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Abstract

This report aims to solve the satellite-to-site visibility problem using Escobal’s controlling equa-
tion, an analytically developed transcendental equation. Once or twice per orbital revolution,
this equation is solved numerically to determine the rise and set eccentric anomalies, yielding
the visibility windows during which communication between a satellite and ground station is
possible.

Accurate modelling of the satellite’s motion is essential to solving the visibility problem, and a
significant portion of this report addresses this. The satellite’s orbit, whether in low Earth or
Lunar orbit, is first determined by the two-body problem and then refined by accounting for the
dominant perturbations: nonspherical gravity, modelled with zonal harmonics up to the tenth
degree, and third-body attraction, considered up to the second degree. These perturbations are
averaged to eliminate short-period effects, and the Lagrange equations are used to determine
the rate of change of the orbital elements.

To be able to apply the controlling equation, the orbital elements are temporarily held constant
within each orbital revolution. Given the short orbital periods and the slow evolution of the
orbital elements, this approximation does not cause major inaccuracies. To verify the accuracy
of this approach, the visibility problem is also solved using the traditional brute force method,
which makes use of a constraint equation. The required ephemeris is generated by numerically
integrating the perturbed equations of motion using Cowell’s method.

The methodology and implementation is first validated with a Terrestrial orbiter, where the
second zonal harmonic dominates. The evolution of the orbital elements aligns well with doc-
umented behaviour from literature. Although a first test case regarding visibility does not
conform with literature, agreement is found after further investigation and a second test case.
The approach is then extended to a Lunar orbiter, where the Moon’s gravitational field requires
the inclusion of higher-degree harmonics for accurate modelling, as the second zonal harmonic
is less prominent. Additionally, the proximity of Earth necessitates modelling its gravitational
influence as a third-body perturbation.
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1 Introduction

Humanity’s fascination with space has been prevalent throughout history. From using the Sun
and Moon for time keeping to believing that celestial objects were gods [l]. Early navigation
efforts relied heavily on the stars, and keeping track of the seasons allowed for successful harvests
2].

Until the early modern time, the motion of planets remained a mystery. Since the time of the
old Greeks, the established theory was that the planets move around the Sun in circles with
epicycles. This theory was disproven by Johann Kepler, who made use of the meticulous and
highly accurate observations of Mars done by Tycho Brahe. Kepler was unable to match these
observations with the assumed circular motion. In the search for a correct shape, after years
of trial and error, he found that elliptical motion was the correct fit. Based on this, Kepler
developed three laws of planetary motion, which were published in 1609 and 1619. Nowadays,
they are known as Kepler’s laws of planetary motion, and they read as follows [3],

1. The orbit of each planet is an ellipse, with the sun at a focus.
2. The line joining the planet to the sun sweeps out equal areas in equal times

3. The square of the period of a planet is proportional to the cube of its mean distance from
the sun.

Through these laws, the orbits of planets could be accurately described. Yet, the reason behind
their elliptical shape remained unexplained and lacked a mathematical foundation. This had to
wait until Isaac Newton, who came up with his three laws of motion and his law of gravitation,
which he published in 1687 [4]. These equations form the basis of the two body problem, from
which the orbit of a natural or artificial satellite can be determined.

In modern times, besides observing, humanity has started exploring space as well. Countless
satellites orbit the Earth and, aside from scientific purposes, provide us indispensable services
like internet, navigation and communication. Generally speaking, three types of orbits exist.
Low Earth Orbit (LEO) that has an altitude of 200-2000 km, Medium Earth Orbit (MEO) with
altitudes ranging from 2000-35785 km, and Geostationary Earth Orbit (GEO) with an altitude
of 35786 km [5]. This specific altitude for a GEO is determined by Kepler’s third law, as it
results in a satellite having an orbital period that exactly matches a sidereal day, making it
appear fixed in the sky for an observer. This is advantageous as an antenna of a ground station
must be aimed once and will thereafter always point at the satellite. Besides this, there are
many more considerations in choosing a suitable orbit for a satellite, but simply speaking, the
higher the orbit, the more costly it is to get the satellite there. A larger distance also means
that maintenance is difficult or impossible, and latency is high. On the other side, being further
away means a larger coverage area because the satellite can see more of the Earth. This means
less satellites are required to provide constant coverage for a specific area [6].



