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Danny Knol∗
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Abstract

In this thesis, the spin-galvanic effect in a 2D diffusive metal with spin-charge coupling in
the steady state is calculated. The calculations are done by using central differencing and the
ghost cell method on the Usadel equation on a numerical grid. We find that the voltage across
the system is linearly dependent on the time derivative of the applied magnetic field and the
strength of the spin-galvanic effect.
Keywords: spin-charge coupling, 2D Usadel equation, spin-galvanic effect
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1 Introduction

In our society, the amount of data that is generated keeps increasing, so we need ever more data
storage as well [1]. Moore’s Law states that the amount of transistors that fit on a circuit board
doubles every year. Recently however it was predicted that the law is not going to hold anymore in
the near future [2]. The techniques for reducing the transistors in size are limited. Making better
storage devices can be achieved by using electronics that make use of different quantum effects and
if the devices made are on such a small scale, quantum effects will be present anyway so it makes
sense to look for ways to make use of them.
Some devices that manipulate electron spin to their advantage are called spintronic devices or
spintronics [3]. Improving storage capacity is not the only goal of the development of spintronics.
The devices also improve computation power of computers and ways to increase efficiency are
being researched [4], so the spintronic devices can help reduce the amount of energy consumption.
For normal electrical current, a voltage is needed. When we are considering spin transport, an
electrical current is not required so there is less dissipation, which means that some energy can be
saved.
A possibility is to produce the devices with materials that have spin-orbit coupling. Spin-orbit
coupling is in our case the effect that electron spin is coupled to a magnetic field [5] and electrons
with spin up behave differently in a magnetic field than electrons with spin down. The specific type
of spin-orbit coupling that we are going to consider is Rashba spin-orbit coupling [6].
To make the spintronic devices better, we need to understand more about the materials with spin-
orbit coupling. The electron transport behaviour in the materials is modeled by the Usadel equation
[7] and recently, a newly developed form of this equation was published [8]. The Usadel equation
is a diffusion equation that also incorporates different quantum effects and describes transport in
junctions on a mesoscopic level in these materials. We can use a diffusion equation to describe
these materials, because in practice, due to manufacturing errors, the materials are almost always
diffuse. It is useful to look at a numerical solution of the equation to understand the materials
better.
The spintronics are not the only relevant applications of the problem that we are considering. A
long term goal is to add superconductivity to the problem. Then it is possible to make predictions
and people can do the experiment and then we can compare the outcome of the experiments to the
predictions that we have made numerically. Before we consider the effects of superconductivity,
we have to properly model the system in normal state first.
In this thesis, the systems that we will look at are 2D diffusive metals with Rashba spin-orbit
coupling. We are interested in calculating the steady state solutions, specifically the voltage in the
steady state that is caused by the application of a magnetic field is considered. The spin-galvanic
effect plays an important role [9].
To this end, we will first elaborate the physical origins of the spin-galvanic effect. Then we look at
numerical implementation of diffusion and we explain how we can add the spin-galvanic effect to
the numerical diffusion. Lastly we show the calculations that we have done with the implemented
model. We found that a gradient in the electron density is formed in the steady state that is per-
pendicular to the direction that the magnetic field is pointing in. We also found that the voltage
increases linearly with both the strength of the magnetic field and the strength of the spin-orbit
coupling.

1



2 Usadel equations for spin-galvanic effects

2.1 Usadel in normal state

To motivate the use of the Usadel equation, we will look at where the equation actually comes
from. We will consider three key parts relating to the Usadel equation.
The systems that we are considering are all diffusive metals. To describe the different quantum
effects that occur in these systems, we can not make use of pure classical methods. The simple
reason is that classical methods do not consider spin-orbit coupling at all, while spin-orbit coupling
is what all the effects we are interested in causes. To incorporate spin-orbit coupling, we need
to look at the other end of the spectrum, namely quantum methods. Pure quantum methods are
however not ideal to work with. The systems that we are interested in are too large and have too
many impurities.
We see that we need some combination of classical and quantum methods to be able to describe
the systems that we are interested in. The methods that have been developed for this problem are
called quasiclassical methods [10] and we will be making use of the results of the quasiclassical
methods. To use these methods we have to assume that the Fermi level is not too close to the band
gap.
Impurities are a common occurrence in any material, because producing a perfect material is almost
impossible, especially if the materials are mass produced. Therefore using systems that are not
ballistic, so systems that have scattering, is a good approximation.
The equation that we can use to describe the systems that we are looking at is called the Us-
adel equation. The Usadel equation is a second order non-linear equation. We are interested in
a situation where superconductivity is not involved and the absence of superconductivity greatly
simplifies the Usadel equation. The equation becomes linear, which makes the equation become a
lot easier to work with.

2.2 Explanation of spin-galvanic effect

The spin galvanic effect is an effect where a spin accumulation causes an electrical current to flow.
We will first explain in 1D how the effect works and then an extension to 2D will be made.
To explain the spin-galvanic effect, we will make use of an example Hamiltonian. This is a very
specific example that produces nice figures that make it easier to interpret the effect.
The Hamiltonian is given by

𝛽𝑘4 + ℏ2𝑘2

2𝑚
+ 𝛾𝑘𝑥𝜎𝑦 − 𝜎𝑦𝐵 (1)

We can look at the expression in matrix form, since the spin Pauli matrix for 𝑦 is
(

0 −𝑖
𝑖 0

)

[11],
so the Hamiltonian can be written as

𝛽𝑘4
(

1 0
0 1

)

+ ℏ2𝑘2

2𝑚

(

1 0
0 1

)

+ 𝛾𝑘𝑥

(

0 −𝑖
𝑖 0

)

− 𝐵
(

0 −𝑖
𝑖 0

)

(2)
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FIGURE 1: Available energy states de-
pending on momentum for electrons with
spin up and spin down

FIGURE 2: Available energy states for
electrons with spin-orbit coupling. The
dispersions for pin up and spin down are
now separated

In a normal material, the galvanic coefficient 𝛾 is zero. Without a magnetic field 𝐵, the only term
that is left is the kinetic energy term 𝛽𝑘4 + 𝑘2∕2𝑚, which means that the Hamiltonian is simply
𝛽𝑘4 + ℏ2𝑘2∕2𝑚 times the identity matrix 𝟏.
The eigenvalues of this matrix are immediately read from the diagonals and are therefore twice
𝛽𝑘4 + ℏ2𝑘2∕2𝑚. One of the eigenvalues belongs to the electrons with spin up and the other eigen-
value belongs to the electrons with spin down. Since the eigenvalues are the same, the resulting
dispersions are identical.
In figure 1, the situation without spin-orbit coupling and an external magnetic field is shown. The
parabola for electrons with spin up overlaps with the parabola for electrons with spin down. The
states up until the Fermi level are filled with electrons and since the Fermi level is the same for
both spin up and spin down, nothing particularly interesting happens.
The materials that we are looking at have spin-orbit coupling, which means that 𝛾 in equation (2)
is not zero. The Hamiltonian in that case is

𝛽𝑘4 + ℏ2𝑘2

2𝑚

(

1 0
0 1

)

+ 𝛾𝑘𝑥

(

0 −𝑖
𝑖 0

)

