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1 INTRODUCTION quantum computingspecifically in the context giortfolio
optimization.Additionally, a document analysis basedumto-

date corporatevhitepaperss performedBy synthesizinghese
insights fran academic and corporaseurcesthis research
offers a clear overview of the currdatowledge on the subject
of portfolio optimizatiorandquantum computing

In the early stages @bmputing,co-founder and former CEO of
Intel Gordon Moorepredicted thathenumber of transistorsn a
microchip would double every two yed®&Q], therebyhinting
towardan exponential increase in computing power every
couple of years. TodatMo o r e ' s hald arelativhhigls

degree of accuracy, however, it could be challenged by the laws

of physicsin the near futurgl0, as He ursataittyer g’ s2 LITERATURE REVIEW

principlewill interfere with the increased miniaturization of Thefollowing literature review gives insight into the
computing components [12) her ef or e contr adi cdmpangd oMoantune computing that are valuable towards
law. As there are mangssumptionshatclassicalcomputers this research, along with the current theoreticahéaork

will reach theidimit [15], quantumcomputing has garnered regarding quantum portfolio optimization.

more attentionin recent yearsThe need for computing

architecturesespecially quantum computetsatcater towards 2.1 Quantum computiptheory

this necessityof constant improvemesin computational power
is persistentlybeingemphasizedtby studieshawing that there is
an increased amount aftention and fundingoing towards
projectsin this industry 112, 107]. Actors in the financial
industry such a3P MorgarChase & CpandMorgan Stanley
areinvestingin quantum computings theycan seeand justify
the great potential it can have on thegderationg69, 86]

Classical comping works through bitén a binary formatthese

bits can have two possible valueswhi ch ar erei tther
[109. These bitarethe smallest notation in which data is stored

on a computer and aodten represented ky certain value such
as'true/falsé or ‘yes/no [108). In classical computingg bitcan

only be in onef the two states at a tinfj&08. Quantum
computing wor k,whithhrebissuhgtéxistinau bi t s’
superpositioo f b ot h untdthey areabserveli 09,

Quantum computingxploits the use of quantumechanics, 110. Following will be the most important subjects discussed.

giving it the ability to computeomplex mathematicgroblems
fasterthantraditional computexin theory[116]. A company
equipped with a quantum computer would gain a substantial
competitiveadvantag@ver rivals which is a key reason why
some companies invest heavily in quantum compyey

Superpositiorand qubits

Quantumcomputing is represented by qubitghich are bits that
can be present in different states at the same time, this state is
called superpositior8p, 86]. However, the momerthis state is
measured, it will shift towards a definjtebservable statef

ei t her .Awsual representation dfow superposition
works, and how qubits can be represemtey help to give

insight figure 1 illustrates a simplified version of this.

In this researctthe relationship between quantum computing
and portfolio optimizationwill be explored Additionally, the
manner in which quantum computing and portfolio optimization
are currentlydescribedn the literature will be examinday a

zl|o)
systematic literature reviedubsequentlygomprehensive
researcHindingsin corporate white papeese reviewed and x
related tathe findings from the systematiiterature reiew. -y 7/ v

Currently,there is lack ofiteraturethat shovg a congruent
structureandrelation betweetthe development and
implementatiorof quantum computing for portfolio
optimizationin academic and corporate settintierefore this

Figure 1, representation of qubit positions in a Bloch sphere

research is performeds a resultthe main research questian i when observed [70]

characterized a®llows; fihow can quantum computing

effectively be applied to address the challenges of portfolio Figure lis a representation of quigbsitionsona Bloch sphere

optimization consideringxisting theoriespractical use cases, Following the green arrowthe two possible positions of an

and corporate whitepapeis the financial industry . observed qubit are characterizedtbh e st at eFoof * 1’ o©
actual superposition, it must be envisioned that the green arrow

This study contributet® the field of literaturdy synthesizinga is pointing in a direction that is not aligned with eithed *  or * 0’

comprehensive review and analysis of the existing literature on



Quantum entanglement can influence expected risk and return, thieflaencesoften

Quantum entanglementaskey subjecenablingthe exploration appear in the form of added variables or constraints in the

of multiple solutions simultaneousl@Quantum entanglement is calculation of most efficient portfolidg.g.budget constraints,
whentwo or more qubitsire placed in entangled staté89, investor preferences, regulatory requirements, liquidity needs).
110, meaning thatlespite the qubits being physically separated, Both in classic and quantum computing methods, these variables
they will still influencethe outcome of measurements performed and constraints are each integrated in models/algorithms adapted
on each othef109 110. When measuring these entangled for the computing methods, thisfurther explained in 2.3 he

qubits, there will always be@rrelation betweethe outcomes capital market lindCML) representportfoliosthatoptimize the

that they give 23], such a correlation can be depicted by an risk and return relationshipefined byt h®h ar peandr at i o’
entangledpair of qubits Qubit entanglemergmong other risk-free ratd46]. The Sharpeatiois a measure of risk adjusted
factors enablethe exploitationof quantum operations to return mostly used as erformance measure for optimization
increase the probability of desiredtcomes andecreasing models[61, 46]. The formula for the Sharpatiois as follows:
undesired oneslpP9. Figure 2 shows a regsentation ofiow

entanglement can be interpretediisimpler format. Sharperatio=(Rm—-Rf) /o p )

Oree measured, qu

ik o e i o ke WhereRm is the expected return of a portfolio based on the
market, Rf igheriskf r ee rate, and op is th
- b o ‘ o of returnsof the portfolio[8].
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Figure 2, entangled qubits [19]

Efficient
Frontier

Quantum decoherence

For quantum computing systems to work propehgy should
be isolatedrom any outside interferenc8€]. If any outside = p—
factor interfere with thequbits then the state of the quisén
collapse 86]. Examples of such interferences carsball

Figure 3, Efficient frontier example [15]

changes in temperature, stray eleadricnagnetic field§109. Approachegoward portfolics aremainly determinedy pre
definedobjectivedq 1], these objectiveare reflectedn the asset
In general, the measurement of qubits is probabiliSgy; [ mix andrisk and reward tradeff over a predetermined amount
meaning that multiple measurements have to be done over time  of time[1]. Dependent on these objectives, the efficient frontier
to achieve anoredesired outputd6], where this is generally the changes accordinglfortfolio optimization can be approached
highestaverage of the results given from the outgetg. results in multiple waysclassical approaches, and intelligent
with the highest chance of occurrendeyirthermore, to achieve approachef51]. Classical approaches arased on traditional
these results the state of the quantum systerften financial theories such as MPT, or Capital Asset Pricing Model
manipulated in such a way that the desired resultiekighest (CAPM). ‘Intelligentappr oaches’ are charact e
likelihood of occurrind96, 95], this is further mentioneih 2.3 machinelearningcapabilities andbility to learn from historical
data p1]. These intelligent approaches maiiigludeBayesian,
2.2Insights into portfolio optimization support vectomachine neural network, reinforcemelsiarning,
Portfolio optimizationconstitutes the act of maximizing gains andevolutionarybasedapproachesyl]. For quantum
while minimizing risk [/9]. A financial portfoliois characterized computingmost often it imbservedhat classicaand intelligent
by a collectiorof investments in assets sua$stocks, bonds, functions are altered in a way to fit certain quantum algorithms
commodities, caslandETFs[117]. The objective of the
investor is different whenbserving the initial objectivesT], 2.3 Quantum Portfolio Optimization Methods
wheretheamount of risk an investa@houldtake is related The main gals ofapplying quantum mechanics towards the use
towards the degree of potential gaitigs tradeoff should be of optimization problems is the greater speed and accuracy it can
favorableto undertake an investmefne of the cornerstones of provide B7]. Portfolio optimization main function should be
portfolio optimizationis* mo dpeao mt f o | (MET)E84,e o r Y 'to construct a portfolio of assets that maximizsarns and
developed by Harry Markowit4], with the aim of creating an minimizes risk 79]. The next part only gives insight into the
efficient portfolio thatmaximizes gins and minimizes riskg4]. broademuantum methods to lay the foundation of what is to be
The idealtradeoff between riskandreward can be visualized on specified in part 4 *findings’

a graph called’'t hes e‘ceaMfirfyfgaorsent3 frontier



Quantum hardware for finance

Solving quantum computational problems is facilitated through
the use of quantum hardwatg $7], where this hardware
enables the solving of quantum problems not feasible on

‘¢l assi c af]. Quafmumrhardware reainly consists of
two recognizedypes:gatebased quantum computers, and
guantum annealer§] Quantum simulators can also be seen as
a way to model the behavior of quantum systesidg which is

the simulation of quantum hardware on a classical computer
[57], mostly used to theorize future quantum hardware
possibilitiesin problem solving method$7]. Current quantum
hardwaresalsocalled noi sy
(NISQ) devices this characterizes the fact that current quantum
hardware is still underpowered and prone to er®rg |

Quantum annealeere mostly used fawptimization problems

[5], whichwork throughleveraging quantum mechanics
principles to solve certain problen#0[ 75]. The annealing
process involves qubits in a superposition, which are influenced
via biasege.g. magnetic forcegnd couplers to achieve

different probabilities of finding a certain state of the qubit(s),
eitheri n t he ‘ 040, 75 €ouplets’'sesve the parpose

of creating interaction, or entanglement, between qubits so that
desired outcomes are achievabl@.[75]. In short,quantum
anneales gradually changthe form of a particlérom its initial
stateto fit a desired functional forn®p], this desiredormin a
guantum annealer is either a minimum or maximum stade
therefore also the solution to the problem staterfibintk of
min/maxsize/cost/distancer risk from a set of solutiot)s

Gatebased quantum computdrave many different physical
realizations 96], however, they all work according to the same
fundamental principles. A gateased quantum computer can be
depictedasfiiguant um computers that
superposition state, manipulated by quantum gates to perform
specific computations for a desirethssicalresult, where error
correction techniques en[86r e
5, 57]. Gates irclassical computers are switches that at discrete
time intervals generate a pulse of electricity corresponding with
ei t her 960Quantum gated dre ah extension on this
principle,wherethey are physical devices made out of some
material that manipulate the quantum state of qUi88k

On these quantum hardware, certain mathematical and
computational models are applied, each differing in their
objective function and problem formulation. Models such as
QUBO or the Ising mode(for a quantum annealereoften

taken aghebase anddapted upon tfit certainalgorithms to
optimize a variety of probleni96, 95], where problemsor
gatebased quantum computirage often reformulated to fit
certaindeveloped types of quantum gates, and differing numbers
of qubitsto best fit an objective functic®6].

Quantum algorithms

Quantum algorithmare specialized algorithms that run on
guantumcomputerg41]. Quantum algorithms form the basis of
quantum computing applicatisrwhere algorithms ar@dapted
andtailored to find solution for specific problems, from
optimization to machine learning and Monte G487].
Considering quantum algorithms, there are countesame,
each having their specific application towards certain problems.
When analyzing the literature available, many reports either
took inspiration from foundational algorithinsodelsand
adapted upon them fit specificproblems or found ways to

istcat meduah e unoptimize existing quantum algorithinsodels Most commonly,

foundational algorithms such as QUBO, the Ising Model,
Grover's algorithm, S$lhssidims al
Lloyd (HHL) algorithm, to name a fevaretaken and made to

fit certain methodologies and probleffesg. optimization for
portfolio risk or Monte Carlo for derivative pricindgp, 57].

gor

Machine learning

Quantum machine learning is a certain methodology that makes
use of quantum algorithms to enhance traditional machine
learning techniques to be used for things such as classification,
clustering, regression, quantum neural networks, reinforced
learning, geerative models, dimensionality reduction, and other
novel uses{7, 101]. As for portfolio optimization/finance,
guantum machine learning has its potential use in big datasets
for anomalyfrauddetection, asset pricin§ipancial forecasting,
credit scomg, stock selectiorgnd metrics that capture a

mar ket's forecasi,10]f | i kely move
Stochastic modeling (Monte Carlo)

Stochastic modeling tries to find the probability of various

outcomes under different conditions using random variabl&s [

B2% A leey aharacteristio that makds staclsastic modeding

separate is that it inherently incorporates uncertainty into the

analysif whi ch is often charimcteri zed
literadute ] #2]. In thel realen bfiquiantumystoahdstic medeling far s 0
finance, quantum algorithms are often related towards a Monte

Carlo type integratio(MCI) [57, 5], where samplinffom a

probability distributions traditionally utilized to approximate

solutions for a desired problem stateméit Problem

statemergin stochastic modeling are found in the form of

estimations of probabilities or expectatiqesy. estimation of

risk measures, pricing of derivatives, or expected payoff of a

financial derivative at a future tim¢5, 41, 57]. In quantum

Monte Carlo IntegratiofQMC), a quatumspeedup is most

often achieved through the use of @eantum Amplitude

Estimation algorithm (QAE}57], an algorithm that aims to

estimate the probability of a specific outcome in a quantum

system Compared to classical MCI, where samples are

considered as classical queribg][ and thus the key to giving a
desiredresult, QMC using QAE requires significantly less

queries to achieve a result, thereby embodying atqua

speedup in theonpf7]. Even though, the use of QAE for QMC



is most often considered, other algorithms for Q&iGst.
Examples ofjuantumalgorithms used for Monte Carlo in
financeareHHL, gPCA, QPA, and QPE].

Quantum Optimization

Optimization is the mogirevalentmethodology in quantum
computing for financeActual problem statements can be
distinguishedetween twdlifferent general groupsy]. NP-
hard problems are seen as problems that are curresitly
solvable efficiently[57, 1], and therefore present a great
challenge for both classical and quantum hardware, where
guantum hardware is able to tackle-N&d problems more
efficiently than classical algorithms, it still cannot solve it most
efficiently [57, 1]. Besideghat there are problems that are not
NP-hard, whichcan be solved efficiently and havegeat body
of literature encompassing how to solventhefficiently [57].
Ultimately, NRhard problems are not specific to optimization
problems but can also be formed for other methodologies.

Types of quantum optimization problems can also be grouped in
broad terms; three main groups can be recognized.

‘Combinatoriaftbetacmi zationyi n

combination of values of variables that optimizes an index from
among many qdfttheising digereté ay integer
optimization for quantum algorithm§T]. Next to that(non)
convexoptimization problems encompa%t he pr ocess
minimizing a convex objective function subject to convex

c 0 n st 1[87]jwhérestite minimum athis function conveys

the desired result for the probld8i]. Lastly, Largescale
optimization problems archaracterized bg significant number

of variables and constraints that currently may prove to be too
hard to solve for NISQ hardwarg7], where it is suggested that

to compensate for this lack of computing power, a hybrid
between classical and quantum computing is to be reabzgd [
wherethe problem is to be subdivided into subproblems that are
either solved/optimized on a quantum computer and classical
compute{57], multiple reports exist on this hybrid between
quantum and classical computing for optimization

Financial application for quantum optimization algorithms
mainly includesportfolio optimization, swap nettind@inancial
consolidation of payments or obligations to reduce risk and
create better operational efficiencgq]), predicting financial
crashes, identifying creditworthiness, optimal arbitrédneying
and selling financial assets in different markets for a profit
[57]. Most common algorithms for quantum optimization
problemsand quantum portfolio optimizatidnclude quantum
annealing, QAOA, VQE, VarQITEQTS, QUBO, QIPM,HHL,
andother novelariations of thesalgorithms.

The next part explains thresults found in the initial literature

searchwith its process being explained in paft 3ne t hgoyd’o,l o

consistingof a comprehensive overview of quantum portfolio
optimization methodfrom academic literature.

2.4 Quantum computing in financeview

As mentioned in part 2.3, quantum computing follows certain
objective functions, algorithms, in certain methodologies, on
guantum hardware. To visualize this process, fi§uisee
appendix)jnspired by Alabereti et al (2022) shows this process.
In the next part, a total &7 papersthat were summarized for
use in table 7, are analyzed and takenr@peesentative sample
for current views on Quantum Computing in finance,
specifically portfolio optimization.

Algorithms used

To first put into perspectivesage of quantum algorithr{Bull-
quantum algorithms, heuristics, metaheuristics)PO
problemsgchartlis made
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Chart1, Frequency of Quantwalgorithms used

I(p ]most of the literature, basdgorithns such as VQE, oQTS
were improved upoxia certain proposeghethodge.g.
parameter optimizatiorgr optimization of the classical part of
the algorithm, as its a metaheuristicSome papers did not use
any algorithms for problem solving as they were surveys or
literature reviewsLastly, mo d e | s instascesgvheref y
solving a problem involvea conglomerate of methods put
together into onéo solve a particular proble(e.g.the use of
DDQCL on QCBMs model [6])

Furthermorein more than half of the papers, QOBs used as a
‘ f or nbmth formtlate certain problems and as a solver, this
dual purpose cannderstandably creagmme confusion, QUB
can only be applied toombinatorialproblemclassesNext to
that, QAOAZz is the successor of QAOWhich isfoundin more
recent paperas it offersggreater flexibility and exploration of
the solution spacédditionally, QTSshowedpredominantise,
this was mainly because different works irsffterature pool
sought to improve on other worksat used)TS Lastly, certain
algorithms are also often used to optimize certainparts of a
calculation(e.g. the use of VQE for parameter optimization
the use of VQE to generata aptimized asset pool for a PO
problen). Results showed that the usethis method provided
better and more efficient results on average.

In multiple papers, quantum algorithms were put to the test
against classical algorithms, where in tamainingthey were

put to the test againsther quantum algorithmgor the sake of
putting into perspective qnaumspeedup, a comparison against



classical methods is a prequisite As [49] mentiongfor one of
the prerequisitedo fully assesguantums p e e dhep , “
quantum algorithnshould have plausible case for asymptotic
qguantum speeddpindicating thata comparison between
classical and quantum imaed to estimate practicality
Classical algorithms that were benchmarked against were
predominantly Brute-force, Genetic AlgorithmsSMA [24],
SRO [24], MVO [24] andthe nonquantum counterparts of the
algorithm(e.g. PSO against QPH62]).

Use of constraints and different problem sizes

It is natural to assume that conditions under which the optimal
portfolio is formulatedepresent that of a real situation,

therefore, the use of constraiatsd different problem sizés

the formulationof a PO problem is importagrds this seeks to

fill in the gap betweetheoretical and practical models
Furthermore, as investor preferenaes different, certain
constraints or changes to the formulation of the PO problem can
beadded The greater part of the papers in this review
incorporatethe use of different constraintsachieve a higher
degree of practicality, however, this is often at the cost of added
complexity to solving the problem, therebgcessitating ore
computational resources.

In the case of the 57 reviewed papesproblem sizes
increasedthe performancandaccuracy of resultsf quantum
algorithms increasedverall [6, 41, 64 92]. Somepapers
mentioned a decreasing treincthe ability to solve larger
problem sizesd1] this may have been dueitreased noise,
error rates, and qubit connectivity of current NISQ deviees
this paperthereby also stressing the importance of error and
noise reduction methods in current NISQ devices.

As for constrairg, it wasperceivedhat asmore constrairst
wereadded for betterepresentativeness teatworld situations,
resultstended to beloser tooptimal for the objective function
[92, 74,82,88, 104, 111]. Howevendded constraiatvere
proven to be cause for additional computatigpaaer needd,
thereby also increasirgplving times slightly [37]Sametimes
constraints were neglected by the algorithm td fimore
adequate results [788, 78], this can mainly be traced back to
soft-constraints being applied instead of haahstraints
meaning thasolvers arallowed some toleranda adhering to
set constraintsand thereby given more roomthe search
spaceHard constrainedptimizers are easier to optimize as
their landscape is easier to quantify and has more direct
parameters, therefore creating a straighter road to the solution so
to say, whilst soft constrained optimizers have a more
challenging landscape due to theirriesed flexibility, allowing
for a broader range of possible solutioh4][

Quantum versus Classical performances
A couple of preliminary things ought to be mentioneidst of
all, finding an optimal solution to an objectifienctiondoes not

directly imply better performances, &sth method may have
found the optimal solutiont Is only when the problem

instances grow to a size or fornfatgin non-convex

optimization problemf88, 25]), where it is infeasible for
classicaimethodgo solve thatmeasurei optimality of
solutionsare relevantln situations where both methoslsould

be able tdind the optimal solution, the two most looked at
measures ar-tesolhat i o itherthe methedvh e
can actually find thabptimalsolution.Furthermore, there are
someinstancesvhere the optimal solution is not knowin such

a situation, benchmarks are performed by compasgsglts of
each method against each other, or against a baseline solution
that is known to be ‘good’

Lastly, it is very important to mention the difference between
tests performed osimulated/digitabnd real quantum hardware
where simulated/digitaenvironments allow researchers to test
algorithms and obtain theoretiqgaérformancemeasures in
environmentsvithout most of theconstraints of NIS@ardware
(e.g. noise, errorgjecoherence, qublimitations, gate
limitations, qubit connectivityto name a few)t tries to

simulate a close timlealized environmerfor potential
performances of future realized and fully working quantum
computersascurrentquantumdevices cannot perform on that
level yet However simulatiors areperformed on classical
devices, thereby still being limited in their computational
abilities.Nevertheless, in the 57 papers, some experiments are
done orrealquantum hardware, but in general, simedidigital
hardwards used for benchmarking.

The following charg will give a good representation MSQ,
Classical, and simulated/digital performances against each other
(where thg showpercentages of which method showed better
performances thathe one thais compared with)indicating

which method is bettet0/57availablepapers are used

96%
m Simulated/ = Quantum ® Quantum
Digital
Classical S Simulated/
Digital
Chart 2: Chart 3:Quantum Chart4: Quantum

vs Simulated
/Digital N =5

SimulatedDigital
vsClassicalN = 27

vsClassicalN = 8

17 papers could not hesed forcompari®ns due to multiple
reasons; some papers only acknowledged simulated versus
simulatedresults Furthermoresome only mentioned
performance benchmarking against previous works that were
furtherbuild upon only benchmarking against the previous
iteration of the papetastly, several papers either reported



similar performances across methods, remained neutral, or were
unclear about the differences between them

Looking at the chartsimulated hardwareutperforms classical
methods 96% of the time, where the only outlier mentighatd
the classical metho@Frieze KannarVempala)utperformed

the simulated hardwareshere he proposed model was not
well-suited for the quantum method due to its reliance on-high
rank and higkcondition number matrices, which led to poorer
performance compared to classical methodsHiK¥, showing

in the numerical results from the tékigh error rates, high
noise, longer timéo-solve).

Furthermore, the current limitations ifal NISQ hardware can
be traced back into the poor performances mentionetbst of
the papers that utilize them. Witimly 37% and 20%of used
paperdinking better performances realquantumdevices In
the greater part of thesestancestheonly better performances
were perceived vithe most recent devices on the markehich
arel onQ’ s
[91,119 120] and BNVa v e A d v[B6]tHawg\er,

problem sizesvere limited due to the increased noise and error
rates occurring in NISQ deviceShart 2gives a great indication

in regard to a future outlook on the use of real quantum devices.
For adetailed view intdhe results found in thebove

paragraph, see table 7 and Tabla the appendix

Challenges and limitations

As the name ‘' NI SQ’ suggest s,
perceive multiple challenges and limitations. Looking at the
studied papers, a couple of things can be said on this topic.

Noise and errors in simulated devices

As the use of simulated devices aims to showutigotential

of quantum computingeverthelesghere are still papers
considering the simulated implementatmimoise and erroto

test theimitigation method®on. These studies investigate a

mo r e ' rseeaaligwhetreithe inherent challenges of NISQ
hardwareareput to test using various error mitigation strategies

Error, Naise, local minima/maximumeesource requirements
One of the main issues addressaxd themportanceof error
mitigation techniques, anultiple papers found that the quantum
algorithms used were prone to esowhich could be due @
multitude of reasonge.g. Hamiltonian simulation error, or
highererrors perceived due timcreased distances between
qubit connection[16,22]), theysuggestedr implemented the
use of error mitigation techniques to solve this i4¢de72, 77].
Results using error mitigation techniques showed great
improvements irerror ratesand thereby superior solution
quality and efficiency of the coputational processeg9,51,
80]. Howevererror mitigation techniques were proven to be
cause for additional computatioraterhead [41, 52Reat

-ITora pewH §8 DWarviea 2000 Q’

guantum hardware was found to be significantly more prone to
error and noise.

Anotherdifficult hurdleto overcome was the convergence of the
algorithms to locabptima As mostof the usegroblem types

(e.g. nonconvex and combinatorial problenee cause for

there to benany suboptimal solutionthe algorithms were

prone to findinghese suboptimal solutions and become stuck
thereby not recognizing the global optinsolution L8, 29, 82,

111], or for the algorithm to recognize it and move away from it
Multiple papers introduced measures that helped the algorithms
to avoid these local solutiongd, 66, 7476, 82, 94]

Considering resource requirementgre was a relation seen
between the complexity of the problemd the computational
resources needed. Howeviewas mentioned thats complexity
increasd for classical methods, threime-to-solve wouldgrow
exponentially{24], whereas quantum methods showed a linear
trend inincreased complexity tim-solve[24].

3 METHODOLOGY AND RESEARCH
DESIGN

3.1 Research protocol and data gathering

The methodology part pertains information on exactly how the
main research questiasm answeredConsidering the current
structure and layout of the research paper, a systematic literature
review was chosen. A systematic literature review is
gharactenzéd byyits maturte to identifyg seleal, ane criically
appraisepaperdo be able to answer formulated research
questions26]. This research is meant to give perspective on the
current, and of best qualitytdrature

One important factor in a systematic literature review is bias,
more specifically the lack of a bias. As systematic reviews and
metaanalyses are susceptible to a multitude of bjakésought

to be minimized 39]. This research will follaw the PRISMA

2020 flow diagramo ensure that up to date, unbiased, and-high
quality articles are chosefihe PRISMA flow diagranaims to
enhance th&ansparency and reproducibility of systematic
reviews It assists in finding quality papers by going through a
process/flow chart thafivesa predefined protocol
Threedatabaseare used to synthesize themaryand final

pool of sources after they have gone through the process of
screening and selection. Tleedatabasesr e t h e
dat abbhwWeb of ,Scared cteldaabds.Ar Xi v’

There are many papers discussing quantum computing, and
manypapers discussing portfolio optimization, howevke,

link between these two is found by searching for certain
keywords in the databases@dopus and Web of Scienaad
ArXiv. Before the first search of literature, keywords had to be
identified, after searching throughe results these keywords

‘Scopus



gave a secondary search for new terms based upon these results 3.3 Use of corporate white papers

was issuedTable lin the appendishows thdormed keywords. White papes are used tensue the inclusion of practical, ufp-

date, and realvorld insights into current industry applications of

These keyworden their own will result in too broad of a quantum computing for portfolio optimization.

search, therefore combinations of these keywords are searched
for in aBoolean manner. A Boolean approaes logical
operators such as AN@R, NOT. By using these logical
operatorgertain keywords can gt togethemore effectively.
Furthermore, truncation symbols may be usegktobroader

results when needed, where truncation syméosire that all
variations of a word can be looked {erg. comput* can mean

ﬁcomputirlgg‘) » or ficofmparmeu té?;etteia)ﬂheb included orexcluded basedpon the named criteria in part 3.2,
combinations used both on Scopus §veb of Scienecan be criteria that does not apply to these papeesiot used.

seen in ‘tabl eheAverenoomsedoheiv.appen g‘ddiﬁonally,afinal search is done on the datalsagfeArXiv,
IEEE Xplore and online librarieso gather additional papers, as

The following steps were takémthe researchFirst, a layout of
current companies and stats working on quantum computing
for the finance industrwasmapped out. Subsequentlyebsites
of these corporationsereanalyzedas they contain papers that
are valuable to gather insights froAfter an initial pool is
collectedand uploaded to the Endnote X9 softwahey were

3.2 Searching for relevant studigsitial search ArXiv and IEEE Xploreare greabptions to find white papers
Following the Prisma 2020 flow chart, certémelusion and from companieslLastly, as some search inquiries from fingt
exclusion criterianeed to be state@articularsearch filters can systematic literature review included some whigpers, those

be applied to find more relevant papers. First of all, considering thatare no duplicates will be added to the final pool of the white
the Gartnerhype cycle for data security measures, specifically paper researci.o fully map outthis process, a second PRISMA
on quantum computing, it appeared first on the model in 2011 2020 flow diagranwas madghowever, this one is altered to

with a mainstream adoption expectation of more than ten years better fitthis kind of searchseeappendix(figure 5)
[62). For the 2023 Gartner model, the expected plateau will be

in two to five years100. Next to that, around the year 2011 To map out companies and startipthe field of quantum

waswhen the first commercial quantum processors went computing, r elbeQuantuminss isdued¢rQuast ‘um
mainstream and could be tested 2t [ Furthermore, this time Computin¢(QQCReapbThe Quantum Econom
marks the start of the physical process to quantum supremacy Devel opment (QEDOhwvere usedFwthermore, as

[21]. Thereforeresearctirom before the year of 2Qwill be some financial companies are not directly related towards

filtered out during th@erformed searchesd results from the guantum computing, but do take effort in research on the

time span of 201-2024 will be usedHowever, in the end, all subject,additional searches are done on these companies o
papergexcept one outliemysed in both theearchesurprisingly variousfinancialoutlets and other sourcesfter that,the

proved to be from the period 202824 as substantially more companiegrescreenedased onwhether they convey any

papers were uploaded in that period on this tdpésides, the valuableinformation regarding quantum computing and finance,
papers before 2018ere ultimately filtered out due fall-text those thatlo nat areexcluded from the final popthe remaining
analyseshowing thg all wereirrelevant. Furthermore, the amount are further researchsde figure 5.

|l anguage in which paperTbe wi || be searched is *“English’

tables showing the inclusion and exclusion criteria can be found 4  White paper findings
in the appendixabstract, title, and fullext screening was
performedafter literature was collecteteaving57 papergo be
used. Following this rigorous selection process, the PRISMA
2020 flow diagram is shown ihe appendixXfigure 4).

Table 6and 9in the appendix give a full overview of papers
usedand their contents in this following paNext, atotal of25
white papers are analyzed and taken as a representative sample

Algorithms used

To first put into perspective usage of quantum algorit(fod-
qguantum algorithms, heuristics, metaheuristfcs)PO
problems in the 25 whitepapers, chart 5 is made.

Subsequently, these findings agloadedsummarized and
classified itto different groups in the Endnote X9 software.
Furthermore, as some g in the final pool of literature are
considered white papers, they will be added to the final glool

the *‘white paper ifthdy renotcauserfoe s e 6

duplicate papers in thabol. Lastly, some papers were 4 o
ultimately not used as they were eitpeedecessors of other 2 I I I I I ! I EEEEE =3 - I
work.s, shoyved limited use in furtheritige scope/quality of the 0 < <>z S<¥JwoQouwaz E O %
thesis, oultimately proved to be nerelevant to thishesis cZa 9‘: o % ~ 2 5 QIFc38<
Ultimately, the most important used papers were synthesized (<}§ oo 8 < O < OO0

into a matrix (Tabl€&) to create a clear overview
Chart 5, Frequency of Quantuailgorithms used



As can be deterred from chart 5, Quantum Annegl@W) is

the most used method, a stark difference as compared to that of

the initial literature searctn the use of thevhitepapers,
quantum annealing is mostly specialized uriddVa v e * s
deviceg(including QBSOLV))as they haveioneered and
extensively commercialized this approatttereby ginifying
the compani es’
collaborating companiesxperiment oD-Wave devicesin
multiple whitepapers-urthermore, a noticeable difference with
the initial 57 papers, is theear totahbsence of Quantum Tabu
Search (QTS)andthe VariationalQuantumEigensolver (VQE)
This may have been duettee VQE primary u® in gatebased

guantum computing, of there is significantly less whitepapers on
due toits specialized applicability | peastisal * us e i n
hardware, and the abundance of whitepapers experimenting on

Quantum Annealers. As for QTS, it is a more réedgorithm,
coudbeover shadowed by
may have had an unreasonable representation in the first
literature searckas was mentioned there)

Use of constraints and different problem sizes

Looking at theuseof constraintsit can be said thahe findings
are mostlyin line with those of the first literature search,
showing that as more constraints were added, ped#ioces in
regard to practical usage increasedvere generally very
positive[2, 25, 83, 98, 99]t was perceived that as more
constraintsvere added, that computational resources needed
also increasedp, 27].In theinitial literature review it was
found that some models did trexhere to set constraints;o
instance werefoundwhere this was the cagsethewhitepapers,
this was for a real NISQ devicand DWave QBSOLV
(simulated solver)2, 43]. The possibility of constraints ho
being adhered to wadsoquestioned and tested in some
additionalwhitepaperg59, 99].Findings that were contrary of
those in the first literature searakere sparse, however, two
whitepapers managed to find opposiegults. In the first, it was
found that as lessonstraintsvere added, thainly then

guantum advantage showed over classioaltions [3]. As
constraints are often a result of investor preferermtigsbeying
these constraints mdpaveled o0 ‘ bett er
in the eyes of theavestor. Furthermorén one paper it was
found that hard constraints performedtéein the same model
than soft constraints, thereby contradicting the findings in the

first literaturesearch. The reason for this contradiction may have

been due to the initial paper in that search not adequately
incorporating hard constraingas this often proves to be

difficult), which in the case of the white paper was done, where a

method to better incorporate hamohstraintavasperformed

As for problem sizeghefindings were the same as the initial
literature review, wherperformance of the quantum deeg
mostly theoreticallyon simulationsshowedto increase
performances overd98, 83, 73, 114]. Furthermore,

computational resources needed were also found to increase as

p r eBotaD-Wavecaed i n

problem sizes increased [114)ne papedid find contrary
findings to thoseén theinitial literature research, whetkis
paper mentioned thguantumamealing struggled with larger
problem sizesas it was difficult to embed largproblem sizes
into the systenfi36]. However, the device th#te problem size
was scaled on was the physicalWave Advantagea NISQ
Hevise. Wharehs rea NISQ deviatdl show issues regarding
larger problem sizes, this result was natural for them to find.

Quantum versus Classical performances

Theimportance of the division betweésss performed via
simulated/digital deviceand real NISQ devices has to be
stressed. Where NISQ devices still shawying limitations and

N Icl®l@nges in their computational abiliti@sg. noise, errors,

decoherence, qubit limitations, gate limitations, qubit
connectivity, to name a fewgnd simulated/digital devices aim

mo r,and‘ p r a c ttd poodutea moee pdpatedtheorizegenvironment of testing

The following charts give a representatioNd§Q, Classical
andsimulated/digitaperformancesgainstach other

R

] Sl_m_ulated/ ® Quantum m Quantum
Dllglta_l | ;
R Classical Sl_m_ulated/

Digital
Chart6: Chart7: Quantum Chart8: Quantum

vsClassicalN =8 vsSimulated
/Digital N = 4

SimulatedDigital
vsClassicalN = 15

5 papersouldnot be usedor comparisoras they included
eithersimulated versus simulated resutiedpapers thaivhere

either unclear on their standpoint, showed similar performances

between methods, or were indifferelnboking at thecharts a
lot of interestingconclusions and comparisons can be made.
Firstly, the dominance of simulated/digigiantum methods
compared talassical ones were shown in charivéth

per f or nmgniigtel fethasicleadlyt beiflySuperior to classiaates

Experimentgperformed in the whitepapers showed that
simulated methashadgreater efficiency, timéo-solve, error
rates, practical implementation, and quality of solutidiis.
clea thatthe if the future of quantum computing follows this
given, theoretical, outlogkt would mean substantial
advancements iaptimization and problersolving capabilities.

As for the comparison betwe®iSQ devices and simulated
devicesthe same trentbllowed in theinitial literature search is
perceived irthewhite paperssimulated/digital devices
consistentlyoutperformedNISQ devices. Thi®utcome is to be
expectedas simulated/digital deviceanaccount forsome of
the current limitations of NISQ hardware



A very noticeable differenda the comparison between
guantum and classical methods was that in 25% dh#tances,
PO problensolvingon real NISQ devicesutperformed
classical methods. Thise was close to the same for the initial
literature search, however, there it was mentionedpttodiem
sizes wera@lownsizedo compensate for the lack of NISQ
hardware to solve large problem sizdswever, in the case of
thetwo papers that outperformed the classical methods, the
objective problems and data powlsre of more practical use.
These two papers are amahte most relevanin the
benchmarking of current NISQ hardwakeverthelesshey

still did not show the full potential of quantum computing

In the first paperthe DWave advantage 6.2 system was used
[97], it has 5610 qubits, howevehesecannotbe used to their
full potentialdue to the limitations in qubit connectivijty
coherence timegmbedding difficulty and calibration
difficulties, meaning that only a certain sthamount of those
5610 qubis can be used close to their potentilvertheless,
the quantum method performed on th&\lve Advantagevith
the Q4FuturePOP algorithgihowed better results than industry
experts at Welzia Management Company were able to achieve
[97]. The experiment performéadvolvedthe use of 53 daily
values of different assespanningover a period of 13 yearthe
dataset is split up in 6 different combinati@igperiods and
asset counts, with periedanging from 12 to 28 montf97].

The quantum method offeréetter solutiongn more than half

of the instances consideriegher risk measures or expected
return measurd®7]. Additional informationis found in table 6.

