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ABSTRACT

Drop coalescence originates from a finite-time hydrodynamic singularity–themoment
when two interfaces merge and a liquid bridge forms from zero radius. This topolog-
ical transition exemplifies how singular events in fluid mechanics exhibit self-similar
dynamics and universal scaling laws, providing fundamental insights into nonlinear
phenomena. While these singularities have been extensively studied in pure fluids,
most practical liquids, such as those used in inkjet printing, pharmaceutical emul-
sions, food products, and oil recovery, contain surfactants that fundamentally alter the
singular behavior by coupling surface chemistry to flow. Here we investigate how in-
soluble surfactants modify coalescence singularities through high-fidelity numerical
simulations and theoretical modeling, considering a surfactant-laden drop merging
with a clean drop.

The dynamics are governed by three dimensionless parameters: the surfactant
strength number 𝛽 quantifying the relative change in surface tension, the surface Pé-
clet number 𝑃𝑒 representing advection-to-diffusion ratio, and the initial contact angle
𝜃. In the diffusion-dominated regime (𝑃𝑒 � 1), the singularity retains its self-similar
character with neck height evolving as ℎ0 = 0.272(1− 𝛽Γ0/2)𝜃4𝑡–preserving the linear
scaling but modified by surfactant-induced surface tension reduction. Remarkably,
Marangoni stresses break the symmetry of the singularity, driving horizontal neck
motion as 𝑥0 ∝ 𝑡3/2, a phenomenon absent in pure systems.

The advection-dominated regime (𝑃𝑒 � 1) reveals how surfactants can funda-
mentally alter the singular dynamics. Above a critical strength 𝛽𝑐 (≈ 0.15 for 𝜃 = 20◦),
the singularity arrests into a stable non-coalescent state, while below this threshold,
interfacial vorticity generation enables escape. At 𝑃𝑒 →∞, new singularities emerge:
kinematic shocks with discontinuous velocity and pressure fields, which we interpret
through a complex-variable formulation yielding Burgers-like equations. These find-
ings demonstrate how surfactants not only modify existing hydrodynamic singular-
ities but can generate entirely new singular phenomena, with implications spanning
from fundamental nonlinear dynamics to industrial applications.

Keywords: droplet, coalescence, lubrication, surfactants, Marangoni flows
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1

INTRODUCTION

Drop coalescence represents one of the most fundamental topological transitions in
fluid mechanics, where two separate liquid volumes merge through the formation of
a connecting bridge. This singular event – the moment when interfaces touch and a
liquid bridge forms from zero radius – exemplifies how finite-time hydrodynamic sin-
gularities govern the dynamics of free surface flows. This ubiquitous phenomenon oc-
curs across length scales from nanometers to meters, playing crucial roles in processes
ranging from rain formation in clouds to the stability of pharmaceutical emulsions.
While pure fluid coalescence reveals universal scaling laws and self-similar behav-
ior near the singularity, most practical liquids contain surface-active molecules that
fundamentally alter these singular dynamics by coupling surface chemistry to hydro-
dynamics through Marangoni stresses.

Free surface flows are a distinct category in fluid mechanics, where the interface
separating different phases or fluids evolves dynamically and is not knownbeforehand
(for example, see Figure 1.1a-b where impacting drop creates a splash as it impacts a
liquid bath), unlike confined flows such as those in pipes. The coalescence of liquid
drops is part of a broader class of free surface flows as the interface separating differ-
ent phases evolves dynamically and is not known apriori, in contrast to confined flows
such as those in pipes. The wind-driven waves formed at the surface of an ocean, the
flow of water falling out of a faucet, and even the gravity-driven flow of rivers are
examples of free surface flows. These flows are important to numerous industrial pro-
cesses, including inkjet printing (Lohse, 2022; Basaran et al., 2013), sprays (Lefebvre,
1988), and medical diagnostics (Daly et al., 2015). They also play a role in chemical
separations (Ptasinski and Kerkhof, 1992), coating applications (Kistler and Scriven,
1984; Snoeijer and Andreotti, 2013), and electrosprays (Jaworek and Sobczyk, 2008).
Beyond industrial applications, free surface flows are fundamental to natural phenom-
ena such as mist formation in waterfalls, raindrop fragmentation in thunderclouds
(Villermaux and Bossa, 2009), tidal formation, and water dripping from a faucet (Eg-
gers, 1997; Champougny et al., 2024). The deformation of the interface in these flows
must be determined as part of solving the problem, adding to their complexity and
significance.

1



2 1. Introduction

a)

b)

c)

Figure 1.1: a) A drop deposited on a bath, leads to a cascade of partial coalescence b) Drop impacting
a wetted surface creates a characterisitic crown (See PoF logo) c) A stream of liquid breaks into drops
due to Rayleigh-Plateau breakup ©Niklas Morberg

Someof the earliest investigations on free surface flowswere conducted byLeonardo
da Vinci in the sixteenth century (Da Vinci, 1508); in his Codex Leicester (Da Vinci,
1980) he studied the behavior of liquid jets and how they break. This and the works
of others that followed (Mariotte, 1686) over the next two centuries display the early
proto-scientific development of the field of free surface flows. The study of free sur-
face flows dates back to the foundational work of Savart, 1833, Plateau, 1857, and
Rayleigh (1878, 1879, 1892), who investigated the behavior of drops, jets, and liquid
sheets under perturbations. Rayleigh (1879) demonstrated that fluid jets subjected
to long-wavelength disturbances tend to break up into multiple droplets to minimize
surface energy. Building on this, modern research has focused on drop formation due
to filament and jet breakup, drop coalescence, and film rupture, employing theoreti-
cal models, numerical simulations, and experiments (Eggers, 1997; Eggers et al., 1999;
McKinley, 2005; Craster and Matar, 2009; Eggers et al., 2024; Dixit et al., 2025). These
studies have significantly contributed to both scientific understanding and technolog-
ical advancements in applications such as inkjet printing, sprays, and coatings.

1.1 Singularity and Self-Similarity

The formation of a liquid bridge during coalescence exemplifies a finite-time singu-
larity, where a characteristic length scale—the bridge radius—emerges from zero in
finite time, causing a breakdown in the regularity of the governing Navier–Stokes free
surface equations (Tao, 2019). A similar singularity arises in the reverse process of

https://pof.tnw.utwente.nl


1.2. Drop Coalescence 3

1885.] On the Formation of Vortex Rings by Drops. 419

rongli outline of the theory we adopt. It will be seen that the most
important property of the liquid coneerned is its viscosity—the
viscosity must be such that when the drop has become disk-shaped
there should be enough vortex motion in it to cause it to break up ; if

the viscosity is too small the vorfcex motion in it will not have had time
to spread far by the time the drop has become disk-shaped, and so the
drop will continue to flatten and get into thin sheets with streaks of

vortex motion in it instead of breaking up into a ring, whilst if the
viscosity is too great the vortex motion will be dissipated before the
drop becomes disk-shaped.
We shall now give the experiments which led us to form the

conclusions. We began by investigating the change in the shape of

the drop before it became disk-shaped.

Shape of the Drop before it hecomes a Ring.

To study the change of shape of the drop as it falls through the
liquid we have had recourse to instantaneous illumination, and have
used for this the bright spark formed at breaking in a mercury cup a
circuit containing an electromagnet. It was necessary that we should
be able to illuminate the drop at any point of its fall, and it was
obviously convenient to make the actual fall of each drop start a set

of processes which should result in the spark. The figure shows
diagrammatically the arrangement we have used.

The drop is formed at the end of a small piece of glass tubing

Fig. 8.

1885.] On the Formation of Vortex Rings by Drops. 421

We bave observed a great number of drops at many different points
of tbeir fall tbrougb the column into which they have been dropped,
and at any given instant have found that a few definite forms repeat
themselves. Thus we are led to believe that the conditions of fall,

though seemingly not altered, vary in a few definite ways, so that

successive drops do not always pass through the same series of phases.

Indeed, simple observation in continuous light shows clearly differences

in the perfection ol formation of the rings under apparently similar

conditions. We have found a set of forms for a particular instant,

and from the various sets taken for successive instants, separated by
small intervals, we have picked out series of forms which strike us as

continuously derivable from one another.

Fig. 4.

a) b)

Figure 1.2: Sketches from a) J.J. Thomson’s experimental setup to study coalescence, and b) vortex
formation during the engulfment process. Adapted from Thomson and Newall, 1886.

drop pinch-off, where a liquid thread narrows progressively until its radius vanishes
(Figure 1.1c). These singular phenomena are a hallmark of nonlinear partial differen-
tial equations and appear in diverse fields including turbulence (Passot et al., 1995),
gravitation (Volonteri et al., 2021), biological growth (Childress and Percus, 1981),
and even financial market dynamics (Sornette and Johansen, 1997). Near such singu-
larities, the governing equations often exhibit rich, multiscale dynamics characterized
by self-similar and, in many cases, universal behavior.

The first identification of self-similarity in free surface flows was made by Keller
(1983), who studied retracting sheets and threads of inviscid fluids. Over the past
four decades, self-similar dynamics have been uncovered in a wide range of interfacial
phenomena, including the rupture of liquid threads (Eggers, 1993; Day et al., 1998),
the breakup of liquid sheets (Zhang and Lister, 1999), the coalescence of liquid drops
(Eggers et al., 1999; Kaneelil et al., 2022), and the merging of gas bubbles in liquids
(Munro et al., 2015). The emergence of self-similarity reveals the dominant physi-
cal mechanisms at play and enables the formulation of scaling laws that describe the
intermediate asymptotic behavior of the system. In cases of universality, these scal-
ing laws are independent of the initial or boundary conditions, reflecting an inherent
symmetry of the underlying dynamics. From the perspective of nonlinear dynamics,
such universal scaling regimes correspond to attractors or fixed points, defined by a
balance between the primary driving and dissipative forces in the system (Eggers and
Fontelos, 2008).

1.2 Drop Coalescence

The coalescence of liquid drops or other fluid volumes is a fundamental topologi-
cal transition in free surface flows, complementary to breakup (Eggers et al., 2024).
The earliest systematic study of this phenomenon dates back to Thomson and Newall
(1886), who investigated drops coalescing onto a bath and observed vortex forma-
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Spherical or cylindrical (2D) coalescence 
ii. Bubblesi. Drops

Geometrically similar coalescence

iii. Conical drops iv. Drops on a substrate v. Liquid lenses

Other geometries or transport mechanisms
vi. Hele-Shaw vii. Viscoelastic coalescence viii. Diffusive coalescence

Figure 1: The dynamics of coalescence is highly dependent on the geometry of the drops

at the moment of contact. Spherical coalescence involves drops (i) or bubbles (ii) that are

spherical upon the moment of contact. The spherical geometry imposes a hierarchy of scales:

drop radiusR, bridge radius r0, bridge width w = r20/R, and meniscus curvature! = r30/R
2.

Geometrically similar coalescence refers to geometrically similar initial conditions, where

di”erent directions are related by an angle. Examples are conical drops (iii), drops on a

substrate (iv) and liquid lenses (v). The review further covers other geometries and non-

Newtonian transport mechanisms, such as drops in a Hele-Shaw cell (vi), viscoelastic drops

(vii) and coalescence by di”usive transport (viii).

A complete picture of coalescence would require full understanding of all stages of the

process that leads to the complete merging of drops:

1. Approach. Two drops first need to be brought together, which in general will be

at finite velocity and impact parameter. For example, in a head-on collision of two

spherical drops of radius R, travelling at relative speed U , the hypothetical geomet-

rical overlap between the two spheres yields a bridge radius of r0 =
→
URt, which

competes with the singular motion engendered by surface tension, and indicates a

non-universal dependence of coalescence dynamics on the impact speed. At small

distances, draining of the thin film between the two drops will become important

(Davis et al. 1989, Chan et al. 2011, Kamp et al. 2017). As a result, drops will in

general be deformed by lubrication forces, in which rarefied gas e”ects become crucial
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Figure 1
Time series of jetted ink droplets in piezoacoustic inkjet printing, stroboscopically recorded with single-!ash photography. (Left to
right) Multiple images of single droplets with a delay of 3 µs between the individual droplets. Here the opening radius of the nozzle is
15 µm and the diameter of the droplet 23 µm, which corresponds to a droplet volume of 11 pL. The "nal velocity of the droplet is
4 m/s. The "gure illustrates the imaging quality and the absence of motion blur due to the use of the 8-ns iLIF (illumination by
laser-induced !uorescence) technique. Figure reproduced with permission from van der Bos et al. (2014).

! The process starts in the ink chamber (!) in the printhead, where pressure is periodically
built up with a piezoacoustic actuator; in response, ink is pressed out of the nozzle, provided
the pressure is large enough.

! Under certain conditions bubbles (") can be entrained into the nozzle of the printhead, se-
riously disturbing the printing process, as the pressure pulse is then absorbed by the bubble,
rather than leading to jetting.

! The jetting frequency is in fact limited by !uid dynamical instabilities that can occur at the
edge (#) of the nozzle, where the !ow inside the nozzle interacts with that on the nozzle
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Figure 2
Visualization of the series of events and physical processes in inkjet printing, from the ink–piezo actuator interaction (left), via ink
jetting (middle), to the interaction between ink and the receiving substrate (right). The circled numbers refer to the seven fundamental
!uid dynamics challenges referenced in the sections of this review: (!) the !ow and acoustics in the inkjet printhead; (") bubbles that
are entrained into the nozzle and disturb the printing operation; (#) the wetting dynamics on the nozzle plate, including the meniscus,
droplet, and "lm dynamics; ($) the jetting process, including satellite formation; (%) the drop impact and spreading on the substrate;
(&) drop coalescence, drop–"lm interaction, and ink–paper interaction; and (') the evaporation and solidi"cation of the ink.

www.annualreviews.org • Fluid Dynamics in Inkjet Printing 351i) Drops ii) Bubbles iii) Sessile drops iv) Liquid lenses

a)

b)

Figure 1.3: a) Visualization of series of events in inkjet printing. The circled numbers refer to the
seven fundamental fluid dynamics challenges referenced in Lohse (2022). In this work, 6 process is
studied where drops interact with other drops on the substrate. b) Various geometries for coalescence
where we focus on setup iii) Sessile drops. Adapted from Eggers et al. (2024)

tion during the engulfment process. These events occur near singularities, where the
formation of new structures like drops takes place and rapid motion imprints strong
dynamical signatures. The vicinity of such singularities is of special physical and tech-
nological relevance, often displaying a simplified, self-similar structure. This simplifi-
cationmakes the problemmore tractable analytically despite the inherent nonlinearity
and complexity of the governing equations. Coalescence plays a key role in various in-
dustrial applications such as in emulsions (Chesters, 1991), oil recovery (Kavehpour,
2015), inkjet printing (Lohse, 2022), and the collision of dispersed particles (Liao and
Lucas, 2010). Coalescence modeling has also extended into biology to describe the
merging of cell nucleoli and multicellular aggregates (Pokluda et al., 1997; Caragine
et al., 2018).

