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Summary

Traditionally, robots have primarily been deployed in industrial settings, where they carry out repetitive,
pre-programmed tasks with high precision. To allow the transfer to unpredictable, unstructured environ-
ments populated with humans, the robots must be able to adapt to their environment. The Learning from
Demonstration (LfD) paradigm facilitates this by allowing humans to (re-)program robots by demonstrating
the robot how it should perform its tasks.

In this thesis, an LfD framework is designed and implemented with certain desirable properties. It al-
lows generalization of demonstrated tasks based on changes in the environment, balances robot compliance
and position tracking by using variable impedance control, and allows the robot to perform motion- and
contact-based tasks. Additionally, corrections are given to prevent singularities and artefacts when mod-
elling quaternion orientations with Dynamic Movement Primitives (DMP).

Demonstrations consisting of poses and forces are recorded. These are synchronized using Dynamic Time
Warping with a custom cost measure to handle multivariate time series containing values with different
units. Afterwards, a novel geometry-aware rolling window approach identifies time-varying Gaussian dis-
tributions from the data to obtain a single, mean demonstration and correspondent standard deviations.
The mean demonstration is learned with a DMP, adapted to reproduce orientation trajectories without sin-
gularities or artefacts. Motion and force trajectories are reproduced simultaneously using a hybrid force-
impedance controller. The impedance stiffness of the controller is modulated in real-time based on the
identified variability between demonstrations.

The framework is validated on two real world tasks: watering a plant and drawing on a board. The experi-
ments show that the framework possesses the desired properties. The variable impedance stiffness, driven
by variance between the demonstrations, is able to track the pose accurately when required and be com-
pliant when possible. The DMP allows for generalization to any target pose. The hybrid force-impedance
controller enables simultaneous motion and force tracking.

The force tracking is less accurate than desired, and it is recommended to experiment with closed-loop force
control for improved force tracking. Future work should focus on pairing the framework with a constraint
frame identification method to reproduce motion and forces in a frame aligned with the environment’s
geometry. Additionally, a computer vision model with object segmentation and pose estimation may enable
the framework to automatically adapt trajectories to changes in the environment.

ii



Contents

Preface i

Summary ii

List of Symbols and Abbreviations iv

1 General Introduction 1
1.1 Context . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2.1 Generalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2.2 Compliant Robots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2.3 Contact Tasks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Scope of Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.4 Contribution of Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2 Background 3
2.1 Demonstration Interface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 3D Orientations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

3 Research Paper 4

4 General Discussion and Conclusion 21
4.1 Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.2 Future Research . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

A Disclaimer on the usage of AI Tools 25

B Hyperparameters 26

C Experiment Data 29
C.1 Motion Task: Watering Plants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
C.2 Contact Task: Drawing on Whiteboard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

iii



List of Symbols and Abbreviations

The symbols and abbreviations are sorted in order of appearance.

Symbol Definition
SO(3) 3-dimensional Special Orthogonal group; the 3D rotation group
n Rotation axis
θ Rotation angle
r Rotation vector
R Rotation matrix
q (Unit) Quaternion
S3 3-sphere
ξ Sample of demonstration
ξµ Inferred representative demonstration
WP Temporal alignment weighing factor for position distance
WO Temporal alignment weighing factor for orientation distance
WF Temporal alignment weighing factor for force distance
WT Temporal alignment weighing factor for torque distance
q Quaternion
q Quaternion conjugate
x̄w Weighted mean
W Amount of elements in a window
wi Weight of element i; or weight of Gaussian basis function i (DMP)
σw Weighted standard deviation
tc Time at the center of the window
q̄w Weighted quaternion average
σO

w Weighted orientation standard deviation
τ Temporal scaling factor
x0 Initial state/position
xg Goal state/position
ν Time-scaled velocity
f (s) Non-linear forcing term
s Phase variable
K Stiffness constant
D Damping constant
ψ(s) Gaussian basis function
ci Center of Gaussian basis function i
hi Width of Gaussian basis function i
α Phase decay constant
eq Quaternion error, see rotation vector
z Time-scaled quaternion error velocity
θthres Quaternion DMP singularity avoidance region threshold angle
qc Generalized joint coordinates
M(qc) Inertia matrix
C(qc, q̇c) Coriolis and centrifugal matrix
g(qc) Gravitational forces
τ Applied joint torques
τext External joint torques
Fext External wrench applied to robot
J(qc) Jacobian matrix
Fimp Impedance control desired end effector wrench
Kimp Impedance stiffness matrix
Dimp Impedance damping matrix

continues on next page

iv



Symbol Definition
ω Angular velocity
F f Force control desired end effector wrench
S Constraint axes selection matrix
I Identity matrix
τimo Impedance control joint torques
τ f Force control joint torques
τcomp Gravity and Coriolis compensation joint torques
KP

f Proportional force feedback control gain matrix
KI

f Integral force feedback control gain matrix
Kvar Variable impedance stiffness
Kmin Minimum variable impedance stiffness
Kmax Maximum variable impedance stiffness
σmin Standard deviation threshold corresponding to Kmax
σmax Standard deviation threshold corresponding to Kmin
Ψbase Robot base frame
ΨEE Robot end effector frame
ΨF Robot force frame
|ϵ| Absolute error

Abbreviation Definition
LfD Learning from Demonstration
IL Imitation Learning
PbD Programming by Demonstration
DMP Dynamic Movement Primitive
DoF Degrees of Freedom
BC Behavioral Cloning
IRL Inverse Reinforcement Learning
ProMP Probabilistic Movement Primitive
GMM Gaussian Mixture Model
TP-GMM Task-Parameterized Gaussian Mixture Model
SEDS Stable Estimator of Dynamical Systems
GMR Gaussian Mixture Regression
GP Gaussian Process
EMG Electomyography
HMM Hidden Markov Model
EE End Effector
MIFS Mutual Information-based Feature Selection
HSMM Hidden Semi-Markov Model
TP-HSMM Task-Parametrized Hidden Semi-Markov Model
PD Proportional Derivative
PI Proportional Integral
DTW Dynamic Time Warping
F/T Force/Torque
CI Confidence Interval
SD Standard Deviation
BIC Bayesian Information Criterion

v



1 General Introduction

1.1 Context
Traditionally, robots have primarily been deployed in industrial settings, where they carry out repetitive,
pre-programmed tasks with high precision. These industrial robots perform tasks with great accuracy and
speed in a structured, predictable environment [1]. However, advancements in computer vision, sensor
technology, and artificial intelligence have led to growing interest in the development of service robots [2].
Unlike their industrial counterparts, service robots are designed to perform tasks that assist humans out-
side of industrial automation applications. These robots work in unstructured and dynamic environments,
which are unpredictable and subject to changes. Furthermore, operation in human-populated settings in-
troduces additional safety concerns. This increases programming complexity, as the robots are required to
adapt online to changes in the environment. As it is not feasible to pre-program every scenario a robot
might encounter, alternative programming techniques are required.

One promising solution is the Learn from Demonstration (LfD) paradigm [3]. Also known as Imitation
Learning (IL) and Programming by Demonstration (PbD), LfD aims to make robotics accessible and adapt-
able by enabling operators to teach robots through demonstration instead of explicit programming. This
requires no programming ability of the user and thus allows anyone to reprogram robots as needed. The
user demonstrates the task by manually guiding the robot through the motion, letting it observe as the
operator performs the task, or through teleoperation [4].

1.2 Problem Statement

1.2.1 Generalization

However, simply reproducing the demonstration is often not sufficient for successful task completion. Con-
sider a pick-and-place task. Reproducing the exact demonstration will only be successful if the object is at
the same location and needs to be moved to the same goal. Since it is infeasible to demonstrate every possi-
ble situation, the robot must adapt learned behaviour to unseen situations. This is known as generalization
[3]. The robot’s generalization capability is largely determined by the chosen method of task representation
[5].

One widely used task encoding method is the Dynamic Movement Primitive (DMP) [6]. It encodes a demon-
stration in a stable dynamic system, which can be interpreted as a mass-spring-damper system. Each degree
of freedom is encoded with its own dynamic system. The dynamic system ensures stable convergence from
any initial position to any target position. By applying an external force, the system can be adapted to follow
arbitrary movements. After this non-linear forcing function is learned, the initial and target positions can
be adjusted to generate motions that match the original demonstration while reaching the desired positions.
However, in its default form [6] it cannot learn from multiple demonstrations, nor is it able to correctly
encode the non-Euclidean nature of Cartesian orientations [7].

By modification and extension of the DMP method, an LfD framework would be able to provide the robot
with the ability to adapt and modulate its actions based on the state of the environment. These generaliza-
tions should extend to the reproduction of orientations, as rotation of the end effector is often crucial for
adapting to surroundings and the reproduction of various tasks.

1.2.2 Compliant Robots

Additionally, it is desired for robots that coexist with humans and unstructured environments to show
compliant behaviour [8]. While collisions are preferably avoided, this can not always be guaranteed. In the
event of a collision, a compliant robot will be able to yield to external forces and allow itself to be moved in
response to the impact.

Although robots can be built using compliant elements such as springs and elastic materials [9], rigid robots
can be made to exhibit compliant behaviour through control. Impedance control, first introduced by Hogan
[10], implicitly regulates the interaction forces by acting as a virtual spring-damper system with a desired
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stiffness. As the robot is displaced from its reference, it pushes back with a force that is dependent on the
stiffness of the virtual spring. A high stiffness resembles position control, where the robot aims to achieve
its desired position regardless of the required interaction forces. Conversely, a low stiffness will render the
robot compliant, allowing it to be pushed and moved with ease. Intuitively, a lower stiffness reduces the
chance and magnitude of damage or injury by decreasing interaction forces.

However, low impedance stiffness comes at the cost of tracking performance. Therefore, the robot would
ideally be able to adapt its impedance stiffness in real-time, based on performance requirements. The robot
should then be as compliant as possible, while still achieving adequate tracking performance.

1.2.3 Contact Tasks

Finally, many useful tasks that robots may carry out require exerting force on the environment, such as pol-
ishing, wiping, ironing, and assembly. While early research primarily focused on reproducing the kinematic
portion of demonstrated tasks, recent work has aimed to equip robots with the ability to learn force-based
tasks [3]. This ability greatly enhance the robot’s versatility in what tasks it can reproduce, but it comes at
the cost of controller complexity. The controller must be capable of reproducing motion and forces simulta-
neously, taking in consideration the geometry constraints of the environment.

1.3 Scope of Thesis
The goal of this thesis is to develop an LfD framework that addresses the challenges discussed above (Sec-
tion 1.2.1-1.2.3). The framework should provide an intuitive manner for non-expert operators to program
the robots through the demonstration of tasks. The framework must be able to adapt learned policies to
changes in the environment. It must be able to infer a balance of tracking performance and compliance from
the provided demonstrations. Finally, it must be capable of reproducing force-relevant contact tasks. The
desired end result is an implemented and validated LfD framework that possesses these properties.

1.4 Contribution of Thesis
Earlier work has focused on solving one or more of the challenges described, as will be discussed in the
Related Work section of the research paper. However, to the best of the author’s knowledge, no single
framework has addressed these issues simultaneously in an LfD framework that can adapt trajectories to
new situations, automatically balance tracking performance and robot compliance by inferring impedance
stiffness from variance in demonstrations, and reproduce both motion and contact tasks. Furthermore, it
proposes a novel method of obtaining a smooth average and standard deviation for demonstrations con-
taining end-effector pose and wrench information that takes the non-Euclidean nature of the rotation group
into account. Finally, it proposes an adaptation of the orientation DMP proposed by Koutras et al. [11]
and gives guidance on preventing oscillating behaviour and avoiding singularities when using orientation
DMPs.
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2 Background

2.1 Demonstration Interface
In Learning from Demonstration, three different methods for providing demonstrations to the robot are
distinguished [3], [4]: 1) Passive Observation, 2) Teleoperation, and 3) Kinesthetic Teaching. Each of these
interfaces has its own characteristics.

