UNIVERSITY OF TWENTE.

Faculty of Electrical Engineering,
Mathematics & Computer Science

Sparse Array Antenna Signal
Reconstruction using Compressive
Sensing for Direction of Arrival

Estimation

Michiel van Tent Beking
M.Sc. Thesis
April 2016

Supervisors:
dr.ir. G.H.C. van Werkhoven
dr.ir. L. Cifola
dr.ir. M.J. van Bentum
prof. dr.ir. ing. F.B.J. Leferink
prof. dr.ir. F.E. van Vliet
prof. dr.ir. R.N.J. Veldhuis

Telecommunication Engineering Group
Faculty of Electrical Engineering,
Mathematics and Computer Science
University of Twente

P.O. Box 217






Summary

Directionof Arrival (DOA) estimation in radar applications depends on both the pattern quality and
signalto noise ratio of a radar echd@.o avoid inaccuracies in the DOA estimapogcise knowledge

is required for the main beanand pattern sidelobes shoulae suficiently small to suppress signals
from other directionsWhen array antennas are used precise knowledge and small sidelobes are

generally obtained by placing the elements at a distanfrem each other, with_being the

wavelength of the signalvhen elements faibr are removedn a traditional dense equispaced

array,this is called a sparse arrdy a sparse arrayne antenna beam pattern is degraded dioea
broadened main beamwith increased side lobes and the presendégiating lobes. Hereemore
energy igadiated into unwanted directiondt can be said that a dense arrajth defective elements
issome sort of sparse array because the same disadvantages (high siddietresied antenna

patterns) also occur when sparse arrayith elementspacing >- are used. It is however favorable

to use sparse arrays since this can increase the resolution as theasaoumt of elements cabe
distributed overa larger antenna apertur&.hiscan reducein factthe hardware costsince less
elementscan achieve the resolution of a conventional dense array with more elements.

Traditionally, using array antennas, the DOA is estimated by using beamforming techniques or
numerical methods such as MUSIC and ESPRIT. Howawgtheseestimationtechniquesin a

sparse arraythe degradation othe patternmakes DOA&stimation less accurate or even

impossible This requires method® reconstruct the atenna pattern by other means. The goal of
this thesis is to restore the DOA estimation performabgeecorstruction of the signal of the failed
array elementsFor reconstruction technigues from the emerging field of compressive sensing (CS)
are used.

A literature study accompanied with Matlab simulati®tows thatcompressive sensing techniques
are able to econstruct the antenna pattern efspacedine array with failed element§hesignal of
the M-elementsparsdine array which is reconstructed contains only 25% of the elements of its

equivalent fully densél-element- spacedarray. In general disciization errors dominated the noise
errors when thel b w x H Imighossible to reconstruct the original sigmehen no more thar——,

off gridtargets are present at the santene, Y R ¢ K Sy 10dE &d 40 timemapshotsare
available for reconstructiaiVhen only one time snapshot is available this reduces to approximately

—— p2FF INAR (I NB Shie@ccuwakyiakd rdsdiuion sptaimerl is @ the order of the

resolution and accuracy ah equivalent fuly dense array, when grid spacingf 0.25 degrees is
used.This makes ipromisingto use sparse arrays instead of dense arragthout the disadvantages
of a degraded antenna pattern.

The regularized MFOCUSS algorithm, which is an Iterative Regulaeast Squares method, is used

for reconstruction Noise and discretization errors can result in errors when such algorithms are used.
The regularization part cogavith such errors. In this thesis MFOCUSS is customized to find the
optimal regularizatiorparameter using the Generalized Cross Validation technique. This significantly
increased the computational loa&imulationswith a fixed value for the regularization parameter
showed thatchoosinghe regularization parameter between 0.25 and @/a grid spacingf 0.25
degreesgives the best results in terms of accuracy and resoluitth an SNR of 20dB
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1.1 Introduction

1 Introduction

This thesis is the result of the work performed for a master assignmetieatrical Engineering at

the Telecommunication Engineering Group of the University of Twente. The work was done
externally at Thales Nederland in Hengelo, the Netherlands. In this thesis the relevant information
and obtained results are presented. Thigegls starts with background information, which serves as
an introduction to the subject of the thesis.

1.1 Background

Direction of Arrival (DOAstimation is an important application of Radar systems. Besides the
traditional beamforming methodl], there are several other ways to determine the DOA. Popular
examples of other ways are more modern high resolutionspdice methods such as MUSIC and
ESPRI[L], [2]. Althoughthey can have advantages of an increased resolution they also suffer from
the fact that the number of incoming targets must be knowpreri and they need a lot of time
shapshots to work properljl]. This makes them less salite for the use in a radar system, where in
general the number of incoming targets is not known and the number of time snapshots is limited.

DOA estimation with the traditional beamforming meth@hd also with numerical methods such as
MUSIC and ESPRidl)es heavily on a good a priori known antenna pattéifior some reason an
element in a phased array antendaesnot performaccordingo its specifications or even faithe
antenna pattern degraded.he level of degradation depends on the numbgfailing elements.
When in a dense array elements are removaddomlyon purpose one speaks of a sparse array
since the elements become thinly dispersed as more and more elements are renRmged.
performing,failingor missingelementsin a dense arragause a decrease in the gainwidermain
beam andan increaseén the peak sidelobdevel This results im reduction of the total maxima
output power and directivity, andhcrea®d power in the sidelobesOverall this results ia heavily
degradedantenna patternand a reductiorof the ability to estimate the DOA correctijhe degraded
antenna pattern is the main reason sparse arrays are in general not used in radar systems.

When the degraded antenna pattern of a sparse array can be reconstrifeddOAcan be
estimated correctly agairBesides the degradation of the antenna patteuging sparse arrays comme
with advantage®f:

1. An enhanced agularresolutionwhile using the same amount of elemerttsat arenormally
usedin a smaller dense arrayhe angularresolution of the antenna is mainly determined by its
size,hencethis results in systems théiave a better angularesolution as a dense arrajnce the
elementsneeded can be spad out over a larger dimension

2. Areduction in mutual couplingffects due to the larger element spacing in sparse arrays

When it is possible to reconstruct the original signal and antenna pattern the advantages of an
enhanced angular resolution and less mutual coupling remain, while the disadvantages are resolved.
Besides that one can also create an advaniagebustness against failures. When many elements in

a dense array are faulty the array behaves as if it were a sparse array. In an operational phased array
antenna it is not always desirable or possibledpair or replace faulty elements. In land based or

naval based systems downtime is often not desired and in airborne systems maintenance is simply
not possible while in flight. In the extreme case of phased arrays on satellites maintenance or
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replacements (nearly) impossible after the satellite is spdcgne. This asks falternativemethods

to reconstruct the performance or antenna pattern of phased arrays in the case of faulty elements
without replacing the faulty elements. This increases the effeatisefulness and dependability of
phased array antennas.

Being able to reconstruct the signal and to use sparse arrays without loss of performance makes it

also possible torticipate on the demands of users of phased array antennas. Due to worldwide

defense budget cuts there is more and more demand for low cost, but high performance technology.
Another trend due to budgetutsis the trend towards having less and less people on board of

(navy)ships. Also training courses are shortened and crewismoré andB Gt S Ny Ay 3 2y
This has also consequences for Radar and other antenna systems; more and more has to be

automated and less and less maintenance must be necessary. Being able to use phased arrays

without significant loss of performance in caddfalures responds to the wish for more automated

systems and decrease the number of necessary (maintenance) crew members.

'y SYSNHAY3 (GSOKyAldzS G2 NBO2yadNHzOUG YAaaAiy3d RIG
{ YL Ay3é D | f (i K2edetding thekSt ddcads, thBre @efot mgny applications
found in literature in which it is used to reconstruct signals of sparse array antennas.

1.2 Research objectives

The main research goal of this thesis is to determine whether it is possible to tectribe

received signal of a sparse or faulty arvéith CSand, using this reconstruction estimate the DOA

of incomingtargets withthis reconstruction The aim is to estimate the D@®4th the same accuracy
and resolutiorof an equivalent dense aryeof the same siz&SinceCScomes with severalemands

and constraints, it is also questioned how these demands and constraints translate into constraints
and demands in terms of:

1. Theaccuracy and resolutign
2. Required SNR
3. The number of simultaneouskyresent targets that can be correctly estimated

To answer these questions a literature study was done to familiarize with the techniques of CS and
DOA estimation. Then the obtained knowledge was used to simulate a sparse array in Matlab, and CS
was applie to test the performance of the reconstruction.

1.3 Outline of the thesis

This thesis is organized as follows. After this introdugtiorthapter Zhe relevant theory of phased
array antennas is given in such a way that it is prepared fo€sgnal recastruction method.n
chapter 3 theCSeconstruction method is explained aneadilyapplied on the DOA estimation
problem.After that the explanation and implementation of the reconstruction algorithms in Matlab
is discussed. The simulation set up in Matoncludeschapter 3 In chapter 4 theresults are
presentedwith a short analysis and discussion per sectiamclisionsand recommendations can be
found in dapter 5.
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2 Phased arrays Antennas and Direction of Arrival Estimation

Knowledge of pasedarray antennasand radar systemis necessary if reconstruction techniquase

to beapplied to thesesystemsA phased array antenna is a directive antenna made up of a number
of individual antennas or radiating elements. Thegped array antenna has thel\zantage of being
able to steer its beam electronically by changing the pledssach element. This meatisat the

beam can be steered rapidly from one angle to anotbree without the need for mechanically
positioningthe antenna The antenna can besedfor both transmitting and receiving energy. The
estimation of the DOA uses the received energy, thus in this thesis the focus lies on the {iR2g@ive
antenna andRX part of theadar systemThis chapter will shortly address and explain the most
important theory and techniques used in a modephasedarray radar systenwhich are needed for
reconstruction The treatal theory will be definitely nosexhaustive and treated in such a way that it
is almost directly applicable to the framework needed for recarcion.

2.1 RADARpreliminaries

The principle of operation a& radar systenis based ortransmission of an electromagnetic wave

and its reflection from an objeciWhen the object is an object of interest for the radar operators,
such as hostile airplanesiissile or ships the object is called a targéteNB T £ S Odthidzah b2 NJ &
used to determine the&angeand (radial) velocityusing pulse train and Doppler effejtand the
direction ofarrival ofthe targets.The ranges determined bythe time difference between sending

the pulse and receiving the echbhe (radial) velocity is determined by the Doppler effect that
changes the frequency of the transmitted signal when it is reflected by a moving target, back to the
radar.The direction can be measutéom the directiontowardswhich the antenna is pointing when
the echo is receivedhe estimationof the direction of the target is depending on the directivadiyd
beamwidh of the RXantenna.Directivity, described as the ability of the antenna to centrate the
transmitted energy in a desired direction, is a parameter determined by the size of the anidma.
beamwidth ishe maximal diameter of the main beam of the antenfmae directivityand the

beamwidth are botha function of the size of the &nna, making the accuracy of the direction
measurement dependent on the size of tRXantenna.

The amount of energy that is reflected by the target is determined bgatar Cross Section (RCS).

The RCS depends on the geometry and material ofdfiecting object and on the used frequency.
Hence it is possible that different objects at the same distance from the radar reflect a different
amount ofthe incidentenergy. This results in differergceived powetevelsback to the radar RX
antenna.When the reflected energy is velyw the antenna might not be able to detect it because it

is below the noise flooof the reeiver. The Signal to Noise ratio (SNR), usually expressed in dB, gives
the ratio between the received signal level and the noiselleHence a certain SNR is required for
detection of a targetintegration of tre pulses can increase the SNR. Normally in radar there is
integration gain through pulse compression and Doppler integration. Additionally there is
beamforming gain which conntes the energy received by multiple element®rmally dter pulse
compression, Doppler integration and beamforming the SNR mukigber thanOdBto be able to

detect small targetsln this thesis, using CS, it is assumed that pulse compression antéDopp
integration are already applied, but beamforming is not yet applied. Thus the SNR must be higher
than 0dB after only pulse compression and Doppler integration, meaning that it is expected that very
small targets cannot be detected.
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In this thesis th@bjects that reflect energy back towards the radarali®® | £ SR fardi I NBS G & ¢
simplicityd 2 KSy A a a LRitlisteferredl ®Bthd sigrakrdeeivgd bf the (individual
elements of an) array antenna.

2.2 Antenna pattern of phased array antennas

The mdiation pattern of a phased array antenna is determined by the phase and amplitude of the
signal transmitted or received by the antenna elemesntsl the relative positions of the elemer(3)].
This can be explained as follows: consider N elements placed in a straight line in one dimension,
equally spaced a distanckapart as irFigurel. The individual kements are equal point sources and
assumed to be isotropic radiatorisg. they have a uniform response in every direction. This
configuration is usually referred to as a Uniform Line Array (ULA). When all the individual elements
transmit the same signahe result in the far field is plane wave transmittedn the orthogonal

direction with respect to the array surface (broadside directi@y) controlling the progressive phase
difference between the elements this plane wave can be scanned to a centagtioin. From the

simple geometry irrigurel it follows that the difference in path length between adjacent antenna
elements for scanning the beam towards an anglgith respect to the normal to the antenna,

is’ QO E-+ This difference in path length between the adjacent elements results in a phase difference

of Y% ¢“ — sin—with_ the wavelength of the transmitted signal.

BROADSIDE
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DIRECTION EQUIPHAS
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i
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OPl:I,li))gC!%c ; 4 3 2 Al(b 0°
3 Ad| [Ad] |Ad] |[Ad] |Ad
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T 0 ey el ey eiep e o
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NETWORK L ___ _ ——-———= _l ____________ J

ANTENNA INPUT

Figurel: 7 element receiving linear array.

When the amplitudeA of the transmitted signal is taken at unity, every element transmits a signal
which is equal t&Q , with| Y%o ¢ — sin—i.e the phase difference between the

elements. This mearthat the directionof the transmitted signal depends on progressive phase shift
between the elementsand the distance d between elements.

