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ABSTRACT

Abstract

Modelling complex systems requires accurate simulations to predict behaviours under vari-

ous conditions. This research explores the use of Denoising Diffusion Probabilistic Models

(DDPMs) to efficiently generate solutions for parametric Partial Differential Equations (PDEs),

providing an alternative to traditional computational methods. The research demonstrates

that DDPMs can produce accurate and (temporally-)coherent solutions for the 1D Kuramoto-

Sivashinsky equation, showing strong generalisation capabilities to scenarios involving un-

seen parameter values. Additionally, to enhance computational efficiency, dimensionality-

reduction techniques, such as Singular Value Decomposition and Autoencoders, were em-

ployed to reduce the data’s dimensionality. This approach simplifies the generation task by

allowing the DDPM to operate on lower-dimensional data. Eventually, DDPMs show potential

for generating controlled solutions, supporting applications where system intervention is

necessary. While the models exhibited limitations in long-term prediction accuracy, the results

indicate that DDPMs can generalise effectively to different instances of the PDE parameter,

opening avenues for advanced simulation and control in complex systems.
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NOTATION

Notation

Time and Spatial Variables

• t Time step

• T Total number of time steps, horizon

• L Length of the spatial domain

– x Spatial variable, where x ∈ [0, L]

States and Trajectories

• s State

• a Action

• T Set of trajectories

– τ Trajectory, where τ = {s(t, x)|t ∈ [0, T ], x ∈ [0, L]}

• R Return function

• y Conditional information

Processes and Distributions

• p Probability distribution

• q Forward diffusion process

• ϵ Noise added during the forward diffusion process

• ϵθ Learned noise estimate (or gradient) during the reverse diffusion process

Model Parameters and Variables

• θ Model parameters

• λ Hyperparameter

• ω Weight factor

• b Offset (constant)

• v Vector, output of the model

• z Latent variable

• c Class label

• α Scaling factor of the noise

• β Variance schedule
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NOTATION

Functions

• ϕdec Decoder function

• ϕenc Encoder function

• I Identity matrix

• R Range

• D Dataset
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INTRODUCTION

1 Introduction

Understanding and accurately modelling complex systems is essential for critical infrastruc-

tures such as the International Space Station, aircraft, power stations, and chemical reactors.

These systems involve numerous variables and intricate dynamics that require precise simu-

lations to predict their behaviour under various conditions. The complexity and high stakes

of these environments necessitate advanced methods for generating data, especially when

real-world experimentation or historical data collection is limited or costly. Effective control

strategies also rely on accurate models that simulate a system’s behaviour under different

control inputs.

For many complex systems, particularly those involving distributed parameters - such as fluid

dynamics in aerospace engineering or heat distribution in power stations - partial differential

equations (PDEs) provide a mathematical framework for modelling their behaviour accu-

rately. Solving these PDEs allows for simulating system behaviours under various conditions

and generating synthetic data that reflects the system’s response to different scenarios [62].

However, solving these PDEs using traditional numerical methods can be computationally

intensive and time-consuming, particularly for high-dimensional systems [10]. This computa-

tional burden can hinder exploring scenarios necessary for robust system understanding and

decision-making, including developing effective control strategies.

Given the challenges associated with numerical solutions, there is a growing need for in-

novative approaches to generate high-fidelity synthetic data efficiently. Denoising diffusion

probabilistic models (DDPMs) [53] present a promising alternative by generating data that

captures the complex dynamics of systems. Although DDPMs have not yet been widely ex-

plicitly applied to solving PDEs, they have the potential to approximate solutions by learning

patterns within the data, offering a scalable and efficient alternative to conventional solvers.

While this research primarily focuses on leveraging DDPMs for generating PDE solutions,

traditional dimensionality-reduction (DR) techniques, such as Singular Value Decomposition

(SVD) [24] and Autoencoders (AEs) [26] will be explored in combination with DDPM to en-

hance their computational efficiency. By reducing the dimensionality of the synthetic data

generated by DDPMs, DR techniques can further streamline simulations without compro-

mising essential system dynamics [47]. This complementary approach provides additional

avenues for managing the computational challenges associated with high-fidelity simulations.

In summary, this research explores using DDPMs as an alternative to traditional solvers for

generating high-fidelity synthetic data for PDEs. Additionally, combining DDPMs with DR tech-

niques, such as SVD, can further reduce computational complexity. This combined approach

could significantly advance state-of-the-art system simulation and data generation, offering

a more effective means of modelling complex infrastructures with potential applications in

control.
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INTRODUCTION

1.1 Outline

This research builds upon the premise of using DDPMs to generate synthetic data within

the context of PDEs. The generative approach enables the utilisation of a single PDE to

generate multiple solutions, each representing distinct system behaviours under various

conditions. Specifically, a single PDE, which describes fundamental system dynamics such

as heat distribution, can be solved repeatedly with different initial conditions or parameters

to reflect a range of scenarios. This method enables extensive exploration of the system’s

behaviour without needing multiple distinct PDEs. Instead, a single PDE can be adapted

to simulate various possible states by varying its inputs, facilitating the generation of new,

previously unseen solutions.

Focusing on generating solutions from a single PDE enhances adaptability and versatility

in simulating complex systems. It broadens the spectrum of potential system responses,

ensuring the analysis is not constrained to reproducing responses solely based on historical

data. These generated solutions can also provide valuable insights for tasks such as control,

where understanding diverse system behaviours is crucial for optimising performance across

varying conditions.

Furthermore, the research investigates the potential of utilising low-dimensional representa-

tions of the PDE solutions to simplify the input to DDPMs, thereby reducing computational

complexity. The latent representation captures the essential features of the system’s behaviour

in a more condensed form compared to the original PDEs, reducing dimensionality. By repre-

senting the system dynamics more concisely, the DDPM can efficiently generate trajectories,

leading to shorter computational times.

Lastly, this research explores the potential of using DDPMs to generate controlled solutions

for parametric PDEs. By integrating control strategies into the DDPM framework, the model

can adapt the system’s behaviour to a desired outcome. This can be particularly valuable in

applications where system dynamics must be actively adjusted to achieve specific objectives,

offering a way to manage complex systems.

Therefore, the main research question can be formulated as follows:

• RQ1 To what extent is it possible to generate solutions of parametric PDEs using DDPMs?

With complimentary sub-research questions:

• subRQ1 To what extent can the model generalise for unseen values of the parameterised

PDE?

• subRQ2 To what extent does a latent representation of PDEs reduce the computational

complexity of the model?

• subRQ3 To what extent can the model generate controlled solutions for parametric

PDEs?
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BACKGROUND

2 Background

The foundations of this research are the denoising diffusion probabilistic models (DDPMs),

singular value decomposition (SVD), autoencoder (AE), and Control. This section provides a

literature-based explanation of each concept, uniform notation, and the definition of terms

used within the context of this paper. The section begins by explaining what a diffusion

probabilistic model is. Subsequently, SVD and AEs are presented, followed by an introduction

to the latent diffusion model and Control. The order of topics mentioned in this section allows

for a logical flow of concepts.

2.1 Diffusion Probabilistic Model

Sohl-Dickstein [53] first introduces the DDPM. The DDPM is a generative model belonging to

the same family as generative adversarial networks (GANs) and variational autoencoders (VAE).

Generative models are unsupervised machine learning models that capture dependencies and

structures within the data without relying on prepared, labelled information. Image generation,

completion, and denoising are examples of the tasks of the generative models.

The idea behind the DDPM is to learn how to remove distortion or noise from the input. During

training, the model is given an image, which then gets more and more distorted. The goal of

the model is to learn how to retrieve an image as close to the original as possible, given only

the noisy input. This can be achieved by estimating the diffusion process parameters, which

removes the noise from the image. After the training, the model can generate new samples

with noisy input.

Since the DDPM is log-likelihood-based, it does not experience mode-collapse contrary to the

GAN [49]. Additionally, due to parameter sharing, DDPMs efficiently use a smaller number of

parameters to model complex distributions. In comparison, an autoregressive transformer

would require a significantly bigger number of parameters for the same task.

2.1.1 Model implementation

The diffusion models are latent variable models characterized by Equation (1) [27], where

s represents any input and θ the parameters over which the probability distribution p is

parametrised:

pθ(s0) :=

∫
pθ(s0:T )ds1:T , (1)

where pθ(s0) represents the probability distribution of the final observed state s0. pθ(s0:T )

denotes the joint probability distribution of the states from s0 to sT . The integral
∫
ds1:T sums

over all possible intermediate states s1 to sT , effectively marginalising them to obtain the

distribution of s0.

The underlying structure of the DDPM is a parameterised Markov chain. The parametrisation

makes it so that the probabilities of rules for transitioning between the current and next state

are not fixed. On the contrary, they can be adjusted based on the parameters introduced to
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the chain. The parameters used for the transition between the states are learned following an

inverse diffusion process, Equation (2). The Markov chain adds a small amount of Gaussian

noise in the direction opposite to the sampling as long as the signal is not destroyed:

pθ(s0) := p(sT )

T∏
t=1

pθ(st−1|st), pθ(st−1|st) := N(st;µθ(st, t),Σθ(st, t)) , (2)

where pθ(s0) again represents the probability distribution of the final observed state s0. The

term p(sT ) is the prior distribution of the state sT . The product
∏T

t=1 pθ(st−1|st) represents

the chain of conditional probabilities from sT back to s0, describing the reverse diffusion

process. The conditional probability pθ(st−1|st) is parameterised by θ and is defined as a

Gaussian distribution N(st;µθ(st, t),Σθ(st, t)), with mean µθ(st, t) and covariance Σθ(st, t).

These parameters are functions of st and t and are learned during training.

Ho, Jain and Abbeel [27] point out that the diffusion probabilistic model can be distinguished

from other latent variables, as it uses the forward process (3), which is fixed to a Markov chain

gradually adding Gaussian noise to the data according to a variance schedule β1, ..., βT :

q(s1:T |s0) :=
T∏
t=1

q(st|st−1), q(st|st−1) := N(st;
√
1− βtst−1, βtI). (3)

In this equation, q(s1:T |s0) represents the forward process, which is a product of conditional

probabilities q(st|st−1) from t = 1 to T . The term q(st|st−1) is the conditional probability of

state st given the previous state st−1, defined as a Gaussian distribution with mean
√
1− βtst−1

and variance βtI

Consequently, the forward process admits sampling st in a closed form at an arbitrary time

step t, where αt is the scaling factor for the noise at time step t and ᾱt is the cumulative scaling

factor up to the time step t and I is the identity matrix:

αt := 1− βt and ᾱt :=
t∏

s=1

αs , (4a)

q(st|s0) = N(st;
√
ᾱts0, (1− ᾱt)I). (4b)

When training the model, the aim is to optimise the variational bound L of negative log-

likelihood [27], as demonstrated by Equation (5). In this equation, the left-hand side represents

the expected negative log-likelihood of the data. The aim is to minimise the left-hand side as

much as possible. The right-hand side is the variational bound, which is decomposed into

the log probability of the prior distribution p(sT ) and the sum of the log ratios of the reverse

process probabilities pθ(st−1|st) to the forward process probabilities q(st|st−1).

E [− log p(s0)] ≤ Eq

[
− log

pθ(s0:T )

q(s1:T |s0)

]
= Eq =

[
− log p(sT )− Σt≥1 log

pθ(st−1|st)
q(st|st−1)

]
=: L. (5)

The training objective LSimple(θ) according to Ho, Jain and Abbeel [27] can be defined as

presented in Equation (6), where the ϵ refers to the noise variable and ϵθ to the learned
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gradient of the data density. The goal of the training is for the model to predict the learned

gradient ϵθ during the reverse process:

Lsimple(θ) := Et,x0,ϵ

[∥∥ϵ− ϵθ(
√
ᾱtx0 +

√
1− ᾱtϵ, t)

∥∥2] (6)

For the training objective, the model was reweighed so that values corresponding to small

amounts of noise weigh less than the ones corresponding to more significant amounts of

noise. This way, the network can focus on more challenging tasks. This training approach

enhances the model’s ability to generate data accurately [27].

2.1.2 Model architecture

The standard underlying structure of DDPM is a U-Net [49]. The U-Net is a convolutional

neural network that owes its name to its architecture, which resembles the letter "U". The

U-Net consist of two parts: the contracting and expanding path [52]. The first part consists

of convolutional layers, followed by the ReLU activation function and max pooling layers. It

performs feature extraction while increasing the number of feature channels and reducing

the dimensionality [50]. The second path upsamples the feature map and halves the feature

channels using convolution. It then concatenates this with the corresponding cropped feature

map from the contracting path. This path helps regain the spatial information lost during the

contraction path. The final layer is a convolutional layer which maps each feature vector to

the different classes or categories, depending on the task. Additionally, the U-Net uses skip

connections, which directly link layers from the contracting path to corresponding layers in the

expansive path. The skip connection contributes to preserving details and spatial information

while upsampling.

2.1.3 Model improvements

Ho, Jain and Abbeel [27] reported that the presented solution performed worse in log-likelihood

values than other solutions presented in the literature. Nichol and Dhariwal [42] prove that

DDPMs can achieve competitive log-likelihood while maintaining high sample quality.

Ho, Jain and Abbeel [27] observed that the best results for DDPM were observed with static

variance σ2t with Σθ(st, t) expressed by Equation (7).

Σθ(st, t) = σ2t I , (7a)

σ2t I = βt. (7b)

The Σθ(st, t) is the model’s representation of the uncertainty in predicting the state st at time t.

The changes introduced by Nichol and Dhariwal [42] involve making the noise variance

σ2t not static. The authors argue that with the Σθ(st, t) defined as above, that range for the

neural network would be too small for the model to predict the Σθ(st, t) directly. Thus, the

researchers propose parameterising the log domain variance as an interpolation between βt
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and β̃t. The output of the model proposed by Nichol and Dhariwal [42] is a vector v containing

one component per dimension, and the variance can be obtained as shown in Equation (8b):

β̃t =
1− ¯αt−1

1− ᾱt
βt , (8a)

Σθ(xt, t) = exp(v log βt + (1− v) log β̃t). (8b)

That modification also results in changes in the variational bound. Ho, Jain and Abbeel [27]

only used Lsimple, and now the Equation (9) has been updated by variational lower bond Lvbl.

The hyperparameter λ controls the tradeoff between the two terms:

Lhybrid = Lsimple + λLvbl. (9)

Subsequently, the linear noise schedule introduced by Ho, Jain and Abbeel [27] is replaced

by a different noise schedule, described by Equation (10). The constant offset b prevents the

variance schedule βt from being too small when close to t = 0, which could prevent the model

from accurately predicting the noise ϵ:

ᾱt =
f(t)

f(0)
, f(t) = cos(

t
T + b

1 + b
· π
2
)2. (10)

Such a construction of the noise schedule guarantees that the ᾱt will remain almost the same

near the extremes: t = 0 and t = T while having a linear drop-off in the middle of the process.

Additionally, Nichol and Dhariwal [42] observed that the gradient of the variational lower bond

Lvlb was considerably noisier than the one of Lhybrid. To reduce the unnecessary noise in lvlb,

the importance sampling is used as shown in the Equation (11), where Lt is the log-likelihood

at a time step t, the ∝ denotes proportionality, pt is the probability distribution associated

with time step t normalised such that Σpt equals 1.

Lvlb = Et∼pt

[
Lt

pt

]
, where pt ∝

√
E
[
L2
t

]
and Σpt = 1. (11)

Described changes allowed not only for improvements in log-likelihood but also enabled

the researchers to increase the sampling speed. By selecting arbitrary sequence R of t values

(0, 1, 2, ..., T ) and using the corresponding training noise schedule ᾱt sampling variances β can

be calculated as shown in Equation (12):

βRt = 1− ¯αRt

¯αRt−1

, ˜βRt =
1− ¯αRt−1

1− ¯αRt

βRt . (12)

Such a change allows for making the diffusion process shorter as Σθ(sRt ,Rt) can be

parametrised using βRt and ˜βRt . The original model proposed by Ho, Jain and Abbeel [27]

needed 4000 sampling steps. The improved model needed only 100 to reach the same Fréchet

Inception Distance (FID).

In conclusion, the authors of the paper Nichol and Dhariwal [42] proved that by introducing

specific changes to the DDPM, the model can become much faster and achieve better log-

likelihood without compromising the quality.
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2.1.4 Classifier guided and classifier free model

The improved DDPM model introduced by Nichol and Dhariwal [42] is classifier-guided. The

advantage of using another additionally trained classifier next to the model is that it improves

the sample quality. The diffusion model’s score estimate is mixed with the input gradient of the

log-likelihood of the auxiliary classifier. The latter’s strength can be adjusted, thus adjusting

the trade-off between precision and recall. The modified score can be expressed as shown in

Equation (13) [28]:

ϵ̃θ(zλ, c) = ϵθ(zλ, c)− ωσλ∇zλ log pθ(c|zλ) ≈ −σλ∇zλ [log p(zλ|c) + ω log pθ(c|zλ)] , (13)

where z is the latent variable, c the class label, ϵθ(zλ, c) is the diffusion score and ˜ϵθ(zλ, c) is the

modified score to include the gradient of the log-likelihood of an auxiliary classifier model

pθ(c|zλ). The λ represent the hyperparameters where z = {zλ|λ ∈ [λmin, λmax]}. Increasing the

weighting factor ω will increase the strength of the log-likelihood gradient in the modified

score. The classifier rewards the correctly assigned labels with high log-likelihood probability

in such a solution. The model’s Inception score increases while the sample diversity decreases.

Nevertheless, there are downsides to using the classifier-guided model. First, training the whole

DDPM becomes more complicated as an additional classifier requires training. Moreover,

that classifier has to be trained on the noisy data; thus, it is almost impossible to reuse the

trained classifier for another model. Secondly, Ho and Salimans [28] suggest that because the

model’s score also consists of the classifier’s gradient, the sampling can be interpreted as a

gradient-based adversarial attack on the image classifier. Therefore, the increase in the FID

and Inception score of the model might simply be the result of the model being adversarial

against the classifier.

Therefore, the paper’s authors [28] present a classifier-free model to eliminate the need for

the classifier and the related issues described above. In the classifier-free model, the score

is a mix between the estimates of a conditional diffusion model p(z|c) and an unconditional

diffusion model p(z). In the model the pθ(z) is parametrised through ϵθ(zλ) and pθ(z|c) through

ϵθ(zλ|c). A single neural network with a null token ∅ is used for the parameterisation. Both of

those models are jointly trained, and the score estimate ˜ϵθ(zλ|c) can be described as shown in

Equation (14):
˜ϵθ(zλ|c) = (1 + ω)ϵθ(zλ, c)− ωϵθ(zλ) , (14)

where ω is again the weighting factor. As there is no classifier gradient present, there is no

possibility to interpret the step in the ϵ̃θ direction as an adversarial attack. Nevertheless, the

trade-off between the Inception and FID scores is similar for guided and free classifier models.

2.2 Dimensionality reduction

Intuitively, dimensionality reduction is a technique that transforms high-dimensional data into

a lower-dimensional form without significant loss of critical information. Reducing the input

data size enhances the efficiency and performance of machine learning models, reducing
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computational costs and memory requirements and making it feasible to process and analyse

extensive datasets [56].