By far, most satellites are in a Low Earth Orbit [[7], and due to their lower cost, their share is
only expected to rise further in the foreseeable future [8]. These low orbit satellites are precisely
the focus of this report. Since coverage of these satellites is limited, services are often provided
by a constellation, a group of satellites working in unison. To ensure continuous coverage of
a specific region, at least one satellite must be visible at all times [9]. Visibility is necessary
because communication between a satellite and a ground station is only possible when there is a
direct line of sight [10]. Determining when a satellite is visible is aptly called the satellite-to-site
visibility problem, or, in short, the visibility problem. A schematic of this can be seen in figure
Here, a satellite is in an elliptical orbit around the Earth, and the ground station or observer is
located on the surface of the Earth. The satellite shown here is not in a Low Earth Orbit, which
would be much closer to the Earth, but is instead placed further away for illustrative purposes.
The points of interest in the visibility problem are the rise and set times of the satellite, the
points where the satellite rises above and goes below the horizon of the observer. The time
between these two points is called the visibility window. Especially for a satellite in Low Earth
Orbit, these windows are brief, both because of the small coverage and the velocity with which
the satellite flies by.

Aside from constellations, knowing when communication is possible is relevant for any satellite.
A satellite has various different tasks, all of them managed by some scheduling algorithm [[11].
Accurately predicting when the visibility window occurs is key, as it determines when certain
tasks can, cannot, or should be performed [12]. What is more, this procedure should ideally
be efficient and cheap, as computational power of the onboard computer is limited. While
technological advancements have increased processing capabilities, they have also enabled the
development of nano satellites, which face computational constraints due to their small size [13].
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Traditionally, the visibility problem is solved using brute force. In a nutshell, a constraint
equation is set up to determine whether the satellite is visible. This equation is then solved
many times, using the ephemeris (trajectory) of a satellite. In this way, a visibility check is done
for each location of the satellite. Looking at figure [l it can be thought of doing a visibility
check at each black dot that constitutes the orbit. Although simple in execution, this method is
not very efficient. In order to obtain decent accuracy, a myriad of locations of the satellite must
be solved for. In literature, this method serves as a baseline in comparison with other methods
[14].



To name a few, Alfano et al. make use of parabolic blending to construct the waveform of
the visibility function. The roots of local polynomials are then found to obtain the visibility
window [15]. Mai and Palmer employ a coarse-to-fine refinement strategy to determine the
closest approach to a ground station [16]. Han et al. utilize self-adaptive Hermite interpolation
by approximating the waveform of the visibility function with piecewise cubic curves. The roots
of cubic polynomials yield the rise and set times [[14].

In addition to these numerical methods, an analytical approach was developed by Escobal [17].
Even though the numerical methods are quite efficient, this method is much cheaper in com-
parison [18]. Escobal simplifies the visibility problem by transforming the constraint equation,
which is used in the brute force method, into a transcendental equation that needs to be solved
only once or twice per orbital period. This equation is called the controlling equation and must
still be solved for numerically, which can be done with for example Newton-Raphson [19]. All
of this sounds ideal, but there is a limitation to this method.

