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Abstract

In resource sharing games players compete for a set of resources. Each resource is
assigned a strictly positive value. We discuss games where this value is player-specific.
The values of the resources contribute to the players’ payoff. In an effort to maximize
their own payoff players choose sets of resources. When multiple players choose the
same resource, the value is affected by a sharing rule. We discuss three types of sharing
rules; “no-sharing”, “uniform sharing” and “proportional sharing”. Each sharing rule
forms a different class of resource sharing games with player-specific values. For each
class, we discuss the existence of pure Nash equilibria. Then we discuss the quality of
these equilibria. The quality is measured with the price of anarchy as introduced by
Koutsoupias and Papadimidtriou[1].

With no-sharing, when multiple player choose the same resource they receive a
payoff of —oo. We show that pure Nash equilibria always exist. Let 6 be the maximum
ratio of any resource. We show that the price of anarchy is 6 + 1.

With uniform sharing, when multiple player choose the same resource they receive
a fraction of the resources’ value equal to the number of players choosing it. We show
that pure Nash equilibria are not guaranteed. For the subset of instances of n-player
games that do have pure Nash equilibria we show that the price of anarchy is n.

With proportional sharing, when multiple player choose the same resource they
receive a fraction of the resources’ value proportional to the total value of the players
choosing it. For 2-player games we show that they are exact potential games and
therefore show that pure Nash equilibria always exist. We show for 2-player games
that the price of anarchy is ¢ = 1+T‘/5, the golden ratio. Next, for games with more
than 2 players, we show that pure Nash equilibria are no longer guaranteed to exist.

We end this thesis with a conjecture of VA= +l ”4(;1_1)“
set of n-player games with pure Nash equilibria.

for the price of anarchy of the

Keywords: Pure Nash equilibria, Price of anarchy, Resource allocation, Sharing rules
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1 Introduction

First, let us introduce the following situation that can be viewed as a resource sharing
game with player-specific values.

Example 1.1 (Library book allocation). A number of libraries, each serving a different
demographic, are allocating books from a shared depot to the libraries’ personal collec-
tions. To do this, each library chooses a set of books they like to add to their collection.
Not every book in the depot is desired by every library, and each library is limited by the
physical space they have for it.

The libraries assign each book a value based on the number of times they expect the
book to be borrowed within a year. Because the libraries serve different demographics, this
value is expected to be different between libraries. Furthermore, in an effort to promote
reading, each library aims to have a personal collection of books that maximizes their total
amount of expected borrowed books.

Each book is assumed to be an unique copy, hence multiple libraries cannot not have
it in their possession simultaneously. Before the allocation is made, it has been decided by
the libraries whether or not they are going to share books, in cases when multiple libraries
choose the same book. When they do not want to share, books should only be chosen by
a single library. Alternatively, when they do want to share, the libraries are in possession
of the books for a fraction of the year and they expect then those books to get checked
out with the same fraction of the assigned value.

In resource sharing games players compete for a set of resources, in case of Example
1.1 the resources are books. Each resource is assigned a strictly positive value. We discuss
games where this value is player-specific, that is, the value is not necessary the same for
all players. The values of the resources will contribute to the payoff of the players. In an
effort to maximize their own payoff, players choose resources. The possible choices for each
player is given by a strategy set. The strategy set consists of sets of resources a player can
choose at once. In Example 1.1 it is natural to assume if the libraries have space for a set of
book they should have space for any subset of them, likewise it is assumed that if a player
can choose some set of resources they also can choose any subset of it. Resources chosen
by a single player add the full value of the resource to that player’s payoff. Otherwise,
when multiple players choose the same resource, the value added to the payoffs is affected
by a sharing rule.

We discuss three flavours of sharing rules; “no-sharing”, when resources are chosen
by multiple players then —oo is added to the players’ payoffs; “uniform sharing”, when
resources are chosen by multiple players then a fraction of the resource’s value is added
to the players’ payoffs equal for each player choosing it; and “proportional sharing”, when
resources are chosen by multiple players then a fraction of the resource’s value is added to
the players’ payoffs proportional to the values of all players choosing it.

Each sharing rule forms a different class of resource sharing games with player specific
values. For each class, we discuss the existence of pure Nash equilibria. That is when there
exist an allocation of resources, corresponding to a collection of choices by the players (one
for each player), where no player can get a higher payoff by choosing a different subset of
resources when the other players keep their current choice. The collection of choices by
the players is also called a strategy profile and the choice of subset resources is also called
a strategy. While the existence of a mixed Nash equilibrium have been shown to always
exist by Nash[2], they are not a topic of this thesis. Hence any reference hereafter to Nash
equilibria will strictly refer to pure Nash equilibria. Since resource sharing games with
player specific values are not guaranteed to have pure Nash equilibria with every sharing
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FiGURE 1: Illustration corresponding to Example 1.2. On the far left we depict
how in general we will visualise a resource in figures; a circle with the resource’s
name and attached to it in colour the values of the various players. To the right
of that are depicted, the optimal allocation OPT = ({1}, {2}) in the top left, and
allocation S = ({1,2},{2}), where player 1 chooses both resources and player 2
chooses resource 2. This with no-sharing (top right), uniform sharing (bottom left)
and proportional sharing (bottom right). The choices and values of player 1 are
associated with the colour blue and strategies and values of player 2 are associated
with the colour magenta.

rule. We then restrict ourselves to the class of instances that do have pure Nash equilibria.
For these classes we measure the quality of the equilibria.

The quality is measured with the the price of anarchy as introduced by Koutsoupias
and Papadimitriou[l]. For an instance of a resource sharing games the price of anarchy
is calculated by dividing the payoff obtained from the allocation of the resources that
maximizes the total payoff by the total payoff of the worst pure Nash equilibrium. Then
the price of anarchy for the entire class, this equals the worst price of anarchy of any
instance in the class. Hence this measures how much worse the total payoff can get when
the players act selfishly. For example, perhaps in Example 1.1 there is an observing party,
the Ministry of Education, who wants the total number of check-outs across all libraries
to be maximized. Then the price of anarchy represents how much at its worst the total
number of expected check-outs can get when the libraries act selfishly and only care about
maximizing their personal number of check-outs as compared to the Ministry’s goal where
they act as a collective to maximize the total number of check-outs.

Let us illustrate resource sharing games with player specific value by considering the
following example.

Example 1.2 (An illustrating example). Let there be two players and two resources
J = {1,2}. Player 1 values resource 1 with value 2 and resource 2 with value 1, i.e
wi,1 = 2 and w2 = 1. Player 2 values resource 1 with value 1 and resource 2 with value 2,
i.e wg1 =1 and wy 2 = 2. Player 1 can choose at most both resources, i.e. the strategy set
of player 1 is &1 = {0, {1}, {2}, {1,2}}, while player 2 can choose at most one resources,
i.e. the strategy set of player 2 is Sy = {0, {1}, {2}}.

For the example with the no-sharing rule, the uniform sharing rule and the proportional
sharing rule this results in the payoff matrices shown in Table 1, Table 2 and Table 3
respectively. Switching strategies can be viewed in the table as changing rows (but staying
in the same column) for player 1 and changing columns (but staying in the same row) for



NO-SHARING

Player 2
0 {1} {2}
0 0,0 0,1 0, 2
1 2,0 -— — 2, 2
Player 1 {1 ’ 50 70 ’
{2} | 1,0 1,1 —00, —00
{1,2} | 3,0 —o0, —00 —00, —00
price of anarchy 2

TABLE 1: Payoff matrixes of Example 1.2 with the no-sharing rule. The optimal
allocation is underlined, pure Nash equilibria are made bold. The first value is the
payoff for player 1 and the second value is the payoff of player 2. In the last row
the price of anarchy of this particular instance is denoted.

player 2. In each table the optimum is underlined and the pure Nash equilibria are made
bold. Furthermore in Figure 1 is shown how we will represent the resources in any figure
and a representation of the optimum and a particular allocation with the different sharing
rules.

Independent of the sharing rule the optimum of the resources is when player 1 chooses
resource 1 and player 2 chooses resource 2, which has a total payoff of 4.

First, consider Example 1.2 with the no-sharing rule. See Table 1 for the payoff matrix.
Whenever both players choose the same resource, the payoffs of both players is —oo. Note
in Table 1, when both players have a single resource or when player 1 has both resources
and player 2 has none then both players can not improve their payoff by switching to a
different set of resources. These are the pure Nash equilibria. In worst case, the players
are in equilibrium when player 1 chooses resource 2 and player 2 chooses resource 1 with
a total payoff of 2. Therefore the price of anarchy of this particular example equals % = 2.