2.2.1 Array factor, side lobes and grating lobes
It is well known in phased array thediyat the farzoneelectro-magnetic (EMjield pattern of an
array ofidentical elementsvith uniform amplitude and spacing equal to the product of thEM
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field of a single element, at a selectezference point (usually therigin)andthe array factor (AF) of
that array [2]:

AOT OATACET Kl Al A0 OEA ®ATEA A OOBAK OT O ()
Note that such an array of identical elemerdf with equal magnitude and spaciagd thus
progressive phase shifg referred to as a ULBesides the assumption of identical element patterns,

there are also no other errors assumed. The far zone field in this case is defined-as with Dthe

antenna dimensionSince theradiatingelements are assumetdd be point sourcesthe AF in this case
is simply the summation of the sign&bs at each element:

& p Q Q E Q . @)
To decrease sidelobgis is comnon to apply @ amplitudetaper on the array by applyingeighing
coefficients on the amplitude Usually also the tapering or weighing coeffici@ntsare included in
the array factor This makes thaF:

I & 1 Q 8 ©)

For this thesis there iso amplitude tapering assumed: =1 This makes it that the Afan also be
written as[2]:

3

o1=]

00Q J—, - @
o
The first factor is basicallyphase shift — | . When thereference element in the array was

chosen in the middle instead of on the left hand side, this phase shift would beThssoseduceshe
AF for an UL#o [2]:

()Egﬂ
60 —S5— %" o
O B

The maximum valuef (5) for the AF is equal to Nh& AFis solelya function of the geometry of the
array and the excitation phase. Bgrying the separatiodistanced between the elementsind/or

the excitationphase betweenthe elements, the characteristicd the array factor and of the total
field of the array can be controllg@]. The field intensity pattern has zeros when the numerator of

equation(5) is 0. This occurs whed E-] OEG® “— OE+ th “h ¢“M h & “wherenis an

integer. The denominator on the other hand is zesbhenever— O E+ mh “h ¢“Mh &

The maximum in the field pattern occurs wh@re+  —[3]. In this the maximum at— Tt

degreeddefines the main bearof the antenna pattern. The other maxima are called grating lobes
and have the same magnitude as the main beam. They are undesirable because they can cause
ambiguities by being mistaken for responses belonging to the main beam.
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2.2.2 Scanning the main beam

Whenthe element spacing is fixed at known distandethis means that the progressive phase shift

of the signals at each element determgthe scan angle of the main beam. Thus by controlling the
progressive phase difference between the elements, the maanbcan be squinted in the desired
direction. For the total array antenna the progressive phase shift for each element can be placed into
a2 OFff SR aa i BeStadringFectdr Sefrasenskhe relatiGeypliase shiifts for the
incident farfield wavdorm across the array elements and is describetifs pQ 8'Q

Now the main beam can be scanned to a certain angle simply by applying the steering vector to the
signal and thus add progressive phase shift to the signals foredaetent. This concept is called
beamforming.

Since maxima occur whéhE+  —  p, scanning the main beam unfortunately has also an
effect on the grating lobes. For a beamforming array grating lohese avoided by choosing a

spacing betwen the dements that satisfy:

0 0

T ®

In practice this means that the element spacthig often fixed at— to avoid grating lobes in the

G 2 LISNI G Ay 3£ -90 aNdPD degréed anrBp&eigly. (When the element spacirgasgrating
lobe willappear at-90 degrees when the main beam is scanned to 90 degrees. Although practical
phased arrays are usuallynited to a scan angle of 60 degrees, this still means an element spacing of

0.54_ is needed according to equatidf). Hence the spacing is usually limited-tpThe
occurrence of grating lobes for spacings— in the visible area is one of the main reasons why

arrays with a spacing larger than are not used in phased arragdarapplications.

There are also secondary maxima, called sidelobes, which approximately when the numerator

of equation(6) attains its maximum value. This resutt a magnitude of approximately 13.2dB down
from the maximum of the main ke, assuming uniform illumination for the arr§g]. A sidelobe is

thusa local maximum in the antenna patteonitsidethe main beam. There are two important

reasons to keep the sidelobes as low as possible. In the first place a target with eefEg@n/RCS

in a sidelobe can result in a false detection in the main lobe becaudartet strength is above the
threshold due to the high sidebe level. Secondly a weak target in the main beam can be masked by
a strong target in a sidelobe

In Figure2 the sidelobes and grating lobase shown for arrays with element spacingsand— for

a scan angle of 0 and 30 degrees respectively. It can be seen that fer shaced array no grating
lobes occur. For the spaced array however grating lobes are visible at the edgesle array is
scanned to @legreesand in the visible area aB0 degrees when the array is scanned towards 30
degrees. This makes target detections not unambiguous anymore.
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scanned to 0 degrees
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Figure2: Grating lobes and side lobes for element spacingé ahdy for ULAs with an equal length.

2.2.3 Effects of scanning the main beam

l'a GKS o0SIY 2F | LKFASR FINN}e& A& aoOlyySR (24l

main beam increaseswith—® ¢ KA & Aada @OFftAR dzydAf GKS |y3afs
means that at a scan angle 60 degrees off broadside the beamwidth of the array increases with about
a factor 2. Another effect that occurs while scanning the main beam off brakdis that the antenna

gain also decreases with a facter— When the scan angle gets larger than 60 degrees other effects

such as mutual coupling effects can increase significantly, making the increase in beamwidth and
decrease in antenna gain fromighsimple theory not valid anymore. Also the sidelobes increase
more than expected from simple theof$]. This is the main reason why in practical systems, and in
this thesis, the maximum scan angle is limited to 60 degrees.

2.2.4 Element failures & effects on the antenna pattern

Failure of a sufficient number of antenna elements can seriously degrade the performance of a (low
side lobe) array antenn@]. The beamwidth of an array antenna is determirgdthe aperture size

The gain and sidelobe levels are determined by the number of elements that remain. Hence a
thinned or sparse array will have about the same beamwidth as a filleaviaatélength array, but its
gain will be reduced in proportion to theumber of elements removef8].

Definitions of sparse or thinned arrays differ in literature but in general an array is called sparse or
thinned when the element spacing of halbvelength (to avoid grating lob&ghen steeringoetween

-90 and 90 degre@ss not respected anymore. Thus when the elements are spaced unequally and on
average spaced much more than hativelength the array is said to be thinned or spdBje

Thinning or making an arraparse will however produce serious undesiratilanges is the antenna
pattern when the thinning is too high or the array becomes too sparse. The gain will be reduced and
there will be high peak and average sidelobes. A conventionaiaailength spacedrray will have
almost all of its radiated energy within the main beaonly a few percent of the radiated energy will

N

R

a
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2. Phased arrays Antennas and Direction of Arrival Estimation

appear in the sidelobes. When the array is thinned more and more and bespaeseithe reverse

is true. Too much energy ends up in sidelobes and is practically wasted. An array which is thinned

90 percent (e.g. 90 percent of the elements fail) might have about 90 percent of its energy in the
sidelobeqd3].¢ KS SFTFSOUG 2y (KS | y @beftyithe eménisSaNdg shawh S G G A
in Figure3, which show that such a large percentage of missing elements results in an antenna which

has barelyanydirectivity.

36 Element Uniform Line Array
3"
0 —Fully dense ! ! !

—32 random failed elements
30 -
251 -

201 =

Power [dB]

ok
1 /\/\
n | | |
10 80 -

60 -40 -20 20 40 60 80

0
Angle [degrees]

Figure3: Effect on the antenna pattern of thining a 36 element ULA with approximate80 percent.

The— uniform spacing in an ULA makes it that there is an antenna pattern with one main beam and

relatively low {13dB) sidelobes. When elements in the ULA fail the uniform spacing is interrupted,
which gives rise to sidelobes and grating lobes. This can be sE@une4 where the antenna

pattern of a 36 element ULA and a 36 element ULA with 2 random failed elements is Stnawn.
maximum pealsidelobe level is still the samel@ dB), but theemoval of just 2lements causes an
increase of the sidelobe at other directimncausing an increase of the average sidelobe &,
makes it possible that large targets at this angle may appear in the main beam.
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36 Element Uniform Line Array

—Fully dense
——2 random failed elements

Power [dB]
(N a
—

-15

-700 -80 -60 -40 -20 20 40 60 80 100

0
Angle [degrees]
Figure4: the antenna pattern of a 36 element ULA and a 36 element ULA with 2 randoreda@lements.

Another negative side effect of failing elements is the decrease in gain due to the fact that there are
simply less elements available which can radiate energy into the desired direction. &aipasure

of the ability of an antenna to conn&rate the transmitted energy in a particular desired direct[8h

In Figure5 the effect on the gain can be seen at the main beam @éd@rees). The ULA with 6 failing
elements has a loss in gainagproximately 3dBThis means that half the power is radiated in the
desired direction compared to the fully functional ULA.

36 Element Uniform Line Array

35 T T T T T

—Fully dense
——6 random failed elements f\

30

25

Power [dB]
=
I
—
I

| | | | | |
o0 -80 -60 -45 -20 (5 20 40 6‘0 80 100
Angle [degrees]
Figure5: 36 element ULA vs a 36 element ULA with 6 failing elemente loss in gain is approximately 3dB.

When more elements fail in the array the increase in sidelobes and aseiia gain gets worsén
example is shown iRigue 6 where it is shown what is the effect when two third of the elements in a
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36 element ULA fail. It can be seen that the antenna pattern looks more like a sequence of sidelobes
than a main beam wh some sidelobesSuch patterns are quite unsuitable for DOA estimation using
beam patterns (monopulse etc.). Also numerical methods (such as MUSIC, ESPRIT etc.) will have
problems with such patterns. CS however, might be able to do a better job.

36 Element Uniform Line Array

35 \ I \

—Fully dense

30 ——24 random failed elements i

25

Power [dB]
o =
I I
| |

2 | i I | I | |
j?00 -80 -60 -40 -20 0 20 40 60 80 100
Angle [degrees]

Figue 6: 36 element ULA versus a 12 element non uniform array with the same aperture.

In Figue 6 the array with 24 failing elements still hastiame length as the fully dense ULA, since
the 2 outermost elements are still working. When the outermost elements are also failing this means
that the length or(1 dimensionalantenna dimensio is decreased

The antenna dimensioD has a direct impact on the resolution of the antenna according to the
relation:

— €

_ _ C . . .
=0 0

0=
C
Where— is the half powebeamwidth (HPBW) of the antennéhe HPBW ihe angular range of

the antenna pattern in which at least half of the maximum power emitted

™

The effect of reducing the antenna dimensiDican clearly be seen Figure7 where the effeciof a
decrease in aperture is shown for an 18 element ULA and a 36 element ULA. According to equation
(7), the 18 and 36 element arrays have an HPBW of approximatélgrisl 2.8 degrees respectively.

This can clearly be seenfigure7: the main beam of the 18 element array havmuch broader

main beam due to the fact that the aperture is halved compared to the 36 element ULA.

10
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Effect of aperture dimension in an Uniform Line Array

" [—36 elemement dense array |
——18 element dense array ‘

P Length D -

,  v’ Yo =
W =

-15
-40 -10 0 2 30 40
Angle [degrees]

Power [dB]
3 &> S

(=

o

Figure7: Effect of a decrease iaperture on the half power beamwidth.

The purpose of reconstruction in this thesis is to be able to obtain the HPBW and same sidelobe and
grating lobe properties of a fully dense array using only the signals received by the elements of the
equivalent sizedparse arrayThis should then result in an improved resolution considering the
number of elements used.

2.3 DOAestimation using a phased array antenna

The concept of beamforming can also be used in reverse to estimate the D&rgeis reflections
impingirg on the arrayHence atime instantt=1,2...,T withT the total number of snapshots, the
received signal of aN element array can be written as[Bx1] column vectom(t) of the form:

00 H—i 0 =0 @)

T i 0,k=1,2,.K is anarrow planavave frontimpinging on the array from a directios;

1 Kis the number of sourcevave fronts

T wi(t) is an[N x 1] vector representing the additive noise at the array;

1 a(— is an array steering vector of sig@é¢x 1] corresponding to the source from a direction

Thisreceived signal vectoq(t) of equation(8) cannow be expressed as:

60 AT o ©
whereA=[HJ HJ 8 HJ ]isan[NxK] matrix of steering vectoréwith
Hf pPQ 87Q ands(t) =[v 0,v 0 8 v 0]'is a[Kx 1] vector representing the

sources.

11



2. Phased arrays Antennas and Direction of Arrival Estimation

Since it is generally not knownradarfrom which directiongargets arrive, the vectos is unknown

but there are several ways to find them. With traditional sum beamforming ogfe caét & S I NOK £

T 2 N

constructive (and destructive) interference between the signals received at each element of the array.
This is done simply by discretizing the area of observationNpamgles and then scan the main

beam to everyN; angles and look for constructive interference. This can be mathematically described
as: to find the DOA of incomingrgets, look for constructive interference in all direction using the
steering vect0F|= — for Ns values of—This resulin a [N x Ng] scan angle matrix :

with[ i B H

Hf Hf 8'HJ

(10)

the set of angles to scan (e.g. gpdintson the scan grid)Now let the received
signalfrom equation(8) be anN-dimensional vectok:

o

N 1 of real numbers wheré\is large.

11

When the received signal is multiplied with the scan angle mattixis results in a scanned beam
pattern in which the DOASs of thargets are clearly visible. This scanned beam pattern of the

received signal that is used for DOA estimation can be expressed in a similar way as €guation

00 Mo 1o

(12

An example of such a scanned beam pattern is shovaigiare8. In this angle spectrumtargets
arrive on a 36 element ULA @0, -10 and 20 degrees. The element spadmj the ULA is—. The

different amplitudes in the agle spectrum indicate thahe targets have differenstrengths. Irradar
this indicates a different RCS of the target since the difference in range is usually already accounted

for by the difference in delay. Note that iigure8 the amplitude excitation of the elements in

uniform (no tapering applied) which results in a first sidelobe level or 13dB, as explained in the

sectionArray factor, side lobes and grating lobes

Figure8: Scanned beam pattern of a 36 element array on whicta@ets with different RCS arrivézlement spacing dy-:8
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2.4. Phased arrays Antennas and Direction of Arrival Estimation

2.4 Accuracy, Resolution and Cramér-Rao bounds

Two important performance parameters of DOA estimation are the angular resolution and the
accuracy. The accurabgs to do with the error ithe estimation of the DOA of a sindgl@rget at a
certain SNRThe theoretical accuracy withihich an ULA can measure the DOA accordifg]tis:

Vio_ Vo J Vo T
Yo Y

” 113 1 (13)

“fg|!

« GO
%
When it is possible to restore the degraded antenna patterniihgortant to compare the obtained

angular resolution and accuracy with the theoretical lower bounds. This tells something about the
performance of the system for DOA estimation.

The angular resolution is the minimum angular separation at which two equgétscan be
separated That again means thaivo identical targets at the same distance am@y resolved in
angle if they are separated by more than the anteiiBW.

Figure9: The angular resolution is the minimal distancg 1@quired between two targetsat range R from the antenna at
which they can be distinguished from each other. (source wwadartutorial.eu)

The angular resolutiorof anantennacan be determined from the simple geometryFi§ure9, and
depends on the beamwidth of the used antenna and the range of the targets as:

Y ¢YO qu—S (14)

This resolution, which is basically the beamwidth, can be increased in the processing of the signals,
exploiting high SNRs and phase differences for instance, but it is generally accepted that two equal
targets can be resolved in angle when they are sdpdratleast eighttenths of a beamwidtH3].

Since the SNR has to be above the system noiseftiodietection it is favorable to have an
equation for the angular resolution which also shows the dependence on the SNR. fakbigthe
CramérRao Bound for the resolution of two targets (separate two targefs)

.. .. PX Gy
YOET ——93g 15
Yo Y

The CraméRao bound is calculated for complex estimators. For the angular position only the real
part of the estimator is used which makes the lower bound a fa&td:retter. The CraméRao bound

is a theoretical lower bound on the estimation accuracyegithe measurementdt is atheoretical
bound, it is not guaranteed there is an algorithm or method that can achievesg@utionobtained
through the CraméRao boundUsing reconstruction methods changes the measurements and

13



2. Phased arrays Antennas and Direction of Arrival Estimation

estimation uncertaintieshence the CraméRao bound of15) is used to compare the results and to
see if the resoltion is of the same level as the theoretical minimum of a conventionaldatige
array.

