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ii Controller design for Dual-Hemi CVT

Summary

The aim of this assignment was to design a controller for the reconfiguration mechanism of
the Dual-Hemi CVT. To do this, first, an ideal model of the system was developed. The first
modelling approach that was used was an IPM, because of the intuitiveness of representing
the system based on the mechanical connections. This also helped to understand and gain in-
sight of the functionality of the setup. In order to obtain information about the energy flow and
the dependency of the different components in the system, the port-based approach was used
to generate a bond-graph model. At the beginning, all the elements in the bond-graph were
considered as ideal, and based this premise, this model was used to identify all the torques
that were caused by non idealities in the mechanism. This non idealities are attributed to the
torques generated due to friction and spring residual forces. As a result of the identification, it
was possible to observe that the non ideal behavior had a dependency with the position and ve-
locity of the mechanism. Functions that approximately resemble this non ideal behavior were
obtained, and combined together with the equations that describe the ideal behavior of the
gravity compensator’s residual forces. This created a feed forward controller. It is important to
notice that, since the functions for the non idealities are continuous, it is quite hard to compen-
sate throughout all the different force values. Nonetheless, results showed that the estimation
is quite good and capable of robustly compensate for these disturbances.

Once a functional adaptive feed forward was developed, it was possible to consider the recon-
figuration mechanism as an ideal plant. This makes the procedure for the feedback control
design easier. At this stage of the project, we designed three different controllers using two dif-
ferent PID algorithms. First a series PID was designed based on the rules of thumb explained
in Section 2.3.1.2. Using simulations tools, such as 20-sim, we observed that this controller had
very high gains for low frequencies that lead to rough behavior, i.e. very high overshoot (such as
hitting the end stops). Because of this, the controller was tuned, to limit the gain. After this ad-
justment, simulations showed that controller’s performance was vastly improved. The second
approach used the parallel PID algorithm, which was designed using a pragmatic procedure,
as described in Section 4.2.3. In simulations, the observed response of this controller was very
good, presenting an overdamped system but with very fast response.

With these three controller candidates, several experiments were run in the setup, which are
described in Chapter 5. Given the fact that one of the considerations for selecting the controller
was the energy efficiency of the whole system, it was found that the second series PID presented
the best results.
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1

1 Introduction

1.1 Context

In the Netherlands dikes are of great importance for flooding prevention, since large part of
the territory is below sea level. Nonetheless, their inspection requires a labor intensive net-
work of trained people. Because of this, the RObotic SEnsor (ROSE) project aims to develop a
team of walking robotic sensors that will autonomously inspect dikes [1]. Walking robots are
preferred because they are able to cope with non-smooth (steep slopes) and muddy environ-
ments,. However, low energy efficiency lost in acceleration and deceleration during walking,
presents a problem to use them in such operations, due to the limited supply of power. A solu-
tion for this would be to keep the energy flow in the mechanical domain. For this, an energy-
efficient transmission is combined with a energy storage element (spring) to drive the walking
mechanism. By using such construction, the energy that would otherwise be dissipated (lost),
is stored for re-injection in the system during the consecutive steps, as shown in Figure 1.1.

The proposal of the ROSE project is to develop a system to temporarily store the kinetic en-
ergy that would otherwise be lost. The storage can e.g. be done with a spring. This energy
would then be used for the actuation of the following steps. For this reason, a system that can
vary the transmission ratio between the storage element (spring) and payload force was devel-
oped. Many proposed design concepts were analyzed for the implementation of this hypothe-
sis, from which a dual-hemispherical variable transmission was chosen. This system was called
the Dual-Hemi CVT and it is composed of two sphere shaped friction wheels which transfer
force due to friction between them. By alternating the angle at which both spheres are posi-
tioned with respect to each other, the transmission ratio can be adjusted [1].

Motor Stor ag e CV T Load

Mechani cal Domai n

Figure 1.1: Energy flow diagram, where the arrow represent the flow direction

1.2 Problem statement

Up until recently, in the Dual-Hemi CVT, considerable attention has been paid to the perfor-
mance of the mechanical path that transmits the power, i.e. from input (spring force) to out-
put (system’s load). This has currently resulted in an overall efficiency between 90% and 100%
for the majority of the operational range. However, more optimization for the performance is
desired. The bandwidth of the whole mechanism (DH-CVT) is mainly dependent on the band-
width of the system that changes the transmission ratio, i.e. the reconfiguration mechanism,
which according to [2] has a bandwidth ≈ 17 r ad/s. In order to improve the bandwidth and
therewith the performance, a closer study of this part of the system is required.

1.3 Approach

The work described in this report proposes to make a deeper analysis of the reconfiguration
mechanism and, with the gained insight, improve its performance. This project will first

Robotics and Mechatronics Armando Bonilla Fernandez



2 Controller design for Dual-Hemi CVT

develop a comprehensive model of the reconfiguration mechanism. To start, an IPM repre-
sentation is chosen based on the insight that it offers on the mechanical connections between
the parts as well as the fact that it provides an easier way of simplification compared to other
approaches. After simplification is completed, the model is represented into the preferred
port-based approach where deeper analysis of the dynamics can be carried out. Once a model
formed by ideal elements is obtained, it is tested with respect the real setup conditions, to
determine its competence. At this stage, all non-identifiable behavior between the model
and the setup will be represented as a single element in the model. With a competent model
(including the residual and friction forces), a feed-forward controller, needed to compensate
the residual and friction generated forces, can already be developed. Thus, for the feedback
controller design, the plant will considered as a system without residual and friction forces. To
develop this last controller, two design approaches will be explored, in order to compare their
performances and make the choice for the best alternative. The combination of the feed for-
ward and feedback controller will lead to a robust servomechanism (good tracking and small
steady state error), and with a crossover frequency of 100 r ad/s. This, because it is desired to
have a fast response from our system and also keep the sample frequency of the controller in a
relative low range to avoid computational problems.

1.4 Organization of the Report

In chapter 2 theoretical background and earlier work will be introduced, to review and discuss
useful concepts as well as to build up a list of requirements needed for the assignment. After
that, in chapter 3, the modelling procedure will be explained starting from the IPM representa-
tion, continuing with the port-based approach and reviewing the simplification decisions that
were taken. Also in this section, model simulations will be presented as well as the analysis re-
sulting of the comparison with the setup, in which non-idealities were found. In chapter 4, the
two chosen controller design approaches and their implementation will be explained. In chap-
ter 5, both controller’s performances will be compared and results will be discussed. Finally,
chapter 6 concludes this thesis and presents recommendations for future developments.
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3

2 Background

This chapter provides a brief background on the topics that will be used throughout the present
work. First, it explains the plant modelling process, including the reduction procedure and the
fourth-order plant concept. Next a short introduction of the port-based modelling approach
is given. Additionally, the concept of motion controllers is described and the two approaches
that will be used for feedback controller design are explained. Then, the notion of CPA (Con-
trol Passive Actuation) is briefly described. Finally background information on the design and
functionality of the Dual-Hemi CVT is provided.

2.1 Plant modelling

A model consists of a graphical or mathematical representation of a system (i.e. the plant). It
can be used to analyze and understand the system’s dynamics. There exist many different ap-
proaches for modelling, nevertheless, throughout the present work two particular ones will
be considered: Ideal physical model (IPM) representation and port-based modelling (bond
graphs). The first one was used, because it provides a direct graphical representation of the
mechanical elements and their interactions. Thus, it was an excellent way to understand the
system’s behavior at the beginning. The port-based approach, on the other hand, provides a
deeper insight on the system’s energy flow and is domain independent, therefore, it can rep-
resent interactions between the mechanical and electrical domains. Furthermore, in bond
graphs, there are established procedures that facilitate the development of mathematical mod-
els, representing the system’s characteristics in terms of equations so that they can be analyzed
with control theory laws.

2.1.1 Model reduction

When obtaining the IPM of a system, at first, all the elements need to be taken into account,
however to identify the dominant plant factors, it is advised to make a reduced model, so only
this dominant dynamic behavior is analyzed. In order to do this in an IPM, it is desired to elim-
inate all the transmissions, to compare the magnitude of the elements. Once the transmissions
are eliminated the magnitudes are compared, and some elements are excluded. There are two
possible criteria, from which only one can be chosen for carrying out the reduction process.
The criteria are:

CRITERION 1:

• The masses or inertias that are considerably small compared to the others (≈ 0) are elim-
inated.

• The stiffnesses with very high values (≈∞) are considered a rigid connection.

CRITERION 2:

• Masses that are "infinitely inert" (≈∞) are considered as fixed world.

• Springs that are very compliant (K ≈ 0) are considered as not connected.

The process of eliminating the transmissions, consists on moving all the elements to one side,
adjusting their magnitude according to the transmission ratio. Since, in this project, the goal is
to have a model in terms of the end effector, the transmissions are moved towards the input of
the system.

Figure 2.1 depicts the graphical displacement of the transmission towards the input (moving
to the left side). There, it is possible to observe that m becomes mt , since its value has been
escalated according to the transmission ratio. In order to avoid the loss of information in our
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4 Controller design for Dual-Hemi CVT

m
in

xi n xout

mt

in

xi n

xout

cs in

xi n

xout

ct s

in

xi n

xout

F
F in

T
T

in

Figure 2.1: Removing transmissions from model

model, it is necessary to keep the same flow of energy when removing transmissions. This can
be explained by means of the kinetic energy (co-energy), given by:

1

2
mẋ2

i n = 1

2
mt ẋ2

out (2.1)

The value of mt , i.e. the mass after moving the transmission to the left side, can be obtained
using the relation from equation 2.1. Considering the transmission ratio in from Fig. 2.1 as the
relation "ẋout /ẋi n", and the substituting this in equation 2.1, it its possible to express the value
of mt as:

mt = m

i 2
n

(2.2)

In case of springs (stiffness) the same principle applies, if we look at the energy in the spring we
obtain the following equation:

1

2
cs x2

i n = 1

2
cst x2

out (2.3)

Where cs is the spring constant when the spring is located on the left side of the transmission,
and cst is the spring constant after moving the element to the right of the transmission. Con-
sidering the ratio in = xout /xi n , and then substituting in equation 2.3 and solving the equation
for cst we obtain:

cst = cs

i 2
n

(2.4)

For the sinks and sources we only need to adjust the units in terms of the end effector and scale
the value. Thus when a transmission is moved to the left side of a source or sink, it is only
necessary to divide by the ratio of the transmission.

F = T

in
or T = F

in
(2.5)

2.1.2 Fourth-order plants

According to [3] a fourth order model is a lumped parameter representation of the dominant
dynamic behavior of electromechanical motion system in which only the rigid body mode and
the lowest mode of vibrations are taken into account.
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CHAPTER 2. BACKGROUND 5

2.1.2.1 Fourth-order transfer functions

In the fourth order model, two positions and their corresponding velocities can be measured
and fed back. Depending in which position is measured, a different plant transfer function
will result. There are five types of transfer functions at an abstract level [3]. Next, these will be
briefly discussed.

2.1.2.1.1 Type AR: Anti-resonance Resonance
In this type of transfer function, the anti-resonance frequency is smaller than the resonance
frequency. This means that the zero pair located in the imaginary axis is closer to the origin
than the pole pair, as depicted in Figure 2.2.

Im

Re×

×

×

(2×)

Figure 2.2: Pole-zero map of AR transfer function

The transfer function of type AR is given by:

P AR (s) = 1

ms2 · s2 +ω2
ar

s2 +ω2
r
· ω

2
r

ω2
ar

, ωar <ωr (2.6)

2.1.2.1.2 Type D: Double integrator
The transfer function of this type, is equal to the shown in equation 2.6, withωr =ωar , resulting
in equation 2.7:

PD (s) = 1

ms2 (2.7)

At a first glance, this type seems like the one of a second-order transfer function that is physi-
cally related to a mass with an applied force. Nevertheless, the fact that the denominator is of
second order relates to the fact that the numerator polynomial apparently has two roots that
are identical to two roots of the denominator, causing then a pole-zero cancellation. This is
depicted in Figure 2.3.