In coalescence, the motion begins in the singular regime, where the geometry is
fully determined by the initial conditions. Unlike breakup, where the dynamics of-
ten converge to universal scaling laws regardless of geometry, coalescence dynamics
remain sensitive to the imposed shape and configuration. An additional layer of com-
plexity arises from the influence of the outer fluid. Even when the outer phase is of
negligible viscosity, it can significantly affect the dynamics due to confinement within
the narrow gap between the approaching interfaces. In such cases, lubrication effects
become dominant and must be taken into account (Davis et al., 1989; Sprittles, 2024).

A comprehensive understanding of drop coalescence necessitates a breakdown of
the process into distinct stages. First, during the approach phase, two drops come into
proximity, resulting in formation of a small bridge. The coalescence dynamics here
depend non-universally on the impact speed. At small separations, thin-film drainage
and lubrication forces, amplified by rarefied gas effects, become dominant. The sec-
ond stage is reconnection, wheremicroscopic interactions (e.g., van derWaals forces or
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electrostatics) lead to the actual contact or ”jump-to-contact” before geometric over-
lap. The third stage is coalescence where the initial dynamics are driven by surface
tension. A rapidly expanding liquid bridge forms, localized near the meniscus. Al-
though this region follows scaling laws, deviations such as logarithmic corrections
are often observed, and self-similarity is not guaranteed (Eggers et al., 1999; Paulsen,
2013). Finally, in the merging stage, the bulk of the original drops mix to form a uni-
fied drop. Most of the mass transfer occurs here as the drops lose their identity. This
stage is essential for applications requiring homogenization and has been analyzed in
both experimental and theoretical settings (Ashgriz and Poo, 1990; Verdier, 2001).

1.3 Surfactants

‘Surface-active’molecules and/or particles, collectively called ‘surfactants’, control the
initiation, dynamics and behaviour of many natural processes and industrial appli-
cations. Surfactants consist of a hydrophobic tail and a hydrophilic head (Kresheck,
1975). Their presence at the interface introduces an additional surface excess pressure,
ultimately reducing the surface tension of the liquid. One key effect of surfactants
is the generation of Marangoni stresses, which arise from surface tension gradients.
These stresses generally act to oppose interfacial flows and can effectively rigidify
the interface. As a result, surfactants influence a wide range of interfacial phenom-
ena, including film coatings (Shen et al., 2002; Hofsäss and Zhang, 2008), thin films
(Temprano-Coleto and Stone, 2024; Eshima et al., 2024), and the dispersion of surface
waves (Ceniceros, 2003; Sauleda et al., 2022).

The physical manifestation of surfactants extends beyond simple surface tension
reduction. Historical observations of these effects include the “tears of wine” phe-
nomenon, where a liquid film climbs along the wall of a wine glass, evaporates, and
drips tiny droplets due to Marangoni stresses (Hosoi and Bush, 2001; de Gennes et al.,
2003). In industrial context, surfactants enable processes ranging from electrospray
formation from Taylor cones (Taylor, 1964; Ashgriz, 2011) to the stabilization of Lei-
denfrost drops on superheated surfaces (Boerhaave, 1732; Leidenfrost, 1756; Quéré,
2013). These diverse applications underscore the fundamental role of surfactants in
controlling interfacial dynamics across multiple scales and physical regimes.

The coupling between surfactants and hydrodynamics typically occurs through
surfactant isotherms depicting the relationship between interfacial tension and sur-
factant concentration. Some of the most common models are shown in Table 1.1. The
simplest model, Henry’s isotherm, assumes a linear relationship, while more com-
plex models like Langmuir, Frumkin, and van der Waals isotherms capture nonlinear
effects including saturation and intermolecular interactions. These constitutive rela-
tions serve as closure conditions for the coupled hydrodynamic-surfactant transport
problem.
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Table 1.1: Overview of various adsorption isotherms with corresponding source terms and surface
pressures

Isotherm Sads
Γ Sdes

Γ Π

Henry Isotherm 𝑘ads𝐶 𝑘desΓ 𝑅𝑇Γ

Langmuir Isotherm 𝑘ads𝐶
Γ∞ − Γ
Γ∞

𝑘desΓ −𝑅𝑇Γ∞ ln
(
1 − Γ

Γ∞

)
Volmer Isotherm 𝑘ads𝐶

Γ∞ − Γ
Γ∞

𝑘desΓ exp
(

Γ
Γ∞ − Γ

)
𝑅𝑇Γ∞

1 − Γ/Γ∞
Frumkin Isotherm 𝑘ads𝐶

Γ∞ − Γ
Γ∞

𝑘desΓ exp
(
− 𝛽Γ
𝑅𝑇

)
−𝑅𝑇Γ∞ ln

(
1 − Γ

Γ∞

)
Van Der Waals Isotherm 𝑘ads𝐶

Γ∞ − Γ
Γ∞

𝑘desΓ exp
(

Γ
Γ∞ − Γ −

𝛽Γ
𝑅𝑇

)
𝑅𝑇Γ∞

1 − Γ/Γ∞ −
𝛽Γ2

2

1.4 Drop Coalescence in Presence of Surfactants

The coalescence of Newtonian droplets has been extensively studied over the past five
decades and is now well understood (Eggers et al., 2024). Capillary forces drive the
rapid growth of the liquid bridge connecting the drops, eventually merging them into
a single fluid body. However, when sessile drops composed of two different but mis-
cible liquids come into contact, immediate coalescence is not always observed. Under
specific conditions, the liquid bridge remains thin compared to the droplet sizes, and
the two drops remain connected via a neck while moving across the substrate. In this
regime, the droplet with lower surface tension actively pursues the one with higher
surface tension, with full merging occurring only after a considerable delay.

The underlying mechanism behind this delayed coalescence is the interplay between
capillary-driven andMarangoni-driven flows (Karpitschka andRiegler, 2012; Karpitschka
andRiegler, 2014). A surface tension gradient between the droplets induces aMarangoni
flow that counteracts the capillary-induced neck growth by draining the bridge region.
When the Marangoni flow is sufficiently strong, it not only suppresses bridge expan-
sion but also causes the neck to migrate toward the higher-surface-tension droplet.
This creates the striking phenomenon of twin-drop motion, where connected drops
chase each other across the substrate while maintaining a thin connecting bridge.

A systematic experimental study by Bruning et al. (2018) explored the coalescence
behavior of sessile drops containing surfactant solutions, revealing that surfactant-
inducedMarangoni stresses significantly alter the coalescence dynamics. They identi-
fied three distinct non-coalescence modes and demonstrated that the process depends
intricately on surfactant concentration—beyondwhat can be explained by surface ten-
sion difference alone. Despite these insights, the initial bridge scaling and its early-
stage dynamics remain poorly understood, particularly how surfactants modify the
hydrodynamic singularity at contact.

Recent observations of similar phenomena in natural systems, from raindrop coa-
lescence on leaves (Kim et al., 2020; Lohse and Villermaux, 2020) to bubble dynamics
in contaminated liquids, suggest that surfactant-mediated coalescence is ubiquitous.
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Coalescence Non-coalescence

Figure 1.4: Experimental comparison between coalescence and non-coalescence of two liquid drops. In
the coalescence case, there exists no difference in surface tension and the smaller drop merges fully with
the larger one. In contrast, during non-coalescence, the binary drops show a non-coalescent twin drop
movement [Adapted from Karpitschka and Riegler (2012)].

The challenge lies in understanding how the microscale physics near the singularity –
where continuum assumptions may break down – connects to the macroscale obser-
vations of delayed coalescence and non-coalescent motion. This multiscale coupling,
mediated by surfactant transport and Marangoni stresses, forms the central focus of
our investigation.

1.5 Guide Through the Thesis

This thesis is organized as follows. In Chapter 2, we present the overall problem for-
mulation, introduce the governing equations, and identify the key dimensionless pa-
rameters that govern the dynamics. The chapter concludes with a brief description of
the numerical scheme employed to solve the coupled system.

We then proceed to Chapter 3, where we explore the early-stage dynamics of coa-
lescence in the low-𝑃𝑒 regime, characterized by dominant surfactant diffusion. Here
we introduce the concept of a temporal boundary layer and derive analytical scaling
laws for both vertical and horizontal bridge motion.

Chapter 4 serves as an interlude, focusing on the maximum horizontal displace-
ment of the neck. It highlights how the dynamics begin to shift as we transition to-
ward higher 𝑃𝑒 values, revealing non-trivial behavior and the emergence of a critical
surfactant strength.

In Chapter 5, we delve into the high-𝑃𝑒 regime in greater detail. Here, we inves-
tigate the rich and often counterintuitive dynamics arising from strong Marangoni
stresses, including vorticity generation and shock formation. This chapter reveals how
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surfactants can fundamentally alter or even arrest the coalescence singularity.
The thesis concludes with Chapter 6, where we summarize the key findings and

outline potential directions for future research. Lastly, Chapter 7 provides access to
the GitHub repository containing all simulation codes used in this study, which are
open-source and freely available.



2
METHODOLOGY

This chapter formulates the physical problem, derives the governing equations, and
outlines the numerical method to solve the physical problem.

2.1 Problem Formulation

Figure 2.1 shows the physical setup: two viscous sessile drops with identical viscosity
𝜇 placed on a planar substrate. The drops contact at an initial angle 𝜃, with character-
istic radius 𝐿 and height 𝐻.

For small gravitational effects (low Bond number), the drops form spherical caps
with

𝐻 =
𝐿

sin𝜃
(1 − cos𝜃). (2.1)

For small contact angles (𝜃 � 1), a first-order Taylor expansion gives 𝜃 ≈ 2𝐻/𝐿.
A precursor film of thickness ℎ∞ ∼ O(10−4)𝐿 initially separates the drops. Alterna-
tively, a pre-formed liquid bridge of comparable dimensions can be used to initiate
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Figure 2.1: Schematic representation of the initial and intermediate stages of surfactant-mediated co-
alescence between two viscous drops. The left drop is initially laden with surfactants, while the right
drop remains surfactant-free. Surfactants diffuse along the interface with a surface diffusion coefficient
𝐷𝑠 . Both drops have the same viscosity 𝜇, characteristic radius 𝐿, and contact angle 𝜃. The neck height
is denoted by ℎ0 while 𝑤0 denotes the width of the bridge.
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Substrate
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Figure 2.2: Schematic of the two-dimensional lubrication model incorporating surfactant transport.
The figure illustrates the film height profile ℎ(𝑥, 𝑡) and interfacial surfactant concentration Γ(𝑥, 𝑡). A
thin precursor film of thickness ℎ∞ regularizes the contact line singularity.

contact; however, no appreciable difference in the early-time dynamics is observed
between the two configurations. At the non-coalescing side of the drops, the pre-
cursor film also regularizes the contact line singularity while maintaining negligible
spreading rates during the early-time dynamics of interest (Hernández-Sánchez et al.,
2012). While the precursor film influences long-time spreading behaviour, we focus
only on early-time dynamics when the slow spreading contribution can be safely ig-
nored (Hernández-Sánchez et al., 2012).

Surfactants are introduced solely in the left drop and in the adjacent precursor
film. The precursor film is pre-laden with surfactants such that the diffusive flux from
the drop to the film remains minimal compared to the interfacial transport towards
the right drop. The left drop is uniformly coated with surfactants at an initial interfa-
cial concentration Γ0. These surfactants undergo surface diffusion along the interface,
characterized by a diffusion coefficient 𝐷𝑠 . Although 𝐷𝑠 may in general depend on
the local surfactant concentration Γ (Saffman and Delbrück, 1975; Manikantan and
Squires, 2020), we assume it to be constant for this study.

The interfacial tension 𝛾 varies smoothly with the local surfactant concentration
Γ. We adopt Henry’s isotherm, which postulates a linear dependence between surface
tension and surfactant concentration.

2.2 Governing Equations

Given the viscous nature of the fluid and small contact angles, we adopt the lubrication
approximation. We consider a two-dimensional configuration where drops are ap-
proximated as infinitely long cylinders. This assumption is appropriate at early times,
where three-dimensional coalescence dynamics follow the same asymptotic behavior
as the two-dimensional counterpart (Eggers et al., 1999).

More recently, Kaneelil et al. (2022) demonstrated that the three-dimensional in-
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terface evolution exhibits a self-similar form that projects onto a universal curve also
captured by a two-dimensional description. However, surfactant transport along the
interface may show dimensional dependence. The diffusion and redistribution of sur-
factants in three dimensions is expected to deviate from two dimensions. Nonetheless,
as a leading-order approximation, the two-dimensional framework provides a reason-
able description of the system.

To model the coalescence dynamics, we couple the lubrication equation with the
surfactant transport equation describing interfacial advection and diffusion (Oron et
al., 1997; Craster andMatar, 2009). This framework captures the interplay between hy-
drodynamic flowand surface concentration gradients arising fromMarangoni stresses.
Detailed derivations are provided in Appendix A and Appendix B.

The evolution equation for film height under the lubrication approximation is

𝜕𝑡ℎ + ∇ ·
(
− ℎ

3

3𝜇
∇𝑝 + ℎ2

2𝜇
∇𝛾

)
= 0, (2.2)

where the first divergence term represents pressure-driven Poiseuille flow, while the
second captures Marangoni flow due to surface tension gradients (Thiele et al., 2012).
The pressure 𝑝 relates to interface curvature and surface tension through the normal
stress balance,

𝑝 + ∇ · (𝛾∇ℎ) = 0. (2.3)

Here, ℎ = ℎ(𝑥, 𝑡) denotes the local film thickness, 𝑝 is the pressure, 𝛾 is the surface
tension, and 𝜇 is the dynamic viscosity. Temporal and spatial partial derivatives are
denoted by 𝜕𝑡 and 𝜕𝑥 , respectively, while the planar gradient operator is defined as
∇ = (𝜕𝑥 , 𝜕𝑦).

