Approximate Least Squares Accelerator
MScThesis

Alexander Krapukhin

Committee:
Dr.ir. A.B.J. Kokkeler
S.G.A. Gillani
Ir. J. Scholten

Computer Architecture for Embedded Systems
Faculty of Electrical Engineering,
Mathematics andComputer Science
University of Twente
Enschede
The Netherlands

January 2019






Contents

AADSTIACT ...ttt e nh ettt e e e e e e e e e s 4
T 1o o [FTot i o] o PO TP PP PP P P PP PPPPPPPPRTPPPON 5
1. LIEEIATUIE T@IIEW. ...cii ittt e e e ettt ettt ee et e e e e ettt e e e e e e e e e e e e e s 7
1.1. Error reSiliencCe @nalYSIS.......cccooiiiiiiiiiieeeiiiiiee e ennnneeeee o]
1.2. Approximate computing tECNNIGUES.........oiiiiiiiiiiiii et e e 12
2. Multiply-accumulate unit and its approXimation...............veeiiiiieeiiiciee e 15
2.1. Least SQUAres ProbIBIM... ... e e e e e e e e re e 15
2.2. Multiplieraccumulator (MAC).........cuiiiiieeeee e 16
2.3, UNIE gAte MOUEL......eeiiiiiiiieie et e e 18
2.4, ErOrs @nd EITON METICS. . .ceiiiiitteeteeeesaitieee e e e e e sttt e e e s st r e e e e e s s e e e e e e e s sannbrrreeeeeans 19
2.5, MItigation Of @ITOIS........oo oo e e e e e e e e e e e e e e e e e e e e e s e e s s e e e s s e eanannnes 23
2.5.1. Mean error BalanCinGu..........oooiiiiiii i 23
2.5.2. Using two mMultipgrs With OPPOSItE EITOIS.........uviiieeiiiiiiiiieie e e e e e e 23
2.5.3. Accumulator iNtAlZAtION. ...........ueiiiie e 24

2.6. Approximate units against careful data Sizing..............oooiiieiiicceiiiiiie e 25
2.7. Approximate MUItipliers for MAQC...... ... 26
2.7.1. Recursive approximate MUIiplerS..........ccccveiiii e 26
2.7.2. Dynamic Range Unbiased Multiplier (DRUM).........ccooiiiiiiiiiiiiiiiiee e 34
2.7.3. LowPower ApproxXimate MAC UNIL..........couiiiiiiiiiiiieee i 36
2.7.4. Approximate BoOOtMUILIPIET. ... 37

3. Comparison of approxXimation MEethOdS.............ooviiiiiii i e 39
3.1. Experimental Setup fOr COMPATISONS. .........uuiiiiieeiiiiieeee et 39
3.2, COMPATISON FTESUILS. ....eeiiiieiiiiiiii et e sttt e e s e e e e e e e e e e e snnb e e e e e e e e e anne 44
3.2.1. M1 AgaiNSt M2 LY P& ....eeiiiiieiiiiiiiiee e et e s sinnne e e nnnneeee e 4D
3.2.2. MSE minimization against ME Mization...................coooeiiiiiiiiiiieeveeee e 47
3.2.3. MSE minimization against variance mindiidi. ................eeveeereereereeereereeeereeeeeeeeeeennns a7
3.2.4. Leading M3 combinations against M2 combinations..............cccoecvvmiieeeeiiiiiiennenn. 50
3.2.5. Truncation of partial products against truncation of INPULS...........ccceeeeeeeiiiiiiieennn. 51
3.2.6. DRUNM.. ..ottt e e e et et e et r e e e e e e e e e et a e e e e aaes 52
3.2.7. Lowpower approxXimate MAC...... ... 54
3.2.8. Approximate Booth multiplier against truncated Booth multiplier.......................... 55
3.2.9. Truncation of partial products against other approximate techniques................... 57
3.2.10. Effectiveness of using 2X2 MUIRIPIEIS...........ovviiiiiiiiieeeee e 61
3.2.11. Additional experimentsr the 16X16 CASE...........ccoeiiiiiiiciieeeeeee e 64

3.3. CoMPAriSON CONCIUSIONS.......uuuiiieiiiiiiieieei ettt et a et e e e e e e e e e e e e e e e e es e e e e e e e eeeeeeeeeneeeeneeeeeeees ] 66

2



4. Leastsquares approximation applied to idio astronomy calibration...................cccevvvvvvieee... 67

4.1. Radio astronomy CalibratiQn...............ooooiiiiii i 67
4.2. Floatingpoint to fiIXedPOINt CONVEISION.........cciiiiiiiiiiiee et e e 69
4.3. Approximation of the Stefcal algorithm.............coooiiiiiiii 73
4.3.1. Truncation Of partial ProAUCES..........uuuiiiiiiiiiiiiieeeee e 75
4.3.2. TrunCation Of INPULS.....coiiiiiiiiiicc e e e e e aaaaae e 78
A.3.3. DRUM. ...ttt ettt e e e e e e e e e e et a s 81
TN B @ ] ofe] 141 o] (=211 0] o WP PPP O PPPPPPRRPP 82

B4, OVEIVIEW...eeeeeeiiiittee et e e ettt et et e ettt e e e e e s e et e e e e e e s b e e et e e e e e e e snnn e et e e e e e annnbnneeeeeeaannnn 86
CONCIUSIONS. ...ttt ea ettt e e e e e ettt e e e et e e e e e e et r e e e e e e e e 87
FUTUIE WOTK .ttt ettt ettt e e e e e s e e e e e e e e e e e nnnnneed 38
REEIEICES. ...ttt ettt ettt et ettt ettt ettt e e e et ante b ab bbb bbb nnnne 89
Appendix A. Approximate MAC compariSON PIOLS............uuuuuiiiiiiiiiiinre e 92



Abstract.

Approximate computing allows to reduce power, area or increase the splediccuit by simplifying

its logic.This simplification introduces errors in computatioBemeapplicatiorscan tolerate a certain
degree of inaccuracgnd the correct computatiom are not necessary to produce acceptable results.
In this work, approximi@ computing methods are applied to the least squares problenmerms of
hardware required, the least squares computation consists of a multipteumulator (MAC),
squareraccumuator (SAC) and divideAsthe SAC is a special simplified versiothefMAC, and the
division is typically done only once at the end of the computation, the MAC unit approximatian is
most important to analyze.everal approximate techniques aeppled to the MAC and their effec-
tiveness is compared. The resultstbis MAC analysis arased to approximatehe more complex
least squares unit. As a case studyere the approximation of the least squares is appliedlio
astronomycalibration is usedThe calibration is performed by iteratively solving the least squares
problem to estimate complex antenna gaifishis algorithm does not require the same precision dur-
ing its computation, which allows to map some number of initialatiens to a loweprecision (or
approximate) hardware in order to decreatfe energy consumpdin.



Introduction

Approximate computing is an emerging paradigm for the area, powedelayreduction.The educ-

tion of the power consumfion is one of the main challenges in computing today, both for -pigih
formance computing and for embedded systemmBecoreideabehind approximate computinig to
simplify the logiof the circuitto achieve savings at the cost of accuracy reductiomeSapplications

are particularlytolerant to errors. These include audio and video applications as hemdmusersare

not able to notice small deviations, machine learning and artificial intelligence as these algorithms
often can deal with erroneous datdigital signal processing as the r@abrld inputs are noisyMany

of these applications are resourégower-hungty, and their error resilience can be exploited by using
approximations to save energy, area, and increase performance at the cost of adeaptality deg-
radation.

Adders and multipliers are the main building blocks of computing units. In the recert, yaany
novel approximate adders and multipliers have been proposed in the literature. All of them introduce
certain simplifications to citgts in order to decrease area, power, or critical pathe optimization

of power and area is not something newpwever. For example, Wwen a floatingpoint algorithm
needsto be mapped on hardwareif is desirable to use the fixegoint hardware as thedgic circuits

of fixedpoint hardware are much simpler and the power consumption is smediempared to those

of floating-point hardware In the process of mapping to fixgubint hardware, the main challenge is

to optimize the bit widths of signals suchaththe total cost otthe requiredhardware is minimized
andat the same timehe performance is satisfieth thisprocess the signals are truncated or rounded,
introducing errors in the computatiomn this case the arithmetic units stay accurate, but they operate
on smaller signals. Also, to avoid the bit growth, truncated multipliers are often used in digital signal
processing applications. The logic of these multipliers either stays accuratesnatstihit is truncated,

or the internal logic is simplified as well. These traditional methods can be thought of as belonging to
the approximate computinglomainas well, a they also enablatradeoff between the accuracy and
cost. In that sense, it is natear what is the advantage tfe new approximate computing methods

in comparison to the traditional fixedoint truncation methods, as these new architectures are typi-
cally not compared with the truncation methods.

One of the fields where the reductionsf poweris a critical challenge is the radio astronomy signal
processing. An example is the upcoming Square Kilometer Array (SKA) which is going to have enor-
mous power rguirements. This array will have a large number of antennas, and each antenna ele-
mentwill receiwe noise dominated dataApproximate computing methods can be helpful in reducing

the power consumption of the required computing units. One of the computatiamish can be ap-
proximated is the calibration of antennas, which can be performeddrgtively solvindinear least
squares problemsin this work, the possibility of applying hardware approximate computing tech-
niques to the least squares probleminvestigated.

The research questions are formulated as follows.

- Comparison of various gpoximate computing techniques present in literatureitwestigate
how the novel approximate methodgerform compared to the traditional truncation meth-
ods,and evaluatio oftheir applicability to the least squares computation.

- Application of @proximatbnsto the radio astronomy calibratioalgorithmto determinehow
much energy can be saved by using different approximate computing methods.

The work is divided into theoflowing chapters. Chapter 1 is a literature review of the approximate
computing fietl. Chapter 2 introduces the selected approximation methaldexplains their opera-
tion. Chapter 3 presents a comparison of several approximate computing techragpéed to the
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multiplier-accumulator unit Chapter 4 describes the application of the appmate methods to the
radio astronomy calibration algorithm

The main contributions of this work are the comparison of different approximation methods and the
applicationof these methods to a real radio astronomy application. Such comparisons perfanraed i
systematic way are rare in the literature. The application of these methods to-aoghl application

is also not straightforward. An approach to find an effectigpraximation configuratiorfior the radio
astronomy calibratiorusing a small numberfeimulationsis described in chapter. Also, in the pro-
cess of this workdlifferent scripts were implemented which automate the comparison process, and
many models andarle generators were built to effectively compare and apply these approximate
methods.This code can be useful in the future research.



1. Literature review.

To efficiently apply approximate computing to a specific application, the error resilience aptie
cation needs to be analyzed and an appropriate approximate comptéatmique should be chosen
according to the error analysis. Error resilience analysis allows to identify instructions/kernels/data of
a program where approximations could be allowéghproximations then can be introduced by using
software and hardware appximate computing techniquesn this chapter various error resilience
analysis methodologies and different approximate computing techniques available in literature are
considered.

1.1.Error resiliencanalysis
Error resilience of applications can bitriduted to several factors [9]:

A Noisy inputc inputs from real world (from sensors for example) always contain some noise,
and applications processing this data already know howdndle that noise. Errors intro-
duced by approximate techniques can beastged as additional noise.

A Redundant input data.