In Passive Observation, the operator demonstrates the task without using the robot. The demonstration
is recorded using motion trackers or a vision system. The main drawback of this method is the need to
map the sensory input and actions of the (human) demonstrator to the (robot) learner. This is known as the
correspondence problem [12].

Tele-operation requires the demonstrator to control the robot through an external interface and can be either
unilateral or bilateral, depending on whether the controlled robot sends motion and force information back
to the operator [13]. It allows an operator to control robots in environments that are unsafe or unreachable
to humans. However, there are still challenges in teleoperation, such as time delays in multimodal feedback,
synchronisation control, and dealing with differing configurations on the master and slave side [14].

Kinesthetic teaching allows the operator to physically move the robot’s end-effector through the desired
motions of the task. This enables the operator to directly feel exerted forces and robot body limitations
[15]. While it allows for straightforward recording of the demonstration, the quality and smoothness of
demonstrations are impacted by the demonstrator’s proficiency and the robot’s impedance.

2.2 3D Orientations
One of the main goals of this framework is the generalization of the demonstrated task to changes in the
environment. This requires adjusting the end effector orientation trajectories in a mathematically correct
manner, taking into consideration the intricacies of the 3D orientation space that is denoted by SO(3). As
will become apparent in the Related Work section of the research paper, many LfD works neglect to extend
their proposed method to take the non-Euclidean nature of SO(3) into account. This section aims to provide
the reader with some background in 3D orientations.

Position and orientation describe how a rigid body is placed in space, referred to as its pose. The position
describes a translation from a reference placement to its current placement, while the orientation describes a
rotation from a reference placement to its current placement. Unlike translations, rotations do not commute,
i.e. the order of applied rotations affects the final orientation. Additionally, rotating a rigid body a full circle
results in the same orientation, while any translation will never result in the same position. These differences
lead to different mathematical representations. Positions can be described with a vector in 3D space, while
orientations require more complex parameterizations. Multiple parameterizations of 3D orientations exist:
Euler angles, axis-angle representation, rotation vectors, unit quaternions, and rotation matrices [16].

Euler angles use three sequential rotations around specific axes to represent the orientation. Depending on
the chosen convention, the rotation axes may rotate with the body (intrinsic rotations) or be fixed (extrin-
sic rotations). Although Euler angles are an intuitive and minimal representation of rotations, i.e. using
only three parameters, they suffer from various drawbacks: Gimbal lock occurs when multiple rotation
axes align. Discontinuities may arise when the orientation passes certain boundaries, e.g. π rad, and the
Euler angles suddenly jump. Additionally, if the range of the angles is unlimited to prevent discontinuities,
redundancies occur where multiple combinations of angles can represent the same orientation.

The axis-angle representation is related to Euler’s rotation theorem, which states that any orientation can
be achieved by a single rotation around a fixed axis. It represents orientations with a single rotation angle
θ ∈ R around a unit rotation axis n ∈ R3. Any orientation can be represented when θ is in the range of [0, π].
This has singularities at θ = 0, where any axis n is valid, and at θ = π, where each axis and its negation
represent the same orientation.

The rotation vector r ∈ R3 is a more concise form of the axis-angle representation and is defined as r = θn.
It does not suffer from the singularity at θ = 0. However, it does result in singularities when θ = 2πk,
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with k being a non-zero integer, should these values be in the permissible range of θ. In such scenarios, any
rotation axis n is valid and r may exhibit rapid changes near this singularity. This singularity returns in the
quaternion DMP formulation and will be discussed in the research paper.

The rotation matrix R ∈ SO(3) is a widely used tool to represent and apply rotations. Rotations can be
applied using straightforward matrix multiplication. They provide a smooth and continuous representation
of 3D orientations. It is a non-minimal parametrization, consisting of nine parameters. Its orthogonality
constraint removes six degrees of freedom, leaving three degrees of freedom to represent 3D rotation. While
applying rotations is straightforward, its nine parameters make representing orientations less convenient.

Finally, unit quaternions q ∈ S3 can be used to represent orientations. They can be written as q =
w + xi + yj + zk, where w, x, y, z ∈ R and i, j, k are imaginary basis vectors. The four parameters are
constrained to have a unit norm, resulting in three degrees of freedom. It provides a double cover of SO(3),
with q and −q describing the same orientation. Both SO(3) and S3 are Riemannian manifolds, which lo-
cally resemble Euclidean space [17]. Unit quaternions can be converted to rotation vectors by taking the
quaternion logarithm and scaling the result by a factor of 2. See Appendix A of the research paper for a
more detailed overview of quaternions and their operations. Unit quaternions provide a smooth and non-
singular way to encode 3D orientations, which is more compact than rotation matrices. Because of these
properties, unit quaternions are selected as the orientation parametrization in this thesis.

3 Research Paper
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P A P E R
Few-Shot Imitation Learning of Motion- and
Contact-Based Tasks using Dynamic Movement Primitives
Freek Bolding
Abstract

Robots are diversifying into sectors beyond manufacturing, such as healthcare and agriculture, offering enhanced produc-tivity. However, operating in dynamic, human-populated environments requires adaptability and compliance. Imitationlearning simplifies the reprogramming of robots by enabling operators to demonstrate desired behavior. By encoding thedemonstrations in dynamic movement primitives (DMPs), task reproductions can be generalized to adapt to changes in theenvironment. This paper proposes a geometry-aware LfD framework based on DMPs that allows for generalization, variablecompliance, and the reproduction of motion-based and contact-based tasks. The variable compliance is driven by variabil-ity between the demonstrations, pursuing an automatic balance between desired compliance and tracking performance.Demonstrations, which include motion and force data, are synchronized and processed using a novel weighted rollingwindow approach that identifies their mean and standard deviations. The mean demonstration is learned with the dynamicmovement primitive. The hybrid force-impedance controller enables simultaneous reproduction of motion and force inperpendicular directions. The framework was validated on real-world tasks, demonstrating its practicality. In addition tothe proposed framework, contributions include recommended corrections when encoding quaternion trajectories usingDMPs to prevent singularities and artefacts.
Key words: Learning from Demonstration, Variable impedance, Dynamic Movement Primitives, Hybrid Force-Impedance Control

1 Introduction

Robots are increasingly being adopted outside of manufac-turing applications, such as healthcare, security, agricul-ture and home assistance [1]. They offer several potentialbenefits, including increased productivity, consistent qual-ity of work, and lower workforce expenses [2]. However,working in unstructured, dynamic, and potentially human-populated environments brings additional challenges com-pared to the static, predictable factory setting. For one, therobot must be able to learn from- and adapt to its environ-ment.Imitation learning (IL), or Learning from Demonstra-tion (LfD), aims to simplify reprogramming of the robotby allowing end-users to demonstrate desired behavior [3].The robot learns a policy, cost/reward function, or task planto encode and reproduce the demonstrated task [4]. Policy-learning methods aim to learn a direct function, i.e. thepolicy, to generate desired behavior [4]. By adapting thelearned policy based on changes in the environment, therobot is able to generalize task reproduction in unseen situ-ations [3].The Dynamic Movement Primitive (DMP), introducedby IJspeert et al. [5], is a widely used LfD method to allowthis generalization. The motions are encoded in a spring-damper system, whose initial and goal positions can be

adjusted depending on the environment. However, its en-coding of independent DoF is unsuitable for correctly learn-ing Cartesian orientation trajectories, which is required forthe reproduction of any task involving rotations of the end-effector. This has been addressed with the orientation DMP[6, 7, 8], but these can introduce potential singularities andartefacts that should be avoided, as will be discussed later.Additionally, DMPs can only learn from a single demonstra-tion by default, hindering the integration of informationbased on multiple demonstrations.As the robot reproduces a movement through the un-structured environment, it should exhibit compliant be-havior [9]. This reduces damage to the environment in theevent of a collision, as the robot is able to absorb impactenergy by yielding to external forces. A popular approach toregulate robot compliance is impedance control [10]. It re-sembles a virtual spring-damper between the robot and itsenvironment. The stiffness of the virtual spring dictates abalance between the safety and tracking performance of therobot, where increased stiffness increases the robot’s refer-ence tracking accuracy while decreased stiffness increasesthe robot’s compliance [11].Preferably, the impedance stiffness is set based on thetracking performance required, such that compliance canbe high when less precision is required. As suggested byEnayati et al. [12], this required precision may be inferred
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Key Points

• A geometry-aware Learning from Demonstration framework is proposed that combines force control with variableimpedance control for the reproduction of motion- and contact-based tasks.• The variable stiffness of the impedance controller is driven by the variance between demonstrations.• The proposed DMP allows for stable trajectories between any initial- and goal pose within the robot’s workspace,which includes singularity-free generalization of three-dimensional orientations.• The framework is validated on two real-world tasks.

from the provided demonstrations of a task. When certainparts of a task are consistent among demonstrations, it canimply that precise tracking of the movement is required.Conversely, if there is more variation between the demon-strations, precise tracking may be relaxed in exchange forincreased robot compliance.Finally, while early LfD research mainly focused on purekinematic reproduction, many practical tasks require phys-ical interaction with the environment. Tasks such as pol-ishing, wiping, ironing, and assembly require controlledforces to be exerted while moving parallel to the surface.To perform these tasks, it is essential that the robot re-produces demonstrated forces and motion simultaneously.This is possible using a hybrid position and force controlscheme [13], which splits the DoF into a position- andforce-controlled subset. By controlling the position with animpedance controller, this hybrid controller would be able toexert forces as desired while moving in a compliant mannerand therefore reproduce demonstrations of contact-basedtasks.This paper proposes an LfD framework to address thedescribed challenges of generalization, variable compli-ance and contact tasks simultaneously, based on the DMPmethod. Recorded demonstrations are processed to obtaina single, representative demonstration and the variance be-tween them. This demonstration is learned by a DMP toallow for generalization based on task parameters. Duringreproduction, the hybrid-force impedance controller tracksindependent motion and force profiles in a compliant man-ner. The framework is ’geometry-aware’, meaning that thegeometric constraints of three-dimensional orientationsare taken into account.The main contributions of this work and the proposedLfD framework are:
• A modular framework that combines the generaliza-tion capabilities of DMP, the safety-performance bal-ance of variable impedance control, and contact-basedtask learning.• A geometry-aware method for identifying time-varying,smooth, deterministic Gaussian distributions overdemonstrations using weighted rolling window meanand standard deviations.• An adaptation of orientation DMPs, with specified cor-rections to prevent singularities and artefacts.

In this study, the proposed framework is implemented andvalidated on two real-world tasks. The paper is structuredas follows: Section 2 examines the current state-of-the-artin learning from demonstration and modern efforts in vari-able stiffness and contact-based task learning. Section 3gives a description of the framework and its components.Section 4 shows the effect of the adapted orientation DMPand provides an experimental evaluation of the framework.Section 5 discusses interpretations, limitations and possi-ble extensions. Finally, Section 6 will provide a conclusiveremarks.