The temporal evolution of interfacial surfactant concentration Γ(𝑥, 𝑡) follows a sur-
face advection-diffusion equation,

𝜕𝑡Γ + ∇𝑠 · (Γ ®𝑢𝑠) − 𝐷𝑠∇2Γ = 0, (2.4)

where 𝐷𝑠 denotes the surface diffusion coefficient and ®𝑢𝑠 is the tangential velocity
along the interface.

The surface gradient operator∇𝑠 projects the spatial gradient onto the local tangent
plane: ∇𝑠 = (I − nn) · ∇, where I is the identity tensor and n is the unit normal vector
to the free surface.

For low surfactant coverage, the constitutive relation for surface tension is

𝛾 = 𝛾0 − 𝑎Γ, 0 < Γ < Γ∞ , (2.5)

where 𝛾0 denotes the surface tension of a clean interface, and 𝑎 = ‖𝜕𝛾/𝜕Γ‖ is the
surfactant strength modulus representing sensitivity of surface tension to surfactant
concentration variations, and Γ∞ denotes the saturation limit beyond which the linear



12 2. Methodology

model becomes invalid.
In the present study, we operate strictly within the regime where Γ(𝑥, 𝑡) remains

below the saturation threshold Γ∞ for all space and time.
Substituting the linear equation of state (Equation (2.5)) into the height evolution

and surfactant transport equations yields the fully coupled system,

𝜕𝑡ℎ + ∇ ·
(
− ℎ

3

3𝜇
∇𝑝 − 𝑎ℎ2

2𝜇
∇Γ

)
= 0, (2.6)

𝑝 + ∇ · (𝛾0∇ℎ − 𝑎Γ∇ℎ) = 0, (2.7)

𝜕𝑡Γ + ∇ ·
(
− 𝑎ℎΓ

𝜇
∇Γ − ℎ2Γ

2𝜇
∇𝑝 − 𝐷𝑠∇Γ

)
= 0. (2.8)

We assume the surface gradient operator ∇𝑠 may be approximated by the planar
gradient ∇, valid in the lubrication limit for small contact angles. The interfacial veloc-
ity 𝑢𝑠 is approximated by the horizontal component of bulk velocity, 𝑢𝑥 |𝑧=ℎ , justified
by the drop geometry.

2.2.1 Non-Dimensional Parameters

We non-dimensionalize equations (2.6), (2.7), and (2.8) using:

ℎ → 𝐿ℎ̃, 𝑥 → 𝐿𝑥̃, 𝑦 → 𝐿𝑦̃, 𝑝 →
(𝛾0

𝐿

)
𝑝̃ , 𝑡 →

(
𝐿
U

)
𝑡 , Γ→ Γ∞Γ̃,

whereU = 𝛾0/𝜇 is the characteristic viscocapillary velocity scale arising from balance
between surface tension and viscous forces, setting the natural timescale 𝐿/U .

Both vertical film height ℎ and horizontal coordinate 𝑥 are rescaled using drop
radius 𝐿, removing dependence on aspect ratio 𝐻/𝐿 which scales with contact angle
𝜃. The governing equations reduce to

𝜕𝑡 ℎ̃ + ∇̃ ·
(
− ℎ̃

3

3
∇̃𝑝̃ − 𝛽

ℎ̃2

2
∇̃Γ̃

)
= 0, (2.9)

𝑝̃ + ∇̃ ·
(
∇̃ℎ̃ − 𝛽Γ̃∇̃ℎ̃

)
= 0, (2.10)

𝜕𝑡 Γ̃ + ∇̃ ·
(
−𝛽 ℎ̃Γ̃∇̃Γ̃ − ℎ̃2

2
Γ̃∇̃𝑝̃ − 1

𝑃𝑒
∇̃Γ̃

)
= 0, (2.11)

For brevity, we omit the tildes (·̃) from this point onwards.

• The surfactant strength number 𝛽 quantifies the strength of surfactant-induced
surface tension gradients relative to clean surface tension:

𝛽 =
𝑎Γ∞
𝛾0

.

• The surface Péclet number 𝑃𝑒 is the ratio of advective to diffusive transport along
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the interface:
𝑃𝑒 =

U𝐿
𝐷𝑠

=
𝛾0𝐿
𝜇𝐷𝑠

.

We note that the contact angle 𝜃 does not explicitly appear in the dimensionless
equations, a direct consequence of scaling both horizontal and vertical coordinates
with the same characteristic length 𝐿. Table 2.1 summarizes all relevant dimensionless
parameters.

Table 2.1: List of dimensionless parameters involved in the problem

Dimensionless parameter Description

𝑃𝑒 (Péclet number) 𝑃𝑒 =
𝛾0𝐿
𝜇𝐷𝑠

Ratio of advection to difussion

of the surfactants

𝛽 (Surfactant strength) 𝛽 =
𝑎Γ∞
𝛾0

Rate of change of surface tension

with surfactant concentration

𝜃 (Contact angle) 𝜃 ≈ 2𝐻
𝐿

Initial angle of contact between drops

2.3 Numerical Scheme

The system of Equations (2.9)–(2.11) is solved using the finite element package PY-
OOMPH (Diddens and Rocha, 2024), built on OOMPH-LIB (Heil and Hazel, 2006) with
symbolic computations via GINAC (Christian Bauer and Kreckel, 2002). The com-
putational domain is discretised with a one-dimensional mesh of line elements. The
scalar fields ℎ, 𝑝, and Γ are represented using quadratic, continuous Lagrangian shape
functions. Time integration employs a second-order backward differentiation formula
(BDF2).

At each time step, the residual vector is assembled from the discretised system.
The Jacobian and mass matrices are computed. An implicit monolithic method solves
the resulting nonlinear system, iteratively updating the solution until convergence.

We perform simulations for various combinations of {𝛽, 𝑃𝑒 , 𝜃}. The initial concen-
tration on the left drop is fixed at Γ0 = 0.8 and the initial contact angle is 20◦, unless
otherwise stated.



3

DROP COALESCENCE: LOW 𝑃𝑒 LIMIT

This chapter examines the limit of 𝑃𝑒 � 1 where surfactant transport is dominated by
diffusion.

3.1 Evolution of the Drop Height

Figure 3.1 illustrates the temporal evolution of the bridge during the coalescence pro-
cess for a system with surfactant strength number 𝛽 = 0.1 and surface Péclet number
𝑃𝑒 = 1. The bridge refers to the connecting liquid region between the two initially dis-
tinct drops, while the neck denotes the location of minimum film thickness 𝑟 = ℎ(𝑡)
within the bridge.

The top interface is color-coded to show the interfacial surfactant concentration
Γ. At low Péclet number, the surfactant profile rapidly diffuses along the interface,
creating spatially uniform surface tension over a short timescale. The characteristic
diffusion time scales as 𝐿2/𝐷𝑠 . Compared to the viscocapillary timescale 𝐿𝜇/𝛾0, uni-
form surface tension is achieved at timescale O(𝑃𝑒). Since 𝑃𝑒 = 1, the plots show times
𝑡 � 𝑡𝑑, where 𝑡𝑑 denotes the time for complete surfactant homogenization.
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Figure 3.1: Time evolution of the drop bridge for 𝛽 = 0.1, 𝑃𝑒 = 1 and 𝜃 = 20◦, showing the sur-
factant concentration Γ(𝑥, 𝑡) (colormap at the top interface) and velocity magnitude ‖®𝑢‖ (background
colormap), overlaid with velocity vectors.
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3.1. Evolution of the Drop Height 15

In this regime, Marangoni stresses vanish due to uniform Γ, and flow is driven
purely by Laplace pressure gradients. The large negative curvature at the neck creates
significantly lower capillary pressure compared to the adjoining drops. This pressure
imbalance drives fluid motion from the bulk drops into the bridge region, promoting
growth. The flow field, shown via velocity vectors, reflects this influx, resulting in
complete coalescence as the bridge radius approaches that of the initial drops. At suf-
ficiently long times, the system behaves analogously to classical coalescence of New-
tonian drops without surfactants.

3.1.1 Early-Time Behavior

To investigate dynamics during initial coalescence stages, we perform simulations in
the regime 𝑡 < 𝑡𝑑, where Marangoni stresses dominate. Figure 3.2 shows the results.
At 𝑡 = 0.1, the surfactant concentration along the interface is highly non-uniform, cre-
ating surface tension gradients. Lower surfactant concentrations near the right drop
lead to higher surface tension in that region. This gradient drives Marangoni flow
toward the right, evident in the velocity vectors at 𝑡 = 0.1.

As time progresses, interfacial diffusion flattens the surfactant profile, weaken-
ing Marangoni stresses. Around 𝑡 = 1.0, surfactant diffusion is nearly complete, and
Laplace pressure from neck curvature begins dominating the dynamics. This causes
pressure-driven flow toward the bridge region, gradually reorienting the velocity field.
By 𝑡 = 2.0, the surfactant distribution is nearly uniform, and the system transitions to
flow governed solely by capillary pressure gradients. The velocity field now shows
symmetric inflow from both sides toward the neck.

Notably, the observed diffusive relaxation timescale aligns with the expected value
𝑡𝑑 ∼ O(𝑃𝑒). Since 𝑃𝑒 = 1, the flattening of the surfactant profile around 𝑡 ≈ 1.0 is
consistent with theoretical predictions.
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Figure 3.2: Early-time evolution of the drop interface for 𝛽 = 0.1, 𝜃 = 20◦ and 𝑃𝑒 = 1. The surfactant
concentration Γ(𝑥, 𝑡) is shown along the interface, while the background colormap and arrows represent
the velocity magnitude ‖®𝑢‖ and flow direction, respectively. At 𝑡 = 0.1, strongMarangoni stresses drive
flow toward the right drop, where surface tension is higher. As time progresses, surfactant diffusion
smooths out the concentration profile, diminishing the Marangoni effect.
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3.1.2 Diffusive Time Scale and the Temporal Boundary Layer

To better understand the early-time dynamics of surfactant transport, we introduce
a temporal boundary layer. This construct is analogous to classical spatial boundary
layers in fluidmechanics, originally proposed by Prandtl (Anderson, 2005), illustrated
schematically in Figure 3.3a). The horizontal axis represents the Péclet number 𝑃𝑒,
while the vertical axis denotes time 𝑡.

Within this framework, surfactant redistribution evolves rapidly over a narrow
temporal region near 𝑡 = 0, forming a diffusive boundary layer in time. Figure 3.3b)
shows the temporal evolution of a representative surfactant concentration profile Γ(𝑥, 𝑡).
The initially non-uniform profile diffuses toward a spatially uniform distribution. Be-
yond the boundary layer, concentration equilibrates to a uniform value given by the
spatial average, Γ =

∫
Γ 𝑑𝑥/∫ 𝑑𝑥 = Γ0/2.

We further characterize the thickness 𝛿 of this temporal boundary layer in terms of
𝑃𝑒. The relevant time scales are the convection time scale 𝑡𝑐 = 𝐿𝜇/𝛾0 and the diffusion
time scale 𝑡𝑑 = 𝐿2/𝐷𝑠 . This gives 𝑡𝑑 = 𝑃𝑒 · 𝑡𝑐 , suggesting that the temporal boundary
layer extent scales as 𝛿 ∼ 𝑃𝑒.

In the asymptotic limit 𝑃𝑒 → 0, we find 𝑡𝑐 � 𝑡𝑑, indicating diffusion-dominated
dynamics. Hence, modeling the system using a temporal boundary layer approxima-
tion captures early-time surfactant transport behavior.

We stress that the relevant advective-diffusive balance near the bridge region is
governed not by the global Péclet number 𝑃𝑒, but by a local Péclet number, 𝑃𝑒local
(Equation 3.1). This distinction arises because the characteristic length scale in the
neck is much smaller than the overall drop radius 𝐿, requiring localized scaling for
transport dynamics.

Uniform
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a) b)

Figure 3.3: (a) Schematic illustration of the temporal boundary layer. The boundary layer thickness
𝛿 scales with the Péclet number as 𝛿 ∼ 𝑓 (𝑃𝑒), and beyond this layer, the surfactant concentration
Γ becomes uniform with an average value Γ0/2. (b) Temporal evolution of the interfacial surfactant
concentration Γ(𝑥, 𝑡) for a representative case.



3.2. Theory 17

We define the local Péclet number as

𝑃𝑒local =
𝐿local
𝐿

𝑃𝑒, (3.1)

where 𝐿local represents the characteristic length scale in the neck region. We identify
𝐿local with the precursor film thickness ℎ∞, chosen as ℎ∞/𝐿 = O(10−4). Substituting
this into the expression for 𝑃𝑒local gives

𝑃𝑒local
𝑃𝑒

= O(10−4),

implying that local surfactant dynamics evolve over a much faster diffusive timescale
than predicted by the global Péclet number. This highlights the need to account for
strong scale separation when analyzing early-time interfacial flows in the neck region.

Given that 𝑃𝑒local � 1, we expand the dependent variables ℎ and Γ in regular
asymptotic series in powers of 𝑃𝑒,

ℎ = ℎ0 + 𝑃𝑒 · ℎ1 + O(𝑃𝑒2),

Γ = Γ0 + 𝑃𝑒 · Γ1 + O(𝑃𝑒2)

Substituting these perturbation expansions into the governing equations for film
height and surfactant concentration, we collect terms at each order of 𝑃𝑒 to obtain a
series of linear evolution equations describing dynamics at leading and higher orders.
The resulting system of equations is analyzed in the following section.