The second paper considered tise ofthe IONQ #apped ion
device' AQTION’ Ruantum Monte Carlo compared to
traditional Monte Carlo on 5 asset portfoli@gth 100Geuro
budgets, over a longer period, and for three different market
scenariogstable, bearish, bullisHL06]. The deviceshowed
better performancesith QMC than traditional Monte Carlim
terms of error reduction and efficiengy06]. QMC had smaller
estimationerrors angrovided more efficient and accurate

means of estimating asset values under stable and bullish market

conditions, as queries increased, the QMC achieved less errors
comparedo normal MC[106]. Quantumspeedup was achieved
according to the pap§t06]. Nevertheless, in the multitude of
papers fronboth the initial literature research, and the white
paper researglit wasfound that current NISQ hardware still has
multiple limitations where better performances compared to
classical methods are predomingmibt linked toeach otler.

Challenges and limitations

Error, Noise, local minima/maximums, resource requirements
Multiple whitepapers acknowledged the importancewbr
mitigation methods49, 50]. Thesewhitepapers implemented
error mitigationtechniquege.g. a selerror reduction technique
[49]) to try and show the practicality of @ndits usefor more
accurate resulfsvhich were achievef9, 50]. Furthermoreit

was found that erranitigationtechniquesvere cause for
additional computational overhead, thereby decreasingttme
sdution [50]. Unfortunately, no whitepapers were found to
specifically operate without error reduction techniques

As mentioned in 2.4;a difficult hurdle to overcome was the
convergence of the algorithms to local optima. As most of the
used problem typg®.g. norconvex and combinatorial
problems)are cause for there to be many suboptimal solsition
The same was the case for some of the whitepapers, where
convergence to localptima was perceive@8, 27] however, it
was mentioned in one of the papers that these local minima
could easily be avoided throughrious methods [27]

Considering resource requiremerit$ollows the trend of the
initial literature researctwith adirect relation seen betwetme
complexity of the problem and its inherent useamputational
resources [287,45]. In one of the papers it was mentioned that
computational resources neededquantum computing can be
anticipated as it follows a linear scheme, on the contrary,
classical computing followsneexponential linen

computational needsr larger problems [28]. Furthermore, as
greater parameter precision was introduced to oeer

precision values for more accurate/optimal results, it showed to
be cause for greateomputational overhead [27Jlext to that it
was found that increased repetitions of the quantum circuit
resuledin a higher probability of finding the optimal solution,
however, it is definite cause for additional computational
overhead45]. Lastly, one paper showed that the involvement of
methods such as QCL enhanced @®RE&ich were specific tthe
HHL algorithms used in that instanc@)nd qubit reset and reuse
techniques offer more efficiency and therddss computational
overheadsignifying the potential, and the need, for these
methods in current NISQ hardwdfe1]

5 Discussion

Conclusion

What was found imnitial literature review was thalhe most
used algorithms includettie VQE, QAOA, and QTS
Furthermoreadding realworld constraints improwkthe
accuracy of results, and the likeness to investor preferences.
However,coming at thecost of added complexignd
computationalesourcesNISQdevices showetimitationsin
solving the problems due to increased error rates and noise.
Comparingguantum and classical methods showed that in most
cases; simulated methods outperformed classical (96%) and
guantum method@80%)based on timéo-solution andaccuracy
of results Classical methods outperformeehl NISQ devices
(63%). As for challenges and limitationispth simulated and
guantum devices faced noise amtbrchallenges. Furthermare
a general challenge for certain problem types was the
convergence of the algorithm towardbaal optimum thereby
disregardingglobal optimaCertain effors such asrror/noise



mitigation methodshowed to increase performances, but at the
cost ofcomplexity to the problem and additional computational
resources needed, thereby resulting in higher-tovsolution

In the whitepaper seardétwas found that most used algorithms
were Quantum annealing and its variations such as SA, VA, and
QBSOLYV, along with moderate use of QAOA and QAOAz
algorithms. The reason for thispresentatiom whitepapers is
because ob-Wave prevalence via their own works and
collaborations with other companiiesthe literature availlable.
Gatebased quantum computeneof lessfrequency in
whitepapersduetoss peci al i zed applicabi
usecasesn NISQ hardwargand overallsmaller development
compared to quantum annealérkerefore the almost complete
absence of VQIEan be attributed to these named reasons, as
VQE is primarily used on gatgased quantum computekdost
papers consideringonstraints showed thatiding more

constraints improwtthe practical relevance and accuracy of
results on quantum method$owever, it was also shown to be
cause for additional computational resources needed, thereby
increasing timeo-solution. There were also some instances
whereconstraints used were not adhered to, thisthagase for

a real NISQ device, and-D/ave QBSOLV(simulated solver).
FurthermoreProblem sizes were found to have a positive
relation with thenumberof computational resources needed.
Simulated methods showed superior performaasesompared

to classical and quantum methods on NISQ devices, Middo

of the papers usdd = 15) showingthe superiorityof simulated
devicesversus classical oneAs for the comparison between
guantum and classical metho@8% (n = 2) of the quantum
methods showed improved performances over classical methods
in practice.These papers were especially interesting as they
utilized the most ujio-date quantum devices the industry
currently has to offefD-Wave Advant agapped and
ion device AQTION)showing that foimpressive datasets and
problem sizegrelative towhat NISQ devices should be capable
of performing) the real quantum hardware outperformed
classical solutiond.astly, the whitepapers showed titae
importance of erromitigation techniques was acknowledged,

and whitepapers that implemented it showed more accurate
results Two papers recognized the convergence of used
algorithms to locabptima

The comparison between the initial literature research and
whitepaper search show#thtboth follow the samé&ends in;
acknowledginghe current limitations of NISQ hardware, as
shown in both searches, whéhe general formatgarding
time-to-solve, performance, accuradgllowed simulation >
classical > NISQ deviceFindings in this paper showed that
academic literature and the experinsgrgrformed in those
papers differ marginbl from findingsin the whitepapers
However, generally it can be assumed thate is a common
trend followed in both types of literaturghe current limitations
of real NISQdevices are highlighte@nd it is show that @en

though current NIS€levices have their limitations, theguld
still offer some practical significance in finance. However,

actual effective widespread application of quantum compigers

not something that is likely to be realized in the near future.
Hybrid devices may offer middle ground during the
developmenbf real quantundevices.

Practical applications

As far aspracticalapplicationgyo, this papercanbe usedfor
giving insightinto currentindustryapplicationgegardinghe
developmentevel, usecasesanda moredetailedview into the
link betweertheoreticainsightsandcurrentpractical
applications/companfiindings on quantumcomputingfor
finance,specificallyportfolio optimization.Furthermorethis
papercanbeusedto give a clearview of benchmarked
performancesf quantummethodsagainsteachotherand
classicalones alongwith currentlimitationsandchallenges
regardingquantumdevices specificallyNISQ devices Next to
that,industrytrendsin the useof certainalgorithmsare
identified,alongwith anindicationof currentproblemsizesable
to be solved(mostlymentionedn table6 and 7).

Theoretical implications

As for theoreticaimplications,this paperdoesnot challenge
existingtheoriesjt rathertriesto validateexistingtheories
throughcomparingtheoreticaimplementationsysecases,
currentindustryapplicationsandcompanyspecificresearch
from onlinedatabaseandwhitepapers.

Limitations

Publicationbiasis accountedor by performingtwo different
literaturesearched.imitationsof this studyincludethe small
likelihood of thedatapool usedfor bothsearchesotbeing
representativehoweverthe chanceof this beingtrueis smallas
multiple measuretavebeentakenduring the gatheringof the
papersvia the Prisma2020formatto ensurereducediasin the
literaturesearchtheonly potentialreal sourceof biasthatcan
befoundis the misrepresentatioim the actualprevalencef
guantumannealersn thewhitepapeliterature However this
canbejustified to adegreeby the efforts madefrom D-Waveto
generate lot of literaturethroughtheir own researctand
collaborationgnadewith othercompanies.

Future research

Suggestedreasvhich afollow up papercould addresss the
useof addediterature,asthis paperincludeslimited, buthigh
quality, numberof papes, wheremultiple papershavebeen
takenoutof thefinal literature pool becausef multiple valid
reasongliscussedn the PRISMA 2020flow charts Introducing
additionalsearchtermscouldbring to light morequality papers
to theresearchrurthermoreanadditionaltopic which couldbe
furtheraddressednddelvedinto in futureresearchis the
additionof moreliteratureon realgatebasedjuantum
computersaddressingptimizationproblemsin finance.
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Reports assessed for eligibility Report was ultimately not
(n=29) used (n = 40)

¥

Reports included in review
(n=25)

white papers

Exira reports added through:
|EEE Xplore, ArXiv, and other
online databases (n = 14)

Mon-duplicate whitepapers
from the first literature search
added (n = 22)

Process step Examples

NOT LIMITED TO THE FOLLOWING

¢ Quantum annealers
Quantum hardware ——» * Gate-based quantum

computers
*« QUBO « QAE
. * VQE * QIPM
Quantum Algorithm ~———~ L . GPCA
« QAOA = VarQITE

« Optimization
= Monte Carlo

MethOdOIOgy » Machine learning
» Portfolio optimization
« Asset allocation
Use case —>

« Swap netting
« Forecasting

Figure 6, visualization of main quantum computing process

Keywords

Initial “portfolio”, “opti mi

search “computing”, “quantu
“anal ysis”, “met hods
“investment”

Secondary | “ quantum algorithm”,

search “qQquantum annealing”,
“financi al model i ng”
“risk management”, “
“opti mieahnioques”, *
“QuBO” , “eigensolver

Table 1; Keywords
Criteria Reason for inclusion

Studies from the timeframe 2011 was when quantum

of 20112024 computing first appeared on
the Gartner hype cycle and
marks thdirst physical step
towards quantum supremacy
therefore making room to
(dis)prove previous articles.
Ensuring that keyword
combinations made in table Z
are included in the chosen
literature

Literaturecontaining the
named combinations of
keywordsfrom table 2in
either the article title,
abstract, or keywords
Table 3: Inclusion Criteria



Criteria

Reason for exclusion

Literaturenot containing
the named keyword
combination from table 2 in
the title, abstract, or
keywords

Exclude literature not
published in the English
language

Exclude literature made
before 2011

Exclude unfinished
literature

Duplicate paper§apers
that are identical either on
different databases, or in th
same one)

Table 4: Exclusion Criteria

Ensuring that keyword
combinations made are
included in the chosen
literature

Narrows down theesults and
facilitates consistent
understanding of literature
Literature before 2011 has al
increased risk of giving out
wrongful information as the
field of gquantum computing
has rapidly evolved after that
timeframe

Literature ought to be
finished, as unfinished
literature poses the risk of
nonrepresentative findings
Duplicate papers ought to be
excluded as they serve no
additional purpose

Comparison made

Papers

Simulated/digital versus
Classical

Simulated:

[4], [6], [7]. [°], [13], [17],
(18], [24], [29], [30], [41],
[51], [52], [53], [63], [64],
[66], [71], [74], [77], [80],
[82], [88], [92], [104], [118]

Classical:
[11]

Quantum versus Classical

(8], [91], [119]

Classical:

[14], [22], [24], [44], [47]
Simulated/Digital versus Quantum:
Quantum [120]

Simulated:

[24], [60], [78], [81]

Simulated vs Simulated

[3], [56], [103], [111]

Indifferent, Unclear, or
Similar Performances

[37], [38], [48], [67], [68],
[76]

Table 8, An insight into each a

cademic paper’s findings

Comparison made

Papers

Simulated/digital versus
Classical

Simulated:

[105], [2], [19]. [28], [45],
[49], [83], [73], [121], [99],
[58], [114], [7], [33], [36]

Classical:
N/A

Quantum versus Classical

Quantum:
[97], [106]

Classical:
(2], [25], [28], [34], [35],
[36]

Simulated/Digital versus Quantum:
Quantum N/A

Simulated:

[2], [33], [ 35], [36]
Simulated vs Simulated [27]

Indifferent, Unclear, or
Similar Performances

Quantum:

[43], [50], [59], [121] ,[98]

Table 9, An insight into each white paper’s findings




Prompts Initial results (ArXiv Results with exclusion and
Sear ch i n * {inclusion criterignot
accounting for duplicates)
(for Arxiv, this is done
manually along with direct
observation of potential use
for this research
Keyword 1. Quantum AND comput* AND portfolio AND optim* 1. Scopus:n 93 1. Scopus:n 8l
combinations 2. Portfolio AND optim* AND quantum WoS: n =51 WoS: n =49
3. (Quantum ANDoptim* AND portfolio) AND Arxiv: n =29 Arxivin =15
(invest* OR algorithm) 2. Scopus:n 459 2. Scopus:nd434
4. Quantum AND simulation AND portfolio WoS: n =100 WoS: n =95
5.  Quantum AND portfolio AND optim* AND Arxiv: n =97 Arxiv:n =35
algorithm 3. Scopus:n#A23 3. Scopus:n A0
6. Quantum AND machine AND learning AND WoS: n =79 WoS: n =78
portfolio Arxiv: n =82 Arxiv:n =18
7. Quantum AND algorithrAND finan* AND portfolio 4. Scopus:n 50 4. Scopus: n 37
8. (Quantum ANDportfolio AND optim*) AND WoS: n =22 WoS: n =20
(methods OR techniques) Arxiv: n =29 Arxivin =5
9. Quantum ANDPortfolio AND management AND 5. Scopus: n 403 5. Scopus: n 86
optim* WoS: n =69 WoS: n =68
10. (Quantum AND riskAND forecast) AND (finan* Arxiv:n =73 Arxivin =4
OR management) 6. Scopus:n 37 6. Scopus: n 30
11. Quantum AND portfolio AND asset AND allocation WoS: n =14 WoS: n =14
12. (Quantum AND optim*AND portfolio) AND Arxiv: n =19 Arxiv: n =2
(techniques OR risk OR model*) 7. Scopus:n 88 7. Scopus:n <9
13. (Quantum AND methodAND portfolio) AND WoS: n =44 WoS: n =42
(optim* OR finan* OR model) Arxiv: n =45 Arxivin =0
14. Quantum AND QUBO AND portfolio 8. Scopus: n 82 8. Scopus:n=F1
15. Quantum AND eigensolver AND portfolio WoS: n =48 WoS: n =48
16. Quantum AND forecastAND portfolio Arxiv: n =51 Arxivin =1
9. Scopus: n 35 9. Scopus: n 27
And for ArXiv, these additional searches were done: WoS: n=12 WoS: n =12
17. Quantum AND finan* AND model* AND optim* Arxiv: n =27 Arxivin =2
18. Quantum AND finan* AND optim* AND algorithm 10. Scopus: n 45 10. Scopus: n 37
WoS: n =13 WoS: n =12
Arxiv:n =4 Arxivin =1
11. Scopus:n 8 11. Scopus:n %
WoS: n =5 WoS: n =4
Arxiv: n =10 Arxivin=1
12. Scopus: n 417 12. Scopus: n 97
WoS: n =66 WoS: n =63
Arxiv: n =83 Arxiv: n =2
13. Scopus: n 90 13. Scopus: n 73
WoS: n =47 WoS: n =43
Arxiv: n =40 Arxivin =0
14. Scopus: n 42 14. Scopus: n 42
WoS: n =9 WoS: n =9
Arxivin =11 Arxiv:n =0
15. Scopus:n % 15. Scopus:n %
WoS: n =3 WoS: n =3
Arxiv:n =6 Arxivin =1
16. Scopus: n =0 16. Scopus: n 40




WoS: n =3 WoS: n =3
Arxivin=1 Arxivin=1
17. Arxivin=72 17. Arxivin=14
18. Arxivin =38 18. Arxivin=4
Total:n =2.369 Total:n =1.560
Scopus: n 4.058 Scopus: n 891
WoS: n =585 WoS: n =563
Arxiv: n =729 Arxiv: n =106

Table 2: keyword combinations and search results

Table 5, search results in different stages for initial literature search

Results with inclusion and
exclusion criteria
(not accounting for duplicates)

Results with inclusion and exclusion
criteria
(accounting for duplicate literature)

Results with inclusion and exclusion criteria
(accounting for duplicate literature and
abstract, title, full-text screening, articles
that were added later, articles not used, and
white papers transferred/deleted:)

Results

Articles with inclusion and
exclusion criteria,
not accounting for duplicates:

Total: n £.560
Scopus: n =891
WoS: n =563
Arxiv: n=06

Articles with inclusion and exclusion
criteria, accounting for duplicates:
Total: n 340

Duplicatesexcludedn the same database:

Total: n#.127
Scopus: n =686
WoS: n =438
Arxiv: n=3

Duplicatesexcludedamong all databases

together:
Total: n 93
Total duplicates: n £.220

Articles with inclusion and exclusion criteria
accounting for duplicate literaturabstract,
title, full-text screeningpapers that were
added lagr, papersot used, and white papers
transferredieleted
Total: n 340
Excluded: n=18

Reports added (n = 8)

Reports not used (n65)

White papers transferred (n22)

White papers deleted because they were
duplicate (n = 16)

Total end number of reports (N5¥)




Table 6, Insight into White Paper findings (Table 7 starts on page 57)

Paper (25) Challenge addressed | Main findings/purpose Quantum Additional
(Actors / Introduction hardware, specifics
involved, or Quantum
whom the algorithm,
authors are Methodology, Use
affiliated case
to)
(Authors)
(Year)
[105] This white paper is Objective: Quantumsystem:
Long-short | jssued bylQbit and - Propose weight allocation strategy where a
minimum entails anovel directionis assigned to each weight encompassing
Zl;:(irﬁ?zr;go approach to P@hich either a short or long position, this is to ultimately | Algorithms used:
n using a addresses the issue reducevolatility and improve riskadjusted returns | Tabu Solver (TS)
quantum that manyweight for portfolios compared to traditional methods.
digital allocation strategies - Furthermore, the proposed mettisthack testedn Methodology:
annealer result in longterm threedatasets usingraulti-start tabu dopt search Optimization

. portfolio positions. with 100 startgto act as a stanith for the quantum
(1Qbit) The proposed strateg} digital annealerind a sliding window mechanism g Use case:
(Gili is onewhere three month, portfolios were rebalanced on the firs Portfolio
Rosenberg | directions (long or day of the month optimization
and short positions) are - To collect statistical data to run the algorithm on,
Maxwell assigned to each bootstrapping is used with 25 samples
Rounds., weight allocation so
2018) that the variance of Datasets

the portfolio is either -
minimized or
maximized.

Furthermorethis

proposed problem -
formulationis then

shown to be -
applicable towards
real quantum
annealers of BNVave -
Systems, and the

Digital Annealer of

Fujitsu

Next to thatpack

testedresults are

shown for the Results:
problem formulation -
on threedatasets

using a tabu solver.

Dataset 1 specifics portfolio for a commodity
trading advisor (CTA), consisting of 38 futures
contracts, including stocks abdnd of different
countries, as well as commodities such as oil, whe
and gold

Dataset 2 specific®ow Jones Industrighverage,
consisting of 30 largeap US stocks

Dataset 3 specificstiine S&P 50Gector ETFs

Evaluation:

Showthe performancacquired by the proposed
formulation, it is applied on different methods
(inverse variance paritgqual weighting, minimum
variance, hierarchical risk paritgnd quantum
hierarchical riskparity) usedto show its improved
efficiency and performance

With the weighting methods used, it can concludec
thatthe proposed method would outperform
traditional methods in a rigiarity situation for PO,
“Our results suggest that by utilizing intelligent
shorting, this method is able to reduce tbatility

of long-only strategies, leading to shorter maximun
drawdowns and higher Sharpe ratios, albeit with a
higher turnover. ( p . 1)



12]

Multi-
Objective
Portfolio
Optimizati
on Using a
Quantum
Annealer

(Rabobank,
School of
business
economics
Maastricht)

(Aguilera
er al., 2024)

[19]
Approxima
ting
Optimal
Asset
Allocations
using

“1In this
problem is explored,
using a combination
of classical and
quantum computing
techni

Further mor

paper, a specific

problem is introduced

where a portfolio of
loans needs to be

optimized for 2030,
consideri
on

a carbon footprint

constraint. This paper

introduceste
formulation of the
problem and how it
can be optimized
using quantum
computing, using a
reformulation of the
problem as a
quadratic

unconstrained binary

optimization
(QuBO) "

A problem

acknowledged by this

paper is the lackf
practical application

by existing algorithms
when datasets excee(

100 elements
therefore, simulated

ques

Capital
‘Concentra
objectives, as well as

(p

Results:

Purpose:

s| Objective(s):
portfolio optimization

Using QUBO on simulated and physical quantum
annealing, the paper sought to optimize a multi
objective portfolio optimization problem specializec
for two made QUBO formulations (QUBO1 and
QUBO?2) from a real financial case considering the
next variablesthe return per asset, outstanding
amount per asset, regulatory capital per asset, low
and upper bound outstanding amounts per asset, |
an emission intensity/reduction per agget7)

The two QJBO models were then subsequently
experimented upon using, where a classical
benchmark is usedl@mseline to compare results wit

The results after putting in the data in both simulat
and physical annealing were compared to a classi
convex optimization approach, where the classical
approach yielded less portfolios that fit emission
constraints and was increasingly slower than QUB
(not QUBOL1) using a higher number of assets.
For QUBO1 simulated annealing on QUBO1
showed better performance than random sampling
meeting constraints more effectively and producing
solutions closer to the Pareto frontier.

For QUBO2,The secondQUBO formulation
outperformed QUBOL1 in finding solutions near the
Pareto frontier, with simulated annealing results
suggesting potential advantages over classical
methods.

Quantum computing, particularly quantum annealii
demonstrates potential in solving complex portfolic
optimization problems by generating multiple viabl|
solutions.

The quantum annealer showed a broader range of
solutions compared to the simulated annealing res
but struggled to match the classical benchmark
closely.

The quantum annealing approach yielded fewer
solutions near the Pareto frontier compared to
simulated annealing and had limited success in
meeting emission constraints.

To give insight into a novel way to use QUBO on a quantun

annealer

for multbbjective portfolio optimization

Objective(s)

Analyze and apply simulated bifurcation to a PO
problem br optimal assetllocation following the
Ising-problemformulationequivalento the
Markowitz modelffor maximizing riskadjusted
returns

To test thausefulness of the proposed simulated
bifurcationalgorithm a dataset imade from

Quantum hardware:

Solving of multi

Simulated / physical objective portfolio

annealing

Quantum algorithm:
QUBO

Methodology:
Optimization

Use case:
Multi-objective
portfolio
optimization

Quantum system:
Simulated
Bifurcation in
PYTHON

Algorithms used:
Simulated
bifurcation

optimization
problem by
deducting a
specific real

world case into a
QUBO problem
formulation for a
guantum annealer
(p-3)

Next to that, a
specific variant of
multi-objective
optimization is
used that aims to
find themost
efficient pareto
frontier of a
combination of
return,
diversification,
and carbon
equivalent
emissions
(CO2(p3)”
pareto frontier
meaning a line of
portfolios on a
graph with Y =
ROC and X =
diversification,
where no portfolio
can be improved
without
worsening anothel
part ofit

Simulated
bifurcation = a
method of
optimization
where solutions to
simpler problems
aremodifiedto



Simulated
Bifurcation

(NICS;
CentraleSu
pélec;
Université
Paris-
Saclay)

(Thomas
Bouquet et
al., 2021)

bifurcation is
mentioned athe
potential solver of this
problem in this paper

The objective of the
study is to analyze
and apply simulated
bifurcation to the?O
problem of optimal
asset allocation
(maximizing risk
adjusted returns over
given time horizon)

historical data from YAHOO! Finanandused in a
particular case witlonebit weights whilst looking
for the optimal subset of assets.

Theresults obtained by the simulated bifurcation w
be compared to a bruferce algorithm

Dataset specification:

Results:

Closingprices of 441 assets belonging to the S&P*
index during the period of202003-02/2021 on the
New York Stock Exchang®aily returns are
calculated and used to estimate the covariance mg

Applying the onebit weights mulated bifurcation
method to the complete dataset shows that the
algorithm runs the computation in about 5 seconds
and selects 120 out of 44%sets

The performance of the selected portfdlio
simulated bifurcations significantly better thathe
one chosen via brufierce, indicating better risk
awareness

The simulated bifurcation algorithm has great eye
diversification of assets to reduce correlation/spre
risk.

As numbers of assets increastm simulated
bifurcation showed greater degrees of accuracy in
approximating the weights for each as4&8 out of
150 simulations the algorithm could return the
optimal allocation of weights.

For a problem with 4 assets and 5 bits per asset, t
simulated bifurcation showed 90.4% Hamming
accuracy (which basically is a measure of accurac
for algorithms)

Figure 7 in the paper gives a reetation of a time
efficiency comparison between brifterce (classical)
and simulated bifurcation. This figure shows that
after a certain poirih a datasethe complexity of
solving aproblem becomes exponentially more tim
consuming for brutdorce, howeversimulated
bifurcation does not show this and thus aasiperior
ability to computeproblem if they become
exponentially more complex

Important notes

It is impossible to prof optimality of the found
portfolios, therefore methods can only be compare
to each other

In the computational tests for simulated bifurcation
(to help give an indication of the amount of assets
and bits needed to be used in the actual

Methodology:
Optimization

Use case:
Portfolio
optimization
(optimal asset
allocation)

converge to an
optimal solution

Covariance matrix
= a matrix giving
insight into the
covariance, or
relationship
between assetin
finance this is
used to show
correlationdegree
betweerassets.



benchmarking)each assets can be represented by
differing numbers of bitanore bits means better
accuracy, however, as more bits also means more
complexity to thecalculation of thebjective
function, aconsideration has to be made between
number of bits and number of assets for this to wo
(or in other wordsa balance between accuracy and
computation time needs to be fourttl)s principle is
also shown in table 6 2. as some combinations of
number of assets and biase computationally
intractable Ultimately, this test showed th&iwer bit
values showed best accuracy toward the results
obtained by brutéorce strategies.



[25]
Comparing
Classical-
Quantum
Portfolio
Optimizati
on with
Enhanced
Constraints

(Deloitte
Consulting,
Salvatore)

(Certo et
al., 2022)

In this paperguantum | Objective(s):

advantage is put to th

test in a portfolio
optimization
perspectivewhere a
quantum annealer is
used along witlsome
algorithmsagainst
classical methods

More specifically, this
paperemploysseveral
reatworld constraints

on the quantum
annealerthereby
adding to the
complexity of the

problem to be solved.

Furthermorediverse
traditional anchew
constraints are used
both on statef-the
art classical
algorithms and
guantum algorithms

The stateof-the art

algorithms aresolved
usingtheewWa v e’
guantum processor.

Dataset:

Results:

Compare statef-the artalgorithms toward
algorithms used on a quantum annealer

Map theMarkowitz problem into a QUBO formao
solve on an annealer.

Employ a variety of new and traditional constraints
increase the complexity of the problem to be solve
and give greater insight to the differermtween
classical and current hybrid solutions in the static |
model.

Constraints used interchangeahhg: minimumand
maximum sector bandproportion of each industry
sector is invested in? types obalance sheet
constraintgconstraints based on mostly balance
sheet ratio®.g. current ratio) first of which is a min
current ratio constraint and the second béirag the
entire portfolio should have a minimum average
cardinalityconstrainof Limited Asset Markowitz
(LAM), full budget musbe used (budget constraint]
and an asset must nm¢ morethan 2,5% of the
portfolio.

For the real dataset test, only the last two mention|
constraints were useAnd one last example with a
volatility constraint added for CQM. The authors
leave the combination of all types of other
constraints for further research.

Full S&P 500

For specifically the use of min and max sector
constraints, the optimization model was run on the
entire S&P 50@vith quantum annealindResults
showedtighter investments bands, more flexibility,
and the hybrid solver was able to satisfy all
constraints.

The CQM model significantly outperformed the
BQM mode| but for highewvalues of qabove 25)
BQM outperformed CQM. (q is ¢hrisk appetite
level of the investor)

The classical solution found the efficient frontidth
minimal effort, even with multiple reatorld
constraints

The CPLE solver outperformed altherin Sharpe
ratios.

“Many have proposed portfolio optimization as a
prime candidate for quantum advantage; however,
realworld constraints we have discussed thus far
show that at least in the static integefued case, it
is unlikely to outperform classical solutiohs. ( p .
although this is mentionethe problem solved is still
convex, thereby not fully giving way to the

Quantum system:
D-Waveé s hyb
models(binary
quaratic model
(BQM) and
constrained
Quadratic Model
(CQM)), and
CPLEXfor classical
optimizing

Algorithms used:
Classical and
guantumannealing
algorithms

Methodology:
Optimization

Use case:
Portfolio
optimization

Current ratio = a
ratio giving

insight into how
well a company is
able tofulfill
shortterm
obligations, thus a
measure of

liquidity.

LAM = a
constraint that
ensuresssets in a
portfolio are
limited (which
may be due to
several reasons
such as limiting
transaction costs)



advantages of quantum computing, if the problem
were noRconvex, the authors mentioned tigh
may have an advantage, but tlago question
whether a realvorld scenariavith a norconvex
constraint will actually be used.

Sharpe ratios for various constraints mentioned:

Q=1 | Sector | Loc | Global | Car

constr | al CR dina

aint CR lity
BQM | 3.25 | 2.79 1.86 | 2.60 1.67
CQM | 3.88 | 3.81 3.41 | 3.32 3.40
CPLE | 3.88 | 3.81 3.41 | 3.73 3.70
X

Important information:

Although

Constraints are mostly formed as penalty terms in
formulation of the objective function.

The problem in this paper followkat of the

Mar kowitz’s modern por i
returns for a given level ofsk.

“As current QA do not have the number of qubits 1
the required connectivity between them to implem
largescale models directly on annealers, we explo
theuseofBNave'’' s hybr{(g. ma@i
“While gatebased machines in the Noisy
Intermediate Scale Quantum (NISQ) era struggle t
find appropriate feasible applications, quantum
annealers have less constraints and appear to be |
most promising in nealerm industrial
implementations (p. 1)



[28]

Black-
Litterman
Portfolio
Optimizati
on with
Noisy
Intermedia
te-Scale
Quantum
Computers

(Chi-Chun
Chen et al.,
2023)

In this paperthe
practical applications
of NISQ algorithms
are used in the
enhancement of the
Black-LittermanPO
model.

As proof of concept, a
12-qubitexample of
selecting6 assets out
of a 12asset pool is
used, where the
approach involves
predicting investor
viewswith Quantum
Machine Learning
(QML), and
addressing the
optimization problem
using the Variational

Objective(s):

Formulate a&lack-Litterman PO problem and
estimateghei n v e st ovia ML, ands@ve the
QUBO formulation viaVQE, or QAOA Optimize
the parameters using Sequential Least Squares
Programming (SLSQP)

Formulate the Po problem into a QOBormat,
where the aim of the formula is heaximize return
while minimizing risk with a budget constraiand
penalty terms

Find the investors Vi ¢
Quantum Machine learning, and the market implie|
return with data from the markdtoth are specific to
the BlackLitterman approach.
Approachtheguanti fi cati on of
via 4 quantum machine learning methods (QSVM,
QNN, SVM, NN)

Demonstrate a 12 and 16 qubit ctsst shows the
capability of obtaining solutions with godidck
testingperformance.

Quantum Eigensolver, Data for theback test

(VQE)

Results:
Il nve

Time period 2008/01/01 to 2021/12/gblit up in 9
time segmentswith a260 week training period and
52 week testing periot2 Individual stoclk from

S&P 500 VQE was used with p = #epetitions of the
circuit, and QAOA with p = 8Tests areompared to
the approximation ratio, which is a ratio between
good solution’ and that
via VQE or QAOA.

stors View perfor manc:¢
Specifically Il ooking at
view, the following could be sa@SVM = S\
NN > QNN in terms of testing accuragnd QSVM
was also much faster to train than QNN.

Optimization test of BLPO:

Back testingperformancevi t h i

Considering the BPO test, VQE had an
approximation ratio oét leas.9 and mean 0.96
Variances via VQE were close to zero (so low risk]
and those form QAOA are large.

Tests werestill proven to be susceptible to finding
local minima instead of global minima.

VQE heuristic ansatz should be preferred over
QAOQA

Looking at the given figures depictirggpproximation
ratios and variances, VQE outperforms QOA
significantly, with QAOA having greatly varying an
worse results.

’

nvestors

Quantum system:

Algorithms used:
VQE, QAOA, and
QML

Methodology:
Optimization

Use case:
Black-Litterman
Portfolio
optimization

Black-Litterman
PO =a FO
approach that
combines
elements of
modern portfolio
theory with
investor viewso
improve the
Markowitz mean
variance model.

Il nvestor
theobjectification
of the i
view on the
assets, which will
either be bullish
or bearish.



[27]

Quasi-
binary
encoding
based
quantum
alternating
operator
ansatz

(CCB
Fintech)

(Bingren
Chen et al.,
2023)

In this paper, guask
binary encoding base!
algorithm is proposed
for solving specific
quadratic optimization
modelin the QAOAz
framework.

Threeconstraintsare
imposed on the
model:

Discrete constraint,
boundconstraint, sum
constraint

In some parts of the
given objective
function for QAOA,
ideas such as CVaR
QAOA and parameter
scheduling are usdd
optimize the solution
quality.

- The BL-PO modebutperformaviodern Portfolio
Theory in pure returns and certairgguivalenteturn
overa long continuouback testingeriod.

- VQE/QOAfind high approximation ratios close to
the optimal solutions, and sometime even outperfc
exact solution in the approximation ratio.

- There is balance problem found between balancin
out computational cost anecisenessf the
solution.

- The ability to perform well without exact solutions
suggests efficiency gains in quantum optimization
methods.

- “The solutions obtained from VQE exhibit a high
approximation ratio behavior, and consistently
outperform several common portfolio modeldack
testingover a long period of timé. (p. 1)

- “The scale of real quantum device today are not a
to solve discrete portfolio optimization problems
beyond classical computer limit (and quantum
computers cannot be efficiently simulated
classicallyy (p. 2)

Important notes:

- The computational resources neededjicantum
computing can be anticipated as it follows a linear
scheme, on the contrary, classical computing folloy
aexponential line when it comes to computational
resources needed for larger problems.

- QSVM was used for inveg

Obijective:

- Form aquastbinary encoding based QAQAo solve
quadratic optimization problentbased on the
Markowitz model for PO)with integer variables in a
hard constraint way.

- Make use of parameter schedulieghniques and
CVaR-QAOAZz to enhance solution quality

- Use4 methods for optimal parametaheduling:

1: Sample2020 random parameters are chosen for the

training process, and ov&000 iteration in COBYLA, the

best option will be chosen

2: Optimized Linear Schedule (OLS)

3: Iterative Optimized Linear Schedule (IOLS)

4: Iterative QAOA (IQAOA)

- Make use of COBLA as the classical optimizer to
finds the best parameter.

- Lastly, performexperimental test with theVaR-
QAOAZ and NormalQAOAZz on two instancet
show performancdifferencedor their use in the
broader QBQAOAZz framework

1: Selecting 6 stockwith atotal of 18 qubits required for

the experiment, and different simulations are conductel

P=1p=2,p=4,p==8andp =({brepresents the

Quantum system:

Qiskit (simulator)

Algorithms used:
QB-QAOAz

Methodology:
Optimization

Use case:
Portfolio
optimization

Parameter
scheduling =
adjusting
parametersfoan
algorithm over
time to improve
its performance

QuasiBinary
approach = a way
to simplify the
problem
representation so
that quantum
hardware can be
leveraged ma
effectively,with
the aim to reduce
resource
requirements and
better
performance



Lastly, a numerical
simulation will be
usedon a PO case to
show the performance
of the given algorithm

depth of the quantum circuthe number of iterationso

in simple terms the complexignd witha = (Wth 5

upper and lower bound beir@/+1) (which signifies the

precision of theparametersmore precision = better
resultson average, but also more computational resour
neededlsing all 4 parameter methods.

2: general stock pools from the Chinese Shenzhen and

Shanghai Stock Exchang#8 stocks are randomly

selected from 4836 stocks =05, B20 experimentsn

each of the four parameter scheduling methods and fiv

different depths (p = 1, 2, 4, 8, 16)

- Lastly, amethod to increase precision of the
instances is proposed fQB-QAOAz, first QB-
QAOAz is usedwith CVaR-QAOAz and IQAOA
scheduling methqdand then the course solution it
gives isoptimized viaincreasingx exponentially via
an iterative method (with the purpose of finding a
better solution with fewer qubits needed)

Dataset specifications:

- Six NASDAQ stockswith historical returrrates of
these stocks as the input data,

Three constraints are imposed on the model:

1. Discrete constraint, the variables are required to b
integers

2. bound constraint, variables ought to be greater the
or equal to a certain constraint and less than or eq
to another integer

3. sum constraint, the sum of all variables should be
given integer

Results:
Result for instance: 1

- Resultsshowedthat CVaRQAOAz outperformed
the normalQAOAz significantly,where CVaR
QAOAz is also superior to brutirce (classical)
when p exceeded 2

- As for the parameter optimizatiolfQAOA could not
show its proposed superiority over the other
parameter scheduling methodisrthermore, IQAOA
and IOLS ofterfell into local optima. In most cases,
as p got higher, thegerformanceslecreasedue to
high parameter count

- IOLS performance increased with circuit dept,
furthermore, IQAOA performed better under C\aR
QAOAz than NormalQAOAz, final recommendatior,
was to use CValQAOAz with IOLS or IQAOA
with p above 8o achieve an approximation ratio
of 0.99.