A Perceptual limitationg an image processing application can produce an image which contains
some errors, but they are hardly notiddy a human user.

A Statistical, selhealing computation patterng applicaions may employ computation pat-
terns (such as statistical aggregation and iterative refinement) whtdhnsically attenuate or
correct errors

A range of outputs are equivalemti.e. no unique golden output exists

To effectively apply approximate compad, it is important to analyze error resilience of applications.
An application always contains errtilerant parts and errossensitive parts. The goal of error resili-
ence analysiss to identify the erro#tolerant parts and the amount of approximationsigh can be
applied on them, as well as to get insights into what kind of approximation techniques can be used.
On the other hand, erresensitive parts must be kept accurate asyhieclude pointer arithmetic,
conditions, control instructiong all thesecan lead to crashes and unacceptable results if they are
approximated.

The main principle in the error resilience analysis is to inject errors (according to some chosen error
model)into different parts of the application and monitor the output to see hitwe errors affect the

result. To quantify the quality degradation, a quality function has to be defined which indicates how
far the approximate result is from the exact one. In pijite, any function which produces a measure

of the difference between accate and approximate outputs can be used. Examples of such functions
include mean square error, mean percentage error, peak siprabdise ratio, biterror rate and so on

[16]. Theselection of quality metric is based on the analyzed application. The &freyrors for which

the quality function is satisfied can be regarded as the approximation space of the application.

Over the past few years, many works have been presented &sashe applications for intrinsic error
resilience. In this section some of the most relevant papers are reviewed and main ideas and results
are described.



Analysis and Characterizationloherent Application Resilience for Approximate Computing

Chppa et al [9] propose a systematic framework for Application Resilience Characterization (ARC).
This framewaork partitions an application into resilient and sensitive partchathcterizes theesili-

ent parts using approximation models that abstract aevrange of approximate computing tech-
niques. The error resilience analysis is divided into three steps:

1) Profilingg distinguish dominant kernels. Kernels which run for more than 1% of thecappli
tion overall time are chosen for analysis. Other kernelscaresidered to be not promising for
approximations as they constitute only a small fraction of computations.

2) ldentify error resilience; random errors are injected to the outputs of the domindernels
and the overall output is checked against a relaxedlity function. This step is needed to
partition kernels into sensitive and resilient. The error model is simple in this case (just random
bitflips) and the quality function is relaxed.

3) Charactrize error resilience resilient kernels are analyzed by rimtlucing errors according
to the statistical approximation model (SAM) or according to a techngpeeific approxima-
tion model (TSAM). The result is validated with the actual quality functiowigeed by the
user.

As can be seen, steps 2 and 3 are id=itiHowever, step 2 uses a simple error injection model and a
relaxed quality function as this step is only needed to identify potentially resilient kernels and drop
the ones which are clearlyot appropriate for approximations.

The detailed analysis tffie chosen kernels is performed in step 3. In that step errors are introduced
according to the statistical approximation model (SAM) or a techrgpezific approximation model
(TSAM). SAM injeserrors from a normal distribution based on three paramet&®l (error mean),

EP (error predictability) and ER (error rate). This is aleigH approximation model as it does not
represent any specific approximation technique, but rather indicatesatheunt of possible approxi-
mations which can be applied to tlemalyzed computation. For example, such analysis can show that
the application is tolerant to an error in some computation, with EM=0, EP=0.1, ER=1, which would
mean that the computation outputan have deviations of1#0% from its exact result and the @p
cation would produce acceptable output (according to the defined quality function). On the other
hand, TSAM introduces errors in a more specific way. For example, it can introduce errat®hase
characteristics of some specific approximate adder adogrtb its biterror profile. Or it can model
effects of bit truncation. On the algorithm level, it can skip some iterations in a loop, which corre-
sponds to a software approximate technique edlloop perforation.

Overall, given an application, input dadad quality function, ARC produces a list of resilient kernels
and the results of applying various approximation models on them (SAM or TSAM). This information
can be used to choose which contations to approximate, and what approximate techniques to.use
Such error profile also helps to reduce the available design gpat®ose the best possible quality

cost desigroption (e.g., which approximate multiplier to use). They apply ARC to 12ywided ap-
plications from the domains of recognition, data nigy, and search. They used SAM in their analysis.
On average, these applications sp&3% of their rudime in resilient kernels, out of which 74% be-
long to one dominant kernel. In their workey only apply approximations to this most dominant
kernel, sai KS& R2y Qi Iyl fel S K2g SNNBNHE AYydiNRRddzOSR
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Improving Error Resilience Analysis Methodology of Iterative Workloads for Approximate Compu-
ting.

Gillani et al. [4] improved the ARC framework described aboyéntroducing adaptive statistical ap-
proximation model (ASAM). In addition to the original three parameters of SAM, namely error mean
(EM), error predictability (EP) and error rate (ER), theyausew parameter, number of approximate
iterations (NAI). Thenodel allows to divide an iterative workload into exact and approximate itera-
tions. They apply ASAM to a radio astronomy application and showhéaipproximation space ob-
tained by ASAM isgiificantly larger than that of SANFor this application,itey show that the first

23% of iterations can be made approximate with certain EM, EP, ER, while the remaining iterations
must be accurate. This allows to better exploit accuracy configurablehatetogeneous architec-
tures, as approximate iterations can bssigned to inexact cores/modes, while sensitive iterations to
exact counterparts. They also demonstrate that the original quality function may beiradequate

in the error resilience analyspgocedure, which requires diming an additional quality fution to

serve the purpose.

Quality of Service Profiling

Misailovic et al[5] introduce a quality of service (QoS) profiler which allows to identifyceutputa-
tions that can be replaced with less accurate-somputations which deliver increased perfaance

with acceptable quality of service loss. The profiler uses loop mitm (which transforms loops to
perform fewer iterations than the original loop) to obtain implementations with different perfor-
mance and quality of service characteristics.-8oputations that consume a significant amount of
computation time, demonstte tolerance to loop perforation with acceptable QoS loss, and show
significantincrease in performance can be regarded as the best optimization targets. Such computa-
tions can be pdorated to increase performance, or they can be replaced by other opittompu-
tations. They argue that optimizable computations often contain loops that perform extra iterations,
and that removing iterations, then observing the resulting effect onghality of service, is an effec-
tive way to identify such optimizable sidbmputations. To quantify the quality of service, the profiler
works with a developeprovided quality of service metric. They apply the profiler to a number of
applications and showhat loop perforation can increase the performance by a factor of betwesn

or three the perforated applications run between two and thrames faster than the original appli-
cations)with quality degradation of less than 10%.

IACT: A SoftwarklardwareFramework for Understanding the Scope of Approximate Computing

Mishraetal® @wc® LINBaSyid Al /¢ oLyGStQa ! LIWINBEAYIFGS /2Y
the scope of approximations in applications. The toolkit allows to apply three apprexacomputing

techniques: precision reduction, noisy ALU and memoizatibe.Key idea is when the programmer

writes a program, he/she annotates the approximation amenable functions (code segments) with
high-level pragmas and also provides a quality functio

pragma_axga; with the pragma_axa@annotation to a C function declaratipthe tool simulates a noisy
hardwareg noisy arithmetic instructions that operate on floating point values and noisy memory loads
and stores. The tool supports several differentaraeterized noise modelsprobability based, oper-

and bitposition based, i-width based, etc.



axc precisionreducec downconverts all the floatingoint values in the function to 16it width pre-
cision.

pragma axcmemoizeg the tool creates d@able withinputs and outputs of an approximated function.

If during the execution theput values are within specified range with table inputs, then the result is
read from the table skipping the function computation. Otherwise, the function is executed, and in-
put/output values are written into the table.

As an examplen how to use this toolkit, they include three different applications and analyze the
scope of approximate computing in them. Applying precision reduction to a bodytracking application
provides 22% dyamic energy reduction with less than 4% quality degtamh. With the approximate
memoization scheme applied to a Sobel filter, they obtain dynamic energy savings of up to 22% with
10% quality degradation. Finally, the effect of random bit failures is sBlmwthe accuracy of a clas-
sification algorithm. Randuo bit failures areepresentative of the timing failureghich can happen at
low-voltage or higifrequency operationmodes.They show that even at high probability of these fail-
ures (up to 0.5) the quiy degradation is less than 5%.

ASAC: Automatic Satigity Analysis for Approximate Computing.

Roy et al [7] propose ASAG a framework which automatically identifies approximable data in an
application. The main component of this framework is a spigeid sensitivity analysis using statistical

methods. Variables are systematically perturbed, and the output sensitivitysereed. A hypothesis

GSad 3ISYSNIriSa alO2NBa FT2NJ SIOK GFENARFotS G2 ljdzty
program.Based on the scores, variables are classified as approximable eappooximable. ASAC

achieves 86% accuracy when compaied manual annotation, which shows that this method can be

used for large programs where a manual annotation is infeasible.

Theyevaluate their method by applying it to several benchmark applications. After identifying approx-
imable variables, they apphit-flip errors (by choosing a random bit among 16 lower bits and toggling

it) to these variables and demonstrate that the applioat are indeed amenable to the approxima-

tions of these variables at the cost of acceptable quality degradation. For examgle bitflip errors

are injected to all the approximable variables in an FFT application, the QoS loss is around 3%. On the
other hand, when they apply bilip errors to norapproximable variables, the output becomes unac-
ceptable or the applications csh.

PAC: Program Analysis for Approximatsamare Compilation.

Roy et al[8] (same authors as in the previous method) proposeméwork similar to ASAC, but in
contrary to ASAC, PAC is a static tool which allows to analyze applications without theningig-
nificantly reducing the time required for the analysis. Another distinction is that the variables are not
just classifiedas approximable or neapproximable but are also assigned with a degree of accuracy
(DoA) required to satisfy a quality fuiab. The DoA is a number between 0 and 1, it quantifies the
degree of approximation that can be applied to a specific variableanfexample, the DoA number

can be translated to the number of bits which can be approximated by a configurable approximate
arithmetic circuit such as an adder or a multiplier. The key idea of their method is to propagate the
required accuracy of the outpytuality of service) to all the program variabl&se DoAs are propa-
gated using influence relations among the variables.
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In comparison with ASAC, PAC demonstrates a more conservative behavior, i.e. some of the variables
identified as approximable by AGAare classified as na@pproximable by PAC. The main advantage

of PAC is the runtime overhead of the analgsd®Ads 3 orders of magnituddasterthan ASACThey
evaluate PAC in a similar way as ASAC, by injectifigpletrors to approximable variab$ in a num-

ber of applications. On average, about one third of the variables in the tested applications are classi-
fied as appoximable (they assumed that variables with DoA less than 0.5 are approximable and the
rest are not). Applying bilip errors to hese variables causes the QoS loss of 3.4% on average.

Error Resilience Analysis for Systematically Employing Approximaeuing in Convolutional Neu-
ral Networks.