Next, consider Example 1.2 with the uniform sharing rule. See Table 2 for the payoff
matrix. Whenever both players choose the same resource they receive % times their as-
signed value from that resource in their payoff. In case there were more than two players
this value is dependent on the number of players choosing the same resource. Note in
Table 2, that both players cannot do better by switching only when player 1 chooses both
resources and player 2 chooses resource 2. Thus is is the only pure Nash equilibrium. Then
player 1 receives a payoff of 2 + % -1 and player 2 receives a payoff of % -2, the total payoff
of this equilibrium is 3% and the price of anarchy for this particular example is ;;i; = 1%.

Finally, consider Example 1.2 with the proportional sharing rule. See Table 32 for the
payoff matrix. Since in Example 1.2 each resource is valued with 1 by some player and
with 2 by the other player, whenever they both choose the same resource they receive
respectively 2rd of 1(= %) or 2rds of 2 (= 11). Note, that like with uniform sharing the
only pure Nash equilibrium is when player 1 chooses both resources and player 2 chooses
resource 2. Then player 1 receives a payoff of 2 + % -1 and player 2 receives a payoff of
% - 2, the total payoff of this equilibrium is 3% and the price of anarchy for this particular
example is % = 1%.



UNIFORM SHARING

Player 2
0 {1} {2}
0 0,0 0,1 0,2
Player 1 1y 12,0 13 ?’ 2
{2} |0 1,1 11
{1,2} | 3,0 2,5 211
price of anarchy 1%

TABLE 2: Payoff matrixes of Example 1.2 with the uniform sharing rule. The first
value is the payoff for player 1 and the second value is the payoff of player 2. The
optimal allocation is underlined, pure Nash equilibria are made bold. In the last
row the price of anarchy of this particular instance is denoted.

PROPORTIONAL SHARING

Player 2
0 {1} {2}
0 0,0 0,1 0, 2
{1} 2,0 13,3 2,2
{22 1,0 1,1 }1i
{1,2} | 3,0 21,

price of anarchy 1

Player 1

TABLE 3: Payoff matrixes of Example 1.2 with the proportional sharing rule. The
first value is the payoff for player 1 and the second value is the payoff of player 2.
The optimal allocation is underlined, pure Nash equilibria are made bold. In the
last row the price of anarchy of this particular instance is denoted.



2 Related Work

The resource sharing games we consider have their roots in congestion and related games.

Congestion games are first introduced by Rosenthal[3]. In congestion games, players
choose from a fixed number strategies. The strategies are subsets of a set of “primary
factors”, which can be interpreted as resources. In the version of Rosenthal, corresponding
to their choice, the players have to pay the sum of costs of the resources in the strategy.
The costs are are functions of the number of players choosing the resource and are not
player-specific. Players try to minimize their cost. However this can also be changed to
where the players maximize over the sum of payoffs, like in resource sharing games. For
congestion games Rosenthal shows the existence of at least one pure Nash equilibrium. In
his proof Rosenthal formulates the game as a set of equalities, and an objective function
and then shows that any solution that satisfies the equalities and minimizes the objective
function is a pure Nash equilibrium. The objective function in his integer program is also
a potential function.

Potential functions and potential games are studied by Monderer and Shapley[4]. A
potential function is a function over a strategy profile, such that when a player switches
strategies the change in the payoff of that player is similar to the difference of the potential
function over the old and new strategy profile. Every game where we can define a potential
function is called a potential game. Monderer and Shapley show that potential games
always have pure Nash equilibria, the proof follows from that it is shown that every
potential game is a congestion game.

Congestion games with player-specific values also have been studied. When the payoff
function are player-specific and decreasing with the number of players, Milchtaich[5] shows
that there exist at least one Nash equilibrium when they are singleton, i.e strategies have
only a single resource. In the non-singleton version when the strategy sets follow a certain
combinatorial structure, namely when they are bases of a matroid. Matroids are not a
topic in this thesis, so we will not discuss them in detail, but a well known example of
a matroid are the forests in a finite undirected graph. Ackermann et al.[6] show that
player-specific matroid congestion games have pure Nash equilibria. In general, however,
Milchtaich[7] shows that it is not necessary true that pure Nash equilibria exist for any
congestion game with player-specific values.

Dependent on the sharing rule resource sharing games with player-specific values ex-
tend (generalized) market sharing games and set packing games.

Market sharing games are introduced by Goemans et al.[8] and are a subclass of con-
gestion games. Goemans et al. formulate it to investigate 3G wireless data networks.
In market sharing games, each resource has a cost and a reward. Players have a budget
and choose a subset of resources such that the total costs of resources fits within budget.
When choosing a set of resources player gain a payoff, with an uniform sharing rule, this
is the sum of the rewards of a resource divided by the number of players choosing it. The
objective for the player is to maximize their payoff.

Brethouwer[9] generalises market sharing games with an uniform sharing rule by replac-
ing budget and costs in favour of predefined downward-closed strategy sets. Brethouwer
shows that generalized market sharing games are potential games, hence pure Nash equi-
libria exist and shows that the price of anarchy is 2 — % for a n player game.

Related to market sharing are set packing games introduced by De Jong and Uetz[10].
In set packing games, when resources are chosen by multiple players, they get a payoff of
—o0. This results in that the resources no longer are chosen by multiple players in Nash
equilibria. Pure Nash equilibria always exist and it is shown that the class of set packing



games has a price of anarchy of 2.

In comparison to both games, the extension by resource sharing games consist of con-
sidering them with player-specific values. In particular, resource sharing games with no-
sharing rule extends set packing games and with uniform or proportional sharing extends
generalized market sharing games.

A further generalization of market sharing games are covering games introduced by
Gairing [11]. Strategy sets in covering games are no longer required to be downward
closed. Gairing shows there exist some sharing rule such where the price of anarchy equals
oo ~ 1.582.

Market sharing games, set packing games and covering games are also utility games.
Utility games are introduced by Vetta[12]. The payoff functions in utility games satisfy
three conditions. The total payoff and the payoff of any player are in the same standard
unit, the total payoff function is submodular and the payoff of the players are at least the
change in total payoff. Utility games are shown to have a price of anarchy of at most 2.
Resource sharing games without player-specific values are utility games, however this is
no longer true for the games with player-specific values.

Another related problem are budget games introduced by Drees et al.[13]. In budget
games each resource has a budget and players have a demand on that budget. When a
player chooses a resource they gain some of the budget proportional to their demand and
the total demand on the resource. A price of anarchy is shown of at most 2

When considering resource sharing games with player-specific values and proportional
sharing, they are also an adaptation of budget games, where resources have a player-
specific budget equal that is equal to the players’ demand.

3 Preliminaries and Notation

We here fix some notation and the basic definitions.

Let N :={1,...,n} be the set of n players, let J be the set of resources and let R~
be the positive real numbers. In the eyes of player ¢ € N resource j € J has a wvalue
w;; € Ryo that is player-specific, that means w; ; is not necessary equal to wy ; for all
players k € N where i # k.

Simultaneously each player ¢ € N chooses a subset of the resources in J. Each player
i has a strategy set S; C 27 that determines between which subsets the player can choose.
Each subset of resources in the strategy set is also referred to as a strategy. The strategy
set is assumed to be downward closed, that is if S; € S; then for all T; C S; it implies that
T; € §;. Or in other words if a player can choose some set of resources they can choose
any subset of that set too.

A feasible allocation of the resource is a strategy profile S := (S1,S2,...,Sy), such that
S; € §; for i € N. Given a strategy profile S define S_; := (S1,...,5i-1,Si+1,-.-,5,) as
the choices of all players except player i. Sometimes we will write S as (S;, S—_;).

In strategy profile S, resources may appear in the chosen strategies of multiple players,
we say these resources are shared between the relevant players. When resource j is shared,
the payoff received of that resource is affected. We introduce a sharing rule f;(i,S). We
consider three types of sharing rules, no-sharing, uniform sharing and proportional sharing.
The exact definitions of the sharing rules are given respectively at the start of Section 5,
Section 6 and Section 7. With notable exceptions like no-sharing, we generally define any
sharing rule such that for all 37,c . jeg, fi(i,S) = 1.