Preliminary calculations in orbital mechanics can be done by considering the two-body problem
[20], resulting in the Keplerian orbit. The orbit can be defined by either the state vector,
consisting of the position and velocity vector of the satellite, or a set of six constants called
the orbital elements. This simple methodology yields a good indication of the orbit, however,
many factors like third body attraction or solar radiation pressure are not taken into account,
while they do affect the satellite. These forces are much smaller than the primary gravitational
attraction, so the Keplerian orbit still serves as a basis, but now these other factors can be added
on top as perturbations, resulting in a more accurate model of the orbit [21]. The issue here is
that the controlling equation necessitates constant orbital elements found in a Keplerian orbit.
In the perturbed orbit, these orbital elements are a function of time, making the application of
Escobal’s method challenging. Fortuitously, their rate of change is minimal, so it is not that
problematic to keep them fixed for a little while, before updating them again. This methodology
is assumed to be employed by Escobal, who includes perturbations due to the second zonal
harmonic in his analysis [17]. This approach is followed in this report as well, where it must be
verified whether this still holds up with the inclusion of more perturbation terms.

In this report, two types of perturbations are considered. First, the perturbations caused by the
nonspherical shape of a celestial body are considered. These perturbations are derived from the
gravitational potential and described by spherical harmonics, a series expansion that describes
the deviations of the celestial body from a sphere [2]. Specifically, zonal harmonics are studied,
harmonics that have no dependence on longitude, as opposed to sectoral and tesseral harmonics.
The weight given to each zonal harmonic is denoted through the zonal harmonic coefficients Jp,
which are a property of a celestial body. For the Earth, the first coefficient J;, is about 3 orders
of magnitude larger than the subsequent zonal harmonic coefficients, meaning that this zonal
harmonic is predominant. It corresponds to the oblateness (flattening) of the Earth, which is
caused by the Earth’s rotation about its axis [22].

The end goal in this report is not to study a satellite in Low Earth Orbit, instead a satellite in a
Low Lunar Orbit (LLO) will be studied. As of right now, studying the visibility problem for a
Lunar orbiter is not that relevant. Humans have not set foot on the Moon in over 50 years [23],
there are only a handful of satellites in a Lunar orbit [24], and there is no permanent Lunar base.
Nevertheless, in recent years, interest in the Moon has been renewed [25]. Be it for political,
scientific, economic, exploratory, or military reasons, many countries and companies are setting
their sights on the Moon [26] [27] [28].



For the Moon, the second zonal harmonic is dominant as well, but to a lesser extent compared
with the Earth [29]. Therefore, in accurately modelling a Lunar orbit, adding more zonal har-
monics is imperative. Accordingly, the gravitational potential is developed until 10t order [30].
With the focus on the Moon, the second most relevant perturbation for a satellite in LLO is
due to the gravitational attraction of the Earth [31]. Because the Earth is both two orders of
magnitude heavier than the Moon, and relatively close by, its influence is considerable.

Most of the work in this report lies in accurately modelling the orbit and once this is established,
the visibility problem can be solved. Specifically, this will be done for the Brazilian space prober
Garatéa-L, a Lunar orbiter to be launched in 2025 [32].

The Lagrange equations will be used to include both of these perturbations and yield a rate of
change of the orbital elements. As verification of the implementation of the Lagrange equations,
Cowell’s method is used by numerically integrating the perturbed equations of motion. This
also allows for the application of the brute force method, this time to verify the implementation
of Escobal’s method.

To summarise, the visibility problem is tackled using Escobal’s controlling equation. At first,
this is tested for satellites in a Low Earth Orbit, for which plenty of reference material exists.
Afterwards, the same methodology is applied to the Lunar orbiter Garatéa-L, a Lunar orbiter.
The Keplerian orbit forms the foundation, upon which perturbations, included through the
use of the Lagrange equations, are built. The perturbations to be considered are caused by a
nonspherical primary body, particularly zonal harmonics, and the attraction of a third body.
Both the Lagrange equations and Escobal’s method are verified by the application of Cowell’s
method and the brute force method.

In order to do so, the necessary theoretical background is explored in section @ This starts with
the introduction of the two-body problem and ends with the inclusion of perturbations. Section
then describes the procedures that lead to the results presented and discussed in section

Finally, conclusions are drawn and recommendations for future research are given in section f.