The most common way to increase the resolution is to increase the antenna dimegs®equation
(7),(14) and(15)). This means increasing costs because more elements are na’éded—},) to

avoidgrating lobes. A noaniform element spacing can avoid this, but this gives rise to higher
sidelobes, which can gifalsedetections. This is schematically showrrigurel0. When a dense

array is thinned the sidelobes get higher and the gain decre#tsgfsould be noted that although the
decrease in gain is an important loss of performance, this thesis does not focus on the actual
decrease in gain, but more on th&fects of the higher sidelobes and broadening of the main beam.
When the antenna dimension decreases the resolution decreases. To increase the resolution with
the same elements (and thus the same gain), the aperture size must be increased, resulting in a
gparse array. When the resulting degraded antenna pattern can be reconstructed, only the
advantage of a better HPBW using a sparse array remains.

- - Higher sidelobes
Higher sidelobes 5

+ 5 3
. . Decrease in gain
Decrease in gain 5

Higher sidelobes

Decrease in resolution

= \ Decreasing number of elements />Sparse

array / array

Larger antenna Dimension!
+Better resolution with same amount of elements
- Degraded antenna pattern

FigurelQ: Schematic overview of the advantages and disadvantages of using sparagsar
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3.1. Antenna Pattern reconstructionsing Compressive Sensing

3 Antenna Pattern reconstruction using Compressive Sensing

3.1 Introduction

/ 2YLINBaaAzy 2F RIFEGlF Aa ¢Sttt (1y2s6y F2N Ylye &SI N
format which can compress images upotee tenth of its original sizén the same waywdio files are

compressed using the MP3 formaiscarding again about 90 percenttbé data[5]. All these

compression techniquesave one important thing in common: they need the raw complete data

before they can compress ithis issupported by the NyquisBhannon sampling criterion. If you

want to fully recover yousignal or datayou must at least sample at twice the highestuency

used One could say this is full (uncompressed) senJialgng less samples results in recovery errors

such as missing features or aliasing artifattss is also seen in our DOA estimation problem: when

the element spacing in our array becomagyer than— grating lobes (aliasing) occur. Also when the

array becomes sparse (taking less measurements) the antenna pattern gets distorted which results in

a bad DOA estimation and possible missed targeté.A & Ay Fl OG YSI ytonigi K & a2 N
discarded. This should however not always be a problem as can be seen in the compression

techniques such as jpeg, MP3 and MPEG.

A good strategy focompressioris to look for a domain in which the signal has a sparse
representation From this spae domain then one coulstore only theM most prominentfeatures
instead of the totaN measurementsBYy only storing these most prominent features and discard the
rest a great reduction of data can be achiewdthout decreasing the original quality si§joantly.
Taking alN measurements is however inevitable when one wants to apply compredsioonr DOA
estimation problem with a sparse arrae only captureM features(in a sparse domainjvithout

being sure these are the prominent ones needed to reconstruct the original signal to a satisfying
level. Whenonly theM most prominent features are capturdtlis is calledcompressive sensin@gs,)
insteadof compression.

CS theory says that ¢am signals can be recovered from far fewer measurements than traditional
methods use. C8§arts by lookindor a domain in which the signal is represented in a sparse way and
then onlymeasure andave the most prominent features of the sigriethe chaknge in this is to find

and measure onltheseM most prominent features without having to take all thameasurements

In this specific application of DOA estimation, the domain in which the signal is sparse is the angular
domain. The sparsity of the ag@orresponds to the compressive sampling (in space).

An approach proposed {6] by Emmanuel Candés, Justin Romberg and Terrence Tao is to look at it
as an optimization problem. This approach aims to find the solution whtble imost sparse i.e. the

one that uses the least nereroor most prominentmeasurements. Together with the work of David
Donoho[7] it is the basic theory behin@S which is used in this thesis

It is important to realizehat the application ofCSto Radar can be in the temporadr spatial domain.

The aim of usin@Sn the temporal domain is to reduce the number of samplesded for satisfying
reconstruction of the original signal. Tloign be usedo reduce the data seam sincdewer samples

than obligated by the Nyquisshannon criteria are neededihis requires a SNR > 0dB for CS to work.
This is not obvious in radar since small targets have an SNR < 0dB at the receivers. Only after pulse
compression and Doppler pressing the SNR might be at an acceptable level for CS to work.

15



3. Antenna Pattern reconstruction using Compressive Sensing

Obviously for this thesite goalis toreduae the number of antenna elements and still be able to
perform direction of arrival (DOA) estimation on a satisfying |eéM@k means sedudion of the

number d samples in the spatial domain instead of in the temporal domdiwst CS literature

focusses on implementation in the temporal domgior example irj8], [9], [10] and[11]. In[12],

[13], [14] and[15] examples of where CS is applied in the spatial dortainbe found Theresults
seempromisingbut in none of the papers enough information is givere&silyreproduce the results.
Also the effects of discretization erraasd the accuracy and resolution of the solutions are not
extensively addressed these papers.Hence thetheory is explained and implemented in Matlab to
obtain results and insight in the effects of discretization errors and the accuracy and resolution when
CS is used teconstruct the signal of a sparse array

In this chapter compresat sensing will be proposed as a technique to supgigrialreconstruction
of sparsearrays for DOA estimation. Firéh section 3.2the initial CS problem with its principles will
be formulated.Theconditions needed for the principle of CS to work will be explaingtis section,
and also directly related to the DOA estimation problem using the ULA from cha@ec@ndly, in
section 3.3, there is a short discussion on discretization errorsctione3.4 he signal

reconstruction will be chosen and the implementation in Matlab will be explainedfifiinesection
concludes the chapter with theimulationsetup usedo obtain the results

3.2 Basics of Compressive Sensing

The CS frameworls describeal in[7], [13], [16] and[17]. In this section the important parts in

relation to DOA estimation are addressed. Although some similariiidstine DOA estimation

problem are instantly clear others might be less obvious. Therefore the CS framework is formulated
and explained. After that the conditions coming forth out of the formulation will be directly related

to the DOA estimation problem umgy a ULA.

3.2.1 Initial problem formulation

Suppose thah (complex)signal is represented in &l 1] column vectox E . Now let this signal
be written asx= z, where is the[Nx N] sparsity basis matrix armlan [N x 1] K-sparse source
vector. K-sparse means that onk<N entries in the vector ar@on-zeroandlargeenoudh. The goal is
to reconstruct the N x 1] signak using M x 1] measurementswith M<N, which are represented in
the measurement vectoy. Normally wherVI>N the system is over determined and a solution can be
found with, for instance, the use of the least squares method. S¥dethis means that the system
is underdetermined, which makes it not possible to find a unique solution with conventional
methods.Nog He &S theory states thatcan be recastructedusingd e 01 T (C non-adaptive
linear projection measurements on to @l x N] sensingmatrix  that is incoherent with € [13].
Using thenotation with sparsity basis matrix and the sensing matrix , the measurement vectoy
can be written as:

« ° ) 3 (16)

where is an[M x N] observationmatrix. The measurement process is radaptive which means
that the sensing matrix is fixed and does not depend on the original sign#lis important to
design a stable measurement matrix such that no information in thi&-sparse source signais

lost by the reduction in dimension fromMd to M. When this is guaranteed a reconstruction algorithm
must be designed that recovetise N-length signak from the M-length signay, with M<N. These
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3.2. Antenna Pattern reconstruction using Compressive Sensing

two problemsmakeit that compressive sensing relies on two principles: incoherence and sparsity.
They will be addressed in the next sections.

3.2.2 Design a stable sensing matrix

The sensing matrix reduces theN-length signak to anM-length signay. SinceM <N this makes
the problem underdeterminedf howeverx is K-sparse and th&locations of the nonzero
coefficients irz are known, the problem can be solved under the condition that you at least

G YS | & dzNXKsparse 9&tabs in e.g.M xK Of course in general the locations of tk@on-
zero components i are not known and more measurements are needed to guarantee that no
information is lost by applying the sensing mathx[17] the relationship between th@umber ofK

sparse components and the number of random measurembhi§S SRS R F2NJ a1 a2 f dzii A 2
SEIFOG 6AGK 20SNBKSEtYAYI LINRPOLFOAfAGEE AAY

0 6 h ol T(C a7

WAGK / &daz2vy$sS cisathdcnéd 0By B2 yha dohesbrice between AT A[17].
The coherence between AT Ais given by:

“ h (8] Irﬁﬂsﬁ 8 19)

Meaning that the coherence is the largest correlation between any two elementsfof A. If
AT A contain correlated elements, the coherence is latgencethe reconstruction using CS

relies not only orthe sparsityKof the signabut also on cobrence of the sensing matrix with the

sparsity basis matrix . The role of the coherence is clear: the lower het coherence betweemd

A low coherence between two matrices basically means that taking all subg€t®imns taken

from the observation matrix are nearly orthogonakHence we would like to findbservation
matriceswhich can have as large subsets as possibite these are still nearly orthogonal. The

larger the subsets the closer we come to the situatibrK, the minimum number of measurements
needed if the sparsity profile was known. This condition was introduced by Candes andIi&jo in

and named theaestricted isometry propertyRIP). The Rifharacterizes matrices which are nearly
orthonormal, at least when operating on sparse vecttirss difficult to proof the RIP for a concrete
matrix, but Candes and Tao have proven that both the RIP and low coherence can be achieved with
overwhelming probability by selecting tlibservationmatrix as a random matriprovided that:

O o6ull €, 19)

with Csome constan{close to oneflepending on each instanc&he probability of sampling a
matrix not obeying the RIPwh¢h9)K 2 f Ra A & & S E LIEN1Z)yFinally-itfiststatedanY | £ £ Ay
[17]that the RIP can also hold for the observation matrix .If isafixed arbitrary orthobasis
and is an M xN] sensing matrix drawn random from a suitable distribution, then the matrix
obeys the RIP provided that equati€l) is satisfiedThis is shown ifigurell: although
the sparsity basis matrix is a fixed Fourier spgotmatrix, after applying the random sensing matrix
the result is another random observation matrixDue to this the sensing matrix can also be called
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3. Antenna Pattern reconstruction using Compressive Sensing

universal: there is no need to know the sparsity basis matrix when designimgridemsensing
matrix

y[Mx1] ® [M x Nt] W [NtxN] z[Nx1] y[Mxl] ® [MxN] z[Nx1]
. e, . :
I " 1 -
= "W 1 = =

. 9.' ~ K-sparse " .

random

matrix random

[M x Nt] s matrix

Figurell: Compressive sensing measurement process with a random sensing matard a fixed(Fourier spectrum)
sparsity basisnatrix 8
In our antenna array the sensing matrixresults fromthe fact that a dense array becomes sparse.
The signalof a dense arrais given by equatiofilL2) aso "I "I 8Now letN-M out of N
elements fail in the array, then the measurement vegt(ij can be described as:

6 o (20

With  an[M x N] identity matrix with the rows corrggonding to the failed elements neoved as
shown inFigurel2. Note that is still the scan angle matrix e§uation(10), defining the
discretizationgrid.

N (elements) —

|

1 0 0 0 0] Element °on | o 2@

G 1 0 0 0 O g E ==Xk %)

O—T—0—0—0T 2and 5 5 5|0 -

00 1 0 0| fail 00100] EEY 2k (D =

0 0 01 0f s 00010 =9 EF OE) X

Bl |
identity matrix [NxN] P [MxN] zZ

Figurel2: Creating the measurement matrix (left). Dimensions of the measurement vector y, the measurement matrix
, and the original signal vector ight).

The goal is to use compressive sensing techniques to reconstruct the signal of a sparse array as if it
was a fully dense;- spaced ULAUJsing equatior{12) this results in the measured signal of the

sparse array:

o 0 T @y
So far this perfectly suites our DOA estimation problem with sparse affbgsandom sensing
matrix obeys the RIP as long as the minimal number of measurements given by ed8jimn
satisfied. This means also the observation matriobeys the RIP since ittiee result ofapplyingthe

random sensing matrix on the fixed basisfdhe scan angle matrix .
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Findings from the M measurements of is the task in CS. The sighal  "lis the reconstruction of
the signalghat would have beemeceived by thalensearray. Normally in CS one looks for the
fewest number of measurementd needed to reconstruct the origin&l valued signal. In our DOA

estimation problem however the original sighal comes fidmlements in a dense- spacedULA.

And the fewest nmber of measurement® are the remaining elements in the sparse array which is
created by removingN-M random elements. This means in practice that the number of
measurementdM is a fixed number whicbannotbe changed easily once the array is bidiéncethe
number of remaining elements in the sgararray define the number éftargetswhich can

maximally be reconstructed witbbverwhelming probability. Using(17) this results in:

b @2
1 T0C
targetswhich can be recovereghen a sparse array is used wikhinstead ofN elements in a fully
dense array.

3.2.3 Designing a signal reconstruction algorithm

Toreconstruct the vectog, and hence, it is important that besides theconditions regarding the
incoherence between thbasis matrix and the sensing matrix are met also the sparsity criteria
are met. The sparsityriteria are as follows:

a) In the first place the signal must have a sparse representation with respect to the sparsity
basis matrix . Thismeans thatthe vectorzis K-sparse, having K nezero entries which are
large andN-K entries which are (clos®) zero.

b) Looking ahead to our DOA problem, we can say that thespassity in our solution sincge
expect only reflections from targets, and not from the surrounding air. Generally this will be
only a few reflections in the total angular domain, makthe source signal sparse in this
angular domain(lt is thus also expected that for instance small targets in the presence of
clutter cannot be reconstructed).

When the conditions for the incoherence and sparsity are, ttet reconstructed source vectorcan
be found by solving the following optimization problem:

» AJCEAUE iggd 18 (29

Where&£2 stands for the; norm. The pnorm of a vector is defined as

ALYE WS (24)

In our application we are not dealing with the sparse veetdrut with the source vectos. The
prerequisitefor the reconstruction algorithm to work is thus theinust be sparse. When there are

not too many incoming targets (and the sidelobes are twat high),sis basically a sparse vector. In

the columns corresponding to the angles of arrival there are highzaoa values. In the other

columns there are low values, since they correspond to angles at which no target is present, and thus
no reflectiors are received. Due to this it is expected that, using CS, in principle a sparse
representationz of the source vectos can be found, provided that there are oriftargets present.
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3. Antenna Pattern reconstruction using Compressive Sensing

3.2.4 Why the /lbnorm is used

Awell-knownmethod using the nornis the methodwhen p=2. Thisi§ KS t S| & (,ndrrj,dzZl NS & 2
which calls for minimizing the sum of the squares of the measurements. Algorithms to find the
solution by the least squares method are efficient, howeherk, normtends to spread the energy
returning anon-sparsevector with many norzero elementsHencein compressive sensinghich
looks for a sparse solutiothe least squares solution is seldom the correct {Bje

A better way is to look for the solution with the leagini SN2 Sy i NBEnSrinModiying ® (G KS K
the optimization problem(23) with the K, norm using p=0 ir{24) results in exact recovery with high

probability using onl)+1 measurements. Unfortunately solving tgenorm optimization problem is

hard to compute because it is NRrdand numerically unstablgrequiringan exhaustive

enumeration of all  possible locations of the nonzero entriezifi16].