There are two approaches to dimensionality reduction: feature selection and feature extraction.

Feature selection involves selecting a subset of the original features based on certain criteria,

such as relevance to the target variable, statistical significance, or correlation with other

variables. In contrast, feature extraction involves transforming the original features into a new

set of features that capture the essential information from the dataset. This process reduces

the overall dimensionality of the dataset, as the new features are designed to capture the

most important patterns and structures [32]. Techniques such as SVD or AEs are commonly

employed for feature extraction, enabling the extraction of meaningful patterns and structures

in a lower-dimensional space.

2.2.1 Singular Value Decomposition

SVD is a linear and unsupervised technique for feature extraction. It decomposes a data matrix

into three fundamental matrices: U , Σ, and V T , as shown in Equation (15):

X → UΣV T . (15)

The data matrix X is typically an m ∗ n matrix, where m represents the number of samples

(or observations) and n represents the number of features (or variables). Each row of X corre-

sponds to a single sample, and each column corresponds to a specific feature. For example, in

a dataset of images, each row might represent an image, and each column might represent

a pixel intensity value. U and V are orthogonal matrices and Σ is a diagonal matrix contain-

ing the singular values. These singular values indicate the importance of the corresponding

vectors in the original data matrix X.

To perform dimensionality reduction, the matrix X is reconstructed using only k largest

singular values and their corresponding singular vectors:

Xk → UkΣkV
T
k , (16)

where Uk consists of the first k columns of U , Σk is the top-left k × k submatrix of Σ, and Vk
consists of the first k rows of V . This reduced representation Xk retains the most important

features of the original data in a lower-dimensional space [5].

2.2.2 Autoencoder

AEs are artificial neural networks used to learn the input data representation. The AE consists

of an encoder and a decoder. The role of the encoder is to compress the input into latent space.

The latent space typically has a lower dimensionality than the input dimensionality. Therefore,

the encoder has to reduce the dimensionality of the input while preserving the meaningful

features. Subsequently, the decoder aims to reconstruct, as accurately as possible, the original

input based on the output of the encoder. During the training, the AE learns to minimise the

difference between the encoder’s input and the decoder’s output - the reconstruction error.
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The Equation (17) describes the representation of the AE:

ŝ = ϕdec(ϕenc(s; θenc); θdec) = ϕdec(z; θdec) (17)

In the proposed notation for autoencoders, s is the datapoint, ŝ its reconstruction, z the vector

in the latent space Z, and θ is the vector of neural network parameters in some other space Θ.

The latent space Z and the parameter space Θ are mapped to the original data space S by a

function f where f : Z ×Θ → S.

The encoder ϕenc and the decoder ϕdec with parameters θenc and θdec respectively. The mapping

of input s to latent representation is expressed as z = ϕenc(s; Θenc), while the mapping back to

output as ŝ = ϕdec(z; Θdec). The reconstruction loss can be expressed as shown in Equation

(18):

min
θenc,θdec

LAE(θenc , θdec) (18a)

where:

LAE(θenc, θdec) = Es∼D
[
∥s− ŝ∥2

]
= Es∼D

[
∥s− ϕdec(z; θdec)∥2

]
= Es∼D

[
∥s− ϕdec(ϕenc(s; θenc); θdec)∥2

]
.

(18b)

In the Equation (18), the reconstruction loss LAE is minimised over the encoder and decoder

parameters θenc and θdec. The loss function LAE is the expected value of the squared difference

between the input s and its reconstruction ŝ, which can be expressed in terms of the decoder’s

output ϕdec(z; θdec) and the encoder’s output ϕenc(x; θenc).

2.2.3 Variational Autoencoder

The variational autoencoder (VAE) is an extension of the traditional AE, designed to generate

new data and learn more structured latent space representations. While standard AEs focus

on compressing and decompressing data, VAEs introduce a probabilistic framework where the

latent space is Gaussian distributed. This probabilistic nature allows VAEs to generate realistic

data points by sampling from the learned latent space distribution, described by a normal

distribution characterised by its mean and variance [35].

In VAE, the latent space can be described as N (µ,Σ), where µ and Σ are the mean and covari-

ance matrix, respectively, learned by the encoder for a given input. The VAE can be described

as shown in Equation (19) [19]:

P (s) =

∫
P (s|z; θ)P (z)dz , (19)

where P (s) represent the probability distribution of data s and the P (s|z; θ) is the likelihood of

the data given the latent variable z and the parameter θ. The term P (z) is the prior distribution

of the latent variable z and the integral sums over all possible values of z.
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The VAE is trained to minimise reconstruction and regularisation errors. The regularisation

error is the Kullbach-Leibler divergence (KL), and it ensures that the learned latent space

distribution matches the desired prior distribution [14]. The KL aims to bring the latent

space distribution N (µ,Σ) as close to the normal distribution as possible N (0, I), as shown in

Equation (20):

min
θenc,θdec

LAE(θenc, θdec) + LKL(θenc) , (20a)

LAE(θenc, θdec) = Es∼D[− log ϕdec(s|z; θenc, θdec)] , (20b)

LKL(θenc) = Es∼D[KL(N (µ,Σ)||N (0, I))] (20c)

In these equations, the total loss function to be minimised consists of two parts: the recon-

struction loss LAE and the KL divergence LKL. The reconstruction loss LAE is the expected

negative log-likelihood of the data given the latent variable and the encoder and decoder

parameters.

The motivation behind using VAEs lies in their ability to generate new data points similar to the

training data, making them highly valuable for tasks such as image generation [48], anomaly

detection [3], and data augmentation [31]. VAEs provide a more structured and interpretable

representation than traditional autoencoders by explicitly modelling probability distributions

in the latent space. This probabilistic framework also allows for better handling of uncertainty

and variability in the data, leading to more robust and flexible models [48].

In conclusion, VAEs extend the capabilities of traditional AEs by leveraging a probabilistic

approach in the latent space, enabling them to generate new data and better capture the

underlying structure of the input.

2.3 Latent Diffusion Model

The previously discussed implementations of DDPMs operate in the pixel space [27, 42]. In

this context, "pixel space" refers to the original, high-resolution representation of images,

where every pixel corresponds to a specific point in the image grid (1:1 ratio). Rombach [49]

proposes using a latent space to reduce computational demands, achieving a near-optimal

trade-off between complexity and detail preservation.

Any likelihood-based model, such as the latent diffusion model (LDM), works in two stages. In

the first stage, perceptual compression, high-frequency details are removed while retaining

important semantic features. This reduction helps in lowering the computational burden by

compressing the data into a lower-dimensional latent space. In the second stage, semantic

compression, the generative model learns the data’s semantic and conceptual composition,

leveraging the compact latent representation to produce high-quality results.

For LDM, the first stage involves training an AE to compress the image into a lower-dimensional

latent representation. This latent space is then used to train the diffusion model, which im-
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proves scalability. The universal AE needs to be trained only once and can be reused for

different tasks.

Another advantage of using an AE is the flexibility in choosing the compression level, which

allows for balancing between perceptual compression and the generative model. Rombach

[49] builds on this by proposing a distinct separation between the compressive and generative

learning phases.

The first part of perceptual image compression can be mathematically expressed using Equa-

tion (21):

ŝ = ϕdec(z) = ϕdec(ϕenc(s)) , (21)

where ŝ represents the reconstructed image after compression and decompression. The func-

tion ϕdec(z) denotes the decoder function ϕdec applied to the latent representation z. The full

process ϕdec(ϕenc) shows how the encoder ϕenc compresses the original image s into the latent

representation z, and then the decoder ϕdec reconstructs ŝ from z.

Subsequently, the objective of the latent diffusion model is defined as:

LLDM := Eε(s),ϵ∼N(0,1),t

[
∥ϵ− ϵθ(zt, t)∥22

]
, (22)

where LLDM is the loss function for the latent diffusion model. The term Eε(s), ϵ ∼ N(0, 1), t

denotes the expectation over the noise ε(s), Gaussian noise ϵ sampled from a standard normal

distributionN(0, 1), and time step t. The notation || · ||22 represents the squaredL2 norm, which

measures the square difference between the actual noise ϵ and the predicted noise ϵθ(zt, t),

where ϵθ(zt, t) is the predicted noise by the model at time step t, parameterised by θ.

In summary, the first equation describes compressing an image into a latent representation

and then reconstructing it, which helps manage computational complexity by working in a

lower-dimensional space. The second equation defines the objective of the LDM, which aims

to minimise the discrepancy between the actual noise and the predicted noise in the latent

space.

Minimising this discrepancy is crucial because it impacts the quality and fidelity of the gen-

erated images. Accurate noise prediction allows the model to reverse the diffusion process

effectively, leading to high-quality reconstructions and preserving fine details and overall

coherence [45].

The application of LDMs has demonstrated their effectiveness across various domains, includ-

ing image generation, editing [34], and video synthesis [12]. LDMs enhance model stability

and performance by optimising noise prediction, resulting in improved visual outcomes and

more efficient training processes. This makes LDMs a powerful tool for generating high-quality

data with reduced computational resources [49].
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2.4 Control

Control refers to the ability to influence a system’s state behaviour. It ensures that the system

will behave according to given objectives or instructions. The next part of this section delves

deeper into control with conditional generative modelling.

2.4.1 Control using Conditional Generative Modeling

Conditional generative modelling is a machine learning approach where a model generates

outputs based on specific conditions or context. Consequently, outputs generated by such a

model can be tailored to match specific criteria, allowing for a more targeted generation of

data.

Ajay [2] proposes implementing conditional generative modelling, specifically the DDPM,

described in Section 2.1 for control. The benefit of this implementation is that the generated

trajectory could consider more than one constraint simultaneously. Two datasets of trajectories

could be used for a task that involves the robot moving from point A to point B while avoiding

an obstacle at the beginning. The first one is where trajectories go from point A to B, and

the second one has trajectories avoiding obstacles. Both sets of constraints can be integrated

during trajectory generation by employing conditional generative modelling, such as the

DDPM. This method allows the robot to learn from and adapt to various scenarios, effectively

incorporating multiple constraints into the generated trajectories.

Two distinct approaches exist in the domain of conditional modelling with DDPMs: classifier-

guided or classifier-free method, as detailed in Section 2.1.4. The conditional generative

modelling for control, introduced by [2], adopts the classifier-free methodology.

2.4.2 Control with classifier-free DDPMs

Ajay [2] proposes using classifier-free DDPMs to perform control. As discussed in Section

2.4.1, this approach allows the generated trajectory to consider several constraints, rules, or

desired skills. In the context of conditional generative modelling, the objective is typically

to maximise the expectation of the log-likelihood of generating the initial state s0(τ), given

some information y(τ), as shown in Equation (23). This expectation is taken over trajectories

τ sampled from the dataset D:

max
θ

Eτ∼D[log pθ(x0(τ)|y(τ))]. (23)

In the Equation (23), θ represents the model parameters, E denotes the expectation, τ ∼ D
indicates that the trajectories τ are sampled from the dataset D, and pθ is the probability

distribution parameterised by θ.

In the context of diffusion models, the generative process is governed by both forward (3)

and reverse (2) diffusion processes, as outlined in Section 2.1.1. In Ajay’s implementation,

diffusion is applied only to state variables (not actions), ensuring continuous data flow across
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states. The trajectory τ consists of states s and actions a, with the state transitions at each step

represented as:

τk := (st, st+1, ..., st+T−1)k , (24)

where τk represents the state at step k within the trajectory τ . The sequence of states starting

from time t to t + T − 1 at step k is denoted as (st, st+1, . . . , st+T−1)k . Here, st is the state at

time t, st+ 1 is the state at the next time step, and so on, up to st+T−1, which is the state at the

(t+ T − 1)-th time step. This sequence captures the transitions between states over a horizon

of T steps.

However, only using states to sample trajectories will not be sufficient to obtain a controller,

as actions are also necessary to determine the control inputs. While states are continuously

distributed, actions can introduce discontinuities that make direct modelling more challeng-

ing. Therefore, Ajay [2] proposes to estimate the action by looking at two consecutive states in

an inverse dynamics manner, as shown in Equation (25):

at := fϕ(st, st+1). (25)

In this equation, at represents the action at time t, and fϕ is a function parameterised by ϕ that

estimates the action based on the states st and st+1. By inferring actions in this way, the model

avoids issues related to discontinuity in the action space and ensures that control decisions

are based on state transitions.

The following step is to use the constructed model for planning. To include the information

y(τ), the author of the paper [2] uses the classifier-free denoising model described in Section

2.1.4 with low-temperature sampling to obtain the trajectories with the highest log-likelihoods.

Those trajectories also describe the best, most desirable behaviours from the dataset. The

model can be described as shown in Equation (26), where ϵ̂ is the model estimate for planning:

ϵ̂ := ϵθ(τk),∅, k) + ω(ϵθ(τk), y(τ), k)− ϵθ(τk),∅, k)). (26)

Additionally, the term ϵθ(τk),∅, k) is the model’s estimate of the noise at step k for the state τk
without any conditional information. The term ϵθ(τk), y(τ), k) is the model’s estimate of the

noise with the conditional information y(τ). The difference between these two terms is scaled

by the factor ω, which adjusts the influence of the conditional information y(τ) on the noise

estimation.

The authors of the paper reason that with the presented construction of the model, the

sampling from the decision diffuser becomes similar to the planning in reinforcement learning:

first observing a state in the environment, sampling the states into the horizon, and finally

identifying the best action to take.

Additionally, the conditional variable y(τ) can be defined in various ways depending on the

desirable behaviour of the model. For example, if the goal is to maximise the return function

R(τ), the conditional variable y(τ) should be set as follows:

ϵθ(τk, y(τ), k) := ϵθ(τk, R(τ), k) , (27)
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where ϵθ(τk), R(τ), k) represents the noise estimate conditioned on the return function R(τ).

Furthermore, the y(τ) can also be adjusted to comply with various constraints, each repre-

sented by set Ci. To generate trajectories which will satisfy a constrain Ci, for example, avoiding

certain parts of the state space,e the y(τ) is conditioned on a one-hot encoding:

ϵθ(τk, y(τ), k) := ϵθ(τk, 1(τ ∈ Ci, k). (28)

Finally, the noise model can also be conditioned to show a skill i which can be specified from

a set of demonstrations Bi, as follows:

ϵθ(τk, y(τ), k) := ϵθ(τk, 1(τ ∈ Bi, k) , (29)

where 1(τ ∈ Bi) is a one-hot encoding indicating whether the trajectory τ demonstrates the

skill i from the set Bi

The training is done offline for constraints and skills; therefore, only one skill or constraint

can be trained at a time. However, multiple constraints and skills can later be composed at

interference to achieve a complex model.

The reverse diffusion process pθ and inverse dynamic model fϕ are then trained, given dataset

D of trajectories, where each has a return, constraint or skill. The reverse diffusion process is

parametrised through the noise model ϵθ using temporal U-net architecture, and the inverse

dynamic model fϕ has a loss described by Equation (30):

L(θ, ϕ) := Ek,τ,D,γ∼Bern(π)[||ϵ−ϵθ(xk(τ), (1−γ)y(τ)+γ∅, k)||2]+E(s,a,s′)∈D[||a−fϕ(s, s′)||2] (30)

The first expectation term in this equation involves the denoising process using the reverse

diffusion model ϵθ. The variable γ is a binary variable sampled from a Bernoulli distribution

with parameter π. The first part of the loss term measures the difference between the true

denoising score ϵ and the denoising score predicted by the model. The second part involves

the loss for training the inverse dynamic model fϕ. The loss is calculated using the squared L2

norm between the true action a and the predicted action fϕ(s, s′).
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3 Related Work

Understanding previous research in the field is essential for progressing further with advance-

ments. Therefore, with the support of relevant papers and publications, this section explains

major topics and concepts that are the foundation of this paper.

3.1 Numerical and Analytical PDE solvers

3.1.1 Analytical solvers

Classical analytical methods for PDEs have been used in mathematical analysis for decades.

Techniques such as the separation of variables, Fourier and Laplace transform, and Green’s

functions are commonly employed to find exact solutions to PDEs [21]. For instance, the

separation of variables simplifies a PDE into a set of ordinary differential equations (ODEs),

which can be more easily solved. Fourier and Laplace transform convert PDEs into algebraic

equations in the frequency domain, facilitating their solution through inverse transforms [7].

However, these methods have significant limitations. They often apply only to linear PDEs

with specific boundaries and initial conditions and struggle with nonlinearity and complex

geometries [43]. The exact solutions provided by analytical methods are important for under-

standing the fundamental properties of PDEs, but their applicability is restricted to a narrow

class of problems.

3.1.2 Numerical solvers

Numerical methods have been developed to overcome the limitations of analytical approaches,

providing approximate solutions to a broader range of PDEs. The Finite Difference Method

(FDM) discretizes the PDE using a grid of points, approximating derivatives with differences

[54]. This method is straightforward and effective for simple geometries, but its accuracy

depends on the grid resolution, which can lead to high computational costs.

The Finite Element Method (FEM) offers greater flexibility by dividing the domain into smaller,

irregularly shaped elements, making it well-suited for complex geometries and boundary

conditions [39]. FEM constructs approximate solutions using basis functions, providing high

accuracy with relatively fewer elements compared to FDM.

The Finite Volume Method (FVM) is another powerful numerical approach that integrates

the PDE over control volumes, ensuring the conservation of changes across their boundaries

[4]. This method is particularly effective for problems involving conservation laws and fluid

dynamics.

However, these methods have limitations. FDM can be less accurate on complex geometries,

and FVM may require complex reconstruction schemes for higher-order accuracy. FEM, while

powerful, can be computationally intensive and time-consuming [44]. Additionally, Götschel
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and Weiser [25] argue that the growing disparity between computational power and memory

bandwidth poses a challenge for large-scale problems.

3.1.3 Curse of Dimensionality

The term "curse of dimensionality" was first introduced in 1950 by Bellman [9]. In the con-

text of PDEs, it refers to an exponential increase in computational complexity and resource

requirements when solving PDEs analytically or numerically as the number of dimensions

(spatial or temporal variables) increases. Despite advancements in numerical methods, this

phenomenon remains a significant challenge across various PDEs.

High dimensionality leads to large, sparse matrices that are computationally intensive. More-

over, the accuracy of numerical methods diminishes as dimensionality increases, necessitating

finer grids or more elements, further worsening the computational burden. These challenges

underscore the need for novel approaches that can efficiently handle high-dimensional PDEs

without succumbing to the curse of dimensionality.

3.2 Neural Network solvers

In recent years, neural networks have emerged as a tool for solving PDEs, offering a promising

alternative to traditional numerical and analytical methods. Unlike conventional approaches

that rely on grid-based discretizations or analytical simplifications, neural networks can

directly learn and approximate complex functions from data, making them particularly well-

suited for high-dimensional and nonlinear problems [1]. Moreover, by training on examples of

input-output pairs that represent the PDE’s behaviour, neural networks can ideally generalize

to new scenarios and provide accurate solutions across various conditions. Additionally,

neural networks can be used as model order reduction tools for solving PDEs, providing

computational efficiency by solving the PDE with a simple forward pass of the network [33].