Hanif et al [10] address the guestion of how to systematically employ approximate cangpimt Con-
volution Neural Networks (CNNs). Thaiyide the error resilience analysis intardware level and
software level aalysis. There are two possible hardware approximation techniques that can be used
for improving the efficiency of CNNs, quantipatifloating point operations are transformed to fixed
point andthe word sizes of the activations and weights are redj@ad approximate hardware com-
ponents(adders, multipliersmemory unitg. They argue that in both cases errors are introduced at
multiple locations in a network and therefore the error resilience of a network can be simulated by
introducing Random Gaussian\White Gaussian Noise (RGN or WGN) at particular locations in a net-
work (because errors from multiple sources, when added togettpenerate a Gaussian distribution).
They introduce WGN individually at the output of convolutional layers and observeftéwsebn the
output accuracy of the network. They apply this analysis to an image classification network and show
that the networkhas a different level of error tolerance for the same error in different convolutional
layers. For the software level analysihey propose a technique which computes the significance of a
filter in a layer. Filters with low significance can be prunethatcost of low quality loss.

Algorithmiclevel Approximate Computing Applied to Energy Efficient HEVC Decoding.

Nogues et h [11] describe a ®thod for applying approximate computing at the level of a complete
application.The method decomposes the afation into processing blocks and identifies the classes
of approximate computing techniques each block may tolerate. Thagledgoproximate computing
techniqueswhich can be applied to signal processing blodkto processingpriented and dateori-
entedtechniques Theprocessingpriented clasgonsists ofechniques alteringomputatiors. Exam-
ples include computation skipgjn(a block is skipped permanently or periodically), and computation
approximation (complex processing block is replaced by a simpkewith lower accuracyYhe data
oriented classncludestechniquesthat modify data characteristicsThis class is furén divided into
dataset reduction techniques whichducethe number of processed data samplésr example, mu-

sic can be sampled 82kHz instead of 48kHANd data format optimization (using fixgmbint data,
bit-width optimization) In order to determine which kind of technique to apply to each block, they
define criteria according to the type of data generated by the signal giog bloclg control-ori-
ented and signabriented data blocks are distinguished. They apply their metiooal HEVC decoder
and obtain energy reduction of up to 40% with a slight degradation of application quality.
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1.2. Approximate computing techniques.
Approximate computing techniques can be broadly divided into software techniques and hardware
techniques.

Software techniques:

A computation skipping some computations are skipped at the cost of acceptable quality loss.
Examples include loop perforatiofiifer pruning, memoization, reducing the number of iter-
ations of an iterative process.

A computation appraimation¢ computations can be replaced by less complex approximate al-
ternatives with lower accuracy. For example, the order of a filter can be reduecetFinite
Impulse Response (FIR) filter can be replaced by an Infinite Impulse Response ([IR)]filter

Hardware techniques:

A circuit pruningc combinational logic can be made simpler by reducing the number of logic
gates at the cost of introducingrmers. For example, arithmetic elementary circuits such as full
adder and 2x2 multiplier can be made sharnlat the cost of making some of the entries in
their truth tables to be erroneous.

A Data sizing usage of less accurate data representation to regie complexity of arithmetic
operations and storage requirements. For example, figetht representatbn with optimal
bit-width satisfying quality requirements can be used instead of floating point numbers. An-
other example is quantizatiog 32-bit resut of multiplying two 16bit numbers can be trun-
cated or rounded to 16 bits for further processing in tagapath.

A Voltage overscaling the supply voltage is reduced to the point at which occasional timing
errors occur and the circuit starts producing ams. These timing errors affect critical paths
which are usually involved in the computation of the msignificant bits, which means that
voltage overscaling is likely to lead to large errors. This makes it hard to achieve smooth deg-
radation in accuracgs voltage decreases. It can also be hard to predict which errors will be
produced at which voltages, #isis can depend on a lot of factors suchlagoutand manu-
facturing process

In this section circuit pruning and data sizing are considered and sbthe amportant work done in
this area is discussed.

LowPower Approximate MAC Unit

Esposito et a[1] present a lowpower approximate multiphaccumulate unit. They keep the accumu-
late part (adder) accurate and approximate the partial product matiMJPusing two methods:

A Approximate counters if there aretwo partial products x2y8 and x8y2 in awwin, their sum
x2y8 + x8y2 can be approximated by the-@afRe: x2y8 OR x8y2. So, two partial products are
reduced into a single term. In this case onlyeanput pattern out of 16 produces an error.
When x2=x8=y2=y8=1 the correct sum is 2, wthidEeORgate produces result 1 in this case. If
the height(the column with maximum number of partial products)the original PPM is N,
this approach allows to ha¢ the PPM height making in N/2 by using@2fes in the columns
which have height larger than N.

A PPMcolumns deletion selected columns of the partial product terms are not forntedur-
ther save energy.

12



They also compute the error introduced by the goludeletion and approximate compression and
improve the MAC accuracy by initializing the accumulategister with a compensation term equal

to the computed mean error multiplied by the number of multiplications. The proposed MAC units
with different confgurations show area and power improvements ranging, respectively, from 39% to
69% and 40% to 71%. Hhalso use their MAC m@nimage filtering application and show significant
power reduction with tolerable image quality degradation.

Approximate 1bit full-adders

Several papers describe approximatdifl full-adders [2] [3] [15]. In these works, thegio of fult
adders is simplified at the cost of introducing errors in the truth tables. These adders differ in the
number of logic gates they use and imar patterns they introduce (humber of erroneous outputs,
magnitudes of errors).

Approximate 2x2 mitipliers.

Kulkarni et al[17] present arunderdesigned multipliearchitecturewhich consists of approximate
elementary 2x2 multiplier blocks thagenemte partial products The 2x2 multiplier produces only 1
error when all four inputs are 1 (3x3 is ediua 7). Rehman et al[2] describe other 2x2 multiplier
designs with different structures and various error characteristics (error magnitudes, erraatpliob
ties).

ArchitecturatiSpace Exploration of Approximate Multipliers

Rehman et al[2] propose anethodology to generate and explore the architectural space exploration
of largesized multipliers using the following design parameters:

A different typesof elementary approximate 2x2 multiplier modules

A different types of elementary-bit full adder moduls for summing the partial products

A selection of bits for approximatiog how many LSBs need to be approximated in the adder
tree?

The design space growsry fast with the width of the operands. They show that even for the 4x4
multiplier, there are 7500 pssible configurations. They propose a defitbt search algorithm which

starts using the highest approximation available and moves tosardore accurat solution. It stops

at a certain configuration (of adder, multiplier and-bitdth) when the provided quality function is
satisfied. They apply a subset of design points to a JPEG application and show corresponding
power/area/quality results.

Approximatemultipliers for MAC

VerstoepA Yy KA & o0l OKSf 2 NR& G K S Buldsdan 8ximutiplietzivith & nead= 1 Y dzf
zero mean error in order to improve the overall output quality of the multgdgumulate unit. As
state-of-the-art 2x2 multipliergproduce smaller results than the accurate multiplier (erroneous entries

in the truth-table are smaller than exact results), he introduces 2x2 multipliers with larger results for

the purpose of error balancing. For example, along with using the multiplier3x3=7 case, he also
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adds to the design space a multiplier with 3x3=11 entry. $ygudifferent combinations of 2x2 mul-

GALX ASNE AGQa LRaaAirofsS (G2 O2yaidNMzOdG | YdzZ GALX ASN
multiply-accumulate uniwill also have zermean error. Using an exhaustive search algorithm, he

finds a confjuration with the best quality for a cost constraint, or a configuration with the lowest cost

for a quality constraint.

DRUM: A Dynamic Range Unbiased Multiplier fordximate Applications

Hashemiet al. [18] propose a novel approximate multiplier with a dynamic range selection scheme
and anunbiased error distributionThe main idea of their method is to use an exact multiplier but
with smaller operand widths. If theperands to multiply have wititn, they use &xk-bit multiplier

(k<n) and choose th& bits from each operand by detecting the leading 1 in the bit pattern and select-
ingk bits starting from there. It means that instead of approximating the multiplicapiatess, they
approximate theoperands while using an exact multiplier. THel2 result is then shifted to the left

by a certain number of bits depending on the positions of the leading ones in the original operands to
get a 2-bit result, while placingeros at the leassignifican bits. To make the truncation error to
have neatzero mean when selectinigbits from the operands, 1 is always placed at the lesagifi-

cant bit of the newly formed-bit operand. This allows the multiplier to be unbiased have a near

zero averagermor. As a result, when using this multiplier in real applications involving numerous mul-
tiplications some errors potentially cancel each other rather than accumulate in the final result of the
computation.

They compare theimultiplier with other two appoximate multipliers including [17] intand-alone
manner as well as in three different applications from the domains of computer vision, image pro-
cessing and data classification, and demonstrate a better overall power/qtralityoff of the DRUM.

The Hidlen Cost of Functional Approximation Against Careful Data Sizing

Barrois et al[14] argue that fair comparison between the usageapiproximate circuitend classical
fixed-point arithmetic withbit-width optimizationhasnever been performedThey satct a number

of existing approximate adders and multipliers and demonstrate that teay to be dominated by
truncated or rounded fixeghoint ones They argue that if the values below a certain bit position can
be made approk Y 1 S A ( Qa naziodmute thé apgrdXithateSoNs) atiial® while saving en-
ergy and reducing the biwidth of the data. The reduced bitidth then also have a positive impact
on the other operators in the datapath and the storage of the dAjroximated data on the other
hand, require larger bitvidth andcontain a greater amount of costlyseless informationAccuracy
reduction is obtained by simplifying the operator structure but not by reducing the operator output
bit-width. This reduces thenergy of theconsidered operator but does not have a positive impact on
the other operators, as for fixegoint.
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2. Multiply-accumulate unit and its approximation.

2.1. Least Squares Problem

Least squares is a method of finding approximate solutioos@fdetermined systems of lineagqua-

tions [31]. Overdetermined systems are systems with more equations than unknowns. Consider a
system of linear equations & @withand wmatrixd (@ £+ a AGQa 2 PEWRBGSNYAY
&y andd -vector@ Such a systa has a solution only ifois a linear combination of the columns @f

If a solution does not exist, i.e., there is suchmthat satisfiesd & @ it is possible to find a vector

wthat minimizes the errovectori 8 @ which is calledhe residualvector. In this cas@balmost

satisfies the linear equatiorend® @ @ Minimizingthe residualvector meansnakingits lengthas

smallas possibleThe length of a vector is given by its norm which is equal to the squat®fthe

sum of the squares of its elements:

AE Moo 1 1 E i P

The problem of minimizing the norA &is the same as the prdd&m of minimizing the square of the
normA £ | i E 1 .The least squares problem therefore canfyenulated as follows:

i EAD o & C
If the columns ob are linearly independent, the solution of the leastiages problem igjiven by:
w 606 O o
If 6 is a vector instead of a matrand denoted as) the least squares problemreduced to finding a

scalingowhich makesh cas close as possible to The solutionis computed bydividing the dot
product of®and @by the dotproduct ofdwith itself:

- T

W w
This problem can also lermulatedasthe problem offinding the projection ofoonto ¢ An example
for two-dimensional vectors is shown in Fig.The goal is to find a scaling factesuch thatcw dis a
projection ofconto vector@ In this caseectorc dhas the smallest possible distance frasamong
all vectors with the same direction dsasi & & ®is perpendiculato the diredion of vectorc

O O

Iféy phg and®  yYho , the scalinds computed as followsy —

&

Such a computation can be mapped ontaiecuit which consists of thrdeardware unis. amultiplier-
accumulatorfMAC) a squaretraccumulator (SAC) and a divider.
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Figurel. Least squares problem in a simple case withweaiors

2.2.Multiplier-accumulato(MAC)

MAC and SAC are theost computatiorintensiveunits of the least squaresomputaton. Thevectors
in applications can be very large, consisting of hundreds or thousands of elements and the computa-
tion of the twodot-productsis the dominant part of the least squarakjorithm Division is done only
once at the end of the computation whehe numerator and denominator ateown. For this reason,

in this work the division unit is assumed to be accurate as approkim#twould produce a large
error for a minimal reduction in cosRy costthe area, power or latency of a circuit is mea#tsthe

SAC is a special casdld MAC with simplified logic due to the equal operands, this section describes
a more general MCunit, but the discussion is relevant thie SAC as well.