Instance 2:

- CVaRQAOA showedan approximation ratio
between 0.973 and 0.997.



- The approximation ratio of the parameter schedulii
methods increased as circuit dept increassith less
errors

- For the parameter scheduling methods, IQAOA
performed the best.

- Overall, for the twanstancesit was still observed
that the precision of results was too coarse for
business application.

Iterative QBQAOAz method:

- The iterative methodor QB-QAOAz with CVaR
QAOAz and IQAOA showed significant
improvements in the quality of solutigrend the
probability of finding the optimal solution increasec
(all whilst keeping the same number of low qubits)

- "1 f we i ncr ea seample)hby setinge
o t othoosangth, then the total number of qubit;
required in Instance 1 is 96, which already exceed
the computational limit of most quantum computer
and simulators. “ (p.

Important notes:

- To address the limitations of current (2023) quantt
hardware, an iterative method will be used wtibee
solution of the experiment will be improved througl|
multiple fewqubit experimentsandparametersvill
slowly become more precise over the iterative

process.

- no penalty terms angsed in the objective function
[43] Based on a Objective(s): Quantum system:
Financial formulation of the - Formulate the meanQvariance Markowitz model in| D-Wave QBSOLV
Portfolio Mar k o wiméaa ' ¢ QUBO formulation, and solve it via D-Wave (simulated solver)
Manageme | variance model, quantum optimizer
nt using D- | whereit is formulated - Solve the given problermn MATLAB (mathematical | Algorithms used:
Wave as a QUBO problem software)via the genetic algorithm (classical D-Wave QBSOLV
Quantum including expected approach)
Optimizer: | return, volatility, - Compare the results from the MATLAB experimen Methodology:
The Case of | penalization terms, and those fo thB-Wave quantum optimizer Optimization
Abu Dhabi | andaccording to
Securities weights for each Dataspecifics: Use case:
Exchange criterion,to be solved - 63 to 68 securitieBom the Abu Dhabi Securities Portfolio

viaa D-Wave Exchange, with weekly closing prices over the per| optimization

(UT-Batelle | quantum optimizer 01/12/2015 t80/11/2016and a covariance matrix
LLC with and matrix for expected returns was maital
non- budget = 100 USD
exclusive
contract Results:
with U.S. - The QBSOLYV produced portfolios that exceeded ti
Departmen budget(121.176 USD instead of the budget 100
t of USD)in order to fit the QUBO model
Energy) - The choice of exceeding the budget has clearly

ignored the influence of the e@riancematrix to



(Nada
Elsokkary
et al., 2021)

[45]
Quantum-
Enhanced
Simulation-
Based
Optimizati
on

(IBM
Research
and ETH
Zurich)

(Gacon J et
al., 2020)

In this papera
guanturaenhanced
algorithm(QAE) for
simulationbased
optimization is
introducedo
optimize simulation
based optimization
and form the
QuantumEnhanced
Simulation Based
Optimization
Algorithm (QSBO)
where it is applied

towards &0 problem

with Value-at-Risk
constraint and
inventory
management

The algorithm is
proposed for
continuous and
discrete decision
variables..

minimize risk, so the portfolio was not diversified tc
spread risk

- Longer annealing times showslightly improved
results withportfolios similar to lower annealing
times, but with lower cost portfolios

- Compared to the classical solution, QBSOLYV foun
portfolios in good agreement with tha®eind in the
MATLAB -derived solution.

Important notes:

- This paper leaves a lot aflditional, sometimes
needed information, out of the picture, it mostly
states the core findings and gegjuisites of the
research

Objective(s):

- Formulatea Simulation base®O problem including
Value-atRisk or inventory managemensind solve it
via the QSBCalgorithm

- Optimize SBO with QAE to accelerate the estimati
of values specifically, use QAE in QSBO &nhance
the precision and efficienayf evaluation the
objective functions

- Usean adapted version of VQE (for discrete
optimizationproblems)o optimizethe decision
variabley* (which is part of the objective QUBO
function) (to optimize y* means to get better result;
for the eventual calculation of the QUBO function)

- Apply the algorithnto small instances of practically
relevant problemdrom inventory management and
finance to PO with VaR based objective function.

Dataset specifications for PO problem:
- Atwo-asset portfolio, where 13 qubits are used for
the VaR estimation, and 12 qubits for the expectat
value x, with a risk appetite of 0.09, ane 0.05
(simply put, precision level of the parameters)

Results(objective function is to minimize risk)
Newsvendor problem:

- The most optimal solution was fouadcurately,
looking at the graphepicting thegiven solutions, it
can clearlybe seenhatall results are estimated
accurately, and the optimal solution is found.

Portfolio optimization:

- The algorithm identified he optimal solution with a
90% probability showing that with 90% certainty,
the first out of the two possible assets maximizes t
portfolio.

- The results show that the proposed algorithm is ak
to compute PO problems accurately.

Overall:

- Increasing the number of repetitions of the algorith

leads to moreparameters, thereby more search spa

Quantum system:
Qiskit (simulator)
And for the classical
part of the
algorithm,

COBYLA is used

Algorithms used:
Quantum Amplitude
Estimation (QAE)
Quantumenhance
simulation based
optimization
(QSBO)

Methodology:

Use case:

Newsvendor
problem =a
problemthat
involves
determining the
optimal number of
newspaper
batches to
purchase to
balance the cost
of leftover
newspapers and
the lost income
from unmet
demand. The goal
is to minimize the
expected cost
function, which
accounts for both
overage and
opportunitycosts.



[49]

A detailed
end-to-end
assessment
of quantum
algorithm
for
portfolio
optimizatio
n

(Goldman
Sachs and
AWS)

(Alexander
Dalzell et
al., 2023)

In this paper, a
detailedexplanatioris
given towards the use
of a quantum
algorithm for

portfolio
optimization.This
paper is inspired by
the“End-To-End
Resource Analysis fot
Quantum Interior
Point Methods and
Portfolio

Optimizatiorf

Issues addressed are
1:to determine the
practicality of a
guantum algorithm

2: the PO model itself
3: Quantim interior
point methods

but at the expense obmputational resources neede
as the problem becomes more complex.
“Quantum Amplitude Estimation (QAE) is a
guantum algorithm that provides a quadratic speec

over classical Monte Carlo simulation, i.e., its

estimati on

For all experiments, the optimal solution was founc

with high probabilities.

The algorithm shoed great capabilities in solving
inventory management afD problems with both

errdr (pcallegy

continuous and discrete variables

“ Te algorithm offers a quadratic speedup for the
evaluation of the objective function compared to
classical Monte Carlo simulatidn.

Important notes:

QAE is commonly used fastimating parameters

(p.

7)

and optimizing them (ultimately reducing circuit

complexity and depth), in the case of this paper it i
used toestimateexpected values of functions relate|
to the objective functiorThis paper aims to use QA
for a quadratic speedup of the normal SBO.
Points todetermine the practicality of a quantum algorithm:

The quantum algorithmproduces a classicalitput

that allows for benchmarking via classical methods
The quantum algorithm relies on a reasonable inpt
model,as some models (mostly for QMixere
thought to offer significarddvantagesver classical
methods untilt was pointed out that they did not

becausehey used unreasonable assumptainsut

the input model.

The quantum algorithm has a plausible case for
asymptotic speedup, meagithatit is used on a case
that shows the quantum algorithm to outperform a

classical counterpart onsafficiently large size
instance, as that isherequantum advantage is

found.

The instance size, or the tipping poivtiere the

quantum algorithm outperforms the classical one

must be of commercial use, if it outperforms a

classical algorithnat a point where is of no
commercial use, the quantum algorithm may as w

not be used.

4: Resource estimate| QIPM for PO model:

for QIPM

PO aims to maximize returns while minimizing risk
of a fixed investment budget. QIPM tries to achievi
this byusing quantum computing methodssfzecific
computational processasthe classical algorithnin
particular, QIPM improves onassicalinterior point
techniques by employing quantum algorithms to
solve linear problems, quantum random access

Quantum system:
Amazon Braket

Algorithmgmethod
used:

Quantum Interior
Point Method

(QIPM)

Methodology:
Optimization

Use case:
Portfolio
optimization



[50]
Efficient
DCQO
Algorithm
within the
Impulse
Regime for
Portfolio

guantum algorithm is
proposedor portfolio
optimizationusingthe
digitized
counterdiabetic

memory (QRAM) to rapidly access data, and
guantum state tomography to transform quantum
states into classical information.

Challengesor QIPM:

Error managemenérrors can affect accuracy,
however, the | PM grrodes.i
correction.

Limitation of current NISQ hardware: e.g. limited
qubits and frequency of errors and noise
interferences

Dependency on parameters

Resource estimation for the QIPM:

The estimatéo encode a PO problem with 100 ass:
is around 8 million qubits, far from what is currently
feasible on quantum hardware.

Quantum gateseeded for n = 100 (or more
specifically T-gates for QIPM)s approximately 7 x
10729, far from currently feasible

T-Depth(or depth of the circuit / number of layers ¢
T-gates irparallel) for n = 100 is 2 x 10724, whith
very computationally demanding and currently not
realizable.

Currently, the estimation for QIPM runtime is in the
millions of years for bigger PO problems.

Results/findings:

Simulations suggest that QIPM may theoretically
offer speedups, but current implementatilennot
show aclear advantage over classical algorithms f¢
problem size between n =10 and n = 120.,
practicality for larger problems remains uncertain.
Even when algorithms present promising advantag
further inspection on it can reveal a drastically
different picture due to multiple factors (e.g.
assumptions made for the algorithm are not realist
QIPM showed great data cost and computation tin
needing significant QRAM to operate.

Currently, QRAM is not practical, it is suggested th
to improve its practiality, dedicated QRAM
hardware ought to be made that can levetage
special aspects of QRAM more efficiently. And thig
applies to all algorithms making use of QRAM.

In this paper, a digital Objective(s): Quantum system:
Form afast, purelyquantum digitized lonQ trappedon
counterdiabatic quantum optimization protocol guantum computer
(DCQO)relying on the concept of the impulse
regime along with a hybrid version @®CQO) Algorithmsmodel
Experiment with these models on a&8set PO used:
problem on the lonQ quantum computers. DCQO

quantum optimization
(DCQO) algorithm.

Methodology:

Impulse regime =
an approach that
reduces circuit
depthand
enhances solution
accuracy. In this
paper it is sued as
an alternative to



Optimizati
on

(Kipu
Quantum
and
University
of the
Basque
Country
Departmen
t of
Physics)

(Alejandro
Gomez
Cadavid et
al., 2023)

The DCQO isapplied

to a realcase scenaria
of PO with 20 assets,
using purely quantum

and hybridquantum
paradigmslt is

performedusing up to
20 qubitson the lonQ

trappedion quantum
computer.

The DCQO is

benchmarked against
thestandard Quantum

Approximate
Optimization
Algorithm (QAOA)
and finitetime
digitized-adiabetic
algorithms.

Note: this paper
mostly compareshe
proposedjuantum
algorithmsto each
other, not directly
mentioned any
classical algorithms
(only for the hybrid
model for
optimization),but it
can generally be
deducted by the

results that promising

results are shown

from the experiments.

Integrateadiabatioquantum optimization ancbunter | Optimization
diabeticprotocolsin DCQOto address the PO
problem more efficiently Use case:

Convertproposed Markowitz PO model in this pap¢ Portfolio
(reformulated wittsingletime step modality of this | optimization
problem with Boolean assiivestment)this is

mainly to simplify the problem and make it more

efficient to solvejo a Hamiltonian formulation to be

able tomake it solvableia DCQO

Test the DCQGNdh-DCQOto each otherQAOA,

and other digitized adiabatrotocols.

Results are put into perspective via the approxima

ratio ofthe average energy needed for a solution

compared to the actual energy used.

Data specifics:

Results:

DCQO:

20 assets, with historical data from 06/06/2022 to
01/01/2023 budget is number of asset / 2.

Implementing CD protocols in the DCQO improvec
performance&x in terms of approximation ratio
compared to no€D usage.

For the 2@asset problemn a simulatgrthe DCQO
proved to be more efficient than compared methoc
showing araverage approximation ratio of 0.54

I mpl ementing DG@EQu@device | ¢
shaved that the AR raticould be0.50with error
mitigation methods similar to the simulated results.

h-DCQO:

Overall:

A five-layer (more complexthus accurate resujts
QAOA performed similarly to anelayerh-DCQQ,
showing that DCQO is more efficient.

For the PO probleph-DCQO achieved an AR ratio
of 0.72,showing the closest likeness to the desired
solution out of all the tests.

When execut ed witmerrdron Q' ¢
mitigationtechniquesh-DCQO showed an
approximatiorratio of 0.58, which is lower than the
simulated test.

The two nethods are effective for both portfolio
optimization and other combinatorial problems,
demonstrating their general utility.

“we achieved a substantial reduction in the circuit
complexity while maintaining a similar solution
accuracy (p. 7), referring
lower circuit complexity sut as CD protocols.

“We obtain a significant reduction in the circuit def
by factors of 2.5 to 40, while minimizing the
dependence on the classical optimization subrouti|
(P.1)

suing methods
like QAOA.

Single timestep
modality =means
solving the
problem in a
singlepoint in
time, as opposed
to multiple time
steps or stages
Basically,
meaning thathe
proposed model
only has to solve
the formulation
onceand give
asset allocation in
a portfolio one
time.

Boolean asset
investment =a
way of
simplifying the
inclusion, or
exclusion, of an
asset ta binary
format, thereby
simplifying the
optimization
problem to a
series of yes/no
decisions for each
asset

Counterdiabetic
protocols (CD) =
a set of technique
used in quantum
computing to
enhance the
performance of
quantum
algorithms,
particularly those
involving
quantum
optimization and
quantum
annealing.



[591

A
Quantum-
Inspired
Binary
Optimizati
on
Algorithm
for
Representa
tive
Selection

(Agnostiq
Inc)

(Anna G.
Hughes et
al., 2023)

In this paper, a
selectoralgorithm is
proposed: a method
for selecting the most
representative subset
of data from a larger
dataset.

The proposed datasel
includes datapoints
that meet two
requirements:

1: Thedata is
maximally close to
neighboringdata
2:The data is
maximally far from
more distant data
points

This is ti make sure
data selected is as
diversified as
possible.

“Besides portfolio optimization, the proposed mett
is applicable to a large class of combinatorial
optimization problems. ( p . 1)

Important notes:

Classical optimization for the hybrid algorithms wa

done via COBYLA.

Multiple additional methods are used BEQO and

h-DCQO to optimize its efficiency and performance

these methods are not relevant to be explained bu
following are employe:

1. On DCQO: impulse regime, selective trotter
steps, gate reduction strategiyreshold
alignment, and critical point focus

2. H-DCQO: simplified ansatmethod parameter
reduction, variational optimization following
variation quantum algorithms (as these are als
hybrid quantumclassical), and layer count
optimization

The DCQO is a purely quantuoptimizer, and h

DCQO is a hybrid version employing classical

methods also.

The paper leverages adiabatic quantum optimizati

andcounterdiabatic protocols to address the portfo

optimization problem more efficientlyhereby
reducing circuit depth and increasing accuracy

Objective(s):

Form aunsupervised representatiselector
systemalgorithm for selecting them sot
representative subset of data from a data pool, wh
the algorithm meets tw@quirements:

1: The data is maximally close to neighboring data
2: The data is maximally far from more distant datz
points

Formulate the cost function as a QUBblem
aimed to be solved via multiple metaheuristizhere
the selectoalgorithns pick out unique and
representative data points by finding loast
solutions to this QUBO function on quantum
annealer.

Show two use cases for the selector algorithm:

1: approximatelyeconstructinghe NASDAQ 100
indexusing a subset of stocksomparing how close
the return of the selected stocks are to thosiee
NASDAQ 100

2: diversifying a portfolio of cryptocurrencies

For case 2compare th@erformance of the algorithn
using two quantum annealers provided bWMave.
Also do experiments witeynthetic data

Dataset specification®ynthetic datp

One dataset containing simple and obviously
clustered data, arehother datasebntainingtime

Quantum system:
D-Wave QBSOLV
for NASDAQ 100

problem

D-Wave Advantage
(over 5000 qubits)
and DWave 2000Q
(2048 qubits¥or
crypto problem.

Algorithms used:
Selector algorithm

Methodology:
Optimization

Use case:
Portfolio
optimization



series data; data ordered in a chronologiaaitiered
sequence

Dataset specificati@(use cases):
Reconstructing NASDAQ 10@ith a classical QUBO solver

102 stocks, performed onWave QBSOLYV, daily
returns of each stockreconsideredhistorical data
from 2021/02/01 to 2022/02/01 (253 days), stocks
equally weighted

Diversifying crypto portfolios with quantum annealers:

Results:

Input data from daily returns of cryptamim
Crescent Crypto Market Indéx the period
2021/04/Q to 2021/11/11 (seven months), annealir
times were changed to find different solutions,
constraint satisfaction was tested, and solution
quality is comparedd-Wave Advantage and-D
Wave 2000Q were used.

Constraint testedvhether the selector keeps to the
max of 3cryptos.

For synthetic data

The selector algorithm successfully selected
representative points from tlckustered datpoints
The selector algorithiwas able to select
representative data even as noise increased.

The algorithm demonstrated robustness in selectir
representative points of data from both clearig
loosely clustered data, showcasing its practical
application.

he algorithm maintained high accuracy in
distinguishing between clusters at low noise levels
with 100% accuracyAs noise increased, accuracy
dropped, but was still better than random picking.

For use cases:

Reconstructing NASDAQ 10@ith a classical QUBO solver
(objective:use the selector algorithm to find assets that clos
relate to the returns from the NASDAQ 100 index)

The selector algorithrfound two stocks that
approximated NASDAQ 100 closelsgind the stock
chosen proved to be competitive, meaning they
performed well compared tither possible choices.
As more stocks were selected, e.g. 40, the selecto
achieveda reproduction of the NASDAQ 100
(concluded from measquareerror score)

Accuracy increased with increased number of stoc

Diversifying crypto portfolios with quantum annealers
(objective: Use the selector algorithm to choose a subset of
cryptocurrencies, optimizing the cost function on each quan
annealer)

D-Wave 2000Q

Succeeded in selecting exactly 3 cryptocurrencies
only 16% of the trials



[83]
Improved
and large-
scale
portfolio
optimizatio
n using
vector
annealing

(Icosa
Computing
s NEC M)

(Esencan et
al., 2023)

In this paper form
Icosa computingnd
NEC, a quantative
comparison between
NEC' s Vect
Annealing (VA)
solution against the
simulated annealing
algorithmis
performed via a

financial PO problem.

Average cost function value of 4.02, within the
lowest 4% of possible values, meaning ihaan
find good performing cryptos, butith room for
improvement.

D-Wave Advantage:

Achieved a success rate of over 85% in selecting !
cryptocurrencies.

Average cost function value of 0.3®ithin the
lowest 0.03% of values, meanitigat it can find
cryptosthat are among the very best compared to i
possible solutionssuggesting significantly better
performance in PO.

Overallfindings:

Average annealing times webetweer20-990
microsecondsbutannealing times were significantly
better for DWave advantage than for 1000Q
Longer annealing times improved the percentage ¢
solutionsmeeting the constraints.

D-Wave 2000Q falls short of Wave Advantage
Both devices are able to select solutions with lowe
cost function values compared to the average of a
possible solutionshowever, BWave Advantage
finds bettersolutions.

Overall conclusions from all tests:

“Overall, we saw clear improvement between the
newer Advantage QPU and the earlier 2000Q QPL
providing meaningful solutions to the combinatoria
optimization problemi. ( p. 9)

Objective(s):

Propose a SAlgorithm solving a QUBO
formulation ofMa r k o wi t z PosfolidMo d e |
Theory.

Tune theparameterization of both VA and SA, and
compare results with neoptimized parameterizatior
for SA and VA.

Compare VA and SA performance via subtracting
both performances from each other to give
perspective in the difference between both.
Employ afour-stepprocess irtesting SA approaches
1: obtainstockd at a f r om | d& f@oms
Yahoo Finance

2: using a tunable finance model, deconstruct and
formulate theoriginal problem in a discrete problem
suitable for SA and VA

3: use both SA and VA for finding candidate
solution to the formulated problem

4: consider the candidate with the lowest energy s
as the optimal solution

Data specifics:

Quantum system:
N/A

Algorithms used:
Simulated annealing
(SA) and
vector annealing
(VA)

Methodology:
Optimization

Use case:
Portfolio
optimization



[73]
Quantum
Algorithms
for
Portfolio
Optimizati
on

Results:

A problem withdiffering numbers ofinear variables,
markets, stock numbers, granularity, with historica
data as training periods from the used markees
figure X)

S&P 500 period was between 3/12/2018 and
8/1/2019with 486 stocks due to some missing data
US testwasfrom the stock period betwe@il8/2022
and 3.2.2023, and second test for data between
3/18/2022 and 36/2022.

For internationatestone, the period was 3/18/2022
and 5/4/2022 (witii7,833 equities traded in France
Germany, U.K., and U.S.), and second test period
being3/17/2022 and 4/1/2022 (for 25,034 equities
traded inCanada, France, Germany, Japan, Turkey
U.K., and the U.S.)

Va constantly performed better than SA, producing
better quality solutions

the energy gap between SA and VA grew as numk
of variables grewshowing thai/A has a scaling
advantage.

Looking at the results, and the graph in figure 1, it
can be said thdioth SA and/A perform better after
tuning theparameters

“We found that Vector |
outperformed Simulated Annealing in terms of
solution quality and that its advantage over SA sce
with problem size.” (P,
NEC’ s aBfldtoconspute very large numbers of
variableswith complex, realvorld constraints.
“NEC Vector Annealing greatly reduces the
computational complexity associated with tradition
Simulated Annealers and accelerates the narrowir]
down of the candidate solutions by a factoupfto
300 times at problem sizes beyond the capabilities
conventional methods. (p. 1)

Important notes:

Actual financial returns are disregarded as this paj
is only interested in performance difference betwel
VA and SA.

It is mentioned that the SA and VA need finetuning
for it to perform to a
of the scope of this pi

This papementions it| Objective(s):

to develop the first
guantum algorithm
for constrained PO
and testiton a PO
instance

Design and analyzequantum algorithm for the
generakonstrainegortfolio optimizationproblem
making it applicabléo aPO problem wittan

arbitrary number of positivity and budget constrain. Quantum version of

Reduce the objectivieO problem to a second order
coneprogram(SOCP)for broaderapplicability (to
classical interior point method$PM) andcertain

Quantum system:

N/A
Algorithms used:

interior point
methods.

Second Order
Cone Programs

(SOCPs) = a
convex
optimization

problem that
generalizes linear
and quadratic



(CNRS,
IRIF,
Université
Paris
Diderot)

(Anupam
Prakash et
al., 2019)

[121]
NISQ-HHL
Portfolio
optimizatio
n for near-
term
quantum
hardware

JP
Morgan
Chase)

(Dylan
Herman et
al., 2021)

Furthermoresome
experimentsre done
to bound the problem
dependent factors
arising in the running
time of the quantum

quantum algorithmskfficiency, generalization,
flexibility, and stabilityrobustness of results.
Conductan experiment with the proposed quantum
modelon dataset, compare the results with classici
IPM.

computey comparing | Dataset specifications:

computing times with
classical algorithms

As multiple
components of curren
HHL are unsuitable to
be applied to NISQ
hardware, this paper
introduces the NISQ
HHL, which is the
first hybrid
formulation of HHL
suitable for small
scale PO instances.

The NISQHHL is
used in an experimen
ona real quantum
device to show its
effectiveness

Historical data from the S&P 500 stock for a periog
of 9 years (2002016) 50 companies are sampled
for their stock performance in the first 100 days.

The quantum algorithm shows similar performance
the classical algorithms in termsa@fnvergence.
The quantum algorithm offers significant speedup
compared to the classical methods

Running time of the algorithrecale more favorably
than that of its classical counterparts, indication
quadratic speedup over classical algorithms.

The quantunadvantage showed to be more
pronounced when the number of assets is large, a
constraint numbers are low.

“We obtain a polynomial speedup over the classic
algorithms, and we provide experimental results to
demonstrate the potential of these advantages in
practicé ( p . 1)

“Teh experi ments suggest
indeed bounded and that our algorithm achieves a
speedup over the corresponding classical algofithr

(P-4

Important notes:

The goal of the quantum IPM is to significantly
outperform classical approaches, especially for big
matrices and higldimensional problems, by utilizing
quantum linear systems solvers and QRAM.

Objective(s):

Propose the NIS@®IHL formulation, where HHL is
improved viamid-circuit measurements, Quantum
ConditionalLogic (QCL)enhanced QPEwhich is
the standard method used in HHEjd qubit reset
and reusgwhichensurefewer qubit needs for
calculations and reducedequirements for qubit
connectivity, thereby making it more efficient)
Furthermore, make use afnew efficient procedure
to scalethe matrixesused (e.g. covariance matrix) f¢
better accuracy of end results.

Experimentwith the NISQHHL on a real quantum
computewith a 2asset PO problem form the S&P
500.

Formul at e t he -Jdréanc& raogel ds:
a Quantuniinear Systsems Problem (QLSP). As tt
HHL algorithm is designed to solve such a problen

Methodology:
Optimization

Use case:
Portfolio
optimization

Quantum system:
Real quantum
hardware Trapped
lon Honeywell
Hlsystem) and for
certain comparison

simulatedhardware.

Algorithms used:
NISQ-HHL

Methodology:
Optimization

Use case:
Portfolio
optimization

programming,
basically making
it useful to
optimize multiple
objective
problems better as
it is flexible
(meaning it can be
formulated
towards many
types of problems,
e.g. max return,
min risk), and it
can handle
complex
constraints (also
common in
portfolio
optimization)

Fidelity =a
measure of how
closeprobability
distributions are
to each other,
thereby signifying
degree of
accuracy.

Ancillary qubits =
qubits that areot
mpart of the main
computational
qubits that
directly represent
the prob
fdata, but rather



This paper proposes
to make HHL more
scalable

Test the difference between the us€@afL enhance
QPE, and standalone QPE for estimating eigenval
Experimentwith NISQ-HHL on two further asset
and 14asset PO problems with a simulatord
decipher its performance againsiformly controlled
rotations (which are employed tihe traditional HHL
algorithm for eigenvalue estimation)

Dataset specifications:

Results:

Two PO problems with 6 and 14 asdsfeten the S&P
500 indexformed as a QLSP problei® ancillary
qubits used in both cas&sincrease efficiency.

QCL-QPE method compared to standalone QPE:

QCL enhanced QPE uses less qubits for the same
problem instance than standalone QPE, thereby
showing increased efficiency. Furthermore, as
number of bitdncrease (complexity), the number of
qubits stays the same for Q@YPE as opposed to
standalone QPE.

Results on the real quantum hardware shows that
fidelity of QCL-QPE is better than standalone QPE

NISQ-HHL performancgFor the 6asset and 14sset PO
problemit was found that the circuits were very deep, makin
real hardware executioimfeasible, therefore simulatiomas
usedfor analysi3(for the 2asset problem, the Honeywell
quantum computer was used)

NISQ-HHL circuits demonstrated reduced depth ar
improved precision in rotations, leading to better
performance.

14 qubits total were needed for the 6 asset probler
and 16 qubits total for the 14 aspebblem.

For the experiment, the results showed high inner
product values being four(dlose to 1), meaning tha
the algorithm is accurately solving the problems.
The algorithm showed better performancetfer
larger 14asset problem, thereby showing its
increased performance as complexity increases.
Compared to thaniformly controlled rotation in the
normalHHL algorithm, NISQHHL performed better
in terms of efficiency, using lesetations(4 instead
of 64 for 6asset PO, and 5 compared to 64 in the
asset PO)and having lower circuit depid,877 for
the 6asset PO instead of 12,911, a®&14 for the
14-asset PO instead of 11.786 for the uniformly
controlled rotations)thereby showcasing that the
NISQ-HHL can facilitatea lessening in the
computational resources needed for HHL.
Accuracy of NISQHHL was also perceived to be
higher tharwith the uniformly controlled rotations.
NISQ-HHL demonstrated superior performance in
terms of fewer controlled rotations and reduced

qubits that are
usedin quantum
computation to
facilitate
efficiency and
reliability of the
quantum
algorithm which
they are also used
for in this paper.



[98]
Financial
Index
Tracking
via
Quantum
Computing
with
Cardinality
Constraints
(Multiverse
Computing
5 Quantum
Computing
Services;
Advanced
Analytics;
Donostia
Internation
al Physics
Center;
Ikerbasque
Foundation
for Science)

(Samuel
Palmer et
al., 2022)

In this pagr, it is
demonstrated how
nontlinear cardinality
constraints can be
appliedin reatworld
asset management to
quantum PO.

Furthermorethe
methodology is
applied to a practical
problem of enhanced
index trading.

circuit depth while maintaining high accuracy in the
inner product values.

NISQ-HHL was successfully implemented on the
Honeywell System Model H1 to solve a portfolio
optimization problem involving two S&P 500 asset

Objective(s):

Proposea quantum model based on quantum
annealing for solving of a cardinaligonstrained
Markowitz PO problem.

Form the PO problem as a QUBO formulation to b
solved via the model.

Experiment with the model on a proposed PO
problemwith different problem sizes and qubit
numbers used (40603000) where the objective is to
replicate the behaviors of a larger financial index @
assets using a smaller ssiét of assets (index
tracking), whereerroris tracked bymeasuringhe
deviationof the solutiorformsthe index.

Dataset specifications:

Results:

Historical data consist of the daily returns from the
Nasdag 100 and S&B00, the period form when this
data is taken covers the period JUN/01/2021 to
MAY/28/2022. A single asset may have a max
holding of 20% in the portfolio. Tests are performe
using different problem sizes and differing number,
of qubits.

It is observed that the success ratérafing feasible
portfolios is very high, close to 100% for the mode
indicating that the cardinalitgonstrained model is
extremely effective and reliable.

As the number of assets in the cardinatibnstraint
increased, thdistribution oferrorsimproved,
meaning more accurate results.

The most optimal portfolio foundad extremely low
tracking error, almost completely tracking the givel
indexes this was done for both a cardinality
constraint of 25 and 75.

Smaller portfolios showelgss ability to track the
index to a high degree, but spiérformedwell

As for the S&P 500 index, the model yielded good
tracking resultswith minimal volatility errors and a

Quantum system:
Quantum Annealer
(D-WaveLEAP
Hybrid solver)

Algorithms used:

Quantum Annealing

Methodology:
Optimization

Use case:
Optimizing a
portfolio for index
tracking.

Reason for
cardinality
constraintsthe
decision to use
these constraints
can be driven by
reducing
management
costs, transaction
costs, or portfolio
complexity, or by
other investor
preferences.
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A
Quantum
Computing
-based
System for
Portfolio
Optimizati
on using
Future
Asset
Values and
Automatic
Reduction
of the
Investment
Universe

(TECNALI
A BRTA;
Serikat)

(Eneko
Osaba et
al., 2023)

This paper entaila
guantum computing
based systerfor
portfolio optimization
with future asset
values and atomatic
universe reduction
(Q4FuturePOP)

This system proposes
the following
innovations:

1: the tool is
developed for
working with future
prediction of assets,
instead of historical
values

2: The tool includes
an automatic universe
reduction module to
improve efficiency.

Lastly, a brief
preliminary
performance review is
discussed considering
the system

low median relativerror, indicating good overall

tracking performance.

For the experiment, using a cardinalggnstraint of
50 assets, the proposed model performed
For enhanced index trading, the method was able

“construct smaller portfolios that significantly

outperform the risk profile of the target index whils]
retaining high degrees of tracking ( p .

1)

Overall the model showed that it is possible to

successfully use quantum optimization in the track

of financial indexes.

Important notes:

Introducing the cardinalitgonstraint makethe PO
problem a norconvex problem

Cardinality constrained PO problems are very

complex to solve, as it limits the number ofeissa

portfolio canuse to solve the target objective.

“Previous work involving cardinalitgonstraint

optimization has primarily relied on the use of
heuristic algorithms such as genetic algorithans

classical approximationgvhich donot scale well for
large portfolios and are not practically religble ( p
Objective(s):
Develop a Quantum Computifizased system
(Q4FuturePOPHhatoptimizes assetllocation with
the objectives ofmaximizing expected returns and

minimizing the financial risk. This systefollows

theMarkowitz POP formulation

Using future projected valu¢meaning that
calculations arenade via projected values of asset
instead of historical data, and weighthosen for the
assets are based on future predictions of the stock
and automatic universe reducti(wherea
representative good stdroup of the initial pool of
assets is chosand furtherimproved upon to find

Quantum system:
D-Wave Advantage
6.2 (5610 qubits)

Algorithmg/system
used:
Q4FuturePOP

Methodology:
Optimization

Use case:
Portfolio

the optimalasset allocation)reduce the complexity | optimization

of the problem

Then use the model on an experiment from the

dataset below, where results are benchmarked ag
a historical set of portfolios obtained from Welzia
Managementompany to serve as a baseline

The experiment includes the data below, however,
the data isplit up into 6 different use cases that ar¢

12 to 28 months long

Dataset specifications:

53 daily value®f different assets from the period
01/01/2010 to 13/12/202this dataset is ultimately

split up into 6 instances ranging from 12 to 28

months (with respectively 45, 43, 35, 38, 40, and &

assets)



1991
Quantum
Portfolio
Optimizati
on with
Investment
Bands and
Target
Volatility
(Multiverse
Computing
; Donostia
Internation
al Physics
Center;
Ikerbasque

In this paper it is
examined hovsome
complex realife
constraints can be
incorporated into PO
problem, where it is
formulated as a
QUBO problem and
subsequently solved
the DWave Hybrid
and DWave
Advantage.

Results:

Results from the experiment proved to be promisir
wherethey have been approved by experts from
Welzia Management Compayereby giving an
indication as to how the industry looks at the probl
(as it is usually the case that only academic results
are compared with each other, giving no validation
from the industry it ought to be used by)

The portfolios made by the model offered better
solutions than the portfolios from the experts at
Welzia Management in some cases.

Looking at tablel that shows the results for the 6
instances in thexperimentijt can be seen that fd/6
instanceshe model performed better in finding
higher expected returns than the experts, and 3/6
times it had bettevolatility or risk results.

This workshowspromising resultsegarding the use
of the Q4FuturePOP modeith future value
prediction and universe reduction strategy for PO
optimization

Important notes:

Objective(s):

The model consists of 3 parts,

1:Adedicated ‘predicted

(PDG), which is used tgimulate future asset prices

the PDG comes a step before the AUG, which use

the information from the PDG to find an optimal su

set of candidates

2: The quantum computing solver mod((@CS),

consisting of a QUBO problem buildend a

Quantum Annealer solver to solve the QUBO

formulated PO problem.

3: the Assets Universe Reduction module AuRh

the main objective to decrease the complexity of tt

problemby finding a representatively good saét of

assets to use in the PO solving.

Quantum system:
D-WaveAdvantage
(hybrid).

First. Explan how to target optimal investment
portfolios with a fixed volatility (risk)
Secondshow how to impose investment bands in t

computed portfolios Algorithms used:

Formthe POproblelased on Mar k ¢NA

Portfolio Theorywith investment bandonstraints

where the aim is téind the optimal return for a giver Methodology:
volatility % Optimization
Form the problenas a QUBCformulationto be

solved viaa quantum annealer Use case:
Prove the validity of the model via an experimeynt | Portfolio
finding an optimal portfolio investment for the S&P| optimization

100 and S&P 500 with the-B/ave Advantage
quantum annealer.

Constraints used: investment band constraint, targ
volatility constraintand a budget constraint.

Investmenband =
an imposed
maximum and
minimum
investment for
each asset.



Foundation
for Science)

(Samuel
Palmer et
al., 2021)

Dataset specifications:

Results:

closing pricesare taken from 23/04/2021 to
23/04/2021andcovariancenatrix for values of 3
months before 23/04/2021, max 10% of the portfol
may consist of one assénstly, data is experimente
on using different target volatilitie® 6%, 0.75%,
and 1.00%)

S%P 100 results:

Sometimes, local minima were fourttbwever, it is
mentioned that this could be hardlleasily through
various methods.

The S&P 100 example successfully followed
volatility constraints.

As for the different target volatilitiesith investment
bands, the found portfolios adhered to these
constraints

Themodel demonstrated lower risks for the same
return compared ttandom portfolios with the same
return

The model demonstrated higher returns for the sai
level of riskas compared to random portfolios.

S%P 500 results:

Overall:

Target volatility constraints were met, indicating th
the method is able to follow provided volatility
constraints

For the different target volatility, the optimization
method adhered to the specified investment bands
and volatility constraints

The proposed portfolios achieved lower risk
compared to random portfolios with the same leve
of return

The proposed portfoliod®und higher returns for the
same level of risk.

Compared tdhe S&P equally weighted index (whic
is also used as a benchmark), the proposed mode
outperformed the S&P 500 EWI, especialiyough
favoring highreturn sectors during COVID.

Both S&P500 and S&P100 quanttoptimized
portfolios demonstrated improved performance ovi
random portfolios and traditional indices, efficiently
managing constraints and achieving better returns
the same or lower levels of risk.