The forward pass refers to the process of passing input data, such as initial conditions or pa-

rameters of the PDE, through the neural network to produce an output, which is the predicted

solution of the PDE. By leveraging the pre-trained weights and biases of the network, the

forward pass efficiently maps the inputs to the desired outputs without the need for iterative

solvers or complex numerical methods. This allows the PDE to be solved almost instanta-

neously, making neural networks particularly advantageous for scenarios requiring rapid or

real-time computations, such as control and optimization tasks [33].

3.2.1 Deep Neural Networks

Deep Neural Networks (DNNs) represent a significant advancement over traditional neural

networks due to their ability to leverage multiple layers of interconnected neurons. This deep

architecture allows DNNs to model complex mappings from inputs, such as spatial coordinates

and time, to outputs corresponding to PDEs solutions [41]. By exploiting hierarchical repre-
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sentations within the solution space, DNNs can capture intricate patterns and dependencies

that may not be discernible to shallower models.

However, the depth of DNNs introduces several challenges when applied to PDE solving.

Firstly, their increased depth and complexity lead to higher computational demands during

training and inference phases [51]. This computational overhead can make DNN-based PDE

solvers slower and more resource-intensive than traditional numerical methods. Secondly,

the large number of parameters in deep networks makes them prone to overfitting, where

the model learns to memorize training data rather than generalize to unseen data [16]. This

issue can compromise the robustness and reliability of DNN solutions, especially in complex,

real-world applications.

3.2.2 Physics-informed Neural Networks

Physics-Informed Neural Networks (PINNs) directly integrate domain knowledge into training,

enhancing solutions’ accuracy and physical fidelity. PINNs enforce the underlying physics

governing the PDEs as constraints during training, ensuring that solutions respect conserva-

tion laws, boundary conditions, and other physical principles [18]. This approach improves

the reliability of neural network predictions and reduces the dependency on large amounts of

labelled data, which can be scarce or costly.

However, despite these advantages, PINNs encounter significant challenges in practical ap-

plications. One notable difficulty arises when approximating solutions for PDEs that exhibit

multi-scale, chaotic, or turbulent behaviours, which are prevalent in many physical systems

[6]. The complex interactions and rapid changes across different scales pose difficulties for

neural networks to effectively capture and predict accurately.

Additionally, Antonion et al. [6] highlight another challenge PINNs face: the computational

intensity and training complexity, especially for high-dimensional problems or those requiring

fine spatial or temporal resolution. Optimizing complex neural network architectures over

large datasets demands substantial computational resources and time, making the training

process resource-intensive.

3.2.3 Latent Spectral Models

Latent Spectral Models (LSM) use a special network to simplify complex data by condensing

high-dimensional inputs and outputs into a simpler form. Inspired by traditional methods,

LSM uses a neural block to break down complicated mappings into simpler parts, ensuring it

works well in theory and practice. Wu et al. [61] show that LSM performs exceptionally well in

solid and fluid physics tests, offering better accuracy and efficiency than older methods.

Despite its advancements, LSM faces potential pitfalls. Firstly, the design and implementation

of LSM require careful tuning of hyperparameters and architectural choices, which can be

non-trivial and time-consuming. Moreover, LSM’s applicability to extremely high-dimensional
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or highly dynamic systems might be limited, as capturing all relevant features and interactions

in such scenarios could still pose challenges [61].

3.2.4 Neural Operators

Neural operators are designed to map between function spaces, providing a flexible and

efficient framework for solving complex, high-dimensional problems such as those involving

PDEs. Unlike traditional neural networks that map individual data points, neural operators

handle variable input sizes and geometries by learning the underlying operator that governs

the transformation from inputs (e.g., initial and boundary conditions) to outputs (e.g., PDE

solutions). This capability allows neural operators to generalize across resolutions and problem

setups, making them highly versatile [36].

Kovachki et al. [36] propose a set of neural operators, with the Fourier Neural Operator (FNO)

highlighted as the fastest and most competitive approach. By using relative L2 error, as shown

in Equation (31), the authors compared the FNO with other available PDE solvers: CN, a

Fully Convolution Network [63], PCA+NN, which uses Principal Component Analysis (PCA)

combined with a fully connected neural network [11], RBM, the classical Reduced Basis

Method with PCA [17] and DeepONet, which employs a Deep Operator Network with standard

fully connected layers and a solid approximation theory [38]. The performance of these solvers

was assessed using the relative L2 error, calculated as shown in Equation (31):

L2 =

√
Σ(st − ŝt)2√

Σs2t
, (31)

where st is the original solution at a time step t, and ŝt is the generated solution at a time step

t. The analysis specifically measures the solution at a fixed future time step rather than the

entire solution trajectory. For instance, in the context of the one-dimensional viscous Burgers’

equation, the goal is to learn the mapping from the initial condition to the solution at this

fixed future time. For assessing the FNO on this 1D PDE case, the relative L2 error was in the

range of 10−3, whereas other methods reported error values in the interval of 10−1 to 10−2.

3.2.5 Model-Order Reduction

Model order reduction (MOR) techniques aim to simplify the complex systems described by

PDEs by reducing the number of degrees of freedom while retaining essential dynamics and

accuracy. When used in MOR, neural networks can efficiently capture the system’s underlying

patterns and key features, enabling faster and more scalable solutions. This approach involves

training the network to project the high-dimensional PDE problem onto a lower-dimensional

latent space, from which accurate approximations of the original solution can be reconstructed.

As a result, neural network-based MOR can significantly reduce computational costs and

enhance the feasibility of solving large-scale PDEs [11].
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3.3 PDE Control

Control of PDEs involves influencing the behaviour of a system described by PDEs through

external inputs or controls. The goal is often to optimise performance criteria or steer the

system to a desired state. Traditional control strategies often rely on solving complex optimisa-

tion problems to determine the best control inputs. In contrast, modern approaches leverage

deep learning and reinforcement learning techniques, which provide innovative methods for

managing high-dimensional and nonlinear systems, offering new possibilities for enhancing

control and achieving desired outcomes.

3.3.1 Optimal control

Optimal control is a mathematical and computational framework that can be applied to

influence the behaviour of systems governed by PDEs [40]. The primary objective is to optimise

a given performance criterion, such as minimising costs or achieving desired system states.

This process involves solving complex optimisation problems where the control inputs are

designed to steer the system towards optimal performance [55].

Like traditional approaches for solving PDEs, as described in Section 3.1, optimal control

also suffers from the curse of dimensionality, which can render solutions infeasible for large-

scale problems. Other challenges include the computational complexity associated with

high-dimensional systems, issues with nonlinearity and stability, and sensitivity to model

inaccuracies and boundary conditions. Additionally, ensuring the uniqueness and stability of

solutions, along with implementing these strategies in real-time applications, can be difficult.

These challenges underscore the need for advanced numerical techniques and robust control

approaches.

Modern approaches to optimal control, such as deep learning and reinforcement learning,

address some of these challenges by leveraging data-driven techniques and advanced compu-

tational methods.

3.3.2 Deep Learning

Long et al. [37] introduced PDE-Net, a deep learning framework designed to achieve two

main objectives: accurate prediction of complex system dynamics and identification of the

underlying partial differential equations (PDEs) governing these systems. PDE-Net utilises

convolutional filters, learned directly from the data, to represent differential operators while

simultaneously learning a nonlinear response function that captures the system’s inherent

nonlinearity.

In the control context, PDE-Net can design control strategies by predicting the system’s future

states and adjusting control inputs accordingly. By learning the underlying PDEs, PDE-Net en-

ables the development of data-driven controllers that can handle complex, high-dimensional

systems. This approach allows real-time adjustments and improved control performance,
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even in noisy data. Uncovering hidden PDE models also aids in refining control strategies by

providing deeper insights into the system dynamics, thus enhancing the overall effectiveness

of the control process.

Another deep learning approach proposed by Holl et al. [29] aims to understand and control

complex nonlinear physical systems over time. This method divides the problem into planning

and control tasks, featuring a predictor network that plans optimal trajectories and a control

network that infers the corresponding control parameters. Both networks are trained end-

to-end using a differentiable PDE solver, allowing the system to learn from interactions and

refine predictions over time. The authors state that by recursively refining predictions and

correcting deviations, this hierarchical predictor-corrector scheme outperforms traditional

iterative optimisation methods, providing stable long-term control.

3.3.3 Reinforcement Learning

Farahmand et al. [22] introduced a data-driven method for PDE control using deep rein-

forcement learning (RL) techniques, specifically through the Deep Fitted Q-Iteration (DFQI)

algorithm. DFQI directly manages high-dimensional state representations of PDEs, avoiding

the model order reduction step common in traditional methods. DFQI handles complex state

spaces and learns from data without manual feature design by utilising deep convolutional

networks to approximate the RL value function. Applied to control flow in a time-varying

2D convection-diffusion PDE, the method also explores transfer learning, adapting policies

trained on one PDE to other related PDEs.

Building on the advancements in data-driven PDE control, Peitz et al. [46] proposed a novel

convolutional framework for distributed control of dynamical systems governed by PDEs,

leveraging reinforcement learning (RL). Their approach further reduces the complexity of

high-dimensional PDE control problems by transforming them into multi-agent systems with

identical, uncoupled agents. This method addresses the curse of dimensionality inherent in

deep RL and enhances the scalability and transferability of trained models across different

domains. By incorporating distributed control strategies, Peitz et al.’s framework complements

the efforts of Farahmand et al. in managing complex PDE control challenges, offering a unified

approach that integrates advanced RL techniques for more effective and adaptable solutions.

Additionally, the control of fluids has been explored with Deep Reinforcement learning (DRL).

Vignon et al. [58] reviewed the application of DRL to active flow control (AFC), demonstrating

its potential in managing high-dimensional and nonlinear fluid dynamics problems. The

paper discussed the effectiveness of DRL in two-dimensional and chaotic conditions and

provided promising results in increasingly complex flows. Additionally, Vinuesa et al. [59]

explored the transformative potential of machine learning, including DRL, for experimental

fluid mechanics, emphasising its role in real-time estimation and control of fluid flows.
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3.4 Denoising Diffusion Probabilistic Model

The results of the DDPM presented by Ho and Salimans [28] show that the model can perform

better in quality and FID scores than most of the other generative models described in the

literature. However, the model was underperforming regarding log-likelihood values compared

to other results in the literature.

The improvements introduced by Nichol and Dhariwal [42], explained in Section 2.1.3 solved

that issue while maintaining the high sample quality. Furthermore, when comparing the

model with GANs, the DDPM obtained a much higher recall for similar FID, which suggests

that DDPM can be more effective in generating data points that closely match the actual data

distribution, capturing a larger portion of its characteristics. Additionally, the original model

proposed by Ho and Salimans [28] needed 4000 sampling steps. The improved model needed

only 100 to reach the same FID, which greatly reduced the model’s training time.

The DDPM presented by Nichol and Dhariwal [42] is a classifier-guided model. Ho and Sali-

mans [28] introduce a classifier-free model that outperforms the classifier-guided one while

having a simpler architecture and training pipeline. Additionally, changes to the model intro-

duced by Rombach [49] show that using latent data representations as input to the DDPM

model can significantly improve the sampling and training efficiency without loss in quality.

3.4.1 Control using DDPM

DDPMs can also be applied to control nonlinear systems, as demonstrated by Elamvazhuthi

et al. [20]. In this approach, the control problem is reframed as a generative modelling task,

aiming to design a feedback controller that transitions the system’s state distribution from

an initial to a desired target configuration. The method ensures that the controlled system

adheres to the reverse trajectory of the DDPM’s forward process to achieve alignment with the

target distribution. The authors used KL divergence to assess the controller’s performance,

demonstrating its effectiveness across various nonlinear systems without drift; however, they

did not compare this approach with other existing methods.

Huang et al. [30] introduced DiffuseLoco, a novel framework that utilizes DDPMs to train

multi-skill, diffusion-based policies for dynamic-legged locomotion using offline datasets.

Traditionally, robotics research has focused on specialized single-skill models for dynamic

motions, leaving the challenge of unifying diverse locomotion skills unsolved. DiffuseLoco

addresses this gap by leveraging DDPMs to learn from multimodal offline datasets containing

various abilities, such as bipedal walking and quadrupedal locomotion, without requiring

manual skill labelling. By effectively capturing the multi-modalities in these datasets, Diffuse-

Loco integrates a wide range of agile-legged locomotion skills into a single scalable policy,

enabling real-time deployment on robots and ensuring robust performance across diverse

locomotion tasks.
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3.5 Control of PDE using DDPM

Ajay [2] used DDPM for offline control in generating trajectories and showed that such a

solution could maximise returns, satisfying more than one constraint and performing different

skills together. The research of Botteghi [15] supports this observation, where trajectories

generated using DDPM adhered to predefined safety rules, avoiding restricted areas.

Diffusion Generative PDE Control (DiffConPDE), introduced by Wei et al. [60], is a framework

designed to optimize control for PDEs. Central to this method is an energy-based model that

captures both the dynamics and constraints of the PDE system. This model includes an energy

function parameterized to represent the distribution of system states and control inputs,

taking into account system constraints. The energy function quantifies the combined cost of

system evolution and control objectives, incorporating a learned generative component to

ensure that the generated state-control pairs adhere to the system’s dynamics and boundary

conditions.

DiffConPDE further enhances its optimization capability through a technique called prior

reweighting. This approach adjusts the influence of prior knowledge during training, allowing

the framework to explore control strategies beyond the scope of the training data. By doing so,

DiffConPDE can identify superior control solutions that align effectively with the PDE system’s

dynamics and the specified control objectives. For 1D Burgers’ equation, DiffConPDE achieves

the lowest control error across different scenarios, outperforming PID and SAC.

To support the evaluation of PDE control problems and safety-critical industrial settings,

Zhang [62] introduced controlgym, a library that provides examples and tools for assessing

PDE dynamics, implementing controllers, and generating PDE trajectories.
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4 Methodology

The overall design and implementation of the model used to generate trajectories from PDEs

are divided into three key stages: (i) data collection, (ii) learning the system’s dynamics and

control strategies with DDPM and optionally (iii) dimensionality reduction. After all those

stages, the generated solution is obtained. Figure 1 illustrates the complete process, where the

light purple section highlights the initial data collection and the solution generation stages.

The blue section corresponds to the DDPM, and the purple box encapsulates control strategies.

Figure 1: Schematics of the basic model.

4.1 Data collection

The controlgym library allows for simulating various PDE-based control problems, both lin-

ear and nonlinear equations. This project focuses on using the nonlinear 1D Kuramoto-

Sivashinsky (KS) equation as input for the model, with more details to be provided in the re-

sults in Section 5.1. In addition to generating standard versions of specified PDE environments,

this library facilitates the customization of equation parameters and the implementation of

controllers. Model’s input and output will be a trajectory τ = st, st+1, st+2, ...., st+T−1, where T

is the horizon’s length. The st represents a state of the system at a time t. The state describes

various physical quantities or variables that describe the system’s behaviour, which vary based

on the PDE selected. The state st at time t is followed by the state st+1 at time t + 1. This

sequence of states forms a trajectory, which captures the system’s evolution over time.
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In addition to time discretisation, space discretisation is essential to fully understanding the

structure of each state st. For a 1D PDE, each state st belongs to RL, where L is the number of

spatial steps used to discretise the domain. This discretisation allows the PDE to be represented

in a finite-dimensional space, making it suitable for numerical simulations and modelling.

Consequently, the total trajectory τ can be viewed as a matrix of size L × T for the 1D PDE

case, where each column corresponds to the state at a particular time step, and each row

corresponds to a spatial position. This matrix encapsulates the complete spatiotemporal

evolution of the system over the prediction horizon T .

These assumptions imply that the model learns to produce solutions of PDEs by approximat-

ing the solution operator implemented by the discrete numerical solver used. This approach

enables a data-driven approximation of PDE solutions for given input conditions. The model,

therefore, learns to replicate the discrete numerical solver’s behaviour for given input con-

ditions, effectively providing a data-driven approach to approximating the underlying PDE

solutions.

4.2 Learning dynamics and Control strategies with DDPMs

The input to the model, the trajectory τ of length T , can be represented as a sequence of states

and actions: state-action-state-action, and so forth as described in Section 2.4.2, and more

specifically, Equations (24) and (25). In this sequence, each action represents a control input

that drives the system from one state to the next.

Action is based on a current state and used to derive the subsequent state. Therefore, knowing

only the sequence of states makes it possible to derive the corresponding action ât using an

inverse dynamics model I approximated by a neural network, as shown in the Equation (32):

ât = I(st, st+1) (32)

Consequently, only the states are the subjects of the forward diffusion process and, subse-

quently, the reverse diffusion process.

The reverse process can incorporate control requirements such as boundary conditions,

rewards, and parameters, allowing the model to generate trajectories that align with specific

control objectives; see the purple box in Figure 1. The reverse process performs conditional

sampling by embedding these requirements, producing new trajectories tailored to meet

predefined conditions or criteria. For instance, boundary conditions can enforce constraints

on the trajectory’s behaviour at the system’s boundaries, while rewards can incentivize desired

behaviours or outcomes. This approach effectively integrates control objectives into the

generation process, ensuring that the resulting trajectories adhere to the desired specifications.

4.3 Dimensionality reduction

The PDEs in their raw form are extremely complex due to their high-dimensional nature.

Moreover, numerous parameters and boundary conditions can influence their behaviour.
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Encoding PDEs into a latent space offers an approach to address these issues. By transforming

the high-dimensional input space of the PDEs into a lower-dimensional latent space, complex

relationships and underlying patterns within the data can be more effectively captured and

represented. This information compression reduces the computational load and facilitates

the discovery of meaningful representations and features that may otherwise be obscured in

the original high-dimensional space. Given the high dimensional data st, st+1, ..., st+T−1, SVD

and AE are utilized to learn low dimensional representation zt, zt+1, ..., zt+T−1. Figure 2 shows

the updated schematics with the grey box decided for the dimensionality reduction.

Figure 2: Schematics of the full model, including encoding to the latent space.

4.4 Training

The training process varies depending on the case. For the basic case, where no dimensionality

reduction is applied, the training is straightforward. The model is trained directly on the

original input trajectories, allowing it to learn the dynamics and control strategies in a single

phase.

In contrast, when dimensionality reduction is employed, the training process is divided into

two distinct phases. Firstly, the focus is training the AE or applying the SVD to the input
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trajectories for dimensionality reduction. During this phase, the objective is to effectively

capture the underlying structure of the input trajectories and represent them in a reduced

form.

