounded generator. Remark 5.3 already
shows that the equivalences cannot hold for a semigroup that is not analytic, so one could only
hope to show the equivalences for analytic semigroups. One option to achieve such a result
would be to make an assumption on the initial condition of the semigroup, to ensure that it
lies in the domain of A∞. This would satisfy the assumptions to use Lemma 5.4, but it might
also even be possible to use Lemma 4.2 if it could be guaranteed that the initial position is in
D(A∞). Section 5.4 shows that the switching behavior of the HIGS makes such an assumption
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problematic: At the switching instants it cannot be guaranteed to stay inside D(A∞
1 ) or D(A∞

2 ),
since these are not the same. It might therefore be necessary in future research to consider
more specific classes or examples of analytic semigroups instead of attempting to prove this
statment for general analytic semigroups.

7.2.3 Other possibilities for generalizations of the well-posedness proofs

It might be possible to achieve a more general well-posedness result trough the representation
of the HIGS as an extended Projected Dynamical System (ePDS), as Heemels & Tanwani [23]
achieved for the finite dimensional case. In this thesis it was shown that theΠS,E (x, v) operator
has a unique outcome in the setting of HIGS also in infinite dimensional case, so it is possible
to at least describe the infinite dimensional system in this framework. The theory from Hybrid
Systems and differential inclusions that the proof of Heemels & Tanwani [23] uses is formulated
in the finite dimensional setting, but there is a local existence result for regular PDS by Cojo-
caru & Jonker [36] (in this thesis as Theorem 2.19). By using this as a starting point it might be
possible to extend their results to the ePDS setting. In this way it might be possible to gener-
alize the existence result to nonlinear plants and allows to drop the assumption that the input
needs to be a piecewise Bohl function. However, in the theorem by Cojocaru & Jonker there
is an assumption that the function describing the unprojected dynamics f (x(t ), t ) should be
Lipschitz continuous. In the linear case, where f (x(t ), t ) = Ag x(t )+Bg v w(t ), this would mean
that Ag is bounded. This is an indication that it is also here difficult to obtain a result that holds
for cases where Ag is unbounded.

In Section 2.3, it was shown that the sets used to define the modes can be closed without chang-
ing the Carathéodory solutions to the system. This last result has to the best of the authors
knowledge not been established before and makes it possible to use theorems from Hybrid
Systems, for example to establish uniqueness of solutions or stability results. In this thesis, this
property has not been used to its fullest potential as this result was obtained quite late in the
project.

7.2.4 Stability results

In this thesis, the focus was on achieving well-posedness results. For applications, it is of course
important to also show stability properties of the infinite dimensional closed loop system. This
should be a topic of future research. In this work, we did not yet touch upon this topic because
it is meaningless to show stability results for a system where existence of solutions has not
been proven. As this work shows, achieving a well-posedness result is challenging, especially if
the generator of the plant is unbounded, which is typical for applications described by partial
differential equations which would be the most interesting for application of HIGS.

There are however situations where intuitively stability is clear: For example, for a has a power
bond between input and output and is passive (such as a port-Hamiltonian system, see for
example [24]). The fact that the HIGS ensures that the input and output have equal sign al-
ready ensures that the energy in the system can only decrease, which would ensure stability. A
similar argument is used in the finite dimensional case for example by Heertjes et al. [2]. Also
for Negative Imaginary systems, that include for example systems where the input is a force
and the output a position (where the poles have negative imaginary part), a generic stability
result is achieved by Shi et al. [21], which might be relatively easily transferable to the infinite
dimensional case.
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A MATLAB code for simulating a HIGS based controller
for the double integrator plant

Below is the MATLAB-code that is used to simulate the closed loop system of a HIGS based
controller in feedback with a plant that is the double integrator, as discussed in Section 6.3.

� �
1 clear;
2 close all;
3 clc;
4

5 % This script sets up the linear systems and perform numerical
6 % simulation for the following system:
7 % | r (const)
8 % u |-----| y_real v + e2 |-----| e
9 % --->| P |---------->0------->| C* |-------->

10 % | |-----| Cout*xg - |-----| |
11 % | |
12 % | |-----| |
13 % |----------------| H |<-----------------|
14 % |-----|
15 %
16 % The combination of P, C* with the contsant reference is considered
17 % to be the system G, with which we are back in the feedback
18 % connection that was studied in the well posedness proof.
19 %
20 % For the simulation, we only need the output e of this combined system
21 % For the result, we are mainly interested in y_real or e2 (as this
22 % should resemble a step)
23 %
24 % To simulate a step response, the initial conditions should be such
25 % that r=0 would be steady state. Then with r=1 the step response is
26 % simulated.
27

28 %% HIGS parameters
29 kh = 1;
30 wh = 1;
31 tfinal = 15;
32 xh0 = 0; %initial state
33

34 %% reference
35 r = 1;
36

37 %% Plant: Double integrator
38 Ap = [0 0
39 1 0];
40 Bp = [1;0];
41 Cp = [0 1];
42