This papeshowcasethe feasibility of a quantum P(
model withrealistic conditions on quantum
computers, showing it to handle investment band ¢
volatility constraints welland optimize portfolios in
a realworld scenario.



- “Our results show how practical daily constraints
found in quantitative finance can be implemented i
simple way in current NISQ quantymnocessors,
with real data, and under realistic market conditibn
(p-1)

- “In combination with clustering algorithms, our
methods would allow to replicate the behavior of
more complex indexes, such as Nasdaq Composit
others, in turn being particularly useful to build anc
replicate Exchange Traded Funds (ETF). ( p .

Important notes:

- ltis also assumed thahares can only be sold in
large bundles.

- Short sellings not allowed.

- The proposed model also allows for investment
bands for specific sectors.

- “To the best of our knowledge, these are the large
portfolio optimizations carried on a quantum
computer and under real market conditions ( p .

[58] In this paperthe Objective(s): Quantum system: | Portfolio
Portfolio performance of a - Describethe applicatiorof QAOA and QAOAz to a | Gatebased rebalancing Za
rebalancing | discrete PO problem PO problem witithe named aspects below 16to simulator periodic asset
experiment | on agatemodel of - Experiment with the proposed QAOA and QAOAz management
s using the | quantum computing is via an experimenfor POincluding1: a oneportfolio | Algorithms used: process in which
Quantum investigated. instance, and Jortfolio rebalancingbothunder QAOAz, and traders maintain
Alternating different number of iteration (R)er constraint QAOA an institutional
Operator Furthermore, the method furthermore, compare both methods again portfoli
Ansatz model includes a bruteforce algorithm (classicdbaseline) Methodology: value, adjusting
(Rigetti novel problem - Compare theiseof soft, and harihvestment Optimization asset mixbased
Computing | encodingand hard constraired PO on thanentioned QAOA algorithms. on institutional
H constraint mixers for - Incorporate the following in the model: Use case: advice and
Commonw | the Quantum 1: Trading in discrete lots Portfolio hedging risk as
ealth Bank | Alternating Operator 2: Model uncertainty into the model (thereby optimization market conditions
of Autralia) | Ansatz (QAOAZz) addressing this limitation in the traditional change. ( p.

“In this paper we have Markowitz model)
(Mark brought together 3: Use an investment constraint that ensures the
Hodson et financial services and portfolio to maintain portfolio value during
al., 2019) quantum software rebalancing.

technologists to 4: The model incorporates trading costssuming

select, implement, an¢ fixed costdor each trade (thereby reflecting a real

test a portfolio trading scenario)

rebalancing use case 5: Representation aghort, long, no position, long

using QAOA z ) ” and short positionimito the spin stateimply put,

1) different types of positions for an asset are include

into the portfolio tanaximize the optimization,

The characteristics of however, it does increase complexity)

the proposed model ir 6: Other constraints such as max asset holdings at

this papemretrading min allocation sizes are usdulit not detailed upon ir

in discrete lots, non the paper.

linear trading costs Overall, the model aims to improve trading strateg

and investment by integrating discrete trading practices, market

constraints (all to



achieve better
accuracy towards
practical use and

uncertainty, and trading costs into the optimization
process.

accuracy) Data specifics:

Results:

Australian ASX.20 is used in the period 2017, the
data covered 20 stocks and 252 trading dagity
returns are presented for the algorithms to work wi
Data for N = 8 stocks were used in the experiment
Number of iterationgor both hard and soft
constrained: p = 2,3,20 runs of thalgorithm are
used for each instance.

Evaluation of QAOA QAOAZz, and bruteforce fora single

portfolio:

Looking at the given figure 8Vhich showshe
performance of the algorithnis solving the
soft/hard constrained problems compared to brute
force), QAOA with hard constraints outperforms
bruteforce and softonstrained QAOAN finding
feasible solutions to the problem, Furthermore,
QAOAZz finds more lowcost feasible solutions than
QAOA, it canalsobe said thaQAOAz shows
superiomperformance with respect to a random
selection of feasible solutions.

QAOAZz consistently returns feasible solutions (10(
of the time)

Both QAOA andQAOAz show significant
improvement in results compared to a random draj
from the solution space.

Both variants of QAOA show a significant
improvement over brute force methods, which
validates the efficiency and effectiveness of quanti
algorithms in navigating large combinatorial space
Incorporatinghard constraintdirectly into the
optimization process shows better optimization
resultsthan soft constraints as penalty terms.

For portfolio rebalancing with QAOA, QAOAz, and brute

force:

Overall:

The QAOAz demonstrates superior performance in
both maximizing returns and minimizing risk
compared to the original QAOA and brute force
methods.

Both QAOA variants generally perform close to
optimal, but the Quantum Alternating Operator
Ansatz shows more consistent and reliable results
“Experimental analysis demonstrates the potential
tractability of this application on Noisy Intermediat¢
Scale Quantum (NISQ) hardware, identifying
portfolios within 5% of the optimal adjusted returns
and with the optimal risk for a small eigstiock
portfdio.” (p. 1)



[106]
Quantum
portfolio
value
forecasting

(Multiverse
Computing
; Institut
Fiir
Experiment
alphysik;
AQT;
Ikerbasque
Foundation
for Science;
Donostia
internation
al Physics
Center)

(Cristina
Sanz-
Fernandez
et al., 2021)

In this paperan
algorithm is presentec
that efficiently
estimates the intrinsic
long-term value of a
portfolio of asset
using quantum
computey relying on
guantum amplitude
estimation.

Two trapped ion
computers are used t(
experiment upon with
a 5-asset portfolio PO
problem.

QAOAZz performed besimong QAOA and brute
force

Hard-constrainegroblems, and the subsequent
method used in this paper to better incorporate ha
constraints, showed to garner better results using |
algorithms than soft constraints.

QAOA and QAOAZz show better results than the
classical counterpamavigating larger search space
This studyhighlights thepotential that quantum
algorithms on NISQ hardware hawahieving
portfolios within 5% of optimal adjusted return and
optimal risk for an &sset portfolio

Important notes:

Scaling the problem might prove difficult due to
current NISQ hardware limitations.

St at e Wwhe potential for QAOA to provide
guarantees on performance for problems such as
MaxCUT has been demonstrated ( p. 2)

Objective(s):

develop a quantum method to estimate the intrinsi
long-term value of a portfolio of assets, and
implement it with realife data

The intrinsievalueof a portfolio is given by the
GordenShapiromodel;therefore it is used in this
paper in a modified fashion sxcount for both short
term and longerm growth by incorporating earning
per share and stochastic variables to better
approximate asset values over a-yaar periodit is
basicallyused forimproved accuracy, creating a
greater pictureasset value over time horizons,
flexibility, and a more precise calculation of portfoli
value)

Compare results of the QMC on an lonQ device,
AQTION device, and classical Monte Carlo

Dataset specifications:

Results:

5 asseportfolios, with 1000 euros invested in each
asset. Bought at market value on 2021/04é2sh
with 3 scenariog¢stable, bearish, andullish, which
are accounted fousing higher/lowewrolatility
values)

Looking at the given figuresigure 1 shows how
quantum results align closely with classical results
but with lower erros. Furthermore figur2 shows
that QMC achieved a decrease in error with increa
amounts of querie®utperforming classical Monte
Carlo in term of error reduction efficiency.

Both classical and quantum methods showed that
given portfolio was a wortlhile investment, as the
intrinsic value of it was higher than the market

Quantum system:
Real trappedon
computerglonQ,
and AQTION)

Algorithms used:
Quantum Monte
Carlo (QMC)

Methodology:
Optimization

Use case:
Portfolio
optimization



[114]
Solving the
optimal
trading
trajectory
using
simulated
bifurcation

(AlpacaJap
an)

(Kyle
Steinhauer
et al., 2020)

In this paperan
optimization
procedure based on
simulated bifurcation
(SB) is used to solve
integer PO and
optimal trading
trajectory problems.

SB is then applied to
an integelPO
problem, showing
numerical results for
up to 1000 assets.

In the bearish market, the quantum method provid
a more accute estimation of the portfolio, as the
classical portfolio overestimated the intrinsic value
the portfolio.

Quantum Monte Carlo methods demonstrated smg
estimation errors compared to classical methods
achieving a quadratic speedup in error reduction
Quantum Monte Carlo methods provide a more
efficient and accurate means of estimating asset
values, especially under stable or bullish market
conditions.

results are consistent with classical benchmarks b
result in smaller statistical errors for the same
computational cost.

Important notes:

Classical Monte&Carlo methods in finance often take
long running times to solve certain complex
problems.

Furthermore, this paper gives examples of existing
literature on quantum computers having similar or
better results to classical algorithms.

“We choose to work with trapped ions because thg¢
provide a natural afio-all connectivity among the
qubits (p. 1) making it s
quantum circuit.

Objective(s):

Following the meatvariance portfolio description,
solvea PO problem using Simulated Bifurcation
Form the PO problem into an Ising problem to be
solved via SB

Experiment with the SB on a data pool consisting (
up to 1000 assets, where the objective is to find th
optimal trading trajectory for a portfolitn total, 2
experiments take place:

1: Optimal trading trajectory finding with the SB
Algorithm in different risk aversion levelsow,
moderate, and high)

2: Optimal portfolio with the SB\lgorithm, thereby
comparing results with randomly generated
portfolios.

3: Finding closeto-optimalsolutionsfor a PO
instance, and the challenges that come with it.

Data specification§for the second problem)

Results:

An artificial market is createdith N different assets
up to 1000.

Portfolio optimization problem:

For a small portfolio of 5 assets, the SB algorithm
optimized the portfolio correctly, finding 5 assets a
close to optimal.

Quantum system:
Simulator

Algorithms used:
Simulated
Bifurcation (SB)

Methodology:
Optimization

Use case:

Finding the optimal
trading trajectory
for a portfolio



In an instance with added ridtee asset, the SB
algorithm correctly find the optimal portfolios
including the riskfree asset.

In a third scenario, where the number of assets ar¢
=400, the SB

For an N = 1000 assets case, thef@d the
optimal solution in roughly 1 second.

Optimal trading trajectory:

Looking & figure 11, it can be concluded thes max
investment per asset, and asset sigeeasedthe
computationatime also increased for the SB
However, when the max investment per asset was
kept low (e.g. 1, 2, 4), it can be seen that there is
no/minimal increase in computing time for increasil
number of assets in the data pool

For a low risk aversion instandde Skalgorithm
mainly focused on maximizing returns, ignoring ris
For moderate risk aversion, the -@®orithm only
takes risk when returns are hjgind theportfolio
value was maximized.

On a small, less complex, system, the/ABorithm
found theoptimum among all 2718 possible
trajectories For larger systemghe SbAlgorithm
found optimal or clos¢o-optimal results.

For high riskaversion, the SB\lgorithm minimizes
risk completelyby suggesting no investment and
return levels are ignored due to the risk aversion
level.

The SBalgorithm effectively finds optimal or close
to-optimal asset allocation trajectories under differ¢
market conditions and risk preferences

Finding closeto-optimal solutions:

Finding closeto-optimal solutiongequires a lot of
finetuning of parameters and other parts of the
systemwhere ultimately the fine tuning showed
increased accuracy in finding cleeoptimal
solutions.

Furthermore, theroperfinetuningtechniques
resulted inthe avoidance of finding sutptimal
solutions, and the SBlgorithm demonstrated
significant computational efficiency and robustnes:

Overall performancéndings

In terms of scalabilitythe computation time
increased exponentially with system size, the
performance still is significantly faster than previou
methods suc has brarehdbound(classical), which
took up to 4800 seconds for a 200 asset optimizati
with SB performing 256 asset Po in 4 seconds.
Performance wadependent on the parameters use
in the algorithm, ifincorrect parameters were used,
the

The results indicate significant improvements over
existing methodshowever, there is still room for



[65]

GEO:
Enhancing
Combinato
rial
Optimizati
on with
Classical
and
Quantum
Generative
Models

(Zapata
Computing
)

(Javier
Alcazar et
al., 2022)

improvements in the system, the performance of
some parts is still subptimal.

Overall, the SBalgorithm is efficient, faster than
classical methods, can firdbseto-optimal solutions
efficiently, showed great performance in increased
complexity problemgonly after some finguning of
the parameters and the system)

Important notes:

“This formulation has already proven to beat state
the art computation times for other Ni@rd problems
and is expected to show similar performance for
certainportfolio optimization problems. ( p .
“Note that for smaller systems, different heuristic
approaches, like the so called Digital Annealer, mi
still outperform the SBapproach ( p. 2)
“The SBalgorithm is, to our knowledge, currently
the fastest way to solve a fully connected Ising
problem and therefore also an ideal candidate to
solve the optimal integer portfolio problem in the
Ising representatioh. ( p. 2)

An example is taken from another paper, whiere
showed tcsolve a fully connected000spin problem

“Regar dl e s| Findings: (SOTA = statef-the-art)

quantum optimization
approach proposed tg
date, there is a need t
translate the real
world problem into a
polynomial
unconstrained binary
optimization (PUBO)
expression-a task
which is not
necessarily
straightforward and
that usually results in
an overhead in terms
of the number of
vari abl es.

So the problem
addressed in this
paper is to translate
realworld problems
better into a PUBO
format, where this
aids in solving
problems such as bes
minimum of function
calls for a given
budget, however,
benchmarks for TN
GEO are run in the
context of patfolio
optimization and
therefore it gives
insight into an

In the tests done in the paper, the-GEO model
was used as a booster, or standalone solver for a
portfolio optimization problem with cardinality
constraints, where results and objectives are the
following; (objective 1 = choose portfolios which
minimize risk or volatility given a specific return

Objective 2 = choose the best portfolio given a fixed level o]
risk aversion).

1.

2.

Compar

Booster: TNGEO outperformed the classical
strategies, providing more efficiency and
effectiveness (p-3)

Standalone: TNGEO demonstrated superior
performance compared to the four tested classical
algorithms in the trial, finding better solutions with
fewer evaluations p (&)

ed to 9 SOTA optimizers:
67% of the time, the TNGEO performed better or
equal to the 9 other optimizers.
The TNGEO algorithm performance is significantly
better than GTS and PBILD methods, but accordin
to a Wilcoxon signedank test, theull-hypothesis
regarding the hypothesis that the median differenc
between the results of the other algorithms is
rejected, meaning that there is no significant
difference between the FSEO algorithm and the
other SOTA optimizers. (p. 6)

Quantum hardware:
N/A

Quantum algorithm:
Tensornetwork
Generator
Enhanced
Optimization (TN
GEO)

Methodology:
(combinatorial)
optimization

Use case:
Combinatorial
optimization (in the
case of the paper, a
NP-hard version of
portfolio
optimization with
cardinality
constraints)

TN-GEO
comments:
TN-GEO can
propose unseen
candidates with
lower cost
function values
than classical
solvers, which is
the first
demonstration of
such type of
model in the
context of an
industrial
application (p.1)

Furthermore, in
this study, state of
the art algorithms
are compared to
TN-GEO in a
generalized
version of
portfolio
optimization (p.1)



[34]
Portfolio
Optimizati
on of 40
Stocks
Using the
D-Wave
Quantum
Annealer

(Chicago
Quantum)

(Cohen et
al., 2020)

[35]
Portfolio
Optimizati
on of 60

optimized way for
portfolio optimization

In this paper, the use | Objective(s):

of quantum annealing
for portfolio
optimization in a US
stock environment of
40 liquid equities.

Furthermore, this
problem is first
addressed in a
multitude of classical
approaches

This paper builds

upon the work of the
optimization with 40
stocks. In this paper,

Results:

Find the best relationship between risk and return
a portfolio in a dataset of 40 US liquid equities.
Approach the same problemsing classical methods
(brute force, genetic algorithm, random sampling,
heuristic approaches, simulated annealer as a Mo
Carlo)

Classical approaches:

On average, classical approaches performed wors
than the quantum annealer, however, the genetic
algorithms showed

Quantum annealindn the case of quantum
annealing, a couple of things stick out:

First, The DWave quantum annealer approaches the
efficient frontier in a few cases. Next to that, sometimes
lower performing portfolios are suggested. Furthermore
due to the CQNS, more levisk portfolios are chosen on
the efficient frontier, making theesults more
conservative.

The DWave annealer performs well, even better tt
the simulated Monte Carlo methods, however, it
underperforms related to the classical genetic
algorithms.

The DWave annealer outperforms random samplil
on average (showing that it is not picking randomly
but better performing ones),

The completion times were fastest in the genetic (i
D-Wave seeded) algorithms (3,18 ~ 3,47 seconds)]
followed by the BWave quantum annealer (3,40
seconds), however, the quantum annealer beat all
other classical approaches.

Important notes:

For the quantum annealing process, an optimal
portfolio is seen as onghich optimizes the Sharpe
ratio. However, computing this in a quadratic from
gives some issues in a QUBO format, therefore thi
Chicago Quantum Net Score (CQNS) solves this
problem and can therefore be used to formulate th
problem in a QUBO formulation.

Genetic DWave seeded algorithm is the genetic algorithm t|
uses more optimal results acquired from th#&vBve quantum

annealer as an initial starting point to achieve better end res
Objective(s):

Find the best relationship between risk and return
a portfolio in a dataset of 40 US liquid equities.

Quantum hardware:

D-Wave 2000Q
annealer

Quantum algorithm:
Quantum annealing

Methodology:
optimization

Use case:
Portfolio
optimization

Quantum hardware:
D-Wave 2000Q
annealer

As this study was
the follow up of
the 40 stock
version, it had



Stocks
Using
Classical
and
Quantum
Algorithms

(Chicago
Quantum)

(Cohen et
al., 2020)

the use of quantum
annealing for
portfolio optimization
in a US stock
environment of 60
liquid equities. The
main objective is to
find an optimal risk
and return portfolio

It is investigated
whether quantum
annealing can scale u
and find a grouping of
attractive portfolios as
opposed to one.

Furthermore, this
problem is first
addressed in a
multitude of classical
approaches

Approach the same problem using classical and | Quantum algorithm:
hybrid classical/quantum methods (Fat tailed Moni Quantum annealing

Carlo, genetic algorithm, Simulated annealer, D

Wave Tabu Multistart MST2 samples;\Wave Methodology:

hybrid sampler) optimization
Results/stats: Use case:

Classical solutions: Portfolio

Fat tailed Monte Carlo analysis: optimization

221,660 samples, the ‘i
perform well under either large/small solution spac
it was run twice on the sampling distribution of
assets; generating the best afth2st answer in bott
24 seconds

Genetic algorithm: brought out the best attributes
among combining two portfolios (this is done over
and over to keep generating better portfolio

combinations), to find
in 7 seconds, and on a\Wave simulator 48 seconds
Simul ated anneal er: |t

solutions or good sol
portfolio quality increased as the simulator ran
longer, it found the optimal portfolio in 15 seconds
on the simulator of the company where this paper
from (Chicago quantum), and the\Wave simulator
annealer did it in 11 seconds.

D-Wave Tabu Multistart MST2 sampler: this
simulated annealer was ran on the QUBO
formulation and showed the leadtractive portfolios
from the QUBO method, the final run took 267
seconds

D-Wave hybrid sampler: no valid results from this
sampler using the same QUBO formulation of the
probl em, it does find
score attributed to it are incorrect due to applied
penalties (penalties are applied to at least get som
goodresults)

D-Wave Quantum Annealer:

The quantum annealer was run repeatedly on the
QUBO formulation to accumulate more valid
portfolios. 3725 valid portfolios were found within
the parameters, better results came from larger
portfolios.

It was consistently found that the\Wave annealer
picks portfolios ahead of the efficient frontier.
Against 40.000 random portfolios (to show that the
annealer does not just randomly pick out portfolios
the DWave annealer outperforms at higher risk
levels. Furthermore, Portfolios tend to be more risk
than classical methods, but still efficient

“ BWave (annealer) appears to be picking efficien
portfolios, even out of a population of average

considerable
improvements anc
material to learn
from, as shown in
the results tab.



[33]
Picking
Efficient
Portfolios
from 3,171
UsS
Common
Stocks with
New
Quantum
and
Classical
Solvers

(Chicago
Quantum)

(Cohen,
Jeffrey &
Alexander,

In this paper, 3.171
United States
common stocks are
analyzed to create an
optimal portfolio
based upon the
Chicago Quantum Ne
Score (CQNS), which
is used to quantify the
desirability of the
portfolio generated

“We begin
classical solvers, then
incorporate quantum
annealing.

In this work, the pool
of stocks is run
through a classical
solver to find the mosi

Overall:

r e s yd. 14y the efficient frontier is constantly
found

Comparative analysis show the best method (agai
was the genetic algorithm, it found the ideal CQNS
score in the least amount of time, followed by the [
Wave simulated annealer, Bespoke simulated
annealer, BNave quantum annealer, Fat tailed
Monte Carlo,and the BWave genetic algorithm
The D-Wave Tabu Sampler, and\Wave Hybrid
sampler were dead last due to them not finding ide
CQNS scores, bad portfolios, and long run times.
The quantum annealer comes close to the best
classical algorithms used, as shown above.

Important notes:

a)
b)

c)

d)

“QOur
port

The difference with the paper considering 40 stock
indexes is that this paper:
Considers 60 stock indexes from the US market
Quantum annealing is benchmarked against more
advanced classical methods
It is investigated whether quantum annealing can f
groups of attractive portfolios as opposed to one
Prior formulations of the Chicago Quantum Net
Score are kept
“We performed our research during a time of mark
increases for the largest companies, and a relative
low interest rate environment. Our analysis used a
risk-freerateof 19%6. (p. 2)

mo dse priordyeaetrading history to pick its
folios.” (p. 2)

Objective(s):

Results:

Create an optimal portfolio in 3.171 United States
common stocks using quantum annealing via
simulated bifurcation

Create an optimal portfolio in 3.171 United States
common stocks using quantum annealing on the
physical DWave Advantage quantum annealing
computer

Compare results of both methods using CQNS

The classical solvers (e.g. Monte Carlo, Genetic
algorithms, simulated annealers) used to find
attractive portfolios found multiple good portfolios,
including the best one consisting of 134 stocks wit
CONS score 0f3.14x10"-3, which suggest a
relatively high attractiveness of the portfolio among
the datasets

The simulated bifurcati
solutions, however, it struggled with larger problen
sizes.

Quantum hardware:
Simulated
Bifurcator and the
physical DWave
Advantage quantum
annealing computer
(5.760 qubits)

Quantum algorithm:
Quantum annealing
(and results are
benchmarked by
CQONS)

Methodology:
Optimization

Use case:
Portfolio
optimization

The CQNSis a
measure/computa
ional technique
that evaluates the
attractiveness of a
portfolio, where
the closer the
value is from zero
(negatively), the
better or more
attractive the
portfolio is (at
least in the case 0
this paper, this
could change in
accordance with
other
functions/objectiv
es from other
studies) , where
the portfolio



Clark.
2020)

[36]
End-To-
End
Resource
Analysis
for
Quantum
Interior-
Point
Methods
and
Portfolio

attractive portfolios
that can be run on
guantum annealers,
then the best stock
portfolios are taken
and ran through
additional solvers to
find the most
attractive portfolios
out of the bunch

“We study

interior point methods

(QIPMs) for second
order cone
programming
(SOCP), guided by

the example use case

of portfolio
optimization (PO).
We provide a
complete quantum
circuit-level

- There were some challenges with th&\wve
guantum annealer, mainly; long waiting times
between runs, high chai break rates, and difficulty
embedding large problem sizes

- The best run with the quantum annealer had a CQ
score of-1.69 x 103

- Inthe case of this paper, classical solver
demonstrated; quicker results, better results,
indicating that at the time this paper was made,
classic/simulated methods outperform those run ol
physical ones. Still, simulated bifurcation showed t
best result, thereby showing that there is great
potential in real quantum hardware.

Important notes:

- This paper does not claim to have found the most
optimal solution, rather it mentions that all solution
found are ‘good’ sol uti
empirically by their stock performance than other
similar methods.

Lower CQNS scores indicate better portfolios in this paper

Objective(s):

- Develop the QIPMs for the use case of portfolio
optimization (max return, min risk)

- Estimate the exact resource cost of QIPM for a giv
PO problem with up to 120 assets, which would ne
up to 8 x 10”6 qubits (which is far beyond what
current quantum hardware is possible of)

- Putinto perspective the practical quantum advante
and the current bottlenecks, that the QIPM could
have by applying it to a PO use case and
benchmarking it against classical solvers.

Quantum hardware:

N/A

Quantum algorithm
/ method:
Quantum Interior
Point Method
(QIPM) with
Quantum Linear
System Solver
(QLSS)

having a negative
CQNS score
indicates it not
being optimized,
but still better
than most
alternative
portfolios.
Furthermore, in
the next paper it is
used as a way to
compensate for
the shortcoming
of the QUBO
model in
translating the
Sharpe ratio into
its format.

Chain break rates
= disruptions or
failures in the
chain of qubits
that are
connected, thus
meaning that the
D-Wave quantum
annealer was less
reliable when it
comes to
performance

Embedding large
problem sizes =
the process of
transferring a
large and complex
optimization
problem into a
physical system

(Quantum)
interior point
methods = finding
optimal solutions
to an objective
problem by
slowly moving to
the optimal
solution through
multiple iterations
within set
parameters



Optimizati
on

(AWS,
Golman
Sachs)

(Dalzell et
al., 2023)

description of the
algorithm from
problem input to
problem output,
making several
improvements to the
implementation of the

Ql PM” (p.

Results:

Convert the PO problem as an SOCP so that it cal
solved by the QIPM

Use the QLSS algorithm on QIPM to solve the SO
converted PO problef@LSS = Quantum Linear
System Solver, it is used because IPM (interior po
methods) make use of a linear system of equation
therefore QLSS is needed to perform the step of
solving linear equations in the QIPMhe linear part
of the QIPM is a subroutine of the greater problem
that is better solved using QLSS

QIPM could theoretically offer quantum advantage
however, practical implications yet do not show cle
improvements over classical methods, significant
improvements still need to be made

Current challenges are high variability in tomograp
precision and the computational resources needec
problems to be solved efficiently on real quantum
computers.

In the example experiment, n = 30 stocks were ust
and it showed that the duality gap (between risk ar
return) increased exponentially for more iterations,
infeasibility increased exponentially. And for scalin
using various other portfolio sizes and duality gaps
the circuit becomes more sensitiveprturbations
The amount of Quantum RAM needed to perform
given PO problems was computationally infeasible
the moment.

Classical methods outperformed the QIRNainly
due to current QRAM limitations and large constar
factors.

Furthermore, compared to classical methods, QIP|
showed to be constrained in their quantum advant
by practical challenges and resource demands

Important notes:

Most current quantum algorithms are hard to test
whether they are practically useful, as they are me
heuristic and can only be tested on actual quantun
hardware

“Ql PMs structurally mii
improvements by replacing certain subroutines wit
guantum primitives” (p|
“The QIPM is a compl ex
combines some purely classical steps with multiple
di stinct quantum subr ol
Regarding the QIPM, multiple improvements are
made to it before applying it towards the PO
problem, for more optimal results. These
improvements made are inspired by previous work
from other authors.

Methodology:
Optimization, and
solving of Second
Order Cone
programs

Use case:
Portfolio
optimization

Second Order
Cone Programs

(SOCPs) =a
convex
optimization

problem that
generalizes linear
and quadratic
programming,
basically making
it useful to
optimize multiple
objective
problems better as
it is flexible
(meaning it can be
formulated
towards many
types of problems,
e.g. max return,
min risk), and it
can handle
complex
constraints (also
common in
portfolio
optimization)

Tomography =
used for
calibrating
quantum gates
and circuits

Infeasibility =
degree to how
much the given
solution violates
given parameters
or constraints

Duality gap = in
essence a gap tha
shows how
optimal the

solution is, the
less this gap, the
more optimal the
solution



The quantum component of QIPM was simulated, as

mentioned, current quantum hardware cannot facilitate the

problem mentioned.

Table 7, Insight into literature synthetization process

Paper (57) Challenge addressed / | Main findings/purpose Quantum hardware, Additional
(Authors) introduction Quantum algorithm, specifics /
(Year) Methodology, Use case | Explanations
1] “I'n this wc Findings: Quantum hardware: N/A
Quantum address the potential of - Complexity theory is useful, but may N/A
Optimization: guantum optimization not always beiseful for quantum
Potential, from various angles, advantage, therefore underscoring t Quantum algorithm:
Challenges, and the namely,complexity need to develop and analyze quantu N/A
Path Forward theory, problem classes optimization (p.50)
(Abbas Et AL., 2023) | and algorithmic design, - The paper emphasizes the fact that| Methodology:
execution on noisy there is a strong need to continue | N/A
hardware at scale, and discovering new algorithms and
fair benchmarking, development, as intuition gained fro, Use case:
while outlining practical tests and new algorithms | N/A
illustrative examples provides validation and technical
formrealwo r | d ¢ advances important to optimization
(p. 2) problems (p.B)
- There should be a need to establish
clear benchmarks, for a reliable
interpretation of scientific insight for
the broader audience (p.50)
Purpose:
- The purpose of this paper is mainly
give a comprehensive overview of
potential challenges, and emerging
research in quantum optimization.
- Next to that, this paper ought to be
used in this paper as a way to expla
generakubjects and limitationfor
guantum optimization
3] The main problem Findings Quantum hardware: “In order to
FORECASTING addresseih this study - “ Te methods of Quantum Support| N/A improve the
STOCK MARKET is the inefficiency and Vector Regression, Quantum accuracy of
ggﬁifﬁ;‘ém inaccuracy of models Boltzmann Machines (QBMs), and | Quantum forecastingstock
RECESSION that predictstock Quantum Neural Networks (QNNs) | algorithnimodels market crashes
PROBABILITIES: market crashesvhere have been used, and the QBM=d | Support vector models, a
A QUANTUM existing models, despite have obtained the highest levels of | regression Quantum B comparison of
COMPUTING their high explanatory accuracy -8).pro testhe algorithm | algorithm 6vrQBA), methodologies
APPROACH

(Alaminos et al.,
2022)

power, fail to account
for time-varying risk
premium and is often
focused on developed

made, the above methods have bee
used and adapted upon to fit the
solution.

QuantumBoltzman
Machine(QBM),

Methodology:

has been carried
out in this study to
predict stock
market crashes vic



[4]

Quantum Monte
Carlo simulations
for estimating
FOREX markets: a
speculative attacks
experience
(Alaminos et al.,
2023)

[5]

A Structured Survey
of Quantum
Computing for the
Financial Industry
(Alabereti et al.,
2022)

economies, this leads t
less accurate forecasts

(p.2-3)

“Theliteraturecalls for
a di erent
predictionmodel, in
particular new ones tha
0 er accuratdo €
global scenes, and that
makecomparisons
betweerapproaches to
obtain better and more
accurate results p.2)

“I'n this
propose to apply
Auxiliary-Field
Quantum Monte Carlo
to increase the precisio
of the FOREX markets
models from different
sample sizes to test
simulations in different
stress contexts "p.1)(

st

“Our paper analyses
USD/EUR and
USD/JPY exchange
rates in the period
2013-2021. This work
compares three Monte
Carlo techniques,
Markov Chain Monte
Carlo, Sequential Montt
Carlo, and Auxiliary
Field Quantum Monte
Carlo (AFQMC), with
the AFQMC technique
being he best

perfopker”
“This surve
platforms, algorithms,
methodologies, and use
cases of quantum
computing forvarious
applications in finance
in a struct

(p-1)

“We conducted an
extensive literature
search and designed a
multi-layered
framework to enable a
structured analysis of

Purpose:

Findings:

Findings:

Usage of the svrQBA and QB
models showed respectively a
increase 004.59%and 96.22% on
averge over othemodels p.8), and
it showed superior results over othe
studies, thereforeptimizing the
accuracy of the named quantum
algorithms formpredicting stock
market crashes (p.13)

This study gives new insights into a
potentialnewmodel that can
optimize the prediction of stock
market crashes, whereby three
guantum algorithms are each used {
test the proposed model

The AFRQMC has increased the
accuracy of the FOREX market
modelover theMarkov Chain Monte
Carlo andSequential Monte Carlo
(classical methodgp.3)
ThroughQuantumMonte Carlo
Simulation, the study is able to
identify possible currency movemen
in the foreign exchange market (p.3]
The AFQMC model is compared
towards two traditional methods,
specifically Markov Chain Monte
Carlo and Sequential Monte Carlo
wherethe AFQMC technique
outperforms other methods {9)

A morphological box showing
exactlyhow quantum hardware,
guantum algorithms, methodologies
and use cases amgated.
Furthermoreeach use case for certa
algorithms and methodologies is
elaborated upon to give insight into
actual use of quantum computing fo
finance (e.gVariational Quantum
Eigensolveused foroptimization of
transaction settlement)

Optimization

Use case:
Predicting stock market
crashes

Quantum hardware:
Simulated hardware

Quantum algorithm:
Auxiliary-Field
Quantum Monte Carlo
(AFQMC)

Methodology:
Quantum Monte Carlo

Use case:
Increase the accuracy ¢
FOREX market models

Quantum hardware:
N/A

Quantum algorithm:
N/A

Methodology:
N/A

Use case:
N/A

reaktime
recession
probabilities and,
as a result, a new
model that will
lead to better
estimates on the
likelihood of a
downturn and,
therefore, a stock
market crash, will
occur in the
future” p.3)

“The present
research differs
from others in that
it compares
various Monte
Carlo techniques
in FOREX
markets
prediction. Most
of the models in
previous studies
have been
dominated by
statistical
techniques such a
ordinary least
squares, quantile
regressia, and
recently neural
network
techniques p.3)

N/A



[6]

Classical versus
quantum models in
machine learning:
insights from a
finance application
(Alcazar et al., 2020)

the available literature
and the use cases
described. 13)p .

“

a direct
the expressive power
and efficiency of
classical versus
quantum models for
datasets originating
from reatworld
applications is one of
the key milestones
towards a quantum
ready era. Here, we tak
a first step towards
addressing this

chal l(ehge”

In this paper Restricted
Boltzmann Machines
(RBMs) (classical) are
compared to Quantum
Circuit Born Machines
(QCBMSs) (quantum)

To assess the
performance of the
QCBMs on realworld
data sets, probabilistic
scenarios from portfolio
optimization are taken,

This paper serves as inspiration for
figure 5.

Specific relation of quantum
computingto portfolio optimization

is given, and therefore helps to give
further insight into quantum
computing for portfolio optimization.
The paper highlights that their
literature research, NO paper was
found that describes a use case for
Quantum Machine Learnin.13)
which is peculiar as other papers do
mentionuse cases for Quantum

Machine Learning.

Purpose:

This paper gives a great overview a
visualization througle.g. a
morphological box of how quantum
computingcan be used in the
financial industryfrom the current
state of quantum computirig a
framework for a systematic analysis
of proposals for the use of quantum
computing in finance(p.1)

¢ Objective of the test betwe€CBMs and

RBMs = select optimal investment portfolios
whilst either maximizing returns with minimal
risk, or maximizingeturn for a given level of
risk, following theoptimization goal of
Markowitz. This can be done whilst imposing
constraints, such as a cardinality constraint ir
the number of assets (@).