2 Related Work

2.1 Imitation Learning Methods

Two major classes of IL can be distinguished: BehavioralCloning (BC) and Inverse Reinforcement Learning (IRL)[14]. BC aims to find a policy that directly maps from thecurrent state or context to a control input. It tries to mimicthe expert demonstrations without inferring the reasoningbehind the actions.Instead, IRL tries to recover a reward function fromthe expert demonstrations and then searches for a policythat maximizes the expected return. This assumes thatthe demonstrations are optimal with respect to the rewardfunction. The main advantage of IRL compared to BC is amore succinct representation of the task [15]. Aditionnaly,by learning the underlying reward function, it could po-tentially adapt better to changed environmental dynamics.However, the problem is ill-posed; there exist infinite re-ward functions that result in the same optimal policy [16].Solving it can have substantial computational costs and re-quire several demonstrations, which may not always bepresent. In contrast, BC generally converges faster to anoptimal policy [15].Within BC, several encoding methods have been pro-posed. One widely used method is the previously mentionedDMP [5], which will be discussed extensively in Section 3.4.Other notable encoding methods include the Probabilis-tic Movement Primitive (ProMP) [17], Gaussian MixtureModel (GMM) [18], Task-Parametrized Gaussian MixtureModel (TP-GMM) [19], and Stable Estimator of DynamicalSystems (SEDS) [20].ProMP is a probabilistic alternative to DMP, capable oflearning from multiple demonstrations. It parametrizesa trajectory distribution from the demonstrations using aHierarchical Bayesian Model, which enables multiple de-sirable properties such as encoding variance of movementsand coupling between degrees of freedom [17]. However, itcannot be used in one-shot learning and cannot general-ize to situations outside the distribution of demonstrations.Furthermore, it is unclear how to extend the framework tocorrectly encode Cartesian orientations.GMM aims to model the underlying distribution ofdemonstrated movements by representing it as a weightedcombination of multiple Gaussian components. The Gaus-sians are fit using the Expectation-Maximisation algorithm[18]. Trajectories can be retrieved using Gaussian MixtureRegression (GMR). GMM is a broad probabilistic model thatcan model various relationships. One straightforward ex-ample is a time-parametrized trajectory, which captureshow positions change over time. However, this does notsupport generalization to new situations as the GMM can-not infer or extrapolate beyond the data it was trained on.Consequently, TP-GMMs were introduced [19]. It fits mul-tiple GMMs in different reference frames simultaneously.By moving the reference frame(s), motion can be adaptedto new situations.SEDS uses GMMs to learn stable first-order dynamicalsystems. It uses the Lyapunov Stability Theorem to con-
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strain the learned parameters of the GMM. The result is adynamic system that guarantees stable trajectories whileresembling the demonstration as close as possible underthe constraints. However, a recent comparison of motionencoding frameworks showed that generalized trajectorieswere not guaranteed to converge to the target, resulting incases with an end-point error larger than 10cm [21]. Sucherrors were not found in DMPs, GMMs or TP-GMMs. Thestudy found the DMP model to be the most efficient withrespect to hyperparameter tuning, encoding, and generali-sation accuracy [21].
2.2 Variable Impedance Control

Several recent developments have implemented variableimpedance control laws in an LfD framework. Abu-Dakkaet al. [22] tried to estimate a stiffness profile from thecollected demonstrations. This was done by recordingCartesian positions, velocities, accelerations and associ-ated forces. The time-varying stiffnesses were obtainedby an interaction model and encoded in a GMM/GMR. Thisallows the framework to adjust impedance stiffness basedon perceived forces during task execution. However, theydo not use robot orientations in their framework.Enayati et al. [12] uses GMM/GMR to encode position andinteraction force, and the covariance of the Gaussians to setimpedance stiffness. The variance is obtained using eigen-decomposition of the covariance matrix of each Gaussian.The impedance stiffness is therefore driven by the vari-ability of demonstrations, where high variability decreasesstiffness as position tracking could be relaxed. Althoughtheir framework uses the concept of driving impedancestiffness by demonstration variance, it does not includeencoding of orientations and torques and the used classicGMM has limited generalization capabilities.The idea of estimating stiffness profiles from the vari-ance of demonstrations is also used by Arduengo et al. [23]and Zhang et al. [24]. Arduengo et al. [23] proposed avariable impedance stiffness LfD framework based on het-eroscedastic Gaussian Processes (GP). In contrast to stan-dard GPs, heteroscedastic GPs can model time-varying un-certainty. This is used to encode task variability that modu-lates the robot’s stiffness. To deal with orientations, theyuse rotation vectors. They have a one-to-one mapping bylimiting the rotation angle to π rad. However, by doing thisthey introduce discontinuities in the orientation descrip-tion. For example, taking the mean of two rotations arounda certain axis with rotation angles of π–ϵ rad and –π+ϵ radwould result in an angle of 0 rad, instead of ±π rad. Zhanget al. [24] use rotation vectors as well, which are encodedin GMM/GMR and then fed to a DMP model. However, thisleads to the same orientation issues.Wu et al. [25] uses EMG signals to estimate the armimpedance of the human demonstrator. The task trajec-tories were encoded in either a GMM or SEDS model. TheGMM encodes the estimated impedance stiffness of the armand trajectory information without generalization ability.SEDS is used for its stable generalizing to a target point, butit does not encode impedance stiffness. Depending on thephase of the reproduction, they switch between GMM andSEDS encoding. However, this requires the system to decidewhen to switch the encoding method based on which bene-fit is required. Additionally, they do not encode end-effectororientations.
2.3 Contact-Based Task Learning

While most early LfD methods focused on learning just thekinematic portion of demonstrations, recent work has in-vestigated learning force-relevant tasks [3]. Contrary to

motion-based tasks that move unconstrained in free space,contact-based tasks such as polishing, ironing, drilling,and assembling require forces to be exerted on the envi-ronment. This requires a controller capable of reproducingmotion and force simultaneously.Kormushev et al. [26] have used a DMP to store motionand force profiles. Demonstration recording occurred in twophases; first, the positional profile was recorded throughkinesthetic teaching. Afterwards, the operator used teleop-eration with a haptic device to command forces while therobot reproduced the motion profile with impedance con-trol. Finally, the motion and force profiles were reproducedwith simultaneous impedance and force control. However,this can lead to conflicting actions between the two con-trollers. For instance, if the robot learned to exert force ona table, and during reproduction the table is lower than inthe original demonstration, the impedance controller willattempt to push upwards towards the original reference,resulting in a lower exerted force than measured. Addition-ally, they do not include orientations and torques in theirtask encoding.Steinmetz et al. [27] store motion and force profiles in aDMP as well. While they do include orientations as quater-nions in their DMP, they model each component indepen-dently, only normalizing them afterwards for reproduc-tions, not taking their interdependent nature into account.They use separate Cartesian motion and force controllers,switching between them based on thresholds of desiredposition and desired force. Additionally, they only allowedforces in the z-direction, reducing the framework’s versa-tility.Rozo et al. [28] proposed a framework that learns ma-nipulation skills primarily from force-torque data. Duringdemonstrations, the robot is controlled through teleoper-ation with a haptic device. The GMM is extended with aHidden Markov Model (HMM), where the hidden state ofthe HMM determines the used Gaussian mixture. Theychoose the encoded variables based on the task. For exam-ple, the training samples of a ball-in-box task contain EEtorques and angular velocities, while the training samplesof a pouring task contain EE torques and robot joint posi-tions. They use a machine learning algorithm (MIFS-U) toselect which input variables to prioritize.The earlier described variable impedance framework ofEnayati et al. [12] also includes explicit force control. Sim-ilar to [26], they regulate force and position in all direc-tions simultaneously. The force feedback controller triesto match the force profile, even during pure motion tasks.The variable controller gains help emphasize force or po-sition regulation. However, again similar to [26], this canlead to the force control and impedance control parts of thecontroller relaying contradicting control effort.Le et al. [29] record end effector poses and exter-nal wrenches during demonstrations. These are repro-duced with impedance control, where the stiffness andattractor reference are set such that the robot reproducesboth positions and forces simultaneously. It uses a Task-Parametrized Hidden Semi-Markov Model (TP-HSMM)that consists of a Hidden Semi-Markov Model (HSMM) withunderlying TP-GMMs as a component of the HSMM. A Rie-mannian manifold formulation is used for end-effector ori-entations to ensure results are geometrically valid. Whilecombining force and position in a single spring attractordemo allows for simultaneous control, it makes indepen-dent generalization of position or force difficult.Finally, Wang et al. [30] combine a DMP with hybridforce-motion control. The measured position and force pro-files are learned as separate DoFs in the DMP. The DMPallows them to generalize the position and force profilesas desired. The controller uses PD position control and PIforce control simultaneously. However, this controller does
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Figure 1. The framework with its components. Demonstrations containing EE poses and wrenches are recorded in Data Acquisition(Section 3.1). These are synchronized using dynamic time warping in Temporal Alignment (Section 3.2). The inference blockfinds a mean demonstration, while the variance identification finds the standard deviation (Section 3.3). The DMP uses themean demonstration and task variables to generalize the learned policy to unseen situations (Section 3.4). The hybrid force-impedance controller allows the robot to follow the desired Cartesian motion and force profiles by controlling the robot’s jointtorques Section 3.5). The standard deviation is used to modulate the impedance behavior of this controller (Section 3.6).
not result in explicit compliant behavior. It is also unclearin which reference frame the motion and force are mea-sured. Finally, they do not include orientations in theirframework.
3 Framework

In this chapter, the proposed framework is discussed. Itcombines properties of the discussed related work to in-clude task generalization, variable compliance, orientationencoding, and the capability to reproduce both motion- andcontact-based tasks. The complete framework can be seenin Figure 1. It shows the pipeline of how demonstrations areprocessed and learned, from data acquisition to reproduc-tion on the robot. The components are discussed in orderin this section. When only a single demonstration of thetask is available, temporal alignment, inference, and vari-ance identification are skipped. The single demonstrationis learned immediately with the Dynamic Movement Prim-itive, and the impedance controller has constant stiffnessas there is no variance between demonstrations to drive thevariable stiffness.
3.1 Data Acquisition

During data acquisition, demonstrations are recorded. Theproposed framework is demonstration-interface agnostic,requiring robot end-effector poses and wrenches that couldbe provided with either passive observation, teleoperation,or kinesthetic teaching. When a task is recorded, the end-effector poses, external wrenches, and their timestampsare stored. Orientations of the end-effector are stored asquaternions. The end-effector poses are defined in the baseframe of the robot. The external wrenches are defined in aframe located at the end-effector’s desired contact point,but rotated such that its axes are always aligned with therobot’s base frame.
3.2 Temporal Alignment of Demonstrations

When multiple demonstrations of the same task are given,there will be temporal variation as one demonstration mayhave started earlier, executed one part faster, or even pausedmidway through. By aligning the demonstrations in time,key points of the demonstrations occur at similar timepoints. Without temporal alignment, differences in tim-ing would appear as variations in the task. It is thereforenecessary that all demonstrations are synchronized.