Im

Re×

×

×

(2×)

Figure 2.3: Pole-zero map of D transfer function

2.1.2.1.3 Type RA: Resonance- Anti-resonance
This type is comparable to AR, but it presents a different order in which the resonance and
anti-resonance peaks appear in the Bode-plot. This means that, in this case, the resonance
frequency is smaller then the anti-resonance frequency.
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6 Controller design for Dual-Hemi CVT

The transfer function of this type is given by:

PR A(s) = 1

ms2 · s2 +ω2
ar

s2 +ω2
r
· ω

2
r

ω2
ar

, ωar >ωr (2.8)

In the s-plain this type presents a zero pair in the imaginary axis that is located further away
from the origin than the resonance pole pair, as shown in Figure 2.4.

Im

Re×

×

×

(2×)

Figure 2.4: Pole-zero map of RA transfer function

2.1.2.1.4 Type R: Resonance
The relevant characteristic of this transfer function type is that it has no zero pair and thus no
anti-resonance frequency. This can be observed in Figure 2.5.

Im

Re×

×

×

(2×)

Figure 2.5: Pole-zero map of R transfer function

The type R transfer function is:

PR (s) = 1

ms2 · ω2
r

s2 +ω2
r

(2.9)

2.1.2.1.5 Type N: Non-minimum phase
This type’s characteristic lays on the fact that it possesses a zero in the right half-plane, as shown
in Figure 2.6.

Im

Re×

×

×

(2×)

Figure 2.6: Pole-zero map of N transfer function
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Because of the presence of this zero, this system is referred to as non-minimum phase. Its
equation is given by:

PN (s) = 1

ms2 · s2 −ω2
ar

s2 +ω2
r
· ω2

r

−ω2
ar

(2.10)

2.1.2.2 Classes of electromechanical motion systems

According to [3] the fourth-order transfer functions mentioned in 2.1.2.1 can be used to de-
scribe four classes of electromechanical motion systems. These classes contain the dominant
stiffness of the mechanism and are referred to as standard (fourth-order) plant models [3]. The
four classes are:

1. Flexible mechanism

2. Flexible frame

3. Flexible actuator suspension

4. Flexible guidance

Out of these four classes, the first two relate to a single mechanical domain (rotational or trans-
lational), while the last two combine both types of motion (translational and rotational) in the
mechanical domain. Since the present work only deals with a single mechanical domain (rota-
tional) only a brief overview of the first two classes will be presented.

2.1.2.2.1 Flexible mechanism
This configuration occurs when the dominant stiffness (c) in the mechanism is located be-
tween the mass of the end-effector (m1) and the mass where the input force is applied (m2), as
depicted in Figure 2.7. This mechanism can be of type AR or of type R, depending on whether
the feedback is measured in m2 or in m1, respectively. The parameters in this transfer function
are:

m = m1 +m2 (2.11)

ωar =
√

c

m1
(2.12)

ωr =
√

c(m1 +m2)

m1 ·m2
(2.13)

F m2

c
m1

Figure 2.7: Flexible mechanism IPM

2.1.2.2.2 Flexible frame
This configuration occurs when the dominant stiffness (c) in the mechanism is located in the
supporting frame (m2). The other mass (m1) is a rigid body containing among others the mass
of the actuator and the end-effector, as shown in Figure 2.8. The transfer function from the
input force to the position measurement with respect to the frame (y = x1 − x2) is of type AR.
The parameters in case the mechanism is of this type are:

m = m1 (2.14)
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8 Controller design for Dual-Hemi CVT

ωar =
√

c

m1 +m2
(2.15)

ωr =
√

c

m2
(2.16)

Fm2

c
m1

Figure 2.8: Flexible frame IPM

When the feedback refers to the position of the end-effector with respect to the fixed world
(y = x1), the obtained transfer function is of type D. The same parameter for the mass applies
as in the type AR from equation 2.14.

2.2 Port-based modelling

According to [4], physical system interconnections are well-defined if the power flows are spec-
ified. In a physical system, input and output are related in the sense that their product has
to give power as a result and, in this context, they cannot be considered and treated indepen-
dently . A dynamical system can be interpreted as an object that elaborates an information
flow received as an input and provides another information flow as an output depending on
the input and the initial conditions [4]. Input and output can be considered together, as the
system interface with the environment, which is referred to as a power port.

2.2.1 Bond graph basics

Port-based modelling is a domain-independent, energy-based method. In this sense, any phys-
ical system can be modeled by properly interconnecting the power ports of simple elements,
each of which are characterized by certain energetic behaviors (storage, dissipation, conver-
sion, etc.). A common characteristic of these simple elements is the fact that they have a port
with a pair of external variables (flows and efforts). This duality provides the power exchange
with the environment. The notion of flows and efforts consists of abstractions that allow a uni-
fied description throughout the different energetic domains. In the mechanical domain, the
speed informations are called flows and the force informations are referred to as efforts.

Bond graphs are a graphical language for modelling physical systems using the port-based ap-
proach. In bond graphs, the idea is to interconnect each subsystem with an energetic bond that
represents the power exchange. Figure shows an example of a bond graph, where two systems
A and B are interconnected. The edge is the power bond, while e and f represent the effort and
flow power ports, respectively.

The most important characteristics about bond graphs are [4]:

1. Each bond represents a port interconnection that contains both an effort and a flow.

2. The half-arrow does not indicate neither the positive direction of the effort nor the flow,
but only the positive direction of the power.

3. The causal stroke (line at one of the edges of the interconnection) indicates the positive
direction of the effort.

As mentioned before, bond graphs consist of simple elements with different energetic behav-
iors, which are:

1. Storage elements: can be classified on the basis of what kind of input signal they receive:

Armando Bonilla Fernandez University of Twente



CHAPTER 2. BACKGROUND 9

(a) C elements: receive a flow as input and provide an effort as output;

(b) I elements: receive an effort as input and provide a flow as output.

2. Dissipation elements: model the irreversible phenomena of the conversion of energy to
the thermal domain. They are represented with the symbol R.

3. Transformation elements: are two-port elements whose characteristic is the power con-
servation. There is basically two types:

(a) Transformer: represents a transformation in which a flow is mapped into another
flow and correspondingly an effort into another effort. Represented by the symbol
TF or MTF when modulated. Examples are gearboxes or electrical transformers.

(b) Gyrator: represents a transformation in which a flow is mapped into an effort and
an effort is mapped into a flow. Represented by the symbol GY or MGY when mod-
ulated. Typical example is a DC motor.

4. Source elements: are capable of generating energy. There are two kinds: source of effort
(Se ) and source of flow (S f ).

Once a dynamical system is represented as a bond graph, it is possible to generate a set of
mixed algebraic and differential equations, and from this is it possible to go to a state-space
representation or a transfer function, as desired. In both these cases, the order of the system
will be directly related with the number of storage elements with preferred integral causality.

If more background information is desired about bond-graphs, the reader is advised to take a
look at [5].

2.3 Motion Controllers

In literature the 2 DOF (degrees of freedom) controllers are well known [3]. The label 2 DOF
refers to the fact that there are at most two independent parts in the control signal u, namely a
part independent of the measured output y and a variable dependent of the measured output
y [6]. Even though it seems from the number of components R, F and C, that there might be
three degrees-of-freedom, the fact is that given a compensator C there could be combinations
of R and F that yield the same output y. This is why, according to [3], it is best to refer to this
type of control systems as 3-CC (three control components). Figure 4.1 shows a 3-CC control
system.

+
−

e uc

u f

u

w

C
r

R P

F

++
y

Figure 2.9: General 2 DOF or 3-CC servo system.

The main components are defined as [3]:

1. Reference path generator R: will indicate an approximation of the desired motion for the
end effector. The signal should be chosen in harmony with the other components of the
control system and the electromechanical plant.

2. Feedback component C: it is perhaps the most important component, because some-
times only with the reference R and the feedback component, a robust motion for the
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10 Controller design for Dual-Hemi CVT

system can be achieved. This is however, not always possible or desirable as it is difficult
to design a component that can meet all the objectives. In a stable closed loop system,
the output y has to follow the reference R with a small error e and has to cope with dis-
turbances w in spite of model uncertainties. This can theoretically be achieved by a feed-
back component with a large gain, nonetheless, this can make the system unstable and
implicates large power requirements and low measurement noise.

3. Feedforward component F : has the main objective of generating the forcing function u f ,
which results in nominal tracking. Apart from that, its addition may improve the con-
troller’s performance without affecting the stability disturbance attenuation and robust-
ness properties. Similarly to the feedback component, some considerations have to be
made to avoid undesired behavior such as avoiding large or fast changing inputs.

4. Plant P: is the preexisting system that does not (without the aid of a controller or a com-
pensator) meet the given specifications. It combines the actuator and the process, and
expressed as a transfer function it gives the relation between input and output without
feedback.

In the following subsections, the two different approaches for feedback components used in
the present work, will be briefly explained.

2.3.1 PID algorithms

A PID has three parameters corresponding to the proportional, integral and derivative actions.
In general, each of these actions has a specific function in motion control: the proportional
action provides the desired bandwidth, the derivative action ensures stability and the integral
action provides extra gain at the lowest frequencies so that low frequency disturbances can be
suppressed.

The typical types of PID algorithms are:

1. Parallel PID

2. Series or interacting PID

3. Ideal or non-interacting PID

2.3.1.1 Parallel PID algorithm

In this type of controller the gains Kp , Ki and Kd are contributing to the controller output uc

independently from each other, as it can be seen in the structure of Figure 2.10.

This algorithm is simple to understand, but the tuning procedure is not that intuitive. The
reason is that each of the terms act on a fresh, unadulterated error term, and then the results
are added at the end. This implies that when changing one of the gains, the others should be
adjusted at the same time as well, in order to preserve the current behavior. The output of the
controller is given by:

C (t ) = Kp e +Kd ė +Ki

∫
e (2.17)

Because of all the possible combinations that such construction can render, there exists a large
quantity of tuning approaches. In the present work, a pragmatic way will be used.

2.3.1.2 Series PID algorithm

The series algorithm is the classical and oldest PID structure. In it, the output of the P-action
goes into the I-action and then to the D-action. This means that by changing the P-action the
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Figure 2.10: Parallel PID structure.

other two are affected, or if adjustments are made to the integral action, they will also reflect
on the derivative one. This can be observed in Figure 2.11.

+
−

e

y

r
R Kp τz s

+

+
1
τi s

+

+

uc1
τp s+1

Figure 2.11: Series PID structure (with derivative filter).

The transfer function for the series algorithm is given by:

C (s) = Kp · sτz +1

sτp +1
· sτi +1

sτi
(2.18)

In equation 4.34, the τz represents the time period (1/ωz ) at which the damping action be-
gins, the τp is the time period (1/ωp ) at which the damping action finishes, and the τi (1/ωi )
indicates the end of the integral action.

Because of the interaction between the terms, rules of thumb have been developed in order
to facilitate the tuning of this type of algorithm. These rules help determine the gain Kp , and
the values for τz , τp and τi . The recommended value for β is 10 because it represents the ratio
betweenωp (1/τp ) andωz (1/τz ), where their values should satisfy thatωz ≤ 3ωc andωp ≥ 3ωc .

Kp = ω2
c Itot al√
β

(2.19)

τz =
√
β

1

ωc
(2.20)

τp = 1√
βωc

(2.21)

τi ≥
√
β

2

ωc
(2.22)

2.3.1.3 Ideal PID algorithm

In this algorithm the only interaction is that the P-action also scales the effect of the I-action
and D-action. This can be seen in Figure 2.12

The transfer function for the ideal PID algorithm is given by:

C (s) = Kp

(
1+ 1

TI s
+TD s

)
(2.23)
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R Kp

1
Ti s

Td s

++

+

uc

Figure 2.12: Ideal PID structure.