3.2 Theory

3.2.1 Surfactant Profile

Figure 3.3b) shows the evolution of interfacial surfactant concentration Γ(𝑥, 𝑡) over
time for 𝛽 = 0.1, 𝜃 = 20◦ and 𝑃𝑒 = 1. At early times, the surfactant profile is highly
non-uniform, but diffuses toward a uniform state as time progresses. To analyze this
behavior theoretically, we consider a leading-order asymptotic approximation in the
limit 𝑃𝑒local � 1, as previously justified. Under this assumption, the nonlinear advec-
tive term ∇𝑠 · (Γ𝑢𝑠) in the surfactant transport equation is negligible. The governing
equation for the leading-order surfactant profile reduces to a one-dimensional linear
diffusion equation:

𝜕Γ
𝜕𝑡
− 1

𝑃𝑒
𝜕2Γ
𝜕𝑥2 = 0. (3.2)

As an initial condition, we consider a sharp interfacial discontinuity in surfac-
tant concentration, with the left drop initially saturated at Γ = Γ0 and the right drop
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surfactant-free. Accordingly, the initial profile is:

Γ(𝑥, 0) =

Γ0 , 𝑥 < 0,

0, 𝑥 > 0.

This step function captures the initial configuration and allows analytical solution
of Equation (3.2), giving

Γ(𝑥, 𝑡) = Γ0
2

(
1 − erf

(
𝑃𝑒1/2𝑥
2𝑡1/2

))
,

where the error function is defined as

erf(𝑧) = 2√
𝜋

∫ 𝑧

0
𝑒−𝑡2

𝑑𝑡.

This closed-form solution is derived using the method of Laplace transforms, as
detailed in Crank (1979). This expression for Γ(𝑥, 𝑡) is to be used in subsequent steps
to evaluate the corresponding film height ℎ(𝑥, 𝑡) and horizontal velocity field, as dis-
cussed in the following sections.

3.2.2 Height Profile

Figure 3.4 presents the temporal evolution of the neck height ℎ0(𝑡) as a function of
time for various combinations of the dimensionless parameters 𝛽, 𝑃𝑒, and 𝜃. At early
times, the neck height exhibits a linear growth with time, i.e., ℎ0 ∝ 𝑡, as indicated by
the black reference slope. This scaling behavior is consistent with asymptotic results
for viscous drop coalescence (Eggers et al., 1999; Aarts et al., 2005), and holds even
with surfactants present.

At later times, however, the linear scaling begins to break down as the neck grows
to a size comparable to the drop radius. Eventually, the height saturates and ap-
proaches a steady value, with the two drops merging into one.

In addition to confirming the scaling behavior, Figure 3.4 reveals that despite varia-
tions in 𝛽 and 𝑃𝑒, the data collapse into two distinct groups corresponding to different
contact angles: blue-shaded points for 𝜃 = 10◦ and green-shaded points for 𝜃 = 20◦.
This suggests neck height ℎ0 is largely insensitive to surfactant strength number 𝛽 and
Péclet number 𝑃𝑒, but strongly depends on contact angle 𝜃.

Film height evolution is governed by two primary contributions: capillary flux(
ℎ3

3 ∇𝑝
)
, driving vertical flow from curvature-inducedpressure gradients, andMarangoni

flux
(
𝛽 ℎ2

2 ∇Γ
)
, arising from surface tension gradients and acting primarily horizontally.

While the Marangoni term is directed along the interface, it contributes to vertical in-
terface evolution due to finite contact angle 𝜃, which projects a horizontal gradient
into a component normal to the surface.

Despite this coupling, at early times, we invoke the leading-order asymptotic ap-
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Figure 3.4: Temporal evolution of the neck height ℎ0 for various combinations of 𝛽, 𝑃𝑒, and contact
angle 𝜃. The black reference line indicates linear scaling ℎ0 ∝ 𝑡 at early times, consistent with theoretical
predictions for viscous drop coalescence.

proximation in the limit 𝑃𝑒local � 1. Under this expansion, Marangoni flux becomes
negligible to leading order, and the vertical growth of the neck height is driven pri-
marily by capillary effects. In this regime, the governing equations simplify to

𝜕𝑡ℎ − ∇ ·
(
ℎ3

3
∇𝑝

)
= 0, (3.3)

𝑝 + ∇ ·
(
∇ℎ − 𝛽

Γ0
2

(
1 − erf

(
𝑃𝑒1/2𝑥
2𝑡1/2

))
∇ℎ

)
= 0. (3.4)

Equation (3.4) uses the analytical expression for Γ(𝑥, 𝑡) obtained earlier. Although
the Marangoni effect formally appears in the pressure expression, its influence on
height evolution is subdominant at early times.

Previous studies (Hernández-Sánchez et al., 2012; Kaneelil et al., 2022) demon-
strated emergence of self-similarity in early-stage drop coalescence, where dynamics
are governed by a single evolving length scale. In this regime, scaled bridge profiles
collapse onto a universal curve. Motivated by these findings, we seek a similarity so-
lution to our reduced system of equations (3.3) and (3.4).

Consistentwith our numerical observations, we postulate a similarity form inwhich
the film height grows linearly in time:

ℎ(𝑥, 𝑡) = 𝑣𝑡ℋ(𝜍), 𝜍 =
𝑥
𝑣𝑡

, (3.5)

where 𝑣 is a constant to be determined, and ℋ(𝜍) represents the similarity profile of
the liquid bridge.

To proceed analytically, we expand the error function in the pressure term using a
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Figure 3.5: Compensated neck height evolution showing collapse of all data onto a single master curve
when plotted as ℎ0/

[(1 − 𝛽Γ0/2)𝜃4] versus time 𝑡. The red line corresponds to the theoretical prediction
ℎ0 = 0.272 𝑡, derived from similarity analysis with no adjustable parameters.

Taylor series:

erf(𝑧) = 2√
𝜋

(
𝑧 − 𝑧3

3
+ O(𝑧5)

)
,

and retain only the leading-order term. Substituting the similarity ansatz (3.5) into
equations (3.3) and (3.4) yields an ordinary differential equation (ODE) for the simi-
larity profileℋ(𝜍):

ℋ − 𝜍ℋ ′ + 1 − 𝛽Γ0/2
𝑣

(ℋ3ℋ ′′′)′ = 0.

To solve the similarity equation, we recognize that it is a fourth-order ODE con-
taining a single unknown parameter 𝑣. Therefore, a total of five boundary conditions
are required to obtain a unique solution.

Solving this fourth-order ODE requires five boundary conditions. At the bridge
center (𝜍 = 0), we assume interface symmetry, justified by absence of Marangoni
fluxes in the leading-order approximation:

ℋ(0) = 1, ℋ ′(0) = 0, ℋ ′′′(0) = 0.

Far from the neck (𝜍 → ∞), the profile is expected to match the outer solution
corresponding to a linear slope determined by the contact angle 𝜃:

ℋ ′′(∞) = 0, ℋ ′(∞) = 1.

This boundary value problemuniquely determines both the similarity profileℋ(𝜍)
and the dimensionless coalescence velocity 𝑣. Solving numerically using a shooting
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method yields

𝑣 = 0.272
(
1 − 𝛽Γ0

2

)
,

demonstrating that the surfactant effect enters through a linear reduction in coales-
cence rate. The resulting profileℋ(𝜍) captures the self-similar shape of the neck dur-
ing the early-time dynamics.

From the similarity solution, the neck height is predicted to evolve linearly with
time as:

ℎ0 = 𝑣𝑡 = 0.272
(
1 − 𝛽Γ0

2

)
𝑡.

Incorporating dependence on contact angle 𝜃 from the original non-dimensional
formulation gives the corrected scaling law:

ℎ0 = 𝑣𝑡 = 0.272
(
1 − 𝛽Γ0

2

)
𝜃4𝑡.

Figure 3.5 presents the compensated neck height ℎ0/
[(

1 − 𝛽Γ0
2

)
𝜃4

]
versus time.

After rescaling, all data collapse onto a single master curve, validating the theoret-
ical prediction. The red line, corresponding to 0.272𝑡, provides excellent prediction
without adjustable parameters.

Notably, the resulting expression for the neck height in the surfactant-laden case
with low 𝑃𝑒 matches the analytical result derived byHernández-Sánchez et al. (2012),
but with a multiplicative correction factor

(
1 − 𝛽Γ0

2

)
. In the low Péclet number regime,

surfactants primarily reduce effective surface tension. Marangoni stresses, while present,
do not significantly contribute to early-time neck growth.

Highlight

Height of the neck for low 𝑃𝑒, ℎ0 = 0.272
(
1 − 𝛽Γ0

2

)
𝜃4𝑡

3.2.3 Horizontal Movement

We examine horizontal neck motion by tracking the position of the liquid bridge min-
imum, 𝑥0(𝑡). At early times, interfacial surfactant concentration is asymmetric: the left
drop contains surfactant, while the right drop does not. This creates a surface ten-
sion gradient, with the left drop having lower surface tension. The resulting gradient
induces Marangoni stress directed from low to high surface tension, from left to right.

The tangential Marangoni stress is

∇𝑠𝛾 = −𝛽∇𝑠Γ ≈ −𝛽 𝜕Γ
𝜕𝑥

,

where the surface gradient operator ∇𝑠 is approximated by the planar derivative 𝜕𝑥 ,
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Figure 3.6: (a) Evolution of the neck position 𝑥0 as a function of time for various combinations of 𝛽,
𝑃𝑒, and 𝜃. At early times, the data follow a clear 𝑥0 ∝ 𝑡3/2 power law (black line), (b) compensated

plot of 𝑥0 scaled by the theoretical prediction
𝛽𝑃𝑒1/2Γ0𝑣

3
√
𝜋

𝑡3/2. The data collapse onto the theoretical line

(green), confirming the early-time scaling without fitting parameters.

valid in the lubrication limit (see Section 2.2). This Marangoni-driven flow promotes
rightward neck motion.

Simultaneously, spatial variation in surfactant concentration leads to differing sur-
face tensions on the left and right bridge sides, 𝛾1 and 𝛾2 respectively. These variations
create asymmetric Laplace pressure contributions driving flow toward the neck. Since
the right drop has higher surface tension (𝛾2 > 𝛾1), it contributes larger Laplace pres-
sure gradient toward the neck. This pressure imbalance pushes fluid leftward.

The net Laplace pressure driving force across the neck due to surface tension dif-
ference is

Δ𝑝Laplace = (𝛾2 − 𝛾1)∇2ℎ.

While Marangoni forces drive the neck rightward, differential Laplace pressures
oppose this motion. Since the surfactant concentration gradient is initially very steep
near the neck,

𝜕Γ
𝜕𝑥

����
𝑥=0
→∞,

the tangential Marangoni force dominates early-time dynamics. Figure 3.6a) shows
the neck minimum position 𝑥0(𝑡) exhibits power-law scaling with time, following 𝑥0 ∝
𝑡3/2, a direct consequence of Marangoni-driven flow toward higher surface tension.

As time progresses, surfactant diffusion smooths out the concentration gradient,
leading to a gradual decay in Marangoni stresses. Simultaneously, the bridge contin-
ues to evolve asymmetrically, shifting toward the right and creating an imbalance in
Laplace pressure across the neck. While the Marangoni force diminishes, the Laplace
pressure – now driven by interfacial asymmetry – becomes the dominant mechanism.

At later times, this competition arrests forward motion. The neck position 𝑥0(𝑡)
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flattens and reaches a maximum before receding. As shown in Figure 3.6a), this re-
versal marks when the surfactant profile has become uniform and the only remaining
driving force is pressure imbalance from geometrical asymmetry, pushing the neck
leftward.

To further understand early-time horizontalmotion dynamics, we examine tangen-
tial surface velocity at the neck. According to lubrication theory (Oron et al., 1997),
surface velocity along the interface is:

𝑢𝑠 = −𝜕𝑝
𝜕𝑥

ℎ2
0

2
− 𝛽

𝜕Γ
𝜕𝑥

ℎ0.

The first term represents contribution from Laplace pressure gradients, while the
second arises from surface tension gradients (Marangoni stresses). Under the low
Péclet number regime, asymptotic analysis reveals the pressure gradient term is sub-
dominant. Therefore, surface velocity is primarily governed by the Marangoni contri-
bution:

𝑢𝑠 = −𝛽 𝜕Γ
𝜕𝑥

ℎ0

=
𝛽𝑃𝑒1/2Γ0

2
√
𝜋𝑡1/2 ℎ0 exp

(
−𝑃𝑒 𝑥

2

4𝑡

)
.

To derive an analytical expression for neck displacement 𝑥0(𝑡) at early times, we
expand the exponential using Taylor series:

exp(𝑧) = 1 + 𝑧 + 𝑧2

2
+ O(𝑧3).

Substituting ℎ0 = 𝑣𝑡 into the Marangoni-dominated velocity expression and retaining
leading-order terms gives:

𝑢𝑠 =
𝛽𝑃𝑒1/2Γ0

2
√
𝜋𝑡1/2 ℎ0

(
1 − 𝑃𝑒 𝑥2

4𝑡
+ O(𝑃𝑒2)

)
=

𝛽𝑃𝑒1/2Γ0𝑣

2
√
𝜋

𝑡1/2.

Integrating this surface velocity in time gives early-time neck displacement:

𝑥0(𝑡) =
∫ 𝑡

0
𝑢𝑠(𝜏) 𝑑𝜏 =

𝛽𝑃𝑒1/2Γ0𝑣

3
√
𝜋

𝑡3/2.

This confirms the power-law behavior 𝑥0 ∝ 𝑡3/2 observed in simulations (Fig-
ure 3.6a). Figure 3.6b) shows a compensated plot of 𝑥0 with theoretical prediction

𝑡3/2

3
√
𝜋
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as reference. Agreement between theory and numerics is excellent without adjustable
parameters.

Highlight

Moving front of the neck for low 𝑃𝑒, 𝑥0 =
𝛽𝑃𝑒1/2Γ0𝑣

3
√
𝜋

𝑡3/2

3.3 Summary

This chapter examined coalescence dynamics of surfactant-laden viscous drops in the
low Péclet number limit. Surfactant diffusion rapidly homogenizes surface tension,
suppressing Marangoni effects at late times. Neck height evolves as

ℎ0 =
(
1 − 𝛽Γ0

2

)
𝜃4𝑡 ,

consistent with classical viscous coalescence but corrected for reduced surface tension.
At early times, Marangoni-driven flow displaces the neck horizontally as 𝑥0 ∝ 𝑡3/2

before reversing due to asymmetric Laplace pressure. Analytical predictions matched
simulations without fitting parameters.