43 xp0 = [0, 0]; %initial position and velocity
44

45 %% Prefilter
46 kd = 2;
47 N = 7;
48 kp = 1;
49 Cstar = tf([kd*N 0],[1 N]) + kp;
50 Cstarss = ss(Cstar);
51 Ac = Cstarss.A;
52 Bc = Cstarss.B;
53 Cc = Cstarss.C;
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54 Dc = Cstarss.D;
55

56 xc0 = zeros(size(Bc));
57

58

59 %% Assuming constant reference, combine the systems to the system G
60 % (that is plant in original feedback connection)
61

62 %The state vector will be: [xr, r, xc]
63 xg0 = [xp0, r, xc0];
64 %The combined system:
65 np = size(Ap,1); nr = 1; nc = size(Ac,1);
66 ng = np+nr+nc;
67 Ag = [Ap zeros(np,nr+nc);
68 zeros(nr,np+nr+nc);
69 Bc*Cp Bc Ac];
70 Bgv = [Bp; zeros(nr+nc,1)];
71 Cg = [Dc*Cp Dc Cc];
72

73 %functions to extract the relevant outputs:
74 xToe = @(x) Cg*x(1:ng,:);
75 xToy = @(x) Cg*x(1:ng,:);
76 Cout = [Cp zeros(1,nr+nc)];
77 xToyout = @(x) -Cout*x(1:ng,:);
78 xToeTilde = @(x) 1 - xToyout(x);
79

80 %% Combine with the HIGS:
81 A1 = [Ag -Bgv;
82 wh*Cg 0];
83 A2 = [Ag -Bgv;
84 kh*Cg*Ag -kh*Cg*Bgv];
85

86 xh0 = 0;
87 x0 = [xg0,xh0]';
88

89 %functions for determining the switching behavior
90 F1 = [kh*Cg -1];
91 F2 = [zeros(size(Cg)), 1];
92

93 %functions that deterimine the switching, the switchToP and -I functions
94 %are added at the end of this script
95 switchToPfun = @(¬,x) switchToP(0,x,F1,F2,A1);
96 switchToIfun = @(¬,x) switchToI(0,x,F1,F2,A1);
97

98 %functions for the dynamics in I and P mode
99 fI = @(t,x) A1*x;

100 fP = @(t,x) A2*x;
101

102 %function to extract HIGS output
103 xTou = @(x) x(1+ng,:); %u = xh
104

105 %% numerical solving
106 refine = 5;
107 RelTol = 1e-8;
108 AbsTol = 1e-9;
109 %Solver settings
110 optionsI = odeset('RelTol',RelTol,'AbsTol',AbsTol,'Events',...
111 switchToPfun,'OutputSel',1,'Refine',refine);
112 optionsP = odeset('RelTol',RelTol,'AbsTol',AbsTol,'Events',...
113 switchToIfun,'OutputSel',1,'Refine',refine);
114

115 %initialization
116 tstart = 0;
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117 tout = tstart;
118 xout = x0.';
119 teout = [];
120 yeout = [];
121 ieout = [];
122 secout = [];
123 sec = 1;
124

125 %main simulation loop. A ode solver runs until a switch in mode is ,
126 %needed after which the initial condition is set to the end of the
127 %simulated segment and simulation can continue in the same or a
128 %different mode.
129 %This is repeated till the final simulation time is reached.
130 %
131 while tout(end) < tfinal*0.999
132 tstart = tout(end);
133 %check in which mode we are (with small tollerance)
134 if abs(F1*x0) < 1e-10 && (F2*x0)*sign(F1*A1*x0) < -1e-10
135 %update initial conditions (x_h) to satisfy u = kh*e exactly
136 x0(ng+1) = kh*xToe(x0);
137 %we need the P-mode
138 fprintf('Simulating with P-mode starting from t = %.2f and ...

(e,u) = (%.2f, %.2f) \n',tstart, xToe(xout(end,:)'), ...
xTou(xout(end,:)'))

139 [t,x,te,xe,ie] = ode45(fP,[tstart tfinal],x0,optionsP);
140 if ¬isempty(xe)
141 t = [t; te(end)];
142 x = [x; xe(end,:)];
143 end
144 x(end,ng+1) = kh*xToe(x(end,:)');
145 if rem(sec,2) == 1 %is odd -> comes from I-mode
146 %only increase section number when we actually switched
147 sec = sec + 1;
148 end
149

150

151 else
152 %we can use the I mode=
153 fprintf('Simulating with I-mode starting from t = %.2f and ...