2 Theoretical Background

In this section, the required theoretical background, in the form of orbital mechanics, is reviewed.
This starts with the introduction of the two-body problem. The corresponding equation of
motion is derived and solved, and its applicability to orbital mechanics is discussed. Next, orbits
in two dimensions are discussed. Mathematical statements for Kepler’s laws are established, after
which various other relevant orbital parameters are presented. Then, the switch is made to three-
dimensional orbits, which allows for the establishment of the orbital elements. After that, the
visibility problem is discussed. A useful frame of reference is introduced, in which the constraint
equation for visibility is developed. From this, using Escobal’s method, the controlling equation
is presented. Lastly, perturbations are introduced. This starts with mathematical techniques
that can be used to incorporate perturbations, and is then followed by the development of actual
expressions for perturbations caused by a nonspherical primary body.



2.1 Two-body problem

The two-body problem is a problem in classical mechanics, and it studies the motion of two
particles that attract each other following Newton’s gravitational law. In order to solve this
problem, the following simplifying assumptions are made [3].

1. The two attracting bodies are point masses.

2. Aside from the gravitational force of the two point masses, there are no other forces present,
neither internal nor external.

The goal is to determine the position and velocity vector, together called the state vector, of both
particles at some moment in time, based on an initial state vector [21]. The two-body problem
is a specific case of the N-body problem, which, as the name suggests, studies the motion of N
interacting particles [3]. Until now, the two-body problem is the only case that can be solved
analytically [33].

This section starts with the derivation of the equation of motion of the two-body problem. The
obtained differential equation is then applied to orbital mechanics. In order to do that, the
underlying assumptions of the two-body problem must be justified. With the switch made to
orbital mechanics, constants of motion are explored. With the help of these constants of motion,
the equation of motion is solved, resulting in the orbital equation.

2.1.1 Equation of motion

Consider two particles or point masses with mass M and m, as shown in figure E Here F; is
the force acting on P; with mass M due to P,. F, acts on P, and is similar in magnitude, but
opposite in direction. The frame of reference in black is placed arbitrarily and should be either
at rest or moving with constant velocity in a straight line, without rotating [20].

P2,m

P, M

X

000000 00 000 00000 D0000o 00 00 Do0moor [iooo oo 0oitoooo XY Z 000 00 0000itooo booooort oo o 000 iooo o
000000000 xyz 0000 000 0000000000 00 000 0Doooo

Newton’s second law, the governing equation, is given as

F =ma=ms (2.1)



An expression for the force can be found through Newton’s law of universal gravitation [20],

which gives

Mm«s
rz r’
Mm«s
rz r’

Fi=Mr =G

F=F F; r=jj: (2.2)
Fz =mr, = G

The position of the barycentre (centre of mass) Rg of this system is found through [34]

_ Mf +mty

Rs = M+ m (2.3)
The acceleration of the barycentre, making use of equation (@), is given by
Mf; + mg,  GMpr  GgMnr
Re = ! 2= Cr—0: (2.4)

M +m M+ m

This means that the barycentre can be used as the origin for the frame of reference, more on
that in the following section. Subtracting F; from F, gives

M+ m
¥

1==Gr3

(2.5)

This is a linear second order differential vector equation that describes the motion of P, relative
to P;1. Six constants of integration are required to solve the differential equation.

2.1.2 Orbital mechanics

In orbital mechanics, generally one body is much heavier than the other, think of the Earth
orbiting the Sun, or an artificial satellite orbiting the Moon. This means that the gravitational
parameter and the barycentre can be simplified to

=G(M+m) GM; Rg K; asM m: (2.6)

This simplification means that P; is assumed to be fixed in space, so only P; is moving. Therefore,
the problem has effectively been reduced to a one particle system [34]. Substituting in the
differential equation gives

F= 5Ff (2.7)
When applying equation (@) to orbital mechanics, the simplifying assumptions of the two-body
problem mentioned above must be addressed. At first glance, it seems that they do not match
reality. Point masses are an idealisation [35], and space is filled with objects that exert their own
gravitational force. However, through a closer examination, both assumptions can be justified.