Findings:

The quantum modellearly imposed
outperformance the classical machi
learning model(p. 56)

A scatterplot was made to better
visualize the results between the
QCBM and RBM models. The
scatterplot shows superior
performancef the QCBM model,
where it wins in close to 100% of the
instancegp. 56)

As problem size increased, the
QCBM modelperformed increasingly
better compared to the RBM model

(p-5-6)

Quantum hardware:
Simulaedon iontrap
guantum computers

Quantum
algorithmimodel
Differentiable Quantum
Circuit Learning
(DDQCL) used on the
Quantum Circuit Born
Machinesmodel
(QCBMs model)

Methodology:
Optimization/ machine
learning

Use case:
Portfolio optimization

“To dat e
experimental
implementations
of QCBMs via
DDQCL have
been implementec
in ion trapand
superconducting
devi @é)s .



specifically data from
asset subsets of the
S&P500 stock market

index (p.1)
[7] The focus in this paper | Objective:The text highlights the need fora | Quantum hardware: N/A
Enhancing is on Generator quantum optimization strategy that can work | Simuated hardware
combinatorial Enhanced Optimization| directly on arbitrary objective functions,
optimization with (GEO), which isa thereby bypassing the translation and overhe Quantum(inspired)
classical and framework that limitations, meaninghat the processf difficult | algorithm:
quantum generative | leverages any optimization problem§Vould become more TN-GEO
models (Alcazar et generative model (e.g. | efficientand applicable to more reaforld
al., 2024) classical, quantum, or | problems as, for example, the number of Methodology:
quantuminspired) variablesused in these calculatiogése current| Optimization
where in this paper is | computational methods a hard time.
mainly focused on a Use case:
guantuminspired In the experiment for cardinalityonstrained (cardinality
version of GEO named | portfolio optimizationto compare results of constrainedportfolio
TN-GEO(p. 1) TN-GEO with classical approachdbe TN optimization
GEOis used as a standaleselver, and as a
With this TN-GEO boostelito enhance existing solvers:
strategy, benchmarks - TN-GEO standaloneortfolio
aremade inthe context optimization without relying on
of the canonical intermediate results from classical
cardinality-constrained solversusing S&P 500 portfodi, with
portfolio optimization the aim to reduce risk and increase
problemthrough expected returns.
constructing situations - TN-GEO booster: usatermediate
based on S&P 500 and results fromsimulated annealing
other financial stock (SA)(or combined results from SA
indexes. (p. 1) andprevious algorithmss training
data for the TNGEO, and then
The aim is to show the compareperformance between
real value that these classicallgorithmresulsand TN
quantuminspired GEO booster

models have on
industrial application. | Findings:

Lastly, a comparison is - TN-GEO as boostepnaverage, the
made between TITGEO TN-GEO booster outperformed

andstateof-the-art classicalonly algorithms and the the
algorithms (p. 1) performance of the TRGEO booster

(compared to classicainly)
increased athe number of variables
increased with tests performed in th
range of N=30- N=100 variables.
Furthermoref The obser
performance enhancement compare
with the classicabnly strategy must
be coming from a better exploration
of the relevépn

- TN-GEO as standalonthe TNNGEO
showsperformance compared to the
classical solveracross all scenars
(number of assets: 30;50;80;100)



8]

Alleviating the
quantum Big-

$MS problem
(Alessandroni et al.,
2023)

191

Quantum
Chameleon Swarm
with Fuzzy Decision
Making Tool for

Quantumoptimizers
often need to

reformulateconstraints

to fit the welkknow
QUBU format
however, current

QUBO translators often
fail to acknowledgehe

weight M of penalty
terms (p. 1)

Therefore, in this paper

a newpractical

translation algorithm is
proposed to outperform
previous methosl(p. 1)

After presenting the
algorithm, it is then
used inportfolio

optimization instance

to show significant

advantages in time to

solution and solution
quality (p.1)

“ Tis study develops a
Quantum Chameleon

Swarm Optimization
with Fuzzy Decision
Making Tool (QCSO

Comparison with statef-the-art
algorithms (SOTA)TN-GEO was
compared to SOTA algorithms and
showed

In 67% of the instances, FSEO
either draws ooutperforms the
SOTAs

In all pairwise comparisons with
SOAT algorithmsand theTN-GEQ,
TN-GEO wins more than 50% of the
time, every timgnull hypothesis
(Athere is no di
results of SOTAand FSRE O 0 )
rejectedevery timewith Wilcoxon
signedrank sum testto validate
results)

Objective:Reformulating QUBO problems for
quantum solvers so thtitey can operate more| lonQ (company)
efficiently and effectively. This is mainly done trappedion device

by a

ddr es sM mpg o“btl een” b

the weights that penalties hawethis
algorithm,something which shouldebcarefully
optimized foroptimal and efficient results
according to the papeHowever, the main
focus for this paper on portfolio optimization i
the results it has oguantum portfolio
optimization

Results for quantum portfolio optimization:
The improved QUBQranshtorformulation
wastested upon the Markowitz model for
maximizing returns and minimizing risk, resul

showed:

Using MSDP whertranslatirg
problems to a QUBO format shows
significant advantage over tradition
penaltyoptimizationapproaches

As the complexity of the problem
grows, using MSDP to reformulate
problems tca QUBO format shows
increasing efficiency and quality of
results compared to traditional
penalty optimization approaches
Using a 6équbit trapped ion quantum
computer from lon@howed that
MSDP formulations give out a
superiomprobability of measuring the
optimal solution

Objective:presenting a noveéchnique that
tries to optimize faancial risk management,
especially predicting financial distress in firms
theproposed tool (QCS®DMT is then
benchmarkedsing two dataseté\ustralian

Quantum hardware:

Aria-1

Quantum algorithm:

QUBO (reformulation

method) where
formulation of
optimizing penalty

weight is called MSDP
(Minimum Spectral Gap

Differential), all in all
we can call it QUB®
MSDP

Methodology:

(Penalty) @timization

Use case:

Portfolio optimization

Quantum hardware:
N/A

Quantum algorithm:
QCSGFDMT

Spectral gap the
energy difference
between optimal
and suboptimal
solutionsalesser
spectral gap is
better as iteads
to more effective
and efficient
results

Fuzzy =a

decision making
criteria that is
used when data is
uncertain or



Financial Risk
Management
(Alkhafaji et al.,
2023)

[11]
Quantum-inspired
algorithms in

practice (Arrazola et

al., 2020)

FDMT) for Financial
Risk Management. The
purpose of the
QCSOFDMT system is
to determine if the
financial firm
undergoes distress or
not” (p. 1)

“We study t
performance of
quantuminspired
algorithms for
recommendation
systems and linear
systems of equations.
These algorithms were
shown to have an
exponential asymptotic
speedup compared to
previously known
classical methods for
problemsinvolving
low-rank matrices, but
with complexity bounds
that exhibit a hefty
polynomial overhead
compared to quantum
algorithms (p. 1), with
the last part meaning
thatquantuminspired
algorithms show better
results than classical
options, but come at
considerable additional
computational costs
(e.g. energy usage,

credit dataset, and Analecta dataset, both of
which are used to test the algorithm/tool to
detect financial distress/risk

Results:

- Australian credit dataset: QCSO
FDMT outperformed othetlassical
and modern machine learning
models, having the highest accuracy
of predicting financial distressvith a
98.98% accuracyAll other methods
showed results beloat leas97.10%,

- Analectadataset: QCS®&DMT
outperformed othetlassical and
machine learning algorithms,
showing a 94.44% accuracy of
predictingfinancial distressall other
methods showed results below
93.60%

To concludethe QCSGFDMT techniques a
highly effective method to detect financial
distress in companiexss compared to current
methods already being used.

Results oQuantuminspired Algorithms

benchmarked against portfolaptimization

with stocks from the S&P 500

- The quanturrinspired algorithm
required substantial time to estimate
coefficients and sampling, using
114.15 seconds to run the full
calculation. In comparison, direct
calculation methods usirfgr
instance the Friez€annanVempala
Algorithm (which is the equivalent of
a classical solving method)
performedthese tasks much faster
(0.15 seconds)ncreased running
time for the quantuamspired
algorithm was due tooefficient
estimation and samplingsopposed
to the direct calculation method of tt
FKV algorithm
- The quantuninspired algorithm

showed multiple errors in
approximating the solution, showing
multiple dispromising statistics
considering the discrepancies
between approximate and real
solutions As the quanturinspired
algorithm used sampling, it was
prone to more erratue to sampling

(Quantum Chameleon
Swarm Optimization
(which is the
algorithmic partywith
FuzzyDecisionMaking
Tool)

Methodology:
Optimization

Use case:
Fuzzy financial risk
management

Quantum hardware:
N/A

Quantum algorithm:
Quantuminspired
algorithms

Methodology:
optimization

Use case:
Portfolio optimization

incomplete, it
tries to
compensate for
this lack of
certainty or
completeness

The algorithm
utilizes swarm
intelligencebased
optimization
inspired by the
behavior of
chameleons
thereby stating
that the algorithm
can take account
of many things at
one time, like a
chameleon.

Asymptotic
speedup =an
increase in
performance of
usually an
algorithm as the
size of the input
grows larger

Recommendation
systems =
software
algorithms and
techniques
designed to
suggest items
worth of notice to
users, it provides
personalized
recommendations

(Low) Rank =the
number of
independentows
or columns in a
matrix which is
calculated from
low rank means a



time) thanreal quantum
algorithms

Furthermorethese
quantuminspired
algorithms are
benchmarked using, bu
not included to,
portfolio optimization

noise and more estimation that
needed to be den

- “Quantuminspired techniques only
become advantageous for problems
of extremely large dimensién ( p

To concludepverall, the paper showed that
guantuminspired algorithms provide
reasonable low eors and short computational
times in general, but in the case of this paper
(with increased rank and condition numbers),
the quanturinspired algorithms had more
errors and computation times, mainly due to
way the algorithms computed the problems
(which is stated above). Furthermodégct
calculation methods such as the Fri&amnan
Vempala (FKV) algorithnused operate
efficiently without the need for extensive
sampling or coefficient estimation,

As direct methods such as the FKV are tailor
to exploit the lowrank structure of the dataset
it will be fasterthan the quantusimspired
modelas the quanturmspired model
calculatedifferently and is tailored to this low
rank situation

matrix which is
characterized bit
having less
columns or rows
thanthe minimum
that is allowed
(mostly to
increase
efficiency)

[13] “QUBO s ol v e Objective:Many optimization problems have | Quantum hardware:
A Study of
Scalarization
Techniques for

Cardinality
single objective solvers| more than one objective (ethe Cardinality Digital anneale(from constrained a
To make them more Constrained Meaivariance Portfolio Fujitsu) (Ising machine)| restrictioriconstra
effi cient at solving Optimization Problemwhich entails selecting int on the number
Multi-Objective problems with multiple | assets thatoth maximize returns while Quantum algorithm: of assets that can
QUBO Solving objectives, a decision | minimizing risk).Normally, thesemulti- QUBO included into a
(Ayodele et al., 2022) | on how to convert such| objective problems ought to be compiled into portfolio
multi-objective single objective problem befoselving them Methodology:
problems to single so that they are pareto efficiemta quantum Optimization Scalarization
objective problems nee( hardware such as Ising Machin&ke objective (weightg =
tobema d @."1) ( of this paper is taerivescalarizatiorweights Use case: scalarizatioris the
so thatlessexplored parts of the pareto frontie Scalarization act of combining
“In this study, we can be exploredhich normallycannot or are | optimization for multiple
compare methods of usuallyundesirablelue to certain factor®.g. Cardinalty Constrained | objectives into a
derivingscalarization due to increased complexity, bias from the | MeanVariance single function,
weights when algorithm, or objective dependency of the Portfolio optimization | hereby weights
combining two algorithm) (CCMVPOP) are assigned to

objectives of the
cardinality constrained
meanvariance portfolio
optimizationproblem
int o(pape”

In this study, threenethods of generating
scalarization weights within the given objecti
for QUBO (minimizing risk, and maximizing
returns)are explored, these three methods we
applied to a QUBO formulation of CCMVPQF
iterative, random, and uniform

Results

each element of
thecombined
objective
function.

Pareto frontier =a
set of all optimal
solutions where
no solution can be
improvedwithout



[14]

Wasserstein Solution
Quality and the
Quantum
Approximate
Optimization
Algorithm: A
Portfolio
Optimization Case
Study (Baker, Jack
S. & Radha, Santosh
Kumar, 2022)

Quantum Processing
Units (QPUcan be very
suitable foroptimizing a
portfolio of financial
assets (p. 1)

“We benchmark the
success of this approac
using the Quantum
Approximate
Optimization Algorithm
(QAOA); an algorithm
targeting gatenodel
QPUs . ”

In this paperthe aim is
to find the highest
quality of solutions
using the QAOA
algorithmonthe
optimization of
financial asset
portfolios using QPUs

- The ‘“iterative’
advantages over random and unifor;
methods in terms if finding diverse
and highquality solutions

- The ‘“iterative’
explorecertainregionsof the pareto
front not normally explored showed
better tradeoff solutionin multi-
objective scenarios (max return, mir
risk)

- Uniform scalarization showeithe
most consistent and highest numbel
of nonrdominated results in multi
objective problems

- “Quadratic Unconstrained Binary
Optimization (QUBO) formulations
of optimization problems. This is a
common formulation used by
hardware solvers clagigid as
guantum or quantusimspired
machines. They have been shown ti
achieve a speed up compared to
classicaloptimizationalgorithms
implemented on general purpose
computers ( p . 1)

Ultimately, this study shows that attention
given onscalarizatiormethods can improve
results regarding certain mutibjective
problems such as portfolio optimization
Objective:Assess thguality of
results/performance of the QAOA algorithm
using QPUs by solving the Mearariance
Portfolio Optimization problem from
Markowitz. These results are then to be
compared te@achother.

Results:

- Hard constrained optimizers are
easier taptimize as theilandscape
is easier to quantify arttas more
direct parameters, therefore creating
straighter road to the solution so to
say; whilst soft constrained
optimizers have a more challenging
landscape due their increased
flexibility , allowing for a broader
range of possible solutions,

- The main conclusion from the paper
is that QAOAalgorithmsshow
promising performancéor solving
MVPO problems, especially when
applied to gatenodel Quantum

Quantum hardware:
Gatemodel quantum
processing units
simulated oriBM,

lonQ, Rigettj and using
real hardware Quantum
GPU hardware
(QULACS, ASPEN10,
IBMQ_Manila,
IBMQ_Bogota
IBMQ_Quito,
IBMQ_Belem, and
IBMQ_Lima)

Quantum algorithm:
QAOA

Methodology:
Optimization

Use case:
Portfolio optimization

negatively
influencing
another
Uniform
scalarization=
distributes
weights evenly
across the
objective

Random
scalarization =
distributes eights
randomly

Iterative =
distributes/adjusts
weights according
to desired pareto
front, thereby
exploringless
explored regions

QPUs = quantum
processing units,
which are
advanced
computers using
guantum
mechanicgo
perform
calculations



[16]

Grover Mixers for
QAOA: Shifting
Complexity from
Mixer Design to
State Preparation
(Birtschi, A.
Eidenbenz, S., 2020)

To benchmark
performance the

var i alsl euas‘e
stands for
normalizedand
complementary
Wassersteir
however, the most
important part about
this is understanding

whether, ’ from the

resulting tests shows
good or bad quality of
results usually a lower

h , méarld better

quality of results
because the difference
between achieved and
desired probability
distributions are smallel
(which is more
desirable)

Next to that, a variable
used to tes
‘, which is related to
“the circui
QPUsystem using
QAOA" si mg
explained: the number
of operations that are
applied in sequence on
the specific number of
qubits (more operations
= more complex
computationss more
accurate results = more
computing time)

Furthermore, tests are
performed with
differing numbers of
qubits.

“We propose GM
QAOA, a variation of
the Quantum
Alternating Operator
Ansatz (QAO#A) that
uses Grovelike
selective phase shift
mi xing oper

Processing Units (QPUSs) such as
those from IBM lonQand Rigetti.
On another note, asbig aim of the
paper t ,0' cam bed
used to assess performances of GP
on QAOA problems, specifically
MV PO, i t, s htoogreade
standardized way to evaluate
performances,

wa s

Among the reabjuantum hardware, general

observations were

that softconstrained problems
outperformed the hard constrained
problems

Compared to previous hardware, the
newer hardware outperformed it,
showing increased circuit depth and
efficiency

Ri gett i-I0s aAnsdo el@o 1
showed robust performance
Significant variability in solution
quality was observed across repeatt
runs, attributed téactors like qubit
assignment differences, calibration
issues, and timearying qubit
coherence times.

Current QPU benchmarks and
performance are not reliably
predictable based on general metric
like quantum volume (QV);
applicationspecific benchmarks are
necessary.

Obijective:

we are given a

a portfolio of short and long position
on these assets. Periodically, such ¢
portfolio has to be rebalanced in ord
to maintain in order to react to mark
andriskc hanges.” (p.

Quantum hardware:

N/A

Quantum algorithm:

GM-QAOAz

Methodology:
Optimization

Hamiltonian
simulation error =
The discrepancy
between the
evolution of a real
guantum system
when used over
timeand that of a
simulator that



[17]
Quantum
optimization via

maximally amplified

states (Bennett,
Tavis

Wang, Jingbo B.,
2021)

“We illustrate the
potential of GMQAOA
on several optimization
problem classés ( p

“Thi s
‘Maximum
Amplification
Optimisation
Algorithm’ (MAOA), a
novel quantum
algorithm designed for
combinatorial
optimizationin the
restricted circuit depth

Results:

furthermorethe GMQAOAz
algorithm is then compared towards
the QAOAz algorithm

Following the discrete portfolio
rebalancingroblem both algorithms
show some similarities, however,
GM-QAOA was ableo better focus
on creating an equaliperposition of
all feasible states, meaniegn more
effectively explore the solution spac
andcreate more optimal solutions
Furthermore, resulting from other
tests, GMQAOAz showedmultiple
strengths: it can reduce circuit
complexity compared to existing
mixers and it can even, as a first in
the industrystay in the feasible spac
of solutiors and provide transition
between all states in this space whil
mixing unitariegmixing unitaries =
operators thaintend to change the
amplitudes of different quantum
states, with the purpose of creating
larger solution spacg

Important notes:

1.

“ G MQAOAz works on any NP
optimization problem for which it is
possible to efficiently prepare an
equal superposition of all feasible
solutions; it is designed to perform
particularly well for constraint
optimization problems, where not all
possible variable assigrents are
feasible solutio
GM-QAOAz is not susceptible to
Hamiltonian simulation error
compared testandard mixers for
QAOAz, and solutions with the samg
objective value aralways sampled
with the same amplitude

p a p e r Objectives):

Formulate MAOA mainly bysing
the Quantum Walloptimization
Algorithm as a way to achieve
maximally amplified statem a low
convergence regimébasically, we
wantthe (possibly) best solutions
grouped together in place where
finding these solutions maximized
this means that the quantum systen

Use case:
Discrete portfolio
rebalancing

Quantum hardware:

Simulatedhardware

Quantum algorithm:

RGAS and MAOA
(compared to each
other, classical

algorithms, and Grovers
Adaptive Search (GAS)

tries to imitate
such a real
system, basically
meaning in this
paper thathe
simulated system
is alike to a real
system when it
comes tahe
change it
perceives over
time in its
guantum state

Maximally
amplified state= a
state in a quantum
system that can bg
achieved through
some methods (in
the case of this
paper byusing the
Quantum Walk
Optimization



context of neaterm
qguantum cor

(p- 1)

Furthermoreanother
algorithm is
synthesized, the
‘Restricted Grover
Adapt i ve Seart
(RGAS)algorithm,
which is a modification
of the exis
Adaptive Sce
algorithm

Additionally, MAOA
and RGAS are
compared teach other
and the QAOA
algorithm

Next to that, they are
simulated on multiple
types of problems,
includinga
computationally
demanding portfolio
optimization problem

3.

Results

tuned to produce a high probability | Methodology:
of measuring the best solutions whil Optimization

avoiding the chaotic behavior and
inefficiencies.)

Formulate RGAS bylacing a limit
on the rotation count iGAS as
currentquantum devices cannot
handle certain rotatioamounts
efficiently enough to create optimal
results

BenchmarkVIAOA and RGAS
against each other, classical samplil
andnormal Grover Adaptive Search
in a portfolio optimization pblem

Following the portfolio optimization
problem(wherethe probability
success relates to to finding the sing
highest return portfolio within the
lowest 10% of risk)it is shown that
MAOA performs best, consistently
outperformingRGAS, GAS, and
classical sampling.

Next to that, classical sampling
comes nowhere near the speed
(number of iterations / rotations) use
to find the optimal solutions

Next tothat, RGAs outperforms Gas
showing that GAS can currently be
optimized by restricting it (as
mentioned earlier, current quantum
systems lack the ability to accurately
and efficientlymake use of
unrestricted counts of rotations due
high complexity as more rotation are
employed

Furthermore,

Important notes:

MAOA a opposed to RGAs and GA!
had the ability to explore 2
dimensional solutionge.g high

return and low risk)therefore,
RGAS and GAS needed to operate
such a problem translated into a 1
dimensional problem statement

Portfolio optimization

Algorithm) to
increase the
probability of the
most optimal
solution
occurring, thereby
making it easier
for something like
the MAOA
algorithm to find
the most optimal
solution

Low convergence
regime =A range,
a threshold within
the number of
solutions is few
enough that the
MAOA algorithm
has a significantly
less likelihood of
experiencing any
issues in
efficiency or
quality of
solutions when
operating.

Rotation count =
the number of
iterations applied
to amplify the
probability of
finding the
optimal solution

Iteration =a
single cycle or
repetition of
specific steps



[18]

Forecasting financial
risk using quantum
neural networks
(Bouchti et al., 2018)

[22]

Best practices for
portfolio
optimization by
quantum computing,
experimented on
real quantum
devices (Buonaiuto
et al., 2023)

In this paper, a novel
Quantum Neural
Networks are
introduced for machine
learning inforecasting
potential financiatisks
in a company

Furthermore, a method
of training these QNNs
is introduced

Lastly, a new financial
risk forecasting model
in introducedwhich will
be applied to
forecasting risk in
Moroccancompanies.
Afterwards, these
results are then
compared with
Artificial Neural
Networks (ANN)
(classical approach)

“In this work, we
introduce the quantum
neural networks: a
hybrid quantur
classical framework
with the potential of
tackling high
dimensional reaworld
machine learning
datasets on continuous
variables: (p. 1

In this paperQUBO
formulatedportfolio
optimizationis solved
using the Variational
Quantum Eigensolver
(VQE) Algorithm

The main outcome of
this workconsists of
finding the best
hyperparametsr(part
of the ansatzjo set in
order to find the most
optimal solution using
VQE, however, in this
paper for portfolio
optimization, only the

Objective:

Results:

Develop a QNN modekith features
that fit toward forecasting financial
risk in companies whilst at the same
time having features that make it as
easy as possible to model. A QNN i
proposed that operates much like ar
ANN, howeverthe QNN has its
functions grounded in quantum
mechanicsThe QNN is subsequently
trainedusing genetic algorithnts
avoid getting into local minima

The proposed QNhmproved
predictionefficiency of financial risk
in the chosen Moroccan companies
compared to classical methods
(ANN)

The QNN algorithm provided good
approximation results, reduced
computing time, and maintained
prediction accuracgver classical
methods (ANN)

Important notes:

The study faced limitationdue to a
small sample size and the exclusion
of nonfinancial factors

Obijective:

Benchmark the VQEgainst classical
algorithms

Benchmark the performance of VQE
on real and simulator quantum
hardware

Find the optimal investment portfolic
by balancing risk and retumrsing
certain constraints such as budgets
and risk aversion

Formulate the PO problem in a
QUBO format, and then approximatt
the minimum eigenvalue (most
optimal solutionn this casgby using
VQE

Quantum hardware:
Simulated hardware

Quantum algorithm:
QNNs

Methodology:
Forecasting

Use case:
Financial risk
forecasting

Quantum hardware:
Different simulated
(IBM QASM simulator)
and real quantum
computergIBM
Toronto, IBM Kolkata,
IBM Auckland, IBMQ
Toronto, IBM Geneva,
IBMQ Guadalupe, IBM
Hanoi, IBM Cairq
IBMQ Montreal, IBMQ
Mumbaj

Quantum algorithm:
QUBO formulated PO
optimized by VQE

“Quantum
networks have
been proposed
[1], but very few
of these proposals
have attempted to
provide an
indepth method of
training them.
Mosteither do not
mention how the
network will be
trained or simply
state that they use
a standard
gradient descent

al gor (ptih

Local minima = a
value that is low
consideringts
neighborqother
groups of values),
but is considered
high in its own
group, thereby
making it an
undesirablevalue
to find with the
algorithm,giving
the algorithm the
probability to
settle for a
solution that is
suboptimal

Ansatz =the
proposed form of
the state in which
an objective
function is solved
on a quantum
computer, this
stateor Ansatz
structure is then
adjusted to
optimize the
solution,which is
also tested for anc
used in the case 0
this paper.



results using QE on a
portfolio optimization
problem are considerec

Optimization problems

are solved in this paper
by using simulated and
real quantum computer:

“This wor Kk
solutions to the problen
obtained ordifferent
guantum computers ani
with different
hyperparameters
settings, tdind the best
practices to perform PC
by VQE on real
qguantum (p.ev
2)

“Finally, the optimal
solutions are compared
among those obtained
on simulators and on
real quantum computer:
of differentsizes and
architectures and with
the benchmark
solution” (p. 2)

Resultg(results shown in the paper are based Methodology:
quality of the optimal solution found and Optimization
algorithm convergence
- For Real quantum devicésesults are| Use case:
shown in a grapwith the efficient Portfolio optimization
frontierand x = volatility, and y =
expected return)
IBM Toronto: found the optimal solutign
IBM Kolkata: found the optimal solutign
IBM Auckland: found the optimal
solution
IBM Geneva, IBMQ Guadalupe, IBM
Hanoi, IBM Cairo, IBMQ Montreal,
IBMQ Mumbai did not find the optimal
solutionon efficient frontier
- Less than optimal results were main
caused by the quantum hardware n
beinggood enough in terms of
limited quantum volumand circuit
depthto compute the given problem.
- The classical solutiorBfanchand
Bound method did find the same
optimal solution as the QUB&/QE
on different quantum hardwarand
was able to solve up R0 asset
portfolios
- As for simulated quantum hardware
the experiments used in the QASM
guantum simulator from IBMN
either noisy(which is done by
importing noise from a real quantum
computer)and noiseless
environmentaising three possible
optimizersfrom Qiskit (Cobyla, NFT,
SPSA)showedthat Cobyla
persistentlyprovided stable and rapic
convergence téinding optimal
solutionsNFT exhibited unstable ant
oscillatory behavior, particularly in
noisy settings, an8PSA
demonstrated slower convergence
with increased variability.

Important notes:

- For the classical benchmark, the
branchandbound method is used
which is an algorithmic technique
particularly usefuln discrete and
large solution spaces

- The dataset used to benchma®B/
and other methods is as follovike
dataset i€ollected from Yahoo!
Finance, using Yfinance (which is at

Quantum volume
= a single number
that encapsulates
how well a
quantum
computer can
handle quantum
computations.

Convergence =
stability and
consistency of the
iterativeprocess



opensource tool) where small
selection ofrepresentative global
assetare used (e.g. Apple, Netflix,
Tesla)

“ Bsults show that both the mappint
of the ansatz structure on the
hardwareiopology and the quantum
volume is of pivotal importance for
reaching the desired convergence.
The topology of a quantum compute
refers to the physical arrangement ¢
qubits: while ansatzes connecting
only the nearest qubits can be
mapped efficiently, thee entailing
long-range connections require an
overhead of gates that ultimately
increases the depth of the circuit an
hence foster an increase of the over
error rate during computatidn ( p
The VQE is a hybrid quantum
classical algorithm, whereby the
guantum component is the hardware
it operates on, the circuits and the
ansatz it employs, and the classical
component is the optimization of
parameters in the quantum circuit to
find more optimakolutions



[24]

Backtesting
Quantum
Computing
Algorithms for
Portfolio
Optimization
(Carrascal et al.,
2024)

“By backtesting
classical and quantum -
computing algorithms,

we can get a sense of

how these algorithms

might perform in the -
real world. This work

establishes a -
methodology for

backtesting classical

and quantum algorithm:

in equivalent

conditions, and uses it

to explore four quanturr Results:
and three classical -
computing algorithms

for portfolio

optimization and

compares the results

(p-1)

Furthermore10.000
experimentsare
performedunder
conditions thatvere
found where quantum
methods outperform
classical methods.

Furthermore, the
Variational Quantum
Eigensolver (VQE
algorithm is analyzed in
detail. It is mainly
tested on simulators an

Objective:

Formulate a reliable and reusable
method otack testingclassical and
quantumalgorithmsfor portfolio
optimization

Cite the drawbacksf > 100 qubits in
a quantum system

Compare different quantum and
classical optinder againseach other
whilst specifically taking a look at
VQE, this is executed on 27 and 12’
gubit machines

“Results show qu
can be competitive with classical
ones, with the advantage of being
able tohandle a large number of
assets in a reasonable time on a fut
|l arger quantum c
First a test of VQE on IBM\thens(5
qubits)real hardwarés performed on
3 asse. Herein the VQE did not find
the optimal resujtmainly due to it
being restricted in the number of
iterations it can perform, more
iteration would probably meam
optimal result

Next the execution time on a real
guantum computgiiBM Brisbane,
IBM Cusco, and IBM Mzca which
are all 127 qubitys classical
computer was testagsing VQE and
this showed that:

each iteration of VQE took approximately

realquantum hardware
from IBM

“The
of this work is to
establish a reusable
methodology for

mai n ¢

2 hours newer quantum computers
showed better timeslassical computing
time grew exponentially with increasing
number of assets whilst quantum methot
computing times increased on a linear
scalealso the IBM QASM simulator was
used and showed optimal results after 1(

backtesting of quantum
and classical computing -
algorithms for portfolio
optimizatic

Lastly, the challenges
involved in using real
quantum computers for -
more than 100 qubits
arediscussed

qubits

FurthermorelVQE was used to colve
a Cvar PO problem on a 27 qubit
IBM Cairo machine, this showed
similar results to classical methods ¢
solving, however the quantum
method was faster

Lastly, back testingvasperformed
usinghistorical data from IBEX35
20162020, where 2016 is used for
calculatiors going forward in year

Quantum hardware: Back testing= a

Real quantum hardware method to

(IBM Atheng, and evaluate

somesimulated results | performance of a

via IBM simulators financial model
by applying it to

Quantum algorithm: historical data

SpecificallyVQE, but

also:VQE_CvaR, GAS,

QAOA. Which are

benchmarked against

each otheand classical

algorithms:Moving

Average Strategy

(SMA), Sharpe Ratio

Optimization(SRO),

Risk-Rentability

Optimization(MVO)

Methodology:
Optimization

Use case:

Portfolio optimization
and back testing
methodologies



[29]

An Application of
Quantum
Optimization with
Fuzzy Inference
System for Stock
Index Futures
Forecasting

2017(results were plotted monthly
and strategies were allowed to chan
monthly), classical algorithms used:
(SMA, SRO, MVO), quantuniVvQE,
QAOA, VQE_CVaR, and GAS)
resultsshowed SMA performed
poorly, QAOA and VQE_®aRhad a
better strategy than the rest 236
of the time,QAOA and VQE_CvaR
showed to be competitive algorithm:
with the classical onethe main
advantage perceivetlas that
guantum algorithm perform
exponentially better using larger
number of assets, where classical
algorithms become unfeasible

Important notes:

“1't is important
today, quantum computers do not
solve the portfolio optimization
problem in a novelvay, and they do
not reformulate the problem to make
them easier to solve, instead, they
solve the same optimization problen
with different variable types, butin a
di fferent method
The VQE is a hybrid quantum
classicaklgorithm, whereby the
guantum component is the hardware
it operates on, the circuitad the
ansatzt employs and the classical
component is the optimization of
parameters in the quantum circuit to
find more optimal solutions
“QAOA circuits h
more depth, making them more pror
to noise disturbances on real
computers. For this reason we have
chosen VQE as the main algorithm
for testing on real devices during thi
study. " (p. 8)

“I'n this st Objectve: Quantum hardware:

propose using a novel
hybrid Wavelet
Transformation
Quantumbehaved
Particle Swarm
OptimizationAdaptive
NeuroFuzzy Inference

Develop an new modeW(T-QPSQO Simulated hardware
ANFIS) to optimize thdorecasting if

stock index futures in a fuzzy Quantum algorithm
environment modet

Benchmark th&VT-QPSOANFIS Wavelet

against classical method&NFIS Transformation

model, ANN model and ARIMA Quantumbehaved

Stock index
futures = contracts
that obligate the
buyer to purchase
(or the seller to
sell) a stock index
at a predeterminec
price in the future



(Chrimprang, N. System (WTQPSO mode) using10 majordaily stock Particle Swarm
Tansuchat, R. 2022) | ANFIS) model to index futurefrom 2009- 2020 OptimizationAdaptive
forecast stock index NeuroFuzzy Inference
futures.” ( Results: System (WTQPSO

- Compared to classical metho®T- | ANFIS)
QPSOANFIS consistently shows
better:root means square error Methodology:
values, mean absolute percentage | optimization
error, mean absolute error, standard
error of the mean, basically meanin¢ Use case:
that theWT-QPSQANFIS results are, Stock index futures
more optimized and precise

- “The result reve
WT-QPSGANFIS modelprovides
higher efficiency and accuracy in
predicting all 11 stock index futures
considered in this study compared t
the conventional Sugergpe ANFIS
model, ANN model and ARIMA
model ” (p. 1)

Important notes:

- “The machine | ea
generally involve complex and
unintelligible rules as well as a
complicated network structure. In
addition, the machine learning mode
itself did not guarantee a global
optimum solution. It easily falls to th
local optimum anser that directly
affects the mode

accuracy. " (p. 1)
[67] “Thi s art i ¢ Objective: Quantum hardware:
An Investigation on a portfolio - Develop d@ransparent and Simulator
Quantum-Inspired recommendation syster interpretable portfolio
Algorithms for based on trend ratio an recommendation system based on ¢ Quantum algorithm:
Portfolio quantuminspired guantuminspired algorithnfitted ELSA-QNQTS
Optimization Across | optimization towards the trendatio model (trend
Global Markets specifically designed ratio = daily expected return / daily | Methodology:
(Chou et al., 2024) for global cross stock risk) andquantum inspired Optimization

mar kets” (rf optimization algorithm (ELSAQTS)
forming ELSAQNQTS Use case:
- The proposed system is usedin Portfolio optimization

group of the Gimarkets

Results:

- The first experiment using the ELSA
QNQTS compared performances
between G7 markets to gather the
best marketresults showe great
perspective into the performance an



[30]

A Weighted
Portfolio
Optimization Model
Based on the Trend
Ratio, Emotion
Index, and ANGQTS
(Chou et al., 2022)

risk levels of portfolios in the G7
markets.

Furthermore, a crogmarketanalysis
is done, wherg¢he fluctuation of
stock markets in each country is put
into perspectiveand it shows that
crossmarket investments generate
superior portfolios based on the
ELSA-QNQTS model.

“The proposed in
optimization model excels at
identifying strong, stable uptrends
within individual markets and
extends its effectiveness to cross
market analysis. Furthermore, this
financial application prioritizes
explainability and @nsparency,
empowering investors to compreher
argenerated resul
“Experimental re
proposed model has excellent
capability to explore portfolios with
stable uptrends within a single mark
and extend iteffectiveness to cross
markets.” (p. 7)

“This paper proposes a Obijective:

novel weighted
portfolio optimization
model based on the
trend ratio and emotion
index to
comprehensively
consider the volatility of
the portfolio and more
accurately evaluate the
performance of
portfolios than the
classical indicatorthe
Sharpe rati

Furthermorethis
proposed model is
appliedtowards theJS
stock market, wheri is
benchmarked against
traditional methods.

Results:

Develop a novel weightegbrtfolio
optimization model based on the
trendratio and emotion index to
consider the volatility (riskpf a
portfolio more accurately, thereby
optimizing it

This model ought to have three mai
contributions it utilizes trend ratio
andemotion indexjt makes use of
ANGQTS, and theliding window
mechanism isdopted

Test the proposed model in the US
marketwith Dow Jones 30and
duringthe covid19 pandemic

The trendratio can betteevaluate
portfolios than the Sharpe ratio
ANGQTS can effectively and
efficiently construct neaoptimal
solutions

The sliding window mitigates under
and overfitting in the proposed modk
Statistical tests show that ANGQTS
outperformsGNQTS inweighted
portfolio optimization

Quantum hardware:
N/A

Quantum algorithm:
globatbest guided
quantuminspired tabu
search with a self
adaptivestrategy and
quantumNOT gate
(ANGQTS)

Methodology:
Optimization

Use case:
Portfolio optimization,

specifically in short and

long selling trading
using the trend ratio

Emotion index =a
way of
quantifying
emotional
responses (e.g.
investor
sentiment) into a
value that can be
used when
computing certain
problems.

Sliding window
mechanism =a
versatile and
efficient method
of processing da
allowing for
constant
evaluation of
subsets of data in
larger pools,
which supposedly
benefits the
introduced novel
portfolio



[31]

Portfolio
Optimization in
Both Long and Short
Selling Trading
Using Trend Ratios
and Quantum-
Inspired
Evolutionary
Algorithms (Chou et
al., 2021)

“This paper
global quanturinspired
tabu searclalgorithm
with a quantum NOT
gate (GNQTS) to
effectively find the best
combination of stocks.
To avoid the overfitting
problem, this paper
employs a sliding
window. Specifically,
this paper combines the
trend ratio, GNQTS,
short selling with
certificates ddeposit,
and sliding windows to
perform the stock
selection”
“This paper
globatbest guided
quantum inspired tabu
search algorithm with a
quantum NOTgate,

call ed (@ERQT
“This paper
investing

simultaneously in
normal trading and

- The proposed model was applied to
the US stock market Dow Jones 30
and showed bettestability thanthe
Dow Jones industry average ahe
Sharpe ratio during economic
fluctuations

- Soallin all, the proposed model is
more precisand stable than
comparabldraditionalmethods.

Important notes:

- The classical method in this paper is
seen as +theibSha

- The difference between ANGQTS
andGNQTS isthat QNQTS is more
static than ANGQTS, furthermore,
ANGQTS outperforms GNQTS in
larger solution spaces, lastly,
ANGQTS demonstratesetter
searchability and higher trend ratios
Thus ANGQTS has better
performance and is more efficient

Objective:

- Synthesize a model incorporating; tk
sliding window mechanism, the tren
ratio (as it is better than the Sharpe
ratio), GNQTS, long and short sellini
positions to outperform existing
models

- Compare the proposed method
against the Sharpe ratio and

- Benchmark the proposed model on
Taiwan’s 50 | arg
capitalization stock&om the period
2010- 2017 where funds are
distributed in the portfolio for both
long- and shortermselling

Results:

- Portfolios selected by the trend ratio
have a lower risk than portfolios
selected by the Sharpe ratend a
higher average return

- Combining long and short selling
improves performance compared to
using a single trading method

- Overall, the GNQTS method
effectively finds stable portfolios
long andshorttermselling, it
outperformsthe Sharperatio in risk
management and average returns.
Thereby, the experimemtlidates the

optimization
model

Quantum hardware:
N/A

Quantum algorithm:
Quantuminspired tabu
search algorithm with
GNQTS

Methodology:
Optimization

Use case:

Portfolio optimization,
specifically in short and
long selling trading
using the trend ratio



[32]

A Novel Portfolio
Optimization Model
Based on Trend
Ratio and
Evolutionary
Computation (Chou
et al.,, 2019)

short selling by a trend
ratio, which can further
increase investment
profits and spread

risks.” (p.