A nultiplier-accumulatorconsists of anultiplier, anadder, and egisters which store an intermediate
result. All three can be made approximate by using approximate multipliers, gddeapproxmate
storage techniques. However, thmaultiplier parttypicallyhas the largest cost in terms of hardware
and power requiredwhich makes it the first target for approximation attempts and the focus of this
work. An example of an accuraBx8MAC unit in dot notation (similar t@®0]) can be seen in Fid.
The operation of a MAC unit can be divided into five stages:

1. Partial pralucts generatiorg, in Fig.3 the partial products are generated by 64 AND gates.
Each row of the partial product matrix represents the multiplicand value multiplied by O or 1
depending on the multiplier bit. This value is also shifted such that the l@asficant bit
(LSB) has the same positiomthe multiplier bit. In this case each row is eitheor pcand
there are¢ rows for an¢ w multiplier. If the modified Booth algorithm is used, the number
of rows is half as mucli ¢, as eaclrow canrepresentT, pd&y ¢ In case of a squarer
such matrix is significantly simplified as some of the Ahliies have equal inputs, allowing to
significantly reduce the number of rows [20].

2. Partial products reductiog the partial products have to be summea Speed up this process
and avoid long carry propagation, the matrix is typically reduced to a hefgitooby using
carry-save additionThe reduction is done by using fatiders and hal&dders. In Figé full
adders are represented by long rectanglasd halfadders by small rectanglesig. 2 demon-
strates the operation ofhe full adders and half adats. The full addempplied to three dots
in a columnallows tocompress these dots to one dot in this column and one dot in the next
column. Similarly, the half adder compresses two dots in one column into one dot in the cur-
rent column and one dot in theext column. This process leads to a gradual reduction of the
height of the partial products matrix to the height of tw@here are two main methods to
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reduce the matrix: Wallace tree and Dadda tree. In the Wallace method, the partial products
are reducedas soon as possible, and in the Dadda tree the reduction is bgnesing the
smallest possible number of adders to reduce the height to the next optimal value (for an 8x8
case, these values ared63-2). The Dadda tree is slightly faster and requires feyedes P1].
In Fig4 the Dadda method issed.The height iseduced from 8 to 2 ifiour stages 8-6-4-3-
2. The Dadda method is also used to estimate the cost of various designs later in the work.

3. Addition after reductiong the resulting two operands arthen added by a cangropagate
adderto produce the final miplication result.It can be a simple ripplearry adder in which
case the addition aftethe reduction can be seen as continuation of the partial products re-
duction as it is done by usinglhadders and full adders to reduce the height from two to one.
But this addition can also be done by using a faster adder, for example thelaakahead
adder.

4. Accumulaton ¢ the multiplication result iextended andadded to the running sum which is
stored in the accumulator registerhe accumulator has a largleit width as it has to store
the sum of a large number of multiplicatiornEhe size is chosatepending on the number of
elements in the vectors and the distributions of their values to aanoidverflow.

5. Storing the result, the multiply-accumulate valués stored into registers and the process is
repeated for the next pair of inputs.

a) Full adder b) Half adder

Figure2. Operation of full adders and half adders.
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Figure3. Generation of 64 partial products in an 8r8iltiplier.
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Figure4. Dot diagram of an 8x8 MA®hit.

2.3.Unitgate model

In this work a simplenit gate model 22] is used to estimate the area of various designs and make
comparisons. In this mode¢he NOT gate is equal to 0.5 gatesp-input gates AND, OR, NANIIOR

are assigned a value of 1, and the XOR gate has a cost of 2 gates. Areas athsprm@mponents
according to this model are shown in Table 1.

Component Areain gates
NOT 0.5
AND, OR, NAND, NOR 1
XOR 2
Full adder 7
Half adder 3
Register (mastegslave D fliglop) 9

Tablel. Unitgate model.
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Table 2 shows theesults of applying this simple model to the MAC uAg can be seen,¢multiplier
part (the first three stages) has more area than the accunuiand registers combineddowever,
these values depend on the architectures of the components (in this éaisexample, the adder is
assumed to be a ripplearry adder). Alsohe sizes of thaccumulation stage and registers can be
made smaller or larger depending on the overflow behavior.

MAC stage Area in gates | Percent of total area
Partialproducts generation 64 8%
Partial products reduction 266 33%
Addition after reductn 94 12%
Accumulation 164 20%
Storing the result 216 27%

Table2. Area of MAC computed using simple gate model.

24. Errois and errometrics

Errors introduced in the multiplier part of a MAC unit lead to an error at the dutpthe multiplier
accumulator. As the errore accumulated in the accumulation stage, the error profile of a MAC unit
canbe very different from theerror profile of the multiplier. As an example, Fshows an error
distribution of an approximaterecursive multiplier consisting of Mtype 2x2 multipliergthe details

of this approximation techniquevill be explainedater). The histogram is computed bierating
through all possibl&5536input combinations of twd-bit operands and taking the diffence be-
tween the approximate result and the accurate computatibig.6 shows the errors produced by the
MAC unit which usethis approximate multiplieto compute the dotproductof uniformly distributed
randomvectors with 500 element§ he simulationd run 200000 times and the histogram is computed
by taking the differences between the accurate output and the result of the approximate MAC unit.
In this cae the introduced errors can be seenirdependent(as each multiplication has independent
inputs)identically distributederror distribution of each multiplication is the same as in Bigandom
variables and the sum aflarge number of such errotends towards a normal distribution according
to the central limit theoremeven though each of theserrors individually are not normally distributed
[23]. The red curve iig. 6 shows a normal distribution with the mean and standard deviation com-
puted from the MAC error distribution. It shows that the errors of the MAC unit closely follow the
normal dstribution. In this case, howeveeach multiplication has the same input distribution (uni-
form) and each multiplication has operands whick uncorrelatedetween each othemDistributions

of real applicationgan lead to different shapesssuch distibutionscan lead tahe violation of the
central limitd K S 2 NaSs¥heption of independent identically distributed random variables.
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Figure5. Error distribution of an 8x8 approximate multiplier.
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Figure6. Error distribution of a MAC with an approximate 8x8 multiplier.

Figure7 shows the effect of increasing the size of vectors. If the vectors have only one element, the
MAC error distribution is the same as the multiplier error distribution. As thegs@es, the distribu-
tion shape becomes more and more bgilaped.
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Figure7. MAC error distribution as the size of vectors increases.

To quantify the error distribution at the output dhe MACthe position of the distribution anthe
width of the distributionmust beconsidered The position can beescribed by the distance from 0 to
the center of the distribution, which is equal to the mean efidiE) i.e., sum of errors divided by the
number of outputs.

0O Q )

p
O
whereu is the number of MAC resul®  p 1t Tt mimFig. 5Rnd’Q is the error of a individuaMAC
result The simplest way to describe the width is to measure the distances from the mean to the far-
thest errors to the left andight of the mean, the maximum deviation. However, this measure depends
only on the extremersaluesand does not reflect the fact that typically these extreme errors are rare
and most of the errors are gathered around the mean valirere are mangrror conmbinations which

lead to the mean error and there are only few combinations producing langes. Amore reliable
measure of the width of a distributiothat depends on all erroris the standard deviation:

21



Sometimes it is more convenient to use the square of the standard deviation, the varianceaas
measure of the distribution width:

p . .
- Q vo

5 X

Themean error or variancalone are not sufficient to describe errors. If only the mean eisarsed

there is no information about the spread of the errors from the average error. It may be that the mean
error is equal to 0, but the spael islarge,and the errorbecomes significant. It meatisat A G Qa y 2
possible toconclude that one approximate desigs better than another just by comparing the mean

errors. Similarlyif the varianceis closeto 0, but thedistribution is far from 0i.e., the mean error is

large, the total error will also bsignificant Therefore, the variancalonecannot be usedo compare
approximate MAC designs either.

Error metrics exist which combirtbe position and width of an error distribution into a singlalue
[23]. An example is thwvidely used mean squared err@vISE)

v YO o Q v O Wwwl 1)
It incorporates both the mean error and the variance and thus can be used to compare approximate
MACdesignsHowever, it is not possible to compute ME and variance if only the MSE nisndieen
This fact makes it hard to use the MSE metriesnderstand the origin of the errors, i.e., are the errors

coming from a large mean error or a large variante@ answer to this question determines error
mitigation possibilities as will be describidthe next section

The mean absolute erro(MAE)is similar to MSIR3]. It also combinethe position and width of an
error distributionand can be used for compaons. The difference that in the MSEmetric larger
errors have more weight as they are squared.

000 0s w

p
O
Fig.6 containsinformation aboutthe magnitudes and signs of errdsstween accurate and approxi-

mate MACresults. Thereis no information about the relative errors. For examplehdre aretwo

accurate outputs of MAC which are equalS@nd 105, and tweaorrespondingapproximateresults

10 and 110, in both cases these errors will be plottedSasn an eror histogram similar to Fig.

However,in the first casahere isa percentage errorgb Tap 1t v fu  p 1T 1, While in the sec-

ondca§ A (i @& ¢ BTy quantify this relative error at the output tfie MAC the mean absolute
percentage error (MAPE) can be ug28]. The main disadvantage of this metric is that if the exact
resultis zero, @4 dzy RSTAY SRI ¢ KA OtKis nvetridfdd signedd dumBeksT F A Odzft 0 (0 2

5500 pmm Q
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Overall, onevalue metrics like thé1SE, MAE and MAPE of the MAC outpanibe used to quantify
the error introduced by an approximate designd compardifferent designsThe mean error and
variancetogethercan be used to better understand the nature of the errors
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25. Mitigation of errors

The oncepts ofthe meanerror and variance described the previous section can be used to under-
stand what can be done to reduce the errors at the output of a MAC Ifiaih. exact multiplier is used,
the biasis zero and variance is also zero, which correspomtise straightvertical line at zeran Fig.

6. If an approximate multiplier is used,certain bias and variance are introduced at the output of the
MAC which depend ottne input distribution error profile of the multiplier and the size of the vectors.

2.5.1.Mean aror balancing

The first approah is to make the mean error of the approximate multiplier to be zero for a given
distribution. If the expected error of the multiplier is zero, the expected error of the MAC will also be
zero as the expected value of a signequal to the sum of expectadalues of individual variables
(multiplier errors in this case).

