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Summary

Sheet deformation processes can be simulated by using the finite element
method. The used finite elements for simulation of these processes in 3 di-
mensions are mostly shells. These elements are suited for situations in which
in-plane dimensions are considerably larger than the thickness dimension.

Recently a new group of elements has been introduced named ‘solid-
shells’. These elements are a mixture between solid bulk elements and shells
and try to take the benefits of both sides. Goal of this research is investi-
gating and developing a solid-shell element for use in the in-home developed
software package DIEKA of the Mechanics of Forming Processes group at the
University of Twente.

First the general background of the solid-shell is investigated. The locking
phenomena that prevent the use of standard solid bulk elements in thin walled
geometries are treated. These locking phenomena can be especially present
in low thickness geometries. One of the most important methods to alleviate
several types of locking is the EAS (Enhanced Assumed Strain) method.

To get familiar with the EAS method, an element was programmed. This
2d linear quadrilateral contains extra internal modes of deformation due to
the EAS method. Several tests were performed in which the element shows
very good performance in bending and incompressible situations with respect
to the standard quadrilateral. Finally a non-linear simulation of a ‘free-
bending’ deformation process showed that less EAS elements could be used to
give the same performance as would be the case with standard not-enhanced
quadrilaterals.

Scanning literature revealed an interesting solid-shell element, named
‘RESS’. The base of the element is a 3d linear 8 node hexagonal. Several
methods are used to get good shell performance of this element. These are:
reduced integration in in-plane directions accompanied by a physical stabi-
lization procedure, the EAS method and a B-bar method. The element was
programmed both linear and geometric non-linear in C++ with aid of the
FEATURE toolbox. The element is tested first in a geometric linear thin-
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viii SUMMARY

walled problem. The performance is very good especially in incompressible
situations. Secondly the geometric non-linear situation is tested. A simula-
tion of the bending of a strip shows good comparison with shell elements.

Both the 2d EAS programmed element and the 3d RESS element can be
very beneficial for use in sheet deformation processes.



Samenvatting

Plaat-vervormingsprocessen kunnen succesvol worden gesimuleerd met be-
hulp van de eindige elementen methode. De gebruikte elementen voor sim-
ulatie van deze processen zijn veelal shell elementen. Deze elementen zijn
geschikt voor situaties waarin de dikte van de plaat aanzienlijk kleiner is dan
de afmetingen in het vlak.

Onlangs is er een nieuwe groep elementen geintroduceerd genaamd “solid-
shells”. Deze elementen zijn een mix tussen solid bulk elementen en shell
elementen en proberen de voordelen van beide zijden te benutten. Doel van
dit project is het onderzoeken en ontwikkelen van een solid-shell element
voor het gebruik in het programma DIEKA van de Mechanics of Forming
Processes groep op de Universiteit van Twente.

Ten eerste is de algemene achtergrond van solid-shell elementen onder-
zocht. De locking verschijnselen, die voorkomen dat solid elementen kunnen
worden toegepast voor dunwandige vormen, worden toegelicht. Een van de
meest belangrijke methodes om locking tegen te gaan is de EAS (Enhanced
Assumed Strain) methode.

Teneinde bekend te geraken met deze EAS methode is een eindig ele-
ment, geprogrammeerd. Dit 2d lineaire 4 knoops element bevat extra interne
vervormings mogelijkheden door de EAS methode. Verscheidene tests zijn
uitgevoerd waarin het element goede resultaten laat zien. Vooral in buiging
gedomineerde- en incompressibele problemen presteert het element beter in
vergelijk met een standaard 4 knoops element. Uiteindelijk wordt het ele-
ment in een niet-lineair kant proces getest. Minder EAS elementen kunnen
worden gebruikt in vergelijk met standaard elementen.

Scannen van literatuur bracht een interessant solid-shell element aan het
licht genaamd ‘RESS’. Het element heeft als basis een 3d lineaire 8 knoops
kubus. Verscheidene methodes worden toegepast om goede shell capaciteiten
te creéren. Deze zijn: gereduceerde integratie vergezeld met een stabilisatie
procedure, de EAS methode en een B-bar methode. Het element is lineair en
geometrisch niet lineair geprogrammeerd in C++ met behulp van de FEA-
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TURE toolbox. Ten eerste is RESS getest in een dunwandig probleem. Het
element laat goede resultaten zien, met name in incompressibele situaties.
Ten tweede is het element getest in het geometrisch niet lineair buigen van
een strip. Resultaten komen goed overeen met resultaten uit de literatuur
en met standaard shell elementen.

Zowel het 2d EAS element alswel het 3d RESS element bezit goede eigen-
schappen voor het gebruik in plaat-vervormingsprocessen.
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Nomenclature

Roman

KEE Rt ZREAR HE"EHNO OAE T >

mixed field matrix

volume force vector
strain-displacement interpolation matrix
mixed field matrix

constitutive matrix

cartesian base vector

Young’s modulus

Green-Lagrange strain

force vector

coordinate transformation matrix
deformation gradient

natural co- or contravariant base vector
mixed field matrix

Jacobi matrix

stiffness matrix

field interpolation matrix
orthonormal coordinate vector
degree of freedom vector
orthonormal base vector

rotation part of deformation gradient
second Piola-Kirchhoff stress

spatial derivative matrix

traction force vector

coordinate transformation matrix
displacement vector

stretch part of deformation gradient
cartesian coordinate vector
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NOMENCLATURE

Greek

enhanced strain parameter vector
boundary of current analysis domain
boundary of reference analysis domain
linear strain

Poissons ratio

natural coordinate vector

linear stress

internal current analysis domain
internal reference analysis domain

DE QMT O H2 O

Accents
" in the local coordinate system
in the natural coordinate system
discrete
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Chapter 1

Introduction

1.1 Background

For some decades now, sheet deformation processes can be successfully simu-
lated with the finite element method. During sheet forming various forms of
deformation take place within the sheet, for instance membrane stretching,
bending and shear.

Most FEM calculations in sheet deformation processes use shell elements.
Although successful in a lot of cases there are some drawbacks of these el-
ements. First of all the elements use rotational degrees of freedom. The
rotational degrees of freedom have to be updated after iterations and the
proper way to handle the rotations at the boundaries is not straightforward.
To connect a shell with a bulk element, special transition elements are re-
quired. Plane stress assumptions yield that thickness is updated after the
finite element iteration. Double sided contact is difficult to model.

Currently there are developments for using solid bulk elements for sheet
deformation processes. Certain aspects of a solid formulation give benefits
over the shell elements. These are: full constitutive law, double sided contact,
easy mesh generation, no rotational degrees of freedom and above all; fast
computation.

The problem however with these simple, computational friendly elements
is their locking behavior and inability to conform to certain deformation
modes. These locking phenomena prevent solid elements to be used for ‘shell-
like” geometries. Locking occurs when, due to such particulars as displace-
ment interpolation used and integration rule chosen, a physically realistic
displacement mode tends to be “locked out” of element response because
the mode activates extraneous strains that require much higher energy input
than do strains of the realistic mode.
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Various methods are available to counter the locking phenomena. Well
known are for instance the method of reduced integration and the B-bar
method. A new innovation is the enhancement of the strain field, also known
as EAS. With this technique internal degrees of freedom are generated which
will alleviate this locking behavior. The method does not produce disad-
vantageously artifacts like for instance the hourglass modes resulting from
a reduced integration procedure. The solid elements which are modified in
order to be suited for shell geometries are called solid-shells.

1.2 Problem definition

Analyze current developments involving the use of simple solid elements in
sheet deformation processes. Scan the literature for publications on recently
developed solid-shell elements. Implement a solid-shell element with in mind
that the final application in which the element should function is the ‘in-
house’ developed software program DIEKA. The finite element toolbox FEA-
TURE in C++ should be a good tool for element development. The element
should be subjected to several tests in which the element’s performance is
compared with more familiar elements like plane stress shells.



Chapter 2

Solid-shells

2.1 Introduction

As described in Chapter 1, a solid-shell is a linear 3d solid with capabilities to
perform shell like calculations. The 3d solid is modified in such a fashion that
shell like properties, mostly bending and in plane stretching, can be efficiently
modeled. Main part is to get rid of the locking phenomena which prevent
‘unmodified’ linear solids in thin walled applications. Various approaches
are available to obtain the desired behavior. Especially the EAS method is
suited to prevent the locking phenomena thus making it a good tool to make
solid-shell elements.

The applied methods for good shell performance of a solid element need
to enhance element properties in for instance a single direction. This makes
that solid-shell elements in general show different behavior in thickness di-
rection than in in-plane direction. Drawback of this non-symmetric behavior
is that element numbering has to be in a specific manner in order to guar-
anty element orientation in the way it is intended to. Just meshing like with
‘normal’ 3d elements is not sufficient.

2.2 Literature review

Below a short summary of recent developments of solid-shell elements as
found in literature.

The solid-shell concept was introduced by Hauptmann and Schweizerhof
in 1998 [21]. Several solid-shells are introduced. All elements make use of the
Assumed Natural Strain (ANS) method. Two methods are used to initialize a
variable strain in thickness direction. One is adding a quadratic interpolation

3
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in thickness direction, the other uses the EAS method for this purpose. The
elements show good comparisons with shells.

Hauptmann and Schweizerhof extended their solid-shell concept further
in 2000 [17]. The extension to large deformations, plasticity and hyper-
elasticity is made. Since incompressibility is often present in plasticity, the
volumetric locking phenomenon is analyzed for the solid-shell elements.

Harnau and Schweizerhof reviewed the solid-shell concept in their article
[20] published in 2002. Locking phenomena are elaborated. Various tech-
niques to prevent locking are reviewed.

In 2003 Areias, César de Sa and Conceicao Anténio propose the ‘His’
element [2]. The element uses merely the EAS method to counter all locking
phenomena. The element is suited for solid and shell analysis. The element
is computationally inefficient but gives good results.

In 2003 a group from the university of Aveiro in Portugal produced an
article [11] on two elements, named HCiS12 and HCiS18. The elements are
based on a 3d linear hexahedron and use an EAS formulation with 12 or 18
parameters respectively. As noted by themselves, introducing 12 or 18 new
degrees of freedom will have its effect on computation time. The fact that
2x2x2 integration is used will also not enhance its computational friendliness.