2.4 Controlled Passive Actuation (CPA)

The concept of passive dynamic walking was introduced in the late 1980’s by Tad McGeer [7].
These passive dynamic walkers were able to walk stably down a small decline without the use
of any actuators. According to [8], these machines provide an excellent example of how good
machine design can yield stable and energy efficient walking mechanisms. These ideas, how-
ever, are only being implemented recently in the fully actuated version of walking robots that
are designed and controlled.

A walking device operating passive dynamically can be efficient because it needs no energy for
stabilization or control, only power to recover small losses [9]. The most fundamental cause
of this energetic loss is impact, primarily between the feet and ground. In a sense, the passive-
dynamic approach is the opposite of the trajectory control approach, which tends to constantly
control actuation to force a system against its natural dynamic tendencies[9]. Nevertheless, to
bridge the gap between passive and active walkers, research has been made into the implica-
tions of adding small number of actuators to otherwise passive systems. The two major advan-
tages of this combination are that, first, actuating a few degrees of freedom on a passive system
can provide the best possible combination between energy efficiency and the robustness of ac-
tively controlled systems. A second advantage is that, by allowing the dynamics of the system to
solve, for the most part, the control problem, it may be possible to simplify the control problem
that is solved by the actuators [8]. This combination of active and passive systems is referred to
as Controlled Passive Actuation. In general, it aims at reducing the energy flow through electric
actuators by actuating with a combination of an energy storage element and a Continuously
Variable Transmission [10].

2.5 Dual-Hemi CVT

This section describes the construction of the Dual-Hemi CVT, which stands for a continuous
variable transmission. The system consists of two hemispherical friction wheels that trans-
mit power and facilitate the alternating of the transmission ratio. The design was specifically
thought for the use along with control passive actuation (CPA).

2.5.1 Mechanical Design

The design, documented in [1], consists of two hemispherical friction wheels which have the
ability to alternate their contact angle. In order to make this alternation possible, the system
makes use of two separate frames, one of which is fixed and the other can be repositioned
according to the desired transmission ratio. Each frame holds one of the friction wheels in
place. The mechanism that takes care of the positioning of the adjustable friction wheel frame
is independent from the mechanical path of the power transmission. Thus, the Dual-Hemi
CVT can be analyzed as two separate mechanisms: the power transmission mechanism and the
reconfiguration mechanism. Both of them are shown in Figure 2.13 and will be described in
more detail next.
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Power
transmission
mechanism

Reconfiguration
mechanism

Figure 2.13: The two mechanisms of the Dual-Hemi CVT

2.5.1.1 Power transmission mechanism

In the system the power split principle is also applied, using a planetary gear to transmit part
of the power through the continuous variable transmission, and the rest through a straight
mechanical path.

For the power transmission design, two important couplings have to be made. The ring wheel
of the planetary gearbox was coupled to the fixed friction wheel (see green part of Figure 2.14),
and the adjustable friction wheel was connected to the carrier of the planetary gear (see red
part of Figure 2.14). Both connection are made using sets of crown gears. The parts involved in
the power transmission mechanism can be seen in Figure 2.14.

Cage

Ring gear

Mobile frame
(friction wheel)

Fixed frame
(friction wheel)

Output

Input
(Sun gear)

Figure 2.14: Power transmission path of the Dual-Hemi CVT

For spring driven actuation, the sun gear is connected to a clock spring and the output coupled
to the carrier of the planetary gear.

2.5.1.2 Reconfiguration Mechanism

The reconfiguration mechanism is composed by the mobile frame, a gravity compensator
(spring) and a DC-motor. The movement of the mobile frame is guided with a rail, which pro-
vides proper orientation and alignment. Apart from the guiding, and to ensure that the frames
can withstand the contact force between the friction wheels, the design uses two "flexible arms"
[1]. The DC-motor that actuates the friction wheels structure is connected with a timing belt
to one of the guiding arms. Furthermore, to reduce the required actuation force of the motor, a
gravity compensator in the form of spring is used.

Figure 2.15 depicts the main components the reconfiguration mechanism.
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Gravity
compensator

(spring) Mobile Frame
(friction wheel)

DC-motor
Flexible arm

Figure 2.15: Parts of the reconfiguration mechanism of the Dual-Hemi CVT
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3 Modelling

This chapter describes the steps followed to reach competent models for the two main mech-
anisms that form the Dual-Hemi CVT, with focus on the reconfiguration system, which is the
one in charge of the change of the transmission ratio.

3.1 Modelling of the DH-CVT Spring CPA to Load Path

As explained in section 2.5, the Dual-Hemi CVT is divided in two principal mechanisms. This
part of the report explains the modeling process for the mechanism in charge of the trans-
mission of the power from the spring driven by an electric actuator (input), to the load of our
system (output).

3.1.1 Derivation of IPM of the DH-CVT

From a visual analysis of the transmission and the 3D CAD models we obtained the ideal phys-
ical model (IPM) shown in Fig. 3.1. An ideal physical model is a way of representing our system
graphically, where the masses have a constant value, a line between two elements can be con-
sidered as an infinetly rigid connection, the springs are elements without mass and the trans-
missions are considered to have 100% efficiency.

T Im Ipr g
i1 Ctb

i2 Iscg Iscl 1

1

Kcs

Isng
i3 i4 Ipt g

i5 i6
2

Icag e 3

2 Ir g g Icng 1
i7 i8 Isp1

CVT Isp2 4

4
i9 i10

Icng 2 Ispg 3
i11 i12

Ig cg

3

i13 i14
5

5 Ig out Iload

Figure 3.1: IPM of PS-CVT Mechanism. A list with the values for each element can be find in Appendix
A.1

In Fig. 3.1 we can observe a source of torque at the input (motor) and a considerable number of
inertias connected via springs (stiffnesses). In the diagram, all the stiffnesses that are missing
a label are either the rotational stiffnesses of the shafts and bars, or the stiffnesses between the
teeth of the gears. Since they have very high values from the beginning, not much attention is
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16 Controller design for Dual-Hemi CVT

paid to them, as later they will be considered as rigid connections.

The inertias were obtained with help of the CAD model for the Dual-Hemi CVT, since it contains
the dimensions and materials for each element of the mechanism. The stiffness of shafts was
calculated using the following equation:

Kst =
πGd 4

st

32Lst
(3.1)

Where Kst is the rotational stifness of the shaft, G is the shear modulus of the material, dst is
the diameter of the shaft, and Lst is the length of the shaft [11].

The clock spring stiffness was calculated using the following equation:

Ksg =
Esg wsg t 3

sg

12Lsg
(3.2)

Where Ksg is the rotational stiffness of the spring, Esg is the Young modulus of the material, wsg

is the width of the spring, tsg is the thickness of the spring, and Lsg is the length of the spring.
The length can be calculated as follows.

Lsg = πnsg (Dsg +dsg )

2
(3.3)

Where nsg is the number of spirals in the spring, Dsg is the diameter of the outer spiral and dsg

is the diameter of the inner spiral of the spring[11].

The values for the stiffness between the teeth of the gears are consider as infinite, since they
are made of very stiff materials, and the system will not be subjected to very high loads and/or
input forces.

3.1.2 Model reduction and conversion to Bond Graph

In order to reduce the model from Fig. 3.1 an intuitive method was applied as described in [12].
The first step to apply this reduction, is the elimination of all the transmissions. In this way, we
can check the relative importance of each element, since the transmission ratios can reduce or
magnify the effect that each of them has in the global system.

Once that the transmissions have been removed from the IPM (see Fig. 3.2), we can proceed
with the model reduction. The following step consists in leaving out the elements according to
one of the criteria mentioned in subsection 2.1.1. In our case the criterion number 1 was ap-
plied, because the calculation of the rotational stiffness of the shafts and bars and the stiffness
between the teeth of the gears resulted in very high values.

In Fig. 3.2 it can be seen that most of the stiffness in our model can be consider as infinite, and
thus we can combine the inertias that are connected rigidly. In the diagram the inertias that can
be combined in one element are enclosed on boxes, where each color represents one resultant
inertia element.

The resulting diagram after removing the elements of the system that are not relevant in the
dynamics of the system is shown in Fig. 3.3. Here we can see more clearly how the Dual-Hemi
CVT works. One of the possible energy flows can be described as follows: the input of the
system is a torque (T) generated by the electric actuator (motor), which has an inertia Im and
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∞
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∞
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∞
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∞
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Figure 3.2: IPM of PS-CVT Mechanism without transmissions.

then this energy goes into the spring Kcs used for the Controlled Passive Actuation. Then the
energy in the spring is transmitted to the sun gear Isg of the planetary gear, which transmit the
power to the planet gears Ipt g . From this point the power can be splitted, being transmitted to
the ring gear Ir g g , or to the cage that holds the planet gears Icag e . When power flows through
the ring gear Ir g g it is transmitted by means of the CVT formed by the two semi-spheres, and
when it goes through the cage of the planets the power is transmitted directly into the load
Iload , a more detailed explanation is given in [13].

T Im

Kcs
Isg Ipt g

Icag e

Ir g g CVT Iload

Figure 3.3: Reduced IPM of PS-CVT Mechanism

From the IPM model in Fig. 3.3, a transformation to the Bond Graph [14] (port based modeling)
representation was made, trying to get more insight from the system, since this type of model
gives information about the direction of the flow of energy (signs), the dependency of the el-
ements with each other (causality) and gives us the possibility to analyze the flow of energy
between different domains (electrical and mechanical in our case). Besides, there are estab-
lished methods to analyze the dynamics of the system without loss of information [5]. The
outcome of the transformation to a Bond Graph can be seen in the Fig. 3.4, where the elements
that form the electrical domain of the motor (T ) were added, then we use a source of flow S f
(current) as an input, because the motor is controlled by means of current. The elements Ie

and Re represent the inductance and electrical resistance of the motor, respectively, the gyrator
GY represents the motor constant.
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In the Bond Graph we can also see that the velocity of several inertias is dependent on the rest,
due to the fact that we are considering and infinite stiff connection between the elements.

Sf:i(t) 1

Ie

GY

Re

1

Im

0

Ccs

1

Isg

0

1

Ipt g

Icag e

0

1

1

Ir g g

MTF1

Iload

Figure 3.4: Bond graph from the reduced IPM of the PS-CVT

3.1.3 Model Verification

Once that the Bond Graph was obtained and checked, some simulations were carried out in
order to see if the behavior of the model was the expected.

If we compare the governing kinematic equation for a planetary configuration, equation 3.4,
with the results of our model simulation it is possible know how competent our model is [15].

ωE1 = k1ωE2 +k2ωE3...+kNωE(N+1) (3.4)

In equation 3.4, ωE1 represents the angular velocity of a given component E1 while
ωE2,ωE3, ...,ωE(N+1) represent the angular velocities of the N independent controlled com-
ponents, and k1,k2, ...,kN the transformation ratios dependent on the geometry of the gears.

In the Dual-Hemi CVT, one of the key parts of the mechanism is the simple planetary gear with
a single carrier, sun gear and ring gear. Even when the gears can be connected in six different
ways, not all the scenarios need to be analyzed to develop a governing kinematic equation. If
we let the sun and ring gear be the drive inputs, and the carrier (cage) as the drive output. Then
we have:

ωcag e = k1ωsg +k2ωr g g (3.5)

If we assume ωr g g = 0 then from equation 3.5 we can get the ratio k1:

k1 =
ωcag e

ωsg
(3.6)

Nevertheless since all the transmissions were already eliminated during the model reduction,
our k1,k2, ..,kN should be equal to one. Thus if we consider as initial condition that the load is
at rest (it is connected to the carrier or cage) ωcag e = 0 then, from equation 3.5 , the velocities
of the sun and ring gear become:

ωr g g =−ωsg (3.7)

To verify this model, an experiment was designed. As input, the CPA was fed with a constant
torque and had, for the first five seconds, a transmission ratio = 0. During the experiment we
aimed to see the following behaviors:
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1. A difference between the motor speed ωmotor and the sun gear speed ωsun , due to the
delay caused by the compliance of the spring at the input.