In the second phase, the DDPM is employed using the reduced-dimensionality data obtained

from SVD or the AE. This two-stage approach enables the model to focus exclusively on

learning the data’s latent representations. By eliminating the need to encode and decode these

representations back to their original dimensions during this phase, the DDPM can fully learn

the dynamics and control strategies in the latent dimension.
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5 Results

5.1 Kuramoto-Sivashinsky PDE

The Kuramoto-Sivashinsky (KS) equation is the Partial Differential Equation (PDE) used for

the subsequent experiment. The solutions for this PDE, generated by discretising the space

and time domains, are used to train the model. The KS equation is a nonlinear PDE used in

various contexts, such as fluid dynamics, plasma physics and combustion. It is particularly

known for modelling the behaviour of diffusive instabilities in laminar flame fronts [62]. The

implementation of the KS equation in this paper follows the method presented by Botteghi in

[13], as shown in Equation (33):

∂s

∂t
+ s

∂s

∂x
+
∂2s

∂x2
+
∂4s

∂x4
+ µ cos

(
4πx

L

)
= ϕ(x, a),

ϕ(x, a) = ΣNa
i=1aiψ(x, ci),

ψ(x, ci) =
1

2
exp

(
−(x− ci)

2

σ2

)
.

(33)

The variable s = s(t, x) represents the state of the system, where x is the spatial variable and t

is the time variable. The function ϕ(x, a) denotes the control input function, with ai ∈ [−1, 1]

as control variables, while ψ(x, ci) represents a Gaussian kernel centred at ci with a standard

deviation of σ = 0.8. The number of control parameters is denoted by Na, and each ai scales

the corresponding Gaussian kernel ψ(x, ci). Other parameters, such as the domain size L, the

spatial domain discretization, and the main parameter µ, which scales the cosine forcing term,

will be varied in the experiments detailed in the following section.

An important property of the KS equation, particularly under periodic boundary conditions, is

the conservation of the spatial mean of the solution s(t, x) when the µ = 0.0. This conservation

can be shown by integrating the KS equation over the spatial domain, where the integral of

the nonlinear, second-order, and fourth-order derivative terms vanishes due to the boundary

conditions. As a result, the spatial average of the state s(t, x) remains constant over time.

5.2 Experiments Outline

According to the pipeline architecture described in Section 4, the following experiments were

conducted. First, during the inference phase, the model’s ability to generate solutions for the

KS PDE for different parameter µ values was tested. This evaluation can be distinguished

into two cases: an unseen µ value within the training range (parameter interpolation) and an

unseen µ value outside the training range (parameter extrapolation).

Furthermore, Singular Value Decomposition (SVD) and autoencoder (AE) were introduced.

These modifications reduced the PDE to a smaller dimension within the latent space before

passing the data through the diffusion model. This experiment was conducted again for

multiple values of parameter µ, with the original dimension of the solution being reduced to
1
2 , 1

4 and 1
8 .
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Lastly, the experiments assessed the control properties of the model. In this setup, a controller

was first applied to the PDE to generate controlled solutions, which were then used to train

the model. The trained model was used to generate controlled solutions during the inference

phase. This approach was tested on a 1-dimensional PDE where the spatial domain is discre-

tised to 64 elements with different parameter µ values. In this experiment, no dimensionality

reduction was applied to the input data before it was processed by the model, allowing for the

evaluation of its performance directly in the original input space.

The evaluation metric for the model during training is the model loss; see Equation (6). After

the training is complete, prediction error, as shown in (34) is used to evaluate the model’s

performance:

Prediction error = 0.5×

√
(∥τ − τ̂∥)2

(∥τ∥)2
. (34)

The prediction error utilises the Frobenius norm to measure the difference between the

original trajectory τ from the test set and the generated trajectory τ̂ .

The absolute error, see Equation (35), serves as a means to provide visual information about

the error distribution:

Absolute Error = |τ − τ̂ | , (35)

In addition, the model is also evaluated using inpainting techniques. Inpainting involves filling

in missing parts of a trajectory based on the observed data. Evaluation through inpainting

is performed under three distinct scenarios: from the beginning (sweep front), from the end

(sweep back), and from both sides of the trajectory (sweep both).

• Sweep front: In this scenario the evaluation focuses on how a system progresses forward

in time. It assesses the model’s capability to generate future states based on the initial part

of the trajectory. This setup tests the model’s ability to predict time evolution when only

the beginning segment of the trajectory is known. It evaluates the model’s performance

in time extrapolation, determining how well it can infer unseen future states based on

limited prior information.

• Sweep back: In this scenario, the evaluation starts with the system’s final state and aims

to infer the preceding states. This helps assess the model’s ability to reconstruct the

history of the trajectory from its endpoint. While this might seem like a form of time

interpolation, it is not strictly so, as the first step in the sequence must be provided for

the model to effectively generate prior states (see Figure 54).

• Sweep both: This scenario addresses situations where there is a break in data collection,

such as a gap in sensor readings. The model needs to inpaint the missing middle part of

the trajectory based on the available data from both the beginning and the end.

The prediction error, as defined in Equation (34), is then calculated for the inpainted sections

of the trajectory. This prediction error is divided by the number of inpainted steps to obtain
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a uniform error measure per step. This provides a consistent metric to compare the model’s

performance across different inpainting scenarios.

5.3 Experiment - Multiple µ value

The first experiment examines the model’s ability to generate a solution for the KS PDE across

varying values of µ. Solutions for µ ranging from -0.2 to 0.2 with increments of 0.005 were

generated as the training data. This dataset was passed to the model along with the non-

discounted value of the parameter µ. Additionally, trajectories for µ outside the -0.2 to 0.2

range were generated for testing purposes. The complete set of test µ values is -0.25, -0.19,

-0.12, -0.09, -0.04, -0.03, 0.02, 0.05, 0.08, 0.11, 0.14, 0.15, 0.2, 0.21, 0.24, 0.25; those values were

excluded from the training data. For this case, the values of other parameters are spatial

domain L = [0, 22], domain discretisation Nx = 64, simulation time T = 20s, timestep size for

integration dt = 0.1 resulting in 200 steps. For this experiment, for each µ value, 50 trajectories

were generated, and the train and test split is 90 : 10%. Each trajectory per µ uses different

random initial conditions to avoid duplicate data.

The model was evaluated using prediction error, calculated exclusively for the inpainted steps.

The total prediction error for these steps was then divided by the number of inpainted steps

to ensure a uniform assessment across all sweep cases. Figure 3 shows the prediction error

for sweep front (time extrapolating), back, and both for µ inside the -0.2 to 0.2 range and µ

outside the range. The sweep front is characterised by increasing error while the sweep back

and both present error decline with an increasing number of the provided steps. This trend

holds for the µ value inside and outside the training range: -0.2 to 0.2. This is because the

model makes the most significant errors in prediction towards the horizon’s end, regardless of

the number of provided steps at the horizon’s beginning. The Appendix A provides examples

and explanations of this phenomenon. Based on the prediction error for all cases, the sweep

back method performed the best, followed by the sweep both. Since the model is probabilistic,

each generated solution may vary even with the same initial conditions and parameters. For

this variability, 20 solutions per trajectory were generated for each µ value. The prediction

error reported is the average across these trajectories, providing a more reliable assessment of

the model’s overall performance.

Figure 3: Prediction error for µ inside the range of -0.2 and 0.2 (left) and outside the range (right).
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A notable factor is that for all the sweeps, the prediction error is smaller for the µ values

outside the training range than for the µ values inside the range. This can be attributed to the

behaviour of the PDE for larger values of µ. As µmoves further from zero, the cosine term in the

equation begins to dominate the dynamics, leading to a less chaotic system. In this case, the

influence of the other terms diminishes, and the solution exhibits a more regular pattern, thus

making it easier for the model to predict the solution. Figure 4 and 5 show how the prediction

error for each µ value in the test set for sweep front and back, respectively. For those cases, the

best error was chosen from all the generated trajectories instead of the average error. In the

Figures, the solid line represents the in-range values of µ, and the dash-dotted lines are the µ

values outside the range. The complete results are in the tables in Appendix F together with

the graph and description for sweep both, which is similar in results to sweep-back.

Figure 4 shows the time extrapolation (sweep-front) prediction error for various µ. Of 16 µ

values, 10 had the lowest prediction error for only one provided step. This ties in with the

general trend for sweep-front, where the smallest error happened for the smallest number of

steps provided. However, for the other 6 µ values, the smallest prediction error for more than

50 provided steps. The µ value with the smallest prediction error is µ = −0.25 with prediction

error equal to 8.38 ∗ 10−4, followed by µ = −0.19 and µ = −0.12 with error of 1.16 ∗ 10−3.

Notably, the µ values outside the range exhibit lower prediction errors than the inclusive µ

values. Additionally, most errors either increase or remain constant as the number of provided

steps increases. Again, this follows the general trend for the sweep front.

Figure 4: Prediction error for sweep-front for various µ.

Figure 5 shows the prediction error for sweep-back. Besides the lowest prediction error for

µ = −0.25 for 19 provided steps, for all the other values, the lowest error occurs toward
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the higher number of provided steps, with the vast majority of error happening in the final

provided steps. The smallest prediction error with the value of 5.83 ∗ 10−4 is for µ = 0.14 and

the second smallest for µ = 0.21 with value for 5.9 ∗ 10−4.

Unlike the previous case, there is no clear distinction between the µ values inside and outside

the range. While the prediction error for µ outside the range generally tends to be lower than

for the µ inside the range when fewer steps are provided, this trend does not hold for more

provided steps. Additionally, for most µ values, the prediction error decreases as the number

of provided steps increases, aligning with the overall behaviour observed for the sweep-back

scenario.

Figure 5: Prediction error for sweep-back for various µ.

Figure 6, 7 and 8 below showcase some of the solutions generated by the model for various

sweeps and the number of steps provided. For each sweep, there is a solution for µ value inside

and outside the range.
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Figure 6: Sweep front generated solution visualisation.

Figure 7: Sweep back generated solution visualisation.
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Figure 8: Sweep both generated solution visualisation.

In all the figures presenting the best-generated trajectories by the model, the sweep-front con-

sistently performs the worst in absolute and prediction error compared to the other methods.

Specifically, for the sweep-front with 91 provided steps for µ = −0.03, as shown in Figure 6,

there is a noticeable difference between the provided and inpainted steps. This disparity is

further highlighted by the high absolute error values at the initial inpainted steps, indicating a

significant mismatch between the generated and actual trajectories at the transition points.

In contrast, for the sweep-back and sweep-both approaches, it is still possible to discern

the boundary between the inpainted and provided steps, although the difference is less

pronounced than in the sweep-front. The sweep-back performs best among these methods,

achieving the lowest absolute and prediction errors. This is evident in Figure 7 where the

occurrence of light blue colour, indicative of higher errors, is noticeably reduced compared

to Figure 6 and 8. This suggests that the sweep-back method enables the model to generate

solutions that more closely approximate the actual trajectories, outperforming the sweep-both

approach.

Despite these differences, all generated solutions broadly resemble the actual ones, preserving

the general behaviour of the PDE. This indicates that while the choice of the sweep method

significantly affects the accuracy of the generated trajectory, the model is generally capable of

maintaining the essential dynamics of the PDE across different configurations. The results

underscore the importance of method selection in optimising model performance, with

the sweep-back method emerging as the most effective strategy for minimising errors and

achieving solutions that closely align with the system’s actual behaviour.
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5.3.1 Comparison with FNO

The Fourier Neural Operator introduced in Section 3.2.4 is the state-of-the-art for generat-

ing solutions to PDEs and was used for comparison. The primary distinction between the

FNO and DDPM models is that FNO predicts the solution at a single time step [36], while

DDPM generates an entire trajectory. Two approaches to trajectory generation using FNO

were examined: training a separate FNO for each time step and training a single FNO using

consecutive trajectory steps as input data. The first approach yielded better results regard-

ing prediction error and was selected as the benchmark. An analysis of both approaches is

provided in Appendix E.

Figure 9 presents the prediction error per trajectory per step for FNO (red), DDPM (light blue),

and DDPM with sweep back for 50 provided steps (dark blue). As shown in the figure, FNO

generally yields a lower prediction error than the other two methods, reflected in the mean

error values: 0.009 for FNO, 0.328 for DDPM, and 0.144 for DDPM with sweep back for 50

provided steps.

However, when focusing on the µ values at the extremes of the x-axis, specifically µ =

−0.25, 0.2, 0.21, 0.24, 0.25, which are outside the training range, the DDPM with sweep back

outperforms FNO. For the negative values of µ outside the training range, the mean of the pre-

diction errors for FNO is 0.146, compared to 0.118 for DDPM with sweep back. Similarly, FNO

shows a mean error of 0.154 for the positive values, while DDPM with sweep back achieves

a lower error of 0.113.This is also highlighted by the lower figure where the mean prediction

error per µ is shown. It supports the conclusion that the DDPM with sweep back does better

than FNO for the µ values located furthest from 0.
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Figure 9: Prediction error per each trajectory in the train set (upper) and the average error per mu (lower)

for FNO, DDPM and DDPM with sweep back.

Figure 10 illustrates an example of the trajectory generated by the FNO and DDPM. Neither

method fully recreated the true trajectory; however, the results produced by DDPM show

smoother transitions compared to those of the FNO in terms of temporal consistency. The

smoother results from DDPM can be attributed to its ability to generate entire trajectories,

whereas the FNO approach—trained using 200 separate models for each time step—lacks tem-

poral continuity. Since FNO predicts each time step independently, no temporal information

is carried over when training or predicting the solution at any given step, leading to a more

disjointed result.

Additionally, the error percentage shown in the figure represents the portion of the trajectory

where the absolute error exceeds a threshold of 0.4, which was selected as approximately

5% of the maximal error range. For the DDPM interpolation method, the error is calculated

excluding the 50 provided steps, focusing only on the inpainted portions of the trajectory.
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Figure 10: Example of solutions generated by DDPM, DDPM with sweep back and FNO, together with

absolute error.

Figure 11 shows a more stable trajectory where the FNO and DDPM approaches perform well.

Regarding the percentage error, the DDPM sweep back method still performs better. While

the factors contributing to the temporal discontinuity in FNO are still present, they are less

pronounced than the results shown in the previous figure. This indicates that, although FNO’s

lack of temporal information can affect performance, its impact is less severe in this case.

Figure 11: Example of solutions generated by DDPM, DDPM with sweep back and FNO, together with

absolute error for stable trajectory.
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Figure 12 compares the FNO, DDPM, and DDPM sweep back using two smoothness metrics:

Finite Difference [8] and Lipschitz Continuity [57]. The Finite Difference measures the average

change between consecutive points in the trajectory, as indicated in Equation (36):

Finite Difference =
1

T
ΣT−1
i=1 |st − st−1| . (36)

In contrast, Lipschitz Continuity assesses the maximal rate at which the values in the trajectory

change, as shown in Equation (37):

Lipschitz Continuity = max
1≤t≤T

|st − st−1| . (37)

Both variations of the DDPM outperform the FNO regarding the Lipschitz Continuity metric.

While the difference in performance between the FNO and DDPM under the Finite Difference

metric is less pronounced for µ values within the training range, it significantly widens for µ

values outside this range. In both cases, the DDPM consistently performs better than the FNO.

Figure 12: Comparison of FNO, DDPM and DDPM with sweep back using smoothness metrics: Finite

Difference (left) and Lipschitz Continuity (right).

In conclusion, while the DDPM model generally performs worse than the FNO across all µ

values in the test set, there are specific sweep configurations—such as the sweep back with 50

provided steps—where DDPM outperforms FNO, particularly for µ values outside the training

range. Notably, as indicated by Figure 3, with an increase in the number of provided steps, the

performance of DDPM sweep back improves, suggesting that the gap between DDPM and

FNO could widen in favour of DDPM with more steps added.

Although FNO results in a smaller overall prediction error, the temporal discontinuity inher-

ent in its design—due to predicting each step independently—affects the continuity of the

generated solution. This temporal inconsistency is present throughout the solution, making

FNO less smooth overall (see the absolute error in Figures 10 and 11. In contrast, DDPM,

despite showing higher error on average, generates smoother solutions, with errors concen-

trated in specific parts of the trajectory rather than spread uniformly. This is evident from the

percentage error, highlighting that DDPM errors are localised rather than pervasive.
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Thus, while FNO effectively minimises prediction error, DDPM can produce smoother, more

temporally consistent solutions—despite occasional localised errors - making it a compelling

alternative for generating entire trajectories in PDE solutions. DDPM’s performance could

be further enhanced with additional provided steps, making it increasingly competitive with

FNO.

5.3.2 Conclusion - Multiple µ

This experiment assessed the model’s ability to generate solutions for the KS equation with

previously unseen parameter values µ. The findings indicate that the model can effectively

generalise for these unseen µ values, producing coherent solutions even when specific initial

conditions were not part of the training dataset. This demonstrates the model’s capacity for

generalisation for parameterised PDEs.

Although DDPMs initially show higher per-step prediction errors than state-of-the-art method,

their ability to generate smooth and temporally consistent entire trajectories is a significant

strength. As the number of provided steps increases, the model’s performance improves,

particularly in sweep back and both tasks, confirming its potential for robust generalisation in

solving PDEs.

5.4 Experiment - Latent representation

The original data was generated using the KS PDE, with the same properties as the multiple

µ experiment (see Section 5.3). The latent representation of the data was reduced to 32, 16

and 8 observations per step using SVD truncation and AE. Figure 13 shows the reconstruction

error the SVD and AE made for each latent dimension. While the AE’s reconstruction error

drops more rapidly for the first dimensions, it remains almost constant from latent dimension

8 to 64. In contrast, the SVD’s reconstruction error decreases gradually at first but continues

to improve steadily, resulting in lower projection errors than AE for latent dimensions 16,

32, and 64. The split between the test and train set was identical to the one for the previous

experiment, described in Section 5.3.
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Figure 13: Projection error for each latent dimension after SVD and AE truncation and reconstruction.

Figure 14 shows how applying the SVD and then reconstructing the image affect the error - this

is done without the DDPM. Naturally, the error increases as the latent dimension decreases;

however, the reconstructed solution appears very close to the original one for dimensions 64

(original size), 32, and 16.

Figure 14: Latent representation and reconstruction for each of the examined latent dimensions (32, 16,

8) and dimension 64 using SVD.

Figure 15 shows the same comparison for the AE. For both SVD (Figure 13) and AE, a lower

latent dimension leads to more prominent values in the latent representation of the observa-

tions. When comparing latent dimensions 8 and 32, for both cases, the plots for dimension 8
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are filled with colour, indicating a dense representation. In contrast, for dimension 32, more

white spots appear, signalling regions of very low values in the representation. This suggests

that fewer features dominate the representation as the latent dimension increases. Following

the graphs in Figure 13, the AE performs better in latent dimension 8 than the SVD, as barely

any reconstruction error is visible.

Figure 15: Latent representation and reconstruction for each of the latent dimensions of 8, 16, 32, and 64

using AE.

One variable that can be adjusted when training the diffusion model is the number of diffusion

steps. Denoising steps, often called diffusion steps in the context of DDPMs, should not

be confused with the computation of spatial derivatives for trajectories generated by the

KS equation. Denoising steps refer to the iterative refinements made by the model as they

progressively add and reduce noise in the generated solutions, ultimately impacting the overall

quality and accuracy of the PDE solutions.