0O 0O pp

where U is the numberof multiplications needed to compute the dgiroduct, i.e., the vector size.
This approach can only be used by certain appmai&@ computing techniques which allow such mean
error balancingFor examplethis methodcan be used in recursive multipliers whiadnsist of smaller
2x2 elementary multiplier&described in a later sectionBy using a certain combination of 2x2 multi-
plierswith different positive and negative errothe mean error can be made smaller. This method is
considered in12]. The main adantage is thain theorythe vector size is nhdamportant because if the
mean error is 0, addition of any number of multgslresults will produc¢he expectedmeanerror of
zeroat the output of the MAC unit. In practice, however, it is often not poesibifind a combination
with mean error exactly equal to zero as there are a limited number of possible approximate 2x2 de-
signs and their combinationsiherefore the mean error will be nofzero and thebiasat the MAC
output will be farther and farther aay from zero as the length of the vectors grows

Another problem is that this approadtinores the variancd_.ow mean errodoes not guarantee any-
thing about the error behavior at the MAC outpittonly says that the distribution is centered at zero,
but the width of it is unknownlt is therefore impossible to predict the MSE or other error metrics
which takeinto account boh the width and bias of the distributiof.he MSE of a MAC can be com-
puted using the mean error and variance of the multiplier doves:

0 "YO 0O Wwi 0O 0 Wi P C
Therefore, to minimize the MSE of a MAC, both the mean error and variditice multipliermust be
minimized. Mean error balancing, howeveartroduces arade-off betweenthe mean error and vari-
ance It might be that the mean error is minimized at the expense of increased variance. For example,
adesign with mean errazerocan usemore approxmate 2x2 blocks than a design with Rparo mean
error, whichmeans that the variance of the zero mean error design is larger and that can lead to larger

errors at the output of the MAC uniflso, this approach is hardware oriented and if the input distr
bution is changed, the hardwaraustbe changed as well temove the bias

2.5.2. Using two multipliers with opposite errors

If half of the multiplications in the dgproduct are done by a multiplier with a positive bids and
another halfwith the gpposite negative bias] , then the resulting mean error wilebzeroassuming
that the input distributionsof these multipliers are the sam&he variance will be the same as if only
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one multiplier is used for all multiplications, as the error profilbath multipliers is the same except

the signsThis approacisdescribed in19]. The main advantage of this method is that the mean error

is zero independent of the size of the vectoldso, if the distribution is changed, the mean error will
stay at zero as the mean error of one multiplier will be balanced bypp®site multiplier.The main
disadvantage is that two multipliers are requitedaking this method inapplicable to area aptza-

tion. Also, it can be hard to design a multiplier with an error profile which is opposite of a given mul-
tiplier and it can bedss efficient in terms of error/cost tradeoth [19] the mirror multiplier with

bias always has larger area and powempared to the multiplier with 7 .

2.5.3. Accumulatorinitialization.

Another approach is to place a compensation initial value in the accumulator register, i.e., instead of
starting with O inside the accumulatdahe accumulation register is initialidenith some predefined
compensatiorvalue.This valuas equal to the mean error of the multipliemultiplied bythe size of

the vectors.The position of the distribution can be controlled by this initial oftsat shifted to zero

This method can be uskwith any approximate multiplieas the unbiasing is done outside of the
multiplier. Another advantage of this method is that the unbiasing value can be adjusted according to
the current distribution and thereforé is not needed to change the hardwaifethe distribution is
changed. The main disadvantage is that the size of the vetiassbe known to compute the required
compensation term. However, imostapplications this size is known before the computatiaiso,

this compensation term is a constant which is added to all the results independent of the real values,
which can lead to large errors in certain applications, especially if the distribution is not stable and
changes frequently.

This method allowsatoptimize the MSE of the MAC unit, as the variance and the mean erExq.in
12can be minimized independently and therefore there is no tradeoff between theTiwe multiplier

part in this method is optimized to have the smallest possible variance wittamsidering the mean
error of the multiplier, as this mean error will be compensated in the accumulator. The mean error of
the MAC will be zero after unbiasinphevariance will be equal tthe variance of the multiplier times

the number of multiplicabns if errors of individual multiplications are uncorrelated the variance

of a sum of independent random variables is equal to the sum of the variances of these varifibles.
they are correlated, then the covariance between each pair of multiplinati@s to be computeand
added to this sumHowever, the sum of individual variances is a good approximation to the total MAC
variance if this correlation is not large.

Wi 0 Jwwi po
This method can also be described by the followanglogy. Ithere isa measurement instrument
with a certain systematic error which is knovihe instrumentcan stillbe used by compensating the
measured valuelt can also be calibrated to remove this systematic edmothe error analysis termi-
nology,the mean error is called accuracy and the variance of an instrument is pa#etsion The
measurements will be more accurat@ averagen this case. The prexon of the instrument, how-
ever, will be the same asisinherent in the design, quality a@nthe working principlef the instru-

ment. In this analogy, the multiplier can be seen as an instrument, and the accumulator initialization
as a calibration/adjusnent mechanism.
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2.6. Approximateunitsagainst careful data sizing.

The work of 14] have compared a number of approximate circuits with careful data s&wngareful
data sizing they meatte choosing of the right bitvidths for the signalsThe resilts suggest that the
benefits of using gproximate functional units seem to be minimal or even nonexisfenthe con-
sidered set of realvorld applicationsOne of the researchers in the field even claims that it is a closed
problem inthe approximate corputing researchand we should stop desigrmg approximate circuits
because gact units with a narrower bit width are at least as good as approximate [@dgs

Choosinga smallerbit-width for a functional unit introduces an error due to truncation, buhis a
positive impact on the functional units which use the outpithey alsocanbe made smallerAp-
proximate functional units, on the other hand, have the same number of output bits asatwirate
counterparts. The hardware cost of the particularitucan be decreased by introducing err@sd
simplifying its logicbut the subsequent units which are using the computed approximate result still
have to operate on the same bitidths.

It seems thatif the datapath after the approximated unit is lomgough, it is always better to use
truncation (smaller biwidths). To illustrate this, suppose thatraultiplier is approximated If an ap-
proximation techniques usedwhich does not reduce theumber of output bits, the cost is saved only
in the multipier itself but not in the subsequent circuits as the outputwitith is not changedThe
error ispropagated,and the exact units spend energy and area processing erroneous@atthe
other hand, if a multiplier is approximated in such a way tkatne d its leastsignificant bits are
always zero, it may save less cost in the multiplert these zeros are propagated to the whole
datapath, including registers, adders, other multipliers, midtiers and so on. If this datapath is long
enough (@ IIR/FIRsilter, for example), the benefits will outweigh the savings in just one multiplier.
Errors from the truncated unit are also propagated to the datapath, but the cost is saved as the sub-
sequent units are also truncated, so the errors are propagated inftm of truncation.

Some of the unitafter an approximated unitcan also be made approximaby introducing more
errors on top of the already propagated errotsut not all circuits are easily approximable (consider
registers or multiplexers as an examphnd the nets and buses between the umignnot be simpli-

fied. Also, the error profile inicch a multilevel approximation scheme can be more difficult to analyze
and predict than truncationAnother possibility is to truncate the output of an approxieanit. In

this case two types of approximation are usethe approximate result with an inbduced error has

the same number of bits as the accurate one, but then only some of the computed bits are used by
the subsequent units.

Theseissues seem to be lhe main limitation of approximate functional units and inist considered

in many papers pieosing such unitsTypically, approximate adders and multipliers are evaluated in
isolationand there is no comparison with the simplest approximat@tmuncation. Such units are
compared with their accurate counterparts and the achieved cost/error traffiés reported. How-
ever, it may be thaa similar or even better tradeoff can be achieved simply by using truncation tech-
niques.

The MAC (SAC) unit, howeveraisimple circuit and using an approximate multiplier may lead to a
better trade-off comparedto truncation, as truncation in this ca$msa relatively small effect on the
short part after the multiplier As the MAC unit is an essential part of the leagtaresalgorithm,an
evaluation othe applicability of approximate techniques to the muligslin the form of a comparison
with truncation techniquegan be helpfulln the rest of the chapter an attempt is made to perform a
comparison between a numbeif approximate multiplier techniquesnd truncationmethods
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2.7. Approximate multipliers fav/AC.

In this section several techniques for approximating a multiplier are descridesiselectedtech-
nigues have different approximation principles and theimgarison with truncation should help to
understand their effectiveness compared to truncatimethods.

2.7.1. Recursivapproximatemultipliers

Recursive multiplierare multipliers consisting of 2x2 elementary multipliers. It is a hard task to design
an arbitrary € @ approximate multiplier, bua 2x2 multiplier is a simple circuit which can be made
approximate by removing some gates and modifying its truth tabihlese small multipliers can be
used as building blocks for larger multipliers. Severatr@pmate 2x2 designs are available in the
literature with various error and cost properties. A combination of accuratedéffetent approximate

2x2 blocks can be uséd construct approximate multipliers witbertain error properties based on a
given inpu distribution.

Five 2x2 designs are considered, one accurate and four approx{Figt8). Approximate designs are
smaller than the accurate one in terms of costt they introduce various erronghich can be seen in
the corresponding truth tablesAn example of an 8x8 multiplier consistingsikteen2x2 multipliers
can be seen in Fi§. The mean errors and variances (assuming uniform distribution) of the med&pli
are shown in Table 3\s the errors are of different magnitudes, signs and frequendtiese elemen-
tary 2x2 blocks can be combined to achieve the besteosir tradeoff for a given input distribution
Different ways of combining thes&2blocks ae considered next.

A(0) o] 20(0) Aol o(0) A(0) o 0(0)

A(1) o D—°D(1) Al1) tIE)ETD/ o Al o

B(0) —L ) >——o0) B(0) ) >——ow B(0) —L %@
Lj oo :D—lj’ Lj J —

ity | — »——on . L—0(3 g0 < 0(3)

A A A
00 01 10 1 00 o1 |10 |11 00 01 10 1
00 0000 | 0000 | 0000 | 0000 00 | oooo | o000 | oooo | 0000 00 0000 | 0000 | 0000 | 0000
01 0000 | o001 | ooio | oo11 01 ooco RN oo 01 0000 | o001 | ooio | oo11
B B B
10 0000 | 0010 | 0100 | 0110 10 0000 | 0010 | 0100 | 0110 10 0000 | 0010 | 0100 | 0110
1 0000 | 0011 | 0110 | 1001 1 oooo |JESENM o0 | 1001 1 0000 | 0011 | 0110
a) MO - accurate 2x2 multiplier b) M1 - approximate 2x2 multiplier with 3 errors c) M2 - approximate multiplier with 3x3=7
A(0) o 20(0) A(0)o 0(0)
A1) ——————°0(l) A1) D‘—oom

BO) —k 0w 4 0@
8(1)o—T—] — ) e C) a1 —— ©0(3)

—

A A
00 01 10 11 00 01 10 11
00 0000 | 0000 | 0000 | 0000 00 0000 | 0000 | 0000 | 0000
01 | oooo | 0001 | 0010 | o011 01 0000 | 0001 | 00l0 | o011
B 10 0000 0010 0100 0110 B 10 0000 0010 0100 0110
11 0000 | 0011 | 0110 1 0000 | 0011 | 0110

d) M3 - approximate multiplier with 3x3=11 e) M4 - approximate multiplier with 3x3=5

Figure8. 2x2 multipliers.
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2x2 type | Mean eror | Variance
M1 -0.1875 0.15234375
M2 -0.125 0.234375
M3 0.125 0.234375
M4 -0.25 0.9375

Table3. Mean error and variance of 2x@ultipliers assuming uniform distribution.
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Figure9. 8x8 multiplier cosisting of 2x2 multiplierfd 2].