2. The velocity of the ring gear ωr i ng to be opposite from the velocity of the sun gear ωsun .

3. The velocity of the output ωload should be zero, while the transmission ratio is equal to
zero.

The results of the simulation for the experiment are shown in Fig. 3.5. A wavelike behavior in
the curves is observed, this is due to the compliance of the spring located at the input of the
system. It is possible to observe, that all the expected behaviors are present.
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Figure 3.5: Angular velocities in elements of CVT

Furthermore, it is important to look at the behavior of the system, more specifically, when the
transmission ratio is changed. Because of this, in the same experiment mentioned above, after
the first five seconds the transmission ratio is modified with a ramp signal. By doing this, we
expect the angular velocity of the load to be different than zero and to increase in the opposite
direction of the ramp.
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Figure 3.6: Variation of transmission ratio and comparison of the ωr g g and ωload .
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In Fig. 3.6 the change in the transmission ratio in the CVT (MTF) is shown. We can see how, at
the moment that the transmission ratio is different from zero, the angular velocity from the ring
gear ωr g g starts to be transmitted to the cage, which is rigidly connected to the load with the
expected relation, in equation 3.8, since the all the energy is in the ring gear before the power
start to flow to the load.

ωload = iCV Tωr g g (3.8)

Since the two key points of the model have a satisfactory behavior, we can conclude that our
model is kinematically correct enough to understand the dynamics of the Dual-Hemi CVT, at
least in the part of the system that takes care of the power transmission from the input (torque
in the spring) to the output (motion of the load). No further investigation for this part of the
system will be done in this phase of the project, due to the lack of sensors to know the position
of each element. Nevertheless, this model can be verified using the setup in future work, to
be used for the improvement of the controller for this part of the DH-CVT. The reconfiguration
mechanism model will be studied in the next section ( 3.2).

3.2 Modelling of reconfiguration mechanism

In this section the process to develop the model for the reconfiguration system will be de-
scribed. This model is of higher importance for the present work, since this mechanism limits
the bandwidth of the Dual-Hemi CVT [2]; and, in addition to this, the torque and position con-
trol in the load depends heavily on the transmission ratio.

The same procedure presented in section 3.1 is followed to develop the model of the reconfig-
uration mechanism.

3.2.1 IPM from mechanism and calculations

To start the modeling of the reconfiguration mechanism, the same approach, as for the power
transmission part, was used. First a visual analysis of the actual setup and the 3D CAD models
was done, from where the ideal physical model (IPM) shown in Fig. 3.7 was obtained.

T Im Ig b Ctb Iscg

Msph

Cg c

Rs

Fmg

∫
Kgθ

∫
L̇s

Figure 3.7: IPM of Reconfiguration Mechanism

From the insight obtained in section 3.1.2, the stiffnesses of the shafts and bars were consid-
ered as infinite. Moreover, the groups of inertias rigidly connected have been added into one
element. Because of this, the model already takes into account these reductions. In it we can
see a source of torque T (Motor), with its inertia Im , then we can see a transmission (gearbox)
with the inertia Ig b at the output shaft, then there is a belt drive transformer with the linear
stiffness Ctb for the timing belt, the inertia of the secondary gear Iscg drives the mobile arm
(considered as a lever) with the load Msph (mass of sphere module) connected at the other
end. In the load mass we have the gravitational force Fmg , the gravity compensator Cg c and
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some rolling friction forces Rs .

Just like in the model for the power trasnmission part of the CVT, the inertias were obtained
from the CAD model of the reconfiguration mechanism. The stiffnes of the timing belt was
obtained from the manufacturer catalog [16], the linear stiffness of the gravity compensator is
known (1800 N /m)and the rolling friction was calculated according to [1] as follows:

Fr ol =µr ol FN = 3.2 (3.9)

Where Fr ol is the rolling friction force, µr ol is the frictional rolling coefficient (0.002) and FN is
the normal force (1600 N ), in this case is the force required to press the spheres against each
other and transmit the required torque without slip in the contact area. We can say that the fric-
tion required to transmit the power affects also the performance of the reconfiguration mech-
anism. The value of each element can be seen in the Appendix B.1.

In this case, no further reduction was made to the IPM. One reason is that the model is already
relatively simple, and another is that we are interested in understanding the dynamics of the
mechanism as much as possible. The aim of this model is to develop a function that describes
the non-ideal behaviors of the mechanism, like the friction and residual forces that are in the
system and have not been identified.

3.2.2 Conversion to Bond Graph

Given the fact that a bond graph model gives more insight on the energy flow direction and
the dependencies of elements, a conversion from the IPM to this representation was made.
Since this model representation is domain independent, the elements that form the electrical
domain of the motor were added to analyze their contribution to the dynamics of the system,
Fig 3.8 shows the resulting Bond Graph.
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TF2 1

Iscg TF3 1 Isph

Rs

MTF2

MTF1

Cg c

Se:g ·m

∫
L̇s

Kg

Figure 3.8: Bond graph from the IPM of the reconfiguration mechanism

In the figure, the gyroscope GY represents the motor constant, the first transformer T F1 is the
transmission ratio of the gearbox, the second transformer T F2 is the transmission ratio in the
belt drive transmission, T F3 represents the length of the lever (mobile arm). MT F1 and MT F2

are considered as modulated transformers because the gravitational is dependent on the angle,
as depicted in equation 3.10 and spring forces are affected by change in the length of the gravity
compensator. A source of flow S f is used as input, because the current control is applied to the
motor. The source of effort Se represents the gravitational force acting on the mobile sphere
module.
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3.2.2.1 Determining transformations and the initial conditions

In this section, the derivation of the ratio, for the modulated transformer, that controls the
change in the state of the gravity compensator is done. Moreover, the initial conditions in the
configuration of the mechanism are studied, since spring and gravitational forces are position
dependent.
Having the structure of the Bond Graph, we proceed to establish the initial conditions of the
system. For this, an observation to the geometrical configuration of the mechanism is needed.

V er ti cal axi s

(0,0)

(−65,45)
(xs0, ys0)

25 °

θ0 θr e f

θr e f = 0°

θr e f = 45°

φ

45 °

d x

d y

g

Figure 3.9: Geometrical configurations of spring and lever. The red lines represent the spring length
(variable) and the blue lines the lever length (fixed). The dashed lines are in the position for the spring
initial condition. The solid lines represent the limits of position reached by the mechanism.

In Fig 3.9 we can see how the reconfiguration mechanism looks like an inverted pendulum.
Thus in the model we need to measure the angle with respect to two references. First with
respect to the vertical axis, referred to as θ0, in order to know the torque generated due to gravity
that can be expressed as:

τg = Ll cos(θ0)msph g (3.10)

In Equation 3.10 τg is the torque generated due to gravitational forces, Ll is the length of the
flexible arm (lever), msph is the mass of the sphere and g is the acceleration due to gravity
(−9.81m/s2). This equation represents the gain Kg which is fed into MT F1 from the Bond
Graph in Figure 3.8. The angle θr e f (angle of the reconfiguration mechanism), will be mea-
sured with respect to the first solid line (θr e f = 0 in the figure), since this is the end stop in the
mechanism, i.e. is the position when we ask the lever to go to a zero angle position, then it can
be say that θ0 = θr e f +25◦. This θr e f is the required feedback for the controller.

From Fig 3.9, the spring’s longitude can be found using an imaginary right triangle, where the
catheti are d x and d y , and the hypotenuse is the length of the spring (Ls) itself . The magnitude
for the catheti is given by:

d x = Ll sin(θ0)−xs0 (3.11)

d y = Ll cos(θ0)− ys0 (3.12)

In Equations 3.11 and 3.12, xs0 and ys0 represent the coordinates of the spring’s pivot (fixed
point).
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From the above model we can infer that, for the upright position (with respect to ver t i cal axi s
from Figure 3.9), the following equation, where Ls represents the spring length, can be obtained
using Pythagoras Theorem:

Ls =
√

d x2 +d y2 (3.13)

From now, and given the IPM representation drawn earlier it is possible to foresee the bond
graph model, having a generalized representation like the one shown in Fig 3.10.

τ

θ̇0

F

Ls

Lever I deal spr i ng

Figure 3.10: Bond Graph for lever-spring mechanism.

The kinematic relation Ls = Ls(θ0) can be described as a transformation between coordinates
(angular to translational). Therefore the description of the mechanism includes modulated
transformer (MT F2). In order to obtain this transformation relation for MT F2, the Jacobian is
found by differentiating the term with respect to θ0, i.e. the respective velocity L̇s . Substituting
values of d x and d y from Equations 3.11 and 3.12 into Equation 3.13 and taking the derivative
of the result, yields:

∂Ls

∂θ0
= 2Ll cos(θ0)(Ll sin(θ0)−xs0)−2Ll sin(θ0)(Ll cos(θ0)− ys0)

2
√

(Ll cos(θ0)− ys0)2 + (Ll sin(θ0)−xs0)2
(3.14)

Representing the above equation in matrix form, where this transformation relation (matrix) is
referred to as the Jacobian (J ), we have:

L̇s =
[2Ll cos(θ0)(Ll sin(θ0)−xs0)−2Ll sin(θ0)(Ll cos(θ0)−ys0)

2
p

(Ll cos(θ0)−ys0)2+(Ll sin(θ0)−xs0)2

]
θ̇0 (3.15)

Since the modulated transformer is power continuous element, the constraint Pi n = Pout

(Power at input equals power at output) applies, meaning that:

Pi n = τT θ̇ = Pout = F T L̇s (3.16)

From substituting Equation 3.15 (using J as representation for the Jacobian matrix) in 3.16, we
get:

τT = F T J (3.17)

Transposing both sides of the equation leads to the relation of the torque to the force:

τ= J T F (3.18)

With this equation we have achieved a generalized form to do coordinate transformation. Thus
it can be concluded that the transmission ratio of the MT F2 is described by the matrix found
in equation 3.15. And the input to this transformer is the angular position, resulting from
the integration of the velocity at the axis of rotation of the lever, as shown in Fig 3.8. For this
integration the initial conditions of the system are taken from the Fig 3.9 (dashed lines), where
the spring length is 106mm and there is an angle of 5° with respect to the vertical axis.

Robotics and Mechatronics Armando Bonilla Fernandez



24 Controller design for Dual-Hemi CVT

3.3 Estimation of Torque generated by the effect of non idealities

After establishing the initial conditions (initial geometrical configurations) of the reconfigura-
tion mechanism, and the calculation of transmission ratio for the modulated transformer, the
developed model can be use as a tool to estimate the torques dependent on the friction and
spring residual forces. The model created in Section 3.2.2 and shown in Figure 3.8, is formed
by ideal elements. The assumptions made for the estimation of the torque generated due to
non-idealities, is that the differences between the torque simulated for the ideal system and
the torques generated in the setup is created to compensate the friction and residual forces. It
is also assumed that the non idealities can be modeled as a single friction element acting on
the axis of rotation of the flexible arm (lever). In subsection 3.3.1 the procedure follow for this
estimation is described.

With the ideal model of the reconfiguration mechanism and the setup of the Dual-Hemi CVT,
an experiment was designed, where the mechanism was moved along all the range of positions
and with an increasing velocity. The aim of this experiment was to observe if the torque gen-
erated (with a provisional PID controller) to control the system was increasing proportionally
with the velocity [17]. If this happens, it would mean that the system has viscous friction acting
on it.