4
INTERMEZZO: MAXIMUM HORIZONTAL

MOVEMENT

The horizontal displacement dynamics introduced in Section 3.2.3 reveal a turning
point after surfactant redistribution completes. In this chapter, we focus on this turn-
ing behavior by investigating the point of maximum neck displacement, which occurs
when the surfactant gradient vanishes and only geometric asymmetry remains.

Figure 4.1 shows the interface and velocity field evolution for 𝛽 = 0.9, 𝜃 = 20◦,
and 𝑃𝑒 = 10. The top panels display surfactant concentration Γ with velocity vectors,
while the bottom panels highlight the dominant flow mechanisms.
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<latexit sha1_base64="ng8TlVbFo2J+Mshf2Rx87L3REJU=">AAACLXicbVDLSgMxFM3Ud321unQTLIIIlhmR6kYQXehGqGBtoR0lk7m1oZnMkNwRyuBHuNWP8GtcCOLW3zDTdqGtBwKHc87l3pwgkcKg6344hZnZufmFxaXi8srq2nqpvHFr4lRzaPBYxroVMANSKGigQAmtRAOLAgnNoH+e+81H0EbE6gYHCfgRe1CiKzhDKzWRnlC827svVdyqOwSdJt6YVMgY9fuyU+qEMU8jUMglM6btuQn6GdMouISnYic1kDDeZw/QtlSxCIyfDe99ojtWCWk31vYppEP190TGImMGUWCTEcOemfRy8T+vnWL32M+ESlIExUeLuqmkGNP88zQUGjjKgSWMa2FvpbzHNONoK/qzJVWCxyHsj1YVOwYwp/m92Q206MVAA63bpJSMXuUh26E32dg0uT2oerVq7fqwcno2bnORbJFtsks8ckROySWpkwbhpE+eyQt5dd6cd+fT+RpFC854ZpP8gfP9AydXptE=</latexit>𝑡 = 𝑡∗<latexit sha1_base64="krmWU7xshhrsH/S2qMh40YDcOSE=">AAACLXicbVDLSgMxFM3Ud321unQTLIIglhmR6kYQXehGqGBtoR0lk7m1oZnMkNwRyuBHuNWP8GtcCOLW3zDTdqGtBwKHc87l3pwgkcKg6344hZnZufmFxaXi8srq2nqpvHFr4lRzaPBYxroVMANSKGigQAmtRAOLAgnNoH+e+81H0EbE6gYHCfgRe1CiKzhDKzWRnlD3bu++VHGr7hB0mnhjUiFj1O/LTqkTxjyNQCGXzJi25yboZ0yj4BKeip3UQMJ4nz1A21LFIjB+Nrz3ie5YJaTdWNunkA7V3xMZi4wZRIFNRgx7ZtLLxf+8dordYz8TKkkRFB8t6qaSYkzzz9NQaOAoB5YwroW9lfIe04yjrejPllQJHoewP1pV7BjAnOb3ZjfQohcDDbRuk1IyepWHbIfeZGPT5Pag6tWqtevDyunZuM1FskW2yS7xyBE5JZekThqEkz55Ji/k1Xlz3p1P52sULTjjmU3yB873D7C3po4=</latexit>𝑡 = 0+

Figure 4.1: Flow field and surfactant concentration evolution near the neck at early and intermediate
times for 𝛽 = 0.9, 𝜃 = 20◦, and 𝑃𝑒 = 10. (Top) Velocity magnitude and vector fields overlaid on sur-
factant concentration at 𝑡 = 0+ and at the turning point 𝑡 = 𝑡∗. (Bottom) Schematic representations
of the dominant forces.
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Low Intermediate High
<latexit sha1_base64="1cQrn7trv3w3Ukagd8hl4gmDojI=">AAACMHicbVDLSgNBEJyNrxhfiR69DAbBi2FXJHoMetCLsEJemIQwO+kkQ2ZnlplZISz5C6/6EX6NnsSrX+FskoNJbGgoqqup7goizrRx3U8ns7a+sbmV3c7t7O7tH+QLh3UtY0WhRiWXqhkQDZwJqBlmODQjBSQMODSC0W06bzyD0kyKqhlH0AnJQLA+o8RY6qkdKRkZiX3o5otuyZ0WXgXeHBTRvPxuwcm3e5LGIQhDOdG65bmR6SREGUY5THLtWENE6IgMoGWhICHoTjI9eYJPLdPDfalsC4On7N+NhIRaj8PAKkNihnp5lpL/zVqx6V93Eiai2ICgM6N+zLF9Mv0f95gCavjYAkIVs7diOiSKUGNTWnCJBaOyB+czq1xbg0lhem9ShSa+GyvAvlVyTvBDKrIZesuJrYL6Rckrl8qPl8XKzTzNLDpGJ+gMeegKVdA98lENUSTQC3pFb8678+F8Od8zacaZ7xyhhXJ+fgH/LqjX</latexit>∝ 𝑃𝑒<latexit sha1_base64="1cQrn7trv3w3Ukagd8hl4gmDojI=">AAACMHicbVDLSgNBEJyNrxhfiR69DAbBi2FXJHoMetCLsEJemIQwO+kkQ2ZnlplZISz5C6/6EX6NnsSrX+FskoNJbGgoqqup7goizrRx3U8ns7a+sbmV3c7t7O7tH+QLh3UtY0WhRiWXqhkQDZwJqBlmODQjBSQMODSC0W06bzyD0kyKqhlH0AnJQLA+o8RY6qkdKRkZiX3o5otuyZ0WXgXeHBTRvPxuwcm3e5LGIQhDOdG65bmR6SREGUY5THLtWENE6IgMoGWhICHoTjI9eYJPLdPDfalsC4On7N+NhIRaj8PAKkNihnp5lpL/zVqx6V93Eiai2ICgM6N+zLF9Mv0f95gCavjYAkIVs7diOiSKUGNTWnCJBaOyB+czq1xbg0lhem9ShSa+GyvAvlVyTvBDKrIZesuJrYL6Rckrl8qPl8XKzTzNLDpGJ+gMeegKVdA98lENUSTQC3pFb8678+F8Od8zacaZ7xyhhXJ+fgH/LqjX</latexit>∝ 𝑃𝑒

Figure 4.2: Scaling of maximum horizontal displacement 𝑥 𝑓 normalized by 𝛽 as a function of Péclet
number 𝑃𝑒, shown for a range of surfactant strengths 𝛽.

At 𝑡 → 0+, the large surfactant gradient 𝜕Γ/𝜕𝑥 � 1 generates strong Marangoni
stresses (→) directed rightward. Additionally, surface tension asymmetry creates
Laplace pressure differences: the left drop with lower surface tension contributes less
pressure (→) than the right drop (←). The nearly symmetric drops at this instant
generate asymmetry solely from surface tension differences.

At a later time 𝑡 = 𝑡∗, complete surfactant diffusion produces uniform concentra-
tion near the neck, eliminating Marangoni forces. However, prior bridge movement
creates geometric asymmetry that drives asymmetric Laplace pressure distribution.
The neck reaches itsmaximumhorizontal position 𝑥 𝑓 before reversing due to this pres-
sure imbalance.

After reaching maximum displacement, the dynamics resemble asymmetric coa-
lescence described by Hernández-Sánchez et al. (2012). In the next section, we exam-
ine how 𝑥 𝑓 scales with the Péclet number.

4.1 Scaling Laws in the Low 𝑃𝑒 Regime

Themaximumhorizontal displacement 𝑥 𝑓 increasesmonotonicallywith 𝑃𝑒 in the low-
𝑃𝑒 regime (Figure 4.2). Larger 𝑃𝑒 extends the diffusive timescale 𝑡𝑑 = 𝑃𝑒 ·𝑡𝑐 , sustaining
Marangoni stresses longer and increasing rightward neck motion.

To further highlight this scaling, we plot 𝑥 𝑓 /𝛽 versus 𝑃𝑒. The collapse of data in the
low 𝑃𝑒 regime indicates that the surfactant strength enters linearly into theMarangoni
force.

To understand this behavior physically, we examine the vertical velocity scale of the
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bridgemeniscuswhich can be approximated using the characteristic capillary velocity:

V⊥ ∼ 𝛾0

𝜇
,

In the horizontal direction, the flow is primarily driven by Marangoni stresses,
which give rise to a characteristic interfacial velocity scale, denotedV‖ . This velocity
scale can be estimated by the stress-free boundary condition at the interface, as de-
scribed in Berg (2009), Eshima et al. (2024), and Temprano-Coleto and Stone (2024):

𝜇
𝜕𝑢
𝜕𝑧

= −𝑎 𝜕Γ
𝜕𝑥

⇒V‖ ∼ 𝑎Γ∞
𝜇

.

We have previously seen that the diffusive timescale as 𝑡𝑑 =
𝐿2

𝐷𝑠
. Using this, the

maximum horizontal displacement of the neck can be estimated as:

𝑥∗𝑓 ∼ V‖ · 𝑡𝑑 ∼
𝑎Γ∞
𝜇
· 𝐿

2

𝐷𝑠
.

Normalizing by the drop radius 𝐿, we obtain:

𝑥 𝑓 ∼ 𝛽𝑃𝑒.

This scaling confirms that the horizontal displacement 𝑥 𝑓 grows linearly with the
Marangoni number 𝑀𝑎 = 𝛽𝑃𝑒 (the product of the surfactant strength number 𝛽 and
Péclet number 𝑃𝑒), consistent with the numerical trend in Figure 4.2.

Highlight

Maximum horizontal movement of the neck for low 𝑃𝑒, 𝑥 𝑓 ∼ 𝛽𝑃𝑒

4.2 Non-Monotonic Behaviour

Figure 4.2 reveals non-monotonic behavior in 𝑥 𝑓 versus 𝑃𝑒. While 𝑥 𝑓 increases with
𝑃𝑒 at low values due to prolonged Marangoni activity, the trend reverses beyond a
critical point.

Interestingly, this non-monotonicity emerges only above a critical surfactant strength
number 𝛽𝑐 . For 𝜃 = 20◦, 𝛽𝑐 ≈ 0.15. Above this threshold, 𝑥 𝑓 growsmonotonically with
𝑃𝑒; below it, 𝑥 𝑓 peaks then decreases with further increases in 𝑃𝑒.

In the limit 𝑃𝑒 → ∞ where diffusion vanishes and the surfactant field remains
frozen, the system exhibits a sharp transition between coalescence (𝑥 𝑓 � 1) and non-
coalescent motion (finite 𝑥 𝑓 ) depending on whether 𝛽 < 𝛽𝑐 or 𝛽 > 𝛽𝑐 . This transi-
tion parallels observations in binary drops by Karpitschka and Riegler (2014), where
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Figure 4.3: Comparison of velocity fields and surfactant concentration profiles at 𝑡 = 30 for two cases
with 𝑃𝑒 = 1000 and 𝜃 = 20◦. (Left) For 𝛽 = 0.5 > 𝛽𝑐 , the neck has significantly displaced rightward,
consistent with strong sustained Marangoni forcing. (Right) For 𝛽 = 0.1 < 𝛽𝑐 , despite similar right-
ward velocity fields, the neck remains near 𝑥 = 0.

Marangoni stresses drive abrupt coalescence behavior changes. The binary drop case,
lacking diffusive transport, represents the 𝑃𝑒 →∞ limit of our system.

Figure 4.3 further exemplify this bifurcation-type dynamics by comparing the ve-
locity vectors and surfactant concentration for 𝛽 = 0.5 > 𝛽𝑐 and 𝛽 = 0.1 < 𝛽𝑐 at
𝑃𝑒 = 1000, 𝜃 = 20◦, and 𝑡 = 30. Both cases show predominantly rightward flow from
surface tension gradients. For 𝛽 = 0.5, the neck moves with the flow, showing signifi-
cant horizontal displacement. For 𝛽 = 0.1, the neck remains near 𝑥 = 0 despite similar
flow directions.

In the high-𝑃𝑒 regime, Marangoni forces displace the neck only when 𝛽 > 𝛽𝑐 . The
underlying mechanisms are examined in the next chapter.

4.3 Summary

We analyzed the maximum horizontal displacement 𝑥 𝑓 of the neck. At low 𝑃𝑒, 𝑥 𝑓

scales as 𝛽𝑃𝑒, driven by sustained Marangoni stresses. Non-monotonic behavior in 𝑥 𝑓

emerges beyond a critical surfactant strength 𝛽𝑐 , marking a sharp transition between
coalescence and non-coalescence. This mirrors binary drop observations, correspond-
ing to the 𝑃𝑒 →∞ limit. Flow visualizations confirm that neck motion in the high-𝑃𝑒
regime requires 𝛽 > 𝛽𝑐 .
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DROP NON-COALESCENCE: HIGH 𝑃𝑒 LIMIT

The previous chapter revealed non-monotonic behavior of neck displacement 𝑥 𝑓 with
Péclet number 𝑃𝑒. This chapter examines the physical origins by comparing two rep-
resentative cases:

• Case (a): 𝛽 = 0.1, 𝑃𝑒 = 1000, 𝜃 = 20◦

• Case (b): 𝛽 = 0.5, 𝑃𝑒 = 1000, 𝜃 = 20◦

Both configurations lie in the high-𝑃𝑒 regime (Figure 4.2). However, Case (a)
shows decreasing 𝑥 𝑓 with increasing 𝑃𝑒, while Case (b) shows the opposite. This
comparison reveals the mechanisms driving non-monotonic neck motion.

5.1 Escape from Non-Coalescence

In the low-𝑃𝑒 regime, diffusion dominates convection. Surfactants uniformly reduce

bridge surface tension by
(
1 − 𝛽Γ0

2

)
(Section 3.2.2), yielding symmetric capillary-driven

evolution.
We now consider the high-𝑃𝑒 case: 𝛽 = 0.5, 𝑃𝑒 = 1000, 𝜃 = 20◦ (Figure 4.2). The

surfactant concentration (Figure 5.1, middle panel) remains nearly uniform for 𝑥 < 0,
exhibits a steep gradient in 0 < 𝑥 < 0.5, and drops to zero beyond.