In 2004 the same group announce another element named ‘RESS’ with
the following properties: reduced integration, EAS and physical stabilization
[14]. The reduced integration is 1x1 in-plane and an undefined amount of
integration points along thickness. The results seem very good and especially
the integration scheme can be beneficial for plasticity. The article treats only
the geometric linear case. Various linear test examples are given.

In the article [15] in 2005 ‘RESS’ was upgraded for geometrically non-
linear applications. Several results of ‘well-known’ large deformation prob-
lems are given and compared with results of other authors.

The last article [16] on the element was published in 2007. The arti-
cle introduces more results of problems, including several forming processes.
These are; bulging of a plate under a uniform pressure, deepdrawing of a thin
walled cup; in special the earing phenomena, hydroforming of a square tube
and unconstrained cylindrical bending (free-bending). The in-plane reduced
integration scheme is evaluated.

2.3 Element selection

The RESS solid-shell is chosen for implementation. There are various reasons
to make this choice. First, the test results shown by Sousa and co-authors
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seem very promising. Second, the element is published in three articles. The
functioning is treated elaborately. The fact that first the linear variant is
treated and in the second article the geometric non-linear situation can have
didactic benefits. At last, the element incorporates an unspecified number
of integration points in through thickness direction, which should give good
results in plasticity.

In the following chapter, the fundamentals necessary to understand a
solid-shell are explained. First the problems (the locking phenomena) are
elaborated. In the second part of chapter 3 the EAS method is explained.

The EAS method must be mastered in order to create a solid-shell ele-
ment. Therefore a simple 2d linear enhanced element is programmed. Chap-
ter 4 treats this development. Various tests are introduced and the function-
ing of the EAS method for this specific element is reviewed.

Chapter 5 treats the development and reviewing of the RESS element.
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Chapter 3

Basic theory

3.1 Introduction

In this chapter the basic theory that is needed to understand the functioning
of solid-shell elements in general is treated.

First the locking phenomena which make standard linear bulk elements
not suited for shell calculations are treated. Two tools to analyze the lock-
ing phenomena are introduced. The constraint counting method and the
subspace method.

In section 3.4 the EAS method is derived. To introduce the EAS method,
mixed formulations are treated in the preceding section 3.3. The EAS method
is based on a specific three field mixed method. Afterwards the derivation to
the EAS method is made. Specific element dependent properties are treated
later on in the following chapters.

The derivations presented below are for linear elasticity unless stated
otherwise.

3.2 Locking phenomena

3.2.1 Introduction

The most important locking problems will be briefly explained below. The
linear 4 node plane strain quadrilateral is used to illustrate the locking phe-
nomena. The natural coordinates are chosen identical to the global cartesian
coordinates, so no mapping has to be done (Equation 3.1). Standard ‘full’
integration is the numerical integration scheme that would be exact if the

7
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element is not deformed. In case of the linear quadrilateral this is 2x2.

J=1 (3.1)

Figure 3.1: The 4 node quadrilateral

3.2.2 Shear locking

/7#0
<= - -
\ % //
\ X X /
\ /
M M
\ /
\\ % % //
\ /
\ L

Figure 3.2: deformation during bending

Transverse shear locking or trapezoidal locking is the inability of the
element to reproduce a null transverse (in thickness direction) shear strain
energy state in pure bending. Most linear bulk elements suffer from this lock-
ing. Figure 3.2 shows an element subjected to a moment. The displacement
vector of a bending moment could be the following:

(ul, U1, U2, V2, U3, V3, Uyg, U4) = (17 07 _17 07 ]-7 07 _1’ 0) (32)
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Due to the formulation of the B-matrix, shear strains will be triggered when
a displacement of Equation 3.2 is used.

x| 4 [-(0=y) 0 -y 0 (A+y 0 —(I+y) 0

v (=1 0 —(1—u=x) 0 —(14+2z) 0 (1+=x) 0 (1—2x) | {u}

Zexy —(1-2) =(1-y) =(1+2z) (A-y) (I+z) (I+y) (1-2) —(1+y)
(3.3)

Equation 3.3 shows that the terms in the B-matrix for 4, will not be zero
when the element is subjected to a moment, like in Figure 3.2. So by using full
integration of the B-matrix at four points, the shear strain terms will be added
four times. To ensure zero shear strains, it is an option to use reduced integration.
The shear strains at point x = 0,y = 0 are used and these are indeed zero in
this case as can be seen with Equation 3.3. Drawback of this approach is the
introduction of deformation modes that will cost no energy (spurious modes).

3.2.3 Volumetric locking
Exx T Eyy = 0

A
7/

X X

Figure 3.3: constraints at integration points

Volumetric locking occurs when constitutive behavior is incompressible or
nearly incompressible. An implicit constraint is introduced at the integration
points. Figure 3.3 shows the equation at the integration points which should be
obeyed by the interpolation. This implicit constraint can be made clear by filling
in the constitutive matrix for plane strain in incompressibility.

E 1—v 1% 0
D= —— — v 1—v 0 (3.4)
1+v)(1-2v) 0 0 1— 2y
v=0.5 (3.5)
05 05 0
D=c]| 05 05 0 (3.6)
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The D will act as an implicit constraint having its effect on the stress and thus on
the potential energy.

1
i = / —eTodn (3.7)
a2
o =De (3.8)
Oxx E 1—v : v 8 Exx 59
Oyy = — v —v Eyy .
Oxy (1 +v)(1-2v) 0 0 1—-2v 2exy
To prevent high stresses;
Exx T Eyy = 0 (310)
If the nodal degrees of freedom can not satisfy exx = —eyy at an integration point

a high stress will be accounted for, indirect giving a large stiffness. If the 4 node
quadrilateral has 8 degrees of freedom, then a certain number of these degrees of
freedom are ‘occupied’ by satisfying constraint 3.10.

3.2.4 Thickness locking

If a thin plate is being bend, the strains in in-plane direction vary linearly over
the thickness direction. The stress in thickness direction should be near zero, as
is usual in thin plate problems. The strain in thickness direction should vary over
the thickness to achieve this. Due to coupling of out-of-plane stresses and in-plane
strains, locking occurs. The y-direction is along the thickness. The x-direction is
in in-plane direction.

B FE
WS Tr )

vexx + (1 = v)eyy) (3.11)

In this bending situation oy, should be equal to zero. So if exy is a function of y
then so ey should be, in order to get oyy zero all over the domain if full integration
was used.

3.2.5 Constraint counting

Constraint counting is a rule of thumb, to get an indication whether an element
will show locking behavior. The constraint ratio is the number of active degrees
of freedom divided by the constraints.

p = Lot (3.12)

Tcons

No locking might occur if » > 1 and with r < 1 locking could occur. The method
is more indicative than exact.
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In case of volumetric locking, 4 constraints are applied at the integration points
(3.10). So if the 2d 4-node element is supported with a minimal number of degrees
of freedom, in this case 3, then 8 — 3 = 5 active degrees of freedom remain.

5
=->1 3.13
r= (3.13)
Probably no locking occurs. Adding one more support could give locking. For
large meshes the total number of active degrees of freedom and constrains are
considered. For instance the situation of Figure 4.3 in Chapter 4 can be analyzed
as follows:

40
=—<1 3.14
"6 S (3:14)
Locking will occur as will be pointed out in Figure 4.4(b). Using reduced integra-
tion (1x1) will give:
40

=—>1 3.15

No locking will be present.

3.2.6 Subspace methodology

The subspace method is a method to prove how many degrees of freedom are indeed
needed to satisfy implicit locking constraints [3, 11]. The constraint counting
method is indicative, the subspace method is exact. For instance in incompressible
situations, the number of deformation modes that are not within the total element
response because of the constraint can be determined exactly.

The approach to calculate the subspace is to write the constraints as functions
of the displacements for each integration point. Below the subspace analysis of the
2d quadrilateral for the volumetric locking phenomena is presented. The constraint
is written as a function of the nodal displacements for all four integration points.

ou  Jv
90t oy =" (3.16)
(B B [ {u}=0 (3.17)

This equation should hold at all four integration points.

—(1=a)(1—=a) (1+a) —(14+a) —(1—a) =(14+a) (1+a) (1 —a)
—(1—-a)(1—-a) (1+a) —(14+a) —(14+a) —(1—a) (1 —a) (1+a) U0
—(14a) (1+4a)(1—a) —(1—a) =(14+a) —(1—a) (1—a) (1+a)
—(1+4a) (1+a)(1—a) —(1—a) —(1—a) —(1+a) (1+a) (1—a)



12 CHAPTER 3. BASIC THEORY

Where:
1
a= 5\/5 (3.19)

The rank of this matrix is three, so three linear combinations of the nodal displace-
ments, or better, three modes of deformation are needed to satisfy the constraint.
Therefore these modes will be locked out of response of the total subset of possible
solutions. As shown by César de Sa and Natal Jorge [3], the plane strain 4 node
element should supply 7 modes of deformation in incompressible situations. The
only mode that should not be present in the total set of possible solutions is the
outwards or inwards movement of the element’s edges collectively. The deforma-
tion mode is visualized in Figure 3.4. The dashed line is the deformed state, the
continuous line the reference state. By using reduced integration (1x1), Equation

Figure 3.4: compressible deformation mode

3.18 will become:
[-1 11 -1 -1 -1 1 1]u=0 (3.20)

This matrix has a rank of one. The linear combination of the nodal displacements
corresponds with the deformation mode displayed in Figure 3.4. The approach for
the subspace analysis for the other locking phenomena is similar to the presented
volumetric locking subspace method.

3.3 Mixed formulations

3.3.1 Introduction

The set of differential equations from which the discretization procedure starts
determines whether the formulation is called mixed or irreducible. For both the
irreducible and mixed formulations, the starting point is the weak form of equilib-
rium:

/ oelod — / suTbdQ — / suttdl =0 (3.21)
Q Q r
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3.3.2 Irreducible

The usual approach for continuum mechanical finite element analysis is to create
a potential energy function which contains only displacement terms. Stresses and
strains are written as functions of the displacements. The formulation in which no
further elimination of variables can be made is called ‘irreducible’. The following
relations are used in a strong form, and thus holding for all particles within the
finite element.

o = De (3.22)
e =Su (3.23)

This will give the well known ‘irreducible’ form for linear elasticity:

T(u) = /Q %(Su)TD(Su) 0 — /

udeQ—/uTt dr (3.24)
Q r

The potential energy is only a function of the displacements.

u=N,u (3.25)
B, = SN, (3.26)
su = Nyoit (3.27)

The other two variables are already expressed as functions of u. Making a Taylor
series of this potential;

oTI(1)
on

1 9%I(R)
Ju+ §5u W&u (3.28)

(@ + 61) = II(q) +

Equilibrium is demanded for arbitrary virtual displacement fields for the first linear
coefficient.
oll(a
ou

~—

=0 v ou (3.29)
The final discretized equation for the finite element analysis will become;

/ B!DB, dQua — / NIbdo - / NItdr =0 (3.30)
Q Q T

This form is only a function of the displacements.