Low mearerror combinations:

In this approach the 2x2 blocks are combined in such a way that the mean error of the multiplier is as
close as possible to zero for a given distribution and cost. This is possible b$x@simgitipliers with
different error signs. As an examptbee M2 type produces a negative erre2 (cwo  X) while M3
has a positive error for the same 3x3 entry. The main disadvantage of this method is that the variance
is ignored, and the error of a designmbination isassumed to bequal to its mean errotHowever,
according to eq.12), small mean error will not necessarily lead to a small mean squared error.
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Another disadvantage is that for finding the best design for a given cost (geneoétihe trade-off)

an exhaustive search over a large design space isreghjui is feasible for 4x4 multipliers, as the
design space includesnlyuv @ ¢ combinations(the accurate design plus four approximate de-
signs, raised to the power which is equal to thenber ofrequired2x2 blocksfour in this casge But

the design pace grows exponentially with the multiplier size. Bor8x8 multiplier consisting of 16

2x2 multipliers, there are p vhg Yhy wipx ¢ possible combinationg=or this reason, exhaustv
search is only used for 4x4 multiplier tradeoff generation. Forc2w® the design is partitioned into

four 4x4 multipliers. For each of these four multipliers a separate tradeoff is generated considering all
625 possibilities, from which only 60 papetptimal and closéo-pareto-optimal combinations are
taken. This leds tog 1 p &w @hw 1T gombinations from which the final tradeoff is generated.

The approach for the tradeoff generation for an 8x8 multiplier can be described as follows:

1. Construct mitipliers consisting exclusively of a certain typd2 for example. Mease the
power and area of the multiplier and divide it by the number of 2x2 blocks (16 in the 8x8 case).
This way a certain weight is assigned for each tygpicallyMO hasthelar§ & G ¢ SA I K
accurate, and M2 has the smallest weight.

2. For each ofhe four 4x4 multipliers compute the cost (based on the determined weights) and
the error according to an error function (ME, MSE, or variance) and the given input distribu-
tion. Thisway each of the 625 combinations is assigned a cost and an error.

3. Selecta number of Paretaptimal designs from each of the 4x4 tradeoffs, 60 for example.
The larger the number, the more optimal the tradeoff, but the complexity of the search is also
increased.

4. Merge all the selected combinations and find the best designs.

Thisapproach is used for finding the best designs among the low ree@m combinations, and in
each of the combinations considered next as well, except those which consist of onlypenshtere
the tradeoff generation is trivial.

Low variance combinationsot including covariance)

Thevariance of amultiplier can be computed by summing the variances of all 2x@tipliers and
covariances betweeaach pair of the blocks:

OB oOd OO Wdoa E wdaod ¢ 6&0@ioloa pT

The covariance term is not equal to zero as some blocks are correlated, i.e., if there is an error in one
of the blocks then th@robability of an error in a block with the same input is not independastan
example, if there is an error Ban M2 approximatenultiplierd 6 in Fig. 9), then bothd ando6

are equal to 3Higher order blocks with inpgb andd are more likely to produce error.block

0 O is also of type M2, then the error probabilityrist pfp ¢but 1/4. However, this covariance

term is small and can be ignored filve trade-off generation. This allow® significantly reduce¢he

design space exploration as the next more approximate design can be chosen just by making the next
higherorder 2x2 blockvith smallest variancéo be of an approximate ty@ The disadvantage of this
approach is that the meanreor is ignored, the error of a combination is assumed to be equal to its
variance. However, the mean error of a design can filgiased by theaccumulator initializationIn

this case the variance can be seentesMSE after unbiasing, so the error of @bination can be
predicted. In the previouspproachthe MSE of a combinatiocannot be predictedas there is no
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information alout the variance in the ME metridhe bw varianceapproach with unbiasing, however,
allows to minimize the width of the errafistribution and then shift it to zero with unbiasing mini-
mize errors.

This method only uses combinations witie M1 and M2multiplier types.TheM3 type is not useful

for such combinations because it has the same variance as M2, but higher costjssaliiys better

to use (if covariance is ignoredj4 is always worse than M2 as they both have an error for the same
3x3 casebut the error of M4 is twice as largéhich means that it always has a larger variandere-
over, the area is also larger Bl has an XORgate instead of an QRBate in M2.

Low MSEombinations

Thesecombinations minimize the MSE of the MAC unit byimining both the mean error and vari-
ance inEq.12. Fora4x4 case, the MSE of each combination out of 625 is computed anchtheop
optimal combinations are selected. Fam 8x8 case, similar to low mean error combinations, the de-
sign is divided into fau4x4 blocks, the best 60 designs are chosen to form a design space of
p Gw @fm 1T gombinations, and then the paretoptimal desins are included in the tradeoff. Contrary

to the lowvariance approach, this method introduces a tradeoff between the mearr amd vari-

ance Therefore, all 2x2 multiplier designs are present in such combinaticissxpected that these
combinations bould produce a more effective tradeoff compared to low mean error and low variance
combinations if the unbiasing is nperformed, but low variance combinations with unbiasing should
produce better results compared to low MSE with unbiasing.

M2 combinatons

There is asignificantdifference betweerthe M2 and M4types andthe two other approximate 2x2
multipliers. M2 and M4 produce only 3 bits as output, which means that theréearer partial prod-
ucts to add in the adder tre@=ig.10). Therefore, thes@x2 blocks save cost at the partial product
generation stage and also reduce thddar tree cost. M1 and M3, on the other hand, have 4 bits at
the output,the same as the accurate type M@/hen using M1 and M3, savings are made only in the
partial productgeneration stepThis issue is not considered in the pagpwhich propose M13] and

M3 [19]. Thepartial product generation coshcreases quadratically with the multiplier size, but the
adder tree cospresumablygrows fasterTable4 shows the costs gfartial products generation (num-
ber of AND gates) and the costs of the requireddzatrees (number of FAs ands$j to sum them. If
the unit gate model is used which counts a full adder as 7 gates and a half adder as 3 gates, the relative
cost of the parial product generation decreases with the multiplier size. If these estimatiotectef
the real grow rate, the usage of M2 multipliers becomes more effective haitfer multiplierscom-
pared to other elementary types

Considering that M2 has the smallesiea and it reduces the addition tree, it can be expected that
this type is the met efficient 2x2 multiplier among the considered types. The only drawback is a larger
variance compared to M1. The tradeoff is very simple as there is only one typetdtvgithrall blocks

of the accurate type MO and the next block with the smallegtected error is made approximate.
This process is repeated until all the blocks arthettype M2.

The M4only combinations are always less efficient than-M2y combinatims as the M4 type has a
larger variance and cost. Therefore, l@mbinations are nbincluded in the comparison.
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FigurelO.
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a) M0, M1, M3 partial products

b) M2 and M4 partial products

Partial products produced by 2x2 multipliers when they are used in a 4x4 multiplier.

Multiplier size | AND gates for| Full adders for| Half adders for| Dadda tree cost| Partial prod-
partial prod- | Dadda tree Dadda tree estimation in| ucts cost di-
ucts gates vided by Dadda

tree cost

4x4 16 3 1 24 0.67

8x8 64 34 6 256 0.25

16x16 256 194 14 1400 0.18

32x32 1024 898 30 6376 0.16

64x64 4096 3842 62 27080 0.15

Table4. Costs of partial products and Dadda trees for multipliers of different sizes according to the simple gate
model.

M1 combinations

Combinationgonsisting of only M1 and MO typeseaalso included in the comparison as M1 Hzes
lowest variance among the considered 2x2 multipliers (if the input distribution is uniform). M1, how-
ever, does not have a positive impact on the compression tree, so it is expectethéhsitl-only
approach $ worse tharthe M2-only combinationsThe tadeoff generation is the same as for M2.

Leading M3 combinations (covariance aware combinations)

In the lowvarianceapproach, the covariance is ignordfia design does not contain an M3 type mul-
tiplier, the covariance can be ignored as in such combinations all the correlations are positive and the
total variance is at least the sum of the individual variances, taking into account the covariance can
only make the variance larger. If, however, there idvihtype multiplier in the combination, it can
reduce the variance. As an example, if there is an error in a 2x2 M2 type block, and there is an M3
block with shared inputs, whethe M2 type has an error, there is a higher probability titae M3

type will also poduce an error, but of the opposite sign, which can partially reduce the variance of
such a combination compared to a combination consisting of thi@y2 type.

As an examplésig. 11 showthe combinationM0-M0-M3-M2, which will be labeled @032 forshort.
The most significant block eccurate MO, and the least significant block is of type M23 and M2
blocks have a shared inpat . If the covariance is ignored, the varianioecase of the uniform distri-
bution can be estimated aso WM o0 ¢ WWiIVC WWDOC TR 0T OXPUED® T T X L
o8 Y 1 a i the covariances included, the variance can be computed preciselgasin 1 o ¢
WODC¢ OwObo ¢BEVDLNMo 18 0T 0 XPUEOTE 0 T 0 XGUWD

T WNT ¢ we PP oo v p USe,this posive correltion between the two blocks reduces the
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variance If there is an error in M2, there is a high probability of partially cancetlirggerrorby the
M3 block.

AB:, "o 0 o

0 A8 M

0 AB, ™

0 0 O AB M

C; C C; €4 € C; C1 Cg
Figurell 0032 combination.

In comparisonif the combinaion is 0022, the varianceecomes largerlf there is an error in one
block, there is a higher probability of error in another. The variance of this combination is increased
by the covariance term: WQOMTCC T CT O XPLEDT® O T 0 XGUITP WG W@ P X U
& @ L ¢ 0 TAS xam be seen, the covariancetted 0032 combination is smaller thasf the 0022
combination. However, M3 is less effective compared to Wi@.understand the impact of this effect,
combinatbns consisting of M3 type at the most siggant block followed by M2 blocks aedsoin-
cluded in the comparison.

Truncation of partial products

Truncation of partial products is normally done figgnovingAND gategFig. 2). If this approach is
used hee, however, it willead to a slightly different architeate compared to the recursive multipli-

ers. Recursive multipliers use small 2x2 multipliers to produce four partial prodegsentially an
accurate 2x2 multiplier compresses the four AND gatestwithhalf adders sch that the results have

the height of one (Fig.3R). The four AND gates can be seen in the scheme of the accurate 2x2 multi-
plier (Fig8). The two half addersan also be recognized there. Omaf adder consists ofreXOR and
anAND ate, and tvo XOR amitwo AND gatesre visible in Fig. Usage of halddders for such initial
reduction leads to a nooptimal adder tree An examplef thisfor a 4x4 multiplier is shown in Fig.

14. In Fig. 4a, 16 AND gates are used to generate theiphproducts, ther3 HA and 3 FA are used

for compression, and finally 1 HA and 5 FA (a rippley adder) produce the-Bit result.In Fig. b,

the operation of a recursive multiplier consisting of four 2x2 accurate multipliers is shown. As can be
seen it requires 16 AN gates in the first stage, 9 HA and 3 FA for compression, and the final addition
can be done by 2 HA and 4 FA. The recursive multipdisrone less full adder but seven more half
adders, which is a significant overhead resulting frbim honroptimal reduction.