One widely used temporal alignment algorithm is Dy-namic Time Warping (DTW) [31]. It uses Dynamic Pro-gramming to find a minimal cost alignment between timeseries. Given two time series A := (a1, ...,aN) of length Nand B := (b1, ...,bM) of lengthM, DTW finds warping path
P = (p1, ...,pL) of length Lwith pl = (nl,ml) that minimizesthe cost between A and B subject to three conditions:

i. Boundary condition: The first and last elements of bothtime series are aligned, i.e. p1 = (1, 1) and pL = (N,M)ii. Monotonicitycondition: Any subsequent element of thewarping path can not contain an earlier element of eithersequence, i.e. n1 ≤ n2 ≤ ... ≤ nL andm1 ≤ m2 ≤ ... ≤ mLiii. Step size condition: A subsequent element of the warp-ing path either increases either n,m, or both by one, i.e.
pl+1 – pl ∈ {(1, 0), (0, 1), (1, 1)} for l ∈ [1 : L– 1]

These conditions ensure that for every element an there isat least one assigned element bm and vice versa. The cost,or distance, between elements an and bm is calculated witha cost measure c(an, bm) → R≥0. When demonstrations in-volve multiple physical quantities, such as position, orienta-tion, force and torque, A and B are multivariate time serieswhose elements an, bm contain values in different units, i.e.m, rad, N, and Nm, whose distances cannot simply be addedtogether. To tackle this, the distance between two elementsis calculated separately for each physical quantity. Thesedistances are then multiplied by unit-specific weights tomake them unitless and compensate for differences in scale.Additionally, the weights allow the user to prioritize whichdimensions to align. These weights are hyperparametersto be set by the user. This leads to the following proposedcost measure:
c(an,bm) =WPdlin(aPn ,bPm) + WOdrot(aOn ,bOm)+ (1)

WFdlin(aFn ,bFm) + WT dlin(aTn ,bTm),
where P , O, F , T refer to the position, orientation, force,and torque portion of one element respectively; W denotesthe weighting factor of a particular unit; and distance func-tions dlin and drot are defined as

dlin(x, y) = ||x– y|| (2)
drot(qx, qy) = ||2 log (qx ∗ qy)||, (3)

where x, y ∈ R3 denote Euclidean data such as positions,forces, and torques and qx, qy ∈ S3 denote unit quaternionsrepresenting orientations. The rotation distance function
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describes the rotation angle between two orientations. Thisis equal to the length of the arc between the two points on
S3, formed by the set of all unit quaternions [32]. This willbe discussed further in Section 3.4.3, or see Appendix A forquaternion definitions and operations. To make sure thesmallest arc, known as the geodesic, is returned, the signof qx ∗ qy is flipped if its real part is negative.For each pair of elements in A and B, the cost c(an,bm)is calculated and stored in cost matrix C ∈ RN×M. Dynamicprogramming finds the warping path with the lowest cost.The time vector of A and corresponding aligned elements of
B are taken to obtain a demonstration B′ that is aligned to A.Should multiple elements of B be aligned to the same timeelement of A, the mean between those elements is taken.All demonstrations of the task are aligned to a single basedemonstration in this manner.
3.3 Inference and Variance Identification

After the temporal alignment of all demonstrations, it isrequired to obtain one single representative demonstrationof the task since the DMP only encodes a single demon-stration. Additionally, to set the variable stiffness of theimpedance controller, a measure of the spread between thedimensions across the various dimensions must be foundto drive the variable impedance stiffness. The componentfinding the single representative demonstration is called in-ference, as it infers one representative demonstration fromthe distribution of individual demonstrations. The infer-ence method should be aware of the non-Euclidean natureof SO(3). Other commonly used methods such as GMR[18]and GPR[33] assume a Euclidean structure by default [34].While this works for joint angles or Cartesian translations,it cannot correctly handle rotations of SO(3).For this reason, a geometry-aware weighted rolling win-dow mean and standard deviation method is proposed. Themoving average calculates a mean for each dimension sep-arately. For Euclidean data, such as positions, forces andtorques, the following weighted mean and standard devia-tion are used:
x̄w = ∑W

i=1wixi∑W
i=1wi

(4)

σw =
√√√√√∑W

i=1wi(xi – x̄w)2(∑W
i=1wi

) – 1 (5)

whereW denotes the elements in the window and wi de-notes the weight of element i. If the sum of weights is equalor smaller than 1, the bias correction of –1 in the denom-inator should be removed to prevent division by zero orcomplex standard deviations. However, this indicates thata longer window should be chosen to increase the amountof samples in the window. In other cases, this bias correc-tion, known as Bessel’s correction [35], corrects for the factthat the sample average is used instead of the (unknown)population mean.The element weights are set to be negatively proportionalto the distance from the center of the moving window. Theweights are calculated using a 4th-order polynomial thatensures a smooth transition of the weights without sharpchanges or discontinuities. This is achieved by solving thepolynomial for the boundary conditions where the weightis equal to 1 at the center of the window, equal to 0 at theedge of the window, and its first derivatives at the centerand edge of the window are equal to 0. The function aftersolving the boundary condition problem is given by:

wi = 2(
T2
)3 (|tc – ti|)3 – 3(

T2
)2 (|tc – ti|)2 + 1, (6)

whereT denotes the length of the rolling window, tc denotesthe time at the center of the window and ti denotes the timeof element i in the window. The smooth weighing functionguarantees that the identified mean and standard deviationare smooth as well. For clarification, a plot of the functionof (6) is shown in Figure 2.The weighted average of multiple quaternions is ob-tained using the eigendecomposition method proposed byMarkley et al. [36], see Appendix A. To the best of theauthors’ knowledge, there exists no universally acceptedmethod for taking the standard deviation or any other mea-sure of the spread of a collection of quaternions. To controlthe impedance stiffness of each rotation axis separately, astandard deviation per rotation axis should be determined.Therefore, a method is proposed based on the axis-anglerepresentation of relative quaternions. First, the weightedquaternion average of that window is calculated. Then, forall quaternions qi in the window W, the rotation vector
ri ∈ R3 between q̄w and qi is calculated:

ri = θini = 2 log(q̄w ∗ qi), (7)
where, similar to (3), the sign of q̄w ∗ qi should be flipped ifits real part is negative. Since ri is the product of the rota-tion angle θi with rotation axis ni, it measures a rotationaldistance from the average orientation in each Cartesian axis.Notably, it is equal to the angular velocity required to ro-tate from qi to q̄w in unit time. The weighted orientationstandard deviation σO

w ∈ R3 is then obtained with

σO
w =

 ∑N
i=1 ri ◦ ri(∑W
i=1wi

) – 1
◦ 12 , (8)

where ◦ denotes the element-wise product and ◦ 12 denotesthe element-wise root.The weighted average and weighted standard deviationfor all dimensions for all time points tc are calculated, whichresults in representative demonstration ξµ(t), containingposes and wrenches, and standard deviations σ(t). Theseare then learned with the DMP.
3.4 Dynamic Movement Primitive

3.4.1 Original FormulationDynamic movement primitives (DMPs) were proposed byIJspeert et al. as an approach to model movements with asystem of differential equations possessing desirable prop-erties [5]. Different formulations allow for both transient

Figure 2. Plot of the rolling window weighing function givenin Equation 6.
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and periodic motions, although this paper focuses solely ontransient motions. For a single dimension, the chosen sys-tem represents a globally stable second-order linear systemperturbed by a non-linear forcing term:
τv̇ = K(xg – x) – Dv + (xg – x0)f(s)
τẋ = v, (9)

where x represents the position of the system; x0 and xgare the start and goal position; K and D are the positivestiffness and damping constants respectively; τ is the tem-poral scaling factor; v is the time-scaled velocity and f(s) isthe non-linear forcing term used to produce any arbitrarymovement, dependent on phase variable s. This second-order dynamical system is known as the transformationsystem. Note that the notation differs from the original pa-per [5] and instead follows [37] to show the spring-dampercharacter. D is set to be equal to 2√K to make the systemcritically damped. The non-linear forcing function is de-fined as
f(s) = ∑

iwiφi(s)s∑
iφi(s) , (10)

with weighing coefficientswi and Gaussian basis functions
φ(s), defined as

φ(s) = exp(–hi(s– ci)2) (11)
with centers ci and widths hi. The phase variable sparametrises time t by monotonically decreasing from 1to 0. As s goes to 0 at the end of the movement, f(s) goes to0 as well. This leaves only the spring-damper nature of thesystem, guaranteeing convergence of x to xg.The phase variable s is governed by the so-called canon-ical system

τṡ = –αs, (12)
with α determining the rate of the exponential decay. sis set to 1 at the start of the movement and can used asa measure of the progress of the movement. The phasevariable decouples the system from absolute time, allowingtemporal scaling of the movement by modification of thetemporal scaling factor τ.Learning a demonstrated trajectory requires findingwi.Given a demonstrated trajectory xd(t) and its time deriva-tives ẋd(t) and ẍd(t), it is possible to rewrite (9) and find thedesired forcing function fd as

fd(t) = –K(xg – x(t)) + Dτẋ(t) + τ2ẍ(t)
xg – x0 , (13)

where x0 = xd(0) and xg = xd(T). After integrating thecanonical system (12) to find s(t), finding the weights withat minimize the squared difference between fd(s) and f(s)is a weighted linear regression problem and can be solvedefficiently using a least squares solver [37, 38].The DMP can generate new trajectories to adapt tochanges in the environment by adjusting the start x0, goal
xg, and duration τ as desired. These can either be set manu-ally or autonomously, which requires a system capable ofperceiving the environment and adapting the parametersaccordingly.To extend the formulation to multiple dimensions, eachdimension is given its own transformation system with in-dependent forcing functions. These are then synchronizedby a single, shared canonical system.

3.4.2 Revised FormulationAs described by Pastor et al. [37], the original transfor-mation system of (9) has some drawbacks: First, if thestart and goal position of a demonstration are equal, thenon-linear function f(s) is multiplied by 0 and cannot drivethe transformation system. Second, if xg – x0 is close tozero, small changes in xg may lead to large accelerations.Finally, when generalizing to a new goal xg,new that makes(xg,new – x0) change its sign compared to (xg,original – x0),
the resulting reproduction is mirrored. Therefore, the fol-lowing transformation system was proposed [39, 37]:

τv̇ = K(xg – x) – Dv– K(xg – x0)s + Kf(s)
τẋ = v, (14)

where the non-linear forcing function and canonical systemare defined as before, see (10) and (12) respectively. Thisformulation has two main changes; the non-linear forcingfunction is not multiplied by (xg – x0) anymore to preventthe problems described above and the term K(xg – x0)s isadded, which prevents acceleration jumps at the beginningof a movement. Rearranging (14) yields the desired forcingfunction fd as
fd(t) = –(xg – xd(t)) + Dτẋd(t) + τ2ẍd(t)

K + (xg – x0)s. (15)
This formulation is used in the proposed framework fortranslations of the end-effector.
3.4.3 OrientationsThe DMP formulations detailed above describe motions of asingle degree of freedom. All degrees of freedom are gener-ated independently and synchronized through the canon-ical system. While this works for independent degrees offreedom such as robot joints or Cartesian positions, it doesnot work for the constrained representations of Cartesianorientations, such as unit quaternions or rotation matri-ces [40]. The set of all orientations, denoted by SO(3), isnot a vector space [7]. Minimal representations of SO(3),i.e. using only three parameters, contain discontinuities orsingularities such as gimbal lock. A singularity-free rep-resentation of SO(3) are unit quaternions q = v + u ∈ S3,with S3 being a unit sphere in R4, scalar part v ∈ R, andvector part u ∈ R3. See Appendix A for quaternion defini-tions and operations. While the quaternion representationof orientations is non-minimal, it has only four parametersinstead of nine when using rotation matrices. Due to theunit length constraint of quaternions, it is mathematicallyincorrect to use four independent transformation systemsto encode quaternion-based orientations in a DMP [41].Ude et al. [7] have proposed a quaternion-based trans-formation system, which has been the dominant approachfor orientation DMPs since then [8]. However, as shownby Koutras et al. [8], changes in the rotation axis duringa demonstration break the linearity of the transformationsystem. This leads to undesired oscillatory behaviour whenthe rotation axis is not fixed. To overcome this, insteadof encoding quaternions directly they propose to encodethe rotation vector between the current orientation q andthe goal orientation qg. They define the quaternion error
eq ∈ R3 as

eq = 2 log (qg ∗ q), (16)
which is equal to a rotation around a fixed axis n ∈ R3 byrotation angle (θg – θ) (see (33) in Appendix A):

eq = (θg – θ)n. (17)
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Koutras et al. [8] propose the following transformationsystem to encode the quaternion error in a DMP:
τż = –Keq – Dz + eq0 ◦ F(s)