Each player aims to maximize their payoff. The payoff of player i is defined as

wi(Si, S—i) = Y f;(i,8) - wy. (1)

JES;

We are interested in pure Nash equilibria. A strategy profile S is a pure Nash equilib-
rium if for all players ¢ € N it is true that

wi(Si, sz) > ’wi(ﬂ, 571) for all T € S;. (2)

Additionally, let for a strategy profile S the total payoff be defined as

n

w(S) = Zwl(SZ,S,Z) (3)

=1

Furthermore, for a strategy profile S and J’ C J let the total payoff of all resources in
subset J' be

’LU(S ‘ Jl) = sz(sz N J/,S_Z'). (4)

=1

Let Z be a class games, in our problem Z is the class of resource sharing games with
player specific values with the respective sharing rule. Let NE(I) denotes the set of all pure
Nash equilibria of instance I € Z. When a strategy profile maximizes the total payoff, it
is an optimum and we write OPT; for an optimal allocation of the resources for instance
I. The price of anarchy[l] PoA for a class of games Z is the ratio

OoPT
PoA =sup sup u (5)
rez senxe(n  w(S)
Which measures how much worse at most in the class of games the total payoff gets of in
case of the worst Nash equilibrium as compared to the optimal allocation.
3.1 Generalized Mediant Inequality

The mediant and mediant inequality has been studied in classical Greece and has reap-
peared in works of Chuquet, Wallis, Taylor and Chauchy [14, 15]. In Section 5, we will
make use of the unweighted generalised version.

Let F = {‘bl—:: i €{1,2,...,n}} be a (finite) set of ratios, where a;, b; € Rxg.

Definition 3.1 (Generalized mediant). The generalized mediant of F is defined as

Z?:1 a;

n
i1 bi

o(F) =

In Appendix B, we proof the generalized mediant inequality.

Lemma 3.1 (Generalized mediant inequality). For a (finite) set F' or ratios it holds that
SUP;e{1,...,n} Zf >o(F) > infie(1,.. n} b

3



3.2 Potential Function

A game where we can define a potential function is a potential game. They are a useful
tool to say something about the existence of pure Nash equilibria. There are various types
of potential functions. We will use the exact potential function in Section 7.

Definition 3.2 (Exact potential function). A function 7: &1 x ... x S, = R is an ezact
potential function if for all players i € N and S;,T; € S; it holds that

(S, S—i) — (T, S—i) = wi(Ss, S—i) — wi(T;, S—s).

It is shown by Monderer and Shapley|[4] is that every potential game has at least one
pure Nash equilibrium.

Lemma 3.2. Every potential game has at least one pure Nash equilibrium.

3.3 Sedrakyan’s Inequality

In 1997 Nairi Sedrakyan published an article called “On the applications of a useful in-
equality,”[16, 17]. Sedrakyan proves an inequality what we will refer to as Sedrakyan’s
inequality. We will make use of this inequality in Section 7.

Lemma 3.3 (Sedrakyan’s inequality). For any real numbers ay, ag, ..., a, and any positive

real numbers by, bs, ..., by, it holds that
j > (X, ai)?
1 i - ?:1 bi

S

n

7

4 Contribution

Let 6 be the maximum ratio of values of assigned to any resource. We show the price of
anarchy for (n player) set packing games with player specific values is 6 + 1.

While pure Nash equilibria are not guaranteed to exist in general for games with
uniform sharing, for the subclass of (n player) games that have pure Nash equilibria we
show they have a price of anarchy of n.

We show that pure Nash equilibria exist for 2 player games with proportional sharing,
but that this is not guaranteed for more than 2 players. We show that 2 player games
have a price of anarchy of ¢, the golden ratio. For the class of n player games with pure

14+4/4(n—1)+1

5 and we show a

Nash equilibria, we conjecture that the price of anarchy is
matching lower bound.

10



5 No-Sharing: Set Packing Games with Player-Specific Val-
ues

We start with extending set packing games discussed by De Jong and Uetz[10] to set
packing games with player-specific values. It relates to resource allocation problems where
for instance the resources are indivisible and consumable (that is, the resource disappears
after a player receives it). First follows a definition.

Definition 5.1. Set packing games with player-specific values (hereafter also referred to
as set packing games) is a class of resource sharing games with player-specific values, where
the no-sharing rule is defined as

1 if there is no k € N such that i # k and j € S,

fi(0,8) { —o0 otherwise

Effectively this means that any player that shares at least one resource, their payoff
will be —oo. In the following section we show that pure Nash equilibria always exist. By
setting the payoffs received by the players to —oo when at least one resource is shared,
we rule out sharing in a Nash equilibrium as having no resources (which has a payoff of
0) is always preferred by any player over sharing. Of course, while this perfectly models
what we want, it is a very artificial result, since by assumption, the players choose their
strategies simultaneously. Therefore they would have no way of knowing what resources
the other players choose.

5.1 Existence of pure Nash equilibria

Hereafter we show that the existence of Nash equilibria is guaranteed by showing that the
optimum is a Nash equilibrium.

Theorem 5.1. In set packing games with player-specific values the optimum is a Nash
equilibrium

Proof. PROOF BY CONTRADICTION
Take any instance I. Let OPT be the optimum and let OPT; be the strategy chosen by
player i € N. Assume for some player i, there exists some strategy S; € S;, such that

Note that, since w;(OPT;,OPT_;) > —oo, it must holds that w;(S;, OPT_;) > —oc.
Hence S; cannot contain any resources also in some strategy in OPT_;. Therefore, the
payoffs of the other players can only be made better by player ¢ switching to S;. Hence,
if the inequality holds, the new total payoff equals

> w(OPT)

Which implies that OPT is not the optimum, which yields a contradiction and OPT has
to be a Nash equilibrium. O

11



5.2 Price of Anarchy

Let 6;(J) := Ug,es, Si be all resources that can be chosen by player . We define 6 as the
largest ratio of values.

Definition 5.2 (Largest ratio of values). The largest ratio of values of any resource j € J
is defined as

Wi s

0= sup L

1EN,KEN,j€8;(J)NSK(J) Wk,j

We will show that the price of anarchy PoA = 6+ 1 for set packing games with player-
specific values. Note that 8 = 1, if the values are not player-specific. Then the price of
anarchy PoA = 2. This is the same result as by De Jong and Uetz [10]. Furthermore if
there exist a j € J such that w;; > wy ; for some i,k € N, then § > 1 and we show that
PoA > 2.

First consider the following lemma, which shows a relation between 6 and and any two
pure Nash equilibria. Let S := [J;cy Si be the set of all resources chosen in any given
strategy profile S. Recall that with strategy profiles S and T, w(T | S) is the total payoff
of the resources chosen by at least one player in S when allocated as in T.

Lemma 5.2. It holds for set packing games with player-specific values with pure Nash

equilibria T and S, that 6§ > wé)’](?ésq)

Proof. Let T; and .S; be the resources chosen by player ¢ in T and S respectively and let
T = U;enTi and S = (J;cn Si be the set of all resources chosen in strategy set T and S

respectively. Furthermore let F' = {Zi£||§;§; :je St

o Since for all j € S\ T, i.e, resources only chosen by some player in strategy profile
S,( n|? {)esource are chosen by more than one player in a pure Nash equilibrium, then
w(T|{j}) _ 0
w(SK{s}) —

e Since for all j € TN S, where j € T; and j € S;, i.e. resources j chosen by player ¢
in both strategy profiles, no resource are chosen by more than one player in a pure

b w(THj}) _
Nash equilibrium, then WY = 1.

e Since for all j € T NS, where j € T; and j € S;, where 7 # k, i.e. resources j chosen

different players in S and T, no resources are chosen by more than one player in a

e w(T{j}) _ wij
pure Nash equilibrium, then wSHTH = 'wk]j .

w(T|{j}) : D iesW(THD _ w(Ts)
Hence 6 > wSHTH for all j € S. We have that Zz; IR

mediant of F', hence by the generalized mediant inequality (Lemma 3.1) we can conclude
that

is the generalized

w(T | S)
02

12



Now we show the upper bound for the price of Anarchy, which is proved in a similar
fashion as in [10].

Theorem 5.3. The price of anarchy PoA < 641 for set packing games with player-specific
values.

Proof. Take any instance I with optimal solution OPT and Nash equilibrium S, and let
S; and OPT, for ¢ € N, be the resources selected by player ¢ in S and OPT, respectively.

Let S = U;cn Si be the set of all resources chosen in the Nash equilibrium. Since all
resources in S = J\ S are available, and all resources in OPT; are feasible for player i and
OPT; is downward closed, by definition of Nash equilibrium (Equation 2) we have for all
players i that

wi(Sl-, 571) > wi(OPTi N ?, Sfl) (6)

Since SN S; = () and as a result of the no-sharing rule it follows that OPT; N OPT; = 0
for all k # i, and therefore

w;(OPT; NS, S_;) = w;(OPT; NS, OPT_;). (7)

Furthermore because of Lemma 5.2, we have that 6 > w(%;)"s) and therefore

Ow(S) > w(OPT | S). (8)
Now we get by the fact that for any ¢ # k also S; NSy = () and from (8) it follows that
0+ Dw(S) > w(OPT | S) + w(S)

=w(OPT | S) + Xn:’wi(si, S_4) (9)

i=1

By (6) and (7),

w(OPT | S) + > w;i(S;, S—i) > w(OPT | S) + > w;(OPT; NS, OPT_;)
=1 =1
w(OPT | S) + w(OPT | 5)
= w(OPT) (10)

Hence by (9) and (10) can we conclude that (6 + 1)w(S) > w(OPT), therefore PoA <
0+ 1. O

For the lower bound consider the following example.