Acompromiseiti 2 ALJX AG GKS RAFFSNBYOS 0SiGé6SSyhomTFAYRAY 3
YR bKFNR (2 O2haligobtiomsiiza DHRINNEDOL bl Kroyh ¢oklsa KR 2y
norm findsa solution withthe minimum for the sum of all measured valugse difference between

solving the optimization probler(23) with the K; norm and theK, normis shown irFigurel3. A real

valued sparse signal of around 500 values is reconstructed using only 60 complex wakhied F

coefficients.The task is to reconstruct this signal, while keeping the entries that should be zero really

low. Figurel3(b) shows the&k; norm minimization andrigurel3(c) theK, norm minimization. It is

clear that thek, norm minimization results in a mimum energy solution whictloes not provide a

reasonable approximation to the original sparse signad.Kmorm minimization however gives an

exact reconstruction of the sparse signal.

Sparse Signal

I, recovery

I, Recovery

+ Original

+Original
° Recovered

*Original
°Recovered

. o .
2 . g X
o8 & . o

~ . 2 = -2 *
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Figure13: A sparse signal (a) and its reconstructitom 60 complex valued Fourier coefficientizd A y 3, ndink S K
minimization (b). The reconstiction in (c) is obtainedy replacing the; norm with i K $nori minimization. From [17].

Now the solution to our sparse vectacan be approximated by solvili@3), the only remaining
guestion is how to solve this optimization probleM&rioustechniquesfrom the field of computer
sciencecan be used to solve thgptimization problem Since the emergmofthe field of

compressive sensing many algorithbrased on various techniques are developed and avai[4Ble
[20]. In section3.4 of this thesis a suitable algorithm is chosen and explained.

3.2.5 Using multiple time snapshots

Nowthe DOA estimation problem is formulated as a CS problem it can be solved using CS recovery
algaithms. However in practical applications multiple time snapshots can be availaise.
advantageous to use multiple time snapshots to reconstruct the signal because the solutions have a
stronger unigueness than whensingle time snapshot is usgil]. This means that for E-sparse
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3.2. Antenna Pattern reconstruction using Compressive Sensing

signal the number of possible sparse solutighat fit the limited number of measurementss
decreasedhs more time snapshots are used to reconstruct the original sigrettonger unigueness
result gives thus less probability that nanique and wrong reconstructions are the outcome of the
reconstruction algorithm. This again can result in an increase of the number of targets that can be
recovered, since for a single tins@apshot with an increasirtgalso the probability of multiple (nen
unique) solutions increasesnéther advantage of using multiple time snapshist¢hat resultsare

far less sensitive to noig@2]. The effect noise may alsveaken the better uniqueness results kat
what extent depends on the SNR.

Another question that arises is howuttiple time shots can be usddr the reconstructionin a radar
system. The use of multiple time snapshots, if possible, muappéed inthe right stage of the

radar processing chain. In radar there are several processing stages which can influence the
performance of the reconstruction with CS. Since sparsity is an important factor for CS, in thesis it is
assumed that pulse compressionfsAIB | R& | LILJX ASR Ay 2NRSNJ (i2 NBI OK
NJ y 3 S ¢ oimpostadtiprécEshing step is Dopplprocessingn which the Doppler effect is used

to create Doppler bins in which targets with different radial velocities are presehtdhis thesis the
targets are assumed stationary, resulting in no radial velocity and a Doppler frequency equal to O.
When the targets do have different angular velocitiegould be advantageous to dodlDoppler
processing step before the reconstruction st&ghen the targets with different angular velocities
areplaced into different Doppler bins this creates an additional level of spansiya higher SR.

Studying the place and (dis)advantages of the recaoiatibn in the processing chain is beyond the
scope of this thesis and recommended for further research.

To exploit the use of multiple time snapshdtee framework must be adapted properhefore we
start working with the algorithnf13]. Start with rewriting the signal model of equati¢h?) to group
Tshapshots as:

ioAn “
wheref 6 p 6¢ 80"Y isamatrix of sizfNx T], Ais a matrix of sizfNx K] as in(9),
N "Ip "l¢ 8""Y isamatrix of sizigKx T] representing the sourcesnd
B "1 p "l ¢ 87 Y isamatrix of sizf\ x T] representing the noiseNow define

[ H BH be asetof angles witNsthe total number of angles we want to scafhe set oNs
angles thus defines our scan god[N x N] scan angle matrix asin (10). Next definean [Nsx 1]
sparse vector as

50 a 04 O68a O h 29
with Knonzerovaluesd O at positions corresponding to the source angles — hQ phci8 h)
and zerovaluesat the remainingNs-Kpositions. Nowusing the scan angle matrixof (10), the
signal model of25) can be rewritten as a CS problem

A H R, @0
whereH 0 p 0 ¢ 80"Y isamatrix ofNsx 1], hence containing a value for the received
reflected energy from a target acan anglef at time snapshof. It is assumed that
0p 0¢ 80°"Yare jointly spars@r has a common sparsity profilehis means the indices of the
nonzero entries are independenf T. In practice this is truas long as the angular velocity of the
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3. Antenna Pattern reconstruction using Compressive Sensing

target is low. More general the assumption of a common sparsity profile meanthaumber of
snapshotsT is smaller than the number of searsM, hence for this casé< M.

Assumig Zhas a common sparsity profilehe angle scanning matrix is thereforestill a sparse
basis of the received array signals. The compressed array sig@d@) cAnnow be rewritten as:
. . , . 28
AA H oA, @8
Whereg 0 p 6 ¢ 80 "Y ,being a]M x T] matrix containing the received signals per element at

time snapshofl. Letdt & p 6 ¢ 86 "Y be the recovered solution, then the angle spectrum can
be calculated by:

T— n A& [ B
SinceH is a truly sparse vectott, just gives a peak at the exact DOA in the angle spectrum. An
example in which'g is plotted using thdound 'H obtained bythe MFOCUSS algorith{gee section
3.4), is shown irFigurel4. Remember that the MFOUCSS solution is found using the signal received
08 (GKS AGaRSTSOUAGSE mc SEtSYSyd aLINES | NNIF& gKAOK
sidelobes!

(29)

SinceH is the bund solution for the source matri,from equation(27) it becomes clear that the

reconstructed signaj 'H The reconstructed signglis used to determine the mean square
error, as explained i.4.5

1 target at 20 degrees on a 64/16 element array, No. of gridpoints = 181
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Figurel4: MFOCUSS solution compared to the scanned beam patterresfafly dense 64 element array and a sparse
array with 16 remaining elementsThe antenna dimension is equal fdwoth arrays.
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3.3. Antenna Pattern reconstruction using Compressive Sensing

Now the framework is defined and it is clear that the DOA estimation problem using an array
antenna can be fitted into this framewk, a suitable algorithm to solve the minimization problem of
(23) can be sought. This is discussed in the next section.

3.3 Discretization errors

The sparsity basis matrix, needed to apply CS, discretizes the continuous parameter ofdDglAs
into a finite set of grid pointsepresenting the DOA angledsinghis discrete nature of CS we
assume targets lie exactly on grid points of the diszegtbn grid.In practice his is obviously almost
never trug since thdargetcan arrive from every anglepalsoat intermediateangles. This will gav
rise to discretization error$One could choose a fimangulardiscretizationwhich results in theeal
DOAs beinglose to the grid points. However when the grid sizerésy small there will be large
coherence between the columns of teparsity basisnatrix. This higher coherence degraatbe
reconstruction performance, even beyond the point as digsal in(19) since this high coherence
eventuallyresults in higher computation load and numerical instability. These effects make it
doubtful if choosing a very fine grid is beneficial for solving discretization d28}sSince the
discretizatiorerrors and effect®n the computational load and numerical stabiléye different for
evely situation, simulations are needed to see the effects of discretization eNditk. the obtained
results one should be able to choose a suitable discretization grid.

3.4 The signal reconstruct ion algorithm

Nowadaysnany algorithms can be founghich try to find a solution fothe sparseminimization
problem(23). Obviously it is preferable that the useglcovery algorithm is as fast and accurate as
possible since we must process the data real tawentuallyin a real life system. Besides that it is
important that the algorithm can find a unique sparse solution, even in the presence of Atsed
there are any parameters to choose or tune, their influence on the solution must be kfidwia the
performance of the algorithm has to be evaluated for several situations with different SNRs.
Preferably the algorithm must be able to work with multiple timegshots, often called multiple
measurement vectors (MMVIn literature many algorithms based on various techniques are
proposed[20] [21] [24]:

1 K minimization algorithms;

Greedy algorithms;

Complexity based algorithms;

Iterative reweighted least squares algorithms;
And many mor&

=A =4 =4 =

Fromliterature [21] [24] a suitable algorithm fothe CS DO#@Astimation problem was selectddr

this thesisthe (regularizedMultiple measurement vectors Focal Underdetermined System Solver
(MFOCUSS) algorithidFOCUSS is based on the iterative reweighted least squares technigise and

an MM\fextension of the oginalFOCUS&gorithm[21]. FOCUS®&as originally designed to obtain a
sparse solution by successively solving least squares optimization problems and is widely used to deal
with compressed sensing problems. The advantag&OafUSS are its low computation and stable
results; only a few iterations tend to be enough to achieve a rather good approximating s¢R#jon

To deal with noise cases a regularized version of MFOCUSS was devel@apedns regularized

version of the (M)FOCUSS algorithm also gives good overall performance for different SNR1vels
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3. Anterna Pattern reconstruction using Compressive Sensing

The MFOCUSS algorithm will be explained in this section, and the implemematatiab is
discussed.

3.4.1 Multiple Measurement Vectors Focal Underdetermined System Solver
To understand the algorithm it is good to start with the origifuadregularizedfFOCUSS algorithm
[22], [25], [26], since MFOCUSS is only an extension of FOCUSS for the use of MMV.

Consider the problem of solving the underdetermined system of equations:

« A6 inNaq (30)

with y a vector containingl x 1] measurementsi a [M x N] matrix, x the true source vector
containing N x 1] elements and the additive noise. Leaving out the noise for the moment, there are
infinitely many solutionsinceM<N. The most widely used method to findsalution thatis nearly
sparse ishe minimum norm or least squares solution:

i Edeeh OOA BAKOO (3D)
Where £8& denotes the/b norm or the least squares solution. The solution to this problem can be
represented in a closed form:

0 Ao 32

Where'A A AA denotes the pseuddnverse. The least squares solution however has the
tendency to spread the energy rather than obtaining a sparse solution. Hence this is where the
derivation to the FOCUSS algorithm starts.

The FOCUSS algorithm finds localized solutions by starting with a distributed estimate that can be
readily computed, such as the minimum norm. Then, in a series of repetitive steps, FOCUSS
recursively enhances the values of some of the initial solutiomets, while decreasing the rest of
the elements until they become zero. In the end, only a small number of winning elements remain
non-zero, yielding the desired type of sparse solution.

Instead of finding a solution to the original problem(81) the algorithm is looking for aieighted
least squares solution by including a weighing matfig25]:

o Q1

In whichx is again the unknown signal vectdV,is a[N x N] weighing matrix andj is obtained by
solving the minimization problem:

i Edach OOABAKG o 33
This results an optimal solution given by:

1 ARl O

— o o ow o - : (34)
o Nl n Anp o nn A Ann A 0

This is the starting point of the FOCUSS algorithm which basically consists of two parts:

1. Find a low resolution estimate of the sparse signal;
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2. Prune this solution to a sparse solution.

Initial low resolution estimate

Since the algorithm start pruning with the initializatiom, iaitialization as close to the true solution

as possible should be used. Hence when a priori information is available this should be incorporated
in the initial estimate to constrain the solution further [18] [19]. (In [19] for instance the a priori
information of the number of incoming targets is used to create an initial estimate which can refine
the solution to a higher degree of accuracy. However for this thesis it is not assumed that the
number of targets iknown a priori). Since entries that are aeat the start of the pruning process
remain zero for all iterations, it is important to choose an initial estimate which has onlgeron
components. Otherwise potentially important components can be lost [13] [19]. It is however
important to determine aunique initial estimate. The minimumirm estimate givenby A0

is suchaunique initial estimate. Simulations have shown that when the minimum 2 norm solution
was used as a starting point convergence to a solution was fastest [15]. The minimam 2

solution seeka solution forx such thatx is minimized. This is not a sparse solution, which is a good
thing since then there are no zero components which can cause potentially important components to
get lost.

Pruning to a sparse solution

The pruning process is based on weighted least squares minimization of the dependent variable with
the weights being a function of the preceding iterative solutif#®y. Now let the k-1)-th iteration of

the estimate ofx be given by25]:

6 @ e B |

Then the next iteratiolkk composes the a new weighting matk using the previous solution, and
continues with the steps to calculate a new solutiQnThis can be describday 3steps

Step 1, calculate new weighting matrix:

4] n T E TT _
, oy E m o
Ao T 20 - &
é é E €
o T E 9 n 0 %
Step 2, calculate the new ggctor. 'I Al o

Step 3, calculate the newvector: o N

With- 1 1being a parameter to compromise between sparsity and convergence. Hence in the

first step of every iteration the weighting mati¥ is updated using the previous solution. In step 2
and 3 the weighted least squares solution is computed udifgpm step 1. In this way the weights
applied to the columns play a role in determining the contribution of the columns to the final
solution. Asmall weight usually results in a smaller contribution and vice verghis way the low
resolution initial estimate is pruned to sparse signal representation. The pruning is done by scaling
the entries of the current solution by those of the solutimfghe previous iterationThe® 3 steps

are repeated until the termination criteria are met. The parametepecifies when the algorithm is
terminated by a convergence criterion which must be satisfied:
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/EE .E/E

1 (36)
Ao A
The default value for is 10°. The algorithm stops when the average deviation between two

successive iterations is smaller than

The choice of the parametgris dictated by the speed of convergence and the sparsitiief

solution generated. Whepl' H A& &S0 X a Ch/,hofr{soldiGyValiek @i&am 1 KBD &
sparse solutions, hence for sparse reconstrucpdies in [0,1]. The order of convergence is given by

(2-p) and thus the algorithm converges faster fnaller values gb but there is also a higher

likelihood to get trapped in local minima. In practice the default valuye00.8 have been found to
represent a good compromise between speed of convergence and quality of the generated sparse
solution[21].

An example of the pruning process from the initial estimate to a sparse solution is sh&iguia
15. It can clearly be seen that the initial estimate is a spread minimum 2 norm solution. Every
iteration the high power components get amplifisthce the weighing matrix is created using the
previous solution.

1 target at 10 degrees within -20dB random noise, 0.25 deg. wide grid
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Figurel5: The Py vector for several iterations of the MFOCUSS algorithm, showing the pruning process.

3.4.2 Using Multiple measurement vectors

When nrultiple time snapshotoor MMV areavailablethis can be exploited in order to increase the
accuracyand uniquenessf the reconstructiorof the sgnal(see sectior8.2.5. It isnoted that for

the use of MMMt isassumed thathe solutions have a common sparsity profile; i.e. the indices of
the nonzro entries are independent of the obtained time samplesthis thesis stationary targets
are assumed which gives no constraints for the use of MMV. In prdaiigever, witha fast moving
target, especially in the angular direction not to many samples can be Gsethe other hand the
difference in velocity of the targets might also be exploited trough Doppler filtering, as stated in
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3.4. Antenna Pattern reconstruction using Compressive Sensing

section3.2.5 Keeping in mind that in practice targets are not stationary, for this thesis the number of
time samples/MMV that can be used is limited to ten.