In theory, increasing the number of denoising steps in DDPMs should improve the quality

of generated solutions by progressively refining them and reducing noise, leading to more

accurate representations of the PDE solutions. More diffusion steps would allow the model to

capture finer granularity in its predictions, resulting in smoother and more precise trajectories

for the KS equation. However, in the case of a single µ, as discussed in Appendix A, this was

not observed: a model with 200 diffusion steps yielded the best results compared to models

with 500 and 1000 steps. This suggests that an optimal number of steps exists for capturing

the KS solution dynamics without introducing over-refinement.
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In the case of the latent representation, however, a higher number of diffusion steps consis-

tently improves both prediction error (see Figure 16) and smoothness metrics (see Figure 17).

Here, the SVD models benefited from increased diffusion steps, with each additional step

helping the model better approximate the smooth and complex behaviour of the KS equation

in its reduced form. Interestingly, for the AE, the two analysed models performed similarly,

showing that additional diffusion steps may not significantly impact model performance

beyond a certain threshold.

Figure 16: Average Prediction error per µ for different number of diffusion steps for SVD and AE of

dimension 32.

Figure 17: Finite Difference (left) and Lipschitz Continuity (right) per µ for different numbers of diffusion

steps for SVD and AE of dimension 32.
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The top-performing models for latent dimensions 8, 16 and 32 were selected to evaluate

their performance across prediction error and smoothness metrics, as shown in Figure 18.

Regarding prediction error, all SVD-based models, along with the AE 32 1000, exhibited similar

performance, with errors closest to those observed in the DDPM without dimensionality

reduction. However, the DDPM model without dimensionality reduction achieved a notably

lower error, with at least a 0.1 advantage over the lowest error attained by any model using

reduced-dimensional data. The prediction error is also smallest for the µ values outside the

−0.2 to 0.2 range. However, the differences between the errors for µ inside and outside the

range are not as pronounced as for the DDPM without dimensionality reduction.

The SVD 8 and AE 32 models excelled in Finite Differences and Lipschitz Continuity met-

rics regarding smoothness. Notably, all models trained in the latent space achieved higher

consistency with the ground truth regarding Lipschitz Continuity than the DDPM without

dimensionality reduction. This suggests that while dimensionality reduction introduces some

compromise in prediction accuracy, it can still achieve smooth and continuous solutions that

align well with the underlying structure of the KS dynamics, especially when using appropri-

ately configured latent dimensions.

Figure 18: Prediction error and smoothness metrics for selected SVD and AE models (the lines interpolating

the data points are introduced for visibility purposes. The data points are not connected).

Figure 19 shows the model’s performance under different sweep strategies, dimensionality

reduction approaches and number of diffusion steps for µ inside and outside the range from

−0.2 and 0.2. The general trend is that the models using SVD as a dimensionality reduction

method have a lower prediction error than models using AE. Additionally, in contrast to the

case for multiple µ, the errors grow as the number of the provided steps grows, while in

the multiple µ case for sweep both and back, the error was going down as seen in Figure 3.

Additionally, the prediction error for the latent models was in the range from 10−3 to 10−2 for

sweeping both, while for the normal model case, the error was in the range of 10−4 to 10−3.
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Figure 19: Comparison of prediction error for different sweeps by different models.

When reducing dimensionality using SVD, the reconstruction error associated with the re-

duction can be precisely quantified. As illustrated in Figure 13, a clear trend emerges: larger

reduced dimensions correspond to lower reconstruction errors. Figure 20 illustrates the aver-

age stepwise prediction error across all values of µ for SVD with latent dimensions of 8, 16, and

32 and 1000 diffusion steps. The difference in error for SVD 16 — both with and without the

projection error subtracted—is minimal, while for SVD 32, the difference is barely noticeable.

However, even though the stepwise prediction error for SVD 8 1000 is the highest among the

models, this error becomes the smallest after subtracting the SVD projection error, suggesting

that the model’s performance is better than initially indicated for the lower latent dimensions.

The high initial prediction error may reflect the SVD 8 model’s struggle to reconstruct the latent

data adequately. Therefore, reducing the projection error could enhance the quality of the

generated solutions when using the SVD 8 configuration. This suggests that strategies aimed

at minimising projection error may significantly improve the performance of the diffusion

model for lower dimensionality representations in this context. Additionally, these results

suggest that the DDPM performs better with a latent representation where the entire latent

space is populated with non-zero values, as seen in the SVD 8 case (see Figure 14). A more

comprehensive discussion on the underlying reasons for this observation can be found in

Section 6.2.
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Figure 20: Average Prediction error per model with the SVD projection error subtracted.

Figure 21 presents example solutions generated by the models using SVD and AE for dimen-

sionality reduction. In both cases, reducing the dimensionality to 8 yields the best results

in terms of the overall fidelity of the solutions. However, it is notable that the latent rep-

resentations significantly deviate from the true latent representation of the solutions. This

discrepancy indicates that the error emerges primarily during the DDPM’s attempt to generate

the latent representation rather than in the subsequent translation from latent space back to

the full-scale solution.

Interestingly, across all examples, the parts of the solution that align most closely with the

true solution occur within the initial steps of the prediction horizon. This is best visible for

dimensions 16 and 32. For this model, the training horizon was set to 32 timesteps, suggesting

that the model performs well as long as the predictions remain within this timeframe. Beyond

this horizon, the model struggles to pinpoint the solutions accurately. These observations

highlight the importance of the training horizon in combination with the chosen dimen-

sionality reduction technique and diffusion step size. These factors could yield the optimal

combination for accurately generating solutions, ensuring that the model retains fidelity over

short-term and long-term predictions.
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Figure 21: Example solutions for models using SVD and AE.

The varying number of diffusion steps directly affects the time required to generate solutions,

as shown in Table 1, which compares the average time of generating one solution across all

µ values in the test set using an NVIDIA GeForce RTX 2080 Ti GPU. The generation time is

influenced by the method used for latent dimensionality reduction, whether AE or SVD, the

size of the latent dimension, and the number of diffusion steps. The most evident conclusion

is that more diffusion steps result in longer generation times. Models requiring 1000 diffusion

steps took the longest overall. The dimension to which it is reduced also played a role since the

generation of normal solution (64-dimensional observation) comes last from all the models

needing 200 diffusion steps or less. Interestingly, models reduced to 16 and 8 dimensions

took similar amounts of time, while models reduced to 32 dimensions generally took longer.

Furthermore, there is no significant difference in generation time between models using SVD

and AE for dimensionality reduction.
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Table 1: Average time to generate one solution over a horizon of 96 steps for selected models (GPU: NVIDIA

GeForce RTX 2080 Ti).

Model Time [s]
SVD 32 50 1.84

SVD 32 100 3.56

SVD 32 150 4.88

SVD 16 200 4.97

AE 32 200 7.03

Normal 200 10.84
AE 16 1000 18.45

SVD 8 1000 18.64

AE 8 1000 18.75

AE 32 1000 33.75

SVD 32 1000 34.72

5.4.1 Conclusion - Latent representation

In conclusion, the DDPM can use its latent representation to generate solutions to the KS PDE.

Still, the results indicate that the model’s performance is somewhat limited in this setup. While

it can generate reasonable approximations of the solutions, the multiple µ case demonstrates

significantly better performance in capturing the dynamics of the PDE. Additionally, the analy-

sis indicates that prediction error alone may not fully capture how well the generated solutions

resemble the original ones and metrics like smoothness should also be considered when eval-

uating model performance, as low prediction error does not necessarily mean a good quality

solution. Furthermore, the results show that finding the right balance between the horizon

length, the number of input steps, and the number of diffusion steps is crucial to achieving

high-quality solutions. While more diffusion steps often lead to better refinement, they also

increase the generation time, highlighting the importance of optimising these parameters for

accuracy and efficiency.

Moreover, while this section demonstrates the potential to achieve faster results than in

the multiple µ case, the models here were tested with relatively small latent and original

dimensions. It would be valuable to explore the model’s performance with higher-dimensional

representations to determine what time savings can still be realised and whether the model

remains robust in handling more complex data. Overall, the findings suggest that further

research is needed to optimise the generation process, particularly about the trade-off between

computational cost and the quality of generated solutions.
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5.5 Experiment - Control

The multiple µ experiment (see Section 5.3) demonstrated that the model is capable of gener-

ating solutions for the KS PDE. Building on these findings, the subsequent control experiment

will focus specifically on the control properties of the model, examining how a controller is

applied to the PDE equation. For this, a twin-delayed deep deterministic policy gradient (TD3)

[23, 13] controller is employed. The controller was trained on both test and train instances

of the parameter µ to ensure that the test data provided to the DDPM model was of the high-

est quality, consequently creating a benchmark for comparison. In addition, another TD3

controller was trained only on µ values from the train set, referred to as the "Test TD3". This

controller will also be used to evaluate the DDPM’s performance.

The data in this experiment consists of solutions to the PDE discretized to 64 dimensions,

with varying values of µ. This dataset is split into training and testing sets, with the training

range for µ defined between -0.2 and 0.2. The set of test µ values consists of µ = -0.25, -0.19,

-0.12, -0.09, -0.04, -0.03, 0.02, 0.05, 0.08, 0.11, 0.14, 0.15, 0.2, 0.21, 0.24, 0.25; those values were

excluded from the training data. The split between the test and train set is identical to the one

described for the experiment for multiple values of the parameter µ; the only difference is that

in the test set, the number of trajectories per µ has been reduced to 5. Each solution has a

horizon of 32 time steps, where the first time step is the only instance at which the controller

does not exert influence. Thus, the observations encompass 32 steps, and the controller begins

to act from step 1 onward.

Figure 22 illustrates a sample of a controlled PDE with a horizon of 200 steps, where the

controller is activated at step 50, providing a clearer view of the controller’s effects on the

solution. However, it is important to note that this experiment focuses on the first 31 steps

influenced by the controller.

Figure 22: Example of a controlled trajectory using the TD3 controller
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Three different scenarios were tested in this experiment to determine which approach yielded

the best results. The first scenario involved solely using the DDPM model to inpaint the entire

controlled trajectory segment without employing the inverse model. The second scenario

implemented open-loop control, where the observations predicted by the DDPM were pro-

cessed through the inverse model to determine actions, which were subsequently applied to

the KS environment to get new observations. The third scenario involved closed-loop control,

in which the model predicted over a short horizon, generating actions based on these predic-

tions. These actions were then used to obtain the next observations, which was given back to

the model for subsequent inpainting, and this process continued iteratively. Moreover, early

stopping was implemented to mitigate overfitting, which stopped the training of the DDPM if

the validation error did not decrease for five consecutive epochs.

Cost functions associated with actions, observations, and total rewards are used to further

evaluate the model’s control properties. Actions and observation costs quantify the penalty as-

sociated with actions or observation at a given system state. They are both mean square errors,

which means that the larger the action or observation, the bigger the penalty. Consequently,

smaller, more controlled actions and observations are favoured. The action cost is expressed

as shown in Equation (38):

Action cost =
1

T
ΣT−1
t=0 (

1

Na
ΣNa
i=0(at,i)

2). (38)

The observation cost defined in Equation (39):

Observation cost =
1

T
ΣT−1
t=0 (

1

Ns
ΣNs
i=0(st,i)

2) , (39)

where Na and Ns are the numbers of actions and observations, respectively. The costs are

averaged over T, yielding the average cost per trajectory, and the smaller the cost, the better.

Equation (40) shows the total reward, which is the weighted sum of the action and observation

costs:

Total reward = −(Action cost ∗ 0.1 + Observation cost) (40)

Figure 23 displays the mean actions and observation cost per µ across the test set, and Figure

24 the total reward. For all metrics, the closed-loop early-stopped model reached the highest

values. However, that configuration also reached the lowest values for the observation cost

and total reward, particularly at the ends of the µ range. Despite these localized variations,

the closed-loop early-stopped model achieved the highest overall mean for the total reward.

Notably, all the closed-loop models achieved a higher mean in the total reward than the

Test TD3. The fully-trained open-loop model also reached identical total reward distribution

across µ values as the TD3 model. While the closed-loop case benefited from early-stoping,

the open-loop performed better when the model was fully trained. Only for action cost did

both early-stopped models outperform their fully trained counterparts, suggesting that early-

stopping can be a reliable way of generating trajectories where the primary focus is on actions.

An opposite trend was observed compared to the experiment with multiple µ values (see

Section 5.3), where performance improved as the µ value moved further from 0 due to higher
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µ values contributing to more stable solutions. In this control-focused experiment, however,

that stability factor no longer seemed to play a significant role. The highest total rewards

were instead obtained for positive µ values close to 0, suggesting that the model’s control

performance depends on factors beyond just the inherent stability provided by higher µ values.

Figure 23: Actions and observation costs for various control strategies per µ (the points are not connected,

lines added for visibility).

Figure 24: Total reward for various control strategies per µ (the points are not connected, lines added for

visibility).

Figure 25 evaluates the performance under smoothness metrics. Both closed-loop and open-

loop control methods produced the most temporally consistent results, as measured by the

Finite Difference method, thus outperforming TD3. This suggests that the TD3 controller

can change the PDE more drastically than the DDPM. The TD3 controller’s ability to exert

a more significant influence on the PDE could lead to less smooth transitions, as it may

prioritize achieving immediate control objectives over maintaining continuity in the solution.

Additionally, the early-stopped DDPM model demonstrated notably lower values regarding

Lipschitz continuity than a fully trained one.
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Figure 25: Prediction error for various Control strategies (the points are not connected, lines added for

visibility).

Figures 26, 27 and 28 show example trajectories generated by all the models discussed in this

Section, with the total reward for the trajectory. For the DDPM-only models, it was impossible

to obtain the total reward, as the DDPM model does not generate actions by itself. For this

specific trajectory, the closed-loop models achieved the highest total reward, followed by the

open-loop model, with the early stopped one performing better than the fully trained model.

Figure 26: Predicted solution for µ = 0.15 by various models with total reward specified (where possible).

Figure 27 presents an example of a more straightforward trajectory that resulted in a high total

reward across all models. Notably, all models achieved closely aligned total reward values, in

contrast to the more varied performance seen in Figure 26. It suggests that the complexity

of the control problem influences the differences in performance; for more straightforward

control scenarios, the effectiveness of the models is comparable.
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Figure 27: Predicted solution for µ = 0.05 by various models with total reward specified (where possible).

Lastly, Figure 28 shows a trajectory for a µ outside the −0.2 to 0.2 range. For this case, the

TD3 controller performed the best, followed by Test TD3. The third best-performing model

was the open-loop fully trained one, which was among the worst-performing models for the

previous two cases. Figures 26, 27 and 28 show that while the closed-loop early model achieved

the highest total reward, the performance of each of the evaluated models varies on the KS

solution they try to control.

Additionally, the DDPM-only models produced solutions typically closer to those generated

by the TD3 solutions than the open and closed-loop models. This is expected, as the DDPM

model was trained on data derived from the TD3 controller. Additionally, the DDPM-only

solutions performed the worst in terms of smoothness, as also evidenced in the figures above.

This indicates that when controlling PDEs, employing a method that interacts with the PDE’s

environment during prediction is more advantageous, as demonstrated in the open and

closed-loop cases. This interaction allows for more adaptable and refined control, leading to

smoother and more stable outcomes.
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Figure 28: Predicted solution µ = −0.25 by various models with total reward specified (where possible).

5.5.1 Conclusion - Control

This experiment assessed the model’s ability to generate controlled solutions for the KS

PDE. The results show that the closed-loop control approach consistently outperformed

both the open-loop and DDPM-only methods, showcasing its ability to maintain predictive

accuracy. The closed-loop approach achieved the highest total reward when paired with early

stopping. Furthermore, based on Finite Difference measures, both open and closed-loop

strategies demonstrated better temporal consistency than DDPM-only approaches and the

TD3 controller. Early stopping effectively prevented overfitting and improved action costs,

though its effectiveness and that of the other models varied depending on the specific solution

being controlled.

In conclusion, the model can generate controlled solutions for parametric PDEs, especially

with the closed-loop approach. While early stopping can enhance performance, the choice

between early stopping and a fully trained model should be based on the specific control

scenario.
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6 Analysis and Discussion

This section provides deeper insights into the findings, examining the underlying factors

contributing to the observed results. It highlights the strengths and limitations, offering a

broader perspective on the model’s performance in PDE generation and control.

6.1 Experiment - Multiple µ values

In this section, the general behaviour of the model is analysed. Figure 29 presents the model’s

average solution without any conditions or parameters. The average solution oscillates more

towards the PDE’s negative values. The training data in the lower row of Figure 29 illustrates

that these values were balanced, with the average solution oscillating slightly above zero.

Figure 29: Comparison of a general predicted solution (top row) with a general solution in the train set

(bottom row) for varying µ.

In the next experiment, with the introduction of the value of the parameter µ, the model’s inter-

pretation of the parameter embeddings is analysed before and after training. Figure 30 shows

how the parameter µ influences the PDE solution - all the results in this Figure were obtained

for the same starting conditions. To assess this, Principal Component Analysis (PCA), SVD,

and t-distributed Stochastic Neighbor Embedding (t-SNE) were utilised, as shown in Figures

31 and 32. For the PCA and SVD, Figure 31 before training, the embeddings displayed some

degree of linear separation. After training, this separation became even more pronounced,

especially for the SVD, indicating that the model effectively learned to distinguish between

different µ values.
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Figure 30: Actual solutions for various µ and the same starting conditions.

Multiple embeddings are generated for the same parameter value to explore their consistency

for each parameter. In the PCA and SVD analyses, all embeddings aligned closely with the

average parameter value, marked with a black "x". However, in the t-SNE analysis, this was not

the case; embeddings showed greater variability, with some embeddings deviating significantly

from the average cluster.

Figure 31: Parameters embedding reduced to two dimensions using SVD and PCA before (left) and after

training (right).
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Additionally, t-SNE visualisation, Figure 32, reveals that, after training, the number of elements

in clusters corresponding to µ values that differ from the average value (marked with a black

"x") is reduced. This suggests that the model has improved in clustering similar µ values more

tightly, enhancing its ability to generalise across different parameter conditions. The results

indicate that the model can distinguish between different parameter values.

Figure 32: Parameters embedding reduced to two and three dimensions using t-SNE before (left) and after

training (right).

The subsequent analysis investigates how an average solution appears when the model is

provided only with the parameter value without the initial starting condition. The left side

of Figure 33 demonstrates that regardless of the µ value passed as a parameter, the model’s

average solution consistently oscillates within the negative values that the PDE can assume.

Furthermore, there are no distinct differences between the various µ values. Although the

generated solutions differ from one another, the influence of the parameter value (µ) is not

as pronounced as observed on the right-hand side in Figure 33, which shows the generated

solution by the model when also the first step was provided. This suggests that while the model

can conceptually distinguish parameter values, the parameter alone cannot significantly

influence the average predicted solution.
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Figure 33: Comparison of solutions generated by the model by only using µ conditioning (left) or only the

initial conditions (right).