(3)

The eigenvalues of the matrix can be calculated and the result is that the eigenvalues are

𝛽𝑘4 + ℏ2𝑘2

2𝑚
± 𝛾𝑘𝑥 (4)

Notice that now the two eigenvalues are not the same anymore for spin up and spin down. In figure
2, the dispersions for electrons with spin up and spin down do not overlap anymore.
Now we will add the magnetic field as well, implying that the magnetic field 𝐵 in equation (2) is
also not zero. The Hamiltonian can be written as
(

𝛽𝑘4 + ℏ2𝑘2

2𝑚
−𝑖(𝛾𝑘𝑥 − 𝐵)

𝑖(𝛾𝑘𝑥 − 𝐵) 𝛽𝑘4 + ℏ2𝑘2

2𝑚

)
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FIGURE 3: Available states for electrons
with spin-orbit coupling in the presence
of a magnetic field. The dispersions for
spin down and spin up are shifted up-
wards and downwards respectively

FIGURE 4: States occupied by electrons
with spin-orbit coupling in the presence
of a magnetic field. There are more occu-
pied states for spin up than for spin down

We can calculate the eigenvalues again , which results in

𝛽𝑘4 + ℏ2𝑘2

2𝑚
± (𝛾𝑘𝑥 − 𝐵) (5)

as the eigenvalues of the Hamiltonian.
The magnetic field added a term that is independent of 𝑘𝑥, which means that a constant term has
been added to the eigenvalues. This constant term is not the same for spin up and spin down. When
we add an external magnetic field, the dispersion of one of the two types of electrons will shift up
while the other dispersion will move down a bit, see figure 3.
In figure 4 the amount of electrons is visualised There are more electrons with spin down than
electrons with spin up.
The dispersion of the electrons with spin up is moved towards the positive 𝑘. The dispersions are
not perfectly parabolic, so the group velocity for positive 𝑘 is not the same as the group velocity
for negative 𝑘. This implies that there is electric current flowing.
A similar explanation can be used to explain the 2D version.
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FIGURE 5: The two areas representing the available states for spin up and spin down are
separated in 2D

In 2D, the available states form an area in 𝑘 space. From figure 5 we can see that electrons with
spin up have a different group velocity compared to the electrons with spin down. This difference
in group velocity will cause a current to flow.
The consequence of the effect can be summarised in the following figure 6. Since we have more
electrons moving in one direction than electrons moving in the opposite direction, we expect that
a current must flow.

FIGURE 6: Applying a magnetic field to a material that has spin-orbit coupling causes a
current to flow
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2.3 Mathematical model

The calculations that we are going to do are based on mathematical models. In this section, we will
present the bulk equations, boundary and initial conditions. The individual terms of the equations
and the part of the physical system that they describe will also be explained.

2.3.1 Bulk equations

We effectively have four different equations, namely one for 𝜇, 𝑆𝑥, 𝑆𝑦 and 𝑆𝑧. Important to note
is that 𝑆𝑐 indicates the spin in direction 𝑐 and that 𝛾 is a 3 × 3 tensor.

𝐷∇2𝜇 = 𝜕𝑡𝜇 + 𝛾𝑘𝑙𝜕𝑘𝑆
𝑙 (6)

This equation is very straightforward. The term with the derivative with respect to 𝑡 is the diffusion
term. The terms with the derivative with respect to 𝑆 is the term that corresponds to the spin-
galvanic effect and contributes to the effect as we have described in the previous section. We are
looking at 2D materials, so we have to sum over 𝑘 = 𝑥, 𝑦 and the spin can be in direction 𝑥, 𝑦 or 𝑧,
so we have to sum over 𝑙 = 𝑥, 𝑦, 𝑧.

𝐷∇2𝑆𝑐 = 𝜕𝑡𝑆
𝑐 + 1

𝜏𝑆𝑂
𝑆𝑐 + 𝜒𝐵̇𝑐 + 𝛼(ℎ⃗ × 𝑆)𝑐 + 𝛾𝑘𝑐𝜕𝑘𝜇 (7)

The equations that describe the spins have slightly more terms and are slightly more complicated.
In equation (7), we look at the spin in direction 𝑐. Again, the term with the derivative with respect
to 𝑡 is the diffusion term and the term with 𝛾 is the term that induces the spin-galvanic effect. We
have to sum over 𝑘 = 𝑥, 𝑦.
Then we have the term with 𝜏𝑆𝑂. This is the spin relaxation term. Spin relaxation has multiple
causes, namely scattering and precession caused by a small internal magnetic field.
The term𝜒𝐵̇ represents the external magnetic field. We will look at the case that the time derivative
of 𝐵 is constant.
The term 𝛼(ℎ⃗ × 𝑆)𝑐 will be zero in the systems that we are interested in.
In addition to the bulk equations we have the equation for the current.

𝑗𝑘 = 𝐷𝜕𝑘𝜇 + 𝛾𝑘𝑙𝑆
𝑙 (8)

Similarly, we have the equation for the spin current.
𝑗𝑐𝑘 = 𝐷𝜕𝑘𝑆

𝑐 + 𝛾𝑘𝑐𝜇 (9)

2.3.2 Boundary conditions

The boundary conditions for both 𝜇 and all the three spins are that the corresponding currents must
be zero in the direction of the edge. Intuitively we can say that the current is not allowed to leave
the system at the edges.
In mathematical terms, the boundary conditions are given by

𝑛𝑘𝑗𝑘 = 0
𝑛𝑘𝑗

𝑐
𝑘 = 0

(10)
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2.3.3 Initial conditions

Since we are dealing with differential equations, we must provide initial conditions for the solutions.
We will simply consider a general initial condition given by some function 𝑓 (𝑥, 𝑦). The reason for
the choice of any function is that we are interested in the steady state solution. The initial condition
does not influence the final outcome, so the initial condition function can be anything.

2.3.4 Dimensionless units

For the discretization of these equations, we want to work with dimensionless units. We will first
consider the equation for 𝜇, which is equation (6).
We arbitrarily choose the length in the 𝑥- or 𝑦-direction of the system 𝐿 as the characteristic length
and we define

𝑥̃ = 𝑥
𝐿

𝑦̃ =
𝑦
𝐿

(11)

as dimensionless variables. Then we can write
𝜕
𝜕𝑥

= 𝜕𝑥̃
𝜕𝑥

𝜕
𝜕𝑥̃

= 1
𝐿

𝜕
𝜕𝑥̃

(12)

Similarly,
𝜕
𝜕𝑦

= 1
𝐿

𝜕
𝜕𝑦̃

(13)

We can substitute 𝑥 and 𝑦 in equation (6) with 𝑥̃ and 𝑦̃, which gives us

𝐷 1
𝐿2

𝜕2

𝜕𝑥̃2
𝜇 +𝐷 1

𝐿2
𝜕2

𝜕𝑦̃2
𝜇 = 𝜕

𝜕𝑡
𝜇 + 𝛾𝑥𝑙

𝜕
𝜕𝑥

𝑆 𝑙 + 𝛾𝑦𝑙
𝜕
𝜕𝑦

𝑆 𝑙 (14)

Now that we have modified the left hand side of the equation, we need to do the same for the right
hand side of the equation.
We want to write