From the fact that the model has an ideal behavior, we can apply a reduction to the model from
Fig 3.7 , keeping the most significant stiffness (Cg c ) and eliminating all the transmissions, we
end up with the system shown in Fig 3.11.

msph

Cg c

R f

Fm

Fmg Kg (θ)
L̇s

Figure 3.11: Reduced IPM of Reconfiguration Mechanism

From the system in Fig 3.11 the following equation that describes the dynamics of the system
can be obtained. In the equation 3.11 Fm is the force generated due to the motor torque,
R f is the unknown friction in the system, which according to the discoveries made in [2], this
friction has a position dependency; msph is the mass of the mobile sphere module, Cg c is the
linear stiffness of the of the gravity compensator and x is the linear displacement of the mass.

Fm = msph ẍ +R f (ẋ, x)+Cg c x (3.19)

In equation 3.19, we know the values of msph and Cg c , and in the experimental setup we can
measure the position x of the load, thus, it is possible to know ẍ and ẋ, leaving as unknown
only the term R f . Which can be found rewriting 3.19 as follows.

F m −msph ẍ −Cg c x = R f (ẋ, x) (3.20)

From equation 3.20 it can be concluded that if experiments to explore the behavior of the sys-
tem at different speeds, and moving the reconfiguration mechanism along all the operational
range, then it is possible to estimate the torques generated due to friction. This will be demon-
strated in 3.3.1.
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3.3.1 Experiments and findings

As explained above, the experiments carried out during the modeling process have the aim
to know the torques generated due to position and velocities dependent non-idealities in the
system. The desired path was introduced in both the ideal model and the real setup, giving the
following results.
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Figure 3.12: Comparison of position and torque in simulation of ideal system vs experimental results

In Fig 3.12, it can be seen how the tracking of the system behaves pretty much the same in
simulation and in real experiment. From these experiments we found the difference in the
torque generated, and then plot this residual torque versus the angular velocity and position,
in order to have a friction model for our unknown element , which will handle all the torque
generated due to non-idealities, as explained before.

A model for the velocity dependent friction and residual forces was obtained after applying
a filter to the difference in torque, and then plotting the extra torques generated versus the
velocity of the mobile module. The experimental results shown in Fig 3.13 (Left) resembles a
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Stribeck friction model, as shown in [18], in the region where velocities are close to zero. A
general description of friction is given by:

τ=


τω i f ω 6= 0
τe i f ω= 0 and |τe | < τs

τs sg n(τe ) other wi se

 (3.21)

where τ is the torque generated due to friction in general (velocity dependent), τs is the torque
generated from the stiction and τe is the torque resulting from external forces (spring resid-
ual forces). A very accurate model to describe the Stribeck friction effect is the LuGre model,
which is presented in [19] and explained in detail in [20]. However, in the experimental results,
the sign function sg n(τe ) does not have a linear behavior due to the non ideal spring residual
forces. Due to time constraints during the project, it was decided to create a continuous (poly-
nomial) function that approximate the results. As it was faster than the identification of friction
and residual forces individually. This friction-residual model has a non linear dependency on
the velocity (viscous), together with coulomb friction and stiction due to the pressure of the
spheres against each other.

In Fig 3.13 (Left), it can be observed that the friction model is shifted from zero. This corre-
sponding to the experimental results, i.e. the difference of torques observe in Figure 3.12.

In order to obtain a model for the position dependent friction-residual torques, several experi-
ments with different paths and velocities, were carried out. These experiments have the models
shown in Fig 3.13 as outcome. Were the velocity dependent function results in a linear model
and the position dependent torques are depicted by the function shown on the right Figure.
The combination of the position and velocity dependent friction-residual models gives very
good results when the change of ratio requires either low or high velocities from the reconfigu-
ration mechanism.
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Figure 3.13: Le f t - Velocity dependent friction-residual torque. Ri g ht - Position dependent friction-
residual torque.

In Fig 3.13 (Left), the friction dependent on the velocity shows viscous friction in one direc-
tion, while in the other there is only coulomb friction. In Fig 3.13 (Right), we can observe an
hysteresis effect in the reconfiguration mechanism. This hysteresis is dependent on the accel-
eration of the movements done by the mobile module. In [2] it has been already explained, as
the maximum torque that can be applied to the reconfiguration system varies depending on
the direction of the movement. This is shown in Figure 3.14.
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Figure 3.14: Max magnitude of the torque that can be applied to the reconfiguration mechanism (from
[2])

Figure 3.15 shows the torques generated once the friction models have been added to the model
of the reconfiguration mechanism for the same experiment shown in Figure 3.12. Here it is
possible to observe the torques generated with respect to the velocity and the position on the
same graphic.
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Figure 3.15: Torque generated (τ) vs position (θ) and vs velocity (ω).

Once that the friction element with the position and velocity dependent functions is added to
the model, the results of the simulation are again compared to the results of the experiments in
the setup. The experiment shown in Figure 3.12 was repeated, leading to the results shown in
Fig 3.16. The results for experiments with low velocities in the reconfiguration mechanism are
shown in Fig 3.17.

In the graphs from Fig 3.16 and Fig 3.17 the similarity between the real torque and the sim-
ulation is evident, as now the average difference is closer to zero. It is worth to mention that
the torque from the experiments has not been filtered, and that the first five seconds in the
simulation should be consider as initialization. From this, we can conclude that the approach
taken in order to identify the non-idealities of the system was effective.
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Figure 3.16: Comparison of torque and position of model with non ideal friction element vs experimen-
tal data
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The aim of this model was to obtain a function that describes the non-idealities of the mech-
anism, so it is possible to compensate for them, using a feed-forward controller. In this case,
a continues function that describes these non-idealities was obtained, which means that no
neural networks (learning) are needed in the feed-forward, since a continuous function allows
faster computational times, and thus, quicker responses from our controller [21].
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Figure 3.17: Comparison of torque and position of ideal model vs experimental data

3.4 Simplification of plant for controller design

In the previous section, a model that will help to compensate for the non-idealities of the
system was developed. This friction model can be applied directly into the feed forward part of
our controller. In the same way, the effects of the gravity on the mobile sphere and the gravity
compensator can be considered in the feed forward of our controller. This, due to the fact
that the residual forces of the spring and the gravity forces can be modeled by mathematical
equations, this will be explained in Section 4.1.
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Based in the information mentioned above, further simplification was made to the ideal model,
in order to obtain the dynamics of the plant, and use this, as the base for the feedback controller
design.

3.4.1 Bond Graph simplification

Assuming that the residual forces of the gravity compensator will be compensated in the feed
forward controller, it is possible to eliminate the gravity compensator Cg c and the gravitational
force MSe from the bondgraph in Figure 3.8, resulting in the Bond Graph shown in Fig 3.18.

Sf:i(t) 1

Ie

GY

Re

1

Im

TF1

Ig b

1 0

Ctb

TF2 1

Iscg

TF3 1

Isph

Rs

Figure 3.18: Bond graph from reconfiguration mechanism without the non ideal elements

In the previous Bond Graph all the transformers have now a constant trasmission ratio. The
plant transfer function or the state space representation can be obtained, in order to use this
information in the design of the controller. This will be used in the design of controllers by pole
placement, which will be explained in the next chapter.

3.4.2 IPM reduction to flexible mechanism

Finally, after removing the elements which can be compensated in the feed forward control
part, a further reduction of the model is possible. By means of the intuitive method, the model
can be reduced to one of the elemental mechanism classes. In this case the rolling friction Rs

can be neglected and all the transmissions can be eliminated, reaching the model of a Flexible
mechanism, shown in Fig 3.19, where Īm is the sum of the inertias on the motor side and Īsph

is the sum of the inertias on the end effector side; and Ktb is the equivalent rotational stiffness
of Ctb .

T Īm

Ktb
Īsph

Figure 3.19: Flexible mechanism from reconfiguration system

The model in Fig 3.19 represents one class of motion system (Flexible Mechanism) [12], that
describes the dynamics of the system based only in the most meaningful elements. This level
of reduction is very useful when designing the controller for the plant; either using root locus or
stability analysis approach. All this, due to the fact that it is possible to have transfer functions
of a reduced order and with a small number of parameters, while keeping information about
the dominant physical parameters in the model, taking into account the rigid body mode and
the lowest mode of vibration.

With these simple, but also very useful model reductions, the modeling part of the project is
considered satisfactory, and all the information and insight gained during this process will be
used in the following steps of the controller design.
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4 Control design

This chapter describes the approach taken to the design the motion controller for the reconfig-
uration mechanism based on the information obtained during the modeling process. As men-
tioned before, in the reconfiguration mechanism there are non-ideal behaviors, thus a model
based control [22] will be used. The feed forward part of the controller will compensate of
the residual forces of the spring compensator and the torques generated due to the nonlinear
friction (position and velocity dependent), found in the modeling process. The feedback part
will be designed as standard rigid mass controller, which will consider an ideal plant (moving
mass). The controller structure is shown in Fig 4.1.

+
−

e FeedB ack
Contr ol ler

r
Pl ant

Feed−
For w ar d

d
d t

++
y

Figure 4.1: Controller structure.

4.1 Feed Forward Controller

This part of the controller is considered as model based, due to the fact that the controller can
modify its behavior in response to changes in the dynamics of the process, i.e. the controller
has adjustable parameters and a mechanism for adjusting them. Among the different schemes,
the one implemented in the project can be considered as a Model-Reference Adaptive System
(MRAS), where the performance specifications are given in terms of a reference model. This
model tells how the output should respond to the command signal [22].

In this case, two models are used in the feed forward controller, the first one (Compg ), will
compensate for the residual forces of the gravity compensator (spring) and gravitational forces.

Compg = τg +τs (4.1)

In equation 4.1, τg comes from equation 3.10 and the torque contribution from the spring, τs ,
can be calculated as follows.

τs = FsLl cos(θ0 +φ) (4.2)

where θ0 and φ are measured as shown in Fig 3.9. This calculation requires the actual position
of the system, and that is why a feedback signal is going to the adaptive control in Fig 4.1. The
angle φ is calculated with d x and d y , from equations 3.11 and 3.12 respectively.

φ= arctan

(
d y

d x

)
(4.3)

Also in equation 4.2, Fs can be found as follows.

Fs = Fs0 + (Ls −Ls0)K (4.4)
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Ls comes from 3.13, Fs0 is equal to −22N , Ls0 is equal to 132.75mm (106mm plus the offsets
on each side of the spring) and K is equal to 1800N /m [1].

The second model for the feed forward adaptive controller, Comp f r will compensate for the
non-linear friction existent in the mechanism. This model depends on the desired position
and velocity, which are taken from the reference. The non linear functions that describe the
friction, shown in Fig. 3.13, are the following:

Comp f r = τωr e f +τθr e f (4.5)

τωr e f =


ωr e f > 0 τωr e f = 0.9489ωr +1.7

ωr e f < 0 τωr e f = 0.1

ωr e f = 0 τωr e f = 0

(4.6)

τθr e f =


ωr e f > 0 τθr e f =−7.3186θ2

r e f +6.7199θr +0.1297

ωr e f < 0 τθr e f =−2.7879θ2
r e f +2.9316θr −0.5685

ωr e f = 0 τθr e f = τθr e f

(4.7)

In equation 4.7 the condition to calculate the torque takes into account the velocity ωr e f ,
because the position dependent friction is also dependent on the direction of the movement.
It is possible to see that when the reconfiguration mechanism stays in the same position, the
torque τωr e f keeps the same value. The θr e f and ωr e f used in equations 4.6 and 4.7 are the
desired ones (reference signals), thus equations 4.6 and 4.7 form feed forward part of the
controller. In relation with Fig 4.1 θr e f = r and ωr = ṙ .

The combination of these two models, gives the output of the Adaptive Feed Forward Controller
AF F .

AF F =Compg +Comp f r (4.8)

For the Feedback controller several design methods were used in order to compare the perfor-
mance of the resulting controllers. This will be explained in section 4.2.