The model’s performance is subsequently evaluated under two conditions: first, by generating

solutions using only the starting conditions, and second, by generating solutions using both

the starting conditions and conditioning the model on the parameter value µ. Figure 34

compares the best solutions from both scenarios without and with the parameter. The average

prediction error between the two cases does not differ significantly; however, a consistent

trend is observed where the error with the parameter shows less variance between subsequent

solutions, best visible in the case of µ = −0.12. Additionally, the differences between the best

solutions from both cases are minimal. The prediction error tends to increase towards the

final steps of the horizon, indicating that the accuracy of the best solution deteriorates more

noticeably near the end of the prediction window.
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Figure 34: Best solutions of the model without and with conditioning on the parameter and prediction

error with the average error marked.

These observations suggest that while including the µ value as a parameter does not sig-

nificantly improve the accuracy of the model’s predictions, it contributes to stabilising the

predicted solutions, resulting in less variability between subsequent outputs. This stabilisation

could be beneficial in applications where consistency of predictions is critical, even if it does

not directly enhance the accuracy compared to the true solution. Therefore, incorporating µ

as a parameter can be seen as a strategy to achieve smoother and more consistent outputs

from the model.

Figure 35 presents the experiment results, where the true solution is compared with the

predicted average solution, the mean of all predicted solutions, norm, and PCA. The general

solution predicted by the model oscillates within the negative values, as shown in Figure 29,

resulting in an observed mean that is consistently lower than the actual mean. Additionally,

the model struggles to capture the linear trend of the actual mean. However, for negative µ

values, the predicted mean aligns more closely with the actual mean than for positive µ values.

As µ approaches the negative range, the predicted mean shows a declining trend that mirrors

the actual mean. In contrast, for higher positive µ values, the predicted mean oscillates around

a fixed point.

In terms of PCA, the model shows better alignment with the actual solution when the solution

contains more negative values, indicated by the blue colour. For instance, in the cases of

µ = −0.25 andµ = −0.12, where negative values are predominant, the predicted PCA trajectory

closely matches the actual PCA. This behaviour is less evident for µ = −0.04 and µ = 0.21,

where the model’s alignment with the actual trajectory is weaker. Despite these challenges,

comparing the norm of the observations vector indicates that the model can approximate the

system’s true magnitude and behaviour accurately, even when PCA alignment is not consistent,

suggesting that the model can capture the overall dynamics of the PDE.
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Figure 35: Comparison of model performance across different criteria for varying starting conditions and

varying µ with the µ value as a parameter.

Figure 36 and Figure 37 show the prediction errors per step for all the µ values in the test

set. The first Figure 36 presents the prediction error for 50 trajectories per µ, with the left

Figure corresponding to µ values inside the −0.2 to 0.2 range and the right figure to µ values

outside the range. From the first figure 36, it can be concluded that the prediction error for the

exclusive µ values is generally smaller than for the inclusive µ values. However, this difference

is likely because the behaviour of the actual solutions is smoother for µ values further from 0,

as shown in Figure 30. This trend is also observed when examining the smallest prediction

error per step in Figure 37.
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Figure 36: Prediction error per step for trajectories for various µ.

When comparing the smallest stepwise prediction error by selecting the trajectory with the

lowest cumulative prediction error over all 200 steps, it is again evident that the error for µ

values further from zero is smaller, as indicated by the yellow and purple lines on Figure 37.

Additionally, all the smallest prediction errors exhibit a notable characteristic: towards the

last step, the error grows significantly. Moreover, none of the errors exhibits linear behaviour

regarding steady growth. An interesting observation for µ = 0.14, µ = 0.15, and µ = 0.20 is that

around the 125th step, the error reaches its highest value but then decreases towards the last

steps. This pattern suggests that there may be complex dynamics within the PDE at this step

that the model struggles to predict accurately, particularly at certain points in the trajectory.

Figure 37: Lowest prediction errors per step for various µ.

Figure 38 shows the trajectories for µ = 0.14, µ = 0.15, and µ = 0.20, where the cumulative

stepwise prediction error was the smallest. The black dotted line marks where the stepwise

prediction error was the largest. For µ = 0.14 and µ = 0.15, there is a sharp and unexpected

change in the PDE behaviour at these points. Specifically, for µ = 0.14, this change is seen as

an abrupt end of a line formed by positive PDE values, while for µ = 0.15, it is characterised by

the appearance of a blue spot near the lower border of the graph.
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These observations suggest that the largest errors correspond to regions where the PDE

exhibits complex or abrupt changes in behaviour, which the model finds challenging to predict

accurately. Such patterns might indicate areas of higher sensitivity in the PDE’s dynamics,

where small variations in model predictions can lead to significant deviations in the trajectory.

For both µ = 0.15 and µ = 0.20, the best solutions share the same starting conditions, and

while the error at the critical step for µ = 0.20 is lower than for µ = 0.15, the largest error still

occurs at the same point. This pattern suggests that the prediction challenges may be tied

more to the starting conditions than the specific µ value. The fact that the model struggles

similarly across different µ values, despite their differences in the parameter, indicates that

there might be underlying complexities in the dynamics of the KS PDE that persist regardless

of the exact value of µ.

Figure 38: Solutions for µ 0.14, 0.15, 0.20, which exhibited the lowest protection error with the highest

stepwise prediction error marked by the black dotted line, the best-generated solution and absolute error.

The findings demonstrate, once again, that incorporating µ as a parameter helps stabilise

predictions, leading to more consistent outputs. However, the influence of the starting condi-

tions remains a crucial factor in the model’s performance. Accurately capturing the true PDE

solution, especially during dynamic transitions, remains a challenge. Therefore, future work

could explore more complex conditioning and investigate whether refined training strategies

can improve the model’s ability to learn and predict these problematic points in the trajectory.
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6.2 Experiment - Latent representation

The experiments with dimensionality reduction methods highlight key differences in how

each approach (SVD or AE) structures the latent space and ultimately influences the accuracy

and temporal consistency of the generated solutions. The spatial organisation of observations

within the latent space differs significantly between the two approaches, especially when

examining representations at higher dimensions such as 16 or 32. SVD compresses the original

data with substantial white space in the latent representation, where observations tend to

cluster near the bottom, leaving large regions with negligible or zero values, as seen in Figure

14. This sparsity suggests that SVD effectively preserves global spatial structures in fewer di-

mensions by concentrating information in compact regions, leading to a lower prediction error

when reconstructing solutions. However, this sparsity also introduces potential challenges for

the DDPM.

Adding noise to these sparse regions during the DDPM training can interfere with the model’s

ability to learn meaningful patterns, as noise in low-value areas has limited relevance to the

solution’s structure. This effect may explain why SVD models benefit from using fewer dif-

fusion steps: with lower noise added to sparse regions; the DDPM focuses more directly on

reconstructing the primary features of the KS solution without over-emphasising areas of

minimal or negligible information. While fewer steps capture the general form of the equa-

tion, additional diffusion steps remain advantageous in smoothing the solution, particularly

for denser latent representations where such steps can better enhance finer detail without

overwhelming sparse areas with noise. Therefore, while the SVD approach performs well with

fewer diffusion steps, it is still less consistent when preserving finer temporal transitions in

the KS solution.

In contrast, the AE provides a denser and more distributed latent representation, with fewer

white spaces and more consistently occupied regions in higher dimensions, as shown in Figure

15. The AE’s latent representation enables a more uniform application of noise across the

entire latent space, resulting in smoother generated solutions. Therefore, the AE solutions

have a slightly better temporal consistency, as the denser representation allows smoother

transitions across time steps, suggesting that the non-linear encoding of an AE is advantageous

for maintaining the dynamics of time-evolving processes, such as the KS equation.

In summary, while SVD achieves lower prediction errors by preserving spatial structures

compactly in latent space, this approach’s sparsity can impact how effectively noise is added

and removed during diffusion. The AE, by contrast, provides a more temporally consistent

solution due to its denser representation, although this comes at the cost of slightly higher

prediction errors. These findings indicate that selecting between SVD and AE for latent space

representation should balance spatial accuracy, temporal consistency, and noise management,

which are critical factors in generating high-quality solutions for the KS PDE.

Figure 39 provides further insight into why the models with lower latent dimensions produced

better results. In the standard case, the normalised data used for training in the multiple µ
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experiment is distributed broadly, indicating a balanced spread of values across the range.

However, when dimensionality is reduced through methods like SVD and AE, the distribution

changes notably as the representation becomes more compressed. Specifically, for both SVD

and AE, the lower the dimensionality, the more the data values cluster around zero, resulting

in a sharper concentration in the centre of the histogram. This observation suggests that the

DDPM performs best when trained on data with a more diversified range, as seen in the latent

dimension 8 and the standard case. Conversely, the model’s performance reduces as the data

distribution becomes dominated by a group of values.

Figure 39: Distribution of observation values across train set for normal data and SVD and AE reduced

data.

In addition, inpainting with different sweep strategies reveals significant differences between

the standard and latent representations. In the multiple µ experiment without latent-space

reduction, sweeps back and both successfully reduce prediction errors by using continuity

within the observed space, allowing the model to reconstruct missing values effectively from
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known steps. Here, the availability of partial observations improves accuracy by leveraging the

underlying structure of the solution.

However, once solutions are transformed into the latent space through dimensionality reduc-

tion methods like SVD or AE, the effectiveness of sweep strategies like sweep back and both

diminishes, resulting in increased error rather than error reduction. This discrepancy indicates

that the latent representations, while useful for dimensional compression and overall recon-

struction, lack the inherent structural continuity necessary for interpolating across gaps in the

solution. The compressed latent space tends to introduce sparsity or concentrate information

in specific regions, complicating the model’s ability to apply sweeping in a way that respects

the continuous dynamics of the original PDE. This fragmentation in the latent space leads to

greater error growth when sweep-based inpainting is applied, suggesting that sweep strategies

rely on a consistent and continuous underlying structure to minimise prediction error.

Figure 40 displays the average stepwise prediction error per µ value alongside the overall

prediction error across the test set. The thin lines represent individual trajectories. In contrast

to the multiple µ case, where the error curves exhibited distinct patterns for each µ value

(see Figure 34), the error trends for the latent representation all follow a similar trajectory.

Interestingly, although the error lines for individual trajectories do not align with the mean

trend, the average behaviour remains consistent across all cases. This observation suggests

that, while the model could generate solutions with sufficient accuracy in the multiple µ

scenario, where the influence of µ on the error was apparent, the model struggles to recreate

trajectories in the latent representation. Consequently, the impact of the parameter µ becomes

less detectable due to the more significant errors incurred during trajectory generation.

Furthermore, all the models depicted in Figure 40 demonstrate a rapid increase in stepwise

prediction error during the initial steps of the trajectory, followed by a stabilisation of the error

in subsequent steps. The most pronounced exponential growth is observed for the SVD 32,

SVD 16 1000, and AE 8 1000 models. This observation aligns with the earlier results shown in

Figure 21, where the models produced the highest quality solutions at the beginning of the

prediction horizon, close to the training horizon. As the number of inpainted steps increased,

the quality of the predictions deteriorated. This trend is further reflected in the stepwise error,

which continues to grow throughout the values near the training horizon before stabilising

and propagating to the end of the solution.
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Figure 40: Average stepwise prediction error for SVD [left] and AE [right] for dimensions 32, 16, 8 and

1000 diffusion steps.

In summary, there are significant distinctions in how SVD and AE shape the latent space and

impact the DDPM’s performance in generating solutions for the KS equation. While SVD effec-

tively preserves spatial structures and achieves lower prediction errors, its sparsity can hinder

noise management and the model’s ability to maintain temporal consistency. In contrast,

the AE provides a denser and more uniformly occupied latent representation, resulting in

smoother and more temporally consistent solutions, but at a slight cost to prediction accu-

racy. These findings suggest that the choice between SVD and AE should be guided by the

application’s specific requirements, including the desired balance of accuracy and consistency.

This underscores the importance of carefully balancing spatial accuracy, temporal consistency,

and noise management when selecting dimensionality reduction methods for optimal per-

formance in generating high-quality PDE solutions. Investigating different dimensionality

reduction techniques or alternative AE architectures would be beneficial in obtaining latent

representations with a more uniform distribution of values. This could enhance the model’s

performance by maintaining a broader range of informative data throughout the training and

inference processes.
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6.3 Experiment - Control

From the previous subsection 6.2, it is clear that the data, particularly its distribution, plays

a crucial role in achieving high-quality results when training the model. Initially, the model

was trained and evaluated on trajectories of length 200, with the controller activating at step

50 and a prediction horizon of 100 steps. As illustrated in Figure 41, the model consistently

predicted the same noisy solution regardless of the starting conditions. In this case, the first 67

steps were provided, so 50 were uncontrolled, and 17 were where the controller worked, but

that did not help.

Figure 41: Examples of the solution generated by a model trained and evaluated on trajectories of length

200, with the controller activating at step 50 and a prediction horizon of 100 steps.

In a subsequent attempt, the input data was reduced to only 100 steps, resulting in an equal

split between controlled and uncontrolled data, where the controlled segment was actively

being inpainted. This adjustment yielded improved results, as shown in Figure 42. However,

given that the uncontrolled model can generate good PDE solutions, the focus of the control

experiment is exclusively on the controlled part.

Figure 42: Examples of the solution generated by a model trained and evaluated on trajectories of length

100, with the controller activating at step 50 and a prediction horizon of 100 steps.

It is evident that insufficient variation in the data - such as in the case with 200 steps, where

the bigger portion of the solution was controlled — can hinder the model’s performance. This
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observation highlights the importance of diverse training data, even with the implementation

of early stopping to mitigate overfitting.

Besides evaluating the cost function, the controlled models (DDPM, open-loop and closed-

loop with and without early stopping) were also evaluated using prediction error with respect

to the TD3 controller, see Figure 43. The closed-loop control performed best among the tested

approaches, regardless of whether early stopping was applied. This was followed by the open-

loop control, which benefited from early stopping. In contrast, when solely utilising the DDPM,

the fully trained model outperformed its early-stopped counterpart. These results suggest that

while early stopping effectively prevents overfitting, the complete training of the DDPM can

lead to better performance in specific contexts.

Figure 43: Prediction error for various Control strategies (the points are not connected, lines added for

visibility).

However, a different behaviour emerges when examining the actions derived from the inverse

model and comparing them to the true actions. Figure 44 illustrates the prediction error

associated with the various approaches in terms of actions. The open-loop control exhibited

the lowest overall error without early stopping, contrasting with the behaviour observed for

state predictions. Additionally, the closed-loop approach showed consistent performance

under this metric, regardless of whether early stopping was applied. However, the higher

prediction error observed in the closed-loop case may be attributed to the model’s iterative

nature, as it continuously adjusts its actions with each loop iteration to optimise the trajectory

regarding control performance. Such a behaviour can cause greater variability between states,

resulting in higher prediction errors.
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Figure 44: Prediction error for various Control strategies for actions (the points are not connected, lines

added for visibility).

Nevertheless, as indicated by the cost function analysis in Section 5.5, the DDPM-based con-

troller performed better regarding observation cost and total reward than the TD3 controller.

This suggests that while prediction error is a useful metric for generation tasks, it may not

be as effective for control tasks. The prediction error reflects how well the model learns the

distribution of actions generated by the TD3 controller. However, this does not necessarily

provide meaningful information regarding the effectiveness of the controller itself. In the case

of PDE solvers, the prediction error is compared to a well-defined ground truth, but the TD3

controller is not an ideal reference but rather a learned policy. As a result, using projection

error to evaluate the DDPM-based controller means comparing it to a non-idea benchmark.

This can lead to confusion and a less clear understanding of how well the model performs as a

controller, making it difficult to assess its actual control capabilities based on prediction error

alone.

Moreover, the example controlled solutions shown in Section 5.5 suggest that the performance

of all models varies depending on the system’s initial state. Since the DDPM-based model

was only provided with the initial step for generating the trajectory, the initial conditions

play a significant role in the model’s effectiveness. As observed in Figure 25, where rather

straightforward solutions were generated, all models achieved relatively low Total Reward.

In contrast, more complex solutions, like those shown in Figure 26, yielded higher rewards.

This variation raises the question of whether there is a correlation between initial conditions

and model performance. Investigating this relationship could provide valuable insights into

selecting the most suitable model for controlling a given system based on its initial state.

Another aspect worth considering is the value on which the model is conditioned. In the case

of multiple µ 5.3 and latent representations 5.4 experiment, the conditioning parameter was

the value of µ. However, in the control experiment 5.5, the model was conditioned on the

discounted reward value generated by the TD3 controller during training. For evaluation, the
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discounted reward value from the test trajectory was also used as the conditioning parameter

for the model. In real-life scenarios, it is often impossible to know the reward value beforehand;

therefore, the influence of different values of the conditioning parameter was evaluated to

determine which one results in the smallest prediction error. It would be worth investigating

how varying the conditioning parameter further impacts the model’s performance in future

work.

In summary, the model’s effectiveness in generating high-quality controlled solutions is sig-

nificantly influenced by both the variability in the training data and initial conditions. The

findings underscore the necessity of providing diverse data during training to enhance model

performance and mitigate overfitting. Additionally, it is worth noting that the prediction error

and action metrics may not be the best evaluation indicators, as they are inherently tied to the

original solutions generated by the TD3 controller. Instead, the cost functions associated with

actions and observations offer more meaningful insights into the model’s performance and

control capabilities.
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7 Conclusion

This study investigated the potential of Denoising Diffusion Probabilistic Models (DDPMs)

to generate solutions for the parameterised Kuramoto–Sivashinsky (KS) equation, focusing

on generalisation capabilities and dimensionality reduction. The research questions are ad-

dressed as follows:

Regarding the primary research question — whether it is possible to generate solutions from

partial differential equations (PDEs) using DDPMs - the findings demonstrate that DDPMs can

generate coherent and smooth solutions for the KS equation. The model produced temporally-

consistent results across both (parameter and time) interpolation and extrapolation tasks.

Notably, the DDPM can effectively handle unseen parameter values of µ, showing that DDPMs

are a robust method for solving parameterised PDEs. However, limitations were observed

in the model’s long-term predictions, where projection errors accumulated, mainly when

predicting further into the future.

The results indicate strong generalisation capabilities in response to the complementary sub-

question concerning the model’s ability to generalise for unseen parameterised values. The

model successfully generated accurate solutions for µ values outside the training range, even

in challenging parameter extrapolation cases. Overall, the model’s accuracy improved when

more solution steps were provided, showing that DDPMs can generalise across unseen PDE

parameter values when partial information is available.

Concerning the sub-research question regarding the reducing computational complexity of

the model through latent representation, it was observed that reducing the dimensionality

of the observations allowed the model to make predictions faster, indicating a reduction in

computational complexity. However, it was also noted that other factors, such as the data

distribution, the number of diffusion steps and the prediction horizon length, significantly

influenced the quality of the generated solutions. Adjustments to these parameters may be

necessary to achieve better fidelity, which could increase the model’s complexity. Thus, while

the results indicate the potential for dimensionality reduction to enhance performance, further

research is essential to explore how these parameters are interrelated to optimise fidelity at

the lowest computational cost.