3.3.3 Mixed u — ¢ — o form

Below is a short summary of the 3 field, stress, strain and displacement mixed
formulation. This form is the starting point for the derivation of the EAS method.
Besides the u — ¢ — o form there are various other mixed forms. For instance



14 CHAPTER 3. BASIC THEORY

well known in incompressible situations is the u — p form, relieving the volumetric
locking constraint. Another interesting mixed formulation is the u — o form as
used in Pian-Sumihara’s element.

Mixed formulations contain variables that could be eliminated by substitution
in a strong form. For instance a three field mixed form still contains all three
variables: displacement, strain and stress. The equations 3.22 and 3.23 that link
the variables are used in a weak form.

/ 5e™ (De — o) dQ = 0 (3.31)
Q
/ ST (Su—¢€)d2=0 (3.32)
Q
The equation of weak equilibrium 3.21 now is:

/ 5(Su)Ted — / sutbdQ — / suttdl =0 (3.33)
Q Q r

The corresponding potential energy function is:

1
HHW(u,s,cr):/ §€TD€dQ+/GT(Su—E)dQ—/

utbdQ — / ultdr
Q Q Q T

(3.34)

This variational principle is also known by the name of Hu-Washizu. Note that to
get the finite element equations 3.31, 3.32 and 3.33 the potential energy has to be
differentiated to all three variables.

q= (3.35)

Q m

oV(@) 1 0P ()

mWY(q +0q) = 1MW (q)+ 5q (3.36)

A discretization has to be made for all three variables whereas with the irreducible
form only the displacement had to be discretized.

e =B.é (3.37)
o =N,& (3.38)
su = N,on (3.39)
e = B.6& (3.40)
5o = N,06 (3.41)

The second term of the equation 3.34 binds the three interpolations in a weak
fashion. If the displacement based strain Su is identical to the strain € in a strong
form (being valid for every particle), the second term becomes zero and the usual
"irreducible’ form comes in sight.
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3.4 EAS method

The EAS formulation was introduced in 1990 by J.C. Simo and M.S. Rifai [19].
With this technique, various types of locking can be avoided, for instance volu-
metric locking or transverse shear locking. Main point of the method is the en-
hancement of the displacement based strain field. The construction of the added
enhanced strain field will decide which type(s) of locking can be prevented. Start-
ing point for the EAS method is the three-field mixed formulation of Hu-Washizu
as presented in the previous section.

With the enhanced assumed strain method the total strain field is assumed
to consist of the displacement based strain field and an assumed additive strain
field. This enhanced strain field can contain modes that are not present in the
displacement interpolation.

e=Su+ee (3.42)

Thus requiring the stationarity to all its variables:

1
I1*"(o, €en,u) = / §(Su + een)TD(Su + Een) dQ — / o e, dQ
Q Q

—/udeQ—/uTtdF (3.43)
Q r

Variation of the potential energy principle will yield three integrals which have to
be satisfied by the fields.

/ 5€gn(D(Su + een) - 0') d2=0 (344)
Q
/ 00 €en 2 =0 (3.45)
Q
/ 5(Su)"D(Su + £0y) dQ — / suTbdQ — / suttdl =0 (3.46)
Q Q r

Prescribing functions within the element for the enhanced strain field:
€en = Bena (347)

Displacements are continuous between elements. Enhanced strains and stresses
are not. The three integrals above will give a linear system of equations:

A C G a f;
ct 0 0 | = £ (3.48)
GT 0 K a fs
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where:
A= / B! DB, dQ (3.49)
Q
C=- / Bl N, dQ (3.50)
Q
G= / B! DB, d (3.51)
Q
K = / BI'DB, dQ (3.52)
Q
fi=0 (3.53)
f,=0 (3.54)
(3.55)

f3 = £t :/NEbdQ—i—/NEtdF
Q T

The internal force vectors are set to zero since no prestressing effects are considered.
Therefore f; and fy are zero and f3 consists only of the external force vector. In
iterative-incremental procedures the internal force vectors can not be set to zero.

The system of equations above should comply to the stability condition for
mixed formulations. The stability condition prevents the matrix system of Equa-
tion 3.48 to become singular [22]. The vector of variables, nen,n, and n, are the
number of unknowns in the vector of enhanced strains, stresses and displacements
respectively. The following inequality should be met:

Ny + Nen>Ng (356)

The choice for Be, is subject to two conditions. Condition one tells that the
introduced strains of B, and B, should be different from each other.

Ben NBy =0 (3.57)

Ignoring this condition will give matrix singularity and thus non-unique solutions.
Also would it give no further benefit to add a deformation mode with the enhanced
strain matrix which is already present in the displacement based strain. All en-
hanced parameters or columns of B, should be independent.

A second condition is invoked to get rid of N,. Matrix Be, is chosen orthogonal
to matrix N,. The effect of this is that matrix C equals zero and can be removed
from the total system of equations.

C= / BIN,dQ =0 (3.58)
Q

To make sure the above condition is true, a proper choice for B, has to be made.
Therefore N, is assumed to consist only of constant stresses. So matrix C may
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be removed from the total matrix system if:

/ Bl d0 =0 (3.59)
Q

The number of variables is now down to two. The new linear system of equa-

tions:
SR e

The reduced system of equations is used to determine a new stiffness matrix.
Therefore the enhanced strain parameters are condensed out at element level.

K a=f; (3.61)
K=K -GTA"'G (3.62)

To obtain the local stiffness matrix, matrix A must be invertible.

The static condensation of the enhanced strain parameters gives several ben-
efits. First, the element stiffness matrix has still the same size (same amount of
degrees of freedom), therefore the assembly of the element stiffness matrices is the
same as was before for the not enhanced element. Secondly the total, global, stiff-
ness matrix is not extended, thus still the same effort has to be done for solving
the system. A linear enhanced element should be in almost every case (if Bey, is
not too large) be computationally more efficient than its quadratic version, while
quadratic elements can still introduce their own locking problems.

The enhanced strain parameters can be calculated after solving Ku = f. With
the known nodal displacements, the strains (and thus the stresses) can be deter-
mined as follows:

a=-A"'Ga (3.63)
e = Byu+ B (3.64)

With these parameters and the nodal displacements it is possible to calculate the
‘total” strain and stress. The definition of B, dictates the ability of the formulation
to alleviate distinct locking phenomena. Various approaches are found in literature.
In further chapters the subscript u of the B,- and N- matrices will be discarded
for readability.

3.5 EAS method in non-linear situations

In this section the EAS method is derived for use in an incremental-iterative pro-
cedure [9, 19, 23]. The proceeding formulations use i as an iterative counter and
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n as the incremental counter. The internal force vectors can not be discarded as
was the case in the linear situation (Equation 3.60).

fint — / Bl dw (3.65)
fint — / Bl o dw (3.66)

Linearization of these force vectors will give a very similar system as seen in Equa-

tion 3.60.
A G]/[ "o —fint
|: GT K :| < i+i1~1 > = < fext _ fint ) (367)

The static condensation procedure will yield:
[K-G'A7'G] "u=f -+ GTA') (3.68)

The system of Equation 3.68 is build and solved for each iteration until the com-
plete right hand side is zero. For every iteration:

Ha=ta la (3.69)
o ='a+ T (3.70)
i+1ia — A1 szJrllﬁ _ip-l iféﬁt (371)

The strain over the increment can be calculated with:

e = "B a4 "B, "Ml (3.72)

n n

To increase the accuracy of the calculated strains, the strain is often calculated by
using the geometry at the half of the increment:

ntle — nilzgntly 4 ntl/2g  ntly (3.73)

With a constitutive model the stresses can be computed from the strains.



Chapter 4

Simo-Rifai quadrilateral

4.1 Introduction

The Simo-Rifai 4-node element is an extension of a normal 2d linear 4 node quadri-
lateral. As shown in Chapter 3, this quadrilateral suffers from shear locking in
bending dominated situations and volume locking in incompressible situations.
Therefore an enhanced strain field is introduced which will alleviate this locking
behavior. The stress state is plane strain.

The following sections will only treat element dependent properties; enhanced
strain parametrization and transformation of this parametrization. All other oper-
ations at the element are general for finite EAS elements and are according Chapter
3.

The linear version of the element is programmed in C++ with the FEATURE
toolbox. The non-linear variant was programmed in DIEKA.

4.2 Formulation

4.2.1 Enhanced strain parametrization

The enhanced strain parametrization in the natural coordinate system:

Een = Ben(é) {a} (4-1)
00 0 Z;
{€n}=101n 00 o (4.2)
3
00 ¢ n o

Why the matrix is formulated this way can be made clear when the global coor-
dinate system is chosen identical to the local natural system. For an element the

19
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total strain of a particle within the element will become;

e=Su+eq (4.3)
Exx e (y) 2 00 0 Z;
Eyy = eyy(T) +10 y 00 i, (4.4)
2exy ) total 2exy(2,Y) 0 0 =z vy o

The first normal strain is enhanced with an extra function in x direction. The
same holds for the second normal strain eyy,. The normal strains are enhanced
so the two introduced parameters o and as can be used to alleviate volumetric
locking or thickness locking.

The shear strains are given two extra degrees of freedom a3 and a4 as a func-
tions z and y respectively. These parameters are used to get rid of the extraneous
shear strains (shear locking).

When using the method of constraint counting, one would suspect that 8 de-
grees of freedom should be introduced; 4 integration points, 2 constraints per
integration point. A subspace analysis on the other hand shows that the subspace
of the constraints (volumetric- and shear locking) still has a rank of 4, thus not 8.
The 4 introduced parameters are indeed sufficient to get all 7 deformation modes
belonging to a 4 node linear element in incompressibility.