𝜕
𝜕𝑡

= 𝜕𝑡
𝜕𝑡

𝜕
𝜕𝑡

(15)

and we need to ensure that the units on both sides of the equation are identical. We can see that the
left hand side consists of terms in 𝐷∕𝐿2, so we conclude that

𝜕𝑡
𝜕𝑡

= 𝐷
𝐿2

(16)

With this result we define the dimensionless variable
𝑡 = 𝑡

𝑡𝐷
(17)

where 𝑡𝐷 = 𝐿2∕𝐷.
𝑡𝐷 is the characteristic diffusion time of the system and indicates how long it takes for the diffusion
to have reached the entire system.
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We have seen that a spatial derivative will have an extra 1∕𝐿. This means that we can make the
term with 𝛾𝑘𝑙 dimensionless by defining

𝛾̃𝑘𝑙 =
𝛾𝑘𝑙
𝐿∕𝐷

(18)

The dimensionless version of equation (6) is then
𝜕2

𝜕𝑥̃2
𝜇 + 𝜕2

𝜕𝑦̃2
𝜇 = 𝜕

𝜕𝑡
𝜇 + 𝛾̃𝑥𝑙

𝜕
𝜕𝑥

𝑆 𝑙 + 𝛾̃𝑦𝑙
𝜕
𝜕𝑦

𝑆 𝑙 (19)

We also have to make the equation for 𝑆𝑐 , equation (7), dimensionless. We can reuse the derivation
that we have done in the equation for 𝜇. Putting 𝑥̃, 𝑦̃, 𝑡 and 𝛾̃𝑘𝑙 in equation (7) gives

𝐷
𝐿2

𝜕2

𝜕𝑥̃2
𝑆𝑐+ 𝐷

𝐿2
𝜕2

𝜕𝑦̃2
𝑆𝑐 = 𝐷

𝐿2
𝜕
𝜕𝑡
𝑆𝑐+ 𝐷

𝐿2
𝛾̃𝑥𝑐

𝜕
𝜕𝑥

𝜇+ 𝐷
𝐿2

𝛾̃𝑦𝑐
𝜕
𝜕𝑦

𝜇+ 1
𝜏𝑆𝑂

𝑆𝑐+𝜒𝐵̇+𝛼(ℎ⃗×𝑆)𝑐 (20)

To make the remaining terms of equation (20) dimensionless, we can make the following defini-
tions:

𝜏𝑆𝑂 = 𝐿2

𝐷
𝜏𝑆𝑂

𝜒 = 𝐿2

𝐷
𝜒

𝛼̃ = 𝐿2

𝐷
𝛼

(21)

Substituting these in equation (20) gives
𝐷
𝐿2

𝜕2

𝜕𝑥̃2
𝑆𝑐+ 𝐷

𝐿2
𝜕2

𝜕𝑦̃2
𝑆𝑐 = 𝐷

𝐿2
𝜕
𝜕𝑡
𝑆𝑐+ 𝐷

𝐿2
𝛾̃𝑥𝑐

𝜕
𝜕𝑥

𝜇+ 𝐷
𝐿2

𝛾̃𝑦𝑐
𝜕
𝜕𝑦

𝜇+ 𝐷
𝐿2

1
𝜏𝑆𝑂

𝑆𝑐+ 𝐷
𝐿2

𝜒𝐵̇+ 𝐷
𝐿2

𝛼̃(ℎ⃗×𝑆)𝑐

(22)

or
𝜕2

𝜕𝑥̃2
𝑆𝑐 + 𝜕2

𝜕𝑦̃2
𝑆𝑐 = 𝜕

𝜕𝑡
𝑆𝑐 + 𝛾̃𝑥𝑐

𝜕
𝜕𝑥

𝜇 + 𝛾̃𝑦𝑐
𝜕
𝜕𝑦

𝜇 + 1
𝜏𝑆𝑂

𝑆𝑐 + 𝜒𝐵̇ + 𝛼̃(ℎ⃗ × 𝑆)𝑐 (23)

which is then our dimensionless version of equation (7).
In the following sections, we will be working with equations (19) and (23). For convenience we
will write 𝑥̃ as 𝑥, and do the same for the other dimensionless variables.
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3 Spatial discretization of diffusion core

In this section, we will discuss the discretization of the basic diffusion and we will show that the
expected physical properties of diffusion are also present in the implementation. The discretizations
are based on [12].
The diffusion equation for some quantity 𝑢 is given by equation (24).

∇2𝑢 = 𝜕𝑡𝑢 (24)
For the discretization in time, we have used the simple discretization as follows:

𝜕𝑡𝑢 ≈ 𝑈 𝑛+1 − 𝑈 𝑛

Δ𝑡
(25)

where 𝑈 is the discretized quantity, the index 𝑛 denotes the time step and Δ𝑡 is the difference in
time between time step 𝑛 and 𝑛 + 1.

3.1 Boundary conditions

For basic diffusion, the condition at the edges of the material is that the quantity is not allowed to
leave the material. Mathematically, this can be described by

𝑛𝑘𝜕𝑘𝑢 = 0 (26)

3.2 1D system

3.2.1 Discretization

Before we study the 2D case, we will create a model for 1D first. The numerical grid that we have
used for the spatial discretization in 1D can be found in figure 7 along with the definitions of the
indices and the directions.

FIGURE 7: The 1D grid, indicating the indices that are used and the positive 𝑥-direction
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Now that we have the grid, we can define the discretization

∇2𝑢 ≈
𝑈𝑗+1 − 2𝑈𝑗 + 𝑈𝑗−1

(Δ𝑥)2
(27)

Combining the discretizations for time and space gives us the following scheme that we can use
for the bulk of the grid points. For simplicity, we introduce the notation 𝜈 = Δ𝑡∕(Δ𝑥)2

𝑈 𝑛+1
𝑗 = (1 − 2𝜈)𝑈 𝑛

𝑗 + 𝜈(𝑈𝑗+1 + 𝑈𝑗−1) (28)

At the edges, equation (28) can not be used as it is. We can use the ghost-cell method to keep
the second order accuracy and for that, the boundary conditions can be used to derive what the
non-existing grid points are in terms of the other grid points.
Since we are looking at 1D, we have that 𝜕𝑥𝑢 = 0 for both edges. We will use central differencing
for the discretization.

𝑈1 − 𝑈−1
2Δ𝑥

= 0 (29)
from which we can conclude that 𝑈−1 = 𝑈1. The grid point −1 is part of the aforementioned ghost
cell method and does not exist on the grid that describes our system. That is why we have to find a
way to eliminate 𝑈−1 from the numerical scheme. Similarly, we can derive that for the right edge
that 𝑈𝑁+1 = 𝑈𝑁−1. This time the grid point 𝑁 + 1 does not exist on our grid.
The expressions for 𝑈−1 and 𝑈𝑁+1 can then be substituted in equation (28) to get the scheme for
the edges.