τėq = z, (18)
where z ∈ R3 is the scaled quaternion error velocity,

eq0 = 2 log (qg ∗ q0) is the initial quaternion error, and
F(s) ∈ R3 is the multi-dimensional non-linear forcing termtrained to reproduce the demonstration.K ∈ R3 and D ∈ R3
are constant, diagonal, positive matrices. The notation hasagain been changed for consistency with the rest of the pa-per. Integrating (18) results in the quaternion error, whichcan be transformed to the desired quaternion by solving(16) for q:

q = exp( 12 eq
)

∗ qg. (19)
The transformation system of (18) resembles the origi-nal DMP formulation found in (9). However, it also bringsthe same issues of scaling by the initial error as describedin Section 3.4.2. Therefore, the following transformationsystem is proposed:

τż = –Keq – Dz + Keq0s + KF(s)
τėq = z, (20)

which removes the scaling of F(s) by eq0 and introducesthe term of Keq0s to prevent acceleration jumps at thebeginning, again as discussed in Section 3.4.2. To learnthe desired forcing function given a demonstrated ori-entation trajectory qd(t), it is first required to calculate
eqd(t), ėqd(t), ëqd(t). The desired quaternion error eqd(t)is obtained by solving (16) for all q in qd(t). ėqd(t) and ëqd(t)can be obtained by simply differentiating eqd(t). Then, thedesired forcing function is computed with:

Fd(s) = –eqd(t) + Dτėqd(t) + τ2ëqd(t)
K + eq0s. (21)

Identical to translation DMP, each dimension of F(s) is ap-proximated with (10). However, three additional considera-tions need to be taken into account before using quaternionDMPs, which are not discussed by Koutras et al. [8]:
i. Ensure smooth function: To learn a smooth forcingfunction F(s), it is crucial that eqd(t) is smooth as well.While q and –q describe the same orientation, 2 log (q) isnot equal to 2 log (–q). One will describe a rotation of θrad around axis n, while the other describes a rotation of2π – θ rad around axis –n. This will lead to different eqd .To ensure smooth eqd(t), the geodesic distance on S3 be-tween adjacent q should minimized by flipping the signof qi+1 if drot(qi, qi+1) > drot(qi, –qi+1), with drot definedin (3).ii. Avoid singularities: The quaternion error eq of (16) con-tains a singularity when q = –qg. Additionally, when q isclose to –qg, small changes in q can lead to large changesin the rotation axis n. This singularity has been pointedout earlier in [7]. To deal with it, they propose to keepthe previous eq when reaching the singularity. To pre-vent sharp changes in eq resulting from rapid changing n,this paper proposes to keep the previous eq while ||eq||would be within a certain angle θthres of 2π rad. A suitablethreshold angle has empirically been found to be 0.02 rad,see Section 4.2.1.

iii. Rectify goal quaternion: As mentioned, the sign of q de-termines the rotation direction. If the goal quaternion qgis on the other side of the 3-sphere w.r.t. the initial quater-nion as during learning (i.e. if qg is on the opposite sideof q0 during reproduction when they were on the sameside during learning, or vice versa), the learned forcingfunction will not match the dynamical system. The goalquaternion must therefore be flipped if the alignment of
qg and q0 during reproduction does not match the align-ment during training.

The effects of forgoing one of these considerations will beshown in Section 4.2.1.
3.4.4 Wrenches and StandardDeviationsThe end-effector wrenches, consisting of end-effectorforces and torques, are not encoded using the transforma-tion system of (14), but directly approximated in the samemanner as the forcing function using (10). This is becausewe generally only want to track the force profile during re-production and do not need the stable convergence betweenan initial and goal wrench provided by a DMP. Each compo-nent of the wrench is independently approximated, whichresults in a set of weighing coefficients w per component.The desired wrench can be extracted at any given time dur-ing task reproduction by filling the current phase in (10).The standard deviation profiles obtained in Section 3.3 areencoded in this manner as well.
3.5 Hybrid Force-Impedance Controller

To allow the simultaneous tracking of motion and forceprofiles provided by the DMP, a hybrid force-impedancecontroller is used. It is an adaption of classic hybrid force-position control [13], using variable stiffness impedancecontrol [11] in place of position control. Impedance controlis applied to unconstrained directions and force control isapplied to constrained directions.The equations of motion of a manipulator can be ex-pressed as
M(qc)q̈c + C(qc, q̇c)q̇c + g(qc) = τ + τext, (22)

with the generalized joint coordinates qc (not to be confusedwith quaternions q), inertia matrix M(qc), Coriolis and cen-trifugal matrix C(qc, q̇c), gravitational forces g(qc), jointtorques τ and external joint torques τext [42]. An appliedexternal wrench Fext is mapped to external joint torqueswith
τext = –J(qc)TFext, (23)

using Jacobian matrix J(qc)[42]. Both impedance controland force control exert an end-effector wrench to realizea desired behaviour. Task space impedance control imple-ments a virtual spring-damper at the end-effector to in-teract with the environment in a safe and energy-efficientmanner [43]. The desired impedance control end-effectorwrench is obtained with
FP
imp = KP

imp(xd – x) – DP
impẋ (positions)

FO
imp = KO

imp(log(qd ∗ q)) – DO
impω (orientations),

(24)
where FP

imp and FO
imp denote the translational (forces) and

rotational (torques) components of the wrench, respec-tively; KP
imp and KO

imp denote the translational and rota-
tional stiffness; DP

imp and DO
imp denote the translational and
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rotational damping, set for critical damping; x and xd de-note the current and desired end-effector position; q and
qd denote the current and desired end-effector orientationas quaternion; and ω denotes the current angular velocity.The translational and angular velocity are calculated with
J(qc)q̇c[44].When the robot is constrained in certain directions, theinteraction force can be controlled using force control. Thewrench containing the desired interaction force is denotedwith Ff . A selection matrix S is used to specify which axes
of the robot are constrained and should therefore use forcecontrol instead of impedance control. It stores which ofthe Cartesian dimensions [x, y, z, θx, θy, θz] is constrained(= 1) or free (= 0) in a diagonal matrix. As an example,a selection matrix S = diag([0, 0, 1, 0, 1, 0]) indicates thatthe translations along the z-axis and rotations around the
y-axis are constrained. The selection matrix is then S =diag([0, 0, 1, 0, 1, 0]). The desired force wrench Ff and thedesired impedance wrench Fimp are then multiplied by Sand (I – S) respectively to separate the desired wrenchesacting along the constrained and free axes. The control lawis finally given by:

τ = –J(qc)T(I – S)Fimp︸ ︷︷ ︸
τimp

+ –J(qc)TSFf︸ ︷︷ ︸
τf

+τcomp, (25)

where τimp and τf denote the impedance- and force-controljoint torques, respectively. Gravity and Coriolis compensa-tions can be included in τcomp. As described in [42], feed-back control can be added to the force control term with aPI controller using
τf = –J(qc)TS

(
Ff + KPf (Ff – Fext) + KIf

∫(Ff – Fext)dt) ,
(26)where KPf and KIf are proportional and integral gain matrices,

respectively. However, Iskander et al. [42] found that theperformance benefit of force feedback was minor. Althoughit reduced steady-state force error and decreased dynamicforce oscillations, it came at a cost. During fast motions,where force errors are to be expected, contact force devia-tions could generate high joint torques reaching saturationlimits, especially during impacts with a surface. Instead,omitting the force feedback terms increases robustnessand simplifies the controller implementation, which hasbeen done in this paper. Should the robot possess a redun-dant degree of freedom, an additional term for null-spaceimpedance control may be added to (25) to control the null-space motion [45].
3.6 Impedance Behavior Modulation

During reproduction, the learned standard deviations con-trol the impedance stiffness gains. The impedance stiff-ness is set individually for each direction. The impedancestiffness gains are scaled linearly between a minimum andmaximum according to

Kimp(σ) =

Kmin, if σ > σmax
Kmax, if σ < σmin(σ–σmin)(Kmin–Kmax)

σmax–σmin
+ Kmax, otherwise,

(27)where Kmin, Kmax denote the minimum and maximumimpedance stiffness in that direction, σmax,σmin denotethe corresponding standard deviation thresholds, and σ de-

notes the identified standard deviation in that direction.
Kmin, Kmax,σmin,σmax are strictly positive constants thatneed to be set in advance. This is a linear decreasing func-tion of the standard deviation that saturates at Kmax and
Kmin. This approach allows for the selection of Kmin, Kmaxbased on the requirements of the specific use case. Cor-responding σmax,σmin should then be experimentally de-termined based on the tracking accuracy of the robot atthese stiffness values. Due to the difference in unit, Kmin,
Kmax have different values for translational and rotationalstiffness. The damping is set for critical damping.
4 Framework Evaluation

4.1 Setup

The proposed framework was implemented on a 7 DOFFranka Research 3 (Franka Robotics GmbH) robot. It wasequipped with the 6-axis SensONE Serial (Bota SystemsAG) Force Torque sensor. The software was implementedusing ROS middleware [46]. The robot controller was pro-grammed in C++ 14, while the other parts of the frameworkwere written in Python 3.8. The controller runs at a rate of 1kHz. The operating system of the workstation was Ubuntu20.04, with real-time kernel PREEMPT_RT 5.15.125-rt66.The robot frames used in this framework are shown inFigure 3. The recorded end effector pose contains the po-sition and orientation of ΨEE with respect to Ψbase. Therecorded wrench is measured in ΨF, which has the sameorigin as ΨEE but is always aligned with Ψbase. This ensuresthat the poses and wrenches are measured and reproducedalong aligned axes, which allows using the selection ma-trix S to specify which directions are constrained. Currently,only directions aligned with the static Ψbase can be specifiedas (un)constrained.To show the effects of the orientation DMP correctionsproposed at the end of Section 3.4.3, a demonstration con-sisting of a clockwise rotation of π rad around the z-axisand a consequent counter-clockwise rotation of 2π aroundthe same axis is used. Section 4.2.1 shows how the proposedcorrections prevent artefacts. While this is an artificial ex-ample, real tasks involving orientations (e.g. screwing, partalignment, environment scanning) can run into the issues

Figure 3. The robot frames used by the framework. The endeffector pose is obtained by finding the pose ofΨEE in base frame
Ψbase. The end effector wrench is measured in ΨF. This frame iscoincident with ΨEE but always aligned with Ψbase. During thedrawing task, ΨEE and ΨEE are located at the tip of the attachedpen. The red, green, and blue axes denote the x-, y-, and z-axis,respectively.
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showcased using this example.To verify and evaluate the framework’s capabilities, itwas tested on two real-world tasks which were demon-strated by a human operator and reproduced by the robot.These tasks were chosen to illustrate the versatility of theframework in performing diverse tasks. For these experi-ments, due to the ease of task demonstration and the directforce feedback to the demonstrator, kinesthetic teachingwas used as the demonstration interface.The first task, showcasing a motion-based task, in-volved the watering of a plant. A watering can, rigidly at-tached to the end-effector of the robot, was placed some dis-tance from the plant. It was then raised and moved towardsthe plant, rotated around the y-axis until water flowed out,and rotated back. This task was demonstrated five timesfrom different starting positions. Figure 4 depicts time-lapses of the watering plant task, showing the demonstra-tion, reproduction, and generalization to a new pose.The second task, showcasing a contact-based task, en-tailed pushing a pen on a whiteboard to draw a patternwithin two borders of a maze. The robot was aligned suchthat its x-axis was perpendicular to the plane of the white-board. The borders were parallel to either the y- or z-axisof the robot. The width of these borders varied over theprogress of the motion. The pen was attached to the robotusing a custom, 3D-printed holder connected to the robot’smounting flange. The task was demonstrated five times, allbeginning from the start of the maze. Since this was a force-relevant task, the end-effector wrenches were measuredusing the F/T sensor.The experiments, in addition to showcasing the frame-work’s workflow on example applications, aim to verify andevaluate the three goals of the framework:
i. The framework is able to vary impedance stiffnessover time based on the variance. This will be evaluated inSection 4.2.2 by comparing the motion reference trackingperformance of the proposed variable impedance control

Figure 4. Timelapses of the watering plant experiment. Thetop row shows the task demonstration. The middle row showsthe reproduction of the task with the same task parameters,using the variable impedance control law. The bottom rowshows the reproduction while generalizing to changes in theenvironment..