4.2 Feedback Controller Design

The desired controller for the reconfiguration mechanism should have a robust tracking and
disturbance rejection. In the previous section ( 4.1) a controller that is able to cope with the
non-idealities (disturbances) of the reconfiguration mechanism was found. Based on this
premise, the feedback controller must deal with the control of the plant, considering it as ideal.

Nowadays, there exist many control strategies options, each of them has its advantages and
disadvantages. A well known control system to achieve robust servomechanisms is the PID
controller. Thus, the feedback controller for the reconfiguration mechanism will be designed
using a PID controller structure. Taking advantage of the simple and systematic design proce-
dures for this type of controllers. A PID series algorithm will be design using the rules of thumb
mentioned in 2.3.1.2. The parallel PID algorith is also choosen due to the flexibility during
its design. The ideal algorithm was not implemented, as not an specific tuning procedure is
preferred.
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4.2.1 Plant

As mentioned before the plant used for the design of a feedback control is considered to be
ideal, as shown in Fig 3.18 and 3.19. Nevertheless, it is necessary to check if the informa-
tion that this plants (complete plant and flexible mechanism) give us is sufficient and of good
quality to design a controller based on it.

From the bond graph in Fig 3.18 we can obtain the following state space representation of the
system [5].

A =


0 −1

Im−n2
1 Ig b

0

n1
Ctb

0 −n2n3
Ctb

0 n2n3

Isph+n2
3 Iscg

−Isph Rs

Isph+n2
3 Iscg

 (4.9)

B =


rGY

Im−n2
1 Ig b

0

0

 (4.10)

C =
(
0 0 1

)
(4.11)

D =
(
0
)

(4.12)

After value substitution is possible to know that the rank of the A matrix is 3 (full rank). Nev-
ertheless, the condition number of the matrix is very high (1781624071.5), meaning that there
is a high correlation between the rows of the matrix, i.e. there is a dependency on the states of
the storage elements. Also the controllability matrix R for system:

R =
(
B AB A2B

)
(4.13)

is not full rank (r ank = 2). From this we can say that considering all the elements in the bond
graph as the plant for our controller is not a good approach.

Reducing the model of the plant to one of the classes of motion systems (four order plants), as
shown in Fig 3.19, is possible to get useful information about the plant. Since the class of the
electromechanical system is a flexible mechanism, and the the feedback signal is representing
the angular position of Isph , then the transfer function for the four order plant is of type R,
and it has a resonance frequencyωr = 67288 r ad/s, which is a very high value compared to the
desired crossover frequencyωc ≈ 100 r ad/s, which according to the stability analysis condition
for the transfer function type R (ωr > 4×ωc ), the system is stable.

It is possible to say that the high value for the resonance frequency is the result of the rela-
tively high value of the stiffness (Ktb = 125460750 N m/r ad) compared to the inertias (Im =
0.043445835 kg m2/r ad and Isph = 0.07649972449 kg m2/r ad). This means that the connec-
tion between the two inertias can be consider as rigid, and thus, the plant can be consider as a
single moving inertia with the following transfer function.

P (s) = 1

Itot al s2 (4.14)
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The plant described by equation 4.14 will be used during the design of the Feedback controller.
The total inertia is Itot al = 0.119945559 kg m2/r ad .

4.2.2 Series or interacting PID

The first method selected for the Feedback controller, is designing a series (interacting) PID
controller, as the one presented in section 2.3.1.2, also using the mentioned rules of thumb of
the stability analysis approach.

With this in mind, several controllers were designed and tested using different crossover fre-
quencies ωc . The chosen frequency, ωc = 100 r ad/s, was the one with the best behavior, i.e.
with better speed response and better accuracy when tracking the set point.

The design procedure of the PID controller starts once the total mass or inertia of the plant and
the desired crossover frequency are known. Since this data is already available, the calculation
of the proportional gain Kp and the time constants can be done to start the tuning of the PID
controller as follows:

Kp = ω2
c Itot al√
β

= 1002 ×0.119945559p
10

= 379.3 (4.15)

τz =
√
β

1

ωc
=p

10
1

100
= 0.031 (4.16)

τp = 1√
βωc

= 1p
10×100

= 0.0031 (4.17)

τi ≥
√
β

2

ωc
≥p

10
2

100
≥ 0.062 (4.18)

Finally, according to the obtained quantities, the controller’s transfer function is given by:

C (s) = Kp · sτz +1

sτp +1
· sτi +1

sτi
= 379.3 · 0.031s +1

0.0031s +1
· 0.062s +1

0.062s
= 0.73s2 +35.275s +379.3

1.92×10−4s2 +0.062s
(4.19)

With the obtained model from Chapter 3, the feed-forward from equation 4.8 and the feedback
controller shown in equation 4.34, the structure from Figure 4.1 was implemented in 20-sim.
Simulations are shown in Figure 4.2.

Even though it is possible to see that the maximum tracking error, after five seconds, is around
0.0005 r ad , there is a high overshoot (40%) when the controller begins to actuate. Because of
this large displacement, when this controller is used in the setup, the moving arm will most
likely move abruptly and probably hit one of the end stops. If this happens, there could be
disturbances or damages to the sensors which are fixed on the structure. For this reason, the
displacement at start-up should keep a distance of at least 0.5 r ad away from the end stops.
Besides that, large displacements during operation are not desired, and there is the possibility
that the transmission ratio needs to be changed in large values. Thus, to decrease the big
displacements, it is desired to limit the gains of the controller at lower frequencies. This can be
done by increasing τi , so the integral action stops earlier, which was achieved by tuning it to a
value of 0.562s, which is very high compared to value obtained in equation 4.18.

As an extra measure to avoid the high overshoot when using this controller, a change in the
initialization procedure of the setup was implemented. This is described in Appendix B.
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Figure 4.2: Series PID controller simulation

The change in the controller behavior can be seen in Figure 4.3. It is possible to observe how
the magnitude at low frequencies now is smaller and the phase advance starts also, at very low
frequencies.
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Figure 4.3: Bode Plot PID controllers with 100 r ad/s bandwidth

The controller transfer function is changed as follows:

C (s) = Kp · sτz +1

sτp +1
· sτi +1

sτi
= 379.3 · 0.031s +1

0.0031s +1
· 0.562s +1

0.562s
= 0.73s2 +35.275s +379.3

0.3158s2 +0.562s
(4.20)

The simulation of the modified controller gave the results shown in Figure 4.4. Where we can
see how the overshoot has been reduced, and the risk of crashing with the end stops does not
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exist any more. Besides the maximum error in the position of the reconfiguration mechanism
is about 0.002r ad , which represents 0.25% of the operational range. With these results both
controllers were tested in the setup, with the corresponding precautions to avoid damage on
the setup, when testing the first one.
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Figure 4.4: Modified Series PID controller simulation

4.2.3 Parallel or non-interacting PID

In this section a more pragmatic approach for the design of the controller is will be explored.
This consists on designing a parallel (non-interacting) PID as the one mentioned in section
2.3.1.1.

In this approach it is possible to keep the value of Kp obtained in section 4.2.2, due to the fact
that it is related to the plant which remains the same.

Looking at the resonance peak, which occurs at an infinite gain of the complementary sensi-
tivity function, we have:

T (s) = P (s)C (s)

1+P (s)C (s)
= Kp /Itot al s2

1+Kp /Itot al s2 = Kp

Kp + Itot al ( jω)2 (4.21)

Kp

Kp + Itot al ( jω)2 ÷Kp ⇒ 1

1− Itot al
Kp

ω2
(4.22)

At resonance frequency, it is possible to see that ωc is given by:

ωc =
√

Kspr i ng

m
=

√
Kp

Itot al
(4.23)

Based on equation 4.23, it is possible to see that Kp acts as a virtual spring. Furthermore, critical
damping in a second order plant occurs under the circumstances given by equation 4.24:

cr i t i cal d ampi ng = 2
√

Kspr i ng m = 2
√

Kp Itot al (4.24)
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Based on the affirmation that Kp behaves as a spring, using the critical damping described and
adding the damping ratio parameter (ζ) it is possible to calculate the desired virtual damping
(Kd ) of the system, as shown in equation 4.25:

Kd = 2ζ
√

Kp Itot al = 2 ·0.7 ·p379.3×0.119945559 = 9.44 (4.25)

The damping ratio parameter (ζ) was chosen equal to 0.7, based on equation 4.26 [23], which
relates the percentage overshoot to the value of ζ. Thus this value results in a reasonable over-
shoot (less than 10%) being a good compromise between rise time and settling time.

ζ= − ln(%OS/100)√
π2 + ln2(%OS/100)

(4.26)

With respect to integral action, the gain was tuned manually with the aid of simulations and
choosing the one that yielded the best results. The selected value is Ki = 20.

To obtain the PID parallel controller, equation 4.27 is used. Moreover, the canonical form of the
controller is given by equation 4.28.

C (t ) = Kp e +Kd ė +Ki

∫
e = 379.3e +9.44ė +20

∫
e (4.27)

C (s) = Kd s2 +Kp s +Ki

s
= 9.44s2 +379.3s +20

s
(4.28)

Since the Parallel algorithm results in a non proper transfer function, is not possible to analyze
the behavior of the controller by means of a bode plot, like we did with the Series PID algorithm.
Nevertheless, it is possible to take advantage of the simulation tools to check the behavior of
the system when this controller is applied. The results of the simulation are shown in Figure
4.5.
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Figure 4.5: Modified Series PID controller simulation

In Figure 4.5 it is possible to observe that the designed controller does not have any overshoot,
and the maximum error is less than 0.0075r ad , which represents around 1% of the operational
range of the reconfiguration mechanism. Thus, this controller was considered as a good can-
didate to be the final controller for the reconfiguration mechanism.
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4.3 Comparison of designed controllers

In this section a comparison between the designed controllers is presented, given the fact that
they have been tuned using two different algorithms. Nevertheless, the difference between
these algorithms is how the Proportional, Integral and Derivative gains affect each other. Taking
into account that two controllers are in the series form, an equivalence for the Parallel PID
controller to a Series PID controller was obtained as described in [24]. The first step is to get the
equivalence from the Parallel PID to the ideal PID, because they are very similar, the equations
that describe the Parallel PID (left) and Ideal PID (right) controllers are shown in equation 4.29.

Ccp (s) = Kcp + 1

Ti p
+Td p s ⇒ Cci (s) = Kci

(
1+ 1

Ti i s
+Tdi s

)
(4.29)

From equation 4.29, the following equivalences are obtained:

Kci = Kcp Ti i = Ti p Kcp Tdi =
Td p

Kcp
(4.30)

Solving this equations with the data from the Parallel PID controller we obtain:

Kci = 379.3 Ti i = 0.05×379.3 = 18.965 Tdi =
9.443

379.3
= 0.02489 (4.31)

Then, the ideal controller gains can be transformed to series controller gains, according to [24],
if Ti i > 4T di , it can be shown:

Kcs = 0.5Kci

(
1+

√
1−4

Tdi

Ti i

)
, Ti s = 0.5Ti i

(
1+

√
1−4

Tdi

Ti i

)
, Td s = 0.5Tdi

(
1+

√
1−4

Tdi

Ti i

)
(4.32)

Solving with the values obtained in equation 4.32:

Kcs = 378.8, Ti s = 18.94 Td s = 0.02485 (4.33)

After obtaining the values for the gains of the Series PID controller they can be substituted in
the equation 4.34, where t auz = Td s , τi = Ti s , Kp = Kcs and t aup = 0.1×Td s , obtaining the
following transfer function:

C (s) = 178.5726s2 +7183.9s +378.8

0.04714s2 +18.94s
(4.34)

Once that all the controllers were represented as the same type of controller, it was possible to
compare the behavior of the three designed controllers. This is shown in Figure 4.6, where we
can observe that all the controllers have a crossover frequency of 100r ad/s (where the maxi-
mum phase lead occurs). It is observable that in the Parallel PID controller the integral action
stops earlier, and the damping action starts also at lower frequencies, while all the controllers
have the same behavior after the crossover frequency.