When there are MMV available, eqtion (30) can be adjusted very easily by making the
measurement vectoy a measurement matri¥ which contairs all the Tmeasurement vectors. This
also means that the noise vectnbecomes a noise max N and obviously the source vectgr
becomes a source matrix

R AR "EN i for someM x N measurement matrid\ @

3.4.3 Dealing with signals in noise

Now for the algorithm to deal with additive noise a regularized form of the algorithm was developed
logically called regularized MFOCUES. The regularization is dictated by a parametavhich
determines the tradeoff betwee finding a solution as sparse as possible and with as small an error
as possibleThe regularization is applied in step 2 of the algorithm and is known as the Tikhonov
regularization problenj27]:

'E AJCEEA] E n& _AEE @8

where £8& denotes the Frobenius normwhich is explained directly after the steps bét
regularized version of MFOCUS88equation(38) the part £4] "E 14 is the partwhich controls
the error of the solution, and£EE the part that controls the sparsityf the solution Thus by
choosing theegularization parameter one can make a tradeff between correctness and sparsity
of the solution. Note that setting the regularization parametetto zero, results in the original (nen
regularized) MFOCUSS algoridhiirhe steps of the regularized MFOCUSS algorithnbean
summaized as follows:

Step 1, calculate new weighting matrix:

(%] n Tt E T _
. oy E m
i T 20 - A
& g e ¢
& T T E ® n ¢ (39)

Step 2, calculate the negrvector. "EA AA _E N
Where A Al with_ 1

Step 3, calculate the newvector: n n "E

As these 3 iteration steps fro(89) are applied on equatio(B7) this now results in a obtained
solution matrixX, instead of a solutionactor x. Again these 3 steps are repeated until the
terminationcriterion ismet. The parametet specifies when the algorithm is terminated by a
convergence criterion which must be satisfied:

A 0 &

1 (40)
A K
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WhereA£8%& standsagainfor the Frobenius normrhe Frobenius nornis used to obtain the norm of
a matrix instead of a vector. i defined as the square root of the sum of the absolute squares of its
elements e.g.:

AENE I8 Yi 6 AR 41)

Where trace means to take the values on the diagonal of the matrix which is formed by multilying
with its conjugate transpose. The MSE can also be calculated usingntivenor Euclidian norm)
instead of the Frobenius norm which is defined as:

ENE _ AA (42)

Where_ ‘AA  means to take the largest eigenvalueAf . Taking the square root of this

largest eigenvalue is the same as taking the largest singular value. Since singular value decomposition
is more computationally expensive than taking the Frobenius norm, heswally the Frobenius

norm is used28].

When the matrixA becomes a vectothe Frobenius norm equals therbrm, since the z2horm of a
vectora is defined agtHe B SHs. This equalsi=1 in(41) and thus for a vector the Bbenius
norm equals the ziorm. Also for the initial estimate the minimum Frobenius norm estimate can be
used instead of the minimum-2orm that was used in thergjle measurement vector situatioBee
also sectior8.4.5

Finding the correct value for the regularization parametecan be challengingeveral ways such as

the modifiedL-curve method21] and the generalized crosalidation (GCV) techniquyg29] are

proposed to estimate the regularization parameter. In the MFOCUSIS 9], there is no method

included to estimate the parameterand it has to be chosen by the user as one of the input

parameters. IntherF At S AG Aad RSEAONAOSR &y dawS3dzZ F NAT I GA2
noise variance. In the noiseless cas#siply setting lambda=2en f S Ra G2 322 R LISNF
With the latter being confirmed by equatid38), the challenge to estimatgin noisy cases remains.

Choasing a fixed value forcan result in a suboptimaésult sinceat every iteration the pruning

process creates a new solution, which is used as an input for the next iteration. Hence the best trade

off between sparsity and error, beirg can easily be flerent for every iteration. As a result

choosing a fixed value fercan result in a lower rate of convergence, a larger error or a solution that

is not sparse enough or even too sparse. This makes a way to determ@imyery iteration desirable.

In[21] and[27] the modified kcurve method is proposed as a method to findt each iterationThe
modified L-curve method seeks the value ©that minimizes both the erroand the sparsitpf the
solution. This is done by determinitite outcome of the erroterm £A "E R4 versus the
outcome of the sparsity term&A&EE for several values &f. This plotresults in an icurve, with the
distinct corner of the L being the optimal value foiThis optimal value gives then the béstdeoff
between sparsity and error at the current iteratidn. this method it is however assumed that the
boundary values ofare known or can be estimated given a prior value of the @SJRANd
experiments fronj27] showed that not for every iteration the plot contains agurve.
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In[29] the GCV is preferred over the modifiegtlrve method since it is more flexible for igration
with the main algorithmt is also easier to search for the minimum of the GCV function than to find
the corner of the lcurve. Besides that, for the modifieeclrve method, computation of the

modified L-curve involves computation of the solutidor several samples &f This results in an
increased computational load. Using the GCV technique combined with a suitable minimization
algorithm,<can be numerically estimated with better computational efficiency and without solving
the problem for segral sample values &f Additionally the GCV usually gives a more accurate
estimate of<than the l-curve method?29].

The GCV technique estimates the optimal value<fas follows. Given th® measurements (stored
in'Y), onemeasurement is left out and the value of this measurement is predicted by usirg-the
remaining measurements. The idea is that the best value fethe one that predicts eadkft out
measurement the most accurate, as a function of the oth€herebre the estimate okis the
minimizer of the functiorf30]:

o_ -—-B D _ w . 43
The GC¥stimate is a variant of this form, obtained by applying singular value decomposition and
some straightforward calculations, which results in the GCV funf2@jn The GCYechnique
estimates<by assuming that an optimum value ©$hould be chosen to minimize the GCV function.
The GCV function for the standard regularized MFOCUSS algorithm is dedppédndix || 0f29]

and definedas:

B , —
o 0 - (44
v B
Wherethe index, =f A {7 4A , andU being a result oftie singular value decomposition:
A A H Ar . To minimizew _ the following constrained problem has to be solved:
Ol QT ET w
= (45)

Equation(45) can be solved usingtidl G f I 6 Fdzy OG A2y aGaFYAYOYRéE HKAOK
section search and parabolic interpolatif#®]® ¢ K S ¥ dak § liddsRie mdimum of a

function of one variable within a fixed interval. By choosing a sufficiently wide range for the

boundary values<,, and <. the function always finds a minimum. The estimatiorxasing

equation(45) must preferably be done at every new iteration of the MFOCUSS algorithm.

The advantage of the GCV technique is showfignrel6. Due to determining an optimalat every
iteration the GCV solution (shown in red) converges faster and to a more sparse solution as the
original regularized MFOCUSS solutigth a fixed véue of<=001 (shown in blue)which is equal to
the noise variance as stated in the description of the algorithishould be noted that the

advantage of using the GCV technique to determsia¢ every iteration is mainly useful for situations
with disceetization errors, e.g. targets being not on the giithis is a situation which is expected to be
very common in real lifaVhen there are no discretization errors, using the same predefiretd

every iterations generally gives a faster convergefRoe.an grid situationghe GCV technique has

29
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still two remaining advantages: reaching a more sparse solution without noise and not needing to
define<as an input parameter by the usdraving an adaptive value far

1 target at 10.125 degrees within -20dB random noise, 0.25 deg. wide grid
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Figurel6: Pruning process for normal regularized MFOCW&B <=001 (blue) and GCV MFOCUSS (red).

3.4.4 Implementation of MFOCUSS in Matlab
In this sectiorthe implementation of the MFOCUSS algorithm into Matlab will be addre3bked.
algorithm is programmed in the-file presented in Appendix A and is described as follows.

The MFOCUSS algorithm should be finding the (weighed) least squares solution to the [(Bdlilem

E AR A
nAE A AR A AR A AR A A AA N
Where AT} denotes the pseudo inverse.

With Aa [M x N] matrix representing the observation matri¥/ a [N x N] weighing matrix andfthe
[M x T] measurement matrixThepseudo inverse is a generalization of the inverse matrix and
therefore it is often used to find the minimum least squares solutidre computation of the pseudo

inverse 1 'A using the definitiom} A AfQR A is computationally not advantageousrf

numerical reasonf26]. A better way to evaluate the pseudo inverse is to use and compute the
singular value decomposition WA:

nA AR (46)
where Uis an M x M orthogonal matrixy 1 & with the columns containing the left singular
vectors
Sis an M x N diagonal matrix containing the singular vaJues WA,

30



3.4. Antenna Pattern reconstruction using Compressive Sensing

andVis an N x N orthogonal matrixy fj & with the columns containing theght singular
vectors.
Now thepseudo inerse isgiven by{26]:

AA  AnnQ 4
For a rectangular diagonal mat&the pseudo inverse can be obtained t@placing the singular
values, by their reciprocal, which is in fact the invers®". This makes a singular value

decomposition a relative computationally efficient operation and suitable to use within the
MFOCUSS algorithm.

For the regularization problem equati¢88) must be solved which means that the singular value
decomposition and finding thpseudo inversenust be applied ostep 2 of equatior{39), being:

'"E A AA _& AQhwhereA Aj with_ T
In this the pseudo inverse & can beidentified as below:

A A AA _E h
where’ A A} with_ 1t (49)

Using equatiorf47) and the factthatA 1/ N 4 ,withfij i gandq 1 gfindingthe
pseudoinverse results in:
A A AA £

Ann anfg & Ani (49)
Ann _& nin.

Since the inverse of the diagonal mat@and| is equal to its reciprocal this can be rewritten to:
o woxo= P P
A nAEAE —-nn

(50)

i AEAG T |

with ,, still being the singular values frof Note that when_© 1, equation(50) is equal to
equation(47), which is the problem without regularization. Equati®®) can properly be applied in
Matlab since it only contains matrix operations. And hence the solution fok-thdteration of the
regularized MFOCUSS can be determined using:

e B}

iAR f R AEAG— i i G

The only thing left is to implement a way to determine the regularization paramed¢ieach

iteration. As explained this can be done at each iteration using the GCV technique using equations
(44) and (45). As stated in29], _ can be found by minimizing equatié#4) by solving the

constrained poblem of equation45)dza A y 3 { K$ Y X yzifopBatRly/ ThedGCV function
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ofequation@HhA a GNARGGSYy Ay albdGftlro | yR
fixed intervalk;,=10° and <,,.,=1C". This is done every time equatids0) is solved, thus every
iteration the optimal_is used and not predefiningas in input parameter by the user is not
necessary any more.

The implementation of GCV also increases the computatioaa. For extensive simulations this can
result ina evidently largecomputational burden since for every iteration the GCV procedure is
carried out and the minimum ab _ has to be evaluatedihe effects of the widthof the interval on
which<is evaluateds not clear when multiple targetse@present Since<is a compromise between
the sparsity and correctness of the solution, a large interval can result ineeugrsolutionsA small
interval on the other side takes a way a lot of the attege of fast convergence and possibly finding

a solution as sparse as possible. Studying these effects extensively is beyond the scope of this thesis

and recommended for further research.

3.4.5 Performance parameters
Detection of targets is a very importantigsin RADAR systems. CS technigues are relatively new and
conventional detection methods cannot necessarily be applied directly on the CS output. Finding a
suitable detection method for CS RADAR systems is a recent ongoing research arealBbg[21].
latteNJ A& 060S@2yR GKS &a02L)S 2F GKAa (GKSara | yR

the target is off the grid, both the adjacent grid poiat® a correct solution.

The relative mean squared error (MSE) between the true and the estimated solution is used as a
measure for the performance and [R1] is described as:

noA

-3% % ——— (52

m A
Where&£8& denotes the Frobenius norm, is the recovered solution matrix angl is the true
solution matrix. For this thesis the true solutign is known and used to create a sparse
measurement vector and can hence bsed to evaluate the obtained recovered solution ugs8).
To get an idea of what the MSE says about the found solutidalitel several values for the MSE
with different noise levelsare shownThe situation in which the MSE was obtained was an ideal case

where an exact solution can be found. Hence purely the etiette noise is shown ifiablel. It can
be seen that the MSE is in the order of the noise variance.

Tablel: Values for the MSE for differemntoise values.

SNR [dB] 100 50 40 30 20 10 0

MSE 1.42e10| 1.42e05| 1.30e04| 1.30e03| 1.23e-02 0.1132 0.51

Since the interest lies in estimating the DOAs ofttrgets, another way of measuring the

performance of the algorithm isimply toidentify the correctlyestimated DOASThis can be done by
looking for the(high) values in theR, vector of equation29) since they represent the reconstructed
DOAsThemethodthathave beenused & NBFSNNBR (2 |4 aPREMINBOGT &
looks if there is a nomero value in the correct column BY. It is noted thatthe dcorrectly identified
columng methodonly can work properly as long as the true numbetarfjets and their DOAs are
known. Thus it can only be used for testing purposes and not in real life.
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are used to measure performance since, for this thesis, we have knowledge of the true signals. When
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3.5. Antenna Pattern reconstruction using Compressive Sensing

3.5 Simulation setup in Matlab

For this thesistte CSheory is applied to a 64 element ULA with 48 randonedgVe elementsThe
received signal vectof of the 64 element ULA is generated using Matlab. Then the signal weefor
the sparse array is generated by multiplyMgith the random sensing matrix . The only constraint
on the sensing matrix is thabw one and row 64 cannot be removed since this results in an equal
antenna dimensiom for the fully dense ULA and the sparse ULA. From the remaining 62 rows, 48
random rows are removed. Now tlem is to reconstruct the signXland estimate the DOA of
incomingtargets correctly, usiny, , a sparse basis andg MFOCUSS algorithm.

Unless stated otherwiséne basic configuratiothat have beerused is:

A ULAwith N=64 and M=16 random working elements, element 1 and 64 are always working;
Elementspacindgor the fully working ULA:—;

Operating frequency 3 GHz;

Working elements: 1, 10, 11, 14, 15, 23, 33, 37, 38, 41, 48, 49, 50, 59, 63, &4psaégure
17,

1 time sample used;

Noise power: 1610 (100dB)for the noiseless case, for the noisy case: as specified
Targetpower: 1 (0dB) ;

Targes are stationary/have no angular velocity (Doppler frequengy=0)

The DOA of theargets islimited from-60 to 60 degrees (this is the practical scan range for a
phased array, see also secti2i2.2and2.2.3

T MFOCUSS parameters:

A Regularization parameter = noise variancgunless stated otherwise)

A P=0.8(see sectiorB.4.1);

A 1+ 1®(default value)

= =4 =4 =4

= =4 =4 4 =4

Since the fully dense array consists out of 64 elements spagaéferring toequation(7) the

beamwidth, of the fully dense array is approximately: — P& w JThe beamwidth of the
sparse array is the same since the antenna dimenBimthe same.
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3. Antenna Pattern reconstruction using Compressive Sensing

Geometry of the sparse array with 16 working elements Geometry of the fully dense array with 64 working elements
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Figurel7: Used aray geometries

To keep results reproducible and consistent, one random configuration as specifiedaatubire
Figurel7 has been used. When random defects occur in real life this configuration used is obviously
not always the resulfTo see if large deviations occur when other random configurations are used,
simulations have been done using 10 different random arrays. Milyeconstraint on these 10

random configurations was that element 1 and 64 are always working in order to keep the same
antenna dimensio and hence sameriginalresolution for the configurations. The results are
summarized in append®,concluding thags long as the configuration is random the effect of
different random arrays are comparable.