Example 5.1. We have n players and two disjoint sets of resources P and @) with |P| =
|Q| = n — 1. Player 1 can choose at most n — 1 resources from P U @, for player 1 the
resources have value 1, i.e. wy; = 1 for all j € PUQ. The other n—1 players are restricted
to choosing at most a single resource from @), for the other players the resources have value
¢ > 1, an arbitrary constant, i.e. w;; =cfori € {2,...,n} and j € Q.

13
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FIGURE 2: Illustration corresponding to Example 5.1 with n = 3 players, P =
{1,2}, Q@ = {3,4} and J = P U Q. Depicted are the optimum OPT (left) and
the worst Nash equilibrium S (right). Strategies, values and payoffs of player 1 is
associated with the colour blue, of player 2 with the colour magenta and of player
3 with the colour green.

Theorem 5.4. The price of anarchy PoA > 6+1 for set packing games with player-specific
values.

Proof. Consider Example 5.1. In the optimum all resources of P are chosen by player 1 and
each other player choses a single different resource from . In this instance w(OPT) =
n—1+c(n—1). Consider the solution where all resources of ) are chosen by player 1 and
no resources are chosen by the other players. Then player 1 receives a payoff of n — 1, the
maximum that player can obtain. Given that all resources from @ are chosen by player 1,
players 2, ..., n cannot do better than a value 0, as none of the resources from P are feasible
for these players. Hence for this solution, the Nash condition (Equation 2) holds for all
players. Since § = ¢, we conclude that PoA > w(OPT)/w(S) = (n—1+c¢(n—1))/(n—1) =
c+1=60+1. O

Using previous two theorems we can conclude that that PoA = 0 4+ 1 for the class of
set packing games with player-specific values.

Corollary 5.5. The price of anarchy PoA = 6 + 1 for set packing games with player-
specific values.
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6 Uniform Sharing

In case the resources are divisible or are not consumable, we can wonder when multiple
players want a resource, giving them a fraction of the resource or giving them access to the
resource for a fraction of the time improves the total payoff. First, we consider resource
sharing games, whenever a resource is used by multiple players, each player receives an
equal amount or has the resource for a equal amount of time.

This extends generalised market sharing games a studied by Brethouwer[9] to uniform
resource sharing games with player specific-values.

Definition 6.1. Uniform resource sharing games with player specific-values (hereafter
also referred to as uniform resource sharing games) is a class of resource sharing game
with player specific-values, where the uniform sharing rule is the defined as

1
fi(i,8) = )
! L+ > hen\{i}: jes, L

6.1 Non-Existence of pure Nash equilibria

Unlike set packing games, Nash equilibria are not guaranteed to exist for uniform resource
sharing games. The result follows from [7]. Alternatively consider the following example.

Example 6.1. We have two players and four resources J = {1,2,3,4}. The strategy set
of player 1is §; = {{1,2},{3,4}} and the values of the resources are respectively w; 1 = 2,
w1 =1, w3 =1 and wy 4 = 2. The strategy set of player 2 is So = {{1,3},{2,4}} and
the values of the resources are respectively wo1 =1, w2 = 2, wa 3 = 2 and we 4 = 1.

For our convenience we ignored the downward closed requirement for the strategy
sets in the above example. However note that when all player specific-values are strictly
positive then for all S; € S;, if we introduce all strict subsets T; C S; to S;, it holds that
wi(SZ-, S_z) = wi(Ti, S_Z) + wl(Sz \ Ti, S_i), which implies that wi(SZ-, S_z) > wi(Ti, S—z)
Therefore strict subsets T; cannot be chosen in Nash equilibria. While the same is not
true in general for the optimum (see for instance Example 1.2), in this example we are
only interested in the existence of pure Nash equilibria.

Consider the following graph. Fach vertex represents a strategy profile with corre-
sponding payoffs. The edges point to strategy profiles one player improves to by switching
strategies; the blue corresponding to player 1 and the magenta to player 2.

S1 = ({172}7{1’3}) S4({172}7{274})
2,23 21,2

A

Vv

So = ({374}7 {173}) S3 = ({3’4}7 {274})
21,2 2,23

We can clearly see that there is a cycle between all states. Therefore, no Nash equilibria
exist.
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6.2 Price of Anarchy

From now on we restrict ourselves to the subclass of uniform resource sharing games that
have Nash equilibria.
First, we show a upper bound.

Theorem 6.1. The price of anarchy PoA < n for resource uniform sharing game with
player specific-values.

Proof. Take any instance with optimal solution OPT and Nash equilibrium S, and let S;
and OPT;, ¢ € N, be the resources selected by player ¢ in S and OPT, respectively.

Since in a Nash equilibrium, no player can improve, but OPT}; is still available to player
1. In worst case player ¢ gets at least %wm for all resources j € OPT; (and at most full
value). Therefore,

I

s
Il
—

’LU(S) = wi(Si,S,i)

%
NE

D D wiy

i€EN jEOPT;

1
—w(OPT
—w(OPT)

<.
Il

Y

1
n

Here the first inequality follows from the Nash condition. Thus we can conclude that
PoA < n. O

Next we show, maybe surprisingly, a matching lower bound exists. First, consider the
following example.

Example 6.2. Let J = {1,2,...,n. Player i € N can either choose resource i or (a subset
of) the set of all resources except resource i. Furthermore player i values the ith resource
with a value of n and the other resources with a value of 1, i.e. w;; =n and w; ; =1 for
jed{l,...;i—1,i+1,...,n}.

Theorem 6.2. The price of anarchy PoA > n for resource uniform sharing game with
player specific-values.

Proof. Consider Example 6.2. In the optimum each player ¢ € N chooses resource ¢ for
all i € N and therefore w(OPT) = n?. Consider the Nash equilibrium where player i

chooses all resources except resource i for all ¢ € {1,...,n}. Since each player now chooses
n — 1 resources and each resource is chosen by n — 1 players, player i receives payoff
(n— l)ﬁ = 1. To see that this a Nash equilibrium, observe that, when switching to only

resource %, the resource now is chosen by n players and player ¢ still receive a payoff of 1.
Furthermore switching to any subset of {1,...,i—1,i+1,...,n} leads to a payoff of less
then 1. Hence the Nash condition (Equation 2) holds for all players. We can conclude
that PoA > w(OPT)/w(S) = n?/n = n. O

From Theorem 6.1 and Theorem 6.2 we can conclude that PoA = n for uniform
resource sharing games.

Corollary 6.3. The price of anarchy PoA = n for resource uniform sharing game with
player specific-values.
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GB) GR)

F1GURE 3: Illustration corresponding to Example 6.2. Depicted are the optimum
(left) and the Nash equilibrium (right). Strategies, values and payoffs of player 1 is
associated with the colour blue, of player 2 with the colour magenta and of player
3 with the colour green.

7 Proportional Sharing

While uniform sharing seems like a fair rule, it might not align with a secondary goal. For
instance consider Example 1.1, where players are libraries choosing books, and the values
are expected number of times the book is borrowed per year. Next to maximizing their
own number of borrowed books in a year, maybe informally they discussed to also still
try to make in general the total number of borrowed books as high as possible. Perhaps
then, it is more logical allowing libraries where the book is going to be borrowed more to
hold on it for a longer period of time.

We therefore introduce proportional resource sharing games with player specific values.

Definition 7.1. Proportional resource sharing games with player specific values (hereafter
also referred to a proportional resource sharing games) is a class of resource sharing games
with player specific value, where the proportional sharing rule is defined as

wl 7j

f]'(iv S) =

Wi j + e N\{i}: jeSy Whyj
Note that when for some w; € R>q, when w; ; = w; for all 7 € N, then

wm 1

Wig + YkeN\(i}: jesk Whi LT ken\(i}: jesy L

Hence this also extends the generalized market sharing games as discussed by Brethouwer[9].

Surprisingly 2-player proportional resource sharing games are potential games as we
will show below. However this is no longer true that for more than two players pure Nash
equilibria are guaranteed. Hence we will cover them separately.
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7.1 Two-Player Proportional Resource Sharing Games
7.1.1 Existence of pure Nash equilibria

Here we show that 2-player proportional resource sharing games with player specific values
are potential games and therefore pure Nash equilibria always exist.