(e,u) = (%.2f, %.2f) \n',tstart, xToe(xout(end,:)'), ...
xTou(xout(end,:)'))

154 %simulate using I-mode until event is reached
155 [t,x,te,xe,ie] = ode45(fI,[tstart tfinal],x0,optionsI);
156 if ¬isempty(xe)
157 t = [t; te(end)];
158 x = [x; xe(end,:)];
159 end
160 if rem(sec,2) == 0 %is even -> comes from P-mode
161 %only increase section number when we actually switched
162 sec = sec + 1;
163 end
164 end
165

166 %save the results
167 tout = [tout; t];
168 xout = [xout; x];
169 secout = [secout; sec*ones(size(t))];
170

171 %setup initial conditions
172 tstart = tout(end);
173 x0 = x(end,:)';
174 end
175
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176 %% Plotting
177 close all
178 subplot(2,4,1:4)
179 eout = xToe(xout');
180 e2out = xToeTilde(xout');
181 uout = xTou(xout');
182 yout = xToyout(xout');
183 hold on
184 for sec = 1:2:max(secout)
185 %odd pieces -> I mode
186 plot(eout(secout==sec),uout(secout==sec),'LineWidth',2,'Color','blue')
187 end
188 for sec = 2:2:max(secout)
189 %even pieces -> P mode
190 plot(eout(secout==sec),uout(secout==sec),'LineWidth',2,'Color','red')
191 end
192 %add the line
193 hold on
194 ref1 = refline(kh);
195 ref2 = refline(0);
196 ref1.Color = 'black';
197 ref2.Color = 'black';
198 xlabel('HIGS input $e$','Interpreter','latex')
199 ylabel('HIGS ouput $u$','Interpreter','latex')
200

201

202 subplot(2,4,5)
203 hold on
204 for sec = 1:2:max(secout)
205 %odd pieces -> I mode
206 plot(tout(secout==sec),e2out(secout==sec),'LineWidth',1,'Color','blue')
207 end
208 for sec = 2:2:max(secout)
209 %even pieces -> P mode
210 plot(tout(secout==sec),e2out(secout==sec),'LineWidth',1,'Color','red')
211 end
212 ref1 = yline(0);
213 ref1.Color = 'black';
214 xlabel('Time $t$','Interpreter','latex')
215 ylabel('Error $\tilde{e}$','Interpreter','latex')
216

217

218 subplot(2,4,6)
219 hold on
220 for sec = 1:2:max(secout)
221 %odd pieces -> I mode
222 plot(tout(secout==sec),eout(secout==sec),'LineWidth',1,'Color','blue')
223 end
224 for sec = 2:2:max(secout)
225 %even pieces -> P mode
226 plot(tout(secout==sec),eout(secout==sec),'LineWidth',1,'Color','red')
227 end
228 ref1 = yline(0);
229 ref2 = yline(1);
230 ref1.Color = 'black';
231 ref2.Color = 'black';
232 xlabel('Time $t$','Interpreter','latex')
233 ylabel('HIGS input $e$','Interpreter','latex')
234

235 subplot(2,4,7)
236 hold on
237 for sec = 1:2:max(secout)
238 %odd pieces -> I mode
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239 plot(tout(secout==sec),uout(secout==sec),'LineWidth',1,'Color','blue')
240 end
241 for sec = 2:2:max(secout)
242 %even pieces -> P mode
243 plot(tout(secout==sec),uout(secout==sec),'LineWidth',1,'Color','red')
244 end
245 ref1 = yline(0);
246 ref1.Color = 'black';
247 xlabel('Time $t$','Interpreter','latex')
248 ylabel('HIGS output $u$','Interpreter','latex')
249

250 subplot(2,4,8)
251 hold on
252 for sec = 1:2:max(secout)
253 %odd pieces -> I mode
254 plot(tout(secout==sec),yout(secout==sec),'LineWidth',1,'Color','blue')
255 end
256 for sec = 2:2:max(secout)
257 %even pieces -> P mode
258 plot(tout(secout==sec),yout(secout==sec),'LineWidth',1,'Color','red')
259 end
260 ref1 = yline(0);
261 ref2 = yline(1);
262 ref1.Color = 'black';
263 ref2.Color = 'black';
264 xlabel('Time $t$','Interpreter','latex')
265 ylabel('Plant output $y$','Interpreter','latex')
266

267

268 %Event functions that stop the simulation, after which it is
269 %determined in which mode to continue. These functions indicate
270 %where a switch MIGHT happen, it need not be true that there is
271 %actually a switch needed.
272 function [value,isterminal,direction] = switchToP(¬,x,F1,F2,A1)
273 %F1*x should be 0 and F2*x and F1*A1*x should have opposite sign (no
274 %switch needed if F1*A1*x == 0), if one of these becomes zero we
275 %might need to switch
276 value = (F1*x) + (max( (F2*x) * (F1*(A1*x)),0));
277 isterminal = 1;
278 direction = 0;
279 end
280

281 function [value,isterminal,direction] = switchToI(¬,x,F1,F2,A1)
282 %F2*x =0 and F1*A1*x = 0 are the conditions that
283 %could lead to leaving S_2
284 value = [(F2*x) , (F1*(A1*x))];
285 isterminal = [1 1];
286 direction = [0 0];
287 end� �
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Ŝ1, 14
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