“Thi s
of the quantum inspired
tabusearch algorithm
which is improved by
an adaptive strategihe
current besknown
solution, and the
guantum not gate
(ANQTS) to find the
best portfolio in a large
solution spacé. ( p .

“This paper

sliding window to avoid| Results:

the overfitting
probl em.” (
“I'n summary
combines the trend
ratio, ANQTS, and the
sliding window to solve
the problem of stock
selection.

fact that a broadesolution space will
positively influence portfolio return
and risk

“The experimenta
the trend ratio can truly derive bettel
performance than

(p. 15)

Important notes:

This paper differentiates between
long andshort selling, the GNQTES
used in both of these instances.

p a p e r Objective:

Synthesize a model incorporating; tt
sliding window mechanism, the tren
ratio (as it is better than the Sharpe
ratio), ANQTS, to solveéhe problem
of stock selectioffior a portfolio
Benchmark the given model on
Tai wan’' s marketchpar g
stocksbetween 2010 and 20H6d
compare them tthe Sharpe ratio
Benchmark trend ratinsage against
the Sharpe ratio

The trend ratio is more effective thal
the Sharperatio in finding optimal
portfolios and single stock uptrends
Compared tod othersimilar

guantum algorithms, ANQTS
outperforms GA, GQTS, and NQTS
in thesame experiments in finding
the portfolio solution efficiently and
achievung better stability

“The experi ment
proposed method can find the bettel
portfolio, and the performance is
better than Taiwan 50 ETF which is
recommended by t
(p- 13)

Results from the model also showec
that risk can be spread betterough
effective fund allocation

Important notes:

In this paper, and most likely the
previous twotrend ratio is a
component of the model that is
synthesized, to show that trend ratic
is a bettemethod to include rather
than the similar Sharpe ratio, certair
experiments are done, concluding ir

Quantum hardware:
N/A

Quantum algorithm:
Quantum inspired tabu
search algorithm
(optimized by GNQTS,
adaptive strategy,
current besknow
solution)

Methodology:
Optimization

Use case:

Portfolio optimization
(specifically stock
selection)



all three papers that the trend ratio i
betterand should thus be used for th
total of the modelNext to that, these
3 paperdocus on generatingertain
modek including many different
aspects that will optimizacertain
objective (e.g. findingn optimal
portfolio including long and short
selling positions), instead 6illy
focusing on one type of algorithm,
making it so that the quantum aspec
of theseportfolio optimization paper
is a bit tonedlown considering other
papers. Nevertheless, what can be
learned mostly from these three
papers is thajuantum mechanics ca
also aid in alleviating certain
problems of lesser proportiofs.g.
giving the model the ability to handle
larger amounts of data faster)

- “The best portfo
the best single stock and may incluc
a stock which has negative return. A
a result, the proposed method has |
ability to select the portfolio, which i
in a stable uptrend, and has
outstanding performance in the

expg i ments” (p. 1
[37] As the titlesays, this Objective(s): Quantum hardware:
Quantum paper is a complete - Give an overview of; actual extd- N/A
algorithms: A survey | survey of applications endproblems solved in PO, NISQ
of applications and and eneto end implementations, outlook, speedup | Quantum algorithm:
end-to-end complexities of caveats N/A
complexities (Dalzell | quantum computing
et al., 2023) 337 pages of; areas of | Actual endto-end problems solve@ising the | Methodology:
application, quantum Markowitz model) Optimization
algorithmic primitives, - Maximize return with fixed risk
andfault tolerant parameters Use case:
quantum computation - Minimize risk withfixed return Portfolio optimization
parameters
However, in this paper, - Optimal riskreturn tradeoffsvith
only the application ‘rdavlkrsion’ par a
area of ' pc alternative formulation using the
optimizatic square root of the risk)
summarized In these models, certain constraints are

often used, the following are recognized:

- Long asset position constraints

- Investment bands (the asset must b
located betweemin or max bounds)



Caveats:

Turnover constraints (constraint in
thedegree of changing asset holding
between portfolios)

Cardinality constraintgéstriction on
the number of assetncluded in a
portfolio)

Sector constraintspecified min/max
allocations tayroups of asss}
Transaction costs (extra cofitkked

to changing asset holdings)

QLSShbased approaches are often
dependenbn multiple specifie
instance parametengsulting in
computationally increased demands
(e.g. highlog-depthQRAM demands
log-depthbeing a measure of time fo
QRAM to find a piece of data, simpl
put)

Branchandboundapproachedo not
requirelog-depth QRAM to acquire
gquantum speedup

Speedugonly for QIPMs)

Speedupsor using QIPMS comparec
to classical methods will often come
from optimizing the QLSSused for a
subroutine of QIPMs including
linearity) andtomography for a linear
system(at least, until current
hardware can better facilitate the
QIPMs)

NISQ implementationalternative approaches
for quantum PO solutions):

Outlook:

NISQ-HHL (generalize®IPMs to
better fit current hardware
specifications)

QAOA

Quantum annealing

QIPMS (and other QLS8ased
approachesfor continuous PO
formulationsoffer the potential of
quantumspeedupn the future

The Branchandbound approacfor
discrete formulations has the
possibility of a larger speedup than
QIPMs

“In the context of Grovdike
quadratic speedups in combinatoria
optimization, it is unclear whether th



[38]

VaR Estimation with
Quantum
Computing Noise
Correction Using
Neural Networks (de
Pedro et al., 2023)

“I'n this
present the developmel
of a quantum computing
method for calculating
the value at risk (VaR)
for a portfolio of assets
managed by a finance
instituti

The classical Monte
Carlo algorithm to
calculate VaRs
extended upoin a
guantum manner

“The result
algorithm is suitable to
be executedn real

guantum cor

(p- 1),

Using feedback from
real quantum
computers, the neural
networkprocessing is

guadratic speedup is sufficient to
overcome the inherently slower
guantum clock speeds and overhea
due to fault tolerant quantum
computation for practical instance
si zes. (p. 121)

”

Important notes:

o0 r Results:

More constraint oftemeansharder
problems and more computational
power needed.

Convex PO problems are easier to
solve than nostonvexproblems(a
POproblem often becomes non
convexdue to itsmposed
constrainty

Non-convex PO problem@r its
constraintsan be converted ®
Mixed-Integer Prgram(MIP), which
in essence makes it easier to solve.
Furthermore, if these integer
variables are encoded in binary, the
it can be formulated as a QUBO
problem (which is widely used for
PO) Therefore, a multitude of paper
will make use of this, therelmgaking
QUBO a often reoccurring
formulation in these papers.

p € Objective(s)

Develop a quantum neural network
extend conventional Monte Carflor
calculating Value at Risk (VaR)
Compare the results of this work wit
other works

The quantum simulation and actual
guantum computer resulsd
discrepancies due to noise,
highlighting the limitations of current
guantum technology

“The results sho
is useful for estimating the VaR in
finance institutions, particularly whei
dealing with a large number of
assets.” (p. 1)
Neural networks were used to
mitigate noise in the quantum circui
by optimizing parameters.

The authors compared their work
with otherworks,and it showed that:
guantum monte carlo methods
showed promising results, however,

Quantum hardware:
IBM Qiskit (simulated
hardware 5 qubi)

Quantum algorithm:
Quantum (and neural
network) optimized
Monte Carlo

Methodology:
Monte Carlo

Use case:
Portfolio optimization
(VaR)

This papemainly
considers
optimizing
classicaMonte
Carlo methods
using but not
limited to,
gquantum methods



finetuned as the neural
network is used to
mitigate noise in the
quantum circuit

are often faced with challenges
related to resouraequirements and
circuit depth Comparing it to the
proposednethod in this paper, their
approach of using neural networks f
quantum noisehowed a promising
feasible solution effectively utilizing
current quantum computing
resources.

Important notes:

The noise affecting currequantum
computers makes @imost useless to
perform the posed algorithm on real
guantum computers

Challenges: Grow a sulfficient
number of samples needed for the
Quantum Monte Carlo method for
increased asset sizes in portfolios
and find ‘real’
samples using quantum computing,
use neural networks to mitigate the
noise in the quantum circuit

“A VaR estimatio
divided into parts and simulated
partially by rea
(p. 16)



[41]

Quantum
Computing for
Finance: State of the
Art and Future
Prospects (Egger et
al., 2020)

This paper gives an Problem&segmentsecognized in financial
overview offthecurrent | services for quantum computing:

(2020)state ofquantum - Banking:balancing cash with interes
computing for finance, rates, while controllinghreats(risks)
therebygiving insight related to liquidity, fraud, money
into; a survey on laundry, and norperforming loans
problem classes that ar - Financial markets: manage
computationally geographic timeones immediacy
challengingclassically needs, counteparty risk

and show advantages ¢ - Insurance: maximize premiums,
quantum systems, in manage threais unplanned risks
detail described - The main reoccurring problem is ris}
quantum algorithms management

specific applications of

these algorithms Problem classes fatassical computing
(simulation, methods where quantum methods may show
optimization, Monte promising advantages:

Carlo),and lastly a - Simulation:customeiidentification
demonstrations of financial products (e.g. Value at Risl|
quantum algorithms on estimatel monitor transactions,

IBM quantum back customer retentian

ends Furthermorein this section it is discussec

how quantum amplitude estimation can
providequantum speedup over classical
Monte Carlowith current quantum
methods they estimated3&minute
runtime forcalculating VaR for a one
million-asset portfolio, showing a speedt
over classical methods
- Optimization Customer
identification (and assessment),
financial products, monitor
transactionge.g. rebalancing
portfolios), customer retention
Furthermorefor problem classesonvex
problemg(linear programming, convex
programming, semidefinite programming
guantum methods showdte potentiabf
significant speedups over classical
methods however practical effectiveness
is mainly determined by the specific
problem instance
For problem classes: combinatorial
problems generally norconvex with
discrete decision variable§) We n o't
currently, there is no theoretiagiarantee
that variational algorithms on quantum
devices can achieve significant spegrs
f or QUB Oshbweyep they aré )
appealingd study on NISQ devices as
they show provablguaranteefor
performanceTests performed with VQE
and QAOA showed thahe quantum

Quantum hardware:
IBM Quantum back
ends

Quantum algorithm:
N/A

Methodology:
Optimization, Machine
learning, simulation

Use case:
N/A



methodgyot the best results following the

efficient frontier in a activénvestment

managemerPO example. (however, it
was mentioned that current quantum
hardware cannot facilitate such results)

And for a passive investment manageme

PO problen, quantum algorithms showed

performances just below classical

methods, however it was mentioned that
performance of quantum algorithms will
increase with larger problem sizes.

- Machine learningPrediction
classifying, finding pattern&ll in
customer scoring/evaluation,
financial product usage, transaction
monitoring, customer retention
methods)

Furthermoretwo quantum Monte Carlo
methods arenentioned Variational
Quantum Classification (VWC), and
Quantum Kernel Estimation (QKE).
Compared to classical techniques, the
guantum algorithms showéahproved
performances in machine learning tasks
particularly in advancefkaturespaces anc
classifiers, however, practical advantage
still do not show coherently.

Technical challenges in Quantum Computing

- Loading datan a quantum state is
very complexcompared to classical
methods, increasing number of qubi
in the system are cause for
exponentiakffortincreasesn
preparing the system

- Error correctionto protect the
guantum systerfrom error, multiple
mitigation techniques are used that
cost significant overteal

- Precision and sample complexity
many repetitions need to be made ir
guantum system to achieve accurat
results, this has high computational
costs

Important notes:

- Challenging problems for classical
computers that are addressed are
those in: asset management,
investment banking, retail and
corporate banking.



[44]

A Systematic
Literature Review of
Classical and
Quantum Machine
Learning
Approaches for
Mutual Fund
Portfolio
Optimization
(Fernandes et al.,
2023)

“Thi s r evi € Findings
examines literature on -
classical and quantum

machine learning

approaches for Mutual

Fund PO, analyzing 44

papers from 2003 to

2023 (p. 1

“We provide -
overview to the types of
problems, preferred
approaches, their
benchmarks, deduced
conclusions, and -
research gaps as a
comprehensive survey

for diver se

(p-1) -

“Quantum Machine
PO algorithms which are an
intersection of QC and ML
techniques, process large datasets
more efficiently, revealing hidden
patterns and insights that traditional
ML approaches may potentially not
be able to ident
Traditiond ML approaches face the
following problemstime constraints,
high costs due to their inability to
consider risk calculations at various
levels

Quantum(assistedjnachine learning

approaches have the following

benefits:provide real time solutions
to market scenarios,

Quantumalgorithmshave

successfully been implemented for

portfolio optimization

Main research gaps found were:

a) Thevalidationof quantum
computer outpuis still a
difficulty in the NISQ era of
guantum technology

b) Quantum linearlgebra
techniques sometimes have
issuesdeing applicable towards
specific linearalgebra and
financial use cases duedertain
constraints and prerequisites
which bottleneck quantum
speedup

c) “No dynamic portfolio
optimization framework can
outperform the covariance
model. ML/DL approaches
require more research due to th
curse of dimensionality and the
DL architectures inability to
improve performance of sample
based portfoli

“With numerous v

conditions that need to be considere

for a Mutual Fund PO problem,
classical algorithms eventually end

up at the local optima and offer a

nonopti mal sol uti

Currently (2023) quantum machine

learningshows benefit in specific us¢

casesn terms of solution quality and
computing speed. However,

Quantum hardware:
N/A

Quantum algorithm:
Quantummachine
learning

Methodology:
Machine learning

Use case:
Portfolio optimization

Mutual funds=a
portfolio of
stocks, bonds, or
other securities
overseen by a
professional fund
manager5 main
mutual fund
portfolio
optimization
problems
mentioned in the
paper are: asset
allocation,
portfolio
diversification,
risk-management.
Minimizing
transaction costs,
tax efficiency.

Curse of
dimensionality =
common issues
arising when
dimensions in a
problem
formulation or
system increase
(e.g.amount of
data exponential
growthof
results/data efc
distinctions
between near and
far points blurring
in high-
dimensional
spaces, increased
computational
complexity,
overfitting).



[47]

Grover Adaptive
Search for
Constrained
Polynomial Binary
Optimization
(Gilliam et al., 2021)

“I'n this
discuss Grover
Adaptive Search (GAS)
for Constrained
Polynomial Binary
Optimization (CPBO)
problems, and in
particular, Quadratic
Unconstrained Binary
Optimization (QUBO)
problems, as a special
case” (p.

“I'n this pe
provide a framework foi
automatically
generating efficient
oracles for solving
Constrained Polynomia
Binary Optimization
(CPBO)}—a
generalization of
QUBO—wi t h

(p-1)

GA

In the analysis of this
paper, there will only be
focusses on the
application towards

generally, papers shotliat many
fields of research (such as machine
learning) still need texperience real
benefit from quantum computing

Important notes:

1 Results:

“The existing br
Intermediate Scale Quantum)
guantum computers have a significa
potential to provide faster solutions 1
problems in various domains which
are not just relevant for the present
but also for the
The current (2023) stage of quantun
technologywith 50-1000 qubits that
are notfault tolerant is called N o i
Intermediatescale quantum
computing (NISQ)

“This paper focu
(MF) because it has seen a rise in
investment in the past years and a |
rate of risk in comparison to the eve
fluctuating stoc

(p-2)

p ¢ Objective(s):

Test the proposed GAS with QUBO
and efficient oracles on a PO proble
In the experimentminimize the
weighted variance portfolio return

to create an optimized portfolio with
budget constraintd'he portfolio
consist of3 assets, no more than 7
qubits were used, and searching wa
stopped after 3 iterations each time

“GAS can provi d-e
up for combinatorial optimization
problems compared to brute force

s e ar ¢ h howéver,thistan only
be performed undearertainsearch
criteria and efficient oracles

The noise in current era NISQ
hardware impacted results, increasil
the probability of wrong results
When the noise was not too strong,
achieved good results

QUBO with GAS on real quantum
hardware consistently fouride
optimal solution in the given
environment

Quantum hardware:
Simulatechardware
(Qiskit), and real
hardware (IBMQ
Toronto)

Quantum algorithm:
Grover Adaptive Searck
(on CPBO and QUBO)

Methodology:
Optimization

Use case:
Portfolio optimization

Oracle = a
subroutine ina
operation that
provides
information on an
objective
probl em’
solution,this
informationis
used tdncrease
the probability of
finding the
optimal solution
in the algorithnin
quantum
optimization cases



[48]
Approaching
Collateral
Optimization for

NISQ and Quantum-
Inspired Computing

(Giron et al., 2023)

portfolio optimization
of the GAS for QUBO

“I'n this
initially present a Mixed
Integer Linear
Programming (MILP)
formulation for the
collateral optimization
problem, followed by a
Quadratic
Unconstrained Binary
optimization (QUBO)
formulation in order to
pave the way towards
approaching ta
problem in ahybrid
quantumand NISQ
ready way"”

“I'n summary
objective of our paper is
to present a case study
on the formulation and
approach of the ColOpt
problem using quantum
computing techniques,
with the overarching
aim of advancing the
ongoing effort towards

Results:

Besides the portfolio optimization
problem, this paper managtxl
reduce the number of gates requirec
for computation compared to
standard quanturmrithmetic
approache¢ “ i . e . it
requirements to apply GAS on real
guantum hardware for practically
rel evant probl em

Even though the quantum hardware
showed promising results, it could
still be said thait can not solve lager
problem sizes, as the problem size
used in this paper on theal
hardwareemainssmall, thereby it
can also be said that the quantum
hardware currently is ndietter than
classical methods in bigger problem
sizes. On the other hand, for
simulations according to paper, it ca
be said thaperformances are good,
but no definite conclusion can be
made @ the comparison with
classical methods.

s t| Objective(s)

Study the ColOpt problem in detail
Provide a MILP formulation that is tc
be useds a testbed for; a QUBO
version of ColOpt (making it sithat
guantum and quantwinspired
hardware can process iperform
smallscale experiments using that
QUBO version and benchmark it to
MILP

Investigatehe QUBO formulations
for the KnapsackProproblem, and
use the best formulation for this to
apply to the collateradptimization
problem

“We f i nd the QUBO basdd
approaches fail to find the global
optima in the smalscale
experiments, they are reasonably
close suggesting their potential for

|l arge instances”
For the KnapsackProblassical
approacheéMILP) managed to find
the known optimal solutions, and for
the QUBOformulationon simulated

Quantum hardware:
Simulated annealing
(On Fujitsu simulators,
and DWavesimulated
annealey ColOpt
problem, and simulated
annealing for the
KnapsackProl§on
ToQUBO. j I,
QuadraticProgramToQ
UBO, PyQubo, and
Digital Annealer)

Quantum algorithm:
QUBO (with MILP
mapped to it in the
formulation)

Methodology:
Optimization

Use case:
Collateral optimization

Collateral
optimization=
“the sys
allocation of
financial assets to
satisfy obligations
or secure
transactions,
while
simultaneously
minimizing costs
and optimizing
the usage of
available
resource

ColOpt =an
example
Collateral
optimization
problem to solve
on the given
lassical and
guantum methods

Knacksaclrob =
exampleknapsack



“

achieving
advantage”
applicatior

annealing: ToQUBO.jl found the
optimal solution, Qiskit found the
optimal solution (through multiple
runs),PyQUBO found the optimal
solution (and for larger instance size
close to optimalNeal and Fujitsu
machinesonsistently found optimal
solution, even under penalty regime
For the ColOpt problenguantum
methods showed that they could noi
find theglobal optimal solution, each
run found differentglobal minima.
The reason for this mentioned in the
paper isprobablydue to a lack of
runs performed in the annealing
process, making it so thatcould not
explore sufficient search space.
The paper did mention that the
solving of the problem was not fully
optimized, agertain improvements
can be made to obtain higher quality
solutions (e.g. optimizing the
annealing schedul®UBO parameter
optimization)

Classical solver showed to find
optimal solution every time in the
experimentswhile quantum methods
often fell short, there are still certain
factors inhibiting it from working to
its full potential in this paper on the
givenColOpt and KnapsackProb
problems.

Important notes:

On the ColOpt problem for quantum
methodsmultiple penalty weights
were used to make the process mor
efficient and give mote optimized
results.

Using QUBO or Ising approaches,
problem can be addressed as follow
in a quadratic way:

Using variation quantum algorithms
(e.g. QAOA ongatebasedquantum
computers)using quantum annealing
on adiabatic quantum computers
(quantum annealers)sing quantum
inspired methods which can be
understood under a QUBO model
formulation

problem involving
the optimal
approach to filling
a knapsack (with
capacity W) with
the higlest
possible value
from a
corresponding set
of n items.



[51]

A brief review of
portfolio
optimization
techniques (Gunjan,
A. & Bhattacharyya,
S. 2023)

This paper lists a brief
review of portfolio
optimization
techniques, most
techniques mentioned
are norquantum
techniquesThe paper
makes a distinction
between classical
approaches and
intelligent approaches.
Under the list of
intelligent approaches
fall* q u a{bdsedm
approaches’
In the summary of this
paper, a brief list of
nonquantum
approaches will be
mentioned (classical
and intelligent
approaches), after that
there will be elaborated
on the quantum PO par
of this paper.

List of non-quantum approacheslgssical and | Quantum hardware:
intelligent):

“We would Iike t
does not aim to provide an empirica
comparison between quantum and
classical approaches for solving
MILPs, given the limited
computational resources available t
us” (p. 3)

“The QUBO model

a wide range of combinatorial
optimization problems that are know
to be NPhard,"” (
“we utilize simu
which as a metaheuristic algorithm,
quite sensitive to the problem
structure and its performance can
vary significantly depending on the
problem instance

N/A

Classical:

Markowitz meanvariance

optimization Mean Absolute N/A
Deviation, Minimax, Variance with

skewness, Lower partial moments, | Methodology:
Valueatrisk (VAR), Conditional N/A
valueatrisk (CVar) Each of these

approaches will have their own Use case:

advantages, disadvantages, specifi N/A
uses but st notably, ranyof these
classical approaches make an
appearance in the mentioned paper
asadapted versions are used for

certain quantum algorithms,

specifically QUBO

Intelligent approache@nostly referring to
machine learning based techniques)

Bayesian approaches.§. Black
Litterman approachBupport vector
machinebasedapproaches (SVR),
Neuralnetworkbasedapproaches,
reinforcement learning approaches
and evolutionary approachesgain,
most of these types of approaches ¢
be seen back in adapted versions fc
guantum computing PO

Quantum Computing for PGhe following is
mentioned:

“On multiple experiments, QC is
shown to give better performance ol
complex and Nfhard problems

Quantum algorithm:

Metaheuristic =
procedures or
strategies
designed to
generate or find
god solutions to
an optimization
problem



which require 1| a
(p- 23)

- Quantuminspired metaheuristic
techniques are methotike
advantage of the promising power
that quantum computing has and
those of metaheuristics “ and
shown to perform better than classic
counterparts” (p
thesemethods are widely used in
constrained and unconstrained
method (e.g. constraints in PO)

- The following metaheuristic
approaches are mentioned that shoy
promising results (however, there ar
more to be mentioned, as shown fra
the above summarized papers):
Quantuminspired Tabu search
(QTS), Multi-Objective Quantum
InspiredTabu Search (MOQT,S
flexible, profitable, can optimize
multiple objectives, but needs furthe
evaluatio), Quanturalinspired
Firefly algorithm with Particle
Swarm Optimization (QIFAPSQho
experiments with this method to dat
2023, QuanturalnspiredTensor
Networks (TN), Quatum-Inspired
Acromyrmex evolutionary algorithm
(QIAEA, finds efficient global
optimization for complex systems,
high accuracy, low error, but cannot
do multiple objective scenarios, and
that may be the reason it is not
frequent in PO literatujeVariational
Quantum Eigensolver (VQEP-
Wave hybrid Quantum Annealing.

- Advantage of QC approaches:
“Adding qubits ¢
storage exponentially and are usefu
to solve very complex compute
extensive problems. Faster as
compared to any
25)

- Limitations dlie Q
energy required by quantum
computer is much larger than
traditional computers. Still there is a
lot of unknowns as this is an ongoin
area of research

[52] “Thi s pap e r Objective(s): Quantum hardware:
Quantum-inspired compares quantum N/A
meta-heuristic inspired versions of fou

approaches for a



constrained portfolio | popular evolutionary - Use a genetic algorithi§&A) to Quantum algorithm:

optimization techniques with three solve a PO problem for the given Quantum versions of
problem benchmark datasets. datasets the classical algorithms
(Gunjan, A. & Genetic algorithm, - Use Differential evolutiofDE) to named
Bhattacharyya, S. differential evolution, solve a PO problem for the given
2024) particle swarm dataset Methodology:
optimization, ant colony - Use Particle swarrfPSO)to solve a | Optimization
optimization, and their PO problem for the given dataset
quantuminspired - Use ant colony optimizatiofACO) Use case:

incarnations are
implemented, and the
resul ts are

(p-1)

The experiment done o
the optimization
approaches were done
usingl10 years of stock
price data from
NASDAQ, Dow Jones,
and BSE

Results:

to solve a PO problem for the given
dataset

Usethe quantum inspired version of
GA, DE, PSO, and AC@ solve a
PO problem for the given dataset
Measure the performance of the
mentioned techniques via mean err(
execution time, and fitness function
(minimum risk)

Classical PSO showed tavelowest
mean square error, root mesguare
error, mean absolute error, and mee
absolute percentage error, basically
indication thaft can very closely
approximate optimal solutions
Quantuminspired versions were
faster, and often had better quality ¢
results

“The experi ments
gquanturinspired ant colony
optimization (QIACO) is more
effective and faster than the other
techniques chosen in both the
classical and quantum inspired
domai ns (p. 23)
Further analysis of results showed:
quantuminspired approaches
produce better risk values than
classical approacheQuantum PSO
showed to generate the most optimé
risk compared to classical methods
Results from the given tables for the
experiments confirnstatements made
on fastnesand quality of results.
FurtherWilcoxon tests (to show
whether madeonclusionon the
differences between classical and
guantum methods are significant)
showthat almost all comparisons
between classical and quantum
algorithms lead to the quantum

Portfolio optimization



[53]

Portfolio
Optimization Using
Quantum-Inspired
Modified Genetic
Algorithm (Gunjan
et al., 2023)

“An effort
implement two different
genetic versions along
with their extension in
the quanturrinspired
space. Improvements t¢
the popular crossover
techniques, viz. (i)
arithmetic and (ii)
heuristic crossover are
proposed to reduce
computationat i me .
665

algorithm either performing on par
with classical ones, or better.

“It is observed that the quantum
inspired techniques outperform the
classical count e
“Experiments have demonstrated th
these quanturmspired versions are
faster, and the results are comparak
or even better than their classical
counterpart$(p. 35)

“Speci fical-ingpiredt
ACO surpasses all the selected
techniques inerms of speed, and its
optimization results closely match
those of the other selected

techniques” (p.

Important notes:

benchmark datasets, NASDAQ (fror
201206-23 to 202206-27), BSE
(from 201105-13 to 202302-07) ,
and Dow Jones (from 20688-06 to
202305-05).

Fourenhancements to tmamed
techniques are given so that errors «
minimized they become more
efficient, and quality of results are
better:

Objective(s):

Results:

Optimize risk and returm a PO
problem for a proposed quantum
genetic algorithm.

Use the following proposetiassical
techniques to base the QiGA upon:
Arithmetic crossover, Heuristic
crossover

Conduct theexperiments on a datase
from the NASDAQ in the period
201206-28 to 202206-27, objective
function is to find minimum risk
evaluation are done via mean squar
error (MSE), mean absolute error
(MAE), root mean square error
(RMSE), mean absolute percentage
error (MAPE). Lastly, execution
times are measurddr the QiGA.

‘1t is evident f
guanturminspired version
outperforms the classical counterpa

Quantum hardware:

N/A

Quantum algorithm:

Quantum genetic
algorithm(QiGA)

Methodology:
N/A

Use case:
N/A

Crossover =
create new
solutions to a
problem by
combining the
features of two
parent solutions
generating
offspring that is
closer to the
optimal solution

Arithmetic
crossover =
continuous
optimization by
taking a parent
group of 2 and
thenmaking
offspring
generations as a
weighted average
of the parents



[56]

An improved QPSO
algorithm and its
application in fuzzy
portfolio model with
constraints (He, G.
& Lu, X, L. 2021)

“Ai mi ng
shortcomings of
gquantumbehaved
particle swarm
optimization algorithm
(QPSO0), an improved
quantum behaved
particle swarm
optimization algorithm
(IQPSO) is put forward
and the improved
algorithm is applied in
solving a kind of fuzzy
portfolio selection
probl ems

at

”

(

as far as the minimization of portfoli
risk is concerne
The QIGA with arithmetic crossover
performs besbverall

The classical GA algorithm is worse
off on all evaluated parameters (Ris
Return, MSE, MAE, RMSE, MAPE,
Mean Execution TIiméMET), Total
Execution TimgTET))

QIGA with arithmetic crossover
performs best on MSE, MAE, RMSE
MAPE, MET, TET

QIGA with heuristic crossover
performs best on the lowest risk
measure

“1't is also obse
inspired versions are faster and mor
efficient than their classical
counterparts.

o

Important notes:

“Portfolio
words, is an iterative and
computationally extensive task whei
a neavoptimal solution is achieved
through an it e65n

optim

Objectives:

Results:

Synthesizean improved QSPO
algorithm based on th&hortcoming
of the QSPO algorithm

Use theother threegiven algorithms
(QSPO, Psav, RQSPQin the
paper to benchmark agairesich
otherand similar metaheuristic
approachet IQSPO Benchmarking
is performedbn a fuzzy PO problem
with 16 differentbenchmarks
number ofiterations 10061500
200Q algorithms were run 30 times
for each instance.

Compare the IQSPO witix well
know metaheuristics (Genetic
algorithm, Differential evolution, bat
algorithm,Cuckoo search, PSO, and
QSPO) with max nunber of
iterations1500, ancpopulation size
(assets) of 50run 30 times

For 14 of the 1@enchmarkslQSPO
was superioto the other tested
algorithms (includingnetaheuristic

Quantum hardware:

N/A

Quantum algorithm:

(HQSPO

Methodology:
Optimization

Use case:
(Fuzzy) portfolio
optimization

Heuristic
crossover =
choose two
parents, out of
which one is
superior or when
combined creates
a solution more
specific to the
objective problem

Convergency =
the process where
an optimization
algorithm
approaches the
optimalsufficientl
y goodsolution
over time
iteratively



[60]

Empirical Analysis
of Quantum
Approximate
Optimization
Algorithm for
Knapsack-based
Financial Portfolio
Optimization (Huot
et al., 2024)

“Her ei n,
method that uses the
knapsackbased
portfolio optimization
problem and
incorporates the
guantum computing
capabilities of the
quantum walk mixer
with the quantum
approximate
optimization algorithm

PSGOw), showing higher accuracy
and less standard deviation

Using a Wilcoxon ank-sum test, it
shows that IQSPO significantly
outperforms the rest of the algorithry
onmost of the 16 test functions.

For the comparison with other
metaheuristics, IQSPO showad
better ability to searcfor global
optima, IQS® gets better means,
more promising standard deviatjon
indicating more robustness and
effectiveness

“1 QP S O betthrealcslation
precision and, ro
“ | QCBhRs better mean amstindard
deviation across
“ Te experimental results on 16
benchmark functions show that
IQPSO has better convergence and
robustness than PSO wittertia
weight, QPSO and QPSO with a
hybrid probability distribution in
most cases.” (p.
“Whensolving a fuzzy portfolio
model, IQPSO provides comparable
and superior results compared with
the other metahe
The novel QSP algorithm already
has some advantages over the
classical PSO algorithm, mainly
fewer parameters needed, faster
convergence speed, and strong sea
capability for complex problems

Important notes:

Shortcoming of the QSPO algorithm
areaddressed in the IQSPO
algorithm.

w € Objectives:

Constructhe use of quantum walks
(QWS) with QAOA toenhance its
performancen searching for optimal
portfolio configuration.

Use theproposed QAOA model on a
PO problem using-8 stocks from
well-knowncompanies (e.g. Apple,
Amazon) from théimeframe 0101-
2018to 01-01-2023. It was testedn:
a noiseless simulatampisy fake
backend, noisy real devicBRequired

Quantum hardware:
QASM simulator from
Qiskit to give insight
into theproposed
QAOA algorithm, then
afterwards IBM Cairo
(27 qubit) isusedfor
the given PO problem

Quantum algorithm:
QWM-QAOA



[63]

Exploring the
synergistic potential
of quantum
annealing and gate
model computing for
portfolio
optimization (Jain
Naman. & Girish
Chandra, M., 2023)

(QAOA) to address the
challenges presented b
theNRhar d prc

(p- 1)

Furthermore, the
proposednethodof
using QAOA for a
knapsackhasedPO
problem is then
experimented upon ano
results are put into
perspective

“Our met hoc
based on the
fundamental principles
of meanrvariance
optimization, focusing
on the Markowitz
model .” (p.

“I'n this
extend upon a study to
use the best of both
gquantum annealing and
gatebased quantum
computing systems to
enable solving large
scale optimization
problems efficiently on
the avail at

(p-1)

Test are conducted on
realworld dataset
derived fromindian
stock market, up to 64
assets are used.

“We al so de
the effectiveness of our

Results:

w ¢ Objective(s)

qubits were different for certain stoc Methodology:

counts but max qubits wefd for 5 Optimization

stocks, and min 7 for 2 stocks.
Use case:
Portfolio optimization

The poposed QWMQAOA model

revealed aonsistenenhancemerin

identifying optimal solution to the

knapsack problefrapproximating

optimal solutions 100988% with 2

5 stocks.

“Qur proposed me

efficient results in noiseless and fak

device settings, ranging from100% t

98% and 98% to 8

For realdevices the resulhowedan

accuracy of 50% due to errors

indicating that there are still error

performance enhancements to be

made on real quantum devices.

Important notes:

The proposed model and knapsack
problem is basedpon the Markowitz
model of max return/min risk

During the optimization process, the
QAOA model was optimized using &
classical optimizer SHGO, and
guantum walkwvas used to boost
optimization by its ability to refine
the process.

Quantum hardware:
Quantum annealer and
gatebasedsystem(D-
Wave Advantage
system 4.1) (VQE

Form an IsingQUBO problem
formulation(as the paper mention;
QUBO and isindgormulations are
interchangeablegnduse Large
System Sampling Approximation amplitudeoptimization
(LSSA) to divide it into smaller sub | is performed on Qiskit
systems. Determine the right assets simulator and

for creating these subystems by parameter optimization
finding the Maximum Independent | via a classical solver
Set (MIS) on a quantum annealer. | COBYLA) (Python
Solve the smaller sugystems library PyQUBO was
independentlyia LSSA on a used to form the QUBO
quantum annealer and then combin( problem)

their solutions using Variational

Quantum Eigensolver (VQE) ona | Quantum algorithm:

gatebased quantum computer to finf N/A
the optimal solution.
For the second model, change the | Methodology:

sampling method for the stdystems | Optimization

The proposed
method in the
paper that this
paper is based
upon works using
the Large System
Sampling
Approximation
(LSSA) method,
which entail
dividing a larger
problem in
subsetsf
problems, to then
combine the
solution of those
to approximate a
solution to the
original problem.



approach on a range of
portfolio optimization
problems of different
sizes.” (p.

A QUBO formulation is
made and tested on ree
world stock datses,
comparing
performances with
previous technique®r
varying numbers of
assets and parameters.

Lastly, the effects of
different parameters on
the PO problem solutior
quality areinvestigated
and benchmarked
against earlier works.

Resilts:

to MIS and randonbased sampling
instead of only MIS.

For the third model, use only randor
sampling

Benchmark thgiven modebn a PO
problem in the Indian stock market
with data from 2018023, with n =
64 stocks, risk aversiczonstraints.

Results from thexperiment showed
that both the LSSA_MIS and the
LSSA _MIS_RANDOM models
performed comparably to a classica
D-Wave Tabu Solver, but with fewel
samples needed.

Samples needddr near optimal
solution

LSSA_MIS 12 samples
LSSA_MIS_RANDOM: 13 samples
LSSA_RANDOM: 32 samples
“Our experiment a
hybrid approach performs at par witl
the traditional classical optimization
methods with a good approximation
ratio” (p. 1)
“Our findings su
annealegate quantum computing
can be a valuable tool for portfolio
managers seeking to optimize their
investment portfolios in the near
future” (p. 1)
Scatter plotseflect the findings made
in the paper.

“our findings su
annealing and gatieased quantum
computing can be promising tool
for portfolio op

Important notes:

LSSA enables the solving of greater
problem size®n available quantum
hardware

“ | ascaeeproblems cannot be
solved on today’
hardware” (p. 1)
Classical optimization methods suck
as Monte Carlo methods have
limitation dealing with largescale
problems.