Furthermore, the closed loop stability of the controllers was tested for the plant from equation
4.14, obtaining the results shown in Figure 4.7 in a Nichols chart. In the Figure we can observe
that all the controllers have a stable behavior, being the Series PID 1 the one that is closer to
the unstable region (circle of 6dB gain for complementary sensitivity function). Given the fact
that the plant is being considered as ideal, special attention is needed for the experiments, as
the non idealities are totally compensated with the models obtained in section 3.3.
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Figure 4.7: Nichols plot of controllers combined with second order plant.
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5 Results

This chapter shows the results obtained with the designed controllers from Chapter 4. As men-
tioned earlier, the adaptive feed-forward controller will be combined with the two selected
feedback controllers. In general, this chapter provides an overview of the different experiments
that were made and an analysis on the observed responses.

5.1 Experiment description

As a starting point, the basic information of the performance, i.e. settling time, overshoot,
steady state error, etc., will be obtained through a step response experiment. This will be de-
scribed in Section 5.2

In order to further test the performance of the designed controllers in the setup, two other
experiments are proposed. The first one, aims to provide insight on the performance of the
controllers throughout the transmission ratio ranges. Because of this, it only involved the re-
configuration mechanism part of the system. This first experiment, consisted in varying the
transmission ratio starting at zero and modifying the values to either side of the range (-3.5 or
3.5) using different speed rates in between the changes. This experiment is referred to as ratio
control and will be discussed in Section 5.3.

Nonetheless, to provide experimental evidence about the behavior of the controllers in com-
bination with the whole system (not only the reconfiguration mechanism), a more thorough
examination is proposed. This involved connecting our designed controllers to the reference
provided by the output position controller, which was developed and discussed in [10]. In this
case, we would like to compare the tracking error for each of the controllers with respect to the
current one. This final experiment will be explained in Section 5.4.

5.2 Step response

Because of the insight that it provides on the basic performance of a controller, the first experi-
ment involved a step response analysis. To do so, a reference was sent to the system requesting
a zero transmission ratio. As seen in Figure 3.9, the initial position of the arm is very close to
zero degrees (transmission ratio ≈3.5). With this experiment the system is requested to make
a movement equivalent to 50% of the transmission ratio range (from 3.5 to 0) instantaneously,
i.e. a step. During this test, it will be possible to observe if the system overshoots or is over-
damped (and to which extent), and also to obtain a quantitative result of the steady state error.
The results of the experiment carried out in the setup are shown in Figures 5.1, ?? and 5.4.

As it is visible in Figure 5.1, the existent controller has a settling time of approximately 0.7s
and a small overshoot (≈ 5%). The steady state error is approximately 0.002r ad (≈ 0.25%),
which is quite acceptable. Nonetheless this controller’s response was lacking in other kind of
experiments, such as ratio and position control, which will be presented in Sections 5.3 and
5.4, respectively.

Armando Bonilla Fernandez University of Twente



CHAPTER 5. RESULTS 41

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

0

0.2
p

o
si

ti
o

n
[r

ad
]

θset poi nt θposi t i on

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−2
−1

0
1
2 ·10−2

t i me [s]

er
ro

r
[r

ad
]

posi t i on er r or

Figure 5.1: Step response using existent controller

The first designed control (Series PID 1), a series PID controller with a feed forward, and tuned
with the rules of thumb previously mentioned, gave the results shown in Figure 5.2. In the
plot is possible to see that the settling time is approximately 0.55sec and it has an overshoot
of around 48%. This means that compared to the previous (existing) controller, it is slightly
faster, however the steady state error in this controller does reach value very close to zero
(0.0002r ad ≈ 0.02% of the operational range).
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Figure 5.2: Step response using Series PID 1 and feed forward

The results for the second designed control (Series PID 2), a series PID controller with τi tuned
manually, and with a feed forward, are shown in Figure 5.3. This time it is possible to see that
the settling time is approximately 1.2sec and it has an overshoot of around 6.8%, which is very
low compared to the previous controller (seven time less overshoot). This means that com-
pared to the existing controller, it is slightly slower. The steady state error for this controller
reach a value of 0.003r ad ≈ 0.4% of the operational range.
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Figure 5.3: Step response using PID Series with τi manually tuned and feed forward

The third controller design consisted of a parallel PID also with feed forward. The settling time
obtained with this controller is around 0.6s and behaves as an overdamped system. Under
this conditions, the steady state error resulted in approximately 0.006r ad which accounts for
0.77%.
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Figure 5.4: Ratio control using PID Parallel and feed forward

Comparing these four different controllers, it is possible to conclude that there is an observ-
able trade-off between accuracy and settling time or overshoot. This means, in the first sce-
nario, that the fastest controller (parallel PID) obtains also the greatest steady state error and
the slowest one (series PID 2) does achieve very low error. In the second scenario, a fast and
accurate system, gives a very high overshoot, which is not desirable. Due to this trade-off, it
is not possible to thoroughly compare, using this experiment alone, the performance of these
controllers. In the next sections, the other experiments that were carried out will be described.
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5.3 Ratio control

Another important performance factor for the current work is the accuracy of the tracking
throughout all the working transmission ratio range and at different speeds.

The aim of this experiment was to check the quality of the tracking under extreme changing
conditions, which under normal usage will not be required. In this way, we would make obser-
vations in the worst case scenario and therefore test each of the controllers’ robustness.

The results for the three controllers (in the same order as presented above) are shown in Fig-
ures 5.5, 5.6, 5.7 and 5.8.

When the previously existing controller was subjected to this test, the results showed that the
tracking response at start-up (during the first 5 seconds) is very good. However, when the ref-
erence signal is (abruptly) changed, the tracking quality decays, presenting errors greater than
4%. This can represent a variation of 0.33N m for force actuation, which is considerable.
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Figure 5.5: Ratio control using existent controller

Based on the results from step response experiment shown in Section 5.2, the expectancy for
the series PID controllers that were designed, is that the quality of the tracking should be im-
prove with respect to the existing one. It can be seen in Figure 5.6, for the controller with-
out modification (Series PID 1), that this effectively is the case. Under the same conditions
of abrupt transmission ratio changes and speed variation, this controller presents an error no
greater than 0.65%. In the second graph, where the error in position is plotted, we can observe
that the average is very close to zero, which means that it responds well to any changes. This
attests to very good tracking accuracy and precision.
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Figure 5.6: Ratio control using PID Series without modification and feed forward. Plot shows the posi-
tion of the reconfiguration mechanism.

In Figure 5.7, the results using the Series PID controller with a tuned τi (Series PID 2) are shown.
Under the same conditions, this controller presents an error no greater than 1%. We can ob-
serve that, for this controller, the average error is also very close to zero. If a comparison be-
tween Fig. 5.6 and 5.7, is is visible that the tuned controller has a smoother behavior, based on
the fluctuations of the error.
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Figure 5.7: Ratio control using PID Series with τi tuned and feed forward. Plot shows the position of the
reconfiguration mechanism.

Finally, the test was performed using the parallel PID controller. From the results in Section 5.2
it was expected for this controller to have bigger error than the previous ones. Nevertheless, the
test results in Figure 5.8, showed a maximum tracking error ≈ 1%, which is very good. However,
it can be observed that the error remains 6= 0 throughout most of the experiment, which is not
desirable.
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Figure 5.8: Ratio control using PID Parallel and feed forward. Plot shows the position of the reconfigu-
ration mechanism.

During this experiment, it was possible to observe that the three designed controllers have a
better performance than the existing one. With the series PID controllers (1 and 2) standing
out, due to the low values of error achieved through the whole range of possible position for the
reconfiguration system. A final experiment, discussed in Section 5.4, will test the controllers for
standard operation conditions in a controlled passive actuation scheme.

5.4 Load Position Control

As explained before, in this experiment the existing and the three designed controllers will be
tested for position control of the load, taking as input the reference generated by the output po-
sition controller developed in [10]. This will give an idea of the performance of the controllers
for the standard operation of the Dual-Hemi CVT in a controlled passive actuation scheme.
Figure 5.9 depicts the control structure used for the load position control. In it, the load po-
sition controller outputs a signal for force actuation, then a force controller calculates the re-
quired transmission ratio to reach the desired force, and finally the desired ratio is converted to
a position for the reconfiguration mechanism and fed into the controller, which will be tested
during this experiment.

Load Position
Control

Force
Control

Ratio to
Position

Position Control
Reconf. Mech.

To be tested

Figure 5.9: Load position control signal flow diagram.

The results of the experiment are shown in Figures 5.10, 5.11, 5.12 and 5.13. The reference
signals, in this case, are different as they are generated in real time the position-force controller
of the Dual-Hemi CVT.
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When the existing controller was subject to the position control experiment, it the results were
very similar to the ones in the ratio control experiment, they can be observed in Figure 5.10. A
maximum error of ≈±5% was reached, which is not desirable for force actuation.
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Figure 5.10: Position control using existing controller. The plot shows the position of the reconfiguration
mechanism.

The Series PID without modification (Series PID 1), had a performance very similar to the one
obtained in the ratio control experiment, in the plot shown in Figure 5.11. Nevertheless the
behavior for this controller was not as good as expected during the test, as it make the system
unstable for most of the trials, even though the sample frequency was incremented at twice
the value that all the other controllers use to work without any problem. However, during a
successful trial, it is possible to see that the error remains ≈±1%.
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Figure 5.11: Position control using PID Series and feed forward. The plot shows the position of the
reconfiguration mechanism.

The Series PID controller with tuned τi (Series PID 2), had a performance very similar to the
one obtained in the ratio control experiment. The position control results are shown in Figure
5.12. It is possible to see that the error also remains ≈ ±1% with an average value very close
to zero, thus with a very high quality in tracking accuracy. This controller, unlike the previous,
had a very stable behavior during all the experiments carried out.
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Figure 5.12: Position control using PID Series and feed forward. The plot shows the position of the
reconfiguration mechanism.

In figure 5.13 the position control results for the parallel PID controller are shown. It can be ob-
served that the behavior from previous experiment also holds in this case. The maximum error
stays ≈±1% with an average value 6= 0. However, the tracking performance of this controller is
considerably better than the existing one.
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Figure 5.13: Position control using PID Parallel and feed forward. The plot shows the position of the
reconfiguration mechanism.

This experiment showed again that the combination of the adaptive feed forward controller
combined with the Series PID 2 gives an outstanding performance over the existing and Parallel
PID controller, and in this case, a much better behavior than the Series PID 1, since the last
one have unstable behaviors during the experiments. The effect of the controllers can also be
observed in the load position, as shown in Figures 5.14, 5.15, 5.16 and 5.17. It is remarkable that
the performance obtained by the Series PID 1 controller was not repeated in most of the trials.

In Figure 5.14 we can observe large errors in the desired final position of the load, produced by
the significant errors in the transmission ratio (dependent of the position of the reconfiguration
mechanism).
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Figure 5.14: Position control using existing controller. The plot shows the load position.

For the PID series controller without modification (Series PID 1), the error in the final desired
position of the load was ≈ 0, which reflects a good performance of the reconfiguration mech-
anism controller. Nevertheless, as mentioned before, this controller had unstable behaviors in
most of the trials. Successful results are shown in Figure 5.15.
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Figure 5.15: Position control using PID series controller without modification for reconfiguration sys-
tem. The plot shows the load position.

Using the PID series controller with τi tuned (Series PID 2), the error in the final desired posi-
tion of the load was also ≈ 0, which reflects the very good performance of the reconfiguration
mechanism controller. This is shown in Figure 5.16.
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Figure 5.16: Position control using PID series controller with τi tunned for reconfiguration system. The
plot shows the load position.