Figure 5. Plots showing the effect of forgoing the proposedquaternion DMP corrections. a) shows the quaternions of thedemonstration consisting of a rotation of a clockwise rotationof π rad around the z-axis and a subsequent counter-clockwiserotation of 2π around the same axis. b) shows the reproductionof the demonstration if the distance on S3 between consecutivequaternions in the demonstration is not minimized. c) showsthe reproduction of the demonstration if no correction is appliedto avoid the region where ||eq|| approaches 2π rad. d) shows thereproduction of the demonstration if no correction is appliedto make sure the goal quaternion of the reproduction is on thesame hemisphere of S3 w.r.t. the initial quaternion as duringthe learning of the forcing function. e) shows the reproductionof the demonstration using all proposed corrections describedin Section 3.4.3.

law to the constant high and constant low impedancestiffness, and to the identified standard deviations of thewatering task.ii. The framework is able to generalize task reproduc-tions from and to any reachable target pose. This will beverified in Section 4.2.3 by showing how the DMP adaptsa learned movement to different poses in a stable manner.iii. The framework is able to simultaneously reproduceforces in constrained directions and motions in uncon-strained directions. This will be evaluated Section 4.2.4by comparing the motion and force tracking performanceof the hybrid controller using the variable impedance con-trol law to the identified standard deviations of the draw-ing task.
4.2 Results

4.2.1 QuaternionDMPCorrectionsThe effects of the orientation DMP corrections are shownin Figure 5. The quaternion orientation of the end-effectorduring the rotation demonstration can be seen in Figure 5.a.The orientation trajectory is smooth, although the quater-
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Table 1. Root mean square standard deviation (SD) and rootmean square error of reproductions with variable impedancestiffness (Kvar), constant low impedance stiffness (Kmin), andconstant high impedance stiffness (Kmax). The values corre-spond to the watering task and plots shown in Figure 8.
Dimension SD Kvar Kmin Kmax

x [m] 0.033 0.012 0.040 0.012
z [m] 0.014 0.009 0.066 0.008

θy [rad] 0.051 0.126 0.257 0.118

nion value suddenly jumps around t = 18 s. While the quater-nion negated its sign, it still describes the same orientationdue to the unit quaternion’s double cover of SO(3).If this demonstration is directly learned with the orienta-tion DMP without correcting the jump in quaternion, it willresult in a non-continuous step in the desired non-linearforcing function of (21). Since the amount of Gaussian ker-nels approximating the desired forcing function is finite,this step cannot be reproduced exactly. This results in visi-ble oscillations around the quaternion’s shift in sign, whichcan be seen in Figure 5.b.If during a demonstration the norm of the quaternion er-ror eq approaches 2π, the rotation axis n can change rapidly.This happens when q gets close to –qg, i.e. approaches theopposite side of the 3-sphere. Small changes in q can resultin significant changes in the rotation axis n, which resultsin significant changes of desired eq. This is visible in Fig-ure 5.c around t = 12 s. To mitigate this, eq is set to theprevious value for q that would result in a rotation angle(θg – θ) > 2π – θthres. θthres was empirically determined.Too large values would lead to overly conservative behav-ior, reducing the system’s ability to reproduce trajectories.Conversely, setting θthres too small would fail to preventoscillations. A threshold θthres of 0.02 rad was found to be asuitable value.If the goal quaternion during reproduction is not on thesame side of the 3-sphere w.r.t. the initial quaternion as dur-ing the learning of the forcing function, the reproductionwill appear as shown in Figure 5.d. The spring-damper sys-tem of the reproduction will rotate in the opposite directioncompared to during the learning of the demonstration. Thisresults in the learned forcing function not complementingthe new spring-damper system. Consequently, the repro-duced motion will not resemble the original demonstration.Finally, taking into account all proposed corrections forthe described problems results in a smooth DMP reproduc-tion, which is shown in Figure 5.e. It can be seen that thequaternions follow a smooth trajectory and that the repro-duction method does not introduce any artefacts. Reproduc-ing this trajectory on a robot results in approximately thesame movement as the demonstration; only the rotationangle when ||eq|| approaches 2π rad is slightly reduced.This reduction in angle is less than θthres, which is 0.02 rad.
4.2.2 Variable Impedance ControlTo show the steps of the framework and the effect of thevariable impedance control, the watering plant task wasused. The demonstrations, containing poses of the end-effector, were first temporally aligned as described in Sec-tion 3.2. Afterwards, a mean representative demonstra-tion and its standard deviation per dimension were in-ferred from the synchronized demonstrations followingSection 3.3. The results of these steps are illustrated in Fig-ure 6. This figure shows the x- and z-position and the rota-tion around the y-axis. The rotation around the y-axis wasobtained by converting the quaternions into Euler anglesusing extrinsic rotations in the XYZ order. Euler angles areused to show the ’independent’ rotation around the y-axisduring the tilting of the watering can.The standard deviations are used to modulate the

impedance stiffness per axis as described in Section 3.6following (27). The impedance parameters were set em-pirically. First, the steady-state errors were measured fordifferent impedance stiffness values after the applicationof a step reference. The minimum impedance stiffness wasthen chosen based on the desired maximum steady-stateerror. The maximum impedance stiffness was chosen basedon a minimum desired compliance level, i.e. the minimumcompliance that the robot should exhibit during operation.The corresponding standard deviation values were chosento be equal to the measured steady-state error at these stiff-ness values. For this setup, the following parameters weredetermined:
KPmin =40 Nm , σPmax =0.05 m
KPmax =600 Nm , σPmin =0.0025 m
KOmin =3 Nmrad , σOmax =π6 rad
KOmax =15 Nmrad , σOmin = π90 rad

These parameters, in conjunction with the identified stan-dard deviation (shown as 95% CI) as seen in the right col-umn of Figure 6, result in the variable stiffness profilesshown in Figure 7. For evaluation, the mean demonstrationof the watering task shown in the right column of Figure 6was reproduced three times, using the variable impedancestiffness and high and low constant impedance stiffness.The error between the reference trajectory and the robottrajectory was recorded. Figure 8 shows the error over timeduring reproduction of the mean watering task for the pro-posed variable impedance stiffness, constant impedancestiffness equal to Kmin, and constant impedance stiffnessequal to Kmax. The standard deviation is plotted as well. Itcan be seen that the reproduction with Kmin has the great-est pose tracking error, as expected. Kvar and Kmax showcomparable error profiles, with Kmax appearing to have aslightly lower error. It can be seen that for the position track-ing in the x- and z-direction, the error of Kvar and Kmax isgenerally below the standard deviation. However, the rota-tion tracking around the y-axis shows worse performance,with all tested impedance stiffnesses having errors signif-icantly exceeding the standard deviation during the taskphase where the watering can was tilted forward. The rootmean square of the standard deviation and pose errors areshown in Table 1.
4.2.3 GeneralizationTo show the generalization capability of the DMP formu-lation, the watering plant task was used. The initial andgoal pose were changed from the reference, to showcase theframework adapting to changes in its environment. Thechanges represent a changed initial position of the wateringcan and a changed position of the plant. The initial pose wastranslated 0.05 m in the x-axis and rotated π66 rad aroundthe y-axis. The goal pose was translated 0.15 m in the z-axisand rotated – π16π rad around the y-axis. Figure 9 showsthat the DMP adapts to these changes, while still followingthe shape of the demonstration. The bottom row of Figure 4shows the watering can being raised to reach the elevatedplant during the generalization.
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Figure 6. Time series of the watering plant experiment. Only the x- and z-position and rotation around the y-axis are shownfor brevity. The left column shows the original demonstrations. The colored lines represent the different demonstrations. Thecentre column shows the demonstrations after temporal alignment. The right column shows the ’mean’ representation of thetask and the identified standard deviation. The shaded region shows the 95% confidence interval. Since the standard deviationof rotation around the y-axis is obtained using (8) and not based on Euler angles, perceived visual variance in the aligned Eulerangles in the bottom-center plot does not directly concur with the identified standard deviation shown (through the 95% CI) inthe bottom-right plot.
4.2.4 Contact Task ReproductionFinally, to show the simultaneous motion and force re-production allowed by the framework, the drawing taskwas used. The five demonstrations, consisting of end-effector poses and measured external forces, were tempo-rally aligned. The mean, representative demonstration wasderived and the standard deviation in the individual poseand wrench dimensions were determined. Although thestandard deviation for force and torque dimensions is deter-

Figure 7. The impedance stiffness over time for the wateringtask. The orange line shows the variable impedance stiffnessIt is obtained by using the impedance parameters describedin Section 4.2.2 and filling the standard deviation as seen inFigure 8 into (27). The green and red line shows the minimumand maximum impedance stiffness.

mined, it does not serve a use in the framework. The stillsin Figure 10 show the demonstration and reproduction ofthe task. Figure 11 shows the mean and identified standarddeviation as 95% CI in the yz-plane.The reproduction used the hybrid control law of (25),with the proposed variable impedance stiffness. The forcecontrol portion of the hybrid controller did not use the force

Figure 8. The standard deviation and absolute error over timeduring reproduction of the watering task for various impedancestiffnesses. The blue line shows the identified standard devi-ation as seen in Figure 6. The orange line shows the absoluteerror during reproduction using the variable stiffness of Fig-ure 7. The green line uses a low constant stiffness and the redline uses a high constant stiffness. The root mean squares ofthese errors are given in Table 1.
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Figure 9. Reference of watering task showing the generaliza-tion capabilities of the DMP. The dashed blue line shows theoriginal reference, obtained from the regression shown in Fig-ure 6. The solid orange line shows how the DMP follows thedemonstration shape with a different start pose in x and θy di-rection and a different goal pose in z and θy direction.

feedback control terms of (26). The used selection matrixwas S = diag([1, 0, 0, 0, 0, 0]), denoting constraints in thetranslational x-direction and unconstrained motion in theother directions. The tracking error during reproduction in
y-, z-position and x-force is shown together with the stan-dard deviation in Figure 12. It can be seen that the positiontracking errors are generally lower than the standard devia-tions. However, the force error is significantly greater thanthe identified standard deviation. The respective root meansquare standard deviations and root mean square error areshown in Table 2.
5 Discussion

The goal of this work was to design and implement an LfDframework that is geometry-aware, capable of reproduc-ing motion and forces based on which dimensions are con-strained, uses variance between demonstrations to modu-late impedance behavior, and was able to generalize anylearned task from and to any reachable task pose. Theresults from the experiments confirm that the proposed

Figure 10. Stills of the whiteboard drawing experiment. Thestills show the task demonstration (left) and reproduction(right). The walls of the maze are varying in width, whichhas been captured by the various demonstrations.

Figure 11. The mean and and standard deviation as 96% Confi-dence Interval of the drawing demonstrations in the yz-plane.