The solution anglergl is specified from90 to 90 degrees off broadsidejth aseparation between

the gridpointsof onedegree This result in using=181 grdpoints This makes the grid is finer than

the beamwidth and hence the maximal achievable resolution (See also s2ctiand[3]).

Therefore thenitial chosengridsize of 1 degree makes it possible to achieve the maximal resolution
and keep thecomputation load and possible numerical instability under control (see also section
3.3). During the research other gridsizes where used, if this applies this will be menti©nednight
argue that also the dimension of the grid can be reduced to the limited scan range and therewith
reducing computtional efforts.This is however a risky action since the grid specifies the scan angles
on the receive side only. The transmit beam does not necessarily have very low side lobe levels.
Hence signals may be received coming from the sidelobes of the trabearit. Additionally in real

life strong sources such as jammers can be coming from any direction, also from directions which are
beyond the scan limit. These signals can influgaogets in the main beam, and when the grid is
limited the existence of thessignals is not known. Truncate the grid at the sidegduce

computational effortds thus not advisable.

As an example the resulting-file for the simulation oKincomingtargets, using the setup as
described is included in appendix
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4.1 Results

4 Results
In this chapter results angresented and usetb evaluate the use of CS, using MFOCUSS, for DOA
estimation The research approach is as follaws

1. SAYdzE I GA2ya KIF @S 0 SEY amdel&el éootBiakdalgbtsexagtlg A a S
on thediscretization grid. Theumber of incoming targets hdmen varied for these
simulations. The results can be used to evaluate the performance afrttegjularized
MFOCUSS algorithitself. An important issue to evaluate Wghetherthe theoretical relation
between the number of measurements and numbespérse components is satisfied.

2. The effects of discretizatioan an angular grid are examineaigain for varying numbers of
targets, have been examined without the presence of noise.

3. Noise has been added the simulationsfor varying number ofargets, to examine the
effect on the reconstrued solutions.

4. The effect of @cretization error®n the angular grithasbeenevaluated also ithe noise
case to create a realistscenarioand to see the effeston the solutions.

5. The MMVconfiguration has been considered file noisycase withoff-grid targets

6. Smulations havebeen done to obtaimprogressive insightis the effects of changing the
regularization parametex.

7. Simulations have been done totdemine the accuracy and resolution of DOA estimation
using CS, and the effect of choosing a very fine angular discretization grid.

4.1 Recovery without noise

4.1.1 Single target on the grid

Thesimpleststarting scenario igie arrival of a single&argeton gridwithout the presence of noise.
Targes with different DOAhave been simulatednd their angle spectrum according (@0) can be
plotted. Three examples are shownHRigurel8, in which also the scanned beam pattern obtained
with the fully working dense arraig shown. As explained in secti2rBthe scanned beam pattern is
calculated troughX*v . Because the vectoXis used, this is the scanned beam pattern of the fully
working dense array.

1 target at -40 degrees 1 target at 0 degrees 1 target at 25 degrees
10 10 r 10
0 * 0 ¥ 0 *
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: I : | : i
£ 20l - U, naed £ 30 il I | T
o (Y ﬂ1 G o }, |‘|‘n. o ) I‘A.
{ il ) i A ORI [l e ””‘i [ '.||;
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-50 T %—MFOCUSS estimation I 507 % MFOCUSS estimation I -30 %~ MFOCUSS estimation
Scanned beam pattern (X*Psi) Scanned beam pattern (X*Psi) Scanned beam pattern (X*Psi)
. -50 0 50 _ -50 0 50 = -50 0 50
Broadside angle (degrees) Broadside angle (degrees) Broadside angle (degrees)

Figurel8: Reconstruction of a singl&arget on the grid with no noise.

Since there is naoise and thaarget DOAis on the grid,only a single solution is foundh&other
solutions if present are belowl00dB since this is the noise level for the no noise Bdna. As
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4. Results

explained in sectioB.4.5also the MSE can be usedrnt®asure the performancef the algorithm

The MSE is based on the mean squared difference between the reconstructedisignathe true
received signaK. In Table2 the MSEandthe number of iterations nededare shown for each DOA.
In the case of omrid targets, once the reconstruction is correct, the MSE is not meaningful temce
DOA is estimated exactly on the correct grell. Therefore théISE has to be zero unless of
numerical precision error.His is evident from the graph Figurel9, where the reconstructed and
known angular responsder the target at 25 degrees frofigurel8 are identical Since the interest
lies in the DOA estimation, in general the angle spectrum accordi@Ptavas usedn figures and

the MSEwvascalculatedas ameasurement of performance

Table2: MSE, number of iterations needed for a singla gridtarget without noise for different DOAs

DOA -40 0 25
MSE 1.41e10| 1.42e10| 1.58e10
Iterations | 9 8 8

The number of iterations needdadmaximal 15 for the DOA &0 degreesmearing convergence is
reachedwithin these 15 pruning stepdhis is due to the fact that there is no noise and the DOA is on
grid, which results iminimal deviations that can make the solution not exact and thus not have to
be solved by the algorithm

1 target at 25 degrees
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Figurel9: Scanned beam pattern and reconstructed scanned beam pattern for the reconstruction of a single target with
a DOAat 25 degreesithout noise.

4.1.2 Maximal amount of targets that can be solved

From sectior8.2.2and equation(17) the relaion between the number of noizerocomponents of

the signal and the number of needed measurements for recovery is kridwoe the coherence is
almost equal to 1 in the case of a D@ablem (because of the nearthogonalclosely spacedrid)
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4.1 Results

at leastKlog (N) elementsshould be available in the sparse artayrecoverKtargets. Howeverthe

number of total element&N and number of remaininglementsM are fixed at 64 and 16 respeatly

in this caseThus it is expected from theotiiat there can beéM/log(N) =3.85targets recoveregdsee
section3.2.2and equation(22). The expectation ithat when 4or moretargetsare presentat the

same timethereconstructedd 2 f dzi A2y gAft y20G 06S O2NNBOG 6A0GK a2

Equalstrength targets

To verif thistheoretical limitation 1000 individuakexperimentshave beerdone for a different
numberof Ktargets at randonon gridDOAdetween-60 and 60 degreed he random DOAs have
been createdyy pickingKrandomintegersbetween-60 and 6dn which doubles withirthe K
random picked DOAare avoided

Table3: Numberof solutions withincorrect identified columnsand average MSEr random DOA estimatiors of up to 6
targets.

No oftargets 1 2 3 4 5 6
Wrong solutions within 0 0 0 28 168 430
1000simulations

Average MSE 1.38E10 | 7.40E11 | 4.74E11 | 0.0166 | 0.0934 | 0.254

In Table3 the numbess of solutionswith at least one incorrect identified columare summarizedAs

expected from theory, the errors occur wherodmoretargets ae present Since he theoretical

limit of 3.85targets that can be recoverefl A (i K & 2 @S NB K S thyldsyfrAnd 4 tarife® 6 | 0 A £ A (0 ¢
wrong reconstructionstart to appear An example of a wrong reconstruction withatgets is shown

in Figure20. It can be seen that thiargets are not closelgpacedout are separated at least 23

degrees. The failed reconstruction is purely related to the fact thattiterion (KKo ®fprpgheé

availablenumber of measuremnts (M=16)is not satisfied.

The average MSE Trable3 is also increased significantly fée4.FromTablel it is known that when
reconstructions can be ext, the MSE is in order of the noise variance if these solutions are exact.
For the MSE df<4 this is indeed true, but fd=4 the MSE is much higher than expectations based
on the noise variance 6100dB.This is caused by the 28 wrong reconstructionly: the 972 correct
reconstructions all have an MSEX? since they are exact reconstructions. For the 28 wrong
NEO2yaildNHzZOGAZ2Y A n dence akp the{(d@erade) MSEdndicated thak tHer® ared
wrong reconstructionsThis trend continuefor K>4: both the MSE and the solutions wititorrectly
identified columns increases
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Figure20: Example of dailed reconstruction for 4targets without noise.The MSE for this reconstruction is 0.8445.

Unequalstrength targets

In practiceKtargets are expected not to have the same amplitude. To see the efféatgdéts with
varyingstrengths the same setup Ilsdbeen used but with randortarget strengths varying between 0
and-10dB.The results are summarizedTable4, from which it can be seen that more solutiomih
incorrect columnsare identified than in the case of targets with equal strengliow already for 3
targets 0.5 percent of the reconstructions have one or more identified columns, which is below the
theoretical limit of 3.88argets. Also the average MSE increases for theadibn with 3targets since
there are more incorrect identified columns found.

Table4: Numberof solutions withincorrect identified columnsand average MSEr random DOA estimatiois of up to 6
targets. Thetargets have a random strength between 0 antiodB

No oftargets 1 2 3 4 5 6
Wrong solutions within 0 0 5 51 231 505
1000experiments

average MSE 3.97E10 | 1.66E10 | 1.53E03 | 0.0167 | 0.0816 | 0.195

An example oWwrongreconstructionof 3 targets isshown inFigure21. It shows that the 2 strongest
targets are reconstructed at the correct DOA but the wealtaegjet at approximately-6dB is not
reconstructed Besides thatso a lot of erroneous solutionsefound with a maximal strength ef
14dB
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3 targets at -51 -6 43 degrees
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Figure2l: incorrectreconstruction ofK=3random strengthtargets with randomDOAs.The targets havetrengths-3dB,
0dB and-5.2dB (FLTR}::lO10 (equal to the noise variance)rhis incorrect solution is found because of thaissing
solution of the lowest strengthtarget. The MSE for this reconstruction is 0.2893.

When there ardargets with an unequal strength thgerformance slightly decreasé/hen there are
one or two simultaneoutargets, theycan be reconstructed correctly but f8ttargets there is a
significant increase in errorgsulting in 0.5 percent failurd-ork=4targets thenumber of wrong
reconstructions again increasesmpared to the equal strengttarget case: from2.8 percent to 5.1
percent

4.1.3 Single target off the grid

As stated in sectio.3the discrete nature of CS assustbat targets lie exactly on grid points of the
angulardiscretization grid. In real life this is obviously almost never true. Whieyets are not on the
partition grid but in between twangulargridlines the error ofthe solutionincreases, resulting in
incorrect estimated DOA45]. Using a very fine grid can partly solve this problem but using a finer
grid will also result in a higher computatiorgfort and dso the coherence in the CS problem can be
affected.Hence it is important to see what the effects are whenréharetargets with DOA which

are not on the patrtition gridThereforevarioussimulations, without noise, but with off grid DOAs
have been carried ouThemost relevant resultsire summarizedn this set¢ion for a single target,

and in sectiort.1.4for Ktargets

It is expected that the closer the actual DOA is to the grid the less discretization noise arises. To verify
this simulations have been done with different off grid distances. The results are sh&iguie22
andTable6.
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Figure22: Targeswith different off grid distances aroundboresight. No noise is added to the signal

As expected theliscretization noise increases as the targets are more off gritale5 the MSE

and number of neededérations are shown for several off grid distances. As expected it shows that
the MSE increases for increasing off grid distances. The number of iterations needed not necessarily
increase or decrease for increasing off grid distanbasthey do increaseignificantly compared to

the on grid cases

Table5: MSE and number of iterations needed for different off grid distances at boresight.

real DOA (degrees) 0.1 0.2 0.25 0.3 0.4 0.5
MSE 3.56E04 | 5.19E03| 2.03E02| 2.62E02 | 3.63E02| 4.02E02
Iterations 105 89 76 91 160 139

Decrease in Poweonf the found solutions

Compared to the on grid situations ligurel8it isobserved that the powelevelof the targets is
decreased. This is due to the fact that the energy of the sparse solution is no longer a single solution
but gets spread oubver the twoadjacent gridpointsThis can be seen in the zoomed in version of

the three examples dfigure22 and Figure23: there are two solutions found at the adjacent
IANRRLRAY (A& @6dA, iostdad of Regabtiiat thd gridk point at 0diBe power levels being
F-6dB is however 3dB more than expected siitée expected that tk off grid effect would result in

two solutions with a power level 68dB at adjacent gridpoint¢§There is discretization noisehich

should be added to the total energyut as can be seen Figure23this is never higher thas22dB.

The loss of3dB power in the solution @&ttributed to a wrong normalizatiarwhen targets are off
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grid, within the algorithm.This was verified with additional simulations in which the amplitude of the
found solutionof an on grid targetvas manually decreased with 3dB and 6@dBe MSE for the

original case was1l9™° since the solution is exacthe MSE for the3dB case is irhe order of the

MSE found for 0.5 degree off grid signdlse MSE for the5dB signal is in the order of double the

MSE found for 0.5 degree off grid signals. Thus it can be concluded that the power levels are lower
than expected, but this is purely via. This normalization error only occurs for off grid signals and
was not traced within the code during this thesis.

It hasbeen investigated if the DOA has an effect on the discretization error. Therefore targiets wi
different DOAswith the maximal offyrid distance of 0.5 degrees, have been simulate&idgnre23
andTable6 three examples are shown.
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Figure23: Targes with different DOA's which are in the middle of two gridlineblo noise is added to thsignal.

The MSE indicates that the discretization noise is larger for DOAs dsmesight as can be seen in
Table6. The MSE decreases when the DOAriber off boresight In Figure24it can be seemvhat

the result is of the discretization noiserong solutionsat lower power levelaround-25 and 25
degrees for theargetat 0.5 degreesThe discretization noisa the reconstructedsignal results in
higher sidelobes in thangular spectrunaround-25 and 25 degree3.he spectrum of the original
signal has no high sidelobes around these angliee.reconstruction of théargetat 25.5 degrees
shown no sidelobeand matcted the original signal betteas can be seen ihigure24.These
sidelobes increase the MSE and give rise to the discretization noise as sHeéigure23.
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Table6: MSE and number of iterations needed for different off grid DOAs.

real DOA (degrees) 0.5 10.5 25.5
MSE 0.037 0.028 0.010
Iterations 89 82 242

1 target at 0.5 degrees
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Figure24: Reconstructed beam pattern and origal beam pattern for off grid signals with DOA 0.5he MSE is 0.037 for
this case

4.1.4 Ktargets off grid

The effect of discretization errors on the relation between the needed number of working elements
and the numbelof targetsto be resolved is studied belovn these simulationthe simultaneous
presence oKtargets hadeen simulated for random off grid DOéwer 1000 different runsSince

the effect of the discretization errors increased with the off grid distance, a maximal offtufidf

0.5 degrees hmbeen usedn the angular grid with one degree resolutiMihen thetargetsare Q5
degrees off grid this also means that they are in the middle of two grid points. Hence in this case a
correctly identified column is one of the two adjacent columns in whichdhgetis supposed to
arrive.Normally, in the case offbgrid targets and gridbased reconstructions, you should have a
clustering process after which you evaluate the correctness of the solution. Two adjacent solutions
wouldthen beclustered together in one solution.