4.2.2 Coordinate transformation

The enhanced strains are prescribed in the natural coordinate system as a func-
tion of the natural coordinates. To calculate the integrals over the element, the
enhanced strains in the global coordinate system have to be known. The strain, a
second order tensor, has to be projected on the global domain. Appendix A con-
tains a derivation of the projection of an arbitrary second order tensor. In general,
FEM software uses matrix vector notation, so the following derivation will end in
that form. In tensor notation a projection of a second order tensor yields:

een) = 2 111" (2] [T} (45)
And in matrix vector notation:
_Jo y
[Een] = j(§7U)FO [Een] (4.6)

Jo -
Ben = V7 F Ben 4.7
i€’ .7
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where:

T2 T2 2T, T
Fo=| T3 T3, 271275 (4.8)
T11T12 To1Toe Ti1Too + 112151

There are two options for the definition of T. The direction of the enhanced
strain can be chosen in direction of the covariant or contravariant base vectors.
See Appendix A for more details. Definition of the enhanced strain in direction of
the covariant base vectors gives the following transformation:

T=1Jy (4.9)
Choosing a contravariant set of base vectors yields:
T=J;" (4.10)

Equations 4.9 and 4.10 are the only two transformations which will guarantee
frame invariance. Renumbering the nodes, but keeping a certain order though,
should have no difference on outcomes whatsoever. The last option 4.10 seems
more effective considering mesh distortion sensitivity so this one is used for the
projection of the enhanced strain field [22]. J¢ is the Jacobi matrix at £, 7 = 0, 0.

oz Oy
3o [ . 1)

on  9n ] (£=0,0)

If the mapping is done with the complete Jacobi matrix as a function of the
natural coordinates, the patch test will not be satisfied. The linear enhanced
strain functions in the isoparametric local space will be higher order functions in
the global space due to the introduction of extra functions in the Jacobi matrix.
Equation 3.58 can not be guaranteed zero.

The jo term can be discarded when programming EAS elements, since it will
only scale the parameters altogether. When calculating strains and stresses after-
wards, the elimination of jy also has to be made.

Performing the projection of the strain functions should be done with care
since a simple flaw will produce high distortion sensitivity and an element which
will fail the patch test. The article in which the element is proposed [19] contains
an error in the Fy matrix. Off diagonal entries JioJo1 and Jo1Ji2 are incorrect.
In the book by Zienkiewicz [22], Figure 11.9 which should display the benefits of
using the inverse transpose of the Jacobi matrix does actually the opposite. Jg
and JbT have been swapped.
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4.3 Simulations

4.3.1 Introduction

In this section various tests results are presented. The tests have as goal to show the
benefits of the SR-quad and to prove that the element implementation is correct.
First, three tests out of literature are performed. Finally, a sheet deformation test
is modeled with the SR-quad’s to check their capacities.

4.3.2 Patch test

A patch test with five elements is performed with the Simo-Rifai enhanced as-
sumed strain quadrilateral [22]. Figure 4.1 shows the set up. Minimal number
of boundary conditions are used and the material properties and initial geometry
remain constant during loading (linear). The element should have the ability to

10

10

Figure 4.1: patch test setup

produce constant stresses. Due to the addition of a strain field which in the end is
used to compute the stresses it is not trivial a constant stress is obtained over the
element. The transformation performed at the element its center should guarantee
this. Changing the node numbering (frame invariance) should have no influence
on the outcomes. This can also be checked with this test setup. The EAS strain
matrix f’)en generates the same functions in each direction for the strain vector.
By swapping terms of equation 4.2, the element has still the same properties in £
and 7 direction.

The stresses, for instance oy, are indeed constant over all the 20 integration
points. Changing the node numbering gives no changes on results whatsoever.
The programmed mapping (Fg), and the stress computation is correct.
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4.3.3 Mesh distortion

The Simo-Rifai quadrilateral is tested for it’s capabilities to avoid shear locking
and insensitivity to mesh distortion. Figure 4.2(a) shows the test set up. The two
only necessary constants for linear elasticity; £ = 75 and v = 0. The book of
Zienkiewicz [22] shows the results of the test in Chapter 11. With the implemen-
tation of the SR-quad in FEATURE the same results should be obtained.

As explained previously, the enhanced strain matrix supplies two parameters
to enhance the normal strain and two parameters to reduce the shear strain. The
exact linear solution of the problem is 1.

1
—x— SR-quad4
0.8 —O©— quad4
0.6

N
S—
o
o
o ©
ST N

— T 05 0 1 2 3 4 5
5 \ 5 a

(a) test setup (b) tip deflection

Figure 4.2: mesh distortion sensitivity

The SR element is compared with a normal quad4 element. Figure 4.2(b) shows
that the EAS element performs overall much better than the quad4 element which
suffers severely from shear locking. The SR quad seems relatively insensitive to
mesh distortion. For the last value a = 5 the element has a triangular form but only
remains 0.363 away from the exact solution. These two properties, insensitivity to
mesh distortion and creating an exact bending distribution are very useful when
simulating sheet deformation processes.

4.3.4 Cook’s membrane
linear

To find out how many Simo-Rifai quads are needed to get a good solution in
comparison with a normal quad, Cook’s membrane problem is modeled [22]. The
test is performed twice, once with v = 0.3333 and once with v = 0.4995 for
different amounts of plane strain elements. The introduced force at the tip is the
total force, so the external force vector per element has to be calculated over the
length. Figure 4.3 shows the problem. The amount of elements is n x n which is
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in the displayed case 4 x 4.

E =170
F =100

Figure 4.4 shows the results for the various combinations. The vertical displace-

o/

Figure 4.3: test setup with 4 x 4 mesh

48

ment of the most upper-right node is displayed on the vertical axis. First, figure

30 30
~ 20 ~ 20 ﬁ+ SR-quad4
§ —>— SR-quad4 §, &— quadé4
—©— quad4
10 10
ceo—=o &
0 0
0 5 10 15 20 0 5 10 15 20
n n
(a) v =0.33333 (b) v =0.49995

Figure 4.4: Cook’s membrane problem (linear plane strain)

4.4(a) shows that the SR-quad obtains very good convergence. The 5 X 5 mesh
seems to be converged to a steady state, where the ‘normal’ quad4 element is still
far away from the exact solution. Again the quad4 element shows shear locking.
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This effect reduces when the number of elements increase and thus the element
shapes become less trapezoidal.

The good performance of the SR-quad is continued in figure 4.4(b). The en-
hanced strain field gives 2 extra degrees of freedom to satisfy the implicit in-
compressibility constraints at the integration points. The quad4 is locked by the
volumetric constraints, the element is completely unusable in this setting.

Geometric non-linear

The same test as above is now evaluated geometrically non-linear. The total load of
100 Newton is applied in 5 steps. Enough accuracy is obtained at an internal force
unbalance ratio of 1073, Goal is, beside checking the functioning of the element in
an incremental-iterative setting, to compare the computational efficiency. A quad4
modified with the B-bar method is added. This element is adapted to function
properly in the incompressible situation by underintegration of the volumetric part
of the B-matrix. Figure 4.5(a) is very similar to figure 4.4(a), only displaying an

25 $ 25
20 - 20| e
—— SR quad4
15 —>— SR quad4 15 —+— B-bar quad4
L;, ——+— B-bar quad4 § o— quad4
10 —o— quad4 10
co—=o <
5 5
0 0
0 5 10 15 20 0 5 10 15 20
n n
(a) v =0.33333 (b) v =0.49995

Figure 4.5: Cook’s membrane problem (non-linear plane strain)

even better convergence of the SR-quad. The overall displacement of the tip node
has decreased due to the stiffening behavior of the geometry.

The B-bar element shows its purpose in 4.5(b), though still being less effective
than the SR-quad. The quad4 is identical to the previous, linear, situation.

Computationally, the SR-quad4 uses approximately one more iteration per
step which should cause slightly more computation time. Since the actual total
computation time depends on a wide range of factors, a ‘hard’ numerical compar-
ison is hard to make. Still the indications do not show considerable differences in
computation times between the SR-quad4 and the quad4.
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4.3.5 Bending process

To show the EAS element’s capabilities in sheet deformation processes a model
was reached by Corus, [Jmuiden. The model represents the bending process of a
plate. The plane strain assumption will simplify the problem to 2d. In Figure 4.6
the process is shown. The simulation is performed with various mesh sizes as seen
in Table 4.1. The used geometry and the material model is in Appendix B.

The total displacement of the punch is four millimeter in negative vertical
direction. The simulation is divided in 80 steps. 5 steps of the 80 steps are used
to simulate springback of the plate.

Figure 4.6: test setup

Table 4.1: mesh sizes

number of elements | mesh size
500 10x50
125 5x25
60 3x20
30 3x10

In Figure 4.7, results are shown for two steps in the process. At both graphs
the normal displacement based elements (quad4), are reacting stiffer than the EAS
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elements. The SR-quads are converging more rapidly to the final solution, even
the very coarse meshes are reasonably in the range of the expected solution.

At Figure 4.8 the load curves are displayed for the two elements. The used
model for this plot is the 3x20 mesh. The SR-quad reacts less stiff overall. Es-
pecially the moment where the plate has contact with the punch and the die at
all places along its boundaries, there is a large difference at pressing forces. When
the punch is moved upwards a little, there is also a big difference.

State variables at the end of the total process, like the equivalent plastic strain
or Von-Mises stress, are almost indifferent with respect to the element used. The
cause of this is that the simulation is displacement driven (displacements are pre-
scribed). In this case the main benefit of the EAS based elements is the more
accurate prediction of the punch force. If the problem were to be force driven,
results should be different. In this case the SR-quad should prove its value like it
did in the linear tests.

Decreasing the mesh any further, for instance 1x10, did not give proper results.
First problem can be that the geometry can not be modeled sufficiently, especially
with respect to the contact elements. Secondly, in plasticity problems, constitutive
properties are in general high order functions of the coordinates within the element.
Sampling these functions only at two integration points along the total thickness
of the plate might not be enough. A version with extended integration scheme
along thickness might solve this problem. The subspace of the constraints will
not get a higher rank by adding more integration points than the normal 2x2
integration. A 2x10 mesh with extended integrated elements could be accurate
and computationally efficient.