Table 2. Root mean square standard deviation (SD) and rootmean square error of reproduction with variable impedancestiffness (Kvar). The values correspond to the drawing task andplots shown in Figure 12.
Dimension SD Kvar

x [m] 0.019 0.009
z [m] 0.016 0.014
Fy [N] 1.418 3.646

Figure 12. The standard deviation and absolute error over timeduring reproduction of the drawing task. The blue line showsthe standard deviation, while the orange line shows the abso-lute error. The root mean squares of these errors are given inTable 2.
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framework possesses these desired features.The watering task showed that the proposed variableimpedance controller was able to achieve comparable refer-ence tracking results to a constant high stiffness impedancecontroller. The position tracking error shown in Figure 8was generally below the standard deviation of the demon-strations, indicating that the reproduction of the demon-stration was effectively less than one standard deviationaway from the mean demonstration. By reducing theimpedance stiffness based on larger standard deviations,the controller is able to balance compliance and referencetracking performance. As remarked in the introduction, in-creased robot compliance increases safety around humansand objects by allowing the robot to absorb and dissipatemore energy.However, the watering task did show relatively poortracking performance for the rotations around the y-axis.One probable explanation for this is an inaccurate configu-ration of the watering can mass and inertia, in combinationwith the dynamic behavior of the water inside of the water-ing can. As the can is tilted, the water inside shifts. Thisresults in a moment trying to undo the tilting of the can.The compliant nature of the impedance controller consti-tutes that the control is not able to nullify this momentcompletely, resulting in a worse orientation tracking per-formance.The drawing task showed that the hybrid forceimpedance controller with variable impedance stiffnesswas able to track reference positions as the robot simul-taneously exerts a force in a constrained direction. Theposition tracking error, as shown in Figure 12 and Table 2,was again generally below the standard deviation of thedemonstrations. However, the force tracking performedconsiderably worse, resulting in a root mean square error ofmore than twice the root mean square standard deviation.One major contributor is the open-loop nature of the forcecontroller. The performance of this feedforward controlleris not adequate during motion parallel to the direction offorce. A potential solution would be to incorporate the forcetorque sensor readings in the control loop of the robot andadd PI force feedback control as suggested in (26). Thiswould require a stable, tuned force feedback control systemthat can deal with sudden changes in measured forces. Thismight necessitate different tuned controller gains depend-ing on the specific task speed, as remarked in [42]. Shouldfeedback control be implemented, the identified standarddeviation of the forces may be used to dynamically changethe feedback gains based on the required accuracy of forcetracking.Additionally, the hybrid motion and force control requirethe constraints to align with the frame in which the posesand wrenches are stored, which in this case is the baseframe Ψbase. For example, if the whiteboard was angledduring the reproduction of the drawing task, the trajecto-ries should be expressed in a frame aligned with the newgeometry of the constraints. This requires the identifica-tion of such constraint frames. Earlier work, such as bySubramani et al. [47], has focussed on inferring constraintsfrom data but requires the prior definition of constraintmodels. Future work will focus on model-free identifica-tion of constraint frames. These frames allow the motionand forces to be transformed to align with the geometricconstraints, enabling hybrid motion and force control onany geometry.Encoding the demonstrations in the DMP enables theframework to generalize the task reproductions to changedsituations, as shown in Figure 9. The amount of general-ization is limited only by the workspace of the robot andpotential collisions. The proposed quaternion DMP is ableto generate stable trajectories, free from artefacts resultingfrom the orientation encoding. This does require the pro-

posed corrections to be applied, as it can otherwise lead tothe issues described and shown in Section 4.2.1. To preventthe singularity at |eq| = 2π, this paper proposes to avoidthat region by keeping the quaternion error constant if itgets too close to the singularity. While it is effective, it isnot ideal since the quaternion might leave the avoidanceregion in a different place than where it entered, result-ing in a jump of the quaternion error. To prevent this, itwould be better to look ahead to where the quaternion tra-jectory would leave the singularity avoidance region, andthen smoothly interpolate between the two values to pre-vent this sudden jump from happening.Compared to other work, the main advantage of the pro-posed framework is the combination of properties that arenot found simultaneously in other approaches. As an ex-ample, the variable impedance works discussed in [22],[12], and [25] do not specifically encode end-effector ori-entations. Because of this, these works will either fail toreproduce orientation trajectories or introduce artefacts.While [23] and [24] do consider the non-Euclidean natureof rotations, they parametrize rotations as rotation vectors.This introduces discontinuities in the rotation encoding,which do not occur when using unit quaternions, such asin the proposed framework, or rotation matrices. Variousother works focused on contact-based task learning suchas [26], [27], and [30] fail to account for orientations aswell. The framework proposed by [29] combines variableimpedance control, force-based tasks and quaternion ori-entations. However, the variable impedance is optimizedto simultaneously reproduce force and positions using anattractor model, instead of being optimized to balance com-pliance and tracking performance for safe operation aroundhumans.The framework’s modular nature allows each compo-nent to be swapped or adjusted as desired. For instance, itwould be possible to use a GMM or a GP as the model toinfer a task policy from demonstration, provided that theyare geometry-aware, e.g. the GMM proposed by Kim et al.[34]. Additionally, the vast existing research on the DMPframework results in many possible extensions that canbe implemented without too much complication. These in-clude object avoidance [48], which adds coupled terms tothe DMP transformation system to steer around obstacles;phase stopping [8], which slows the evolution of the phasevariable during disturbances to resume task reproductionwhen the disturbance disappears; smooth motion primi-tive sequencing [37], which allows sequential execution ofmotion primitives without halting of the system; smoothonline goal switching [8], which allows smooth transitionsto new goals to prevent sudden accelerations when the goalis updated online; rhytmic movements [38], which allowsencoding of cyclic tasks such as sawing or stirring; and in-corporation of viapoints[49], which allows adjustments ofthe DMP trajectory to pass specific intermediate points.Another promising direction for future research is theintegration of computer vision models to dynamically ad-just the goal pose of the DMP. Such a model would segmentobjects from images and use depth vision to estimate theirpose. This information could then be used to automaticallyadjust the trajectory of the DMP. For instance, in the plantwatering trial, the target pose was manually altered to alignwith the plant’s new position. Ideally, the robotic systemdoes this autonomously by using the sensory information.Incorporating real-time vision-based information of theenvironment would improve task accuracy and robustness,especially in unstructured settings.
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6 Conclusion

In this paper, an LfD framework was proposed that is capa-ble of reproducing motion- and contact-based tasks from asingle or multiple demonstration(s). The proposed frame-work uses a geometry-aware inference and standard devia-tion method to estimate time-dependent Gaussian distribu-tions for each Cartesian dimension. The means are encodedin an orientation DMP model, which reproduces and gener-alizes end-effector translations and orientations withoutartefacts and singularities. A hybrid force impedance con-troller allows for simultaneous reproduction of motion andforces. The variable impedance stiffness, inferred fromthe variance between demonstrations, provides an auto-matic balance between reference tracking performance androbot compliance. The framework was validated on real-world tasks; watering a plant and drawing on a board. Re-sults showed that the framework acted as desired and thatposition tracking was satisfactory. However, the rotationtracking during the watering task and the force trackingduring the drawing task were relatively poor. This may beimproved by identifying and configuring the dynamicalproperties of the end effector more accurately and addingforce feedback control.The work’s contributions are threefold. Firstly, theframework exhibits a combination of properties not seenbefore in LfD work. Secondly, the proposed rolling windowmethod allows for smooth processing of multiple demon-strations containing positions, orientations, forces andtorques. Thirdly, the proposed orientation DMPs correc-tions prevent singularities and artefacts that could occurin their original formulation. Relevant future work wouldbe constraint frame identification for hybrid motion/forcecontrol along any geometry and the use of computer vi-sion models to automatically update trajectories based onchanges in the environment.
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A Quaternion Operations

Quaternions q consist of a real scalar part w ∈ R and animaginary vector part v ∈ R3. They can be written as:
q = w + xi + yj + zk, (28)

with [x y z]T = v and imaginary basis vectors i, j, k. Unitquaternions are quaternions that are constrained to havea magnitude of 1 (||q||2 = w2 + x2 + y2 + z2 = 1) and laytherefore on the surface of a sphere in R4, denoted by S3.They can be used to represent orientations in a compact,singularity-free way.Unit quaternions can easily be expressed with the axis-angle representation of a 3D rotation using Euler’s formula,which generalizes to quaternions:
q = eθ2 (nxi+nyj+nzk) = cos θ2 + sin θ2 (nxi + nyj + nzk), (29)

which has unit rotation axis n = (nx,ny,nz) and rotationangle θ. It shows that q and –q describe the same rotation,which is known as the quaternion’s double cover of SO(3).The product of two quaternions is called the Hamilton prod-uct and is defined as follows:
q1 ∗ q2 = [

w1w2 – vT1 v2
w1v2 +w2v1 + v1 × v2

] (30)
This product is not commutative, but it is associative. Theinverse of a unit quaternion is equal to its conjugate:

q–1 = q = [
w –vT

]T . (31)
Given two unit quaternions q1 and q2, the rotation to gofrom q1 to q2 is calculated with

∆q = q2
q1 = q2 ∗ q–11 = q2 ∗ q1. (32)

The logarithm of a unit quaternion is defined as:

v = log (q) =


θ2 n, if θ ̸= 0[0 0 0]T , if θ = 0 (33)

which can be obtained from (29), where θ2 can be obtainedwith arccos(w). This is a three-dimensional vector, whichcan be represented as a purely imaginary quaternion with
q = 0 + v. Note that since quaternion multiplication is non-commutative, log (q1q2) ̸= log (q1) + log (q2). The exponen-tial map is defined as:

q = exp (v) =

[cos (||v||) sin (||v||) vT||v||

]T , if ||v|| ̸= 0[1 0 0 0]T , if ||v|| = 0
(34)The logarithm of the unit quaternion can be used to definea distance metric between two unit quaternions:

d(q1, q2) = ||2 log(q2 ∗ q1)||, (35)
which returns the rotation angle θ ∈ [0, 2π), and is equal tothe length of an arc connecting the two points on the unitsphere [32]. Note that if the real part of q2∗q1 is negative, therotation angle will be greater than π rad. In that case, negateone of the quaternions to find the shortest arc, known asthe geodesic.

To obtain the (weighted) average quaternion, the eigen-decomposition method proposed by Markley et al. [36] canbe used. Given n unit quaternions qi and correspondingweightswi, we can construct the weighted auto-correlationmatrix C := ∑n
i=1wiqiqTi . The unweighted average quater-nion is obtained if all weights are equal to 1. The averagequaternion q̄ can be found by solving the maximizationproblem

q̄ = arg max
q∈S3 qTCq, (36)

whose solution is the eigenvector associated with the max-imum eigenvalue of M. Note the difference between thequaternion average q̄ and the quaternion conjugate q.



4 General Discussion and Conclusion

The goal of this research was to develop an LfD framework that allows the robot to generalize learned tasks
to changes in the environment, commands the robot to be more compliant when variability in demonstra-
tions is high, and allows the robot to reproduce both motion and contact tasks. The designed framework
was implemented on a real robot and validated by learning and reproducing two practical tasks. The results
of the experiments confirm that the framework possesses the desired properties.

4.1 Limitations
However, the experiments did show a poor tracking performance for rotations during the watering task and
for forces during the drawing task. The poor rotation tracking is likely caused by inaccurate configuration
of the inertial properties of the watering can. Tilting the can causes the center of mass (COM) to move to
the side, resulting in a moment that tries to counteract the tilt. The spring-damper nature of the impedance
controller then results in an equilibrium position that does not match the reference, leading to an increased
tracking error. This could be improved by configuring the end effector mass and COM more accurately,
allowing the gravity compensation to counteract the moment of the watering can instead of the impedance
controller.