Lastly, for the third research question regarding the control abilities of the model, the results

highlight the model’s strong capacity to generate controlled solutions for parametric PDEs,

particularly through the application of closed-loop control strategies. These insights into

the control capabilities of the model complement the findings related to generalisation and

dimensionality reduction, further underscoring the versatility and potential of DDPMs in

addressing parametric PDEs.
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8 Future Work

Several promising directions for future research have emerged from the findings of this project.

These areas aim to improve model performance further, optimize dimensionality reduction

strategies, and extend the approach to more complex and realistic PDE systems.

One key area of improvement is the more in-depth analysis of the conditioning process. While

incorporating µ has demonstrated a stabilizing effect on predictions, see Section 6.1, further

exploring how additional information could refine the conditioning could result in improved

model performance in both controlled and non-controlled solution generation. For example,

boundary conditions or time-varying parameters may offer richer conditioning inputs, leading

to more accurate reconstructions of the true PDE solution.

Another promising research direction is examining the impact of higher-dimensional inputs on

the quality of generated solutions. This study tested input dimensions up to 64 observations for

cases involving multiple values of µ. Extending this analysis to even higher input dimensions

before reducing them back to manageable sizes (such as 64 or lower) using SVD or AEs

could offer insights into how well the model handles more complex input structures while

maintaining high-quality predictions.

A preliminary exploration of this approach has been carried out for the single µ case (see

Appendix D), showing that the model can manage increased dimensionality while maintain-

ing accuracy. This would involve increasing the input dimensions and adjusting the model

architecture to accommodate the expanded complexity. Tuning the AE and modifying the

DDPM’s handling of these inputs will ensure the model remains efficient and accurate when

dealing with larger input spaces. Additionally, investigating control in latent space could offer

insights into enhancing the model’s adaptability and efficiency.

Investigating higher-dimensional inputs also connects to another promising direction —

applying the model to more complex PDEs, such as those involving two or three spatial

dimensions. This expansion would require revisiting and tuning the model architecture to

capture the increased complexity inherent in higher-dimensional systems. The successful

application of the model to more complex PDEs would significantly broaden its usability

in real-world scenarios, where systems often exhibit multidimensional behaviour and more

intricate dynamics.

Lastly, training the model across different PDE types could broaden its versatility. This would

involve creating a dataset that includes various PDEs and conditioning the model on the type

of PDE alongside other parameters. This strategy could enable the model to generalize across

different dynamical systems, making it capable of generating trajectories for varied PDE types

based on initial conditions and conditioning parameters. Achieving this would position the

model as a versatile tool capable of tackling a wide range of PDE problems within a unified

framework.
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A Experiment and Analysis for single µ

A.1 Experiment - Single µ value

This experiment evaluates the Kuramoto-Sivashinsky (KS) PDE for a single parameter µ = 0.0,

representing the most basic case. By focusing on a fixed value of µ, this study aims to establish

a foundational understanding of the equation’s dynamics before exploring more intricate

scenarios. For this case, the values of other parameters are spatial domain L = [0, 22], domain

discretisation Nx = 64, simulation time T = 120s, time step size for integration dt = 0.1. Each

trajectory uses different random initial conditions to avoid duplicate data.

For this experiment, a total of 2000 trajectories are generated, each with a duration of 200

steps and different initial conditions. The train and test split proportion is 90/10. Figure 45

depicts examples of trajectories used to train the model.

Figure 45: Sample trajectories of the Kuramoto-Sivashinsky equation with µ = 0.0.

This experiment evaluated three cases regarding the number of denoising steps used in the

DDPM. The number of denoising steps taken into account was 200 (in line with the original

DDPM implementation by [2]), 500 and 1000. For all cases, the model’s horizon length is 100.

Additionally, since the model is probabilistic, the first solution obtained by inpainting might

not be the best. Therefore, for all subsequent evaluations, the model generated ten trajectories

for the same initial conditions and then selected the best solution for the lowest prediction

error. Figure 46 shows the average prediction error over the ten trajectories compared to

the best for the number of denoising steps 200, 500, and 1000. The findings indicate that

employing 200 denoising steps results in the lowest prediction error when inpainting the

trajectory. This is particularly evident from the dark red line in Figures 46 and 47, which

denotes the optimal solution for 200 denoising steps. Additionally, Figure 48 shows how the

number of diffusion steps influences the absolute error made by the model, where the model

with 200 diffusion steps performs the best. Consequently, 200 denoising steps were identified

as the most appropriate value for subsequent experiments.
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Figure 46: Average prediction error normalised for sweep-both (left) and unnormalised for sweep-front

(right) for µ = 0.0.

Figure 47: Prediction error for sweep-both (left) and sweep-front (right) for best solution for µ = 0.0.

Figure 48: Generated solution’s absolute error under a different number of diffusion steps.

The input data to the model is pre-normalised to a range between -1 and 1, and the predictions

are subsequently re-normalised to the original scale. As shown in Figure 49, the final prediction

error remains consistent whether the data is normalised. This indicates that the normalisation

process does not contribute to the model’s overall error.
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Figure 49: Comparison of prediction error for unnormalised and normalised predictions for sweep-front

and back for µ = 0.0.

With the number of diffusion steps equal to 200, the general behaviour of the model is analysed

first. The average output of the model, when no initial step is provided, is shown in Figure 50.

As can be seen both by the visualisation of the general solution and the plot of the mean and

variance, the general predicted solution oscillates around higher values the PDE can assume.

This phenomenon is not explained by the training set, where the values are balanced and

oscillate around zero, as demonstrated by visualising the general solution and the mean and

variance plot.
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Figure 50: Comparison of a general predicted solution (top row) with a general solution in the train set

(bottom row) for µ = 0.0.

When analysing solutions generated by the model, where the model was provided with the

initial step of the trajectory to predict subsequent steps, it becomes evident that the model

can approximate or closely match the actual solutions (both positive and negative). Figure 51

illustrates the model’s performance across various criteria. Specifically:

• The first column displays the actual solution from the test set.

• The second column shows the mean prediction of the model.

• The third column depicts the comparison of means.

• The fourth column provides a comparison based on norms.

• The fifth column shows the results of Principal Component Analysis (PCA).

Due to the probabilistic nature of the model, 100 trajectories were generated for each starting

condition. In the figure, the grey lines represent individual trajectories, while the red line

indicates the average solution. Although the model’s predictions do not perfectly match the

original solutions, they generally follow the trajectory behaviour of the actual solutions.

However, there are noticeable limitations in the model’s predictions. Analysis of the means

across all depicted cases reveals that the actual mean is consistently lower than the mean

of the model-generated solutions. This discrepancy may be attributed to the fact that the
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unconditioned model generally produces solutions with higher mean values, as shown in

Figure 50. Furthermore, the model fails to maintain the KS PDE property that requires the

spatial mean to be constant throughout the trajectory. The most significant observed difference

in the predicted spatial mean is a gap of 0.04 between the predicted maximum value and the

predicted mean value.

Similarly, the norm analysis shows that the actual norm is smaller than the predicted norm.

Lastly, the PCA analysis indicates that the model’s predictions align with the true PCA results.

Discrepancies between the predicted and actual PCA values are most pronounced after around

120 steps.

Figure 51: Comparison of model performance across different criteria for varying starting conditions for

µ = 0.0.

Figure 51 indicates that the model can approximate its behaviour while not perfectly predicting

the solution. The model demonstrates a capability to follow the dynamics of the actual solution,

capturing its key features even if it does not match exactly. Although the predicted mean and

norm values are generally higher than the actual values, the model still successfully identifies

the most significant values at each step (up to a certain point in time). This suggests that

despite some discrepancies, the model can capture the essential characteristics of the solution

and follows the trajectory reasonably well, as evidenced by the close correspondence in PCA.

Figure 52 compares the actual, the predicted mean, and the best-predicted solution and the

stepwise prediction error used to select the best solution. As Figure 52 shows, the mean and

best solutions closely track the actual solution up to approximately 100 steps. Beyond this

point, the prediction error increases more rapidly.
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Figure 52: Comparison of actual solution with mean and best solution and stepwise prediction error for

µ = 0.0.

The best solution is generally closer to the actual solution compared to the mean solution,

which is expected. Notably, several key differences bring the best solution closer to the actual

solution. For instance, the sharp tooth visible in the actual solution at coordinates (40, 125),

characterised by negative (blue) values, is absent in the mean solution but is partially preserved

in the best solution at coordinates (42, 160). Additionally, a prominent line of high positive

values extending from coordinates (10, 60) is present in both the actual and best solutions but

is missing from the mean solution

Furthermore, while negative values appear in the bottom right corner of the actual solution,

they are not present in the mean solution. However, negative values are observed in the best

solution, showing an improvement over the mean solution but still not perfectly matching the

actual solution.

In conclusion, the best solution is not a perfect match to the actual solution. Still, it provides

a more accurate representation by preserving more of the distinctive characteristics present

in the original data compared to the mean solution. This indicates that selecting the best

solution based on the prediction error offers a meaningful advantage in approximating the true

solution compared to using the mean solution. Other examples of behaviour under different

starting conditions are shown and described in the Appendix B

Given that the prediction error can significantly increase at the final steps, an analysis was

performed to determine whether the prediction horizon length influenced this behaviour. As

illustrated in Figure 53, this phenomenon occurs irrespective of the horizon length. Conse-

quently, it is assumed that this behaviour is an inherent characteristic of the model.

Figure 53: Stepwise prediction error for the horizon of 200, 196, 188 and 100 steps for µ = 0.0.
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Another variable examined before evaluating the model with different sweeps was the effect

of inpainting the first step of the trajectory st when performing inpainting from the final

step st+T−1. The results, illustrated in Figure 54, indicate that providing the first step of the

trajectory yields smoother results when inpainting from the last to the initial step. While the

trajectory is somewhat preserved when the first step is not provided, it is significantly better

preserved and notably smoother when the first step is present. The former case exhibits visible

grid-like artefacts, whereas the latter presents a much smoother trajectory.

Figure 54: Difference between inpainting and not the first step in the sweep-back.

Figure 55 presents the prediction error for both scenarios. The prediction error is on the order

of 10−4. The case where the first step is provided exhibits a lower error than the scenario

without it for both the average and the best solution. Additionally, the variation in prediction

error is smoother when the first step is provided. Consequently, the first step will be provided

during the sweep-back for the remainder of the evaluation.

Figure 55: Relative L2 error(left) and best prediction error (right) for sweep-back for µ = 0.0.

Firstly, only inpainting from the first step was evaluated as shown in Figures 56, 57, 58. The

leftmost image in each set shows the original solution to the PDE for µ = 0 with varying initial

conditions. The second image depicts the model’s output with specific steps provided (sweep

back, front, or both). The third image represents the prediction error, while the fourth image

illustrates the absolute error. In these cases, the generated trajectory closely resembles the

Page 81



EXPERIMENT AND ANALYSIS FOR SINGLE MU

actual one, indicating that the model can capture significant trajectory features. However,

notable discrepancies arise, particularly in the later steps. The errors, especially the absolute

error, are rather prominent, revealing that precision diminishes over time while the model can

replicate the general trajectory shape.

Figure 56: Sweep-back for 1 step and first step provided.

Figure 57: Sweep-front for 1 step.

Figure 58: Sweep-both for 1 step.

Secondly, the same analysis was concluded but for varying numbers of the inpainted steps

as shown by Figures 59, 60, 61 and 62. In these cases, the generated trajectories show im-

provement compared to the single-step inpainting approach. Although the trajectories do

not perfectly match the original solutions—evidenced by the light blue regions on the error

plots—the overall errors are notably reduced.

The sweep-front approach (with 89 steps provided) exhibits the largest errors among the

different inpainting strategies. In comparison, the sweep-back method (with 75 steps provided)

and the sweep-both method (with a total of 98 steps provided) show the smallest errors. This

finding is consistent with the analysis of relative errors, which indicates that the sweep-front

approach results in the highest errors. In contrast, the sweep-back approach yields the lowest

errors, as illustrated in Figure 63.
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Notably, performance improves with multiple provided steps compared to single-step in-

painting. For the sweep-back and sweep-both approaches, the largest absolute errors are now

situated more centrally within the unpainted trajectory rather than towards the end, suggest-

ing a more balanced error distribution across the trajectory. This indicates that lowering the

number of inpainted steps from the back can mitigate the error concentration towards the

end, leading to more accurate trajectory predictions.

This improvement aligns with the observation about the prediction error noted earlier in

this section. Specifically, as the number of inpainted steps increases, the prediction error

per step grows larger, particularly for the sweep-front approach. Therefore, providing ad-

ditional inpainted steps where larger errors are observed can enhance the overall solution

quality. Addressing these error-prone regions through additional inpainting makes the model’s

performance more robust, and the final trajectory predictions are more accurate.

Figure 59: Sweep-back for 75 steps and first step provided.

Figure 60: Sweep-front for 89 steps.

Figure 61: Sweep-both for 35 steps.
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Figure 62: Sweep-both for 49 steps.

The prediction error for each sweep is shown in Figure 63 with the average prediction error on

the right-hand side and the best results for the error on the right. The corresponding Table for

this visualisation can be found in Appendix C. For the best solution, the error is not always

concentrated at the end for the sweep-both and sweep-back methods. In fact, the smallest

error for these approaches is found at the beginning of the horizon, suggesting that the model

can achieve a more optimal solution earlier when considering the number of steps provided.

Figure 63: Average (left) and best (right) prediction error for sweep front, back and both for µ = 0.0.

Interestingly, while the average error generally decreases with more steps inpainted, the trend

for the sweep-front approach remains consistent, with the smallest error still occurring at

the beginning. This observation ties back to increased error at the final steps; when these

steps contribute a larger portion of the total trajectory, their higher error significantly impacts

the overall error metric. Thus, the error grows more pronounced when the proportion of

high-error final steps is larger. The average errors exhibit a steady decline for the sweep-back

and sweep-both approaches as the number of provided steps increases. In contrast, the error

for the sweep-front approach steadily increases.

The trend differs notably for the best error. For the sweep-both method, the error decreases

until it reaches its minimum value at sweep 17 and then starts to rise again. The sweep-back
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method initially has a steeper decrease in error, reaching its lowest value at sweep 21 before

beginning to increase, but this increase is less prominent than the sweep-both method. On

the other hand, the sweep-front method consistently shows an increase in the best error with

more steps.

Interestingly, the best error for the sweep-front approach is smaller than the best error for the

sweep-both method, which contrasts with the average results where the sweep-both approach

performs better. This discrepancy highlights that while the sweep-back and sweep-both

methods generally improve with more inpainted steps, the sweep-front method consistently

shows higher average errors. However, it achieves better results in specific cases.

A.1.1 Comparison

The performance of the model was compared with the Fourier Neural Operator (FNO), which

is a state-of-the-art method for generating solutions to PDEs [36]. In terms of prediction error,

both the DDPM and FNO demonstrated comparable results, with prediction errors ranging

from 0.1 to 0.7, see Figure 64. This suggests that DDPMs are capable of matching the strong

baseline established by the FNO when it comes to accuracy in reproducing PDE solutions.

Figure 64: Prediction error comparison between FNO and DDPM.

However, further analysis revealed notable differences when evaluating the continuity met-

rics, which assesses how smoothly the generated solutions transition over time. The DDPM

outperformed the FNO in this area, even without employing any additional inpainting. This

advantage highlights the capability of DDPMs to generate solutions that are not only accu-

rate but also maintain higher temporal coherence, resulting in more realistic simulations of

dynamic systems.
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Figure 65: Average (left) and best (right) prediction error for sweep front, back and both for µ = 0.0.

A.1.2 Conclusion - Single µ

This experiment evaluated the model’s ability to generate and paint solutions for the KS

equation with µ = 0.0 and unseen initial condition. The analysis revealed that the model

can capture the general behaviour of the KS equation, particularly when well-chosen con-

figurations — such as the number of denoising steps and inpainting strategy - are applied.

The sweep-back method consistently yielded the lowest prediction error and the analysis

confirmed that providing more steps improves model accuracy. However, while the model can

generate reasonably accurate solutions, the errors increase over time, especially towards the

final steps of the trajectory. This suggests that although the model approximates the solution

well in the short term, its predictive accuracy diminishes as the time horizon extends, requiring

further refinement for long-term predictions and prediction at the end of the horizon.

Regarding generalisation to unseen values of the parameterised PDE, the model demonstrated

the ability to handle unseen initial conditions reasonably well. It can generate coherent

solutions even when the specific initial states have not been encountered during training.

This suggests that DDPMs possess a degree of generalizability, but the accuracy of these

predictions still decreases as the system evolves. Additionally, DDPMs offer a promising

approach not only for accurate PDE solution generation but also for creating simulations

with enhanced continuity, which is vital for applications requiring stable and realistic time-

dependent behaviour.
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B Different starting conditions

The comparison across the other four distinct starting conditions is presented in Figure

66. A consistent observation across all five instances is the increasing discrepancy between

the minimal and maximal values of the projection error as the number of provided steps

progresses. For some solutions, such as in row 2, these differences are quite pronounced, while

for others, like in row 4, the discrepancy grows slower. Nonetheless, in all cases, the most

significant difference between the minimal and maximal values of the projection error occurs

at the final step.

Figure 66: Comparison of actual solution with mean and best solution and stepwise projection error for

µ = 0.0 for distinct starting conditions.
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C Single µ errors

Table 2: Projection error for sweep front, back and both for a selected number of provided steps, with the

lowest errors marked red.

Projection error

sweep front front best back back best both both best

1 2.14e-03 9.17e-05 2.08e-03 7.18e-05 1.95e-03 4.62e-04

5 2.18e-03 9.30e-05 1.93e-03 7.27e-05 1.86e-03 3.61e-04

9 2.33e-03 1.01e-04 1.87e-03 4.74e-05 1.75e-03 2.62e-04

13 2.36e-03 1.15e-04 1.74e-03 3.60e-05 1.71e-03 2.24e-04

17 2.46e-03 1.07e-04 1.73e-03 3.61e-05 1.66e-03 2.19e-04

21 2.44e-03 1.20e-04 1.67e-03 3.39e-05 1.60e-03 2.21e-04

25 2.54e-03 1.26e-04 1.60e-03 3.71e-05 1.60e-03 2.28e-04

29 2.62e-03 1.24e-04 1.53e-03 3.57e-05 1.59e-03 2.41e-04

33 2.65e-03 1.45e-04 1.44e-03 3.68e-05 1.55e-03 2.51e-04

37 2.69e-03 1.41e-04 1.45e-03 3.68e-05 1.50e-03 2.58e-04

41 2.71e-03 1.50e-04 1.41e-03 3.78e-05 1.47e-03 2.89e-04

45 2.79e-03 1.49e-04 1.33e-03 4.05e-05 1.44e-03 3.01e-04

49 2.90e-03 1.58e-04 1.35e-03 4.11e-05 1.35e-03 3.28e-04

53 2.92e-03 1.66e-04 1.28e-03 4.23e-05

57 2.96e-03 1.79e-04 1.20e-03 4.11e-05

61 2.98e-03 1.82e-04 1.13e-03 4.35e-05

65 2.99e-03 1.71e-04 1.10e-03 4.37e-05

69 3.03e-03 2.13e-04 1.05e-03 4.70e-05

73 3.08e-03 1.95e-04 1.02e-03 4.69e-05

77 3.03e-03 2.19e-04 9.66e-04 4.90e-05

81 3.15e-03 2.20e-04 9.43e-04 4.94e-05

85 3.14e-03 2.29e-04 8.97e-04 5.14e-05

89 3.23e-03 2.38e-04 8.74e-04 5.17e-05

93 3.31e-03 2.58e-04 8.35e-04 5.34e-05

97 3.28e-03 2.51e-04 8.27e-04 5.42e-05
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D Single µ latent representation

This appendix shows the preliminary results of an experiment with dimensionality reduction

using SVD for the KS PDE with Nx = 500 and L = 200.The parameter µ was consistently set to

0.0, with variations only in the initial conditions. Figure 67 shows the latent representation for

reduced dimensions 240, 100, 64 and 32, the reconstructed solutions and the absolute error

between the reconstructions and true solutions. A similar pattern was observed in the SVD

analysis of the multiple µ case (Figure 14), where many values close to zero emerged in higher

dimensions, shown by the white regions.