45 55
—— SR quad4
8 40 —©&— B-bar quad4 8 50 *— SR quad4
S S —©O©— B-bar quad4
e e
g g
335 X/ 3 45
30 40
0 100 200 300 400 500 0 100 200 300 400 500
number of elements number of elements
(a) vy = 0.751 (b) vy = 2.501

Figure 4.7: punch force at two steps

Tables 4.2 and 4.3 show computational results of the 500 and 125 element mesh
respectively. The number of substeps and the machine used is identical in all tests.
Convergence of the EAS element is less overall. Cause is the mixed character of the
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400

350}
—x— SR quad4 D

300} —©— B-bar quad4
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w 200r
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Figure 4.8: loadcurve

element. As seen in Figure 4.3.3 the element behaves remarkable when distortion
levels increase. The extra computational effort that has to be done for the SR
quad4 is 34% in comparison with the B-bar quad4 for the 500 element mesh.

Table 4.2: computational results of 500 element mesh

elapsed time | number of

element in seconds iterations
SR quad4 25.1 274
B-bar quad4 ’ 18.7 ‘ 221

4.4 Conclusions

The programmed element seems to perform better in most circumstances than the
quad4 element or it’s modified version, the quad4 B-bar. The element especially
performs better in bending and incompressible dominated situations.
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Table 4.3: computational results of 125 element mesh

elapsed time | number of

element in seconds | iterations
SR quad4 7.82 254
B-bar quad4 ’ 6.36 ‘ 221

Seen from the computational perspective, the extra work needed to be done
seems little whereas the improvements can be large. There are no problems with
stability as would appear with reduced integrated elements. The convergence
of the enhanced element in non-linearity has decreased a bit compared to the
displacement based element.

Overall, the SR-quadrilateral should give good results in various sheet defor-
mation processes in 2d.
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Chapter 5

‘RESS’ 3d solid-shell

5.1 Introduction

In this chapter the RESS element as proposed by Sousa and co-authors is treated
[14, 15, 16]. The abbreviation RESS stands for Reduced integration, Eas, Solid-
Shell. These methods make a ‘standard’ 3d element suited for thin walled analysis.
In first instance a reduced integration scheme is adopted to alleviate both volumet-
ric and shear locking. Due to the reduced integration, a stabilization procedure
has to be initialized to prevent hourglass modes. Secondly the strain in thickness
direction is enhanced to counter thickness locking and the volumetric locking that
could not be cleared completely by the RI procedure. Finally, in the stabilization
procedure, the out-of-plane shear strains are set to zero and the volumetric part
is deleted by using a B-bar procedure.

The element is programmed in C++ with aid of the FEATURE toolbox. The
toolbox includes algorithms for solving non-linear problems. This chapter is treat-
ing all formulations for the geometric non-linear case.

5.2 Formulation

5.2.1 Introduction

When solving non-linear problems a clear distinction has to be made between
iterations and increments. An increment is a predefined load or displacement
step. For instance a load can be divided in various steps solved per increment. An
iteration is an attempt to obtain a converged increment.

There are two distinctive configurations for a geometric non-linear problem:
the reference configuration, and the current configuration. In total Lagrange pro-
cedures the reference configuration remains the undeformed starting configuration,
even after certain increments. The updated Lagrange method sets the configura-
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tion of the last converged increment as the reference configuration. So with a total
Lagrangian procedure, integrals remain over the starting geometry. States have
to be described in that geometry, hence the use of the 2nd Piola-Kirchhoff stress
tensor and the Green-Lagrange strain tensor. Within an updated procedure the
reference geometry is not far away (only one increment) from the sought solution.
Therefore if increments remain small, linear state variables can be used, Cauchy
stress and the linear strain tensor. Drawback is that between increments previous
stresses have to be rotated to the new geometry.

The approach for the RESS element could be best described as a mixed ap-
proach. The reference configuration is updated to the last converged increment.
Within an increment non-linear states are used to make a new converged incre-
ment. So the states and integrals within various iterations remain functions of the
reference configuration.

5.2.2 EAS implementation

The implementation of the EAS method in (geometric) non-linearity is almost
identical to the linear case. The potential energy form is very similar compared to
Equation 3.34 for linearity. This form for non-linearity is known by the name of
Veubeke Hu-Washizu. The proceeding formulations use the prefixed variable i as
an iterative counter and a prefixed n as an incremental counter.

V"W (u, E, 8) = ™ — 1™ (5.1)
IV HW — / W(E)dQ +/ S: (E(u) — E)dQ (5.2)
Q Q
YW — [ budw + / tudy (5.3)
w Y

E(u) is the Green-Lagrange strain.

1
E(u) = (F'F-1 5.4
(w =3 ( ) (5.4)
The strains are enhanced similarly as Equation 3.42. The second term of Hi\fl{lw
is discarded with the orthogonality condition. As result of the variation of the
remaining part of potential energy to a and u two internal force vectors have to
be taken into account:

fint — /(B)Ts dQ (5.5)
Q

fint — / (Ben) TS AQ (5.6)
Q

The external force vector is the same as was for the linear case:

fext — / NIt dy + / NIbdw (5.7)
¥ w
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The resulting system of equations will become:

A G Mol [ 0 [ fin (5.8)
GT Klg + Knlg H_liﬁ - fSXt flilnt :
The vector Hliﬁ is an attempt to make equilibrium within an increment.
The static condensation procedure is invoked to discard ”lia.
(Kig + Kug — GTAT'G) o= — " + GTAT') (5.9)

The displacement based stiffness matrix is split into a geometric stiffness part K,
and a stress stiffening part K,j;. Matrices A and G are according Equation 3.48,
only using differently formulated B-matrices.

5.2.3 Coordinate systems

Whenever expressing tensors in numbers, except a zeroth order tensor, coordinate
systems have to be specified in which the tensor components are pointing. The
RESS element is formulated with the aid of three different coordinate systems.
These are, a global cartesian coordinate system, an orthonormal coordinate system
and a convective coordinate system based on the natural coordinates. The three
systems are shown in Figure 5.1 and listed in Table 5.1. The orthonormal and
the natural system are expressed as a set of vectors in the cartesian system. The
basis is defined with three base vectors. The assignation global means equal for

€3

€

2

Figure 5.1: various coordinate systems

all elements whereas local means individual per element. The natural system is in
general a function of the place within the element. When the element is distorted,
the system is non-orthogonal in the cartesian space. The coordinate vectors in
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Table 5.1: various coordinate systems

‘ coordinate system ‘ base vectors ‘ coordinates ‘ environment ‘ symbol ‘

orthonormal Iy, T, I3 D, q, T local )
natural 81, 82,83 £ 1, ¢ local )
cartesian e, ey, e3 x, Y, 2 global

various forms are:

p:[p q T]T:(pi i=1,2,3) (5.10)
E=[¢n ¢l =& i=123) (5.11)
x=[z y z]T:(xi i=1,2,3) (5.12)

Below the definition of the natural coordinate system is given. Note that these are
the covariant base vectors.

¢ on  oC
dy oy 0
(g1 & g ]=| 3¢ & o (5.13)
9z 0z 0z
9 Oy o

The orthonormal system is constructed at the element’s center. All partial deriva-
tives used to build the system are therefore evaluated at (£,7,¢) = (0,0,0). The
system is constructed once with the undeformed geometry and is updated after-

wards.
P
g&
ST = 8—2’ (5.14)
2z
L 9¢
[ Oz 7] [k
o€ on
0 0
S3 = B_g X a—g (515)
9z 9z
L 0§ on
So = 83 X S (5.16)

The system is orthogonal but not orthonormal, therefore:

1

= s i=1,23 (5.17)
El

r;

The global coordinate system is used to describe the geometry, build the stiff-
ness matrix and the force vectors. The cartesian base vectors are the same for all
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elements so the quantities mentioned can be summed up easily. The orthonormal
system is used for the constitutive computation. The advantage is that shell like
structures can be modeled with for instance anisotropic properties in in-plane and
thickness direction. Local stress and strain tensors are also beneficial in an incre-
mental procedure since previous strains or stresses can be added without further
transformations. If the tensor components were in global coordinates the proper-
ties had to be rotated between increments. The natural coordinate system is used
to create the strain-displacement- and the enhanced strain matrices.

5.2.4 Coordinate transformation

The Green-Lagrange strain tensor components are formulated in the directions of
contravariant base vectors of the natural coordinate system.

n+7}bE _ n+71LEvlij ngi ngj (518)
n+1E,, —_ 1 ng,6n+711u + 8"+711u ng, + an+7lluan+7lzu (5 19)
T T\ S ang T ang ST Tang ang '

The constitutive computation is in the orthonormal system. Therefore a transfor-
mation has to be adopted. In matrix- vector notation.

~

E=FE (5.20)

F is the operator which transforms tensor components from the natural convective
coordinate system (g'), to the local orthonormal system (r;).

[T T3 T2 Ti1 1o To1 T3 T T3 ]
T T3 T3 T12T5 T50T30 IADYED)
T T3 1% Ti3Th3 Th3T33 T13T33

2711719 2091T59 2151132 Th11T02 + T12151 To1T32 + ThoTsy 111132 + 112131
2T19T13 205053 2132133 Th2To3 + T13T9 TooT33 + Th3T39 112133 + 113139
| 2711113 2151123 2131133 T11To3 + Th3To1 121133 + To3T31 Th1T33 + 1131531 |

(5.21)

The components of T needed to build F are derived below. The transformation
of the base vectors of the tensor can be written as:

_ 0&
t = r; 5.22
i 9E; O

— el Ny 2
g 81’[ ap] r] (5 3)
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Appendix A gives more details on coordinate transformations in general. The
transformation can be expressed in matrix form.

ro || % %o )| &% X (5.21)
or oy oo | | 06 on o
or Or Or 0z 0z 0z
The first part of Equation 5.24 can be obtained by considering
ox;
—e€; =7Tr; 5.25
apj 1 J ( )
Which is in matrix form:
0 dy 9 E
L E g 01 0|=[r ry r3] (5.26)
oz Oy 0z 0 0 1
or Or Or -
dz Oz Oz 7]
550
a—g a—g 32 :[rl ro rg] (5.27)
0z 0z 0z
Jp Oq Or

The second part of Equation 5.24 is simply the inverse of the Jacobian. So in
total:

T=[[r r2 )" [J—lﬂT (5.28)

With this transformation the strain-displacement B- matrices belonging to E can
be projected on the orthonormal system.