Theorem 7.1. 2-player proportional resource sharing games with player specific values
are potential games.

Proof. The idea of a potential game is the existence of a potential function. Recall that a
function 7(S) is an exact potential if it holds that

7(S;, S—i) — (T3, S—i) = wi(Ss, S—i) — wi(T;, S—s)

We now define such a function and show it is an exact potential function. A potential
function for any 2-player proportional resource sharing games can be defined as

w; j if j € S;and j ¢ S_; for some i € {1,2}
2 s
i (S) = { Wi Tt e Sy and j € So

Wi, jtHw—j j
0 otherwise
S) =) m(S)
JjeJ

Assume player ¢ switches from strategy S; to strategy T;.

Since m;(T;,S—;) — m;(Si, S—;) is only non-zero when after player i switches strategies,
the number of players choosing resource j changes. That is, when j € T; \ S; or when
j € S; \ ' T;. It follows that,

w(Ti, S—i) = m(Si,S—i) = > (mj(T;, 8-i) — m;(Si, S-i))
JET\S;
+ D (m(T, 8-i) — m(Si, S—i) (11)
JE€S\T;

We can split T; \ S; by whether or not j € S_;. Hence,
Yo (MG S-) —mi(Si,5-)) = Y. (m(Ti S—i) — (S, 5-4))
JET:\S; FE(TI\S;)NS_;
Y (m(TS) —m(SiS-))  (12)

]'E(Ti\si)ﬂgfi

w +w”w,l ]Jr'w
Wi, j+W—q 5

When j € (T; \ S;) N S_;, then 7;(T;, S—;) = =+ and 7;(S;, S—i) = w—i ;.

Therefore,
2 2 2
W3+ Wi W—; 5 + w2, ws
i, 1,jYV—i,5 —i, i,
7Tj(Ti, S_Z) — TFj(SZ', S_l) = J J ’LU_Z'J‘ = J . (13)
Wi+ w_g; Wi+ W—jj

When j € (TZ \ SZ) ﬂg,i, then 7'(']'(1—%, S,Z) = W; j and Wj(Si, sz) = 0. Hence

i (T3, S—i) — m(Si, S—i) = wi (14)
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Thus by (12), (13) and (14),

w?

Z (7Tj(Ti,Sfi) — ﬂ'j(Si,Sfi)) = A + Z wi,j.

Wij + Wi

JETI\S; JE(T\S;)NS—; FE(T\S)NS _;
(15)
Furthermore since w;(T;, S—;) = wi(T; \ Si, S—;) + w;(T; N S—; \ S;, S—;) and
.2 4
wi(T; \ 8, 5-) wu+ww+. >, wig
]E(TZ\ l)mS % ]e(Ti\Si)ﬂS_i
Z (7Tj E)S —TFj(SZ',Sfi)),
JET\S;
where the second equality follows from (15), it follows that,
Z (m;(T3, S—i) — m;(Si, S=i)) = wi(Ti, S—i) — w1 (S; NT;, 5—). (16)

JET\S:
Likewise, we can split S; \ T; by whether or not j € S_;. Hence,

> (m(Ti, 5=i) — m5(Si, S—i)) = > (m;(T3, S—;) — w;(Ss, 5-4))
Jesz\Tz jG(Si\Ti)ﬂS_i
+ >, (7§ (T3, S—i) — 75 (S, S—i)) (17)
JESAT)INS _;

2 2
Wy Wi, W, +w?
Wi, jtw—i,j

When j € (Sz \ Tz) N S_;, then ﬂ'j(Ti, S—z) = W—;; and ﬂ'j(Si,S_i) =
Therfore,

4,3

w + ws; JUJ—z j + 'U)_Z ’lU2

(TS ) —7:(S:. 8 )= w_, . J o ] 18
Tl i) =yl 5) = v - wij + Wi Wij + Wi 1s)

When j S (Sl \T:L) ﬂg,i, then Wj(j—:i, S,Z) =0 and Wj(Si, sz) = Wj 5. Hence

(T3, S—i) — (S, S—i) = —wi (19)
Thus by (17), (18) and (19), it follows that
w2,
> (m(Ty, S—i) — (S5, 5-4)) = — ﬁ - > Wi j.
jeTi\Si jG(Ti\Si)f\IS,i b —hJ jE(TZ\SZ)QS,Z
(20)
Furthermore since w;(S;, S—;) = w;(S; \ T3, S—;) +w;(T; N S—; \ S;, S—;) and
w?,
—wilSi\ T, i) = - . 2 W, +7’U)_z'j o 2 _
JESNTH)NS—; ’ ’ JE(SI\T;)NS —;
= > (m(Ti, 5=) = mi(Si, 5-4),
JESI\T;
where the second equality follows from (20), it follows that
Z (7Tj(Ti, S—z) — ﬂj(Si, S—z)) = —wl(SZ-, S_Z> + wl(Si NT;, S—z) (21)

jGSZ\Tl

19



Hence from (11), (16) and (21), we can conclude that

(i, S—i) — m(Si, S—i) = wi (T3, S—i) —wi(S; N T;, S—i) — w1 (S;, S—i) + w1 (S; N T3, S—)
= w1 (T, S—;) — wi(Si, S—i).

Therefore we have shown that 7(S) is an exact potential function. Thus any 2-player
proportional resource sharing game is an exact potential game. O

Then from Theorem 7.1 and Lemma 3.2, it follows that there is at least one Nash
equilibrium in any proportional resource sharing game.

Corollary 7.2. Two-player proportional resource sharing games with player specific values
always have a pure Nash equilibrium.

7.1.2 Price of Anarchy

Let p = % be the golden ratio. A property of the golden ratio is that p? = ¢ + 1. We
will show that that for 2-player proportional resource sharing games the Price of anarchy
PoA = ¢.

First, we define v;(\, p) := —Aw(OPT | {j})—pw(S | {j})+3 7, w;(OPT;N{j}, S ;).
In the following lengthy lemma we show that v;(A, ) > 0 for any j € J when A = 2:’;1
and p = —ﬁ. We will do this, to later be able to show that w(S) > Aw(OPT) + pw(S),

and thus conclude that 1_7” > PoA.

Lemma 7.3. When A = 2271 and y = — -, for any j € J it holds that
¢ ¢

vi(A p) = =Aw(OPT | {j}) — pw(S | {j}) + > wi(OPT;N{j},5-;) > 0.
ie{1,2}

Proof. Take any instance with optimal solution OPT and Nash equilibrium S, and let
S; and OPT;, i = 1,2, be the resources selected by player ¢ in S and OP'T, respectively.
Since we have 2 players OPT_; = OPTy, OPT_5 = OPTy, S_1 = S and S_5 = 5.
Similarly let W1 = Waj and let W32 j = W1 j.

Proor By CASE DISTINCTION
Case I: j € OPT; N OPT2 N S; N So.

Since w(OPT | {j}) = w(S | {j}) = Zie{l,z} w;(OPT; N{j},S—;) = 0. It follows
that

v (A, p) = 0.

Hence the statement is true when j € OPT; N OPTy N S1 N Ss.
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Case II: j € OPT1 N OPTy N S N Ss.

Since w(OPT | {j}) = (S | {j}) = Sieqy wiOPTi N (j},55) = b+

w1, jtwse,;

'lU2 .
24 Tt follows that

w1, +w2,;

wy

w2, :
o) =(1—A— ’J . )
vl )= ( ”)(ijerZj T, +uny

2 2
W1, W2,

By definition 1 — A — y =~ 0.527864 > 0 and vty T wirws, > 0. Therefore
vj(A, 1) > 0. Hence the statement holds if j € OPT; N OPTy N S1 N Ss.

Caske III: j € OPT; N OPT_; NS; NS_; for some i € {1,2}.

Since w(OPT | {j}) = w(S [ {j}) = Xicq1,2y wi(OPT; N {j}, S_i) = w; ;. It follows
that

vi(A ) = (1= X — pw; 5

Since by definition 1 —A—pu ~ 0.527864 > 0 and w; ; > 0, it follows that v;(A, u) > 0.
Hence the statement holds if j € OPT; N OPT_; N.S; N S_; for some i € {1,2}.

Case IV: j € OPT; N OPT_; N S1 NSy for some i € {1,2}.

Since w(OPT | {j}) = ¥icq1,0y wi(OPT; N {j}, 5—i) = wij and w(S | {j}) = 0, it
follows that

vi (A ) = (1 = Nw 5.

By definition 1 — A ~ 0.145898 > 0 and w; ; > 0. Therefore v;(A, 1) > 0. Hence the
statement holds if j € OPT; N OPT_; N S1 N S; for some i € {1,2}.