3.2.2 Conservation

An important property of diffusion is that the total amount of the quantity must be the same at each
time step. We can verify that this property holds for the numerical scheme described above.
To be more precise, conservation of 𝑈 means that

1
2
𝑈 𝑛+1
0 +

𝑁−1
∑

𝑗=1
𝑈 𝑛+1
𝑗 + 1

2
𝑈 𝑛+1
𝑁 = 1

2
𝑈 𝑛
0 +

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗 + 1

2
𝑈 𝑛
𝑁 (30)

must hold.
Since every 𝑈 𝑛

𝑗 is defined on a grid point, but every grid point governs half of the grid spaces
between itself and its neighbours, see figure 8, we have to be careful with the end points.
The end points only contribute half of what the interior points contribute to the system. This means
that

FIGURE 8: The grid points at the edge describe half of what an interior grid point describes
of the system
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FIGURE 9: Representation of the 2D grid and the indices that are used for each grid point

We start the derivation by substituting equations (28) and the expression for the edges in the left
hand side of equation (30). The resulting expression can be simplified all the way until the right
hand side of equation (30) is recovered.

1
2
𝑈 𝑛+1
0 +

𝑁−1
∑

𝑗=1
𝑈 𝑛+1
𝑗 + 1

2
𝑈 𝑛+1
𝑁

=1
2
(1 − 2𝜈)𝑈 𝑛

0 + 𝜈𝑈 𝑛
1 +

𝑁−1
∑

𝑗=1
[(1 − 2𝜈)𝑈 𝑛

𝑗 + 𝜈(𝑈 𝑛
𝑗+1 + 𝑈 𝑛

𝑗−1)] +
1
2
(1 − 2𝜈)𝑈 𝑛

𝑁 + 𝜈𝑈 𝑛
𝑁−1

=1
2
𝑈 𝑛
0 − 𝜈𝑈 𝑛

0 + 𝜈𝑈 𝑛
1 +

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗 − 2𝜈

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗 + 𝜈

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗+1 + 𝜈

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗−1 +

1
2
𝑈 𝑛
𝑁 − 𝜈𝑈 𝑛

𝑁 + 𝜈𝑈 𝑛
𝑁−1

=(1
2
𝑈 𝑛
0 +

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗 + 1

2
𝑈 𝑛
𝑁 ) − 𝜈𝑈 𝑛

0 + 𝜈𝑈 𝑛
1 − 2𝜈

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗 + 𝜈

𝑁
∑

𝑗=2
𝑈 𝑛
𝑗 + 𝜈

𝑁−2
∑

𝑗=0
𝑈 𝑛
𝑗 − 𝜈𝑈 𝑛

𝑁 + 𝜈𝑈 𝑛
𝑁−1

=
𝑁
∑

𝑗=0
𝑈 𝑛
𝑗 − 𝜈𝑈 𝑛

0 + 𝜈𝑈 𝑛
1 − 𝜈𝑈 𝑛

1 + 𝜈𝑈 𝑛
𝑁 − 𝜈𝑈 𝑛

𝑁−1 + 𝜈𝑈 𝑛
0 − 𝜈𝑈 𝑛

𝑁 + 𝜈𝑈 𝑛
𝑁−1

=1
2
𝑈 𝑛
0 +

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗 + 1

2
𝑈 𝑛
𝑁

(31)

Therefore we have shown that the conservation principle holds for this discretization of the diffu-
sion equation.

3.3 2D system

3.3.1 Discretization

Now that we have discussed diffusion in 1D, we can do the same thing for the 2D case.
First we need a 2D grid. We will use the index 𝑗 for the 𝑥 direction and 𝑘 for the 𝑦 direction, see
figure 9. We assume that the domain is a rectangle.
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We need to define discretizations for nine different cases. These are the bulk, the four edges and
the four corners of the domain. We also define 𝜈𝑥 and 𝜈𝑦 as Δ𝑡∕(Δ𝑥)2 and Δ𝑡∕(Δ𝑦)2 respectively.
For the bulk, so 𝑈𝑗,𝑘 with 𝑗 ≠ 0, 𝑁 and 𝑘 ≠ 0,𝑀 :

𝑈 𝑛+1
𝑗,𝑘 = 𝑈 𝑛

𝑗,𝑘 + 𝜈𝑥(𝑈 𝑛
𝑗+1,𝑘 − 2𝑈 𝑛

𝑗,𝑘 + 𝑈 𝑛
𝑗−1,𝑘) + 𝜈𝑦(𝑈 𝑛

𝑗,𝑘+1 − 2𝑈 𝑛
𝑗,𝑘 + 𝑈 𝑛

𝑗,𝑘−1) (32)

For the edges. we can use the ghost cell method to implement the boundary conditions. We can
use the left edge as an example. 𝑢𝑥 = 0 implies that

𝑈 𝑛
−1,𝑘 − 𝑈 𝑛

1,𝑘

2Δ𝑥
= 0 (33)

From this, we can conclude that 𝑈 𝑛
−1,𝑘 = 𝑈 𝑛

1,𝑘 and therefore we can replace all the 𝑈 𝑛
−1,𝑘 in the

regular scheme with 𝑈 𝑛
1,𝑘, just as we have done in 1D.

This means that for the left edge, so for 𝑈0,𝑘 with 𝑘 ≠ 0,𝑀 , we get
𝑈 𝑛+1
0,𝑘 = 𝑈 𝑛

0,𝑘 + 2𝜈𝑥(𝑈 𝑛
1,𝑘 − 𝑈 𝑛

0,𝑘) + 𝜈𝑦(𝑈 𝑛
0,𝑘+1 − 2𝑈 𝑛

0,𝑘 + 𝑈 𝑛
0,𝑘−1) (34)

For the right edge, so for 𝑈𝑁,𝑘 with 𝑘 ≠ 0,𝑀 , we get
𝑈 𝑛+1
𝑁,𝑘 = 𝑈 𝑛

𝑁,𝑘 + 2𝜈𝑥(𝑈 𝑛
𝑁−1,𝑘 − 𝑈 𝑛

𝑁,𝑘) + 𝜈𝑦(𝑈 𝑛
𝑁,𝑘+1 − 2𝑈 𝑛

𝑁,𝑘 + 𝑈 𝑛
𝑁,𝑘−1) (35)

For the bottom edge, 𝑈𝑗,0 with 𝑗 ≠ 0, 𝑁 ,
𝑈 𝑛+1
𝑗,0 = 𝑈 𝑛

𝑗,0 + 𝜈𝑥(𝑈 𝑛
𝑗+1,0 − 2𝑈 𝑛

𝑗,0 + 𝑈 𝑛
𝑗−1,0) + 2𝜈𝑦(𝑈 𝑛

𝑗,1 − 𝑈 𝑛
𝑗,0) (36)

Lastly for the top edge, 𝑈𝑗,𝑀 with 𝑗 ≠ 0, 𝑁 ,
𝑈 𝑛+1
𝑗,𝑀 = 𝑈 𝑛

𝑗,𝑀 + 𝜈𝑥(𝑈 𝑛
𝑗+1,𝑀 − 2𝑈 𝑛

𝑗,𝑀 + 𝑈 𝑛
𝑗−1,𝑀 ) + 2𝜈𝑦(𝑈 𝑛

𝑗,𝑀−1 − 𝑈 𝑛
𝑗,𝑀 ) (37)

Next we will look at the equations for the four corners.
The bottom left corner:

𝑈 𝑛+1
0,0 = 𝑈 𝑛

0,0 + 2𝜈𝑥(𝑈 𝑛
1,0 − 𝑈 𝑛

0,0) + 2𝜈𝑦(𝑈 𝑛
0,1 − 𝑈 𝑛

0,0) (38)

The bottom right corner:
𝑈 𝑛+1
𝑁,0 = 𝑈 𝑛

𝑁,0 + 2𝜈𝑥(𝑈 𝑛
𝑁−1,0 − 𝑈 𝑛

𝑁,0) + 2𝜈𝑦(𝑈 𝑛
𝑁,1 − 𝑈 𝑛

𝑁,0) (39)

The top left corner:
𝑈 𝑛+1
0,𝑀 = 𝑈 𝑛

0,𝑀 + 2𝜈𝑥(𝑈 𝑛
1,𝑀 − 𝑈 𝑛

0,𝑀 ) + 2𝜈𝑦(𝑈 𝑛
0,𝑀−1 − 𝑈 𝑛

0,𝑀 ) (40)

The top right corner:
𝑈 𝑛+1
𝑁,𝑀 = 𝑈 𝑛

𝑁,𝑀 + 2𝜈𝑥(𝑈 𝑛
𝑁−1,𝑀 − 𝑈 𝑛

𝑁,𝑀 ) + 2𝜈𝑦(𝑈 𝑛
𝑁,𝑀−1 − 𝑈 𝑛

𝑁,𝑀 ) (41)
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3.3.2 Conservation

Now that we have the equations, we can look at how to show the conservation. Define

𝐴𝑛 =
𝑀−1
∑

𝑘=1

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗,𝑘+

1
2

(𝑀−1
∑

𝑘=1
𝑈 𝑛
0,𝑘 +

𝑀−1
∑

𝑘=1
𝑈 𝑛
𝑁,𝑘 +

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗,0 +

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗,𝑀

)

+1
4

(

𝑈 𝑛
0,0 + 𝑈 𝑛

𝑁,0 + 𝑈 𝑛
0,𝑀 + 𝑈 𝑛

𝑁,𝑀

)

(42)
Then quantity 𝑈 is conserved when

𝐴𝑛+1 = 𝐴𝑛 (43)

By the same argument that we used in the section about conservation in 1D, the contribution of the
edges is 1

2 and the contributions of the corners is 1
4 .

The next step to show conservation is to substitute the discretizations of all parts in 𝐴𝑛+1. We will
first consider the terms that are not a product of 𝜈 and 𝑈 .
Adding up all the terms that do not have a 𝜈 in them gives
𝑀−1
∑

𝑘=1

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗,𝑘+

1
2

(𝑀−1
∑

𝑘=1
𝑈 𝑛
0,𝑘 +

𝑀−1
∑

𝑘=1
𝑈 𝑛
𝑁,𝑘 +

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗,0 +

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗,𝑀

)

+1
4

(

𝑈 𝑛
0,0 + 𝑈 𝑛

𝑁,0 + 𝑈 𝑛
0,𝑀 + 𝑈 𝑛

𝑁,𝑀

)

(44)
which is exactly 𝐴𝑛.
This means that

𝐴𝑛+1 = 𝐴𝑛 + 𝐶 (45)

Where 𝐶 is defined as the terms that do have a product of 𝜈 and 𝑈 after substitution of the dis-
cretizations in 𝐴𝑛+1. Our goal is to show that 𝐶 is equal to zero, because then we can conclude that
𝑈 must be conserved. As a sanity check, we can let Δ𝑡 go to zero, so we approach the continuous
case. Then 𝜈 goes to zero and that means that 𝐶 as a whole goes to zero. We see that in that case
we indeed have conservation.
To evaluate the case numerical case where 𝜈 does not equal zero, we will consider the bulk, edges
and corners in 𝐶 separately and join the results periodically.

The bulk We will look at the contributions to 𝐶 from the bulk first.

𝑀−1
∑

𝑘=1

𝑁−1
∑

𝑗=1

[

𝜈𝑥(𝑈 𝑛
𝑗+1,𝑘 − 2𝑈 𝑛

𝑗,𝑘 + 𝑈 𝑛
𝑗−1,𝑘) + 𝜈𝑦(𝑈 𝑛

𝑗,𝑘+1 − 2𝑈 𝑛
𝑗,𝑘 + 𝑈 𝑛

𝑗,𝑘−1)
]

(46)

The double sum can be split in two, since they are finite sums.

𝑀−1
∑

𝑘=1

𝑁−1
∑

𝑗=1
𝜈𝑥(𝑈 𝑛

𝑗+1,𝑘 − 2𝑈 𝑛
𝑗,𝑘 + 𝑈 𝑛

𝑗−1,𝑘) +
𝑀−1
∑

𝑘=1

𝑁−1
∑

𝑗=1
𝜈𝑦(𝑈 𝑛

𝑗,𝑘+1 − 2𝑈 𝑛
𝑗,𝑘 + 𝑈 𝑛

𝑗,𝑘−1) (47)
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We will look at the left double sum of (47) first. We can change the sum in the following way.

𝜈𝑥
𝑀−1
∑

𝑘=1

( 𝑁
∑

𝑗=2
𝑈 𝑛
𝑗,𝑘 − 2

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗,𝑘 +

𝑁−2
∑

𝑗=0
𝑈 𝑛
𝑗,𝑘

)

(48)

After carefully looking at which terms cancel, we find that the following is left over.

𝜈𝑥
𝑀−1
∑

𝑘=1

(

𝑈 𝑛
𝑁,𝑘 + 𝑈 𝑛

0,𝑘 − 𝑈 𝑛
𝑁−1,𝑘 − 𝑈 𝑛

1,0

)

(49)

Similarly we can rewrite the right sum of equation (47).

𝜈𝑦
𝑁−1
∑

𝑗=1

( 𝑀
∑

𝑘=2
𝑈 𝑛
𝑗,𝑘 +

𝑀−1
∑

𝑘=1
𝑈 𝑛
𝑗,𝑘 +

𝑀−2
∑

𝑘=0
𝑈 𝑛
𝑗,𝑘

)

(50)

The terms that are left over are

𝜈𝑦
𝑁−1
∑

𝑗=1

(

𝑈 𝑛
𝑗,𝑀 + 𝑈 𝑛

𝑗,0 − 𝑈 𝑛
𝑗,𝑀−1 − 𝑈 𝑛

𝑗,1

)

(51)

We conclude that from the contributions to 𝐶 from the bulk, the terms that are left over are the
sum of equations (49) and (51).

Left edge Now we look at the contributions to 𝐶 from the edges and see what will be left over.
The terms for the left edge are

1
2

𝑀−1
∑

𝑘=1

[

2𝜈𝑥
(

𝑈 𝑛
1,𝑘 − 𝑈 𝑛

0,𝑘

)

+ 𝜈𝑦
(

𝑈 𝑛
0,𝑘+1 − 2𝑈 𝑛

0,𝑘 + 𝑈 𝑛
0,𝑘−1

)]

(52)

We split up the sum and change the indices.