Point masses Modelling objects as point masses is a simplification often used in physics. In
order to show that this simplification is allowed, a look must be taken at the gravitational
potential energy V. For two point masses, as described in the two-body problem, the potential
energy is given by [21]

Mm:
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Now consider a spherical shell with constant density per unit area , and a point mass with
mass M, as shown in figure §. The potential energy due to the shell can be calculated by looking
at an annulus of infinitesimal width, as shown in blue in figure §. Throughout the annulus,
the distance to the point mass remains constant, denoted by %. Therefore, the gravitational
potential energy due to this annulus is

_ 1 2. .

dvs = %Gm f R &n#df}f. (2.9)
0000 0000000

Integrating this over the whole shell gives the gravitational potential energy of the entire shell

4 R? m Msm
Vs = 67: G ;

: (2.10)

Note that this only holds for points on or outside the shell, so r R. To keep the main content
of this report concise, more involved derivations are moved to appendix [(J. The first entry there
is a full derivation of equation (R.10), and it can be seen in appendix [C.1.1. Note that there is
no dependence on % or R left. Now make a solid sphere that is composed of n concentric shells,
each with a mass of Mg,. The potential energy due to this solid sphere is given by

vV = G Sr = G——; Ms, = M: (2.11)

This is identical to equation (@) Therefore, if the primary body is spherical and has a uniform
mass distribution, the gravitational potential energy that is experienced by a satellite outside
the radius of the primary body is identical to the gravitational potential energy of a point mass.
Accordingly, the force is identical as well, meaning the two-body problem can be applied.



An important side note is that, in reality, the Earth and other celestial bodies do not have a
uniform density, nor are they perfectly spherical. The polar radius of for example the Earth is
0.3% smaller than its equatorial radius [22]. The Moon is almost perfectly spherical, but has
an uneven mass concentration [36] [37]. Nevertheless, the deviations are relatively minimal, so
representing celestial bodies as point masses will suffice for now. The higher order effects of
nonspherical gravity are addressed in section .

Forces The second assumption of the two-body problem also needs some explanation, as, in
reality, there can be many other forces acting on the system in addition to the gravitational
attraction between the two bodies of interest. One example is the gravitational attraction of
a third body. A satellite in orbit of the Earth is also attracted by other celestial bodies, such
as the Sun or Moon. However, as seen in Newton’s law of universal gravitation, equation (R.2),
the gravitational force is inversely proportional to the distance squared. Hence, close by the
Earth, the magnitude of the Sun’s gravitational force should be negligible compared to the
attraction of the Earth. The region around the Earth where the attraction of other bodies can
be considered by perturbations is called the sphere of influence (SOI) [21]. The size of this region
can be determined by looking at the ratio of primary and perturbing accelerations. In figure W,
a schematic of the Sun, the Earth and a satellite in orbit around the Earth called a vehicle is
seen [20]. The Earth and the vehicle are drawn much further apart than is the case in reality.
This is done solely for illustrative purposes. Keeping this in mind, the position vectors and their
magnitudes are related as

FL=f+Ff3 I Iy (2.12)

Vehicle, m,,
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In the same manner as in section EI, the equation of motion of the vehicle relative to the Sun
is given b
g Y me

m
= G—3‘F1 G—Sefg . (213)

|_§1_} |_~§3_}

Here, the first term & is the primary acceleration due to the Sun, and the second term py is the
perturbing acceleration due to the Earth.
The equation of motion of the vehicle relative to Earth is given by
m
k= G=ork Gk (2.14)
1