The results are shown ifable7. The discretization errors cause 2 addit@mwrong reconstructions
for K=3incomingtargets, compared to the on grid scenarioTdble3. Besides the additional errors
for 3targets the MSE is also higher foreey number ofpresenttargetsdue to the discretization
errors, but they are in the same order of the result foundriable6. This indicates that besides the
increase in MSE due to the off grid effects, there is not much additional &wolkx nargets the
MSE significantly incases compared to the result frofiable6, indicating that the number of wrong
reconstructions are increasing.
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Table7: Numberof solutions withincorrect identified columnsand average MSEr random DOA estimatiois of up to 6
equal strengthtargets which ared.5 degree off grid

No oftargets (K) 2 4 5 6
Wrong solutions within 22 176 426
1000 experiments

Average MSE 1.36E02 | 2.11E02 | 5.20E02 | 1.33E01 | 3.07EO01 | 4.89E01

Examples of a correct androng solutions are shown irigure25 for K=3 targetsIn the example

with the correct solution clearly there are solutions found on the correct adjacent gridpoints. The
other low level solutions found are due to the discretiaaterrors, and they are at least 12dB lower

than the solutions for the targets. This means the targets can easily be identified. In the example with

the failed reconstructionthe target withDOA 46.5 degrees there are no solutions found in the
correspondng (adjacent)columns of theP, vector. Thus his solutionismarked as wrongt should
also be noted thafor the solutionsfound at the correct DOA are at a lower power lewdlich can be
up toa level of-6dB.This is due to the discretizati@rrors which spreadhe energy over the
adjacent gridpoints and wrong gy solutions and the normalization error discussed in sediar8
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Figure25: Example of a correct (left) anfhiled (right) reconstruction. The examples are taken from ooftthe 1000
reconstructions when 2qualstrength (OdB)targets with random DOASs arrive.

Table8 shows simulation results faargetswith a random strength between 0 antiOdB Fork=3
incoming signals the number of wrong solutions are increased up to nine, while MSE levels are
around the samdevelas for the equal strength casesTiable?. This indicates that the unequal

strength signals do cause some additional wrong reconstructions, but on average the MSE is around

the same level.

Table8: Number of solutions with incorrect identified columns and averalytSE for random DOA estimations of up to 6
targets which are0.5 degree off gridThe targes have a random strength between 0 antiodB

No oftargets 2 4 5 6
Wrong solutions within 77 293 587
1000 experiments

Average MSE 1.41E02 | 2.09E02 | 5.17E02 | 1.21E01 | 2.58E01 | 3.93E01
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4. Results

An example of a successfaconstructionfor maximal off grid targets with random strengths is
shown inFigure26. The solutions foundare allF y Ribove thewrong solutions found due to the
discretizatiorerrors.
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Figure26: Example of a&orrectreconstruction whenmaximal off gridtargets hawng random varying strengtk between 0
and-10dRB In this case the targets strengths are FLT®R5dB,-7.9dB and 0dB and=10"°.

4.1.5 Analysis and discussion: recovery without noise

Foron gridsingle target case€S with the MFQUSS algorithm is perfectly capable to estimate the
DOA ofa targetcorrectly. When the number of target&is increased the probability of correct DOA
estimation decreases since the received signal becomes less sparse. The theoreticbKliogN)
working elementsieeded to identifyKincoming targets was verified with simulations for the
noiseless case with equal strength targets. For unequal strength targets the number of wrong
reconstructions folk=4 targets doubled, and also fir=3an addition&0.5% of the reconstructions
failed. Hence it can be said thédrgets with different strengths have a degrading effect on the
performance of CS.

When targets are not exactly on the discretization grid, discretization noise increases as the off grid
distance of the target increases. The MSE of the found solutions increases signific@ntlyF Tdgem n
to discretization errors. Also the number of iterations needed by the algorithm needed to find a
solution increases significantlRiscretization errors canence not simply be neglected and they

have a large influence on the performance.

The plotted results for maximal off grid distances (0.5 degree) show power levels that are lower than
expected. This is purely visible and ihighlylikely that this is de to a normalization error within the
algorithm. It only occurs for off grid signals and was not traced within the code during this thesis.
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4.2. Results

4.2 Recovery with in noise

In real life situations the received signal is deteriorated by noise. This noise canduadidg
effects on the recovery dargets using C8epending on how robust the algorithm is against noise.
To determine the robustness against noise, simulations witlie noiseaddedto the received gjnal
have been dondn these noisy simulations the regularization parametés set at the value of the
noise variance.

4.2.1 Single target on the grid

When there is no noise the found solutions are exact as can be sé&gguirel8. When noise is
present the reconstruction is also noisy Higure27 the results for the recovery of the same random
targets as inFigurel8are shown, but nowvith an input SNR of 20dBVhere in the absence of noise
the solutions where exact now the solutions are disturbed because of the rfibisaoise in the
solution never exeeds tte noiselevel Thetargets can still easily be identified since the amplitude of
the solutions found at DOAs of thargetismuch higheithan the amplitude of the noisy solutions.

1 target at 40 degrees 1 target at 0 degrees 1 target at 25 degrees
10 10 10
0 0 1' 0 *
-10 10 r 10 ‘
— . i -
€ -20f g -20 & 8 -20t
S - " U —_ "
£ 30/ 5 -30f “\\ j’f{ # 1 % -30f 1 /
a " ‘\H w h .‘ ‘ 1:'. | < |
-40 -40 ( |.| ~ m J I}‘ ‘J L W... -40 L{ } !
-50 ——MFOCUSS estimation -50 +MFOCUSS estimation I -50 +MFOCUSS estimation
—— Scanned beam pattern (X*Psi) —— Scanned beam pattern (X*Psi) —— Scanned beam pattern (X*Psi)
o -50 0 50 0y -50 0 50 +9 -50 0 50
Broadside angle (degrees) Broadside angle (degrees) Broadside angle (degrees)

Figure27: recovery of a singléarget on the gridin the presence of noiseThe noise level is a20dB.

In Table9 the MSE and the number of iterations needed are shown. Due to the noise the MSE is
increasedThe increase of the MSE can also be observé&igure28. Although thee are some clear
deviations from the original signal, the reconstructed signal does not have exceptional large
deviations or sidelobes which could result in high power wrong solutidms.number of iterations
increases since the noise makes an exactmstraction not possible, hence the algorithm has to use
more iterations to reach the termination criteria.

Table9: MSE and number of iterations needed fogconstructing (single) targetwith a-20dB noise level.

DOA(degrees) -40 0 25
MSE 1.17E02 | 1.24E02 | 1.62E02
[terations 174 84 72
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Figure28: Scanned beam pattern and reconstructed scanned beam pattern for the reconstroaiioa single targetvith
a DOA at 25 degreasithin -20 dBnoise

4.2.2 Ktargets on the grid

In the first place, to be able to relate the results for the MSE to a correct value, the MSE for different
noise levels for a single on grid target have been calculated. The results can be foabtel0 and

give an indication of MSE levels for correct reconstructions in the presence of noise.

Tablel10: MSE for different noise levels for a single on grid target.

Noise level [dB] -100 -50 -40 -30 -20 -10 0

MSE (Doa =0 deg)| 1.42e10 | 1.42e05 | 1.30e04 | 1.30e03 | 1.23e-02 | 0.1132| 0.51

Reconstructing okunequal strengthargetsis closer to reality than reconstructingequal strength
targets. Results for equal strength targets are expected to be better than those of unequal strength
signalsHenceonly extensivesimulations have been done for various noise levels Witihequal
strengthtargets at random DOAbetween-60 and 60 degree#\gaindouble DOASs in a single run are
not possibleThe targetstrengths again vary between 0 aritDdB and the noise levedse between-

30 and-10dB.The resultdor 1000 runs per noise level wiitargetsare shown irfablell. dWrong
NEO2yaldNHzOGAZ2yae INB 3l AYy GKS NBO2yaidNHzOGA2Y A
DOA are correctly identifiedfromTablellit can be seen that the MSE increases with the increasing
noise according to the values foundTliable10. The MSE fdKtargets is always in the order of the
noise level. However it should also be notédt the average MSE is often higher for a lower number
of Kwith only correct solutionsThismakes it hard to give a boundary value for the MSE that
indicates only correct or incorrect solutiondélaverage MS&an give an indicatiot ihe results are

in line with theMSE expected for theoise levelput it is better to look at the number ohcorrect
identified columngo get an indication of the seess of the reconstruction®f course the MSE says
something about the error in the reconstructed sighabut if this is error is higher it does not

directly mean that there is also an error in DOA estimation.
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4.2. Results

Tablel1: Results for Unequal strengtbn gridtargets for various noise levelslhetargets vary in strength between 0 and
-10dB.For every noise level and every number itargets 1000 runs have been simulated.

Number of targes K 1 2 3 4 5
wrong 0 0 6 53 244
-30 dB Noise level reconstructions
Avg.MSE 4.39E03 | 2.17E03 | 2.52E03 | 1.69E02 | 8.34E02
wrong 0 1 10 69 268
-20 dB Noise level reconstructions
Avg.MSE 4.24E02 | 2.28E02 | 1.35E02 | 2.95E02 | 9.51E02
wrong 7 47 75 197 464
-10 dB noise level| reconstructions
Avg.MSE 2.93E01 | 2.00E01 | 1.32E01 | 1.42E01 | 2.16E01

An example of a correct reconstruction w4 random strength targets with#20dB noise is
shown inFigure29. Since the signals are on grid the reconstruction is almost exact. Ontpitde
causessome small deviations in amplitude and in angle for the target with a DOA of 18 degrees.

4 targets at -38 1 18 43 degrees

AB -
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%
* i
J& -¥-MFOCUSS
i l | i * ,—Scanned ?ear{l pa'tterln' (?(*Psl)
-40 -20 0 20 40 60 80

Broadside angle (degrees)

Figure29: Example of a correateconstruction for 4 random strengtlon gridtargets with a-20dB noise levelThe signal
levels in this case are, from left to righ@dB,-0,96dB-0.45dB andl.55dB.The MSE for this reconstruction is 0.084

For the noise level cR0OdB there is singlenrong reconstruction fok=2targetsin the simulations

that have been performedThis wrong reconstruction is shownHRigure30. It can be seen that the

reconstruction findgwo solutiorsat-15d82 ¢ KA OK Aa FpR. 0Sft2¢ GKS 2NAR3
solutions are foundt a DOA 0f56 and-58 degreesBecause the tre DOA is at 57 degreesis

counted as a wrong reconstructioAs stated before, this ambiguity would be solved by a clustering

function.
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2 targets at -57 -25 degrees
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Figure30: The wrong reconstruction for 2 on grigirgets with a-20dB noise levelThesolutions at-56 and-58 degrees at
-15dB are found instead of a solution at 57 degrees at O@Be original signal levels are at0 and-0.45dB. The MSE for
this case is 0.0163.

When the noise level is at0dB also reconstructions for a singdegetfail. This makes sense since

the randomtarget strengths are between 0 and0dB and thus théargetcan be at the same level as
the noise. This makes the overall received signal not sparse anymore, causing the reconstruction to
fail. This emphasizes the neédor a SNR>10dB when we want to use CS for DOA estimation.

4.2.3 Ktargets off the grid

Not only noise has a degrading effect, also the discretization errors. To see what the combined effect
is, simulations have been done wittoff gridtargets within the presence of noise. Again thargets

are at the maximal off griddistance 0.5 degrees. gargetisthus in between two columns, making

a correctlyidentified columnone of the two of these column3.o get an idea of the MSE for off grid
signals in different noise levels, the MSEs are calculated for single simulations with 0.5 degree off grid
signals. They are shown, for convenience with the on grid MSEablel2. InTablel2it can be

seen that the off grid effects dominate the MSE up to noise levelsOafB.

Tablel2: MSE for different noise levels for on grid and 0.5 degree off grid signals.

Noise level [dB] -100 -50 -40 -30 -20 -10 0

On grid MSE 1.42e10 | 1.42e05 | 1.30e04 | 1.30e03 | 1.23e-02 | 0.1132| 0.51

Off grid MSE 0.037 0.039 0.042 0.0374 | 0.044 0.149 | 0.547

The results for varying noise levels are shownahlel3. There is a slight decrease in performance
compared to the situation where only noise was present. Remarkably enough there are fewer wrong
reconstructions for al0dB noise level for the offrid situation. This might be due to the fact that for

the off grid situation the two adjacent columns courst acorrectly identified column. For th@oise
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onlye situation only the correct column results in correct reconstructidnd as was seen Figure
30also noise can cause the solution to be spremangle and thus ontadjacent gridlines.

The MSE is increased for the off grid case which means thetargererror in the reconstruction

when thetargetis also off gridThis is in line with the results frofirable12, but again the MSE can

be lower for an increasing numberkii  NASGa FyR y2iAasS tS@Sta xHnR. @
DOA estimation results, the MSE is a good indication of thetgwdlihe solutions found, but that

there is no hard boundary value for the MSE which indicates wrong reconstructions.

Tablel13: Results for Unequal strengtbff grid targets for various noise levelshetargets varyin strength beéween 0 and
-10dB and arrive 0.5 degrees off gridor every noise level and every number Ktargets 1000 runs have been
simulated.

Number of targets K 1 2 3 4 5
wrong 0 0 9 76 306
-30 dB Noise level | reconstructions
MSE 1.75E02 | 2.19802 | 4.71E02 | 1.18E01 | 2.58E01
wrong 0 1 13 93 330
-20 dB Noise level | reconstructions
MSE 5.99E02 | 4.90E02 | 5.95E02 | 1.34E01 | 2.69E01
wrong 3 29 66 212 470
-10 dB noise level | reconstructions
MSE 3.23E01 | 2.58E01 | 2.05E01 | 2.74E01 | 3.67E01

4.2.4 Analysis and discussion: recovery within noise

The noiselevelin the found solution never exceeds the original ndiseel and hence it can be
concluded that noise does have effect on the found solution but at least it is not increased by the
algorithm.When theSNRa 20gB the discretization errors seem to dominate the errors in the
reconstruction.

Accounting for both noise and discretization errors it have been observed thadfog(N) =3.85
targetscan be recovered-or an SNR 080dBthe number of targets thatan be reconstructed is
more in the order of 20 3targets.

In some exceptional cases it was observed that for on grid (weaker) targets, solutions where found

2y 020K GKS FR2FOSyYyld IANARLRAyGAD ¢KS ar@@NNBOGTf &
reconstruction, these exceptional cases ararked as a wrong reconstruction. A clusteraigorithm

for the hits that are found at contiguous grid cedluld solve thisThis again shows the importaac

Y A LA = a4

2F | 322R RSGSOGA2Y .FEA2NRGKY FyR Fy {bwxmnR.

The average MSE can be used to get an indication of the found solutions and especially the error in
the reconstructedsignalfj. An error inf] however does not always mean that the DOA estimation is
incorrect. This makes it hard to use a value for the average MSE as a boundary. It is better to look at
the combination of the incorrect identified columns and the average MSE to judge the quality of
reconstruction.
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4.3 Using Multiple Measurement Vectors

The exampl®f a wrong reconstructiom Figure31 shows alldBsolutionat £-20 degreegpurely

due to the discrézation errors. These errors can in real life result in a false detection. The MFOCUSS
algorithm is capable of working with MMV which could improve reséissumed is that theme
shapshotdave a common sparsity profi that the indices of the nonzero entries are independent

of the time snapshots usedee also sectioB.2.5 Smulations have been done to obtain insight in

these improvementswith the use of multiple timesnapshotsThesimulationresults can beised to

see if they can fit the demands of a real life system.
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Figure31: Example of a wrong reconstruction ofrandomunequal off grid signa without noise.