𝜈𝑥
𝑀−1
∑

𝑘=1

(

𝑈 𝑛
1,𝑘 − 𝑈 𝑛

0,𝑘

)

+ 1
2
𝜈𝑦

( 𝑀
∑

𝑘=2
𝑈 𝑛
0,𝑘 − 2

𝑀−1
∑

𝑘=1
𝑈 𝑛
0,𝑘 +

𝑀−2
∑

𝑘=0
𝑈 𝑛
0,𝑘

)

(53)

After removing all the terms that cancel each other, we are left with

𝜈𝑥
𝑀−1
∑

𝑘=1

(

𝑈 𝑛
1,𝑘 − 𝑈 𝑛

0,𝑘

)

+ 1
2
𝜈𝑦

(

𝑈 𝑛
0,0 + 𝑈 𝑛

0,𝑀 − 𝑈 𝑛
0,1 − 𝑈 𝑛

0,𝑀−1

)

(54)

Right edge The terms of the right edge:

1
2

𝑀−1
∑

𝑘=1

[

2𝜈𝑥
(

𝑈 𝑛
𝑁−1,𝑘 − 𝑈 𝑛

𝑁,𝑘

)

+ 𝜈𝑦
(

𝑈 𝑛
𝑁,𝑘+1 − 2𝑈 𝑛

𝑁,𝑘 + 𝑈 𝑛
𝑁,𝑘−1

)]

(55)
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We again split up the sum and change the indices.

𝜈𝑥
𝑀−1
∑

𝑘=1

(

𝑈 𝑛
𝑁−1,𝑘 − 𝑈 𝑛

𝑁,𝑘

)

+ 1
2
𝜈𝑦

( 𝑀
∑

𝑘=2
𝑈 𝑛
𝑁,𝑘 − 2

𝑀−1
∑

𝑘=1
𝑈 𝑛
𝑁,𝑘 +

𝑀−2
∑

𝑘=0
𝑈 𝑛
𝑁,𝑘

)

(56)

The terms that are left are:

𝜈𝑥
𝑀−1
∑

𝑘=1

(

𝑈 𝑛
𝑁−1,𝑘 − 𝑈 𝑛

𝑁,𝑘

)

+ 1
2
𝜈𝑦

(

𝑈 𝑛
𝑁,0 + 𝑈 𝑛

𝑁,𝑀 − 𝑈 𝑛
𝑁,1 − 𝑈 𝑛

𝑁,𝑀−1

)

(57)

Bottom edge The contributing terms from the bottom edge are

1
2

𝑁−1
∑

𝑗=1

[

𝜈𝑥
(

𝑈 𝑛
𝑗+1,0 − 2𝑈 𝑛

𝑗,0 + 𝑈 𝑛
𝑗−1,0

)

+ 2𝜈𝑦
(

𝑈 𝑛
𝑗,1 − 𝑈 𝑛

𝑗,0

)]

(58)

We use the same strategy, namely splitting the sum and changing the indices.

1
2
𝜈𝑥

( 𝑁
∑

𝑗=2
𝑈 𝑛
𝑗,0 − 2

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗,0 +

𝑁−2
∑

𝑗=0
𝑈 𝑛
𝑗,0

)

+ 𝜈𝑦
𝑁−1
∑

𝑗=1

(

𝑈 𝑛
𝑗,1 − 𝑈 𝑛

𝑗,0

)

(59)

Which means that the left over terms are
1
2
𝜈𝑥

(

𝑈 𝑛
0,0 + 𝑈 𝑛

𝑁,0 − 𝑈 𝑛
1,0 − 𝑈 𝑛

𝑁−1,0

)

+ 𝜈𝑦
𝑁−1
∑

𝑗=1

(

𝑈 𝑛
𝑗,1 − 𝑈 𝑛

𝑗,0

)

(60)

Top edge The terms that contribute to 𝐶 from the top edge are

1
2

𝑁−1
∑

𝑗=1

[

𝜈𝑥
(

𝑈 𝑛
𝑗+1,𝑀 − 2𝑈 𝑛

𝑗,𝑀 + 𝑈 𝑛
𝑗−1,𝑀

)

+ 2𝜈𝑦
(

𝑈 𝑛
𝑗,𝑀−1 − 𝑈 𝑛

𝑗,𝑀

)]

(61)

We can rewrite this as

1
2
𝜈𝑥

( 𝑁
∑

𝑗=2
𝑈 𝑛
𝑗,𝑀 − 2

𝑁−1
∑

𝑗=1
𝑈 𝑛
𝑗,𝑀 +

𝑁−2
∑

𝑗=0
𝑈 𝑛
𝑗,𝑀

)

+ 𝜈𝑦
𝑁−1
∑

𝑗=1

(

𝑈 𝑛
𝑗,𝑀−1 − 𝑈 𝑛

𝑗,𝑀

)

(62)

Which means that the left over terms are
1
2
𝜈𝑥

(

𝑈 𝑛
0,𝑀 + 𝑈 𝑛

𝑁,𝑀 − 𝑈 𝑛
1,𝑀 − 𝑈 𝑛

𝑁−1,𝑀

)

+ 𝜈𝑦
𝑁−1
∑

𝑗=1

(

𝑈 𝑛
𝑗,𝑀−1 − 𝑈 𝑛

𝑗,𝑀

)

(63)
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Combining 1

The next thing that we will do is add up all the terms that are left over from the bulk to the terms
that are left over from the edges to see which ones cancel.
The combination of all leftover terms, which is the sum of equations (49), (51), (54), (57), (60) and
(63), looks as follows:

𝜈𝑥
𝑀−1
∑

𝑘=1

(

𝑈 𝑛
𝑁,𝑘 + 𝑈 𝑛

0,𝑘 − 𝑈 𝑛
𝑁−1,𝑘 − 𝑈 𝑛

1,0

)

+ 𝜈𝑦
𝑁−1
∑

𝑗=1

(

𝑈 𝑛
𝑗,𝑀 + 𝑈 𝑛

𝑗,0 − 𝑈 𝑛
𝑗,𝑀−1 − 𝑈 𝑛

𝑗,1

)

+𝜈𝑥
𝑀−1
∑

𝑘=1

(

𝑈 𝑛
1,𝑘 − 𝑈 𝑛

0,𝑘

)

+ 1
2
𝜈𝑦

(

𝑈 𝑛
0,0 + 𝑈 𝑛

0,𝑀 − 𝑈 𝑛
0,1 − 𝑈 𝑛

0,𝑀−1

)

+𝜈𝑥
𝑀−1
∑

𝑘=1

(

𝑈 𝑛
𝑁−1,𝑘 − 𝑈 𝑛

𝑁,𝑘

)

+ 1
2
𝜈𝑦

(

𝑈 𝑛
𝑁,0 + 𝑈 𝑛

𝑁,𝑀 − 𝑈 𝑛
𝑁,1 − 𝑈 𝑛

𝑁,𝑀−1

)

+1
2
𝜈𝑥

(

𝑈 𝑛
0,0 + 𝑈 𝑛

𝑁,0 − 𝑈 𝑛
1,0 − 𝑈 𝑛

𝑁−1,0

)

+ 𝜈𝑦
𝑁−1
∑

𝑗=1

(

𝑈 𝑛
𝑗,1 − 𝑈 𝑛

𝑗,0

)