CASE V: j € OPT;NOPT; NS N So.

2

'LU2 . ws
Since w(OPT | {j}) = Ll s Yieqr,2y wi(OPT; N {7}, S—i) = w1 +

.
w15+ w2,; wy,j+wz,;’

wo j and w(S | {j}) = 0. It follows that

2

2
wy ; U
_ J »J
vi( A\, ) = wij +waj — )\< + )
wij +we; Wi+ we;
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2
By definition A ~ 0.854102 < 1 and w; ; > —=i—. Therefore

wi,jtw2,;

2 2
Wy, wa,;

wyj twz; Wi+ wa
2 2
W1,j w3,j

wy,; + W3 j w15 + W2 j

wy,j + w2 >

Vv

2 2
wl . 'LUQ .
5J 5]
— w17j+ZU2,j—)\( ' '—|— - ) > 0.
Wyt w25 Wijt W

Hence the statement holds if 5 € OPT; N OPT; N S; N So.

CaSeE VI: j € OPT; N OPTy N S; N S_; for some i € {1,2}.

Since w(OPT | {j}) = > icq1,0y wi(OPT; N {j}, S—;) = 0 and w(S | {j}) = wi;, it
follows that

/U()‘au) = THW;j.

By definition —p ~ 0.381966 and w;; > 0. Therefore v;(A, 1) > 0. Hence the
statement holds if j € OPT; N OPTyNS; N.S_; for some i € {1,2}.

Let R be the positive real numbers. Before we continue to CASE VII, we claim that for
all (z,y) € R,

2

> 0. (22)

—pr — Ay +
H Y Tty

Let g(x,y) = —px — Ay + % The proof of our claim follows by showing convexity of

g(z,y). First we show that g(z,y) is convex on R%,. Let 7 € [0, 1] be given

2 2
Y1 Y2
1) + (1 — Jy2) = T(—pwy — Ay1 + + (1= 7)(—pa2 — Aya +
T9(z1,91) + (1 = 7)g(x2,92) = T(—pr1 — Apt x1+y1) (1 —7)(—pw2 — Ay2 x2+y2)
= —p(1+(1 = 7)x2) — AM7y1 + (1 —t)y2)
2 2
b4 +(1-7) %2
1+ T2 + Y2
= —p(tz1 + (1 = 7)x2) — A(Ty1 + (1 = 7)y2)
2
(Ty1)? (1= 7)y2)

TL1 + TY1 (I—T)xg—l-(l—T)yg

From Sedrakyan’s inequality (Lemma 3.3), it follows that

(ty1)? N (1= 7)y2)” - (ty1 + (1 — 7)ya)?
Tri+Tyr (I—T)ee+ (1 —7)y2 ~ 721+ (1 —T)wa+7y1 + (1 — 7y
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Hence,

T9(z1,y1) + (1 = 7)g(22,y2) = —p(r21 + (1 — 7)22) — AM(T91 + (1 — 7)32)
(ty1)? n (1 =1)y2)”
e+ Ty (L—7)ze+ (1 — 1)y
> —p(tzr+ (1= 7)z2) — A(Ty1 + (1 — 7)y2)
(ty1 + (1 = 7)y2)*
o1+ (1 = T)w2 + 7y1 + (1 — 7)y2
=g(tz1+ (1 = 7)z2, Ty1 + (1 = 7)y2)

Therefore we have shown that g(z,y) is convex. The gradient and the Hessian of g are
respectively

_ _L
Vg(x,l/) = ()\ . 2(z+y) ) and

N (ac+y)2 + x+y

2y 2y 2y

2y . 2y2 . — 2y .
Hy(z,y) = ( , (@+y) (z+y) 4y(x+y) ) )
(z+y)®  (zt+y)?  (z+y)®  (aty

When y = ¢z, the gradient

V,(z, o) = —(=5) - (¢+21)2 _ il _ <0>
g\ - 2 1 1 2px - 1—2 1 2 - :
7 7t e e R | 0

Furthermore the Hessian, when y = ¢,

2¢222 2 2T 2 4—4p

_ (p+1)323 tr (p+1)%a? — | otz iz
Hy(z,pz) = | , 75, 2—4g0+2302 = | atap  4-20
etz (p+1)22? vt ple iz

Let z = (Zl> € R%, then z” Hy(z, px)z equals
22

21 2 4—4 4—2
(zl 22) Hgy(z, px) (z > = 22+ . a:(pZIZQ + S ‘Pzg
2

2
= E(zl + (1 — @)z0)? >0

Hence Hy(x,y) is positive semi definite at y = ¢x. Since g(z,y) is convex, this therefore
implies g(x,y) has a global minimum at y = @x. Since

1 2¢% — 2 1—(p+2)+p+1
g(z,pz) = —Zx—LZSOx—i-(%x = (¥ 2) LR =0
¥ P P P

It follows that g(x,y) > 0, for all (z,y) € RZ.

Now we continue with CASE VII.
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Cast VII: j € OPT; NOPT_; N'S; N S_; for some i € {1,2}.

2
Wi

w15+ w2, ;

Since w(OPT | {j}) = wij, >ieq 0y wi(OPT; N {j},5-) = and w(S |

{i}) = w_; j, it follows that

2

w;

)
vi( A, @) = — UW_j ; — AW, ;.
(A 1) w1 + W J J

From our previous claim (22) it follows that

2
,J
w1 + w2

w
— W45 — )\wm > 0.

Therefore v (A, ) > 0. Hence the statement is true for j € OPT;NOPT_;NS;NS_;.

Case VIIIL: j € OPT; N OPTy N S; N S_; for some i € {1,2}.

. . w?, w2,
Since w(OPT | {j}) = w1 +wa, wl,j+';1])2,j7 Zz‘e{l,Q} w;(OPT;, S_;) = wi,jer

and w(S | {j}) = w; ;. It follows that

2
w? .
K2V

Oh) = (1= + (1= Ny
Wy + Waj w5 + Waj
.. w? .
By definition 1 — p = 1.38197 > 1, A ~ 0.854102 < 1 and w; ; > m, it follows
that
2 2
(1= pwij > wij > —r— > -
wyj+wa o Wi+ W
w? .
1 - pwij —A—2— >0
s =y =

2

Furthermore since 1 — A & 0.145898 > 0 and ——5.— > 0, it follows that

wi,jtw2,j
2

w_A .
1-XN)—"2—>0
w5 + Wa j

Hence we can conclude that

w%,-,j wzz,j
(1 — ,u)wi,j + (1 — )\) — > 0.
wy,j + wa,j wy,j + wa,j

Hence the statement is true for j € OPT; NOPT2 N S; NS_; for some i € {1,2}.
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Case IX: j € OPT; N OPT, N S N Ss.

Since w(OPT | {j}) = Y12y wi(OPT; N {j},5-) = 0 and w(S | {j}) =

w? . w2
T 21 Tt follows that
w1, jtwa ; w1, j+tws, j
2 2
wl y w2 .
_ 5J ,]

wij + w2y Wi+ wa;

2
By definition —p ~ 0.381966 and ——=— > 0 for i € {1,2}. Hence the statement

wi,jtwsz,;

holds if j € OPT; N OPT2 NSy N Ss.

Case X: j € OPT, nOPT_; N S1 NSy for some i € {1,2}.

- : . w?, _
Since w(OPT | {j}) = wij, Yicqr0y wi(OPTi N {j} = =T and w(S | {j}) =
wi,- w%iy.
witws; T v twa It follows that
2 2
w2 . w? ..
UV, )\, =(1— tJ — —%J — \w; »
1204 = (1= ) wij+way " wig+way "
Then,
(1 _ M) wi%j — w2—i7j s s — (1 — A= M)wzj - Awi,jw—z’,j - M'LUQ_i,j
wyj+wy " wig+w " Wy + waj
_ (1= A —p)(w;; — 2(1_)3\_#) wfi,j)z
w1, + W2,
A2 2
7 (h+ 4(1—A—u))w—z‘,j
wi,j + w2,

Since 1 — A — p = 0.527864 > 0 and (w;; — Mw,i,jy > 0, therefore
(1_>\_N)(wi,j_mw7i,j)2
w1, j+wa,j

2
(M+41(1/\7>\)w2,~ i
—A—p) 4,7
w1 Fws > 0. Hence,

> 0. Furthermore since —(u + 4(1_)‘7j_ﬂ)) ~ 0.0364745 >

0, therefore —

2 2
w; w, s
(1—p) 2] — W 2 — Aw; j > 0.
7]
wij + wa j wy j + waj

Therefore vj(A, 1) > 0. And thus the statement is true for j € OPT;NOPT_;NS1NS>
for some 7 € {1, 2}.