N

B =FB (5.29)
5.2.5 Enhanced strain parametrization

To ensure thickness-, nor volumetric locking will occur, an enhanced strain parametriza-
tion is introduced.

(5.30)

josk
@
=
—
I
~—
I
S O Oy O O
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The enhanced strains are defined in the directions of the natural coordinate system
and thus have to be projected to the local orthonormal system with the coordinate
transformation described in Section 5.2.4.

Ben = FoBen (5.31)
where:

Fo = F(en.0=000) (5.32)

The projection is equivalent to the one proposed by Simo and Rifai, [19]. Very ben-
eficial about the enhanced strain parametrization is that with only one parameter
both the volume- and the thickness locking phenomena can be countered.

5.2.6 Reduced integration

The normal full integration of a 3d hexahedral is 2x2x2. To counter volumetric
and shear locking a reduced integration scheme is used. This scheme is 1x1 in
in-plane direction and an unspecified number of integration points along thickness
direction (1x1x5 for instance).

The main idea of multiple integration points along thickness is to model the
complex constitutive behavior in plasticity. Note that the multiple integration
points in thickness direction will not expand the subspace of the locking constraints
any further than the 1x1x2 integration would do.

It is beneficial to choose an uneven number of integration points. This will
make sure there is always an integration point at the center of the element which
will ease certain computational procedures, for instance the stabilization procedure
or updating the orthonormal system.

By using this integration scheme all terms of the B-matrix which are constant
or a function of ¢ will be retained. The strain in the element consists of the
following components:

B = B(c,£,1,(,&n,6¢,1C) (5.33)

The integration scheme samples at &, = 0,0 and various values of ( depending
on the number of integration points chosen. This will reduce the strain matrix.

B =B(c,&,1,(,6n,6¢,10) (5.34)
= B(c,0,0,¢,0,0,0) (5.35)

This strain matrix can be written out as a set of coeflicients.
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To prevent hourglass modes which correspond with these ‘lost’ terms, a stabiliza-
tion procedure has to be initialized in which these terms are added back into the
stiffness matrix and the internal force vector. These terms are:

B = B(¢,n,&n,6¢,1C) (5.38)
= BE¢ + By + B¢ + B¢ + B¢ (5.39)

Paragraph 5.2.8 treats the stabilization procedure.

5.2.7 Stiffness computation

The total stiffness matrix consists of a geometric stiffness part and a stress stiff-
ening part. All integrals are calculated over the reference domain (last converged
configuration). The geometry stiffness matrix can be computed as follows:

K, = / BTDB dQ (5.40)
Q

The D-matrix contains the components of the fourth order constitutive tensor in
the local orthonormal coordinate system.

K, = / (B¢ + BSO)TD(B¢ + B¢) dQ (5.41)
Q
_ / (B¢ + BCOTD(BC + BEC)j dO (5.42)
O
This mtegral has to be worked out numerically. There is only one function of ( in
the B so it can be programmed very efficiently. The needed B- matrices can be

found in Appendix C.
The stress stiffening matrix has to be calculated numerically.

Kyg = /Q (B™&)TSgB"e 4 (5.43)

Due to the fact that Piola Kirchhoff stress acts in the last converged configuration,
the integral should be over this domain. B™# is also derived at "x

) S; 0
So=1] 0 S
0 0

o O

(5.44)

>
w

S; is the complete stress tensor in tensor form, not the usual vector form used in
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FEM routines.

NE0 0
NE- O 0
NE o0
0 N o0
[Bglg}: 0 NF 0 k=1.8 (5.45)
0 Nt oo
0 0 N/
0 0 N%
00 N,
B = [ By BY® By® B® B B B BY® (5.46)

The index k represents the node numbers of the element. The total number of
columns of B™& will become 24. The notation used in the article by Sousa [15], is
not proper since the base vectors rq,ro and rs are not functions of £ nor x. The
orthonormal system is constructed at the center of the element and is therefore
constant within the element. By using the set of coordinates p along r; the terms
of Bﬂlg can be constructed.

ONF 9¢;
k J :
= 1=1,2,3 k=1.8 5.47
Pq 8§] 8}% ) Sy ( )
The derivatives of £ to p can be determined as follows.

I IS [ % 9p Op oz 9z oz 177!

Op 0Oq Or [5) 0 0 o0&  9OJn  OC

o on on | _ || ¢ 04 9g || oy 9y 0y (5.48)

Jp 0O or dr Oy 0z o On  OC ’

o ot aC or or or || &2 9 &

op 0Oq Or | L 0z Oy 0z o On  OC

- _ -1
= |: rirors j| ! JT] (549)

The K,z can now be calculated.
The internal force vectors are also calculated in the local orthonormal coordi-
nate system:

u

fint :/(B)TS dQ (5.50)
Q

fint — / (Ben) TS dQ (5.51)
Q

5.2.8 Stabilization procedure

By using full integration no hourglass modes are present since all strain functions
are present in the stiffness matrix. By using the in-plane reduced integration
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scheme the following strain terms were lost:
B = B¢ + By + Ben + BEEC + B¢ (5.:52)
The stabilization stiffness matrices corresponding with the B-matrices:
KHC = K& + K7+ K& + K& + K" (5.53)

The strains are formulated in the natural coordinate system and have to be trans-
formed to the orthonormal system to make the needed B- matrices. The Fy is
build at the element’s center.

]gstab _ FOBstab (554)

The sub-terms of the stabilization stiffness matrix are calculated as follows:

K¢ = /D (B)TDB¢%j, dO (5.55)
K" = /D (BMTDB"?j, dO (5.56)
K& = / (BEMTDB¢2%j, dO (5.57)
u]
K& = /D (BS)TDB¢%¢2j,dO (5.58)
K™ = /D (B"™)TDB"72¢2%j, dO (5.59)
Where:
/...dQ:/...deD (5.60)
Q a]
The term jo is determinant of the Jacobi matrix evaluated at & = 0. Using

the ‘total’ Jacobi determinant would introduce functions of &£, making analytical
integration more troublesome as will show later on. Note that all other possible
cross products of the B-matrices will yield zero within the integral. For instance:

/ngm_/mgndm_/ugnQdD_/D§n3dD_O (5.61)

The stiffness terms of Equation 5.59can be worked out efficiently by considering:

/552 do = /Dn2 do=S (5.62)

/D§2n2 do — /D£2C2 do — /D 3¢ do = (5.63)

O 0o W
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All stabilization stiffness terms can be calculated analytically, no numerical inte-
gration has to be performed.

Due to the integration scheme, the standard internal force vector fails to show
nodal forces at the hourglass modes. The incremental stabilization internal force
vector is defined as:

nHLpHG _ b lpl y nblen | nblpln | ntlpeC ntlpnd (5.64)
Where:
T = /D (BT " Lot dD (5.65)
T = /D (B")T oo dO (5.66)
T = / (BT oen jo O (5.67)
.
TS = /D (BE)T "ot o dO (5.68)
T = /D (B7) T o™ n¢o AT (5.69)

The necessary stresses may only be a function of the specified coordinates. If not,
cross terms will not cancel out. Therefore the actual stresses can not be used, but
are defined as:

n+71LO.§ _ gf)]gﬁ n+TlLl~1 ( )

"o’ = DB a (5.71)

gt — enDBE g (5.72)
n+7llo.§C _ &*f)]g&é‘ n—i—?llﬁ ( )
(5.74)

1 N: 1~
gt — n¢DB™ "t la

The B-matrices used for the internal force vector are evaluated at half of the
increment.

All integrals above can be calculated analytically if the D-matrix is assumed
to be constant over the domain. Easy way out is to choose the constitutive model
of the integration point in the middle. In the articles in which the RESS element is
introduced, it is not clear what constitutive matrix should be used. In Article [15] a
tangent material stiffness matrix is used. Second Article [16], uses only the elastic
part of the material stiffness matrix for the stabilization procedure. The element
as programmed in C++ uses the tangent stiffness matrix. Main motivation is that
in plasticity the use of a pure elastic material stiffness matrix might give a too stiff
response.
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The calculated stabilization force vector is incremental and not total. All
previous contributions to the vector have to be taken into account.

n-l—lfHG — anG + n+7}LfHG (575)

To prevent shear locking in the element in bending situations the two out of plane
shear strains in the stabilization procedure are set to zero.

B =0 (5.76)
B =0 (5.77)

This approach is standard for shells. Constant shear strains which were calculated
in the normal stiffness matrix are not canceled out, but these constant shear strains
are subordinate in thin walled applications.

To prevent the volume locking phenomena in the stabilization stiffness matrix
and the force vector, the B-bar method is used. The method assumes that the B
consists of a deviatoric part and a volumetric part which is only evaluated at the
element’s center.

B(¢) = B (¢) + B™(0) (5.78)

Since no constant terms are in the B-matrices as used for the stabilization proce-
dure, the volumetric part at the center will be zero. Therefore:
B*(0) =0 (5.79)

B(¢) =B (¢) (5.80)
The total system of equations will become:

(Kig + Kpig — GTATIG + KHC) Tl = £ — £t 4 ATIGTER — £HG (5.81)

5.2.9 Incremental procedure

Below follows a summary of the incremental procedures for the RESS element in
a FEM program.

1. Compute Kz, Kq, KHG and the EAS contribution —GTAflG'at ntly,
Sum the contributions and calculate the iterative displacements ”iﬁ with
the force vector £ —fint 4 A~1GTfnt fHG The incremental displacements

"tllﬁ are the sum of all previous iterative displacements Hiﬁ.

2. Update the nodal locations and the orthonormal system with the found
displacements.

1
nH/2x — x4 3 g (5.82)

"y = "x 4+ "a (5.83)
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Use the deformation gradient to update the local orthonormal system. The
local orthonormal system should be rotated and therefore the stretching part
of the deformation gradient needs to be disposed.

"HF = "IR"IU (5.84)

R A R U (5.85)

nt1/2 [ rs ro r3 ] = n+1/2Rn [ ris ro I3 } (586)
ntl [ rn ro rs ] = ’Vl+"1/Rn [ ry ro rs ] (587)

Calculate the strains over the attempt to reach the converged increment
with halfway geometry and orthonormal system.