+1
2
𝜈𝑥

(

𝑈 𝑛
0,𝑀 + 𝑈 𝑛

𝑁,𝑀 − 𝑈 𝑛
1,𝑀 − 𝑈 𝑛

𝑁−1,𝑀

)

+ 𝜈𝑦
𝑁−1
∑

𝑗=1

(

𝑈 𝑛
𝑗,𝑀−1 − 𝑈 𝑛

𝑗,𝑀

)

(64)

For every remaining term that came from the bulk, there exists a term that came from one of the
edges that has the opposite sing, so the entirety of the remaining terms from the bulk is gone.
The terms that are now left over are then

1
2
𝜈𝑦

(

𝑈 𝑛
0,0 + 𝑈 𝑛

0,𝑀 − 𝑈 𝑛
0,1 − 𝑈 𝑛

0,𝑀−1

)

+1
2
𝜈𝑦

(

𝑈 𝑛
𝑁,0 + 𝑈 𝑛

𝑁,𝑀 − 𝑈 𝑛
𝑁,1 − 𝑈 𝑛

𝑁,𝑀−1

)

+1
2
𝜈𝑥

(

𝑈 𝑛
0,0 + 𝑈 𝑛

𝑁,0 − 𝑈 𝑛
1,0 − 𝑈 𝑛

𝑁−1,0

)

+1
2
𝜈𝑥

(

𝑈 𝑛
0,𝑀 + 𝑈 𝑛

𝑁,𝑀 − 𝑈 𝑛
1,𝑀 − 𝑈 𝑛

𝑁−1,𝑀

)

(65)

The corners

All that is left is to add the terms that were left over from the corners to equation (65). We will
first look at what the remaining terms from the corners are.

1
4

(

2𝜈𝑥
(

𝑈 𝑛
1,0 − 𝑈 𝑛

0,0

)

+ 2𝜈𝑦
(

𝑈 𝑛
0,1 − 𝑈 𝑛

0,0

))

+1
4

(

2𝜈𝑥
(

𝑈 𝑛
𝑁−1,0 − 𝑈 𝑛

𝑁,0

)

+ 2𝜈𝑦
(

𝑈 𝑛
𝑁,1 − 𝑈 𝑛

𝑁,0

))

+1
4

(

2𝜈𝑥
(

𝑈 𝑛
1,𝑀 − 𝑈 𝑛

0,𝑀

)

+ 2𝜈𝑦
(

𝑈 𝑛
0,𝑀−1 − 𝑈 𝑛

0,𝑀

))

+1
4

(

2𝜈𝑥
(

𝑈 𝑛
𝑁−1,𝑀 − 𝑈 𝑛

𝑁,𝑀

)

+ 2𝜈𝑦
(

𝑈 𝑛
𝑁,𝑀−1 − 𝑈 𝑛

𝑁,𝑀

))

(66)

This can be simplified to
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1
2
𝜈𝑥

(

𝑈 𝑛
1,0 − 𝑈 𝑛

0,0 + 𝑈 𝑛
𝑁−1,0 − 𝑈 𝑛

𝑁,0 + 𝑈 𝑛
1,𝑀 − 𝑈 𝑛

0,𝑀 + 𝑈 𝑛
𝑁−1,𝑀 − 𝑈 𝑛

𝑁,𝑀

)

1
2
𝜈𝑦

(

𝑈 𝑛
0,1 − 𝑈 𝑛

0,0 + 𝑈 𝑛
𝑁,1 − 𝑈 𝑛

𝑁,0 + 𝑈 𝑛
0,𝑀−1 − 𝑈 𝑛

0,𝑀 + 𝑈 𝑛
𝑁,𝑀−1 − 𝑈 𝑛

𝑁,𝑀

)
(67)

Combining 2

Now we add equations (65) and (67) up to each other and after some careful bookkeeping, the
result is that each term in equation (65) is canceled by a term in equation (67).
We have shown that 𝐶 in equation (45) is zero.
Therefore we have shown that equation (43) holds for the numerical method we will use and that
means that we can accurately describe the diffusion in the 2D model.

3.4 Validation of numerical diffusion

We have seen that from a mathematics view, the discretizations are consistent with the physical
background, but it is also important that the actual implementation also follows this consistency.
Of course this can only be done within some given error margin.
To test the accuracy of the implementation, we look at grid refinement. One specific point is
selected such that for every refinement, the point exists in our numerical grid. We have picked the
point (1∕4, 1∕4) together with the grid sizes (𝑁𝑥, 𝑁𝑦) = (2𝑘 + 1, 2𝑘 + 1) for 𝑘 = 3, 4, 5, 6. For the
length of the domain, we have chosen 𝐿𝑥 = 𝐿𝑦 = 2. Lastly, we have chosen Δ𝑡 such that 𝜈𝑥 and
𝜈𝑦 are 0.25 for each grid size. The results of the test can be found in figure 10. The solutions are
converging so the implementation works.
We have also tested the conservation numerically and verified that it works. Additionally, we
computed the maximum value of the solution at every time step and we found that it decreases
exponentially and converges to a steady state value, which indicates that the implementation works
as intended.
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FIGURE 10: The computed solution over time of 𝑈1∕4,1∕4 for 𝑁𝑥 = 𝑁𝑦 = 2𝑘+1 grid points

4 Calculation of spin-galvanic effects in 2D

In this section we will look at how we are going to add the equations that describe the spin-galvanic
effect to our numerical diffusion core. Then we will present the calculations made with the external
magnetic field pointing in different directions. We will also show what the dependence on the
strength of the magnetic field and the strength of the spin-galvanic effect. From now on we will
use 𝛾 as the value of 𝛾𝑥𝑦. We do this to simplify the notation, since we only study the case with
𝛾𝑥𝑦 = −𝛾𝑦𝑥 and the rest of the values are zero.

4.1 Spin-galvanic effect in the numerical model

We have stated what the equations for the spin-galvanic effect are in section 2.3. Now we need to
discretize the equations so we can add the equations to our diffusion core.
The addition of the spin-galvanic terms introduces a coupling between 𝜇 and all 𝑆𝑐 , so we will
need another discretized variable to the numerical scheme.

• 𝑈 𝑛
𝑗,𝑘 is 𝜇 at position 𝑗, 𝑘 in the grid and at time step 𝑛.

• 𝑉 𝑐,𝑛
𝑗,𝑘 is 𝑆𝑐 , where 𝑐 can be 𝑥, 𝑦 or 𝑧, at position 𝑗, 𝑘 and at time step 𝑛.

The cross-dependencies are first order derivatives and we can discretize the terms with central
differencing, just like we have done with the boundary conditions in the diffusion core.
The boundary conditions have changed compared to the diffusion core, so we need to pay close
attention to how we incorporate the boundaries in the numerical scheme. We want to make use of
the ghost-cell method again.
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4.2 Why there is a voltage in the steady state

With the spin-galvanic effect, applying a magnetic field causes electrons to move to one side of the
material. The accumulation of electrons on one side and the absence of electrons on the other side
of the material is then exactly the gradient in 𝜇. This gradient is a voltage across the material and
this voltage causes a current to flow in the opposite direction of the gradient. This means that we
have two currents, each in the opposite direction. The steady state situation is formed when the
current generated by the magnetic field is fully canceled out by the current caused by the voltage.