Figure 67: Latent representation and reconstruction for each of the examined latent dimensions (240,

100, 32 and 16) using SVD.
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Figures 68 and 69 show example trajectories generated by the model from the data reduced

to 64 and 32 observations using the SVD. In higher dimensions (240 and 100), the model

predominantly produced noise, likely due to the high proportion of near-zero values, resulting

in a sharply peaked data distribution—a problem similar to the one observed in the latent

representation experiment for multiple µ experiment, see Figure 39. Notably, in Figure 68, a

sweep front method appears to contribute to generating solutions with reduced error noise.

These preliminary findings point to the potential for using latent representations in PDE

prediction, underscoring the importance of a comprehensive evaluation of dimensionality

reduction techniques to achieve more uniform data distributions.

Figure 68: Example predicted solution with no provided steps (upper) and 97 provided steps (lower) for

data reduced to 64 dimensions.

Figure 69: Example predicted solution for data reduced to 32 dimensions.
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E FNO

The Fourier Neural Operator (FNO), as proposed by Kovachki et al. [36], is limited to pre-

dicting one trajectory step at a time. Two approaches were analyzed to determine the better-

performing version of the FNO to address this. The first approach involved training separate

FNOs for each trajectory step, resulting in 200 distinct FNOs, which were then combined to

generate a complete trajectory prediction. The second approach trained a single FNO using

pairs of steps (s0, s1), (s1, s2), ...., (sT−1, sT ) and the trajectory were generated iteratively by

using the last predicted step to generate the next one.

The second approach produced smoother trajectories but showed a bias toward generating

specific trajectories, particularly for the model trained exclusively on the µ value of 0.0. This

bias persisted despite experimenting with varying training data, early stopping, and different

model parameters, as shown in Figure 70.

Figure 70: Comparison of trajectories generated by FNO and DDPM indicating a bias towards producing

a specific solution from FNO.

While the bias was less pronounced when training the FNO on multiple µ values, the projec-

tion error still indicated that training 200 separate FNOs was the superior option under this

metric. This discrepancy is illustrated in Figure ??, which compares the projection error per

trajectory between the 200 FNOs and the single FNO, alongside the mean error per µ. The

mean projection error for the 200 FNOs was 0.089, while for the single FNO, it was 0.469.
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Figure 71: Projection error comparison between 200 FNO and single FNO.
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F Multiple µ - Prediction errors

Figure 72 shows the prediction error for sweep-both. The trend is similar to the sweep-back

shown in Figure 5. For all the µ values besides µ = −0.25, the smallest terror once again for

the larger number of provided steps. The smallest error is observed for µ = 0.24 with value of

7.72 ∗ 10−4 followed by 8.15 ∗ 10−3 for µ = 0.2.

Again, the exclusive µ values start with lower prediction error than inclusive ones, but with

more steps provided, this trend is no longer evident. Additionally, following the general trend

for most values, the error decreases with the number of provided steps increasing. The excep-

tion is the µ = −0.25

Figure 72: Prediction error for sweep-both for various mu.

The detailed results for prediction errors for various µ are presented in the tables below:
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sweep -0.25 -0.19 -0.12 -0.09 -0.04 -0.03 0.02 0.05 0.08 0.11 0.14 0.15 0.20 0.21 0.24 0.25

1 8.38e-04 1.16e-03 1.19e-03 1.88e-03 1.94e-03 2.20e-03 2.50e-03 2.10e-03 2.28e-03 2.16e-03 1.81e-03 1.91e-03 1.34e-03 1.20e-03 1.22e-03 1.39e-03

7 9.35e-04 1.28e-03 1.38e-03 2.01e-03 2.07e-03 2.33e-03 2.55e-03 2.24e-03 2.37e-03 2.19e-03 1.84e-03 1.98e-03 1.38e-03 1.22e-03 1.24e-03 1.44e-03

13 1.04e-03 1.35e-03 1.45e-03 2.11e-03 2.23e-03 2.39e-03 2.65e-03 2.23e-03 2.52e-03 2.32e-03 1.99e-03 2.06e-03 1.42e-03 1.21e-03 1.27e-03 1.51e-03

19 1.05e-03 1.33e-03 1.47e-03 2.20e-03 2.26e-03 2.52e-03 2.75e-03 2.35e-03 2.58e-03 2.34e-03 1.98e-03 2.15e-03 1.45e-03 1.22e-03 1.30e-03 1.53e-03

25 1.05e-03 1.35e-03 1.48e-03 2.21e-03 2.31e-03 2.49e-03 2.83e-03 2.44e-03 2.52e-03 2.35e-03 2.04e-03 2.15e-03 1.47e-03 1.22e-03 1.29e-03 1.54e-03

31 1.00e-03 1.29e-03 1.38e-03 2.28e-03 2.33e-03 2.66e-03 2.90e-03 2.49e-03 2.60e-03 2.45e-03 2.05e-03 2.11e-03 1.50e-03 1.25e-03 1.32e-03 1.56e-03

37 9.62e-04 1.26e-03 1.26e-03 2.23e-03 2.41e-03 2.68e-03 2.98e-03 2.54e-03 2.61e-03 2.49e-03 2.06e-03 2.22e-03 1.48e-03 1.26e-03 1.28e-03 1.59e-03

43 9.97e-04 1.30e-03 1.24e-03 2.27e-03 2.43e-03 2.67e-03 3.08e-03 2.64e-03 2.71e-03 2.61e-03 2.04e-03 2.17e-03 1.46e-03 1.23e-03 1.28e-03 1.54e-03

49 9.85e-04 1.29e-03 1.22e-03 2.13e-03 2.47e-03 2.75e-03 3.10e-03 2.76e-03 2.79e-03 2.54e-03 2.07e-03 2.15e-03 1.43e-03 1.22e-03 1.27e-03 1.50e-03

55 9.85e-04 1.28e-03 1.18e-03 2.02e-03 2.44e-03 2.75e-03 3.08e-03 2.83e-03 2.66e-03 2.50e-03 2.04e-03 2.10e-03 1.33e-03 1.23e-03 1.27e-03 1.47e-03

61 1.03e-03 1.30e-03 1.20e-03 2.02e-03 2.34e-03 2.65e-03 3.18e-03 2.98e-03 2.62e-03 2.47e-03 2.04e-03 1.96e-03 1.36e-03 1.23e-03 1.24e-03 1.43e-03

67 1.01e-03 1.29e-03 1.22e-03 1.98e-03 2.37e-03 2.81e-03 3.14e-03 3.08e-03 2.64e-03 2.47e-03 2.03e-03 1.86e-03 1.36e-03 1.27e-03 1.23e-03 1.44e-03

73 1.03e-03 1.30e-03 1.16e-03 2.00e-03 2.34e-03 2.75e-03 3.16e-03 3.06e-03 2.62e-03 2.49e-03 2.05e-03 1.84e-03 1.36e-03 1.26e-03 1.22e-03 1.42e-03

79 1.02e-03 1.25e-03 1.22e-03 2.08e-03 2.33e-03 2.69e-03 3.21e-03 3.06e-03 2.46e-03 2.58e-03 2.01e-03 1.78e-03 1.35e-03 1.23e-03 1.35e-03 1.38e-03

85 1.02e-03 1.27e-03 1.23e-03 1.86e-03 2.26e-03 2.74e-03 3.21e-03 3.11e-03 2.47e-03 2.60e-03 1.97e-03 1.75e-03 1.43e-03 1.20e-03 1.37e-03 1.34e-03

91 1.02e-03 1.25e-03 1.23e-03 1.71e-03 2.11e-03 2.63e-03 3.23e-03 3.16e-03 2.41e-03 2.55e-03 1.98e-03 1.81e-03 1.37e-03 1.22e-03 1.34e-03 1.38e-03

97 1.06e-03 1.26e-03 1.34e-03 1.79e-03 2.23e-03 2.59e-03 3.32e-03 3.28e-03 2.38e-03 2.60e-03 1.91e-03 1.87e-03 1.51e-03 1.19e-03 1.42e-03 1.38e-03

Table 3: Projection error for best prediction for sweep-front for various µ, with the lowest error marked

red.

sweep -0.25 -0.19 -0.12 -0.09 -0.04 -0.03 0.02 0.05 0.08 0.11 0.14 0.15 0.20 0.21 0.24 0.25

1 8.20e-04 1.13e-03 1.24e-03 1.82e-03 1.93e-03 2.09e-03 2.40e-03 2.02e-03 2.15e-03 2.08e-03 1.75e-03 1.85e-03 1.32e-03 1.15e-03 1.19e-03 1.37e-03

7 7.69e-04 1.07e-03 1.03e-03 1.63e-03 1.67e-03 1.99e-03 2.20e-03 1.75e-03 2.04e-03 1.91e-03 1.57e-03 1.71e-03 1.25e-03 1.02e-03 1.09e-03 1.24e-03

13 7.71e-04 1.03e-03 9.58e-04 1.50e-03 1.59e-03 1.86e-03 2.18e-03 1.68e-03 1.94e-03 1.76e-03 1.47e-03 1.64e-03 1.20e-03 9.33e-04 1.01e-03 1.19e-03

19 7.51e-04 1.01e-03 9.24e-04 1.48e-03 1.52e-03 1.81e-03 2.12e-03 1.72e-03 1.86e-03 1.72e-03 1.35e-03 1.60e-03 1.15e-03 9.04e-04 9.60e-04 1.16e-03

25 8.07e-04 9.95e-04 9.20e-04 1.45e-03 1.44e-03 1.72e-03 2.06e-03 1.65e-03 1.81e-03 1.64e-03 1.33e-03 1.54e-03 1.13e-03 8.44e-04 8.78e-04 1.12e-03

31 8.54e-04 9.98e-04 8.96e-04 1.53e-03 1.39e-03 1.69e-03 2.03e-03 1.61e-03 1.66e-03 1.51e-03 1.28e-03 1.48e-03 1.04e-03 8.22e-04 8.20e-04 1.06e-03

37 8.11e-04 9.98e-04 8.79e-04 1.42e-03 1.33e-03 1.63e-03 1.93e-03 1.60e-03 1.63e-03 1.47e-03 1.20e-03 1.44e-03 9.85e-04 7.47e-04 7.85e-04 9.78e-04

43 8.20e-04 1.00e-03 9.08e-04 1.44e-03 1.27e-03 1.62e-03 1.89e-03 1.56e-03 1.57e-03 1.50e-03 1.11e-03 1.37e-03 9.35e-04 6.71e-04 7.33e-04 9.39e-04

49 8.48e-04 9.59e-04 8.94e-04 1.21e-03 1.21e-03 1.56e-03 1.75e-03 1.48e-03 1.42e-03 1.40e-03 1.02e-03 1.27e-03 9.54e-04 6.60e-04 7.14e-04 9.13e-04

55 8.49e-04 9.62e-04 8.58e-04 1.19e-03 1.16e-03 1.40e-03 1.61e-03 1.38e-03 1.32e-03 1.23e-03 8.65e-04 1.21e-03 8.85e-04 6.53e-04 7.05e-04 8.52e-04

61 8.84e-04 9.22e-04 8.75e-04 1.10e-03 1.12e-03 1.37e-03 1.49e-03 1.32e-03 1.21e-03 1.12e-03 8.38e-04 1.17e-03 8.36e-04 6.71e-04 7.04e-04 8.58e-04

67 8.66e-04 9.08e-04 8.64e-04 1.08e-03 1.06e-03 1.34e-03 1.36e-03 1.24e-03 1.10e-03 9.76e-04 7.55e-04 1.08e-03 8.43e-04 6.31e-04 7.24e-04 8.47e-04

73 8.71e-04 8.83e-04 8.56e-04 1.00e-03 1.00e-03 1.26e-03 1.22e-03 1.14e-03 1.05e-03 8.59e-04 7.06e-04 1.01e-03 8.10e-04 6.56e-04 6.80e-04 7.99e-04

79 8.60e-04 8.73e-04 8.52e-04 1.01e-03 9.28e-04 1.25e-03 1.08e-03 1.06e-03 1.01e-03 8.06e-04 6.46e-04 8.77e-04 7.59e-04 6.14e-04 7.06e-04 7.81e-04

85 8.52e-04 8.42e-04 8.65e-04 8.86e-04 8.84e-04 1.20e-03 9.81e-04 9.51e-04 9.51e-04 7.59e-04 6.13e-04 8.31e-04 7.66e-04 6.06e-04 6.42e-04 7.46e-04

91 8.38e-04 8.33e-04 8.40e-04 8.80e-04 8.39e-04 1.17e-03 8.95e-04 8.82e-04 9.10e-04 7.27e-04 6.02e-04 7.55e-04 7.26e-04 5.92e-04 7.04e-04 7.09e-04

97 8.21e-04 8.12e-04 8.56e-04 8.56e-04 8.26e-04 1.09e-03 8.44e-04 8.44e-04 8.53e-04 6.89e-04 5.83e-04 6.69e-04 7.09e-04 5.90e-04 7.07e-04 7.03e-04

Table 4: Projection error for best prediction for sweep-back for various µ, with the lowest error marked

red.
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sweep -0.25 -0.19 -0.12 -0.09 -0.04 -0.03 0.02 0.05 0.08 0.11 0.14 0.15 0.20 0.21 0.24 0.25

1 8.20e-04 1.13e-03 1.24e-03 1.82e-03 1.93e-03 2.09e-03 2.40e-03 2.02e-03 2.15e-03 2.08e-03 1.75e-03 1.85e-03 1.32e-03 1.15e-03 1.19e-03 1.37e-03

7 7.69e-04 1.07e-03 1.03e-03 1.63e-03 1.67e-03 1.99e-03 2.20e-03 1.75e-03 2.04e-03 1.91e-03 1.57e-03 1.71e-03 1.25e-03 1.02e-03 1.09e-03 1.24e-03

13 7.71e-04 1.03e-03 9.58e-04 1.50e-03 1.59e-03 1.86e-03 2.18e-03 1.68e-03 1.94e-03 1.76e-03 1.47e-03 1.64e-03 1.20e-03 9.33e-04 1.01e-03 1.19e-03

19 7.51e-04 1.01e-03 9.24e-04 1.48e-03 1.52e-03 1.81e-03 2.12e-03 1.72e-03 1.86e-03 1.72e-03 1.35e-03 1.60e-03 1.15e-03 9.04e-04 9.60e-04 1.16e-03

25 8.07e-04 9.95e-04 9.20e-04 1.45e-03 1.44e-03 1.72e-03 2.06e-03 1.65e-03 1.81e-03 1.64e-03 1.33e-03 1.54e-03 1.13e-03 8.44e-04 8.78e-04 1.12e-03

31 8.54e-04 9.98e-04 8.96e-04 1.53e-03 1.39e-03 1.69e-03 2.03e-03 1.61e-03 1.66e-03 1.51e-03 1.28e-03 1.48e-03 1.04e-03 8.22e-04 8.20e-04 1.06e-03

37 8.11e-04 9.98e-04 8.79e-04 1.42e-03 1.33e-03 1.63e-03 1.93e-03 1.60e-03 1.63e-03 1.47e-03 1.20e-03 1.44e-03 9.85e-04 7.47e-04 7.85e-04 9.78e-04

43 8.20e-04 1.00e-03 9.08e-04 1.44e-03 1.27e-03 1.62e-03 1.89e-03 1.56e-03 1.57e-03 1.50e-03 1.11e-03 1.37e-03 9.35e-04 6.71e-04 7.33e-04 9.39e-04

49 8.48e-04 9.59e-04 8.94e-04 1.21e-03 1.21e-03 1.56e-03 1.75e-03 1.48e-03 1.42e-03 1.40e-03 1.02e-03 1.27e-03 9.54e-04 6.60e-04 7.14e-04 9.13e-04

55 8.49e-04 9.62e-04 8.58e-04 1.19e-03 1.16e-03 1.40e-03 1.61e-03 1.38e-03 1.32e-03 1.23e-03 8.65e-04 1.21e-03 8.85e-04 6.53e-04 7.05e-04 8.52e-04

61 8.84e-04 9.22e-04 8.75e-04 1.10e-03 1.12e-03 1.37e-03 1.49e-03 1.32e-03 1.21e-03 1.12e-03 8.38e-04 1.17e-03 8.36e-04 6.71e-04 7.04e-04 8.58e-04

67 8.66e-04 9.08e-04 8.64e-04 1.08e-03 1.06e-03 1.34e-03 1.36e-03 1.24e-03 1.10e-03 9.76e-04 7.55e-04 1.08e-03 8.43e-04 6.31e-04 7.24e-04 8.47e-04

73 8.71e-04 8.83e-04 8.56e-04 1.00e-03 1.00e-03 1.26e-03 1.22e-03 1.14e-03 1.05e-03 8.59e-04 7.06e-04 1.01e-03 8.10e-04 6.56e-04 6.80e-04 7.99e-04

79 8.60e-04 8.73e-04 8.52e-04 1.01e-03 9.28e-04 1.25e-03 1.08e-03 1.06e-03 1.01e-03 8.06e-04 6.46e-04 8.77e-04 7.59e-04 6.14e-04 7.06e-04 7.81e-04

85 8.52e-04 8.42e-04 8.65e-04 8.86e-04 8.84e-04 1.20e-03 9.81e-04 9.51e-04 9.51e-04 7.59e-04 6.13e-04 8.31e-04 7.66e-04 6.06e-04 6.42e-04 7.46e-04

91 8.38e-04 8.33e-04 8.40e-04 8.80e-04 8.39e-04 1.17e-03 8.95e-04 8.82e-04 9.10e-04 7.27e-04 6.02e-04 7.55e-04 7.26e-04 5.92e-04 7.04e-04 7.09e-04

97 8.21e-04 8.12e-04 8.56e-04 8.56e-04 8.26e-04 1.09e-03 8.44e-04 8.44e-04 8.53e-04 6.89e-04 5.83e-04 6.69e-04 7.09e-04 5.90e-04 7.07e-04 7.03e-04

Table 5: Projection error for best prediction for sweep-back for various µ, with the lowest error marked

red.
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