This localized gradient region drives Marangoni transport. To analyze the flow re-
sponse here, we examine the surface velocity 𝑢𝑠 , decomposed into contributions from
Laplace pressure gradients and Marangoni stresses as

𝑢𝑠 = −𝜕𝑝
𝜕𝑥

ℎ2

2︸  ︷︷  ︸
Laplace

+

Marangoni︷  ︸︸  ︷
−𝛽 𝜕Γ

𝜕𝑥
ℎ .

At low 𝑃𝑒, as shown through the perturbation analysis, the contribution of the
Laplace term in the surface velocity 𝑢𝑠 is negligible compared to the Marangoni term.
However, in the high-𝑃𝑒 regime, both components contribute at the same order of

29
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Figure 5.1: Decomposition of surface velocity and resulting Marangoni stress for 𝛽 = 0.5, 𝑃𝑒 =
1000, and 𝜃 = 20◦. (Top) Tangential velocity 𝑢𝑠 (blue), Laplace contribution −∇𝑝 ℎ2/2 (orange),
and Marangoni term −𝛽∇Γ ℎ (purple). (Middle) Monotonic surfactant concentration profile Γ(𝑥)
resulting from continuous rightward convection. (Bottom) Marangoni stress 𝑇(𝑥) shows a single
pronounced peak, leading to unidirectional rightward motion of the neck.
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magnitude. The Laplace term is negative (opposing flow), while the Marangoni term
is positive (Figure 5.1).

For the case 𝛽 = 0.5, 𝑃𝑒 = 1000, Marangoni stress maintains 𝑢𝑠 > 0 everywhere,
driving continuous rightward surfactant convection. The concentration profile be-
comes monotonic (Figure 5.1, middle panel), decreasing steadily from left to right.

The Marangoni stress driving this behavior is:

𝑇 = − 𝛽

1 − Γ
𝜕Γ
𝜕𝑥

.

Here, we stress that the term 1−Γ accounts for surfactant coverage. Under lubrication
approximation, the surface gradient reduces to 𝜕Γ/𝜕𝑥. The stress exhibits a single peak
near the surfactant front (Figure 5.1, bottom panel), driving persistent rightward neck
motion.

In contrast to the above scenario, for 𝛽 = 0.1 (Figure 5.2), the weaker Marangoni
contribution −𝛽∇Γℎ cannot overcome the negative Laplace pressure term. The net
surface velocity becomes negative near 𝑥 ≈ 0.2. Negative 𝑢𝑠 drives leftward surfactant
advection. While surfactants convect rightward for 𝑥 < 0, they move leftward for
𝑥 > 0.2. This bidirectional transport accumulates surfactants in the intermediate zone,
creating a non-monotonic profile with a local peak (Figure 5.2, middle panel).

This non-monotonicity generates Marangoni stress with two opposing peaks (Fig-
ure 5.2, bottom panel). The net driving force depends on their imbalance, resulting in
weakened, symmetric Marangoni response that slows horizontal neck displacement.
As 𝑃𝑒 increases for fixed 𝛽 = 0.1, the negative peak strengthens, further reducing 𝑥 𝑓 .
This explains the non-monotonic behavior for 𝛽 < 𝛽𝑐 in Figure 4.2.

The negative Marangoni stress peak magnitude increases with 𝑃𝑒 due to intensi-
fied leftward advection in the 𝑥 > 0.2 region. This sharpens surfactant accumulation
and concentration gradients. Themechanism driving consistent growth of negative 𝑢𝑠
with 𝑃𝑒 at fixed 𝛽 < 𝛽𝑐 requires further investigation.

5.1.1 Vorticity Generation at the Free Surface

Marangoni stresses induce flow reversal on the right neck side within a thin boundary
layer. These stresses strengthen over time, causing flow separation and vortex ring
formation near the interface.

This naturally raises the question: can the escape from non-coalescence be under-
stood as a coherent physical process governed by a common mechanism? To explore
this idea, it is useful to recognize that the formation of a boundary layer within an oth-
erwise potential flow is closely associated with the generation of vorticity 𝜔 = ∇ × ®𝑢.
The role of boundary layers in introducing vorticity into free-surface flows has been
widely examined in the literature (Rood, 1994; Lundgren and Koumoutsakos, 1999).

Figure 5.3 shows strong vorticity accumulation for 𝛽 = 0.1 but none for 𝛽 = 0.5.
This vorticity flux arises from negative Marangoni stress, injecting vorticity into the
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Figure 5.2: Surface velocity decomposition and surfactant dynamics for 𝛽 = 0.1, 𝑃𝑒 = 1000, and
𝜃 = 20◦. (Top) The Laplace contribution (orange) dominates over the weaker Marangoni term (pur-
ple), resulting in a negative surface velocity 𝑢𝑠 (blue) near 𝑥 ≈ 0.2, leading to leftward advection in
that region. (Middle) Surfactant concentration Γ(𝑥) exhibits a non-monotonic peak due to opposing
transport directions. (Bottom) Marangoni stress 𝑇(𝑥) displays two peaks of opposite sign, weakening
net interfacial driving and reducing neck displacement.
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Figure 5.3: Vorticity field 𝜔 near the neck region for two cases at 𝑃𝑒 = 1000 and 𝜃 = 20◦. (a) For
𝛽 = 0.1, strong vorticity generation is observed near the neck. (b) For 𝛽 = 0.5, vorticity generation is
minimal near the neck, and flow separation is not observed.

boundary layer. The presence or absence of this vorticity accumulation acts as a kind
of fingerprint check for whether a drop can escape non-coalescence. Sufficient vortic-
ity generation enables backflow within the boundary layer to refill the neck, prevent-
ing non-coalescence by linking localized interfacial stresses to macroscopic fluid rear-
rangement.

Interestingly, Kamat et al. (2020) reported a similar phenomenon filament pinch-
off. Highly stretched, low-viscosity filaments exceeding critical aspect ratio undergo
localized end-pinching, creating daughter droplet cascades. However, the addition of
surfactants suppress this behavior, allowing escape from end-pinching.

The common feature underlying these escape phenomena is the generation of vor-
ticity at curved, surfactant-laden interfaces. Hoepffner and Paré (2013) showed this
mechanismmodifies classical vorticity balancewithin deforming volume𝑉(𝑡) enclosed
by free surface 𝑆(𝑡):

𝐷
𝐷𝑡

∫
𝑉(𝑡)

𝜔 𝑑𝑉 =
∫
𝑉(𝑡)

𝜔 ·∇®𝑢 𝑑𝑉+2𝑂ℎ
∫
𝑆(𝑡)

e𝜃n ·∇
(
𝜕𝑢𝑛
𝜕𝑠
− 𝜅𝑡𝑢𝑡

)
𝑑𝑆+

∫
𝑆(𝑡)

e𝜃n ·∇(−𝑇) 𝑑𝑆.

Here 𝑂ℎ = 𝜇/√𝜌𝐿𝛾 is the Ohnesorge number, e𝜃 the azimuthal unit vector, and
𝜅𝑡 the principal curvature. The final term introduces surface-based vorticity gener-
ation from Marangoni stress, confirming large negative 𝑇 drives interfacial vorticity
accumulation enabling escape from non-coalescence.

Highlight

Below 𝛽𝑐, negative Marangoni stresses generate vorticity that arrests the
horizontal motion of the neck even at 𝑃𝑒 →∞.
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Figure 5.4: Formation and evolution of a kinematic shock in the high-𝑃𝑒 limit for 𝛽 = 0.1, 𝑃𝑒 = 106,
and 𝜃 = 20◦. (Left) At 𝑡 = 10, a sharp surfactant front forms near 𝑥 ≈ 0.1, accompanied by a
discontinuity in the velocity magnitude ‖®𝑢‖. (Right) By 𝑡 = 20, this shock has propagated further to
the right, maintaining a steep velocity gradient and a discontinuous drop in surfactant concentration.

5.2 Shock Solutions at High 𝑃𝑒

We now investigate the system behavior in the asymptotic high Péclet number limit.
Figure 5.4 shows bridgemeniscus evolution for 𝛽 = 0.1, 𝑃𝑒 = 106, 𝜃 = 20◦. Since 𝛽 < 𝛽𝑐 ,
the bridge moves vertically upward rather than horizontally. However, a striking new
phenomenon emerges: a kinematic shock forms and propagates rightward along the
free surface.

The shock appears as a flow field discontinuity in both panels of Figure 5.4. Veloc-
itymagnitude | ®𝑢 | jumps sharply at the shock front, implying a corresponding pressure
jump. The shock coincides with where surfactant concentration Γ drops to zero.

As 𝑃𝑒 → ∞, negligible diffusion yields purely convective transport, forming a
sharp concentration front separating surfactant-laden and surfactant-free regions. At
front position 𝑥 = 𝑥𝑠(𝑡): ahead (𝑥 = 𝑥+𝑠 ), Γ = ∇Γ = 0 and 𝑢𝑠(𝑥+𝑠 , 𝑡) = 𝑢+𝑠 = 0; behind
(𝑥 = 𝑥−𝑠 ), finite concentration yields nonzero velocity 𝑢𝑠(𝑥−𝑠 , 𝑡) = 𝑢−𝑠 . This discontinu-
ity characterizes nonlinear kinematic wave propagation (Whitham, 1974; Gaver and
Grotberg, 1990). This shock-like behavior is a distinct feature of the high-𝑃𝑒 regime,
where sharp convective fronts form in the absence of diffusion.

5.3 1/𝑃𝑒 = 0 Limit

Examining 𝑃𝑒 →∞ by neglecting diffusion reduces the surfactant equation to:

𝜕𝑡Γ + ∇𝑠 · (Γ𝑢𝑠) = 0.
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Figure 5.5: Dynamics of the surfactant-laden drops in the convection-dominated limit (1/𝑃𝑒 = 0)
with 𝛽 = 0.1 and 𝜃 = 20◦. (a) Height profiles ℎ(𝑥, 𝑡) at different times showing negligible vertical
motion of the neck. (b) Surfactant concentration Γ(𝑥, 𝑡) remains sharply divided with a steep front that
advects over time. (c) Temporal evolution of the horizontal neck position 𝑥0(𝑡) initially follows a linear
law (𝑥0 ∝ 𝑡).

Figure 5.5 shows the system evolution under this condition. Panel (a) presents
interface height profiles; panel (b) shows surfactant concentration evolution. The neck
height remains nearly stationary, resembling Karpitschka and Riegler (2012)’s stable
twin-drop configuration.

The lack of neck evolution removes one of the characteristic length scales of the
problem, leaving only the horizontal displacement 𝑥0, which initially scales linearly
with time as 𝑥0 ∝ 𝑡 (Figure 5.5c). At later times, however, 𝑥0 deviates from this linear
behavior as the neck flattens and a steady thin film region emerges between the drops.

Without diffusion, the surfactant profile remains sharply segregated: constant Γ0

on the left, zero on the right. This abrupt transition persists through advection alone.
Even in the 1/𝑃𝑒 = 0 limit, a kinematic shock is observed at the surfactant front. One
compelling explanation for the existence of such a shock comes from a mathematical
perspective. Thess et al. (1995) derived a one-dimensional formulation for Stokes flow
with surfactant transport using Fourier transforms, yielding:

𝑢𝑠(𝑥, 𝑡) = 𝛽

2𝜋
p.v.

∫ ∞

−∞
Γ(𝑥′, 𝑡)
𝑥 − 𝑥′ 𝑑𝑥

′ =
𝛽

2
𝐻[Γ],

where p.v. denotes the Cauchy principal value and 𝐻[·] represents the Hilbert trans-
form operator.

Substituting into the surfactant transport equation yields a closed nonlinear con-
servation law:

𝜕Γ
𝜕𝑡
+ 𝛽

2
𝜕

𝜕𝑥
(𝐻[Γ] · Γ) = 0, Γ(𝑥, 𝑡 = 0) = Γ0(𝑥).

In the context of Marangoni-driven flows, Crowdy (2021) recently presented a
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complex-variable formulation introducing a complex-dependent variable 𝜓, given by

𝜓 = 𝑢𝑠 + 𝑖Γ = 𝐻[Γ] + 𝑖Γ,

satisfying

𝜕𝜓

𝜕𝑡
+ 𝛽𝜓

2
𝜕𝜓

𝜕𝑥
= 0, 𝜓(𝑥, 𝑡 = 0) = 𝜓0(𝑥) = 𝐻[Γ0(𝑥)] + 𝑖Γ0(𝑥),

where 𝜓(𝑧, 𝑡) must be a lower-analytic complex function in the complex variable 𝑧 =

𝑥 + 𝑖𝑦.
This complex inviscid Burgers equation develops shock discontinuities from smooth

initial conditions. Shocks in 𝜓 create sharp surfactant fronts and surface velocity dis-
continuities. Our lubrication formulation, approximating Stokes equations, may admit
similar complex-analytic structures and shock solutions.

5.3.1 Similarity Transform

We explore self-similar solutions at infinite Péclet number by adopting a similarity
ansatz that assumes the height and surfactant fields as:

ℎ(𝑥, 𝑡) = ℎ0(𝑡)𝐻(𝜍), Γ(𝑥, 𝑡) = Γ0(𝑡)Φ(𝜍),

where the similarity variable 𝜍 is defined in a co-moving frame centered at the neck
and scaled by the evolving horizontal extent 𝛿(𝑡):

𝜍 =
𝑥 − 𝑥0(𝑡)

𝛿(𝑡) .

We start from the evolution equation for the film height:

𝜕𝑡ℎ + ∇ ·
(
− ℎ

3

3
∇𝑝 − 𝛽

ℎ2

2
∇Γ

)
= 0.

Using the chain rule, the temporal derivative becomes:

𝜕𝑡ℎ = ¤ℎ0(𝑡)𝐻(𝜍) − ℎ0(𝑡)𝐻′(𝜍)
( ¤𝑥0(𝑡)
𝛿(𝑡) +

(𝑥 − 𝑥0(𝑡)) ¤𝛿(𝑡)
𝛿2(𝑡)

)
.

Consequently, the Marangoni term simplifies to:

𝛽
ℎ2

2
∇Γ =

𝛽 ℎ2
0(𝑡)Γ0(𝑡)𝐻2(𝜍)

2 𝛿(𝑡) Φ′(𝜍).