4.3.1 Results within noise with off grid target s

The exampleshown inFigure31 has beermreconstructed usinghree andten time samples.

Additionally the noise level has been set20dB to get closer to the real life situatiofhe result is
shown inFigure32. When three time samples are used instead of ,dhe wrong solution caused by
the discretization errors diminishes. The overall power level of noise in the reconstruetioeades

to -25dB or lowerAdditionally there are nather high level wrong solutionand the target at33.5
degrees is also reconstructed. This indicates that the use of three to ten time samples can already
improve the results significantly.
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Figure32: Reconstruction of 3 off grid signals withif20dB noise with 1,3 and 10 time samples used.

To see the effestwith more statistical significanc&)00runs are performedvith Ktargets having
random off grid DOAs for differenbise levelsl,3 and 10 time sampldsave been usetb
reconstruct the signa(Obviously the results using 1 time sample are the results obtained in the
previous simulations presented in sectiér2.3. The results for the solutions with incorrect
identified columns are shown figure33. Note that the number of incorrect solutisiis presented
on a logarithmic scale to better emphasize th@int where the first reconstructions start to faithe
improvements of using MM¥anbe observed quite easilyvhen 3 time samples are used for noise
levels 0f-30 and-20dB all 1000 reconstructions are corregtto 4 targets are correctFor a noise
level of-10dB there is 1 error fdf&=3targets, and 5 errors fok=4targets. When 10 ime samples are
used, for all noise levels all reconstructions are correct as long the numbangefskKOKn @ *KH Sy
the number of incorrect reconstructions start to increase for a noise levalaiB and whe>5 for
a noise level of20dB.
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Percentage of reconstructions with incorrect identified columns for 1000 different random off grid
DOA configurations from -60 to 60 degrees with random target strengths between -10 and 0dB
T T I ) Y sy DPETTTECTRALEES S
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Ho1 sample, SNR=20dB

I 1 sample, SNR=30dB
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el —10 samples, SNR=20dB
[ ——10 samples, SNR=30dB |-~

Solutions with incorrect identified columns

5
Number of targets present

Figure33: Results forKtargets at random off grid DOAs, for different number of time samples us&tetargets have a
random strength between10dB and 0dB.

There is however 1 exception for thEOdB noise level andtargets whereas &o 1 erroneous
reconstruction seems to appear. This reconstruction is shoviigiare34 where it can be seen that
the 3targets ae very close to each other. The middle and weakasgetis therefore missed in the
reconstructionsince there are no solutions found @6 and-45 degrees. This is howeveot
remarkable when one looks at the original scanned beam pattern. Since thitentddget is the
weakest it is more likely that twiargets are interpreted than three.
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Figure34: Theerroneousreconstruction for3 randomtargets within -10dB noise when 10 time samples are used.
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4.3.2 Analysis and discussion

Whenmultiple time samples are used the time samples must have the same sparsity profile. A rule of
thumb is not to use more time samples than the number of available working elenmeistserified

by simulations that using less thahtime samples increases the results significandpen 10 time
samples are used the condition K=M/(log(N)) is valid agaif b W0gB When 3 time samples are

used the conditiy’ A & @I f AR | .ThedeyhcrdageNdeqduls wome at Re price tErger
computational effort since the dimensions of the measurement and true solution vector increase.
(The M x 1] measurement vector becomes anl x T| measurement matrix and thé\[x 1] true

solution vectorx becomes aWl x T] true solution matrix).

It is still an open question (an beyond the scope of this thesis) if and where the ability to use MMV
can be integrated in the Radar processing chain. It is however clear littavfaunwanted and

distorting effects of noise andiscretization errorgan ke decreased significantly by using more time
samples.

4.4 Accuracy and Resolution

Theangularaccuracy an@dngularresolution of a phased array antenna are important practical
performance parametersSimulations must show if practical results can approach the theoretical
values. The results related to the accuracy eggblution that hadeen obtained by simulations are
presented and compared to the theoretical values in this sectindividual resuk might achieve
high angular accuracy and resolution within random noise, but this is not guaranteed for all
situations.Thereforel000 simulationsvith (different) random noisenust shav the deviations
between the individual solutionand give results wh more statistical significance

4.4.1 Accuracy: one target

According to equatioifl3) the theoreticalangularaccuracyfor a 64 element ULA can be deteined
for different SNR levelsesultingin the maximal obtainable angular accuracy values as shown in
Tablel4. For the C®OA estimated signal of the 16 elemenagparray, the accuracys evaluated by
simulatinga single target for different noise levels, angular grid spacingvalugs for<. The most
relevantresults related tahe angular accuracgre presented.

Tablel4: Maximal theoreticalangularaccuracy for different SNR levels for the 64 element Yluging equation(13)).

SNRdB] Angular
accuracy [deq_
10 0.22
20 0.07
30 0.02

Asprevious results have shown, noise causgiead inamplitudeand angular accuraaf the

solutions. Discretization errors cause a spread in angle and amplitude, since the energy is spread
between the two adjacent gridpoints and they can giige to high powesidelobe likesolutions not
close to actual targetdlaking tlisin mind one could choose a fine discretizatgid. In that caséhe
targets always will be closéo the grid points resulting in a small anguldrscretizationerror. An
example of this is shown Figure35where the decrease igrid spacindrom 1.0 to 0.25 degrees
results in a correct reconstruction instead of a wrong one. Niadéé for the 0.25 degree grid the
signals are arriving also exactly in the middle of two gridpoints, being 0.125 degrees off grid.
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Figure35: Example of a wrongaconstruction with maximal off grid (0.5 degrees) DOAs on a 1 édegpaced grid, due to
discretization noise (left). Example of a correct reconstruction with maximal off grid (0.125 degrees) DOAs, on a 0.25
degree spaced grid (right). There is no noise in both reconstructions s °.

The grid spacingannotbe decreased unlimited and ke@pproving results continuouslyWhen the
grid size is chosen to be vesgallthe number ofcolumns of the sensing matnixill increase making
the sensing matrix highly rectangular. These large rectangular matrices aréoharetrt and have a
high coherence between the columns. This result in an increasemputationalload and increases
charce of numerical instabilityFor single on gridargets within -20dB noise the reconstruction was
always exact on the 1 degree gfgkeTablell). Decreasing the grigbacingto 0.1 degreesagain
1000 simulations for a single on gtatgetwith -20dBrandomnoiseand<=001 have beerexecuted.
The results are shown Figure36. Thesmallergrid spacing results in a spreadiiog someof the
solutions of the single (on grididrget. This is dued the large coherence between the columns of
the sensing matrixAlso note that the noise level lies arous2dB Figure36 left).

1000 simulations of 1 target at 10 degrees with -2(5)dB random noise, 0.1 deg. wide grid
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Figure36: Resultsfor 1000 simulations of a single on gridrget on a 0.1 degree grid spacingith <=0.01
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The regularization parameterplays an important role in the accuracy of the solution siitdés a
compromise between finding a solutidhat isas sparse as possible atiét has the loweserror as
possiblelncreasincY S ya | a Y2 NB aLJ MBEsSafed ia 6tioRid BtReypesh & & 2 dza K
option is to determine<for each iteration instead of using the same value for each iteration.
Although the GCV have been implemented in the MFOUCSS algorithm the computational load for
1000 simulations increases the computational time enormously. Hence thégéswe been

evaluated by using predefined input values fawhich are usedor every iteration.Results obeveral
single runswith different off grid distances,ising the GCV technique/here used to find reasonable
values for< In these runs values farbetween 0.00006 and 0.99 for different iterations within the
same run where observed. This states the importance of using a variongach iteration, but it
makes it also difficult to pick@3 2 2 R¢ 02 y a<iRonhis thesis/aluwzSbetiveiN0.01 and

0.5 for<where used<=0.01 was chosen since the algorithm states thatdGen@rally close to the
noise variancé  I<yORB was chosen since it is approximately the averafgrind with several

different simulationswith the GCV technique.

The role okis graphically showim Figure37. Increasing from 0.01(shown inFigure36) to 0.5
decreaseshe noise in the solution and reducealso the spreadingnd the overall noise level

1000 simulations of 1 target at 10 degrees with -2(5)dB random noise, 0.1 deg. wide grid
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Figure37: Results for 1000 simulations of a single on gradget on a 0.1 degree grid spacing with lambda=0.5.

One could argue at this point thahoosing a value >1 femmight give very good result¥his can be
true for a singléarget, when moretargets ae presentthe algorithm will be forced to find a single
target solution. This issue is addressed further in the next section regarding the resolutgthus
important to find a compromise between the grid spacing arttat minimizes the discretization
errors but also gives exact solutions whargets are (almost) on gridcor the-20dB noise case this
compromise have been found after several simulation sessidatsvarying gridspacings and values
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for <. The resultgor the compromise are shown Figure38. Fora<of 0.5 the results on a grid
spacing 0D.25 degree show nspreading in angland the noise disappesr

g 1000 simulations of 1 target at 10 degrees with -205dB random noise, 0.25 deg. wide grid
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Figure38: Results for 1000 simulations of a single on gtédget on a 0.25 degree grid spacing with lambda=0.01 and 0.5.

Whentargets ae off grid discretization errors can influence the angular accuk&ten the targets

are off grid and exactly in between two gridpoints, the spreading of the solution over the 2 adjacent
gridlines is inevitable. This automatically decreases the resoltditime grid spacingWhen targets

are off grid but closer to one gridpoint, it is important for the accuracy that the solution is found at

the closest gridpoint. Simulating 1000 runs have shown that this is not always thd bases show

in Figure39, where 1000 singlaarget time samples withraoff grid DOA have been simuddat.

Although thetarget is0.0625 degree off grid and closer to the gridpoint at 10 degrees, also for every

a2t dziA2yZ | GaLINBIR a2fdziAz2yé | d-6aBndHp RSIANBSa A

Increasing< canreduce the spreading dhe found solutions fooff gridtargets as can bseen in

Figure40. With<=0.5 only 8 of the 1000raulationsha®@S | G ALINBI R 2dzi &2f dzii A 2 y ¢
gridpoint. This is an improvement to the resultsFagure39 and an increase of the maximal

obtainable accuracydaving an SNR of 20 dB and a-ged size of 0.25 degrees, the accuracy is given

only by your grid cell size
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1000 simulations of 1 target at 10.0625 degrees with BZOdB random noise, 0.25 deg. wide grid
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Figure39: Results of discretization errors on 1000 simulations on a 0.25 degree spaced grid.
5 1000 simulations of 1 target at 10.0625 degrees with BZOdB random noise, 0.25 deg. wide grid
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Figure40: Results of discretization errors on 1000 simulations on a 0.25 degree spaced grig=and

10.5
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4. Results

4.4.2 Discussion and Conclusions regarding Accuracy

The accuracy is determined Bycompromise between the grid spacing @hd regularization
parameter<, whichminimizes the discretization errors but also gives exact solutions térgets

are (almost) on gridBesides that increasing the regularization parameter also decreases the level of
the overall noise found in the solutiomhe best option in terms of finding the most accurate solution
is to determine the regularization parameter before each iteratiothvfdr instance the GCV

technique. Since this comes at the cost of an increased computational load this is not simulated for
1000 runs and recommended as a topic for further research.

In the description of the algorithm it is written that a value clos¢h® noise variance foxgenerally
gives good results. Hence this valuaschosen as a lower bound ferlt gave however solutions
whichwere spread ait to adjacent gridlines with powdevels up to-6dB.Simulations showed that a
maximal<of 0.5resulted in exact solutions for on grid targets and a significant decrease in spread
out solutions for off grid targetslhe spreading of the solution for the 0.1 degrees cell size is caused
by the noise and determines the accuracy in the angle estimationul€lgoose a grid cell of 0.25
degrees your accuracy will be given by the gatl size, with an SNR ofd®.For on gridargets it

can be said that the accuracy¥§.25 degrees. This is roughly a factor 3 more than the theoretical
limit/Cramer Rao Boundf 0.07 degreesf the fully dense array.

When the targets are off grid and exactly in between two gridpoints, the spreading of the solution
over the 2 adjacent gridlines is inevitable. Simulating 1000 runs vgtidaspacingf 0.25 degrees

and an 0.062 degrees off grid target showed that when a value=i5 is chosen the accuracy is
y2i RSONBIFaSR IyR adGAftf Xnodoup RSINBESa®

4.4.3 Resolution : two target s

An important question that arises when twargets arepresentat the same time ist what angular
distancethey can be distinguished from each oth&/hen the combined signal of two targets is
received and used as input for the MFOCUSS algostiththe targets argoo close theymerge into

a singleargetand cannot be distinguished wmore. Obviously the size tife grid plays a role in this.
When thetargets are within onggrid spacinghey obviously cannot be distinguishsithce they are
merged by the discretizatio®n the other side,he finerthe gridgets, the morespreading inhe
solutions can occur, making thargets merge into a single clustai’hen the limit of being able to
distinguish between two clusters is reached, thisssumedhe maximal resolution possible.

For conventional phased arrayss generally acceptethat two equal targets can be resolved in

angle when they are separated at least eiggniths of a beamwidth. Since the beamwidth, according
to equation(7), of the Lilly dense arrays p& w Wsing equatiorfl5), the best achievable angular
resolutionfor an SNR of 20dB will approximateBrt J (Still provided that the SNR isdarenough for
detection).For our CS sparse array we want to approach this value as much as posiblérst

place For this thesis an SNR of 20dB is assumed to be large enough for detection, and thus with a
noise level of20dB we want toverify by $mulations thatthe minimal angular resolution @8t dcan

be approached.

Smulationsusing a 1 degree spaced gsidowedthat off gridtargets with a 2 degree separation
cannot be distinguishedrhis is shown iRigure41 where the results are shown 4000 simulations
for targetswith DOAsL0.5 and 12.5degreeswithin nR. y2Aa4S® ¢KS NBadzZ Ga
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of detections, lence for a single detectiahis not possible to certainly sdlyat two targets are
arriving instead of one.

Figure41: Resultfrom 1000 simulations for 2 off grithrgets on a 1 degree spaced grid.

Obviously thdargets also merge since thgrid spacings 1 degree, and th@argets are exactly in the
middle of two gridpoints. For the accuracy a grid spacing smaller than 0.25 degrees resulted in
spreadingvhen<<0.5, even for on grid situation&ince we want to approach the resolution of the
equivalentdense array of 1.27 degreesmulations have been done for targets spaced at least 1.25
degrees/5 gridpointsThe targets havebeen givera random DOA between 10.28@.375 and
11.62511.750 respectively. Hence they are at least separated 1.25 degrees Hralsame timehe
(random varyingdff grideffectis taken into account. The results for 1000 simulations wilgqual to
the noise variance are shownhigure4?2. Clearly two clusters aérgets can beseensince there are

no solutions found on the gridpoints at 10.75, 11.0 and 11.25 degrees.

The results ifFigure42 have<chosen as the noise variandacreasingto 0.5 creates anore sparse
solution as shown ifrigure43. For a single target choosirg0.5resulted in spreading oynlon the
adjacent gridpointsKigure40). For two targets andg=0.5the spreading now goes over three

gridpoints Figure43). For<=0.01 this is also the case but there is also more spreading in amplitude in
the solutions as can be seenkigure4?2.
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