The relatively poor force tracking could potentially be improved by implementing force feedback control.
Unfortunately, during the development of the hybrid controller, I did not have access to the force torque sen-
sor yet. It was only attached near the end of my research. Therefore, I could use it to record forces during
demonstrations, but I did not have time to rewrite the controller to incorporate force measurements for feed-
back control. Franka’s external wrench estimate, obtained by transforming the measured joint torques to the
end effector frame using the Jacobian, was available, but quick tests indicated that the wrench estimate was
not sufficiently accurate and that closed-loop force control did not improve the force reproduction. Addi-
tionally, as mentioned in the paper, force feedback control may introduce issues when large collision forces
are present. Still, it would be valuable to implement force feedback control based on the force measurements
of the force/torque sensor and compare it to feedforward control.

Another limitation, which was not mentioned in the research paper, is the unverified stability of the variable
impedance controller. While constant stiffness impedance control is passive and therefore stable, it is possi-
ble that varying impedance parameters can result in unstable behavior. However, according to Kronander et
al., reasonable varying stiffness profiles should not show destabilizing tendencies [18]. Moreover, controller
instability was not encountered during experiments with the framework. Nevertheless, controller stability
must be guaranteed before the framework can be used in real applications. Kronander et al. also proposed
a state-independent stability constraint that guarantees stable variable stiffness profiles [18]. Guaranteed
stability through passivity may also be implemented using a virtual energy tank [19]. Unfortunately, due to
time constraints, I did not manage to implement their proposed verification and potential modification of
the stiffness profile. This should be implemented and discussed before a potential publication of the paper.

4.2 Future Research
The framework contains many hyperparameters that require tuning. These are described in Appendix B, in
addition to their effect, recommended tuning method, and used value during this study. In future work, it
would be interesting to explore and compare the effects of different parameter values.

To further enhance the versatility of the framework, it should be paired with a method to identify constraint
geometry. This would allow the framework to encode motion and forces in the constraint frame. The motion
and force profiles can then be reproduced along any geometry, rather than being limited to geometry aligned
to the robot’s base frame which is the case now.

Furthermore, by combining the framework with a computer vision model capable of segmenting and es-
timating the pose of objects in the environment, the robot would be able to automatically alter the DMP
goal states during reproduction based on the robot’s perceptions. Currently, this adjustment has to be done
manually, which limits the robot’s autonomous behavior.
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4.3 Conclusion
In this thesis, an LfD framework was developed, capable of reproducing both motion- and contact-based
tasks from one or multiple demonstrations. The framework employs a geometry-aware inference method
combined with a standard deviation approach to estimate time-dependent Gaussian distributions for each
Cartesian dimension. These means are encoded within an orientation DMP model, which ensures smooth
reproduction and generalization of end-effector translations and orientations without artefacts or singu-
larities. A hybrid force-impedance controller enables the simultaneous reproduction of motion and force,
with variable impedance stiffness automatically inferred from the variance between demonstrations. This
balances tracking performance and robot compliance. The framework was validated on real-world tasks,
demonstrating its practicality.

Future work should focus on identifying constraint frames for hybrid motion-force control along arbitrary
geometries and incorporating computer vision models to automatically adapt trajectories based on changes
in the environment.
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A Disclaimer on the usage of AI Tools

This disclaimer on the usage of Artificial Intelligence tools was included following the guidelines of the
University of Twente on the use of AI in Education:

During the preparation of this work, the author used the following tools for the following reasons:

1. ChatGPT: ChatGPT was used sparingly to help improve the academic tone of certain sentences. It
served solely for inspirational purposes and all text in this report has been written by the author.
Neither ChatGPT nor any other LLM was used as a source of information or to generate chunks of
text.

2. Grammarly: Grammarly was used to check and improve the grammar and spelling of the text of this
report.

After using these tools, the author reviewed and edited the content as needed and takes full responsibility
for the content of the work.
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B Hyperparameters

In this framework, there are various hyperparameters to set and choices to make. While some values will have a clear optimum,
others will require tuning and design choices. This section gives an overview of the hyperparameters present in this framework
per component, a description of the effect of each parameter, a proposed method of determining the value, and the final choice
used in the experimental evaluation.

Component Parameter Effect How to determine? Choice
Data Acqui-
sition

Sample rate Sample rate of recording demon-
strations. Too high will result in su-
perfluous data and increased com-
putation time. Too low will result
in choppy demonstrations and po-
tential loss of information.

Set to some reasonable value.
Both the robot and the FT sen-
sor need to be able to send
data at this sample rate.

100 Hz

Temporal
Alignment

Base demon-
stration for
alignment

Determines the shape of the task re-
production, as all other demonstra-
tions will be warped to match this
one.

An optimal choice is difficult1. Use the first
loaded demon-
stration as base.

Temporal
Alignment
Method

Determines how the demonstra-
tions are aligned to each other.
Choices include linear time scaling,
DTW[20], and soft-DTW[21].

Choose based on the desired
properties of the method.

DTW, as it fol-
lows literature
and does not in-
troduce an extra
hyperparameter
like soft-DTW
(γ).

Soft-DTW
γ

Determines smoothness of DTW re-
sult. γ = 0 resembles DTW. In-
creasing values of γ smooth the
warping path until it resembles lin-
ear time scaling.

Choose based on desired
smoothness.

Soft-DTW is not
used, so neither is
this parameter.

Dimension
distance
weights

Determines weighing/prioritizing
of distance per dimension (transla-
tion, orientation, force, torque).

Choose based on prioritized
dimension. The range of val-
ues per dimension needs to be
taken into account2.

WP = 1.0
WO = 0.11
WF = 0.05
WT = 0.07

Inference
and Vari-
ance Identi-
fication

Inference
Method

Determines how the representa-
tive demonstration is inferred from
the synchronized demonstrations.
Choices are Rolling Window (pro-
posed in this thesis), GMR[22], and
GPR[23]

Chosen method should be
geometry-aware. If it is, the
choice can be made based
on the number of param-
eters, reproduction accuracy
and method of variance iden-
tification.

Rolling Window

Rolling Win-
dow window
length

Determines smoothness of inferred
demonstration

Window should be large
enough to contain multiple
samples. Windows of a larger
length act as a low-pass filter
with lower cut-off frequency.

0.04 s

continues on next page
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Component Parameter Effect How to determine? Choice
Rolling Win-
dow element
weighing func-
tion

Determines how samples in the
window are weighted. It can be
constant to disable weighted aver-
age and standard deviation.

When continuous demonstra-
tions are desired, the weighing
function must smoothly go to
zero at the edges of the win-
dow.

4-th order poly-
nomial that en-
sures the weight
and its derivative
are zero at the
edge of the win-
dow.

GMM number
of Gaussians

Balances reproduction accuracy,
computation time, and generaliz-
ability to new situations (risk of
overfitting)

An information criterion for
automatic selection, such as
the BIC.

GMM is not used,
so neither is this
parameter.

Dynamic
Movement
Primitive

DS linear stiff-
ness

Determines the time constant of the
dynamic system.

Should aim for low values to
’stretch’ the movement over
the whole duration, while
still converging ’sufficiently’3

close to the target position.

100

Number of
Gaussian ker-
nels

Balance between computation time
and approximation accuracy.

Lower number reduces com-
putation time and increases
smoothness, at the cost of ap-
proximation accuracy. Longer
demonstrations require more
Gaussians to capture the same
signal frequencies.

500

Gaussian
centers and
widths

Determines how the Gaussians are
distributed over the demonstration.

The centers should be dis-
tributed equally over time,
meaning that they are log-
arithmically spaced in the
phase domain. The widths de-
termine the overlap between
Gaussians.

ci = e(−α i−1
N−1 )

hi =
1

(ci+1−ci)2 [7]

Numerical
integration
method

Determines the integration
method. Affects speed, accuracy
and stability of integration

Determine based on accu-
racy and computation time re-
quirements. Experimenting
with different methods is rec-
ommended.

Runge-Kutta
method of order
5 (4).

Integration
maximum
timestep

Sets maximum allowed step size
(of time) for numerical integration.
Low values give a smoother output
of states but increase computation
time.

The integration method by de-
fault has an adaptive step size.
If the error is low, it will in-
crease the step size until the
maximum allowed step. If the
step size is too large, robot
movement will be choppy.

0.1 s

Orientation
DMP singular-
ity avoidance
region

Determines the region around the
quaternion error singularity of 2π
that should be avoided.

Experiment to find a suitable
value. Values that are too
small will fail to prevent os-
cillations, while large values
will result in overly conser-
vative behavior, reducing the
system’s ability to reproduce
orientation trajectories.

0.02 rad

continues on next page
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Component Parameter Effect How to determine? Choice
Controller Translational

impedance
stiffness

Determines the balance between
tracking accuracy and compliance
(safety) of the robot.

Perform experiments to test
tracking errors for different
stiffness values. Based on
tracking error, choose mini-
mum, maximum, and con-
stant constant stiffness and
corresponding standard devi-
ations.

Kmin = 40 N/m
Kmax = 600 N/m
Kcons = 400 N/m
σmax = 0.05 m
σmin = 0.0025 m

Rotational
impedance
stiffness

Determines the balance between
tracking accuracy and compliance
(safety) of the robot.

Perform experiments to test
tracking errors for different
stiffness values. Based on
tracking error, choose mini-
mum, maximum, and con-
stant constant stiffness and
corresponding standard devi-
ations.

Kmin = 3 Nm
rad

Kmax = 15 Nm
rad

Kcons = 12 Nm
rad

σmax = π
6 rad

σmin = π
90 rad

Variable stiff-
ness profile

Determines the function that re-
lates standard deviation to an
impedance stiffness.

Up to choice. The function
should saturate at Kmax and
Kmin for σmin and σmax, respec-
tively.

Linear scaling be-
tween Kmax and
Kmin

Force control
feedback gains

The feedback gains determine the
control effort to counteract differ-
ences between desired and actual
exerted force.

Should be empirically tuned
based on tracking accuracy, re-
sponsiveness, noise sensitivity
and stability.

Accurate force
readings were
not yet available
in the controller,
so feedback gains
KP

f and K I
f were

set to 0.

1Ideally, one ’mean’ demonstration is created that is an average of the temporal shape of all demonstrations which is then used
as the base demonstration. Otherwise, one could try all combinations and then choose the base demonstration which results in
the least total warping, but this is very computationally expensive. Finally, one could choose an arbitrary base demonstration
and accept that the resulting reproduction is dependent on the chosen base. Surprisingly, I could not find literature discussing
this conundrum.
2Typical distance ranges using the Franka Research 3 Robot are: Translation distance = [0, 1] m; Orientation distance = [0, 2π]
rad; Force distance = [0, 15] N; Torque distance = [0, 10] Nm. These differences in range implicitly weigh the different dimen-
sions, which can be compensated for using a correct choice of explicit weights.
3The meaning of ’sufficiently’ close is a design choice. High stiffness converges to the target faster, at the cost of larger acceler-
ations. It should be decided how close the system should have converged to the target at the end of the movement.
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C Experiment Data

C.1 Motion Task: Watering Plants

Figure 1: Full pose time series of the reference for the watering task.

Figure 2: Full pose time series of the Kvar reproduction for the watering task.
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Figure 3: Full pose time series of the Kmin reproduction for the watering task.

Figure 4: Full pose time series of the Kmax reproduction for the watering task.

Figure 5: Full pose time series of the Kvar generalized reproduction for the watering task.
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C.2 Contact Task: Drawing on Whiteboard

Figure 6: Full pose and wrench time series of the reference for the drawing task.

Figure 7: Full pose and wrench time series of the reproduction of the drawing task, which follows the reference of
Figure 6.
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