“Quantum computi
guantum annealing [2, 3] and gate
based quantum computing can

Use case:
Portfolio optimization

This paper
modifies the
LSSA by
introducing a
modified sample
step in the LSSA.
This modified
example is
depicted as:
dividing a PO
problem into sub
systems of smallel
sizes byselecting
representative
stocksof the
entire market and
capture the
highest
correlation among
them.

Maximum
Independenget =
a way of ensuring
thata subset of
assets has no
strongly
correlated assets,
as correlation is
an indicator of
redundancy or
overlapping For
this paper MIS is
mainly used to
increase
efficiency and
effectiveness of
solving large
scale optimization
problems.



[64]

Efficient and
Flexible Annealer-
Gate Hybrid Model
for Solving Large-
Scale Portfolio
Optimization (Jain
et al., 2023)

A two-stageapproach
combining quantum
annealing and gate
based quantum
computing for large
scale PO problems

LSSA isused and
modified upon to create
a more efficient and
effective framework for
he specific PO problem

MIS is used to divide
the problem in sub
systemsusing a
parameterized quanturr
circuit tocombine sub
problem solutions.

Experiments are
performed on 128 asse
simulators

Obijective(s)

Results:

potentially solve complex
optimization problems more
efficiently thanclassical methods anc
may provide better solutions for
practical problems with many
variables and co
“several studi es
results in portfolio optimization using
the abovedescribed common
methodqVQE, QAOA, QUBO,QE),
these approaches require amdbit
guantum computer to solve the
problem with N a
“Theproposed method is best suitec
for problem instances where there a
grades of diversity, which is usually
true in apri@al s
Th text mentioned that gorver
adaptive search might be better to
solve the sulsysetms instead of the
imposed method.

Quantum hardware:
Solve a QUB formulation of the PO| D-Wave simulator
problem(for only long positions in ar
equal weightegbortfolio, minimizing
the objective functioffior various
problem sizesusinga quantum

Quantum algorithm:
Hybrid quantum
annealing / gatbased

annealing and gateased quantum | approach
computing hybrid approach involving

LSSA and MIS aggregating sub Methodology:
systems using quantum parameteriz Optimization
circuit (PQC)(in the previous paper

VQE was used for that) Use case:

Experiment on the giveh28 asset
PO problem with differenincreasing
numbers of sulproblems (Ns) and
subproblem sizes (NgXhe following
distributions are tested upon
(following Ns / Ng format): (64 / 8),
(32/32), (32/ 64)

Portfolio optimization

For the experiment with 128 asset tt
following could be noticed: number
of calls made to the quantum annea
increased asumber of sukproblems
increasedperformance with the
imposed hybrid methodas
increasedy the imposed method
involving MIS, LSSA PQC, and the
framework around it.



[66]

A Novel Portfolio
Optimization with
Short Selling Using
GNQTS and Trend
Ratio (Jiang et al.,
2018)

“Thi s
strategy to improve the
Sharpe ration denoted
the trend ratio where th
daily expected return is
the slope of the trend
line, and the risk is the
difference between the
trend line and the fund
standardi ze

The proposed model
includes doing normal
trading and short selling
simultaneouslyo
increase profits and
spread risk.

Performance increased with the full

hybrid model as problem sizes

increased to 128 assets

" O uesults demonstrate that the

proposed approach performs better
h a

with the same
(p-1)
“The outcomes

of

suggest that hybrid anneaigate
guantum computing can provide a
practical and scalable solution to
large-scale portfolio optimization

problems, bridging the gap between
theoretical advancements in quantu

computing and realorld

applications

Important notes:

“The

larges c al e

har dwar e
guantum computers prevent the dire
application of quantum algorithms tc
probl ems

in

More qubits are needed as the

problem size increases

p a p e r Objective(s):

Formulate a novejuantum model
involving QTS optimized by

GNQTS, whilst utilizingsliding

windows toovercome ovefitting

problems, and trend ratio identify
stable uptrend portfolios for normal
trading, and stable downtrends for

short selling.

Use the model on an experiment
based upon the Taiwdaap 50 ETF

stocks from B10-2017 as the training

periods for the model, and 202018
as the investment periods for the
model. Parameters useare:initial

fund of 10 million TWDQ population

of 10, 10000 generations with an

execution number of 50.
“Use the

trend
help investors to select a potential

r

uptrend and a downtrend portfolio,
using the sliding windows to train
and test, and then evaluate and
change a more potential portfolio

suitable for a new investment perioc

hoping thatve can make maximum

profit with

ow

Quantum hardware:
N/A

Quantum algorithm:

Quantuminspired Tabu
Searchalgorithm (QTS)
(improved by GNQTS)

Methodology:
Optimization

Use case:
Portfolio optimization



Results:

Utilizing the sliding window
mechanism, find the best training ar
testing period

Usingthe sliding window on the
experimentatesultsfrom the model,
it became clear that the béstining
and testing periods were morttt
month, and yeaonyearmonth
periods (comparing the same month
of last and current year)

Utilizing trend ratio and GNQTShe
paper was able to find portfolios witt
stable upanddown trendsShowing
that it is possible to short sell and
trade normally simultaneously.
Utilizing normal and short trading,
the model was successfully able to
simultaneously increase returns anc
minimize risks.

There were still some fluctuations in
in the results of the experiments, bu
overall,the model showed promising
results.

Differing period with higheftower
down/uptrends were also successfu
recognized by them model.

“QTS carfind the best portfolio in an
extremely complicated solution spac
while decreasing the computational
complexity” (p.
“The experi ment
promising result in which the risk is
spread effectively, and the profit is
maxi mized.” (p.
“Using these met
experimental results show that we ¢
find a portfolio that has better
performance than the government
recommended Tai w

Important notes:

The sliding window mechanism is
used to overcome any ovéiting
problems

Trend ratio is used to identify stable
uptrend portfolios for normal trading
and stable downtrends for short
selling.

The trend ratio can evaluate the risk
of a portfolio more accurately than
the Sharpe ratio



- QTS aims to movendividuals away
from theworstsolution and towards
bestsolutiof i n t he ot h
QTS finds the best solution more
qguickly anc¢.1pf fi

- “This paper uses
GNQTS, and sliding window to
select potenti al

- The number of stocks in a portfolio i
unrestricted in the case of this pape

- GNQTS is used to make sure the
QTS algorithm doenot get stuck in a
local optima (which may not be the
best solution)

- Sliding window mechanism was als¢
used to find the best training periods
these were proven to be month to
month trading periods, angaron
year month trading periods. Most of
t he *‘r es ulpapgersbasen
upon these two periods

[67] “Thi s st udy Objective(s): Quantum hardware:
Quantum-inspired entanglemenbased - Form a GIO based modeltilizing Simulator
Computing: QIO to optimize the trend ratio to identify stable
Entanglement- shortselling portfolio in downtrend portfolios, to optimiza Quantum algorithm:
enhanced Technique | a group of seven (G7) for a shortselling portfolio. Quantum inspired
for Short Portfolioin | i ndustri ali - Experiment with the proposed mode optimization algorithm
Global Markets (p. 1) onin the G7stock markefrom the (QIO) basedELSA -
(Jiang et al., 2023) period January 2013 to December | GNQTS

“Trendratio is used to 2022, selecting the 30 largest

precisely determinthe capitalization stock?arameters of | Methodology:

performancef a short ELSA-GNQTS: 10 individuals, Optimization

selling portfolio during 10.000 generation®0 independent

a stable downward experiments, initial funds of 1 billion| Use case:

t r e n d)’this(sp . in local currency. Then take the bes| Portfolio optimization

mainly to recognize solution from the 50 experiments as

portfoliosfor inclusion benchmark.

in the model. - Propose a novel Entanglement loca

searchassisted (ELSA) mechanism

Sliding window is used and quantum not gate techniquies,

to select appropriate improve Quantum Tabu Search

training andestperiods algorithm (GN)QTS)

for the experiment. Results:

- Thebestfoundportfolio from the
experiment can diversify risk better
and achieve higher returns thatiher
QIO algorithms.

- Portfolio risk of the experiment is
lower than the singlstock risk

- Compared to a Sharpe ratio based
ELSA-GNQTS model, the proposed
trend ratioELSA-GNQTS performed
better



[68]

Portfolio
Optimization
considering
Diversified
Investment Methods
using GNQTS and
Trend Ratio (Jiang
et al., 2018)

“This paper
trend ratio to access the
portfolio with a stable
upward trend. By the
portfolio trend line with
initial fur

Sliding window
mechanisms used to
select appropriate
training and test periods
for the experiment.

“This paper
time deposit choice and
two investment options:
buying round lots only
or additional odd lots,
and utilizes the GNQTS
to find which
investment method is
better under the
invest ment
2)

The besportfolio
among the sliding
window periodis
foundeffectively and
efficiently using the
GNQTS

- “1 mpl ement -sdlligg tréend
ratio model in the significant G7
mar kets broadens
(p.1)

- “A steady-sefimgof it
portfolio can be constructed in G7
nations. The proposed ELSA
technique significantly outperforms
ot her QI O algori

Important notes:

- “Quantum search
among the applicationg/here the
guantum computer outperforms the
classical comput

- “Neverthel ess, t
computer has lower fidelity,
coherence ti
(p- 1)

- “The QI O proves
in portfolio optimization than
traditional GA”

Objective(s):

- Form a GNQTS model incorporating
trend ratio 2-phasesliding window
mechanismfunds standardization
time deposit, round lots aratidlots

- Experiment with the proposed mode
on a stock selectioproblemfor the
Taiwan 50 ETHrom 2010 to 2017
and 13 sliding window periods.
without restri¢ions on the stocks (so
the algorithm can choose zero or on
one stock if it is the best optia)he
experiment is analyzed by the value
the trend ratipdaily expected return,
daily risk, round lotsand odd lots.

- For the algorithm:execution number
is 50, 10.000 generations, and a
population of 10

me ,

Results:

- The experiments showed that
different investment methods had
their own unique suitable portfolios.

- Round lots had lower risk, but also
lower expected returns than odd lots
with trend ratiohelping to balance
return and risk for the best investme
method

- The most suitable investmemiethod
varied per period in the experiment

Quantum hardware:

Simulator

Quantum algorithm:

GNQTS

Methodology:
Optimization

Use case:

Portfolio optimization

Funds
standardization =

Time deposit =a
bank account with
interest that has a
predetermined
maturity date.

Lot = number of
units of a
financial product
traded on a
financial market

Round lots= the
general trading
unit on the
financial
exchange, which
on the Taiwan
stock market is
1000 shares

Oddlots =an
order amount less
than thenormal
unit of trading for
that asset, in the
case of this paper
it is less than 100(



[71]

Financial Portfolio
Optimization: A
QAOA and VQE
Formulation for
Sharpe Ratio
Maximization
(Kaushik et al.,
2023)

- Using the proposed-ghase, sliding
window, GNQTS model a higher
trend ratio could be found thama
single investment situation, indicatin
a performance increase achieved by
the proposed model.

- “This paper find
investment method suits the differer
situations and the different
portfolios.” (p.

-“The experimental
proposed method can find the well
performing portfolio with higher
return and lower risk in both the

training and tes
Important notes:
- “The trend ratio

consider the daily expected return,
daily risk and fairly compare with the
different portfolios and different
invest ment perio

This paper discusses th Objective(s):

application of QAOA
and VWEfor PO
problems

Results from the
proposed approaches
are compared towards
each other in an
experiment

- Transformthe Markowitz model in a
QUBO formulation for stocks traded
on the Abu DhabBecurities
Exchangeand thersolved through
VQE and QAOA

- For the classical methaf
benchmarking, use the Sequential
Least Squares Programming (SLQF
to form a discret@rogramming
problem of the objective PO functior
and then solve it through the classic
BranchandBound method.

- The experiment for the quantum
solvers includes 10 stocks on the At
Dhabi Securitieg€xchange, which are
subsequently eitheninimizedin risk
for a particular level of return for a
portfolio, or maximized on returns
with certain risk levels for a portfolio
Then do the same for eski factor
weight.

Results:

- The highest achievesharperatio on
the 10-stockexample was1.14,
indicatingthat the best portfolio
should give a return of 1.14 times
above the riskree rate.

Quantum hardware:

D-Wave quantum
optimizer QBSOLV
(simulator)

Quantum algorithm:

QAOA, VQE

Methodology:
Optimization

Use case:

Portfolio optimization

(particularly Sharpe
ratio optimization)

shares in the
Taiwan stock
market.

Sharpe ratio =
ratio for the
comparison
between the returr
and risk of an
investment
Sharperatio is
used to determine
risk-adjusted
performance



The highesSharperatio for the
added riskactorformulation
achieved a Sharpe ratio of 1,20is
Sharpe ratio was 60 base pointsre
than the classical approach.
“The Sharpe rati
Model and QAOA Model is 1.20 anc
1.21 respectively which is better tha
the one obtained from the classical
model having a v
The papementionedhe potential of
reatlife PO problems being solved b
guantum hardware as the challenge
of NISQ hardware are solved.
Result of the classical method on th
10 asset portfolicExpectedeturns =
34.48, expected risk = 31.15 Sharpe
ratio =1.11

Results olVQE: Expected returns =
45.27, expected risk = 37.69, Sharp
ratio = 1.20

Results folQAOA: Expected returns
=40.11, expected risk 33.14,
Sharpe ratio = 1.21

“We found that Q
are giving better results than classic
solver” (p. 7)

Challenges for the QUBO formulated PO
problem solved via VQE and QAOA in this

paper:

Restrictechumber of qubitavailable
on NISQ devices. As more assets a
brought into the mix, more qubits ar
needed to find the optimal solution.
Current(2023) NISQ devices have a
max of 20 qubits.

Qubit connectivity is restricted
which makes the mapping of comple
problems difficult

Recision of results is decreased by
errors through the nois# current
NISQ devices. Quantum error
correction measures ought to be
imposed for higher result quality.
The complexity of encoding bigger
portfolio optimization problems into
the quantum hardware.

Important notes:

“Quantum computi
and more accurate calculations thar
the classical approach, therefore it
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Quantum beetle
antennae search: a
novel technique for
the constrained
portfolio
optimization
problem (Khan et
al., 2021)

A Quantum Beetle
Antennae Search
(QBAS) is formulated,
whereit is applied toa
maximization PO
problem, whilst
comparing the solutions
it gives towards other
similar metaheuristics
(GA, PSO, BAS)

can play an important role in finance
and portfolio op
“Quantum Anneal.
been able to achieve more dependa
qubits, however, these qubits
encounter challenges related to low
connectivity” (p

Objective(s):

Results:

Formulate a quantum version of BA!
named QBAS

Find the set of optimal stock
allocationin a portfolo with QBAs

so that it minimizes risk and
maximizes meameturn.

Experiment with the proposed QBAS
algorithm ondifferent stacks of stock
the Shanghai Stodkxchanges0
Index (SSE 50) tassesefficiency
benchmarked on 4 givdsenchmark
optimization functions with differing
numbers of stock0, 50, 75, 100)
obtained from the da@1March 2019
—18 April 2019.

Apply the QBAS to realvorld stock
dataand compare results with other
metaheuristic optimization
algorithms(BAS, PSO, GA)

Results with 2Gtocksfor QBAS
compared to BAS, GA, and PSA
highest Sharpe rati&quality
constraint is almost achievgitie best
result for F(e) fastest solution time
with least iterations used.

Results with 50 stocks for QBAS
compared to BAS, GA, and PSA:
F(e) wasmore optimized than the
rest,Sharperatio was highest
equalityconstraintis almost followed
(for all algorithms except PSO),
faster computing times fdinding the
optimalsolution.

Results with 75 stocks for QBAS
compared to BAS, GA, and PSA:
Highest value for F(e)Sharpe ratio is
highest and comparable with GA,
fastest converging times, all
algorithmsobeyequality constraints.

Quantum hardware:
Quantumannealer D
Wave system

Quantum algorithm:
QBAS

Methodology:
Optimization

Use case:

Portfolio Optimization

F(e) = thegiven
PO maximization
problem

Equality
constraint =
conditions that a
found solution
must satisfy, a
solution must be
equal to a given
valuein an
equality constraint



Results with 50 stocks for QBAS
compared to BAS, GA, and PSA:
QBAs outsmarted the other
algorithms and found the highest
value for maximization function F(g)
highest Sharpe ratio, fulfilling the
equality constraint, faster
convergence

“Resul ts h ouperfoma
swarmalgorithms such as Particle
Swarm Optimization (PSA) and the
genetic algorithm (GA)

“QBAS is power fu
converge to the global solution ever
with differenti ni t i al col
9), and within 120terations the
QBAS algorithm found the optima
value for the four given optimization
functions.

QBAS showed to have the ability to
avoid local minimaavoiding them al
in 20 consecutive simulations

Important information

[76] In the paper the
Portfolio adaptive quantum -
Optimization Model | inspired tabu search

Objectives:

In a theoretical analysis the propose
QBAs formulation showed to be
stable and convergent.

Constraints in the QBAs are turned
into a penalty function in QBAS
algorithm.

QBAS is the firsguantum version of
BAS

The QBASis ametaheuristic

To the knowledge of the authors, no
metaheuristi¢o date (2020) hadseen
applied to address the PO problem ¢
min risk and max meareturn.

The text mentioned that classical
algorithms have a hard time
considering realorld challenges in
PO such as: cardinality constraints,
lower/upper bounds, substantial stot
size, class constraint, rowats of
constraint, computational power anc
time, preassignmentonstaint, and
localminima avoidance

Current meteheuristic approaches
achieve higher efficiency and
accuracy than classical approaches
Quantum hardware:
Develop a ANQTS model N/A
incorporating a hase sliding



using ANQTS with
Trend Ratio on
Quadratic
Regression (Kuo et
al., 2019)

(ANQTS) is used
together witha
quadratic regression
trend linge and 2phase
sliding windowto
search for the most
optimized portfolio.

Results:

window, and ajuadratic regression | Quantum algorithm:
trend line ANQTS

Experiment with the ARRTS model

on stock chosen from the Taiwan 50 Methodology:

ETF with an investment period of Optimization
20102018 Model specification: 13

types of sliding windowinitial fund Use case:

is 10 million TQD, population is 10, | Portfolio optimization
10.000 generations, 50 executions.

Best sliding window periods were
month to monthand yeato-year
month (meaning analyzing the same
month only, for every year)
Thequadratictrend ratioshowedo
give a more specific description of
the trend in the portfolio than the
normal trend line.

Portfolio formed using the quadratic
trendratio show to have higher daily
expected returnger unit of risk than
the trend ratipwith daily risks also
being lower on average for the
quadratic trendatio.

In 9 out of 13 sliding window
periods, the quadratic trend ratio
derived better performance than the
trend line showing stronger upward
trend than the linearend.
Furthermore, compared with the
Scharpe ratio, both the trend ratio al
quadratic trend ratio outperform it
based on upward trend

“The experi ment
proposed portfolio optimization
model has better performance than
the Sharp ratio and trend ratio on
linearr egression” (¢
“The result show
method is able to obtain better
results.” (p. 5)

Important notes:

As many papers consider the
shortcomings of the Sharpe ratio for
PO problems, a trend line method is
often approaches. However, even tt
trend line has some issues
considering portfolio up/down trends
precisely so toachieve grecise
estimation of up/down trends, a
quadratic regressiamend line.
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Entanglement Local
Search-Assisted
Quantum-Inspired
Optimization for
Portfolio
Optimization in G20
Markets (Kuo et al.,
2023)

QTS has been proven to have beta
search abilities than other
metaheuristic algorithms.
“When ANQTS is s
optima, it can detect and jump out o
the local area; hence, ANQTS has
better search ab
2)

“The core concep
QTS moves the individuals toward
the best solution and away from the
worst solutions at the same time
while enabling QTS to outperform
other traditional optimization
algorithms” (p.

In this paper, a quantun Objective(s)

algorithmis proposed
for PO problems, the
ELSA-GNQTS

The ELSAGNQTSis
used to sarch for stable
uptrend portfolios in the
global g20 markets

“This study
the expanded markets t
demonstrate the
superior ability of the
proposed QIO method
in a vast solution
space.” (p.
“This study
enhance the ability of
QTS to solve a more
complicated PO, and
thusthe quantum
entanglement
mechanism is simulatec
to propose a novel
entanglement local
searchassisted (ELSA)
technique f

“This is t#t
to apply trend ratio
evaluation in an
intermarket of G20
mar ket s” (rf

Results:

Form anovel formulation of the ©S
algorithm, employing ELSA tassist
QTSin searching more accurately in
the potential arewith domain
dependent informatiowhere it is
used.

Use thetrend ratiebased improved
ELSA-GNQTSformulationin an
experiment wherstable uptrends are
to be identified from the global G20
marketsfrom January 2013 to
December 2022, selecting the top 3
companies from the G20
Specifications of the setting: initial
funds of 1 billion local currengyb0
independent experiments, 10
populations, 10.000 iterations,
equally weighted stock3he results
are benchmarked basky analyzing
the financial performance of the
found "opti mal p
investment strategiethe robustness
of results.

Use the trend ratio tevaluate a

portfolio’ s util
construct portfolios with stable
uptrends.

Furthermoreyse sliding window
mechanism to find optimataining
and testing periods, 13 sliding
windows were used.

Resulting portfolio had better results
regarding risk than the single best
stock performance for riskhe
portfolio trend ratio was also higher

Quantum hardware:
N/A

Quantum algorithm:
QIO inspired ELSA
GNQTS

Methodology:
Optimization

Use case:
Portfolio optimization



than that of the single best stock
indicating

The proposed QIO system
demonstrates outstanding
performance irmanaging risk and
maximizing returns, significantly
outperforming traditional strategies
and market indexes in the G20
markets.

Considering the 13 chosen sliding
windows, the ELSAGNQTS
outperformedhe GNQTS every time
based upon the given trend ratios.
The proposed QIO can effectively
and efficiently find portfolios with
stable trend ratigsand balance risk
and return

Furthermore, ELSAGNQTS
outperformed other algorithms
(GNQTS, GQTS, QTS, GA) based ¢
the trend ratio

Adding more markets to them ix
proved toincrementallyimprove
performance of the ELS&NQTS in
efficiency, and balancing risteturn.
“Through trend r
global asset management system th
integrates G20 markets can facilitatt
more robust inve
“ T EEESA-GNQTS demonstrates it
robustness by outperforming other
QIO algorithms and GA in an
integrated mar ke

Important notes:

“The entangl emen
decrease the degree of freedom
searched” (p. 1)
“QlI O algorithms
bridge to realizing preliminary
quantum advantages by exploiting
classical comput
NISQ computers stihave many
challenges considering error
correction and fault tolerance.

QIO simulates quantum mechanics
on a classical computer exploit
potential quantum benefits.
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Strategic Portfolio
Optimization Using
Simulated, Digital,
and Quantum
Annealing (Lang et
al., 2022)

In this papera new
workflow is introduced
for quantum annealing
platforms to solve PO
problems.

A classical pre
processing step is
combined with a
modified QUBO model
an evaluated using
simulated annealing
(classical computer),
digital annealing
(Fujitsu
annealing unit), and
guantum annealing on
the Dwave advantage

S

“I'n this pe
on the applicability of
annealing techniques tc
the NRhard problem of
portfolio optimization, a
well-known topic for
investment funds and
individual
2)

Objectives:

1.

Results:

Steps in the proposed workflow:
Mar kowi tz’'s theo
a classical prprocessingtep where
the most promising assets are founc
from an initial pool of assets.

The QUBO is modified to fit models
for POproblems, it $ modified such
that there are no limitations on the
number of stocks that be invested in
With optimization functions
including Sharpe ratio maximization,
diversification through covariance
minimization, and budget constraint;
This QUBO formulation is then used
on the identified set of assdromthe
New York Stock Exchange over a
period of 5 years31-12-2014, 3112-
2019)to find the percentage of capit
that should be used avhich asset.
Specification of the experimert000
random portfolios as benchmark,
10.000 samples for the annealing
process, and the 10 best solutions
each time are visualized in the pape
As the QUBO formulation consists ¢
three partga part for expected
returns, a part for riskand the third
part being a budget constrain@sts
are done using different weights for
each part.

Perform the test for the QUB
formulation onreatworld data from
sets ofstockin the New York Stock
exchange as well as common ETFs
Lastly, compare the results from the
test against randomly generated
portfolios using return, variancand
diversification measures.

Looking at the given graphs for the
results of the experiment, it can be
seen that Digital and simulated
annealing yieldalmostthe same
results With quantum annealing
performingnot as good as simulated
and digitalannealing grobablecause
is inherent noise missing error
correction and scaling of parameters
Simulated annealinghowedthat the
QUBO model approach worked as
intended, meaning that portfolios

Quantum hardware:
Classical computer
(using simulated
annealing) Fuj it
digital annealing unit,
and DWave advantage
(~5000 qubits)s real
quantum hardware.

Quantum algorithm:
QUBO model

Methodology:
Optimization

Use case:

Portfolio optimization
(particularly how to
spread funds over a
portfolio)



were generated thegspectedhe
given preferences to either uets,
risk, or budget constraint.

Changing the weights for either risk,
return, and budget showed that rest
in the experiment gravitated
accordingly and efficiently towards
theobjective weight distribution of
the model (e.g. more weight
relatively on expected returns yielde
higher return portfolios)

Simulate and digital annealing both
managed to use 100% of the budge
every time but for quantum
annealing a bias of-9 percent was
perceived in budget spending.
Sometimes over/underspending wa:
needed for the optimal portfolio.

In part of the experimenthe
differences betweethe different
annealing approaches can be linkeg
better/worse diversification and
different degrees of allocatisrof the
budget to an asset.

“The results sho
formulation is capable of creating
well diversifiedportfolios that respec]
certain criteria given by an investor,
such as maximizing return,
minimizing risk, or sticking to a
certain budget.”

Important notes:

Heuristic methods such asnulated
annealing, genetic algorithms, swari
intelligence have been found to not
always fin the most optimal solution
to a PO problem.

Current annealing solution for PO
problems suffer from the following
limitations:limited amount of assets
to choose from, and use of naive
investment strategies for the
calculation of future returns (meawi
that the strategie®ly mostly on
basic assumptions and historical
averages)

PO has been solved by two other
guantum methods according to the
paper: 1. Quantum linear systems
algorithm, 2. Quantum annealing
(afterwards the paper gives an
example of an earlier study that
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Portfolio
Optimization Based
on Quantum HHL
Algorithm (Li et al.,
2022)

In this paper a quadratii Objectives:

HHL algorithm is
proposedvith equality
constraintgo solve
combinatorial problems
in finance.

Results gathered from
the proposed quadratic
HHL algorithm design
aremeasurednalyzed,
andcompared with
classical solutions

“I'n this ar
proved the feasibility of
the HHL algorithm to
solve this type of
portfolio problem(with
constraints, Nfhard
problem) and set up the
actual problem to solve

it” (p. 2)

Results:

managed to use quantum annealing
construct a portfoliavith a budget of
100dollarsand turn it into 121.176
dollars showing how advantageous
guantum annealing can be for PO)

Quantum hardware:
Form a quadratic HHL algorithm N/A
with equality constraints and

benchmark itisingan example PO | Quantum algorithm:

problem.(the exact origin of the Quantum HHL

valuesgiven to calculate the PO

model have nabeen given) Methodology:
Optimization

Compared telassicaklgorithms the | Use case:

proposed HHL algorithm is able to
solve combinatoriabptimization
problems, and the solution it gives is
in good agreement with the exact
optimal solution.

Proving the feasibility of the HHL
algorithm on a PO problem showed
solutions very close to the exact
solution,and minimal error of each
component.

Increasing themumber of qub#
(from 9)would likely increase the
solution’s accur
increase the circutomplexityand
quantum gates used

Portfolio optimization

Important Notes:

The HHL algorithm was proposdxy
Harrow, Hassidim and Lloydor
solving linear systemaith
exponential acceleration compared
classical algorithms.

“The high comput
of financial problems sometimes
makes them difficult to be solved on
classical comput
“Some quantum al
in financial problems have been
proved to be better than classical
methods, which can provide
considerable acceleration, such as
guantum Monte Carlo algorithm,
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Hybrid Gate-Based
and Annealing
Quantum
Computing for
Large-Size Ising
Problems (Liu,
Chen-Yu. & Goan,
his-Sheng. 2022)

In this work the Large
System Sampling
approximation (LSSA)
algorithm is proposetb
solve large sizésing
problemswith a hybrid
guantum annealer /
gatebased approach.

“By dividir
system problem into
smaller subsystem
problems, the LSSA
algorithm then solves
the subsystem problem
by either gatébased
quantum computers or
guantum anr
1), andis then further
optimized by VQE

Both random lIsing
problems and PO

simulators and real
quantum hardware

portfolio
2)

Objective(s):
Form the LSSA algorithm for large

Results:

size Ising problems,

solve different PGand random Ising
problems(both on simulated and rea

opti mi

hardware) Which areeither

fully connectedandomlsing
problens with up to 160 variales on
a 5qubit quantum computgora PO

problem with up to 4096 variables o

100 qubit quantuncomputer+ a7
qubit gatebased computer
A PO problem with up to 5120

variables

Lastly, examine the effects that
different subsystem sizéaumbers,
and problem sizes have on the
performance of LSSAn simulators

and real hardware

For the simulatd problems:
For random Isingproblems(using IBM Tabu
problems are solved on for subsystem solving and IBM QASM for
amplitude estimation
For small size Ising problenvgith
the QASMsimulator(simulated
guantum computerhigh
approximation ratios are found,

indication good performance of the

LSSA algorithm

For larger size Ising problemsith
the DwaveTabu solvel(classical
solvel), a decreasing trend in the

approximation ratio as problem size

increasesultimately falling to 68%.
For PO problems (IBM QASM simulator):
The LSSA achievedpproximation
ratio results close to, Indicating

similar performance to Dwave Tabu
the simulator showed robustness in

results.

Quantum hardware:
Simulators [BM

QASM Simulato}, and
reakquantum hardware

(D-waveannealer

advantage 4vith 5760

qubits and IBM
Auckland IBM Cairo

and IBM Guadeloupe
gatebased computer)

Quantum algorithm:
LSSA algorithm
(model)

Methodology:
Optimization

Use case:
Largesize Ising
problem (portfolio
optimization
particularly)

Approximation
ratio =
Approximation
ratios are different
for each problem
in this paper, the
approximation
ratio is a ratio that
benchmarks
solutions from
experiments
toward a given
value obtained as
an objective
benchmark (so if
approximation
ratiois 1, it
indicates
performance alike
to the given
denominator
(which changes
each time to one
of the twoin this
paper e.g. results
from the classical
method Dwave
Tabu, or the exact
ground state
energy (which is a
measure of
optimality))), so
approximation
ratios will look as
follows: result
obtained / result
from dwave tabu,
or result obtained
| exact GSE
(optimal solution)
Overall if
approximation



- As problem size increased,
approximatiorratio stayed close to 1

Realquantum hardware findings:
For random Ising problen(svith D-Wave
advantage 4, and IBM gatemsed computers)

- “The trend of th
approximation ratio is similar to that
obtained by the simulators, i.e., it
decreases considerably to a low val
when Np(problem size} Ng (sub
system size)indicating a relatively
poor performance

For PO problems with simulated stock data
(using DWave advantage @nd IBM
Auckland:

- Approximation ratio for solving only
the subsystems using the-Wave
advantage 4 show good
approximation ratios close to 1,
indicating good performance.

- Simulations with different PO
problems on the IBM QASM
Simulator showed similar results to
classical solver such as Dwave Tab

- The impact susystem size had was
positive with greater subystem
sizes, and the fewer samples were
performed, the better the results.

For PO problems with reavorld data over 47
months, and problem sizes (stock amounts) ¢
32 and 64 months from the US stock market
examine LSSA (using IBM Cairo):

- Sharpe ratio of the LSSA was slightl|
lower than the classical solviar
both problem sizesndicating still
good performance, but lower thtre
classical method

- “OQOur proposed al
fully-connected random Ising
problems that ar®(10"0) and
portfolio optimization problems that
areO(10M1) larger in size than the
available quantum annealers and
gatebased quantum
2), both with good performance fror
simulated and rediardware

- For Random lIsing problems,
performance declined with increasin
problem sizewhich was not the case
for PO problems

ratio is close to 1,
it is good.
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QPSO algorithm
based on Levy flight
and its application in
fuzzy portfolio (Lu,
X, L. & He, G. 2021)

In this paper, an
improvisedquantum
behaved particle swarmr
optimization algorithm
(LQPSO) is proposed
based upon the (Q)PSC

The LQPSO is then
used in an experimenta
setting withfuzzy
portfolio models with
transaction costs and
background risk proces
to consider its
practicality

To enhance particle
exploration gearching
for potential solutions)
Lévy flight strategy
prematureprevention
mechanisnand
contractionexpansion
coefficient with non
linear structure are
considered

This paper shows promising results
from a hybrid quantum annealing
gatebased LSSA model.

Importantinformation

Thegiven problem function is
divided into suksystems which are
then solvedirst, after which an
estimation of the full system is made
“Even t he-bdsedguamisr
computer to date provided by IBM
(IBM Washington) can only solve thi
problem with 127 variables if we use
the original VQE and QAOA

algorithms.” (p.

Objectives:

Results:

Form an improvedjuantumbehaved
particle swarm optimization
algorithm (LQPSO), including Lévy
strategy an@ontraction expansion
coefficient with norlinear structure
to enhance particle exploration
Evaluate the improvisealgorithm
via 12 basic benchmark functioasd
benchmark it against QPSO, P3O
RQPSO With parametesetting
being: population size of 10@ssets)
search spaces of 10, 20, 3dth
corresponding max iterations of 500
1000, 1500.

For the fiveuni-modal functions and
seven multmodalfunctions LQPSO
was superior to PS@, QPSO and
RQPSO, showing higher accuracy
and less standard deviation.

For the five unimodal functions,
LQPSO achieves theoretic optima
each time

For the seven mukinodal functions,
LQPSO shows that optimization
results ardetter than the other three
algorithms.

LQSPO overcaménding
premature/suopptimal solutions
better than the other algorithms,
jumping from local optima towards
the global optimum (whilst the other
algorithms often got stuck iocal
optima)

Under highdimension and complex
situations (3@imensions1500

Quantum hardware:

N/A

Quantum algorithm:

LQPSO

Methodology:
Optimization

Use case:

Portfolio optimization

Lévy flight
strategy =a
particulartool that
enhances
exploration
capabilities of
search algorithms
to improve
efficiency and
effectiveness of
the optimization
process.

Contraction
expansion
coefficientwith
nornlinear
structure= a
parameter used in
optimization
algorithms to
control the
movement of
particles (possible
solutions) in the
search spacehis
helps balancing
the exploration
and exploitation
phase of the
algorithm. It is
useful in complex
search landscapes

Premature
prevention
mechanism a
mechanism that
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Diversifying
Investments and
Maximizing Sharpe
Ratio: a novel
QUBO formulation

(Mattesi et al., 2023)

As classical
optimization of the
Sharpe ratidoecomes
more complex through
additional needs such &
new constraints or new
objective function
terms, the problem may
become norconvexand
thus not solvable via
classical methods

The proposed solution
for this problem in this
paper is a novel QUBO
formulation ofSharpe
ratio optimization with
a diversification term

generationsconvergence accuracy
107-6), PSOW successfully follows
accuracy requirements in 2/30
functions and QPSO and RQPSO
accomplish errorequitementsn
seven 7/30 functions with success
rates of 100%, thus demonstrating
strong robustness.

Wilcoxon rank sum test showisat
LQPSO outperforms the rest of the
algorithms.

“LQPSO demonstr a
convergence and robustness than
PSO with inertia weight, QPSO and
QPSO with a hybrid probability
distribution in 12 benchmark
functions.” (p.
“Experimental re
LQPSO outperforms several
metaheuristics when seeking optimé
solution for the fuzzy portfolio mode
with constraints

Important notes:

The papementionedhat QP® has
better converging speeds agidbal
search ability than PSO

Investment proportions of each stoc
are constrainetb a certain number.

Objective(s):

Propose a novel QUBO formulation
of a PO problem including
maximization of Sharpe ratio with a
diversification measure to spread ris
Benchmarkhe novel QUB
formulationon two main aspects of
the QUBO formulation: 1. Report the
behavior of the complete model as
parameters influencing the Sharpe
ratio anddiversification terms are
employed, evaluate the performanct
of the formulation for the sole Sharp
ratio maximization compared to othe
techniques.
Benchmarlperformances of the
QUBO model againstlassical
solvers on a realorld dataset
including

Quantum hardware:
“existingQUBO

s ol v dassicdl (
QBSOLYV, and Dwave
leap hybrid classical
guantum solve(which
makes suisystems that
are then solved via
tabusearch algorithn))

Quantum algorithm:
QUBO

Methodology:
Optimization

Use case:
Portfolio optimization
(maximizing Sharpe

ensures that the
algorithm does
not converge to a
suboptimal
solution by
getting stuck in a
local minima or
maxima(which is
often a problem
for PSO
algorithms)

Uni-modal
function =
function with one
local min/max
(e.g.min risk)

Multi-modal
function =
function with
multiple local
min/max (so it has
multiple good
solutions, but is
prone to
generating
suboptimal
solutions as there
are more peaks,
global best values
are more complex
to find)

Log returns =a
different measure
to assess assets il
this case for the
data pool, which
employes
assessment
throughthe
natural
logarithmic of
return of an asset,
therebyaiming to
increase
efficiency of
results.