Ha=-A"'G""a (5.88)

n+éE _ n+1/2]§ n—l—TlLﬁ + n+1/2]:3)en n-&-rlla (5.89)

Note that the strain is calculated with the B-matrices and not according

5.4. The calculated strain is linearized over the increment. The B matrices

are calculated as follows:

n+1/2]§ — n+1/2Fn]“3 (590)

n+1/2]§en = n+1/2F0 nBen (591)

Note that the F-matrix is not the deformation gradient but the convective

to local operator (5.21). The strain "*'E is used to calculate the stress with

a constitutive model. This stress is used for calculation of the internal force
vectors, but not the stabilization force vector.

3. determine the internal force vectors, firt, £t fHG - The stabilization force

vector is the previous force vector plus the new attempt, according Equation
5.75.

4. check if required accuracy in the force vector is obtained.

(a) No. Start from the top by building new stiffness matrices (in case of
full Newton-Rhapson procedure).

(b) Yes. Make the current geometry the reference geometry for the new
increment.

Save the strain and start a new increment.
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In the article of Sousa and co-authors [15] several formulations are very pecu-
liar. Especially the notations of the iterative-incremental procedure is question-
able.

e First of all, the prefix "*}L, seems to be used for both iterative and incre-
mental steps in the solving process. Equation (41) of Article [15] on page
170 shows "Jrrlld as an iterative change of the displacement. The equations
as depicted in “Box 3. Computation of trial elastic stress” on page 170 seem
to take "tlld as an incremental change of the displacement.

e As derived in Section 3.5, the a-vector should be determined per iteration,
exactly similar as u is determined per iteration (by means of a linearization
step). The static condensation procedure should follow procedures described
by Equation 3.71.

e The first equation of the “Box 3. Computation of trial elastic stress” in
Article [15] does not include the effect of the internal force vector on the a-
vector. Writing out the static condensation procedure will give:

Hia — iA—l 1G1+£ﬁ _ iA—l ifégt (594)
The simplification of leaving the internal enhanced force vector out of the
equation as made in the article is not explained. References as cited in the
article, do not give the justification.

e The element is implemented in C++ according the article. The internal
enhanced force vector is not taken into account for calculation of ae. The
results of the non-linear tests as displayed in Section 5.3, are despite the
formulations, showing that the element as implemented seems to function

properly.

5.3 Simulations

5.3.1 Introduction

Several simulations are carried out to investigate the functioning of the element.
The element is programmed in FEATURE. This package does not contain contact
elements which can be necessary to simulate forming processes. Therefore tests
have to be made in which no ‘active’ contact between objects occurs.

The first test performed is to check the functioning of the element in linearity.
The test of the deflection of a clamped square plate was introduced by Sousa [14]
in the same article in which RESS is proposed. Results of the article can be easily
compared with self-made results obtained by the RESS element as implemented
in FEATURE. To prove the efficiency of RESS in comparison with a solid-shell
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element purely based on the EAS method, the HCIS12 element is programmed
[5, 11]. The element is of the same authors as the RESS element.

The second test is the stretching of a cube and has as goal to check wether
the incremental-iterative procedure works properly and the calculated strains are
accurate.

The third test is the bending of a strip. This should show the purpose of the
element: good thin walled behavior in bending situations. The problem is highly
geometrically non-linear.

For all tests, the integration scheme of RESS is set to 1x1x5.

5.3.2 Clamped square plate

First test with the element is in the linear range, both geometrically and constitu-
tive. In the article by Sousa [14] it is introduced. Figure 5.2 shows the test set up.
Due to symmetry only a quarter of the plate has to be modeled. The 2x2 mesh is
displayed in the figure. The edge of the plate is completely clamped. The needed
constants:

L =100
E =10000
F =16.367

Three elements are used for comparison, a linear 8 node hexahedral (HEXS), a
quadratic 20 node hexahedral (HEX20), and a linear 8 node hexahedral which
is modified with the EAS method (HCIS12). The HCIS12 uses 12 internal EAS
parameters to make the element suited for shell analysis [5, 11]. The HEX8 and
the HEX20 element use 2x2x2 integration. The test is performed four times in

Figure 5.2: clamped plate problem
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total. Two times with ¥ = 0.3 and v = 0.499 and two times with ¢ = 1 and
t = 0.1. The normalized deflections of the center node are displayed in Figure 5.3.
On the horizontal axis the number of elements along the sides of the modeled part
are displayed. Visible is that the standard linear hexagonal element is completely
useless in most cases. The quadratic version shows good performance when the
aspect ratio is low. If the incompressibility constraint is enforced and the aspect
ratios become larger, the accuracy of HEX20 becomes less. The HCIS12 element
and the RESS element show very good behavior in all situations. The RESS
element performs the best. Even in the situation where ¢t = 0.1, the enhanced
elements perform very well. The aspect ratio in this case is 250 which are shell
like dimensions.

The results for the RESS element are exactly the same as the ones found by
Sousa, showing that the element performs as intended.

1 _ — 1

0.8 - —>—ress 0.8

- 06 —+— hcis12 =06
< —=— hex20 <

0.4 —6— hex8 0.4

0.2 0.2

0 0

1 1

0.8 0.8

= 0.6 = 0.6
= >

0.4 0.4

0.2 —&— hex8 0.2

0 9) 0

2 4 6 8
n n
(c) vr=203,t=0.1 (d) v =10.499,t = 0.1

Figure 5.3: normalized displacements

Table 5.2 shows the computation times of the elements for the 8x8 mesh. All
simulations are performed on the same machine. The displayed computation time
for an element is the average of 5 simulations.
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Table 5.2: computation times of 88 mesh, v = 0.3 and t =1

element | time in seconds
HEXS 0.187

HEX20 7.462

HCIS12 0.279
RESS 0.242

As expected, the HEX20 element is the most computational inefficient. The
number of (external) degrees of freedom per element are 36 more in comparison
with the HEXS8 element, resulting in considerably larger stiffness matrices. The
HCIS12 element has 12 (internal) degrees of freedom more then the HEXS8 element
but remains computational efficient. The RESS element performs a bit better than
the HCIS12 element. Expected is that RESS should be considerably more efficient
than HCIS12 [14]. Optimizing the C++ code for fast computation, or compiling
the program for speed should show more differences between RESS and HCIS12.

5.3.3 Cube stretching

XX XXX

Figure 5.4: test set-up

In this test the non-linear behavior of the element is tested in a simple stretch
test. Figure 5.4 shows the set up. Node 1, 4, 5 and 8 are clamped in x-,y-, and
z-direction. A force in x-direction of 840000 is divided over nodes 2, 3, 6 and
7. The dimensions of the cube are 2 by 2 by 2. The material is elastic with the
following properties: £ = 210000 and v = 0.



48 CHAPTER 5. ‘RESS’ 3D SOLID-SHELL

The solution of this problem can be found exactly by solving a differential
equation.

o 0F_ B4
ou Lo+u
F =FEA(In(Lo+u) — In(Ly))
P Lo+ u
eEA =
Lo
The following parameters were used:
Lo=2
A=4
F = 840000

The exact solution of the problem is u = 3.436563657. With a coarse number

4.5
—— ress
4 exact
o}
35
3 0 1 2 3
10 10 10 10

number of increments

Figure 5.5: displacement versus nr. of increments

of increments the displacement is overestimated. This is because the strain is
calculated with the geometry at the half of the increment. This will give a lower
strain than the logarithmic strain at similar displacements:

+1/2 U
2

L
E}é‘{(u) =In < Otu)

2R (u) < ER(u) (5.97)

Figure 5.6 displays the inequality between the two strains.

The non-linear procedures of the implemented RESS element seem to function
properly. Reducing the step size will give convergence to the exact solution. The
stabilization procedure is working properly, since no zero pivots are found in the
stiffness matrix. Even after prescribing a minimal number of supports, no spurious
energy modes were detected.

(5.96)
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Figure 5.6: strain differences

5.3.4 Strip bending

Figure 5.7: test set-up

The bending capacities of the RESS element are tested with this non-linear
‘beam bending’ model. Figure 5.7 shows the model. The strip is supported with a
minimal number of degrees of freedom needed (preventing stresses perpendicular
to the length direction). The force F' is distributed equally over the nodes at the

E | L |W
210000 | 100 | 10

tip. The test is performed eight times, with 4 or 8 element divisions along the
length of the beam, with v = 0.3 or v = 0.49 and a strip thickness of 1 or 0.1.
There are no element divisions along the thickness nor the width. The element is
compared with the ANSys SOLSH190 and the SHELL63 element. In the cases of
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Th =1or Th = 0.1 the forces I' are -40 and -0.04 respectively. The factor of 1000
between the forces is chosen with the third power of the thickness of a bending
moment of inertia in mind.

The SHELL63 element is a 4 node shell element. The nodes have three ro-
tational and three translational degrees of freedom each. Membrane stiffness and
stress stiffness effects are calculated as well.

The SOLSH190 element is an 8 node linear interpolated solid-shell. The in-
compatible modes method is used with 7 internal parameters. These parameters
are condensed out at element level. A kinematic procedure is invoked to counter
the thickness locking phenomena. Due to this method, the patch test will not be
satisfied.

A test is performed with a fine mesh to make a reference solution. 100 elements
are used along the length of the strip and 10 in the transverse direction. The
SOLSH190 element is used. Table 5.3 shows the result.

Table 5.3: reference solution of 1000 element mesh, v = 0.3

Th | 1 | 01
SOLSH190 | 53.054 | 51.277

Table 5.4: displacement of tip: Th =1, F' = —40

nr of elements 4 8
v 0.3 0.49 0.3 0.49
SHELLG63 52.46 50.58 | 52.59 51.42
SOLSH190 53.00 51.69 | 52.83 52.36
RESS 51.89 51.81 | 53.44 53.43

Table 5.5: displacement of tip: Th = 0.1, F' = —0.04

nr of elements 4 8
v 0.3 0.49 0.3 0.49
SHELL63 52.45 50.55 | 52.57 51.39
SOLSH190 52.78 51.81 | 52.90 52.17
RESS 48.26 48.36 | 52.58 52.63
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First of all, the results are very similar to each other. This indicates that the
RESS performs as it is supposed to.