Table 5 shows the casof an optimal 4x4 multiplier which does not use 2x2 multipliarsaccurate
multiplier consisting of 2x2 blocks (0000), and approximate multipliers in which all 4 blocks are ap-
proximate with the same tyg. Out of the four2x2 approximate multipliers, only M&nd M4types

lead to a reduced cost compared to the Dadda optimal multiplier depicted in Fig. 14a as instead of
using half adders an OR (or XOR) gate is used 8Big.The 4x4 multipliers consisting the M1 and

M3 types have a larger cost compared with the Dadda optimal multiplier, which makes their usage
inefficient if a multiplieris assembled from small 2x2 multipliers. This issue is not considered in the
literature. Presumably, synthesis toatan combine 2x2 mtipliers and optimize the whole structure.

LF¥ AdGQa ,iymight hdpged thad theieffects of truncation are combined witik effects of a

better compression of the partial producasd it can be difficult to compare truncatioritivrecursive
multipliers. For this reason,a makethe truncation method to have a similar architecture as recursive
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multipliers, truncated 2x2 multipliers aresed (Fig. 3). M7 has the LSB equal to zero6 Mas two
LSBs equal to zero, and M5 computegecily only the MSB bifThe principle stays the same as in
Fig. Ra. By using three truncation types, the columns of partial prodacesgradually removed and
as a result the LSB bits are always zero. Suditation has a positive effect on all the MAtages,
leading to reduction in cost hetradeoff is generated by gradually removing the partial products, so
there is no adjustment made to a specific distribution.

* o o o e o o
each dot is an output e o o o e o o o
of an AND gate \ ‘ ‘
[ ] x x x [ ] x x x
e o x x e o o x \
¢ ¢ e each row of four dots is
e o o @ e o o 0 an output of a 2x2
multiplier
a) b)

Figurel2. Usual truncation of a 4x4 multipli€a) and trurcation of a recursive multiplier using truncated 2x2
multipliers (b).

N

a) b)

. .
. Dmhalfadder ° @ROR gate
e o e o o

Figurel3. Accurate 2x2 multiplier (a) and M2 2x2 multiplier (b).

Designof a 4x4 | Partialproducts | Reduction cost | Final addition Total cost
multiplier generation cost cost

Dadda optimal 16 30 38 84

0000 40 24 34 98

1111 32 24 34 90

2222 20 13 27 60

3333 30 24 34 88

4444 24 13 27 64

Tableb. Cost of 4x4nultipliers.
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b) Multiplier consisting of 2x2 blocks

Figureld. 4x4 multiplier with optimbDadda tree (a); recursive multiplier using 2x2 blocks (b).
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a) M7 with one truncated output b) M6 with two truncated outputs c) M5 with three truncated outputs

Figurel5. Truncated 2x2 multipliers equivalent to truncation of paniedducts.

Truncation of inputs

Another truncation technique is to makke LSB bits of the jruts to be zeroThe corresponding AND
gates can be removeffig Ba). Again, to make the architecture similar to the recursive multipliers,
this method is impleranted by using approximate 2x2 types, Hig. The effect is the same in both
cases. Inhe recursive case hie LSRzeros are propagated to the corresponding 2x2 blocks and these
blocks can be simplifiedr removed(Fig. 16b)If two LSB bits are truncatethe least significant 2x2
multiplier can only have two possible values, 0 o dis multipler takes asts inputsthe two least
significant bits of each operand, and when the bits are truncated, the inputs are either equal to 2 or
to 0. Thiscorresponds to the rectangle with one dot and three crosses in Fig. 16b. Similarly, the next
two multipliers can only have values 0, 2, 4 or 6 (rectangles with two dots and two crosses). The most
significant 2x2 multiplier is accurate in this cabee traleoff is generated by gradually truncating the
least significant bits.
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Figurel6. Usual truncation of inputs in a 4x4 multiplier(a) and truncation of inputs in a recursive multiplier us-
ing truncated 2xdlocks (b)

Al0) o -0(0) A(D) ©0(0) Al ©0[0)

AL) o AL) o AL ~0m

B(0) °0i2] B{0)o- eo Bl0)o- ——o0f2)

” <0(3) o) <0f3) ” 03]
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Figurel?. Truncated 2x2 multipliers equivalentttee truncation of inputs.

2.7.2. Dynarnt Range Unbiased Multiplier (DRUM)

A different approach to approximate multiplication is proposed18}.[This method in some sense is
similar to truincation, as the operands are truncated to a smaller size and then multiplied by a smaller
multiplier. The smaller result of the multiplication must be shifted by the number of bits truncated
from each of the operand§.hstruncation depends on the valud the operand, as it chooses a cer-
tain number of bits starting from the first detecteddcanning fronteft to right, i.e., from the MSB to

the LSB)If a number of bitarejust dropped after some point, then there is a biased error introduced,
because the truncated number is always smaller in expectationeMovethis negativebias the LSB

of the redu@d operand islwaysset to 1.An example is described in Tabldfthe operand hagight

bits andtwo bits are truncated, the error can be from 048 leading to the mean error 61.5 if these

three bits are uniformly distributed. If the most sigoént truncated bit is assumed to be one, the
error range is franinus3 to 4, leading to the mean error of 0.bhis is an example where the mean
error is made smaller at the expense of introducing higher variance as the negative errors are balanced
by thepositive errors, but now the error case of +4 is possible.

Exact valie Value if two bits | Error Value with unbi-| Error with unbi-
are truncated asing asing
XxxxX000 XXxx>000 0 xXxxxx.00 +4
XxXxxX001 XxxxX000 -1 XxXxxx.00 +3
Xxxxx10 Xxxxx000 -2 xxxxx.00 +2
XxXxxx11 Xxxxx000 -3 xxxxx.00 +1
xxxxX100 XxXxxxX100 0 xxxxx.00 0
XxxxX101 XxXxxxX100 -1 xxxxx.00 -1
xxxxx110 XxXxxxX100 -2 xxxxx.00 -2
XXxxX11 XxXxxxX100 -3 Xxxxx100 -3

Table6. Truncation and its unbiasing.
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The operation of a DRUNMK6 multiplier applied to 16x16 multiplication ilfustrated in Fig. & The
16-bit unsigned numbers 5965 and 346 are multiplied by an accurate 6x6 multipitelly, the lead-
ing ones of both operands are detected. Starting from them, 5 bits are tdkeatly from the oper-
and, and the sixth bit is\@ays set to one for unbiasing. The bits atfesit are assumed to be zero. As
can be seen, instead of multiplying 5965x34h& multiplication47x43is performed The result is then
shifted by the number ofruncated bits, ten in this case. The totdfect is that instead of multiplying
5965x346, the multiplication 6016x344 is performed, leading to an error.

The cost is saved by using a smadlecuratemultiplier, however some overhead is introduced to
detect the leading ones in each operand, seline required bits, determine the amount of shifting
after the multiplication and then shift iThe main limitation of thisnethod is that it cannot be directly
used for signed multiplication, as it requird® leading one detectiorand Z2 complement ngative
numbers always havelat the MSB. The operands have to be converted to the absolute value, mul-
tiplied, and then the result has to be converted backhe 2@ complement representatiorlso, the
unbiasng is valid only if the truncated bits armitormly distributed. Other distributions can still in-
troduce some bias.

Insteadof an accurate multiplier any multiplier architecture can be used. The tradeoff can be gener-
ated by using multipliers of differ¢sizes. For example, for 8x8 multiplicatitime accurate multiplier
Oty 68 | TETZX cHoctle cohparisorihis smelleztmilltiplisf is\aSsNihed to be con-
sisting ofaccurate2x2 blocks. In this case it can be compared to truncation irstime way as with
recursive multipliersHowever, to observe the effect of using these 2x2 blocks which may lead to non
optimal multipliers, also multipliers chosen by the synthesis tool are included, i.e., multipliers gener-
ated by the tool from a behaviat description likeA*Bin VHDL. Also, theadding one detection logic

and the logic which determines the shifting value (by how many bits to shift the result of the smaller
multiplier)can be implemented differently. For examptlee shifting valueean bedetermined by using
multiplexers, but also amalladder can be used-or this reason, several different architectures are
implemented for the comparison.

inputs 0001 | 0111 | 0100 | 1101 | 5965

0000 | 0001 | 0101 | 1010 | 346

101111 | 47 (6016)
approximated inputs X

101011 | 43(344)
result before shifting 0111 | 1110 | 0101 | 2021

approximate result 0000 | 0000 | 0001 | 1111 | 1001 | 0100 | 0000 | 0000 | 2 069 504

accurate result 0000 | 0000 | 0001 | 1111 | 0111 | 1110 | 0001 | 0010 | 2063 890

Figurel8. DRUM multiplier operatiofi8].
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2.7.3.LowPower Approxirate MAC Unit
This technique is based on two types of approximations:

- Sum of two partial products is approximated by andgafe
- A number of least significant columns is deleted

Thismethodis similar to using 2x2 multipliers thfe type M2. In M2 the sunof two partialproducts

is also approximated by an @fte. In this method, howevethe most significant bitef 2x2 blocks

are alsoORed with least significant bitef other 2x2 blocks to enable more compress#and reduce

the height of the partial prodct matrixby a factor of 2Such compression leads to savings in the adder
tree. However, this compression requires approximating high order partial produncigheleast ap-
proximate design of tismethod has arery large erro. As can be seen in Fig),the ORcompression
must be used for the columnsID. This least approximate desigran beapproximated further by
deleting the least significant columns. This work does not compargressiorwith column deletion
(truncation) separately, truncation isised only in embination with approximate compression. It
might be that using only truncation produces a better traafé As this method essentially ust®

M2 multiplier, it can also be constructed by using 2x2 blocks and then OR the outputs befora-summ
tion. This wa it can be compared with truncation as wdlhe unbiasing in this method is done by
placing an initial value in the accumulation register. The tradeoff is generated by gradually truncating
the columns of the initial approximate design.

a; ER as ay as a a; a
b, bs bs b, bs b, by bo
asbg agbg asby azbp asbg a,bg asbg aghg

azb, agh, ash, azb, asb; ab; a:b; apb,
a;b, agh, asb, azb, asb, ab, a;b, agh,
h=8 azbs aghs asbs azbs asbs a;by aibs ER B

azh, agh, ashy agb, asb, ajby ajby aghy
asbs aghs asbs abs asbs a)bs a;bs agbs

asbg agbg asbg azbg asbg a,bg a;bg agbg

asb; aghs asb, asb; asb; ab; a;by agb;

a) partial product matrix of an accurate 8x8 multiplier

asby azbg azbg azby orys ory; ory1 Orso Oreo Orsg

h aghs aghe aghs ashs Ofsg Ors3 ors; ora; ors;

=4 asby ashg azbg asbg Ofs5 Orzg (<IN Or4
aghy asby by ab; Orie aghg

deletion of columns

b) resulting partial product matrix after OR-compression and column deletion

Figure 19. LowPower Approximate MAC Ujit].
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2.7.4. Approximate Booth multiplier
This approximation method is based on the modified Booth algorii2sh In the radix4d modified
Booth algorithm three bits of the multiplier are wbéo determine how many multiplicands to add, O,

por ¢.The partial product matrix of this methagpplied to an 8x8 multiplicatiois shown in Fig.
20. If the multiplier has eight bits, there are four groups of three bits which determine the four rows
to beadded by the adder tree. There are also compensation terms equal to one at some rows, and
sign factors

a; @ as a; a3 a; a; 3Jg multiplicand
R4, R4,
(b7 be 'bsl b, |b3| b, 'b1I by b,  multiplier
R4, R4,
. . . . . . . . . . .
1 . L . L . . . . L L
1 . . . . . . . . . . sign factor
1 ) . . . . . . . . .