Now we can conclude that when \ = 2“;?1 and u = —%, for any j € J it holds that

v (A, p) > 0.
Now we can show the upper bound for the price of anarchy.
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Theorem 7.4. The price of anarchy PoA < ¢ for for 2-player proportional resource
sharing games with player specific values.

Proof. Take any instance I with optimal solution OPT and Nash equilibrium S, and let
S; and OPT;, i = 1,2, be the resources selected by player ¢ in S and OP'T, respectively.
Since we have 2 players OPT_; = OPTy, OPT_o = OPTy, S_1 = 55 and S_9 = 5.

Let vj(A, ) = =Aw(OPT | {j}) — pw(S | {j}) + Xicqr,2y wi(OPT; N {j}, S—;). Using
the Nash condition and then for all A and p, it holds that

1e{1,2}
= \w(OPT) + pw(S ZUJ (A, )
JjeJ

Let A = % and p = —% By Lemma 7.3 it holds vj(A, 1) > 0 for all j € J. Then
it follows that

w(8) > Aw(OPT) + pw(S) + > vj(A, )
jeJ

> AMw(OPT) + pw(S)

— (1 = myw(S) = Mu(S)
1—p _ w(OPT)
— 3 > w(S) = PoA

Filling in A = 2251

= —ﬁ, and since ¢? = ¢ + 1, the left-hand side becomes

1
l—p 1+ o +1  p+2

A 2:’;7;1 201 20-—1
542 1545 15455 14V
Tos o 2 5 2 5 2 7
Thus we can conclude that ¢ > PoA. O

To show the lower bound for the price of anarchy, consider the the following example
and theorem.

Example 7.1. Let there be two resources. Both players can only choose one of the
resources. Let w11 = ¢, w12 =1, w1 = 1 and let woo = .

Theorem 7.5. PoA > ¢ for 2-player proportional resource sharing games with player
specific values.

Proof. Consider Example 7.1. In the optimum the first resource is chosen by player 1 and
the second resource is chosen by player 2. In this instance w(OPT) = 2¢. Consider the
Nash equilibrium where player 1 chooses the second resource and player 2 chooses the first
resource. To see that is is a Nash equilibrium. If player 2 chooses the first resource, player
1 receives value 1 regardless of what resource they choose. Since resource 2 has full value
1 for player 1 and resource 1 has value % = i—ﬁ = 1 when shared. Likewise if player
2 chooses the second resource, player 2 receives value 1 regardless if what resource they

choose. Hence the Nash condition (Equation 2) holds for all players. We can conclude
that PoA > w(OPT)/w(S) =2¢/2 = . O
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OPT S

Bl (CB)y| (CB) (CB)

FIGURE 4: Tlustration corresponding to Example 7.1Depicted are the optimum
(left) and the Nash equilibrium (right). Strategies, values and payoffs of player 1
is associated with the colour blue and of player 2 with the colour magenta.

From Theorem 7.4 and Theorem 7.5 it follows that PoA = ¢ for 2-player proportional
resource sharing games.

Corollary 7.6. The price of anarchy PoA = ¢ for 2-player proportional resource sharing
games with player specific values.

7.2 Proportional resource sharing games with more than two players
7.2.1 Non-existence of pure Nash equilibria

Unlike with 2-players in general for more than two players, proportional resource sharing
games are not guaranteed to have pure Nash equilibria. Consider the following example

Example 7.2. Let there be three players and six resources J = {1,2,3,4,5,6}. The
values of the players are summarised in the following table.

i\j|1 2 3 4 5 6]
12511 25
2 |4 3 1 4 3 1
3 /11 3 4 1 2

Let A; ={1,2,4,5}, By = {1,3,6}, Ay = {1,2,4,6}, Bo = {2,3,4,5,6}, A3 = {1,2,3,5}
and Bs = {4,5,6}. Player i has strategy set S; = {A;, B;}.

Consider the following graph. Each vertex represents a strategy profile with corre-
sponding payoffs (rounded to two decimals, for the full calculation of the payoffs see
Appendix C). The edges point to strategy profiles one player improves to by switching
strategies; the blue corresponding to player 1, magenta to player 2 and green to player 3.
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Se¢ = (A1, Az, B3) S5 = (A1, By, B3)
—_—
5.24,5.90, 3.44 5.90,5.74, 3.28
Sl == (A1>A2>A3) S7 = (AlaBQ7A3)
4.88,7.49,3.59 4.98,6.95, 2.86

Sg = (Bl,AQ,Bg) —l S4 = (31,32,33)

4.29,7.79, 3.5 5.63,7.86,2.75
Sy = (B1, Az, A3) S3 = (B1, B, A3)

e —
4.99,8.70, 3.64 5.7,8.87,2.63

Note that no vertex has three incoming edges, hence it follows that this example has
no Nash equilibrium.

7.2.2 Price of Anarchy

We now only consider the instances of n-player games that do have pure Nash equilibria.

Lrydln=D+l W. Note that

First, we define an extension to the golden ratio. Define ¢,, :=
$2 = ¢, +n — 1 and for n = 2 this is exactly the golden ratio.

We show a lower bound of ¢,, for the price of anarchy for n-player proportional resource
sharing games with player specific values. Consider the following example.

Example 7.3. Let there be n resources J = {1,2,...,n}. Fori =1,...,n. Player i can
either resource i or (a subset of) the set of all resources except resource i. Player i prefers
the ith resource with value ¢, and the other resource with value 1, i.e. for all i € N,
wi; =¢nand w;j =1forall je{l,...,i—1,i+1,...,n}.

Theorem 7.7. The price of anarchy PoA > ¢, for proportional resource sharing games
with player specific values.

Proof. Consider Example 6.2. In the optimum is, player ¢ chooses resource ¢ for all ¢ € N
and therefore w(OPT) = n¢,. Consider the Nash equilibrium where player i chooses
all resources except resource ¢ for all i« € {1,...,n}. Since each player now chooses
n — 1 resources and each resource is chosen by n — 1 players, player i receives payoff

(n— 1)n1—j)1 = 1. We show that this is a Nash equilibrium. When switching to only resource

i, the resource now is chosen by n players and player ¢ receives a payoff of %fi’ifl = 1.
Furthermore switching to any subset of {1,...,i—1,i4+1,...,n} leads to a payoff of less
then 1. Hence the Nash condition (Equation 2) holds for all players. We can conclude

that PoA > w(OPT)/w(S) = no,/n = ¢y, O
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OPT S

F1GURE 5: Ilustration corresponding to Example 7.3. Since ¢3 = 1+7V;1-2+1 = 2.
Depicted are the optimum (left) and the Nash equilibrium (right). Strategies and
values of player 1 is associated with the colour blue, strategies and values of player
2 with the colour magenta and strategies and values of player 3 with the colour

green.

Furthermore, we conjecture that the price of anarchy PoA equals ¢, for n-player
proportional resource sharing games. The conjecture follows from our observation that
the lower bound example for 2-player uniform resource sharing games and proportional
resource sharing games follow the same structure. Where with w;; = = and wy; = 1 for
i,k € N and i # k, x = PoA solves the equation

fi-x =1 (23)

Where f; is the value of the sharing rule f;(7,S) when all players choose resource i, therefore
fi= % for 2-player uniform resource sharing games and f; = ;77 for 2-player proportional
sharing games. Likewise for n player uniform sharing games x = n solves the equation.
We suspect the same to be true for n-player resource sharing games, where x = ¢,, solves
Equation 23 and the lower bound is shown using an example similar in structure as for n

player uniform resource sharing games.

Conjecture 7.1. The price of anarchy PoA = ¢, for n player proportional resource
sharing games with player specific values.

8 Conclusion and Discussion

We showed that the price of anarchy for (n player) set packing games with player specific
values is 6 + 1, where 6 is the maximum ratio of values of assigned to a resource.

Furthermore, we showed that while pure Nash equilibria are not guaranteed to exist
in general for games with uniform sharing, the subclass of (n player) games that do have
pure Nash equilibria has a price of anarchy of n.

Lastly, we showed that pure Nash equilibria exist for 2-player games with proportional
sharing games, but that this is not guaranteed for three or more players. We show that
2 player games have a price of anarchy of ¢, the golden ratio. For the class of n player

14+4/4(n—1)+1
2

games with pure Nash equilibria, we conjecture that the price of anarchy is
and we showed a matching lower bound.
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Depending on n and if  is smaller, equal or bigger than n — 1, the price of anarchy of
either set packing games and uniform resource sharing games can be equal or worse than
the other one. But, since # > 1, we see that the class of 2-player proportional sharing
always has the lowest price of anarchy for all 2-player variants.