The RESS element seems unaffected by changing v, whereas the other two
elements become stiffer. When v = 0.49, RESS seems to perform better than
the other two elements. The anticlastic effect which should be more present with
higher values of v might be eliminated because of the special reduced integration
scheme of RESS.

RESS acts stiffer in the 4 element mesh and softer in the 8 element mesh. Cause
can be that constant shear strains are still included in the element formulation.
Increasing the number of elements will give a smoother bending curve, reducing
the effect of the constant shear strain. Of course, also the geometry is modeled
more accurately thus making the weak form of equilibrium stronger.

The SOLSH190 element acts stiffer in the 8 element mesh than in the 4 element
mesh. This counter intuitive behavior can be caused by the 7 incompatible modes
that are included. As shown in Figure 4.3.3, more element distortion can give less
stiff behavior. Also the reference solution (100 elements) acts stiffer than the 8
element situation for Th = 0.1.

Normally, in shell like problems, the stresses along thickness direction are set
to zero. The out of plane normal stresses with the RESS element were not zero. A
cause of this unwanted stress is the functioning of the EAS method, which degen-
erates when elements become distorted. With large element distortions, the added
strain field becomes less effective in alleviating the thickness locking phenomena.
A result of the thickness locking is that the stress can not be guaranteed zero,
according Equation 3.11.

When v comes closer to 0.5 the stresses are starting to deviate from the ex-
pected stress. Cause is that the at a certain geometry, say "x, a set of « is
found with respect to u which will give the most ‘locking-free’ solution. If the
strain afterwards is calculated with geometry properties at the half of the incre-
ment ("t1/2x), the parameters a are less suited to alleviate the locking, giving
therefore a high stress according Equation 3.9. The sought nodal displacements
and strains might be accurate but the stresses can be useless. If v comes closer to
0.5, smaller increments should be used.

A result of the non-zero stress in incompressible situations will give a non-zero
internal enhanced force vector:

fint — /Q (Ben)TSdQ # 0 (5.98)

Normally in this situation the enhanced strain parameter should force a zero for
the out of plane stress, making the product of Be, and S null. A possibility is
that retrieving the a-vector without taking the internal enhanced force vector into
account 5.88 does not yield this force vector to be zero.

The SOLSH190 element uses 7 internal parameters whereas the RESS element
uses one. This should make the RESS element more computational friendly.
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The convergence of the RESS element in geometric non-linearity is good and
seems to behave linearly. In general, the unbalance ratio between the internal and
external force vector degenerates with one order per iteration.

The thickness to length ratio cannot be too large. Making the element to thin
can cause convergence problems. Setting T'h = 0.1 works very good. Decreasing
the thickness any further, Th = 0.01 or Th = 0.001, gives convergence problems.
On the other hand, the aspect ratios in these cases would be 2000 or 20000 re-
spectively. The region where the thickness might be too large for standard shell
elements but still to thin for effectively using solid elements is where the solid-shell
could make a benefit.

5.4 Conclusions

The element performs as intended. Good results can be made with the RESS
element in 3d sheet forming problems. So far, the element seems to function bug
free.

Stresses in thickness direction can be present in case of incompressible situ-
ations or large element distortion. The non-linear implementation of the EAS
method in case of the RESS element has to be studied more thoroughly.

Element numbering has to be correct. Incorrect numbering will give unusable
results. Also, different orientations of the local orthonormal coordinate systems
can make integration point data, for instance stress or strain, incomprehensible.
One can imagine that for instance using clockwise and counterclockwise nodal num-
bering will result in different orientated local coordinate systems. When viewing
results in a global perspective, for each element its orientation should be consid-
ered.

The RESS element is more computer time consuming than a standard cube
element. The comparison of the computational time with a shell element can be
very useful.
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Conclusions and
recommendations

The two programmed elements work good and have some remarkable capabilities.
They should be a good addition to the range of elements currently present in
FEATURE and eventually in DIEKA.

The RESS element was developed in C++ with aid of the FEATURE toolbox.
The programming of the element in order to make it work in DIEKA has still to
be carried out.

Both elements, the RESS element and the SR-quad are programmed in a style
in which comprehensibility is the main target. To get more accurate data on
computational times, it is necessary to reorganize the C++ programming code for
efficiency.

The extendable integration scheme in combination with an algorithm for smart
extending the number- and location of integration points should give good results
in plasticity. In for instance bending situations, the method of stacking elements in
thickness direction to get a proper plasticity representation, might be redundant.

As noted in literature, solid-shell elements in general function good in thin-
walled applications but also in more thick walled geometries. This should make
the RESS element perfectly suited for use in mesh refinement algorithms. The
number of elements in-plane can be increased at crucial points whereas along the
thickness direction the number of elements can remain one.

One could imagine the situation of bending a large plate locally over a small
radius. If even then the bend radius becomes to small, element stacking in thickness
direction of RESS should give no problem whatsoever (if numbering stays correct).
It is useful to do a test in which the RESS element is compared with a stack of
standard shell elements with standard integration.
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Appendix A

Coordinate transformations

Below the four coordinate systems as used in this report are displayed.

e r - local orthonormal base vectors
e g.. - covariant base vectors

e g - contravariant base vectors

e e - global cartesian vectors

Various transformations between these base vectors are possible:

g = gfj e (A.1)
& = 5ot (A2)
g = ?;;J e (A.3)
r; = Zﬁj e (A.4)

The coordinate transformation of a strain tensor from the contravariant base vector
to the global cartesian system as used in Chapter 4:

e =cijeie; = Eughg’ (A.5)
. 0 0

€ij€ie; = gkla—.i]:eia—f';ej (A6)
. 08 0§

El'j = &kl 8$Z axj (A?)
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The transformation of the strain as used in Chapter 5 is very similar:

€ = éijrirj = Epghg! (A.8)
. . 0 0
5ijrirj = 5kla—§:ri6—§;r3~ (Ag)
0&, 0
€ij = €kl Sk 08 (A.10)

Op; Oz



Appendix B

Bending process

Figure B shows the geometry of the problem. A Hill 48 elasto-plastic material

I
\ R23.65
I
I
N
— [ T T T 7 -
2 N Y S ]
N N Y 1 \
* 1
4 - R3
R25.65
1000002
13.223
14.769
20

Figure B.1: bending process

model with a Nadai hardening curve is used.

o= F(Umx - Uyy)2 + G(Uyy - Uzz>2+H(Uzz - Gxx)Q + 2L(ny)2+
2M(0y.)* + 2N (0.)* — 20,2 =0  (B.1)
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where
F =Ry, (B.2)
G = Ry (B.3)
H = RyRyo (B.4)
N = (Ras + 0.5)(Ro + Roo) (B.5)
L=3 (B.6)
M=3 (B.7)
Ry | Ry | Ry
0.7367 | 1.0507 | 0.8257
oy =00+ C(&‘O + Ep)n (BS)

E ‘ v ‘ 040 ‘ a0 ‘ €0 ‘ C ‘ n
210000 | 0.3 | 381.67 | 0.0 | 0.013756 | 761.0 | 0.161




Appendix C
B-matrices of RESS

The B coefficients are determined analytically. The standard displacement inter-
polation of a 3d linear hexagonal:

Ni(Em,Q) = 21+ €)1+ min)(1 + min) (1)
Declaration of the needed vectors to make these shape functions:
E=[-111 -1 -1 1 1 —1] (C.2)
n=[-1-111 -1 -1 1 1] (C.3)
¢=[-1 -1 -1 -1 1 1 1 1] (C.4)

When determining the coefficients of ]é, various products of the natural coordinates
of the nodal locations appear. These products are redefined in four new vectors:
hl, hg, h3 and h4.

hj=[1 -11-11 -1 1 —1] (C.5)
hy=[1 -1 -1 1 -1 1 1 —1] (C.6)
hy=[1 1 -1 -1 -1 -1 1 1] (C.7)
hy=[-11 -1 11 -1 1 —1] (C.8)

A matrix is made to describe the nodal locations in the three global coordinates.

I Y1 21
T2 Y2 =2
T3 Y3 z3
T4 Ys 24 (C.9)
T5 Ys Z5
Te Ye <6
rr Yr =7
I3 Ys =8
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All strain coefficient matrices are given below. Some comments on the matrices:
e There is summation over j, where j = 1...8

e k corresponds with the x, y or z location of the node.

e 1 =1..8

The strain coefficient matrices are assembled in the following manner:

B:[Bll BlZ BlS BQl BQZ BQB B?)l B32 B33 B41 B42 ]§43"'

9

B51 E52 ]§53 EGI BGQ ]j)’63 E?l E?Q B?S BSl B82 ESS]
(C.10)

SEZIES
URESIU
- CiTjnGi
¢ = j .11
k64 §Tikmi + 1T xS ( )
§iTinGi + Ciji
| @G + G |

0
;2101 + hixim;
o 1 C‘$'kh2'+h2‘$‘kC'
g - L i%jkh2i + hajTiKG C.12
ik 64 §xjhy + hijré ( )
§ijkho; + hojr &
| mjzjrhai + Girjeh + oG + hajaen; |

§ixjrhii + hijx g
0

; 1 Gxjkhsi + bz

g _ L jikhsi + haja; C.13
k64 niTjkhi + bz (-13)

& rho; + hoj &

L &xnhai + Gajehii + hijrje + hajrjé |

§ixjrho; + hojainé

njxjkhsi + hs;xjrm;

o 1 0

B¢ — — C.14
k64 | &ajkhai + njxkhe + hojairm + hajred (C.14)

Girjrha; + hojx i

Cirjkhai + h3jx e




9 1
&n
Bi = 61
v 1
& _
B =5
Y 1
¢ _
Bik = 51

0
0
CiTjrhai + hajrpC + hojxjihs; + hsjzpho;
2hyjzj1h
§iTikhai + hajojp&s + hijrjpho; + hojwjphy;
| i Tjkha; + hajzien + hijxjehs + hsjxjrhag

0
Ni%jkhai + hajxen + hijzjphsi + hajajphi
0
&xjpha; + hajrp& + hijrjpho; + hoj phi
2hgjxjkho;
| Gjjkhai + hajx G + hojrjihsi + hajxjiha;

[ &xjphas + hajxjnés + hijxjrho + hojaiphi
0
0
;T jkha; + hagx e + hijojphs + hajojphy;
Cixjrhai + hajzjiG + hajzjihsi + hajz ipha;

2h3jjrhs;
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