Furthermore, the pressure field is given by:

𝑝 = −∇ · (∇ℎ − 𝛽 Γ∇ℎ) ,
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which in terms of similarity variables expands to:

𝑝 = − (1 − 𝛽 Γ0(𝑡)Φ(𝜍)) ℎ0(𝑡)𝐻′′(𝜍) 1
𝛿2(𝑡) + 𝛽 Γ0(𝑡)Φ′(𝜍) ℎ0(𝑡)𝐻′(𝜍) 1

𝛿2(𝑡)
=

𝛽 ℎ0(𝑡)Γ0(𝑡) (Φ(𝜍)𝐻′′(𝜍) +Φ′(𝜍)𝐻′(𝜍)) − ℎ0(𝑡)𝐻′′(𝜍)
𝛿2(𝑡) .

We seek similarity solutions to the governing equations by proposing power-law
scaling for each of the time-dependent amplitudes:

ℎ0(𝑡) = 𝑡𝑎 , Γ0(𝑡) = 𝑡𝑏 , 𝑥0(𝑡) = 𝑡𝑐 , 𝛿(𝑡) = 𝑡𝑑 .

For exact similarity solutions to exist, the exponents must balance across all terms
in the evolution equations. We obtain the following set of exponents: 𝑎 = 1, 𝑏 = 0,
𝑐 = 1, and 𝑑 = 1.

These results are consistent with numerical observations. The scaling 𝑥0 ∝ 𝑡 agrees
well with the numerical results shown in Figure 5.5c), where the neck displacement
grows linearly in time. The exponent 𝑏 = 0 suggests that Γ0 remains constant, which
is expected in the high-𝑃𝑒 regime where diffusion is absent. The assumption ℎ0 ∝ 𝑡,
however, is delicate. Numerically, the neck height appears nearly constant, but for the
sake of analytical tractability, we proceed with ℎ0 = 𝑣𝑡, where 𝑣 � 𝑢, and 𝑢 denotes
the horizontal velocity scale.

With these assumptions, the similarity ansatz becomes:

ℎ(𝑥, 𝑡) = 𝑣𝑡 𝐻(𝜍), Γ(𝑥, 𝑡) = Γ0 Φ(𝜍),

with the similarity variable defined as:

𝜍 =
𝑥 − 𝑢𝑡
𝑣𝑡

.

Substituting these expressions into the height and surfactant transport equations,
we arrive at the following coupled similarity ODE system:

−(𝑣𝜍 + 𝑢)𝐻′ + 𝑣𝐻 +
(
𝐻3

3 (𝐻
′′ − 𝛽Γ0(Φ𝐻′′ +Φ′𝐻′))′ − 𝛽Γ0

2
𝐻2Φ′

)′
= 0,

−(𝑣𝜍 + 𝑢)Γ0Φ′ +
(
−𝛽Γ2

0𝐻ΦΦ′ − Γ0
2
𝐻2Φ (𝐻′′ − 𝛽Γ0(Φ𝐻′′ +Φ′𝐻′))′

)′
= 0.

The validity and structure of this similarity system still require further investiga-
tion.

5.3.2 Traveling Wave Solutions

In the case of binary drops, Karpitschka and Riegler (2012) demonstrated both exper-
imentally and theoretically that the balance between advective and diffusive volume
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fluxes in the neck region leads to a localized, temporarily stable surface tension gra-
dient. This gradient induces a persistent Marangoni flow along the interface, which
in turn stabilizes a traveling-wave-like configuration (Boatto et al., 1993), commonly
referred to as the moving twin-drop state.

Assuming the neck moves at a constant speed 𝑣𝑛 , the steady-state height equation
(2.6) becomes:

−𝑣𝑛𝜕𝑥ℎ + ∇ ·
(
− ℎ

3

3𝜇
∇𝑝 − 𝑎ℎ2

2𝜇
∇Γ

)
= 0.

Integrating once with respect to 𝑥, we obtain:

−𝑣𝑛ℎ − ℎ3

3𝜇
∇𝑝 − 𝑎ℎ2

2𝜇
∇Γ = 0. (5.1)

Meanwhile, for the surfactant field moving with a constant wave speed 𝑣Γ, the
traveling-wave solution of the transport equation takes the form:

−𝑣ΓΓ − 1
𝜇
𝑎ℎΓ∇Γ − 1

2𝜇
ℎ2Γ∇𝑝 = 0.

Solving for ∇Γ, we get:

∇Γ =
𝜇

𝑎ℎ

(
−𝑣Γ − 1

2𝜇
ℎ2∇𝑝

)
. (5.2)

Substituting (5.2) into (5.1), we arrive at a reduced form of the height evolution:(
−𝑣𝑛 + 𝑣Γ

2

)
𝜕𝑥ℎ − ∇ ·

(
ℎ3

12𝜇
∇𝑝

)
= 0.

This result resembles a modified version of Tanner’s law for the classical spread-
ing equation for a viscous drop. In future work, we aim to further investigate these
traveling-wave solutions derived from this formulation.

5.4 Summary

In this chapter, we investigated the surprising transition from coalescence to non-
coalescence behavior in the high-Péclet-number regime. Comparing low (𝛽 = 0.1)
and high (𝛽 = 0.5) surfactant strengths at 𝑃𝑒 = 1000 revealed distinctmechanisms. For
𝛽 > 𝛽𝑐 , monotonic surfactant profiles generate single-peaked Marangoni stress driv-
ing sustained neck motion. For 𝛽 < 𝛽𝑐 , bidirectional transport creates non-monotonic
concentration profiles with opposing Marangoni peaks, inhibiting displacement.

Negative Marangoni stress generates interfacial vorticity, enabling escape from
non-coalescence through boundary layer backflow. At very large 𝑃𝑒, kinematic shocks
emerge with discontinuous velocity and concentration fields. The infinite-𝑃𝑒 limit
admits interpretation through complex-variable formulations yielding Burgers-like
equations. We derived similarity and traveling-wave frameworks for future analyti-
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cal development.



6
CONCLUSION & OUTLOOK

This thesis has revealed how surfactants fundamentally alter the hydrodynamic singu-
larity governing drop coalescence, transforming a classical problem in fluid mechan-
ics into a rich landscape of new phenomena. Through systematic numerical simula-
tions spanning three key dimensionless parameters – the surfactant strength number
𝛽, Péclet number 𝑃𝑒, and contact angle 𝜃 – we have uncovered a hierarchy of effects
that emerge as surface chemistry couples to hydrodynamics. A central question mo-
tivating this work is how classical coalescence scalings are altered in the presence of
surfactants. In particular, we seek to understand both vertical and horizontal bridge
dynamics, especially since horizontalmotion is absent in pureNewtonian coalescence.

In the diffusion-dominated regime (𝑃𝑒 � 1), surfactants primarily act to reduce
the effective surface tension, preserving the self-similar character of coalescence while
modifying its rate. The neck height evolution follows ℎ0 = 0.272(1 − 𝛽Γ0/2)𝜃4𝑡, main-
taining the classical linear-in-time scaling (Hernández-Sánchez et al., 2012) but with
a surfactant-dependent prefactor. More remarkably, we discovered that Marangoni
stresses break the symmetry of pure coalescence, driving horizontal neck motion with
a universal 𝑥0 ∝ 𝑡3/2 scaling – a phenomenon entirely absent in Newtonian systems.
This horizontal displacement emerges from the interplay between surface tension gra-
dients and the evolving bridge geometry, with our theoretical predictions matching
simulations without any fitting parameters.

The transition to the advection-dominated regime (𝑃𝑒 � 1) reveals how sur-
factants can fundamentally restructure the coalescence singularity. Above a critical
strength 𝛽𝑐 , the system arrests into a stable non-coalescent state reminiscent of the
twin-drop configurations observed experimentally (Karpitschka and Riegler, 2012).
Below this threshold, we uncovered an unexpected mechanism: bidirectional surfac-
tant transport creates non-monotonic concentration profiles that generate opposing
Marangoni stresses. These stresses inject vorticity at the interface, enabling the sys-
tem to escape non-coalescence through boundary layer backflow – a mechanism pre-
viously identified in filament pinch-off but not in coalescence dynamics.

At the extreme limit𝑃𝑒 →∞, entirely new singular phenomena emerge. Kinematic
shocks form at the surfactant front, characterized by discontinuous velocity and pres-

40
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sure fields. Through a complex-variable reformulation, we demonstrated that these
shocks satisfy a Burgers-like equation, connecting our results to the broader frame-
work of nonlinear wave theory. This mathematical structure suggests that surfactant-
laden interfaces can support shock solutions analogous to those in compressible flow,
despite operating in the Stokes regime.

6.1 Broader Implications

Our findings have both fundamental and practical implications. From a fundamental
perspective, this work demonstrates that surfactants do not merely modify existing
hydrodynamic singularities – they can generate qualitatively new singular behavior.
The emergence of shock discontinuities in Stokes flow challenges conventional under-
standing of low-Reynolds-number hydrodynamics, where such phenomena are typ-
ically absent. The vorticity generation mechanism we identified provides a unifying
framework for understanding escape from singular states across different interfacial
flow problems (Kamat et al., 2020; Constante-Amores et al., 2021).

Our results provide predictive tools for controlling coalescence in industrial pro-
cesses. The phase diagram delineating coalescence, non-coalescence, and arrested
states establishes design principles for applications from inkjet printing to emulsion
stability. The critical surfactant strength 𝛽𝑐 serves as a design threshold: systems
below this value will eventually coalesce regardless of Péclet number, while those
above achieve persistent non-coalescence. The temporal boundary layer concept pro-
vides a framework for predicting Marangoni-dominated regimes, analogous to the
Grossmann-Lohse theory for thermally driven turbulence (Grossmann and Lohse,
2000; Grossmann and Lohse, 2001; Lohse and Shishkina, 2023; Lohse and Shishk-
ina, 2024) and the Sanjay-Lohse theory for impacting drops (Sanjay and Lohse, 2025).
Adapting this temporal boundary layer framework could enable predictions crucial
for rapid droplet interaction processes.

The horizontal displacement scaling 𝑥 𝑓 ∼ 𝛽𝑃𝑒 in the low-𝑃𝑒 regime suggests strate-
gies for controlling droplet positioning through surfactant design. In pharmaceutical
or food emulsions where precise droplet placement matters, this relationship enables
quantitative prediction of Marangoni-driven motion. Conversely, the non-monotonic
behavior at high 𝑃𝑒 warns that simply increasing surfactant transport rates may not
enhance displacement, important for optimization of industrial mixing processes.

6.2 Limitations and Open Questions

While our lubrication-based approach captures the essential physics for small con-
tact angles (𝜃 ≲ 45◦), extending to larger angles requires full Stokes flow simula-
tions. The computational challenges are substantial: resolving thin precursor films
while maintaining numerical stability at high angles remains an open problem. Our
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two-dimensional approximation, while revealing the fundamental scalings, neglects
three-dimensional effects that may become important for transverse instabilities or
asymmetric surfactant distributions.

Several intriguing questions emerge from our analysis. Why does the negative
Marangoni stress peak intensify monotonically with 𝑃𝑒 for 𝛽 < 𝛽𝑐? Is there a univer-
sal mechanism governing this enhancement, perhaps related to the shock formation
process? The connection between our complex-variable formulation and the full three-
dimensional problem remains unexplored—do similar mathematical structures exist
beyond the lubrication limit?

The role of surfactant solubility, deliberately excluded here by considering only
insoluble surfactants, presents another frontier. Soluble surfactants introduce bulk-
surface exchange, potentially stabilizing or destabilizing the phenomenawe observed.
The interplay between Marangoni stresses and sorption kinetics could yield new dy-
namical regimes, particularly near the critical strength 𝛽𝑐 .

6.3 Future Directions

Several concrete research directions emerge from this work:

• Theoretical Extensions: The similarity and traveling-wave frameworks intro-
duced in Chapter 5 require further development. Completing the analysis of
the similarity ODEs could reveal whether true self-similar solutions exist in the
high-𝑃𝑒 limit (Eggers and Fontelos, 2015). The traveling-wave formulation, con-
necting to modified Tanner’s law, may yield analytical solutions for the non-
coalescent state that could be compared with experiments (Giacomelli et al.,
2016).

• Three-DimensionalDynamics: Extending ourmodel to capture azimuthal vari-
ations and transverse bridge dynamics (width 𝑤0) would enable study of insta-
bilities absent in two dimensions (Diddens and Rocha, 2024). This is particularly
relevant for understandingwhether the vorticity generationmechanismwe iden-
tified can trigger three-dimensional flow structures.

• Beyond Lubrication: Developing efficient numerical methods for full Stokes
flow with surfactant transport would enable exploration of high-angle coales-
cence approaching the jumping regime (𝜃→ 90◦) (Wasserfall et al., 2017). This
could reveal whether shock formation persists beyond the lubrication limit and
how Marangoni stresses compete with inertial effects.

• Experimental Validation: Our predictions for horizontal displacement scaling
and the critical transition at 𝛽𝑐 are directly testable. High-speed imaging com-
bined with controlled surfactant addition could verify the 𝑡3/2 scaling and map
the phase boundaries we predict. The shock phenomena at high 𝑃𝑒 may be ob-
servable using appropriate visualization techniques.

• Complex Surfactant Systems: Real surfactants often exhibit non-linear isotherms,
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cooperative effects, and phase transitions (Manikantan and Squires, 2020; An-
thony et al., 2023). Incorporating these complexities could reveal new phenom-
ena, particularly near the coalescence/non-coalescence boundary where small
changes in surface behavior may have dramatic effects.