4.3 Calculation of dependency on the direction and strength of the magnetic field

In figures 11, 12 and 13, the voltages in the presence of the spin-galvanic effect are shown. The
parameter values that we have used for these calculations can be found in table 1. As a reminder,
we are interested in the case where 𝛾𝑥𝑦 = −𝛾𝑦𝑥 and the rest of the values for 𝛾𝑘𝑙 is zero.
Just as we expected from our understanding of the spin-galvanic effect, applying a magnetic field
will result in a gradient in 𝜇. Furthermore, in figure 11 the magnetic field points in the 𝑥-direction
and the result is a gradient in 𝜇 in the 𝑦-direction. Similarly, in figure 12 the magnetic field in
the 𝑦-direction causes a gradient in the 𝑥-direction. In figure 13 the magnetic field is pointing in
the positive 𝑥- and 𝑦-direction with the gradient in 𝜇 now being in the positive 𝑥-direction and
negative 𝑦-direction. The gradient in 𝜇 is perpendicular to the magnetic field and that is exactly as
it is supposed to be. This can be derived from equation (6). since he only terms in 𝛾 that are not
zero are 𝛾𝑥𝑦 and 𝛾𝑦𝑥.
The third property to mention is that the gradient should increase linearly if the strength of the spin-
galvanic is increased. The confirmation can be found in figure 14 where we see that the maximum
value of 𝜇 (and thus the gradient) is linear in 𝛾 .
The gradient does not only increase linearly with 𝛾 . When the time derivative of the magnetic field
𝐵̇ is increased, the gradient in 𝜇 also increases linearly. From equation (7), when we look at the
steady state and ignore the coupling with 𝜇, the derivatives vanish and we get that 𝑆𝑐 is linearly
related to 𝐵̇. Then we look at equation (6) and we see that 𝜇 is linearly related to 𝑆𝑐 . It follows
that 𝜇 will also increase linearly with an increase in 𝐵̇. This is illustrated in figure 15.

Parameter Parameter value
Figure 11 Figure 12 Figure 13

𝛼 0 0 0
𝜏𝑆𝑂 1 1 1
𝛾𝑥𝑦 0.1 0.1 0.1

(𝜒𝐵̇)𝑥 1 0 1
2

√

2
(𝜒𝐵̇)𝑦 0 1 1

2

√

2
(𝜒𝐵̇)𝑧 0 0 0

TABLE 1: Parameters and the values that have been used to do the calculations of the
voltages in all three situations
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FIGURE 11: The steady state solution of
𝜇 generated by a magnetic field in the 𝑥-
direction

FIGURE 12: The steady state solution of
𝜇 generated by a magnetic field in the 𝑦-
direction

FIGURE 13: The steady state solution of 𝜇 generated by a magnetic field in the 𝑥- and
𝑦-direction

FIGURE 14: The maximum value of 𝜇
as a function of the strength of the spin
galvanic effect

FIGURE 15: The maximum value of 𝜇 as
a function of the strength of the magnetic
field
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4.4 Spin accumulations

For the implementation, we have ignored the terms of order 𝛾2 in the boundaries. We have made
this choice because in practice, the spin-galvanic effect is often rather weak and then the values in
𝛾 are small.
First, we will take a look at the justification of not implementing the terms of order 𝛾2.
Figures 16 and 17 show some abnormal behaviour. The magnetic field was chosen such that it only
points in the 𝑦-direction. We expect a gradient in 𝑆𝑥 in the 𝑦-direction only, but we can see in the
figures that we have a gradient in the 𝑥-direction as well. This gradient is caused by the boundary
terms that are second order in 𝛾 that we have left out of the model. We can see that having 𝛾 at a
value that is too large will cause the gradient in the 𝑥-direction. The difference between figures 16
and 17 is the strength of the spin-galvanic effect and we see that making 𝛾 twice as small results in
the maximum value of 𝑆𝑥 to get divided by 4, which is an indication of the effect being quadratic
in 𝛾 . In figure 18, we can see that the effect is indeed quadratic in 𝛾 , which shows that the undesired
behaviour is indeed caused by the absence of the boundary terms that are quadratic in 𝛾 .
𝑆𝑦 has a similar problem. Our calculations show that 𝑆𝑦 is almost constant in the steady state,
but there is also a gradient in the 𝑥-direction of order 𝛾 with corrections to 𝑆𝑦 of order 𝛾2. The
explanation can be again done by looking at equation (7) and (6). 𝑆𝑦 is coupled to 𝜇 because a
non-zero 𝑆𝑦 generates a gradient of order 𝛾 in 𝜇. The gradient in 𝜇 is on its own coupled back to
𝑆𝑦 with a contribution of order 𝛾 . Together it means that we have corrections to 𝑆𝑦 that are second
order in 𝛾 .
The steady state calculation of 𝑆𝑧 does not have that problem. 𝑆𝑧 ends up at zero everywhere in
the steady state, within a numerical error of 1 × 10−10, which is the error that we have specified in
our implementation. The components of the tensor 𝛾 that couple 𝑆𝑧 to 𝜇 are all zero, so there is
in fact no coupling at all. In equation (7) the coupling term then disappears entirely. In the steady
state all the derivatives are zero and then it can be derived from the left over terms that 𝑆𝑧 = 0 is
the only solution, since the 𝑧 component of the magnetic field is zero.

FIGURE 16: The steady state solution for
𝑆𝑥 with 𝛾 = 0.2

FIGURE 17: The steady state solution for
𝑆𝑥 with 𝛾 = 0.1

21



FIGURE 18: The maximum and minimum values of 𝑆𝑥 as a function of the strength of the
spin galvanic effect

5 Conclusion

We have calculated the spin-galvanic effect in a diffusive metal with spin-orbit coupling, specif-
ically with Rashba spin-orbit coupling. We found that in the steady state there is a gradient in
𝜇 perpendicular to the direction of the applied magnetic field. We have calculated the first order
effects in 𝛾 on 𝜇.
There are some conditions to the choice of parameters and systems that apply when doing the
calculations. The system that we look at have to be made from a certain type of material, namely
a diffusive metal. The calculations do not work for systems such as semiconductors, because we
assumed that the Fermi level is far away from the band gap. Also materials that are too clean, so
materials that do not have many defects, can not be used in the calculations. This is because we
have assumed that the energy associated to the scattering is larger than all other energies except
for the Fermi energy. If we do not make the approximation that we have a lot of scattering, more
computational power is needed. We also only look at the normal state, so superconductivity is not
considered, which in most cases is a valid approximation. Because of the approximation that we
have made in the boundary terms, the value for 𝛾 that we choose must be small enough.
Besides the calculations that we have done in this thesis, there are many other aspects of quantum
transport in diffusive metals that can be considered. Implementing the boundary terms of order
𝛾2 will enable us to look at systems with stronger spin-orbit coupling. Additionally, other effects
such as the spin-Hall effect [13] can be implemented, in combination with spin relaxation at the
boundaries of the material, which will cause a local spin-galvanic effect. A long term plan can be
the addition of superconductivity to the problem. The equations then become non-linear, but will
give us some new insights.
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