Perhaps, this implies that when giving the player with the highest value more of the
resource improves the price of anarchy. Further research could go into a “winner takes all”
scenario, where the player with the highest value choosing the resource gains full value
and the others gain no value.

Moreover, between the two sharing rules where all players get a non-zero fraction of
the value of all resources they choose, i.e. uniform and proportional sharing. Proportional
sharing has the benefit of that pure Nash equilibria exist for two player games. Additional
further research could go if there exist a sharing rule such that all players get a non-zero
fraction of the value of all resources they choose and pure Nash equilibria always exist.

Also, because pure Nash equilibria are never guaranteed to exist, for uniform resource
sharing games and proportional resource sharing games (for more than two players) we
then restrict ourselves to only the instances where they do exist. We do not discuss
anything about the time complexity of deciding whether or not they exist and leave this
open for further research.

Examples 6.2 and 7.3, do not make a lot of sense in context of the library book
allocation in Example 1.1 and would imply that books have variable sizes depending on
which library would choose it. Perhaps, an additional property can be assigned to the
strategy sets to better reflect the books taking up the same amount of space in each
library. Then, it could also be investigated if this also improves the existence of Nash
equilibria and/or the price of anarchy.

Additionally, further research could go into proving the price of anarchy of n player
proportional resource sharing games. If our conjecture is true, perhaps this also implies
for certain sharing rules the price of anarchy can be found by solving for x equation 23.
Regardless if the conjecture is true, for which sharing rules this does hold is also possible
further research.

For no-sharing, we choose to assign —oo to all shared resources, mainly because that
is what is used in the literature, and because conceptually it makes sense as it prevents
sharing in pure Nash equilibria.

Alternatively, future research could look into a sharing rule where instead of both
players receiving —oo they receive 0 for shared resources. One can easily alter our proof
to show the existence of pure Nash equilibria and our example still works for the lower
bound, but it is unclear is it has the same or a worse price of anarchy.

Lastly, we can define many more sharing rules, see examples in Appendix D, of which
the existence of pure Nash equilibria and price of anarchy also could still be investigated.
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Appendix
A Table of Variable Names and Symbols

IN ALPHABETICAL ORDER
LATIN ALPHABET

A; one of two strategies of player 4
B; one of two strategies of player ¢
a; numerator of the ith ratio
b; denominator of the ith ratio
& some constant
F set of ratios
fj(2,S) Sharing rule
fi Value of sharing rule for resource ¢ and player 4, when all players choose ¢ and w;; = x and wy, ;

g(x,y) a function over variables z and y
T class of games
I instance
i player
J set of resources
J subset of resources
j resource
H, Hessian of ¢
k (other) player
N set of n players
S allocation, strategy profile, (pure) Nash equilibrium
NE(I) set of pure Nash equilibria in instance I
OPT optimum
OPT,; Strategy of player 7 in optimum
PoA  price of anarchy
P set, of resources
Q set of resources

R<g strictly positive real numbers

S; Strategy set of player ¢

S all resources chosen by at least one player in S

S all resources (in J) not chosen by any players in S
Si (Nash) strategy of player i

S_; all strategies chosen by all players except player ¢ in S
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T (other) strategy profile

T; (other) strategy of player i
vj(A,u)  difference per resource j of Aw(OPT) + pw(S) and Y77 w;(OPT;, S_;)
Wy j value of resource j for player ¢

w(S) total payoff
w(S|J') total payoff of all resources in J' C J
w;i(S;, S—;) payoff of player i

T variable
Y variable
z variable

GREEK ALPHABET

0i(J) all resources in J that can be chosen by player 4
largest ratio of values
A variable, such that lfT“ = Ujl()é())fppa
1 variable, such that PT“ = ﬁfpp&
m(S) potential function
o(F) generalized mediant of F'
T variable
% golden ration
On extension of the golden ratio, such that ¢2 = ¢, +n — 1
OTHER
Vy gradient of g

B Generalised Mediant Inequality

Let F = {Z—Z’: i €{1,...n}} be a (finite) set of ratios, where a;, b; € Rx

Lemma B. 1 (Generalized mediant inequality). For a (finite) set F or ratios it holds that
Supie{l n} b > O'(F) 2 infie{]_’m’n} %:

Proof. w.lo. g assume that F' is ordered such that 3+ > Zl_l for alli € {2,...,n}. Then

an

inficri ) b = 3+ and supjeqy, . ) b =5
By induction we will show for k € {1,...,n}, that.

bk — YF b T b

PROOF BY INDUCTION
Base Casg: Obviously, Z—i >4 > 4 Hence the statement holds for the base case.
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INDUCTIVE STEP: Since g& > Th—1

br—1
ag kllaz
bk - Zk lb
k— 1
akZ b;
> .
— o ;al
b k 1b k—1
= (kz—zzl:b )Zak—i-Zai
N ar (b + S50 by) ak+2 La;
br(br + Y02 bi) b+ X0 b
. a s, o+ i o
by — bk—i-zk lb

ag

Hence it follows that
an > Zz 1
>

i=1 "¢

by

Therefore,

and

and

and

and

and

k 1

inf
ie{1,...,

ag -1 @i
>
bk—zk lb
1(lek
ar = Zk lb
k—1 k k—1
S ai(be + S8 bi)
ak—i-ZaZ Zk 1b
ak+2 1az 1az(bk+zk lb)
bk + S0 b Zk L bi(bk + X5 )
ap + Y5 1az>Zf ) ai
bk+zk lb Zk‘ lb

C Full calculation of payoffs of players in example 7.2

For each strategy profile S, in the following calculations, the values gained from the same
resource are visually aligned between the players.

Let Al = {1,

2,4,5}, B1 = {1,3,6}, Ay = {1,

27 47 6}7 B2 ==

{27 37 47 57 6}7 A3

{1,2,3,5} and B3 = {4,5,6}. Player i has strategy set S; = {4, B;}.

Sl = (A17 A27 A3)

22 52 12 22
S _
wiS)=5777 t5isa 111 "o
42 32 42
S,) = 1
wS)=9777 5301 1 +
12 12 12
S,) = 3
wS)=57771 tsisar tor
Sy = (B, Ay, A3)
22 12 52
S _
wi(S2) = 5 13 t5 1
42 32 12
S,) = 4
waS2) =507 g + 5
12 12 32
S,) = 1
ws(S2) =57 T3 fros +

35

1538

= 35 ~ 4.8825
262

= o ~ 7.4857
226

= @ ~ 3.5873

419

vy ~ 4.9881

173

1 ~ 8.7024

51

1 ~ 3.6429



“”(S?’)_zizl +1+112+3 +55j1 :% =51
w3(83)221+21 +31+21 +1+312+3 +31+21 :;% ~ 26333
S4 - (Bh BQy B3>
wi(Sy) =2 + j : +5+512+2 = 47‘5 — 5.625
wa(Se) =3 +1f1 +4i24 +3?f1 +5+112+2 :% =187
ws(Se) = 4?4 +3121 +5+212+2 :% =21
Ss = (A1, By, Bs)
wi(Ss) =2 +55+23 +1+142+4 +2+232+1 :%5 ~ 59028
w2(Ss) = 5?3 i +1+f+4 +2+332+1 +11j2 :% ~ 57361
ws(Ss) = +1+f+4 +2+132+1 +12j2 :% ~ 32118
S6 = (A17A2>BS)
w1(86):2f4 +55j3 +1+142+4 +22j1 :% ~ 52361
“’2(86):24+24 +53+23 +1+Lf+4 +11+22 :% ~ 59028
w3(Se) = 1+t2+4 +251 +1122 :% ~ 3444
S7 - (AlaBZ;AS)
wl(S7):23_21 +5+532+1 +1f4 +2+232+1 :% ~ 49778
wa(S7) = 5+?:)32+1 +1f3 +1i24 +2+?§+1 i :12%0) =09
w3(s7):2f1 +5+132+1 +1?i3 +2+132+1 :% ~ 28611
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22 12
wiSs) = 575 T +
42 42
S p—
wa(Sg) W +3 I
42
Sg) = 1
w3(Ss) 1 Ut
D Other Sharing Rules
PROPOSED NAME fi(4,8) =
full sharing 1
1
winner takes all {
0 otherwise
1
refused sharing {
0 otherwise
ZkEN\{i} Wk,j

anti-proportional sharing I

anti-proportional sharing IT

if there exist no k € N where i # k,j € S and wy ; > w; ;

103
24
187
24

~ 4.2917

~ 7.7917

if there exist no k € N where ¢ # k and j € S

(n=1)(

wiJ+ZkeN\{z‘} Wr,5)
keN\{i} Vi

[hen gy wes T2 reny

37

k'e N\{k}
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