6.4 Closing Perspective

This thesis demonstrates that even classical fluid mechanics problems can harbor sur-
prising complexity when surface chemistry enters the picture. The coupling between
surfactant transport and hydrodynamics transforms drop coalescence from a well-
understood capillary-driven process into a rich dynamical system exhibiting shocks,
vorticity generation, and arrested states. As we push toward smaller scales in technol-
ogy – from microfluidics to targeted drug delivery – understanding these surfactant-
mediated phenomena becomes not just scientifically fascinating but technologically
essential. The framework developed here, combining high-fidelity simulation with
theoretical analysis, provides a foundation for controlling coalescence across the spec-
trum from violent merger to delicate non-coalescence, opening new possibilities for
manipulating fluid interfaces at the microscale.
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A

DERIVATION OF LUBRICATION EQUATIONS FOR
THIN LIQUID FILMS

We study a thin film of Newtonian liquid with an initial thickness profile given by
ℎ(𝑥, 𝑦). We use a Cartesian coordinate system (𝑥, 𝑦, 𝑧), placing the origin at the solid-
liquid interface at the center of the film. The free surface of the liquid is described
by the height function 𝑧 = ℎ(𝑥, 𝑦, 𝑡). At this surface, the unit normal vector n and the
tangent vector t can be defined. The normal vector is given by:

n =
1
𝑁

(
−𝜕ℎ
𝜕𝑥

,−𝜕ℎ
𝜕𝑦

, 1
)
, with 𝑁 =

√
1 +

(
𝜕ℎ
𝜕𝑥

)2

+
(
𝜕ℎ
𝜕𝑦

)2

The evolution of the liquid film is governed by the incompressible Navier–Stokes
equations, which describe the conservation of momentum:

𝜌

(
𝜕u
𝜕𝑡
+ u · ∇u

)
= −∇𝑝 + 𝜇∇2u, (A.1)

and the continuity equation for an incompressible fluid, ensuring mass conserva-
tion:

∇ · u = 0. (A.2)

Here, u = (𝑢𝑥 , 𝑢𝑦 , 𝑢𝑧) denotes the velocity field, 𝑝 is the pressure, while 𝜌 and 𝜇

represent the fluid density and dynamic viscosity, respectively.
We use the following scaled variables:

𝑥̄ ≡ 𝑥
𝐿
, 𝑦̄ ≡ 𝑦

𝐿
, 𝑧̄ ≡ 𝑧

𝐻
, 𝑢̄𝑥 ≡ 𝑢𝑥

𝑈0
, 𝑢̄𝑦 ≡

𝑢𝑦

𝑈0
,

𝑢̄𝑧 ≡ 𝑢𝑧
𝑊0

, 𝑡 ≡ 𝑈0𝑡
𝐿

, 𝑝̄ ≡ 𝐻2𝑝
𝜇𝑈0𝐿

.

In this work, we consider systems with thin liquid films, for which the aspect ratio
𝜀 = 𝐻

𝐿 � 1 is small.
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After introducing the scaled variables, the continuity equation becomes:

0 = ∇ · u =
𝑈0
𝐿

𝜕𝑢̄𝑥
𝜕𝑥̄
+ 𝑈0

𝐿

𝜕𝑢̄𝑦

𝜕𝑦̄
+ 𝑊0

𝐻
𝜕𝑢̄𝑧
𝜕𝑧̄
⇒ 𝜕𝑢̄𝑥

𝜕𝑥̄
+ 𝜕𝑢̄𝑦

𝜕𝑦̄
+ 𝑊0𝐿
𝑈0𝐻

𝜕𝑢̄𝑧
𝜕𝑧̄

= 0.

Assuming that all terms in the continuity equation are of comparable magnitude
leads to the scaling

𝑊0 = 𝜀𝑈0

for the vertical velocity component.

The scaled 𝑥-component of the Navier–Stokes equation then reads:

𝜌

(
𝑈2

0
𝐿

𝜕𝑢̄𝑥
𝜕𝑡
+ 𝑈2

0
𝐿

𝑢̄𝑥
𝜕𝑢̄𝑥
𝜕𝑥̄
+ 𝑈2

0
𝐿

𝑢̄𝑦
𝜕𝑢̄𝑥
𝜕𝑦̄
+ 𝜀𝑈2

0
𝐻

𝑢̄𝑧
𝜕𝑢̄𝑥
𝜕𝑧̄

)
−𝜇
𝐿
𝜕𝑝̄
𝜕𝑥̄
+𝜇

(
𝑈0
𝐿2

𝜕2𝑢̄𝑥
𝜕𝑥̄2 +

𝑈0
𝐿2

𝜕2𝑢̄𝑥
𝜕𝑦̄2 +

𝑈0
𝐻2

𝜕2𝑢̄𝑥
𝜕𝑧̄2

)
= 0.

𝜌𝑈0𝐻
𝜇

𝐻
𝐿

(
𝜕𝑢̄𝑥
𝜕𝑡
+ 𝑢̄𝑥

𝜕𝑢̄𝑥
𝜕𝑥̄
+ 𝑢̄𝑦

𝜕𝑢̄𝑥
𝜕𝑦̄
+ 𝑢̄𝑧

𝜕𝑢̄𝑥
𝜕𝑧̄

)
= −𝜕𝑝̄

𝜕𝑥̄
+ 𝜕2𝑢̄𝑥

𝜕𝑧̄2 + 𝜀2
(
𝜕2𝑢̄𝑥
𝜕𝑥̄2 +

𝜕2𝑢̄𝑥
𝜕𝑦̄2

)
Assuming that 𝑅𝑒 � 1 and 𝜀2 � 1, we obtain the leading-order approximation of

the scaled 𝑥-momentum equation:

−𝜕𝑝̄
𝜕𝑥̄
+ 𝜕2𝑢̄𝑥

𝜕𝑧̄2 = 0.

In a similar manner, the other components of the Navier–Stokes equations reduce
to the following dimensional forms:

−𝜕𝑝
𝜕𝑥
+ 𝜇𝜕

2𝑢𝑥
𝜕𝑧2 = 0,

−𝜕𝑝
𝜕𝑦
+ 𝜇𝜕

2𝑢𝑦

𝜕𝑧2 = 0,

−𝜕𝑝
𝜕𝑧

= 0.

The last equation implies that the pressure 𝑝 = 𝑝(𝑥, 𝑦) is independent of the vertical
coordinate 𝑧.

At the solid–liquid interface 𝑧 = 0, we apply no-slip boundary conditions:

𝑢𝑥(𝑧 = 0) = 0, 𝑢𝑦(𝑧 = 0) = 0.

At the free surface 𝑧 = ℎ(𝑥, 𝑦, 𝑡), the normal and tangential stress balances are
given by:

𝑝 − 𝑝𝑎 − 𝜏𝑛𝑛 + 2𝐻𝛾 = 0,

𝜏𝑛𝑡 + t · ∇𝑠𝛾 = 0,
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where 𝛾 is the surface tension,𝐻 is themean curvature, 𝜏𝑛𝑛 and 𝜏𝑛𝑡 are the normal and
tangential stress components, and t is the tangential unit vector along the interface.
Assuming that the viscous normal stresses are negligible at a liquid-air interface yields

𝑝 − 𝑝𝑎 = −𝛾∇𝑠 · n

The surface gradient operator∇𝑠 applies to any function defined on the free surface
𝑧 = ℎ(𝑥, 𝑦), and is given by:

∇𝑠 = (I − nn)∇,
where n is the unit normal vector to the surface, and I is the identity matrix.

In Cartesian coordinates, this operator expands to:

1
𝑁2

([
1 +

(
𝜕ℎ
𝜕𝑦

)2
]

𝜕

𝜕𝑥
− 𝜕ℎ

𝜕𝑥
𝜕ℎ
𝜕𝑦

𝜕

𝜕𝑦
+

[
1 +

(
𝜕ℎ
𝜕𝑥

)2
]

𝜕

𝜕𝑦

)
,

where 𝑁 =

√
1 +

(
𝜕ℎ
𝜕𝑥

)2 +
(
𝜕ℎ
𝜕𝑦

)2
.

The mean curvature of the interface is then expressed as:

∇𝑠 · n =

[
1 +

(
𝜕ℎ
𝜕𝑦

)2
]

𝜕2ℎ
𝜕𝑥2 +

[
1 +

(
𝜕ℎ
𝜕𝑥

)2
]

𝜕2ℎ
𝜕𝑦2 − 2 𝜕ℎ

𝜕𝑥
𝜕ℎ
𝜕𝑦

𝜕2ℎ
𝜕𝑥𝜕𝑦(

1 +
(
𝜕ℎ
𝜕𝑥

)2 +
(
𝜕ℎ
𝜕𝑦

)2
)3/2 .

After applying the scaling and neglecting terms of order 𝜀, the mean curvature
simplifies to:

∇𝑠 · n =
𝜕2ℎ
𝜕𝑥2 +

𝜕2ℎ
𝜕𝑦2 .

Hence, the capillary pressure becomes:

𝑝 = −𝛾
(
𝜕2ℎ
𝜕𝑥2 +

𝜕2ℎ
𝜕𝑦2

)
.

Assuming negligible viscous stresses in the gas phase, the tangential stress balance
at the interface 𝑧 = ℎ(𝑥, 𝑦, 𝑡) yields:

𝜇
𝜕𝑢𝑥
𝜕𝑧

����
𝑧=ℎ

=
𝜕𝛾

𝜕𝑥
, 𝜇

𝜕𝑢𝑦

𝜕𝑧

����
𝑧=ℎ

=
𝜕𝛾

𝜕𝑦
.

The liquid-air interface is defined by the scalar function 𝑓 (𝑥, 𝑦, 𝑧, 𝑡) = 𝑧−ℎ(𝑥, 𝑦, 𝑡) =
0. For a non-volatile liquid, this interface is a material surface, which implies:

𝐷 𝑓
𝐷𝑡

=
𝜕 𝑓
𝜕𝑡
+ u · ∇ 𝑓 = 0,

or equivalently,
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−𝜕ℎ
𝜕𝑡
− 𝜕ℎ

𝜕𝑥
𝑢𝑥

��
𝑧=ℎ(𝑥,𝑦,𝑡) −

𝜕ℎ
𝜕𝑦

𝑢𝑦
��
𝑧=ℎ(𝑥,𝑦,𝑡) + 𝑢𝑧

��
𝑧=ℎ(𝑥,𝑦,𝑡) = 0.

Next, we integrate the incompressibility condition with respect to 𝑧 from 0 to ℎ:∫ ℎ

0

(
𝜕𝑢𝑥
𝜕𝑥
+ 𝜕𝑢𝑦

𝜕𝑦

)
𝑑𝑧 + 𝑢𝑧

��
𝑧=ℎ − 𝑢𝑧

��
𝑧=0 = 0.

Using the Leibniz rule and noting that 𝑢𝑧(𝑧 = 0) = 0 due to the no-penetration
boundary condition at the substrate, this becomes:

−𝑢𝑧
��
𝑧=ℎ(𝑥,𝑦,𝑡) =

𝜕

𝜕𝑥

∫ ℎ

0
𝑢𝑥 𝑑𝑧 − 𝜕ℎ

𝜕𝑥
𝑢𝑥

��
𝑧=ℎ +

𝜕

𝜕𝑦

∫ ℎ

0
𝑢𝑦 𝑑𝑧 − 𝜕ℎ

𝜕𝑦
𝑢𝑦

��
𝑧=ℎ .

Substituting this into the earlier kinematic condition yields the evolution equation
for the height:

𝜕ℎ
𝜕𝑡
+ 𝜕

𝜕𝑥

∫ ℎ

0
𝑢𝑥 𝑑𝑧 + 𝜕

𝜕𝑦

∫ ℎ

0
𝑢𝑦 𝑑𝑧 = 0.

We integrate the Navier–Stokes equations using the boundary conditions specified
earlier, noting that the pressure 𝑝 and its gradients 𝜕𝑝

𝜕𝑥 and 𝜕𝑝
𝜕𝑦 are independent of 𝑧. The

resulting expressions for the velocity components are:

𝑢𝑥(𝑥, 𝑦, 𝑧) = 1
𝜇

𝜕𝑝
𝜕𝑥

(
𝑧2

2
− ℎ𝑧

)
+ 1

𝜇

𝜕𝛾

𝜕𝑥
𝑧,

𝑢𝑦(𝑥, 𝑦, 𝑧) = 1
𝜇

𝜕𝑝
𝜕𝑦

(
𝑧2

2
− ℎ𝑧

)
+ 1

𝜇

𝜕𝛾

𝜕𝑦
𝑧.

Substituting these velocity profiles into the height evolution equation yields the
lubrication equation:

𝜕ℎ
𝜕𝑡
+ ∇ ·

[
1

2𝜇
ℎ2∇𝛾 − 1

3𝜇
ℎ3∇𝑝

]
= 0.

𝑝 = −∇(𝛾∇ℎ).



B
SURFACTANT ADVECTION DIFFUSION

EQUATION AT THE INTERFACE

The transport of surfactants along the free surface 𝑧 = ℎ(𝑥, 𝑦, 𝑡) is described by the
surface convection-diffusion equation:

𝜕Γ
𝜕𝑡
+ ∇𝑠 ·

(
Γ u

��
𝑧=ℎ(𝑥,𝑦)

)
= 𝐽 + 𝐷𝑠∇2

𝑠Γ,

where Γ is the surfactant concentration on the interface,𝐷𝑠 is the surface diffusivity,
and 𝐽 is the flux between the interface and the bulk. For an insoluble surfactant, this
flux vanishes, i.e., 𝐽 = 0.

Using the definition of the surface gradient operator and neglecting higher-order
terms in 𝜀, the surface divergence term simplifies to:

∇𝑠 · (Γu) ≈ 𝜕

𝜕𝑥
(Γ 𝑢𝑥(𝑥, 𝑦, 𝑧 = ℎ)) + 𝜕

𝜕𝑦

(
Γ 𝑢𝑦(𝑥, 𝑦, 𝑧 = ℎ)) .

Evaluating the velocity expressions at the free surface yields:

𝑢𝑥(𝑥, 𝑦, 𝑧 = ℎ) = 1
𝜇

𝜕𝑝
𝜕𝑥

(
− ℎ

2

2

)
+ 1

𝜇

𝜕𝛾

𝜕𝑥
ℎ,

𝑢𝑦(𝑥, 𝑦, 𝑧 = ℎ) = 1
𝜇

𝜕𝑝
𝜕𝑦

(
− ℎ

2

2

)
+ 1

𝜇

𝜕𝛾

𝜕𝑦
ℎ.

Substituting these expressions into the surfactant transport equation leads to the
final form of the convection-diffusion equation at the interface:

𝜕Γ
𝜕𝑡
+ ∇ ·

[
1
𝜇
ℎΓ∇𝛾 − 1

2𝜇
ℎ2Γ∇𝑝 − 𝐷𝑠∇Γ

]
= 𝐽 ,

where the operator ∇ ≡
(

𝜕
𝜕𝑥 ,

𝜕
𝜕𝑦

)
denotes the two-dimensional gradient.
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