Results:

Specifications of the experimemt50
assets for simple returns, and 432
assets for logeturns As the DWave
system restricthigh precision
measures, the precision valofep =
12 bits

Results for Sharpe ratio
maximization morefeasible optimal
solutions are found as the
diversification term is discardetlest
Sharpe ratio values are observed
when solving via the QBSOLV.
Results for Sharpe ratio including
diversification measuresisk is

lower, but the optimizatioms
significantly impactednd the Sharpe
ratio tends to decreasemsre funds
are allocated to spredde
investments over more assets, there
making it so that there is less impac
on the expcted returns or covarianct
of the assets.

For both formulations, the best
performances are obtained by
different solversD-Wave Hybrid and
QBSOLYV (which is mainly attributed
to differing number of varidbs)
Furthermore, for the QUBO
formulation, the QBSOLV performec
best, being able to handle 5184 bing
variables.

Constraints are fulfilled by several
solvers, demonstrating a consistent
viability as demonstrated by the
proposed formulatiorCompetitive
performance is shown by QUBO
formulations when compared to
PyPortfolioOpt, the lassicalsolution.
The QUBO formulations offer a
viable alternative to classical solvers
especially in handling complex
optimization problems involving bott
Sharpe Ratio and diversification.

Important notes:

“We do not empha
computational time required to obtai
the solutions as it is not the primary
focus of our study. Instead, we draw
attention to the quality of the results

ratio with a
diversification term
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Applications of
Quantum Machine
Learning for
Quantitative Finance
(Mironowicz et al.,
2024)

in terms of

(p. 14)

“Portfolio optim
approached by different means,
including linear programming,
guadratic programming, semidefinite
programming, metheuristics, deep
learning, and reinforcement

|l earning.” (p. 2
“1't is widely be
reasonable computational complexit
assumptions [24], that neither
classical nor Quantum Computers ¢
efficiently solve NPhard
optimizati orb),hur o
significant speedup compared to
classical algorithms is still proven.

obj e

This papeexamines the Uses ofQuantum Machine Learning for
portfolio optimization, a review:

connection between
guantum computing ant
machine learning for
applications in finance,
in thesummary of this
paper, there will mostly
ne looked at applicatior
for portfolio
optimization.

Further on in the paper,
there is a specific
section dedicated
towards a review of
current (2024)
literature which gives
insight of Quantum
MachineLearning from
mother perspectives.

Most commonly, the Sharpe ratio is
taken as a measure of riakljusted
return, this ratias sought to be
maximized in many of the quantum
PO algorithms and use cases

The importancef taking crucial
elements in the PO problem
formulation isconsideredas PO
problems are not as black and white
asmax return and min risk, multiple
measures come into play when
achieving this (e.g. liquidity of assett
transactions costs, constraints set b
the investor)

Two main types of PO problems are
recognized: constrained and
unconstrained, which respectively
differ in the fact that one has certain
set constraints (e.g. budget constrai
or weightg an the other has a lack o
constraints, but can still have weight
assigned to certajmartsof the
function (e.ggiving higher allocation
to expected return part of a formula)
When solving PO problems, you
want to achieve portfolios that are o
the line of the efficient frontier (see
literature review for explanation)
There are also faot-based PO
models that incorporate other factor
influencingoutcomes suchs value,
size, momentum, and qualityhese
are often measures used to estimatt
riskiness and relationship between

Quantum hardware:
N/A

Quantum algorithm:
N/A

Methodology:
Optimization

Use case:
Portfolio optimization



securities in a portfolio, thereleing
a good technique to form
(un)correlated portfolios if needed.

PO and Quantum Machine Learni(@ML):

An example QMLcase is taken in the
paper to explain the benefits of it.
The example showed how QML was
usedfor a multiperiod PO problem
onDWave systems
annealer, showcasirggh success
rates in finding optimal portfolios
with included transaction costs
Furthermore, anothettudy wagaken
where 63 securities listen on the Ab
Dhabi SecurityfExchangevere
considered with certaibudgetand
parameters to testhether the use of
a D-Wave QPU could be beneficial
for solvingMarkowitz portfolio.
Results from this study showduht it
could be sued to find optimal
solutions

Next, the authors of the paper used
instance of anothexxamplepaper
where the importance of additional
measires to optimize quantum
modelsfor efficiency is stressed
Even if a quantum modé&br a certain
problem outperforms other
benchmarked measurdees not
mean itcannotbe significantly
improved. In the case of the exampl
paperthey discovered that certain
measures such as seeding the
algorithm with better data acquired
from a quantum annealand a
reverse annealing protocol yielded
100 times &ster timeto-solution as
opposed to the corresponding forwa
guantum annealingrocess
Furthermore, more examples are
given tostress the notion that QML
for PO problems are proven to be
beneficial for efficiency and
performances,

Lastly, In a comparison wit the D
Wave 2000Q system amthssical
commercial solversesults showed
promising performancespming
close to the performance of existing
classical solvers for same instance
sizes.



91]

Hybrid quantum
investment
optimization with
minimal holding
period (Mugel et al.,
2021)

A hybrid-quantum
classical algorithnis
proposed for dynamic
PO problems with
minimal holding
periods.

The hybrid quantum
classical algorithm is
then experimentedipon
on a dataset consisting
of 50 assetsver aone

- “Quantum technol
promising applications in portfolio
optimization, leveraging quantum
computing’s pote
solve complex optimization
problems.” (p. 2

QML (Quantum Circuit Born Machines in this
case)ompared to classical ML methods
(restrictedBoltzmann machines
predominantly)

- “The quantum mod
superior performance compared to
RBMs when considering the same
number of partmme
was undedata from the S&P500

- “The effectivene
enhancements is empirically
demonstrated through the applicatio
to small portfolio optimization
problems” (p. 21

- Another example was taken where
the QML technique offered a
quadratic speedup, along with
statements of the great practical use
of it.

- Another instance where VQE is use
onIBM 100 qubit simulators is
analyzed, and it showed a strong
relation between solution quality anc
quantumhardwaresize VQE can
generate solutions close to
optimal/exact ones (even without
errormitigation)

Important notes:

- "As quantum comp
evolve and become more accessible
the integration of QML into finance
applications 1is

Objective(s):

- Form a hybridquantum classical
algorithm for dynamic PO problems
with minimal holding periods

- Use clustering techniquesitaprove
diversification and reduce risk, and :
the same time reduce required
resources from the quantum system
Do preprocessing of the assets on
their historic volatility to measure an
compare witha given risk
threshold/category tform a pool of
assets with require volatility

Quantum hardware:

QuantumannealingD-

Wave 200@@)

Quantum algorithm:
A gquantumclassical

hybrid algorithm (exact

name not specified)

Methodology:
Optimization

Use case:

Integer bundles =
the requirements
that assets, in this
case, must be solc
in wholediscrete
units.

(minimum)
holding period =
the amount of
time elapsed
between an

i nvest me



yearperiod using the b
Wave 2000Q system.

Results:

Experiment with the proposed hybri¢ Portfolio optimization
algorithm on50 internationalassets

betweerMay 3152019 andMay 3F

2020 on a quantum anneaderd

compare to a randoasset chosen

portfolio (within risk requirements)

Both portfolios are daily portfolios.

During the given period of the
experimentthe optimal investment
trajectory was found for 50 assets o
the DWave2000Qusingfive risk
packages (5%, 10%, 15%, 20%)
Comparing with a randomly chosen
portfolio of assets within the risk
requirements, the quantuemnealing
methodbased upon dimensional
reduction and postelection showed
solutions closers to the efficient
frontier.

Computing time w
mi n u onaaily portfolios for 50
assets with the proposed method.
Compared to classicébrute force,
the algorithm performed way faster,
andwith comparison t@ther
qguantum methods (VQEthe
proposed algorithm can compute
greater problem sizes (as VQE coul
only perform this task with max 3
assets).

D-Wave2000Q showed to be faster
than other solvers such as Gekko

“Our study shows
remarkably efficient and produces ir
few minutes results close to the
optimal efficient frontier in portfolio
space, much better than typical
random portfolio

Furthermorethis study showed that
the proposed algorithm can perform
well in giving out optimal investing
trajectories fodiffering risk profiles.
“Our method is r
and produces results much closer tc
the efficient frontier than typical
portfolios” (p.
“Our results are
how the combination of quantum an
classical techniques can offer novel
valuable tools to deal with rebfe

purchase and its
sale and as
investments are
often taxed
favorably in the
long-term, a
minimal holding
period is imposed
(minimal holding
period in this
paper is seven
days,investing
options that do
not apply to the
sevenday period
are ruled out)



problems, beyond simple toy model;
in current NISQ quantum
processor s.

(p.

Important notes

- The aimfor the financial model is to
maximize returns for a given level of
risk considering the given constraint

- The metric used for comparing
investments is the Sharpe ratio.

- Itis assumed that shares can only b
sold in large bundles.

- Number of objective variables is
proportional tahe number of assets.

- NISQ devices arémited in their
resources, therefore, dimensional
reductiontechniquesrreused to
reducerequired resources.

- This work isa successor of a previot
work entailing a hybrid algorithm
alike, the differenceproposed in this
paper isan efficient posselection
protocol to impose a minimal holding
period constraint, ana proposition
that investors should invest in intege
bundles

- “There are many
optimization problems in finance
which can be solved more efficiently
using quantum co

[92] In this paper a PO Objective(s): Quantum hardware:
Dynamic portfolio problem involving - Make use of BWave hybrid quantum Gekko exhaustive
optimization with transaction costs and annealing, IBMQ with VQE and (classical), BWave
real datasets using other possible VQE-constrained and TN to solve a| hybrid quantum
quantum processors | constraints is tackled PO problem for a dataset up to52 | annealingD-Wave
and quantum- using a number of assets over 8 yeangith ultimate 2000Q) two VQE
inspired tensor quantum and quantum datasets varying in size. approaches on IBMQ
networks (Mugel et inspired algorithmsn - Benchmark the solutions of the aboy and a quantuAnspired
al., 2022) different hardware algorithms with resultebtained by optimizer based on

platforms. classical method<3ekko solver, and| tensor networks,

an exhaustive solver) via Sharpe rat

The po problem data and computing timefor different

consists oflaily prices problemsizes (XSS, M, L, XL, Quantum algorithms

from over 8 years of 52 XXL VQE, VQE-constrained,

assets - Quantum inspired

tensor network (TN)

Methods used are: Results:

Gekkoexhaustive Results fromGekko, Exhaustive, DWave Methodology:

(classical), BwWave Hybrid, VQE, VQEConstrained, and TN Optimization

hybrid quantum solvers(results for problem sizes X&XL are

annealing, two VQE only shown for XS, M, and XXlfor a Use case:

approaches ofBM-Q summarized overviemand N/A values for XS | Portfolio optimization
and a quantuAnspired



optimizer based on
tensor networks,

To be able to fit the date
on the platforms, pre
processing with
clustering assets is
performed.

XXL aretaken out as there were no values
obtained for that
- Gekko: Sharpe ratio
Sharpe ratigXS- 5.98 M- 8.39 XL-
20.79,
profits% (XS-5.8%, M-13.6% XL-
71.699,
time (XS-24s M-21s, XL-2619
- Exhaustive (brute-force search):
Sharpe ratigXS-6.31)
profits% (XS-5.1%)
time (XS-0.0053
- D-Wave Hybrid: could solve
problems up to 1272 fully connectec
qubits in 172 seconds, which is
REALLY fast according to the
authorsFor the PO experiment,
following results were obtained:
Sharpe rati¢XS- 5.98 M-8.39 XL-
12.19,
profits% (XS-5.8% M-13.6% XL-
67.699,
time (XS-8s M-195 XL-749
- VQE:
Sharpe rati@¢XS-3.59
profits% (XS-2.4%)
time (XS-278
- VQE-constrained:
Sharpe ratigXS-6.31, M-4.81)
profits% (XS-5.1% M-7.1%
time (XS-123s M-4909
- TN solver:
Sharpe ratigXS-5.98 M-9.54 XL-
15.83,
profits% (XS-5.8% M-15.4% XL-
39.799,
time (XS-0.838 M-120s XL-826983
Results showed thabt all problem sizes coulc
be computed for some methods, onk\ave
hybrid and TN could solve XXL problems, an
VQE could not solve above XS problems
Computatiortimesshowed the increased
competitiontimesthat hybrid quantum
classicaktrategiexan have over classical
methods athese DWave hybrid was faster
than the classical methods for increased
problem sizes.

Tn-solutions were quite high in computationa
times butdid have better solution quality in
finding minima than BwWave hybrid, with
different hyperparameters and finening the



authorgpropose that the solution quality and
run-time of TN could be improved.

the largest problem size XXL included 10738,
candidates, which is more than the number o
observable atoms in the universe, 2 algorithn
could find a solution to this problem, TN and
D-Wave hybrid, showcasing tipotential of
guantum computing to tackle extreme problel
sizes.

Lastly, the authors propose to add more
constraints and improved hardware to make
solution quality better as a future work.

Quotes on solution quality, speed, and overa
results:

- “From our results we also conclude
that there seems to be no clear ans\
as to which is t
and hardware platform to solve the
dynamic portfolio optimization
problem for large systems. This is
because there are several figures of
merit atplay: profits, Sharpe ratio,
time cost, and also money cost. The
performance of the algorithms is
different depending on the figure of
merit, leading us to conclude that, in
practice, the more options we have,
the better.” (p.

- “We observeWavel s
Hybrid is remarkably fast, whereas
Tensor Networks sometimes provide
better portfolios at the expense of a
l onger calcul ati

- “From our compar
that DWave Hybrid and Tensor
Networks are able to handle the
largest systems, where we do
calculations up to 127&illy
connectedyjubits for demonstrative
purposes.”™ (p. 1

- D-Wave Hybrid performed better
than normal BWave, indicatig
classicalquantum to be bettén this

instance.
- “We see that t he
as to which is t

and/or hardware platform to deal wit
large systems, as this depends
strongly on different figures of
merit.” (p. 1)



[93]

Use Cases of
Quantum
Optimization for
Finance (Mugel et
al., 2022)

[94]

From Portfolio
Optimization to
Quantum
Blockchain and
Security: A
Systematic Review
of Quantum
Computing in
Finance (Naik et al.,
2023)

This paper gives an

computing towards
finance however, in
this summary there will
only be looked at
guantum computing use
for PO.

This paper gives a
detailed and great
overview of current
(2023)quantum
computing uses for PO
quantumblockchain
and security

In this summary there
will only be focused on
the PO part, which
gives great detail into
recent contributions
from other works in a
neat tableyse cases,
previous survey works

“In fact, the performance of Gekko i
quite remarkable, sometimes even
better than quantum and quantum
inspired solutions depending on the
metric, but unfortunately the methoc
hits a memory wall around 500
gubits” (p. 8)

For the summary considering PO, this paper
overview of some othe | mostly makes use of the paper above as an
applications of quantun| example to show performances of TWQE,
classical methods, andWave Hybrid,

thereforeonly the following can be said on this

paper for PO:

Intro:

“Examples show t
value can be derived from present d
qguantum computers. This is
particularly true for the portfolio
optimization case, where we found
the best investment portfolio by
optimizing over 52 assets and four
years ofR24data” (
Tensor networks use lgymulating
guantum mechanics on classical
computers

In PO problems, assets are chosen
based upon factors like risk, return,
liquidity, average return etceteiO
problems can be categoriziedtwo
categories based on th&rmulation:
1. Convex and 2. Combinatorial
optimization where approaches hav
evolved from classical ways (e.g.
meanvariance, variance with
skewness, VaR, CVaRjean
absolute deviation, and minimax) to
heuristic and metheuristicapproach
basedmethods.

Popular choices for these algorithm:
are: evolutionary algorithmand
swarm intelligence

Furthermore, some quantum
approaches are also explored in the
industry:as data increases
exponentially (due to the curse of
dimensionality) quantuncomputing
methods become more of interest.

Quantum hardware:
Gekko exhaustive
(classical), BWave
hybrid quantum
annealing (BWave
2000Q), two VQE
approaches on IBMD
and a quanturmspired
optimizer based on
tensor networks,

Quantum algorithm:
VQE, VQE-constrained,
Quantum inspired
tensor network (TN)

Methodology:
Optimization

Use case:

Portfolio optimization
Quantum hardware:
N/A

Quantum algorithm:
N/A

Methodology:
Optimization

Use case:
Portfolio optimization



- The two major computation models
used forquantum PO problems are
quantum annealing and gdtased
models. Where quantum annealing
moresuitable forcertain optimization
problems, gatdased annealing is
more suitable for universal problems
but havdess stable qubits on averag
than quantum annealing.

Tableshowing literature review results from
this paperthe following tablecontains an
overview ofworks that were cited in the
literature review of the author that my paper t
not covered, this givesgreat overview of
some literature evaluated in quantum
computing application for PO:

Work Contribution

Surveyed

Financial “Portfolio Optimization
portfolio problem for stocks from
management | the Abu Dhabi Securities
using d Exchange formulated as 4
wave' s | QUBO, solved using
quantum DWave’' s 5i(mg
optimizer: The| 16)

case of Abu

Dhabi

securities

exchange

Improving “Proposed a method to
variational improve the results by
quantum measurement system by

optimization using CVaR(Conditional
using CVaR Val ue at Ri g
wherepromising results
were found

A variational | LayerVQE was proposed
approach for | in this paper, where it
combinatorial | served the purpose of
optimization optimizing VQEthat helps

on noisy avoid local minima and
quantum improve chances of
computers finding optimal solution

Comapred to QAOA its
gate count increased
linearly, while that of
QAOA increased
quadratically, furthermore|
layerVQE had finite
sampling errorsit was




also simpler to implement
than QAOCA

Quality of results
improves with each
additional layer in layer
VQE, unlike VQE.

Quantum “Devel oped &
metropolis software solution that use|
solver: A the Quantum Metropolis
quantum Hasting algorithm to
walks provide a solution to
approach to optimizati orn
optimization (p. 17)
problems
It achieved a speedup ovg¢
its classical counterpart,
and as the problem scale
the quantum algorithm
performedbetter than
classical Metropolis
Hasting algorithm, mostly
with regard to time to
solution.
Financial “Tackl ed t hae
index tracking | Financial Index Tracking
via quantum by using discretized
computing portfolio optimization to
with directly implement
cardinality cardinality constraints in g

constraints

single optimization
procedure” (

The approach was
successful in generating
smaller portfoliosthat
could track S&P 100 and
S&P 500 indexes

Benchmarking
the
performance
of portfolio
optimization
with QAOA

“Benchmar kegd
versions of QAOA
concerning its suitability
to the currae

(p- 18)

They imply that it is
simpler to optimize
examples with widely
scattered correlations ang
returns as opposed to
those with comparable
correlations. This is
because increased
diversity in correlations
and returns creates a mor
recognizable energy




[103]

Experimental
implementation of
quantum-walk-
based portfolio
optimization (Qu et
al., 2024)

In this papera
quantumwalk based
optimization algorithm
experimented upon to
showevidence for
practical
implementation of
quantumwalk based
algorithms.

“We reali ze
experimental
implementation of the
QWOA mixing unitary
and demonstrate its
reliable convergence to
high-quality solutions
over a wide range of

landscape, which makes
portfolios easier to
identify and improve.
Basically,it gives
perspective into the
different aspects of
problems and how they
affect solution quality,
time etcetera for QAOA
Portfolio “Digitized counter
optimization adiabatic quantum
with digitized | computing (DCQC) and
counterdiabati | digitized counter adiabatiq
C quantum QAOA (DC-QAOA) were
algorithms studied. ” (q
Higher success rates of
finding the optimal
portfolio are achieved by
optimizingthe success
rate in finding the ground
state energy of the
problem Hamiltonian
(optimal solution)
Financial “Proposed arn
portfolio improvement in the
optimization: a| QUBO formulations of
QUBO allowing the investor to
formulation decide the optimal fund
for Sharpe all ocation i
ratio (p. 18) which was
maximization | achieved

Objective(s)

Form a QWOA model for a
combinatorialoptimization problem
for PO,

For the experiment on a PO problen
there are three positions taken for tt
investor: 1. Short positigr2. Long
position 3. No positionThe PO
problem is aliscretemeanvariance
Markowitz model for a cost function
that considers historical behavior of
the assets, it is expressed as a
minimization problem.

The experimental Po problem
specifications are: 3 stocks (Google
IBM, and Microsoft) with zero
constraintsin the periodl/1/2019
12/31/2020, on QuOp_MPI software

Quantum hardware:
QuOp_MPI (simulator)

Quantum algorithm:
QWOA

Methodology:
Optimization

Use case:
Portfolio optimization



guantum
(p- 3)

C

r

Results:

test are done with 1 through 6
iterations of the algorithrn.

“Our experiment a
flexible, and holds the potential for
scalability”™ (p.

After comparing the results from the
experiment with the known optimal
solutions, it an be said theite
experiment found the highegtiality
portfolio with a probability of finding
it to be 100%over 1 to 6 iterations
Previous works on simulators
compared QWOA with WAOA and il
showed that QWAQvas advantages
over QAOA as it needed significantl
less search spa@eachieving high
quality portfolios with fewer
iterations. QWOA also showeyreat
promise in solving heavily
constrainedormulations.

“Our work provid
for thepotential of quanturwalk-
based algorithms to solve complex
optimization problems of practical
signi fi cé&omplexityof( p
setup is indepndent of number of
iterations and only depends on
number of dimensions, which is
always 7)

Important notes:

This experiment wagerformed
under a noiséree system

“The exploration
algorithms in practical applications i
gaining momentum [53%5], even
though they are currently in a
preliminary stage. With the dedicate
efforts of scientific researchers, we
anticipate that quantum technology
will soon be leeraged to tackle
challengingreal i f e prob



[104]

A constrained multi-
period portfolio
optimization model
based on quantum-
inspired
optimization
(Ramaiah, K.
Soundarabai, P, B.
2024)

In this paper, aovel
quantuminspired whale
optimization (QWOA)
is proposed to tackle
multi-periodand multt
constrainegortfolio
optimization problems.

Next to thatfactors
such as skewness,
kurtosis, transaction
costs, diversification,
boundary and budget
constraints are
considered for assets

The algorithm is then
compared withWale
optimization (WOA),
Gray Wolf
Optimization (GWO),
Fruit fly Optimization
Algorithm (FOA),
Particle Swarm
Optimization (PSO),
and Fruit fly Algorithm
(FA), (MBO), (FSO),
(Cs0O)

Objective(s):

- Form a model based ap multi-
constrainedboundary constraint,
budgetconstraint diversification
measure, high order constraints
(kurtosis,skewness)RWOA for
multi-period portfolio optimization

- Benchmark the model against QOA,
GWO, FOA, PSO, and Fhased
upon excess mean return (EMRgt
return, and transaction costs.

- Dataset specificationsionthly return
from 19632021 of the New York
Stock Exchangemaxiterations are
100, input size 32, initial population
100, performancendicators Sharpe
ratio, Sortino ratio, STARR ratio,
information ratio, Shannon entropy,
downside deviation.

ExperimentResults:

- The proposed QWO#mmodel showed
to find the optimal results under
different time periods

- Compared to the other algorithms,
QWOA achieved the highest mean
Sharpe ratio4.101048), indicatingt
to be the best algorithm under the
other ones for this specific PO
problem.

- QWOA also achieved the basean
Sortino ratioand thus provides the
best riskadjusted returns.

- QWOA also achievethe besmean
STARR ratio

- QWOA also achieved the basean
information ratio

- QWOA also obtained the bastean
Shannon entropy

- TheQWOA algorithm achieved
better downward deviation than othe
classical models

- Furthermore, the QWOA achieved
higher net return rateower loss
rates, and global optimal solutions
wereachieved more accurately and
efficiently than traditional algorithms

- “QWOA provided an optimal
portfolio with high return rates. The
returns provided by the QWOA are
high compared to the portfolios
chosen by the other algorithins ( p
21)

Quantum hardware:
Classical computer.

Quantum algorithm:
QWOA

Methodology:
Optimization

Use case:
Portfolio optimization

Sortino ratio =a
ratio that
evaluates risk
adjusted return of
an investment

STARR ratio =
same as Sortino
ratio but it also
takes account of
CVaR for tail risk,
thereby making it
more useful for
portfolios with
significant
downside risk

information ratio
= helps to identify
risk consistent
returns

Shannon entropy
= a measure of
uncertainty or
randomnessn
this case used to
evaluak to what
degree gortfolio
is diversified.

downside
deviation =a
measure that puts
into perspective
how well the
formulated
portfolios keep
the volatility of
returns below a
specific threshold,
often the
minimum
acceptable return
line.



[111]

Quantum walk-
based portfolio
optimisation (Slate
et al., 2021)

- “Resultssuggested that the propose!
model provided beneficial outcomes

as compared with other algorithins
(p-1)

- Netreturn rate of the proposed mod

is always above 0.85%&harpe ratio
is 5.016254 according to the
experimental test.

Statistical test results (to show strengtlihe
proposed model)

- QWOA had lowest standard
deviation lowest pvalue (meaning
high statistical significance of the
results obtained in the test), and
lowest tstatistic

In this papera quantum| Objective(s):

algorithm for PO on
NISQ devices is
proposedA Quantum
Walk Optimization
algorithm(QWOA) is
proposedor high
quality solutions to PO
problems

Furthermore QWOA,
Quantum Approximate
Optimization Algorithm
(QAOA), and Quantum
Alternating Operator
Ansatz (QAOAZz) are
compared against
eachother

- Based on the mearariance
Markowitz mode| form aPO
problem thabught to be solved by
QWOA, QAOA, QAOAz

- Compare theesults obtained from a
PO expetinentwith two datasets
(with long-position, shorposition,
and neposition)with the named
algorithms to show which one
performs better.

- DatasetA specifications: 8 stocks
with adjusted close price form the
ASX20 index,period 01/01/2017 to
31/12/2018

- Dataset B specifications:focks
with adjusted close prideom
ASX20 index, period 24/03/2020 to
06/09/2020

Results:
Dataset A:

Quantum hardware:
Classical computer
(QUOP_MPI sftware)

Quantum algorithm:
QWOA, QAOA,
QAOAZ (all hybrid-
guantum classical)

Methodology:
Optimization

Use case:

Portfolio Optimization
(and periodic re
balancing)



QAOA performs poorlycompared to
the other algorithms, has large
standard deviatiofwith max 12.96),
these results may be due to the
classicakolver part for the QAOA to
have a higher likelihood of getting
stuck in local minima than the other
algorithms

QAOAz shows diminishing
improvements after 8 iterations
QWAO has superior performance at
low iteration valuesneeding less
search space for good results.
FurthermoreQWAO performs
significantly betterconsidering
annual return

Dataset B:

Dataset B is consistent withe
findings of dataset A

QWOA consistently finds the best
expected solution qualityollowed

by QAOAz and QAOA.

QWAO had the best value for
standard deviation, QAOAZ in them
idle, andthen QAOA

QWOA shows significant advantage
over QAOAZz inoptimizing portfolios
QWAO converges to the optimal
solution efficiently

QWA yields the best expected
returns after iterations >2 (max 19)

Overall results from the paper:

“Our earlier work indicated that
QWOA offers significant advantages
over preexisting methods through a
reduction in the search space and a
unbiased encoding of optimization
constraints ( P. 2)

QWOA outperforms QAOAz and
QAOA in terms of amplifying
optimal solutions and achieving
higher expected returns with
acceptable rislevels. The QWOA
algorithm demonstrates robust
performance in both convergence al
optimization across different data
sets.

QWAO also showed better
performance in convergence,
stability, and applicabilityo multiple
combinatorial problems.



[118]

Comparative Study
between Quantum
and Classical
Methods: Few
Observations from
Portfolio
Optimization
Problem (Tripathy
et al., 2022)

In this paper, the
differencein overall
efficiency and
execution speed
between classical and
guantum computinfpr
optimization problens
is explored, whera
Markowitz mean
variancePO problenis
used to benchmark botl
methods.

The data used for the
benchmarking is
historical data from 48
NSE stocks

Quantum methodssed
are VQE and QAOA

Classical method used
is Monte Carlo,

Important notes:

“QAOA and QAOAz are hindered by
bias in the mixing operator over
nontrivial feasible solution spacés.
(p. 15)

For each dataset problem, the
algorithms had differergearch space
sizes (2716 for QAOA, 1820 for
QAOAz, and 266 for QWOA)

Each local optimal minimum for the
algorithms is differentdataset A:
0.318 for QAOA and QWOA, and
0.305 for QAOAZ), (dataset B1.25
for all three algorithms)

Highest returns did not mean lowest
risk in the case of this paperwaih
the mean variance Markowitmodel|

a best combination of risk and returr
is to be found, therefore the highest
return portfolio will not necessarily
have the lowest risk.

Objective(s):

Results:

Compare classical and quantum
methodologies in aaxample PO
problem to show the advantages of
guantum computing compared to
classical

Overcome the qubit limitatio(max
12) of thesimulator by piling 48
stocks in 4 buckets

Formulate the quadratfrogram as a
QUBO formulation and optimize the
parametersising optimizers

Data specifications: 48 NESstocks
from the period 01/01/2011 to
01/11/2027 with 2011 till 2016 being
used for training, and the rest for
investing.A 16 asset portfolio ought
to be made by the algorithms.

Execution times were respectively:
11 minutes for VQE on Qiskit, 3.33
minutes for QAOA on Qiskjt44
seconds for BAVaveCQM quantum
annealing, and 16 hours for classice
Monte Carlo.

Results achieved are comparabith
classical approaches, however,
calculation times were significantly
less,

Quantum hardware
(simulator)

Gate model quantum
computer (on Qiskit
SDK), followed by D
WaveCQM (annealer
can handle up to 5000
variables and 10000
constrainty

Quantum algorithm:
Quantum: VQEQAOA
on Qiskit and
constrained quantum
models (CQM) on b
Waveannealer

Methodology:
Optimization

Use case:
Portfolio optimization
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Reverse quantum
annealing approach
to portfolio
optimization
problems
(Venturelli, D. &
Kondratyev, A.,
2019)

In this paper, a hybrid
quantumclassical
solution method is
proposed, wherthe
meanvariance PO
problem from
Markowitz is takeras

the objective problem.

Severakolvers for the
QUBO formulation
were used: Greedy

Gatebased quantum computers on
averagegrovide smaller numbers of
qubits

“From the above CAGR plot, we
observe that both classical and
quantum approach are providing
equally good and comparable result
From our experimentation performes
on Dwave annealers and gateodel
simulators, we observed that
implementations using quamtu
methods were faster than the
corresponding implementation of
classical methods ( P. 5)
“We observed tha
using quantum methods were faster
than the corresponding

i mpl ementation o

Important notes:

There was a qubit limitation in using
the quantum simulatqmax 12
qubits)

The paper stresses the importance ¢
comparing classical and quantum
computing methods through real
world tests to substantiate the
difference.

An example is shown in the paper
wherea classical computer tires to
solve a NPhard PO problem, as can
be seen, the total time to compute tf
ideal portfolio increases dramatically
as assets increase along with requir
assets per portfolio. For a portfolio ¢
4 assets undé stocks to choose
from, the computation time was 9
minutes, but for a portfolio of 10
stock with 50 stocks to choose from
the computation times is 11000 yeal

Objective(s):

Form a hybridquantum annealing
solver along with a specific setup to
solveameanvariance PGnodel
casted into a QUBO formulation
Benchmark the proposed
model/algorithmelong with the
classical Genetic Algorithm (GA) on
a datasetvhere the objective is to
maximize riskadjusted returns or
Sharpe rati@mn an unconstrained
problem set.

Quantum hardware:
D-Wave quantum
annealer 2000Q

Quantum algorithm:
N/A

Methodology:
Optimization

Use case:
Portfolio optimization



searchgenetic
algorithm (GA),
forward quantum
annealing, and reverse
gquantum annealing.

Results:

Benchmarking was done with
different problem sizegparameters,
andsolvers to evaluate the
performance of the Wave 2000Q
against classical heuristic methods
(GA)

The test waperformedon sets of
assets24, 30, 36, 42, 48, 54, 6and
for reverse QA, pause timbegfore
resuming the process mitigate
errors

Looking at the graphs depicting
variousinformation on timeto-
solution(TTS), and effects of
parameter settings, it can be said th
as problem size increased Reverse
QA with greedy searchad best
performances in TTS. GA (from
random starting point) performed
worse in TTS than GA starting with
Greedy Searchut both increased in
TTS quite stabl, 3. Forward QA
increased more in TTS as problem
size increased, but was still faster
than GA but not QA with Greedy
Search.

Optimalresults for Reverse QA were
found using shorteainnealing times.
Reverse QA with shorter pause time
had less TTS

The performance of the greedy and
classical approaches decreased as
problem sizes increasgdot taking
away that theesults obtained from
the Greedy approaches were better,
still suggests that increased problen
sizes may be difficult for them.

The best resultim terms of timeto-
solution Pr the hardest set instance
were obtained by seeding the
guantum annealavith better solution
candidates found by greedy local
search and then performing reverse
annealing

“The optimized reverse annealing
protocol is found to be more than 1C
times faster than the corresponding
forward quantum annealing on
averag€. ( p. 1)

Important notes:
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Dynamic Asset
Allocation with
Expected Shortfall
via Quantum
Annealing (Xu et al.,
2023)

In this papera hybrid
quantumclassical
algorithm is proposed tc
solve dynamic asset
allocation with target
return and target risk
metric (expected
shortfall)

The proposed algorithr
is benchmarked using
D-Wave 2000Q and D
Wave Advantage
annealersgainst
classical approaches.

Contributions of this
paper:

1: a demonstration of
how NPconstraints
such as expected
shortfall in an
optimization problem
can be solved using a
hybrid quantur
classical approach

2: This paper serves as
first caseemployment

in the industry of
solvingexpected
shortfallbased dynamic
asset allocation
problems

3: this is one of the first
papers to introduce the
problem solving on a
real quantum computer
using real financial data

5 datasets are used an(
tested upon, the exact
specifications of these

Results:

Greedy search was used as a
benchmark, antb initialize the state
for reverse quantum annealing, givir
it a headstart as it starts with
reasonably goodpproximation.

The D-Wave systenas a maximum
controllable energy, making it
challenging to program accurately.

Objective(s):

Form a hybrid quanturolassial
algorithm for a PO problem with
dynamic asset allocatiotgrgetrisk
and targeteturn

Compare the algorithnof classical
and quantum kindgainsteach other
on D-Wave 2000Q and fVave
Advantage witheach other and
simulated annealing arealworld
financial data.

Forma modified Markowitz
framework (to fit specifications of the
objective problem) into a QUBO
format

Objective problem = computing
portfolios with minimum variance for
a given target return

Data specificationsveralt top-six
ETFs by trading volumesnd six
major Currencies exchange rates,
respectively 12 and 23 assets in the
experimentsexpected shortfall of
5%, 30000 sampleare taken on the
QUBO formulation for more specific
results.Ultimately, 5 datasets are
made with different starting dates
between 2010 and 202Md each
method has 100 days of data to wor
with.

Simulated annealing followed the
optimal solution in most tests

For test 4of the currency testthe
realquantum annealers were able tc
find a portfolio with higher returns
than simulateénnealingwith a still
acceptable but slightly increased ris
It is observed that currency tests
perform better on real quantum

Quantum hardware:
D-Wave 200Q (2048
qubits, up to 68 logical
variables) D-Wave
Advantagg5760

qubits, up to 180 logical
variables)quantum
annealers

Both simulated and
physicalquantum
annealing are use@he
simulator is not
specified

Quantum algorithm:
N/A

Methodology:
Optimization

Use case:
Portfolio optimization



datasets ardOT
mentioned

hardware than ETF tests on the san
hardware.

“ealing. Both 2000Q and Advantage
processors are able to compute
returns that are consistently more
than 80% of the optimal, except the
two currency test cases where the
algorithm fails to converge oneh
2000Q" (p. 15)
“Both quantum annealers are able t|
generate portfolios with more than
80% of the return of the classical
optimal solutions, while satisfying th
expected shortfdll ( P . 1)
“We observe that experiments on
assets with higher correlations tend
perform better, which may help to
design practical quantum applicatior
inthenearterm. (p. 1)

Remarks on theealquantumhardware

2000Q processor: can natively hanc
up to 12 assets

Advantage processor: can handle u|
to 23 assets, however due to defect
qubits and connectors, only 119
qubits can be used currently (2023)
TheAdvantage processéuails to find
the ground state effectively, with hig
chain lengths (up to 17) leading to
poor performance. This indicates
limitations in handling larger
problems due to current hardware
constraints.

The2000Q processatruggles with
embedding chain lengths of 16 and
has difficulty finding the optimal
solution.

Important notes:

“Although we acknowledge there
may be other factors contributing to
our observations that currency tests
do better than ETF tests on for
quantum annealers, Figure 7 implies
that more correlated assets tent to
(P. 15)

Table 7, overview of articles used for literature synthetization