3
|_§3—} |_~'§_}



A full derivation is seen in appendix . Here, the first term & is the primary acceleration
due to the Earth, and the second term ps is the perturbing acceleration due to the Sun. The
magnitudes of the primary and perturbing accelerations, using equation (2.12) to simplify, are
given as

m m

as = Gr—zsi e = Gr—ze;
2 3

pS = G_31 pe = G—2
r; r3

When choosing which body causes the primary acceleration and which body is responsible for
the perturbing acceleration, the correct choice corresponds to the situation that minimises the
perturbation ratio P/a. Right at the edge of the sphere of influence, the ratios for both approaches
are equal. Solving this for the radius of the sphere of influence rpqy gives
a, a m %
s e e .
E = E D o =12 me (2.16)
Here r, corresponds to the semi-major axis of the orbit of the Earth. The actual values of this
and rpmp can be seen in appendix |Al. There it can be seen that the Moon is well within the
sphere of influence of the Earth, meaning that the orbit of the Moon is primarily governed by
the Earth. In simpler terms, the Moon orbits around the Earth.
With that in mind, the exact same analysis could be done for a satellite that orbits the Moon.
In this analysis, the Earth is replaced by the Moon, and the third (perturbing) body is the Earth
instead of the Sun. The results_of this analysis is the sphere of influence of the Moon, whose
value can be found in appendix |Al as well.
In conclusion, when a satellite is well within the sphere of influence of the primary, which is the
case for satellites in LEO or LLO, the gravitational acceleration of the primary body dominates
and a two-body approach suffices for now [B1]. Third body perturbations will be addressed in
section 2.6.2.
Aside from third body attraction, there are other forces that could act on a satellite as well.
Think of thrust and drag forces, solar radiation pressure, tidal friction effects [2]. Although
these effects, dependent on the situation, could be significant, they fall outside the scope of
this report and are therefore neglected. This does diminish accuracy, but the loss is not that
substantial. Satellites in LEO are primarily perturbed by drag and nonspherical gravity, [3§].
However, drag forces decline heavily with altitude, and above 500 km, they become less and less
significant [39] [40]. The Moon does not have a noteworthy atmosphere, so drag perturbations
are non-existent. For a satellite in a LLO, nonspherical gravity and third body attraction due
to the Earth dominate [31].
Now that both assumptions of the two-body problem are addressed, the switch to orbital mech-
anics can be made. Therefore, looking back to figure P}, P, is now called the satellite, and Py the
primary body.
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2.1.3 Constants of motion

Before working on the solution, it is useful to have a look at two constants of motion, as they
aid in solving the equation of motion and are relevant parameters to be used later on.

Specific angular momentum The specific angular momentum h of the satellite relative to
the primary body is given by
h=¢f £ h=rvsin#): (2.17)

Here # is the angle between the two vectors. Taking the time derivative and using the equation
of motion, equation (R.7), gives

A=t £+fr r= F(F f)=0: (2.18)

This shows that the specific angular momentum remains constant throughout the trajectory.
Furthermore, going back to the definition in equation (), it also shows that the position and
velocity vector always lie in the same plane. This plane is called the orbital plane, and is further
defined in section @

Mechanical energy The specific mechanical energy " is also conserved along the orbit. This
can be found by taking the dot product of the velocity and acceleration vector. Using the
equation of motion, equation (R.7), this becomes

EF=f  SF (2.19)
After some manipulations, which can be seen in appendix , this equation can be integrated
to yield
d v2 v2
— — = =0 — =" 2.20
dt 2 r > 2 r (2:20)
In this equation, a statement of conservation of energy, it can be seen that the relative specific
kinetic energy v°/2 together with the specific potential energy  /r gives the specific mechanical
energy ", which is conserved along the trajectory [20]. This is to be expected, as gravity is
a conservative force. When the distance between primary body and satellite r is small, the
kinetic energy dominates. When the satellite moves further away, kinetic energy is exchanged

for potential energy.
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