Finally, for the Parallel PID controller, it is possible to observe a very smooth behavior, just like
the Series PID with τi tuned, nevertheless, still with a steady state error present in the final
position of the load.
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Figure 5.17: Position control using PID parallel controller for reconfiguration system. The plot shows
the load position.

The position control experiment together with the ratio control experiment from Section 5.3,
give a very good overview about the performance of the controllers. Overall, the adaptive feed
forward controller combined with the Series PID has given the best results. In section 5.5,
an analysis of the energy consumption for the reconfiguration mechanism with the different
controllers is made, since the improvement of energy efficiency is the main goal of the ROSE
project.

5.5 Energy consumption

In this section, an analysis for energy efficiency of the reconfiguration system is made, this,
depending on the controller applied to the system just like in previous sections.
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First a comparison of the torques generated during the ratio control is done. This is shown in
Figure 5.18. It is possible to observe that the generated torques are very similar, thus it is not
possible to determine if one controller leads to a better performance in energy efficiency terms.
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Figure 5.18: Torque comparison for ratio control

The same analysis for energy efficiency was performed in the position control experiment,
where the torques generated by the four controllers are compared. This is shown in Figure
5.19. In this case, unlike the previous, it is possible to observe some differences. Specially in
the Series PID 2 controller, the torque has more stable behavior (less fluctuations) and keeps
value close to zero, which means less energy consumption compared to the other controllers.

2 4 6 8 10 12 14 16 18

−5

0

5

T
o

rq
u

e
[N

m
] E xi st i ng

0 2 4 6 8 10 12 14 16 18 20

−5

0

5

T
o

rq
u

e
[N

m
] PI D Ser i es 1

0 2 4 6 8 10 12 14 16 18

−5

0

5

T
o

rq
u

e
[N

m
] PI D Ser i es 2

0 2 4 6 8 10 12 14 16 18 20

−5

0

5

T
o

rq
u

e
[N

m
] PI D Par al lel

Figure 5.19: Torque comparison for position control

5.6 Controller selection

To summarize the results obtained in the experiments described in Sections 5.2, 5.3 and 5.4, Ta-
ble 5.1 was generated. It is important to note that not all the experiments contribute equally to
the selection criteria. Because of this, different weights are attributed to each of the tests. The
step response, for example, doesn’t provide information about the behavior of the controller
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for all the positions inside the operational range, that is why this experiment has lower weight
compared to the other two. The ratio control gives an idea of the behavior of the reconfigu-
ration mechanism along all the operational range, nevertheless, this does not reassemble the
standard operation mode. Because of this, the experiment receives less weight than the posi-
tion controller. Finally, the most importance in the criteria is attributed to the position control
experiment, because it tests the controller in the nominal conditions under which it is meant
to work (controlled passive actuation).

Table 5.1: Comparison of controllers performance for different experiments.

Experiment
Controller Weight of

experimentExisting FF+Series PID 1* FF+Series PID 2 FF+Parallel
Step Response ++ – + - X
Ratio Control – ++ + - XX
Load Position Control - – ++ + XXX
Selection Series PID 2 with Feed Forward

*Controller with unstable behavior for any of the experiments carried out.

In table 5.1, the ++ symbols were assigned to the controller with the best performance in the
experiment, a + symbol to the second best, a – to the controller with the worst performance
and a - to the controller in between the two previous cases. All in all, it is possible to observe
that the best performance was obtained with the combination of the feed forward controller
and the Series PID controller with τi tuned (Series PID 2). Furthermore, taking into account
the results in Section 5.5, it is once again this combination, the one with the highest energy
efficient behavior. The high gains at low frequencies of the Series PID 1 controller came out in
the last experiment, causing unstable behaviors in the system.
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6 Conclusions and Recommendations

6.1 Conclusions

The aim of this assignment was to design a controller for the reconfiguration mechanism of
the Dual-Hemi CVT. The system’s goal is to improve the energy efficiency of walking robots, by
means of the controlled passive actuation (CPA) principle. The reason to focus on the controller
for the reconfiguration mechanism is given by the fact that the CPA is heavily dependent on the
performance of this mechanism. Therefore, having a good controller for this part of the Dual-
Hemi CVT leads to a higher efficiency for the whole system.
Because of this, our research question turned into finding out which controller generates the
best performance for the reconfiguration mechanism.

The modeling and design steps that were taken are chapter specific and were presented in
chapters 3 and 4, respectively. The empirical findings were presented in Chapter 5. In syn-
thesis, the results in each of these areas are given by:

• Non-idealities Modelling: After the identification of the friction and residual forces, they
were represented in the model as a single element. This proved to be a good decision
because, for the general purpose of this thesis, it was not necessary to investigate further
the specific causes for each of the disturbances, but rather have an approximation of the
total effect. Nevertheless, it is recommended to create separate models for the friction
and residual forces, in order to compensate more accurately for the non idealities. For
instance, as mentioned in section 3.3.1, a LuGre model for the friction forces is expected
to resemble the effects of stiction, coulomb and viscous frictions.

• Competence of the model: Comparing the simulations with empirical findings, it was
possible to determine that the level of detail of the obtained model was sufficiently com-
petent for the purpose of this thesis (to design a controller based on this model).

• Series PID 1 controller designed using the rules of thumb: This controller obtained very
good results in continuous time (simulations) for smooth changes in the reference path,
however, in limited sample frequencies (discrete control) experiments, it showed unsta-
ble behavior. Basically, for this controller to perform as well as in the (continuous time)
simulations, very high frequencies are required (3 times higher frequency compared to
the other designed controllers).

• Improving the results of the Series PID 1 controller: By combining the tunings ob-
tained using the rules of thumb with the insight from simulations with abrupt reference
changes, it was possible to tune the controller based on the desired frequency response.
This led to a stable behavior that kept the originally good performance (this controller is
referred to as Series PID 2).

• Final selection: The chosen controller for the reconfiguration mechanism was the Series
PID 2, as it presented the best performances in tracking error and response time as well
as good ability to cope with the non-idealities of the system.

In this study it was possible to see the differences between the modelled ideal plant and the
actual plant. In spite of the fact that the non-idealities were taken into account in our model,
they were not compensated completely. By definition a model can never represent 100% the
real system. This is why the evaluation of the model is given in terms of its competence to fulfill
a purpose, otherwise the level of detail that can be reached is practically limitless. In our case,
the goal was to design a controller based on this model. Because of this, a small adjustment to
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the tunings given by of the rules of thumb, for this thesis, is an acceptable price to pay to save
the considerable amount of time that a fully comprehensive model of the non-idealities or the
implementation of a learning feed forward controller would have cost. All in all, after doing
these adjustments, the results were very satisfactory and we were able to fulfill the requirement
of improving the performance of the reconfiguration mechanism of the Dual-Hemi CVT.

6.2 Recommendations

As mentioned before, it is recommended to further develop the found friction model for the
non idealities, so the feed forward controller is able to compensate, in a bigger measure, for
the non idealities acting on the system. A separate model for the residual forces of the spring
needs to be generated, which is expected to be linear or polynomial model.

Since the selected controller has a very good and reliable behavior, it is advise to use a simi-
lar approach for the improvement of the force-position controller of the Dual-Hemi CVT. The
model developed in Section 3.1, can serve as a start for this procedure, since the values for all
the components have been already calculated.
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A Appendix 1

A.1 Dual-Hemi CVT elements’ detail

Element Value
Motor (as source of Torque) T -
Motor inertia Im 2.12×10−6 kg m2/r ad
Motor shaft stiffness 480.4617 N m/r ad
Inertia of gear mounted on motor shaft Ipr g 4.34×10−8 kg m2/r ad
i1 6.3 mm
Belt drive transformer (the belt stiffness) Ctb 5296000 N /m
i2 1/28.27 1/mm
Inertia of secondary gear Iscg 5.226×10−6 kg m2/r ad
Rotational stiffness of the arm to fix the outer
part of the clock spring

29.275×106 N m/r ad

Inertia of the arm to fix the outer part of the
clock spring Iscl

6.616×10−5 kg m2/r ad

Stiffness of the clock spring Kcs 0.33062 N m/r ad
Inertia of safety clutch + shaft + sun gear Isng 1.8823×10−5 kg m2/r ad
i3 7.925 mm
Stiffness between teeth of sun and planet gears ∞
i4 1/10 1/mm
Inertia of planet gears Ipt g 3.693×10−6 kg m2/r ad
i5 10 mm
Stiffness between teeth of ring and planet gears ∞
i6 1/28.15 1/mm
Inertia of the carrier (cage) Icag e 2.7255×10−5 kg m2/r ad
Inertia of the ring gear Ir g g 1.1663×10−4 kg m2/r ad
Stiffness of shaft from ring gear to crown gear1 17766.638 N m/r ad
Inertia of crown gear1 Icng 1 1.2021×10−4 kg m2/r ad
i7 30.25 mm
Stiffness between teeth of gears ∞
i8 1/31.413 1/mm
Inertia of spur gear1 + sphere1 + its shaft Isp1 1.5841×10−3 kg m2/r ad
CVT with unknown stifness and variable trans-
mission ratio

-

Inertia of spur gear2 + sphere2 + its shaft Isp2 1.5745×10−3 kg m2/r ad
i9 31.413 mm
Stiffness between teeth of gears ∞
i10 30.25 1/mm
Inertia of crown gear2 Icng 2 1.2778×10−4 kg m2/r ad
Stiffness of shaft from crown gear2 to spur gear3 362.368 N m/r ad
Inertia spur gear3 Ispg 3 4.891×10−4 kg m2/r ad
i11 60.5 mm

Table A.1: Elements that form the DH-CVT and its values
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Element Value
Stiffness between teeth of gears ∞
i12 1/60.5 1/mm
Inertia of spur gear that connects to cage Ig cg 1.1685×10−3 kg m2/r ad
i13 60.5 mm
Stiffness between teeth of gears ∞
i14 1/60.5 1/mm
Inertia of spur gear output + output shaft Ig out 5.2974×10−4 kg m2/r ad
Stiffness of output shaft 47909.287 N m/r ad
Load Iload -

Table A.1: Elements that form the DH-CVT and its values
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A.2 Reconfiguration mechanism elements’ detail

Element Value
Motor (as source of Torque) T -
Motor inertia Im 2.12×10−6 kg m2/r ad
Gearbox ratio 1:35
Gearbox Inertia Ig b 1.7692×10−7 kg m2/r ad
Belt drive input ratio 6.9 mm
Timing belt stiffness Ctb 7500000 N /m
Belt drive input ratio 1/28.22 1/mm
Inertia of secondary gear of belt drive 3.45035×10−6 kg m2/r ad
Length of lever 120 mm
Mass of mobile sphere module Msph 4.5 kg
Stiffness of gravity compensator spring Cg c 1800 N /m
Rolling friction between spheres Rs . 3.2
Force due to gravity Fmg Msph × g × leng th o f l ever ×cos(θr )

Table A.2: Elements that form the reconfiguration mechanism and its values
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B Appendix 2

B.1 Soft initialization for DH-CVT

It is desired to avoid overshoot due to the abrupt change in the set-point at the beginning of
the experiments in the Dual Hemi CVT. Because of this, a modification to the to the homing
sequence was made. In this, instead of using the calculation of a cycloid to control the torque
fed to the reconfiguration system motor, a path with a sine wave like signal was put as a refer-
ence for the controller, giving enough time to make a smooth transition to the initial position
of the experiments (tr ansmi ssi on r ati o = 0). The results are shown in Figure B.1, where we
can observe that using the Series PID 1 controller generates no overshoot, thanks to the new
homing procedure. In Figure B.2 it is possible to observe the behavior of the reconfiguration
mechanism for whole experiment.
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Figure B.1: Soft transition to initial position in experiments.
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Figure B.2: Position control using PID Series 1 with soft initialization. The plot shows the position of the
reconfiguration mechanism.
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