Figure20. Accurate 8x8 multiplier using the radhBooth algorithm.

Thisalgorithmallows to reduce the height of theartial product matrixas instead of 8 rows there are
only four rows,but the partial products generation requires more complex logic compared to AND
gates

In this approximation method, along with the radbencoding, theadix16 encoding is also usedr

the least significant five bits of the multiplidn this casé¢he five bitsare usedo determine whether
toadd 0, ph ¢, oh th vh @h xor y(Fig 21) In comparison withhe radix4 Boothalgorithm
which uses only shifting to get ¢, the radix-16 method has noipower of 2 cases which are more
difficult and require additional addem this method these nopower-of-two factorsare mapped to

the nearest powerof-2 factors, and the partial produc aregeneraed by using only shiftings in the
radix4 caseThis mapping approach introduces errors, but it allows to reduce the heighé anatrix

as there are only three rows in the partial product matrix instead of the four rows as in the accurate
radix-4 case.

a; @ as ay; a3 a, a; ag multiplicand
R4, R16,
'b, be bel by by b, by by by  multiplier
R4,
T e e e & e e o e e e e =
1 ® o o o o o o o o .
1 & e o o o o o o o .

Figure21. Approximae 8x8 multiplier using hybrid R4/R16 encoding.
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The work which proposes this type of approximation does not compare it with an accurate Booth
multiplier with truncated least significant partial products. As this multiplier is the only onkein t
comparisorwhich cannot be constructed using 2x2 elementary multipliers, the comparison with trun-

cation is done in a different way. Truncated designs are ukingccurate radixd encoding, but some

of the least significant partial products are notrieed (Fig. 22)¢ KA & Ydzf G A LJX A SNJ I & & dzy
L SYSyYy (G ydzYoSNE | & A ythadip®2X) aa 202400 B YASWat d2rR YRJI Ny a8

T e e e e e e e X X X
1 ® e e e e o e e X x
1 ® e e e e e o e o X
1 ® e e e e o e e o .

Figure22. Truncatiorof partial productf the accurate 8x8 radi& Booth multiplier.
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3. Comparison of approximation methods.

3.1. Experimental setup for oyparisons

The experimental setup for comparisons can be seen ir2Bid\ll designs are implemented in VHDL
and synthesized by Synopsys Design Compiler triBSMC 40nm LowoRer (TCBN40LP) technol-
ogy library The logic synthesis produces an area report for elagign, and also a gatevel netlist

and standard delay filESDFwhich can be used by simulation software (Questashgmulation is

using an SDF fila,synthested design and provided input data to recag switching activity of the
circuit (SAlFle). The input in each simulation consists of two vectors with 10000 elements which are
multiplied and accumulated. The produced SAIF file is then used by SynopsisGompiler to per-
form power estimation.

Forassessing the error behaviof approximae designsthe corresponding MATLAB models are
plemented.The VHDL and MATLAB models are evalidated to make sure that the models work
identically.60000 vectorg30000 for both operands) with 500 elements are used to compute 30000
accurate and apmximate MAC results. The error is then computedcbynparing theaccurate and
approximate results according to an error metric (mean squared error, absolute mearmpdorean
absolute percentage error).

VHDL Models Matlab Models

Standard Delay |} p—— =~ T
Technology Libr: , ogic ulation chavioral Simulation
& o Logic Synthesis File (.sdf) . —

TSMC 40nm || (Questasim) Verification (MATLAB)

(Synopsys Design Compiler) b,
(TCBN40LP) .
Gate-level Netlist

-

SAITF File |
Quality Report
v

Power Estimation
Area Report . Power Report
(Synopsys Power Compiler)
] ]

Figure23. Experimental setup for qualisfficiency tradeoff comparison between different approximate meth-
ods[19].

=

The following approximation methods are included in the comparison:

1. Recursve multipliers
a. Low mean error combinations @M1, M2, M3, M4)

Low variance combinations (MO, M1, M2)
LowMSEcombinations (MO, M1, M2, M3, M4)
M2 combinations (MO, M2)
M1 combinations (MO, M1)
Leading M3 combinations (MO, M2, M3)
Truncation of partial ppducts (MO, M5, M6, M7)
Truncation of inputgMO0, Ma, Mb, Mz)
2. Dynamic range unbiased multiplier (DRUM)

a. With small multiplier consisting of 2x2 blocks

b. With small multiplier chosen by the synthesis tool
Low power approximate MAC unit
Approximate hybrid rait Booth multiplier
5. Truncation of the Booth p&al product matrix

S@ o oo0CT
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6. Truncation of partial products applied to the partial product matrix (only for 16x16 experi-
ments)

Truncation of inputs applied to the partial product matrix (only for 16x16)

8. ORcompressiorapplied to the partial product matri¢only for 16x16)

N

The comparisons are made for the following bit sizes, data representations and input distributions:

1. 4x4 case
a. Unsigned data representation
i.  Uniform distribution
ii. Normal distribution with mean=8 and std&2for both inputs
iii. Radieastronomy cabration input (Stefcal _CE)
b. Signed magnitude representation
i.  Uniform distribution
ii. Normal distribution with mean=0 and std=5 for both inputs
iii. Radieastronomy calibration input (Stefcal ET)
2. 8x8 case
a. Unsigned data represeation
i.  Uniform distribution
ii. Normal distibution with mean=128 and std=40 for both inputs
iii. Radicastronomy calibration input (Stefcal _CE)
b. Signed magnitude representation
i.  Uniform distribution
ii. Normal distribution with mean=0 and std=80 for both inputs
iii. Radieastronomy calibration input$tefcal ET)
c. ¢g20a O2YLX SYSyd NBLNBaSyalraazy
i.  Uniform distribution
ii. Normal distribution with mean=0 and std=40 for both inputs
iii. Radicastronomy calibration input (Stefcal ET)
3. 16x16 case
a. Unsigned data representation
i. Uniform distribution
ii. Normal distribution withmean=32768and std=10240 for both inputs
iii. Radicastronomy calibration input (Stefcal _CE)
b. Signed magnitude representation
i.  Uniform distribution
ii. Normal distribution with mean=0 and std=20480 for both inputs
iii. Radieastronomy calibratia input (Stefcal _ET)
c. ¢ ¢ 2cOmplement representation
i. Uniform distribution
ii. Normal distribution with mean=0 and std=10240 for both inputs
iii. Radieastronomy calibration input (Stefcal ET)
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Asa large number of designs have to be synthesized and simulatedffeEnedt data representatins

and distributions, it would be infeasible to perform this work manually. Therefore, a script has been
made which takes a design identifier, changes the corresponding VHDL files, synthesizes the design,
performs a simulation, gimates the power and wiés the area and power numbers to a text file. An
identifier is a combination in case of recursive multipliers (for example, 0000_0000_0000_0002 rep-
resents a combination with all 2x2 multipliers accurate except the least sigrifid@ck, which is of
typeM2), or a name of the approximate method followed by a parameter (for example, lowpowmac_1
represents the lonwpower approximate MAC unit with 1 deleted leasgnificant column). In this way,

more than 1000 designs have been $ytgized andgimulated

Uniform and normal distributions are standard distributidnsapply to an approximate desigAs a
multiplier takes two inputs, these inputs in general can have different distributions, and may be cor-
related or uncorrelated. In th8 comparison, for the uform and normal cases both operands of the
multiplier are sampled from the same distribution and are uncorrelated.

To test the designs on more realistic distributions, the distributions from the fastimnomy calibra-

tion applicdion are also used (Fig4). The values in this application are larger than 4/8 bits, so they
are scaled to fit in-bit and 8bit operands.The Stefcal_CE distribution is used for unsigned compari-
sons and denotes the distributions of the signals C anfitke Stefcal algorithm, which will be de-
scribed in chapted. In the Stefcal algorithm the signal E has both positive and negative vaduibss
distribution is shifted to the right for the unsigned comparisons to have only positive values. The Stef-
cal ET distribution is used for the signed comparisons. In this case the signal E has the same shape as
for the unsigned version but is not dieifl and has both positive and negative values. In these distri-
butions the two operand values have different distrilons and have some degree of correlation be-
tween them.The Pearson correlation coefficient for the signals E and T is equal to 0.02 méziok

that there is a slight correlation between the two signals. For comparison, two uniformly distributed
inputs have the correlation coefficient of 0.0001. The signals C and E have the correlation coefficient
of 0.45 which denotes a significant corredat between the two signals. The signal E is computed using
four signals, and one of them is the signal T, whigiaéns thishigh correlation. These Stefcal distri-
butions are not used to determine the right approximation strategy which can be applibd ttefcal
algorithm, as the Stefcddas a large number of signals, the rem@nals require more bits, and the
computation is iterative, @ the results are not directly translated to the approximation of the whole
Stefcal algorithm. These distributioase added to test the effect of approximations on some distri-
butionswhich are different from the idealistic unifor and normal distributions and represent data
from a real application.
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a) Stefcal_CE distribution scaled to 8 bits (unsigned b) Stefcal_ET distribution scaled to 9 bits (signed-
representation) magnitude representation)

Figure24. Stefcal distributions.

Totesti KS RSaA3dya 2y &aA3IYySR ydzYoSNEZ GKS aA3aySR YI 3
are usedln the signed mgnitude representation, the most significant bit represents the sign of an

operand. In these experiment)e sign bit is added to a 4/8it operand and make it a 5/Bit oper-

and. The multiplication is performed on the absolute value and then the resadljissted according

to the signs of the operands. The sign of a multiplication result is equal to the exeDRIVEOR) of

the sign bits The multiplication is performed on the 4/Bit absolute values which are unsigned.

¢t52Qa O2 YL} SY Sy élsoMmBudidg dhs goinparisanhy/it iskh@ most common repre-
sentation used for representing signed numbers. Howeseme 2x2 typesannotbe directly used

fortheYdzt GALX AOIFGA2Y 2F (G62Qa O2YLX SYSy(l ydioSNED |
the unsigned multiplicationt K S LI NI A f LINR RdzOG & Y I ( NdsBowrdin2 NJ (i 6 2 €
Fig.25a. As can be seen, some boungaartial products have negative weights. To remove these

negative signs, the Baughooley method can be use@(), Fig25b. In this method, certain bits are

inverted and compensation terms are added. The 2x&uratemultipliers which correspond to the

modified partial products have to be adjusteahd if the considered approximate multipliers are used

at their placethe errorsfor the M1 and M3 types armuch higher, which makes them infeasible to

use at these bounds positions.This is demonstrated in Fig6 2vhere the truth tables of the 2x2

multipliers are shown when the inputs to them are inverted accordindgnéoBaugHhWVooley modified

matrix of Fig. 8b. The M2 and M4 types have a similar behavior as in theynedicase, as they have

the same error magnitudes e2 and-4, but differing error case§hen En Ol 4SS R2S8a y2{ A
complement representatioras the three out of four 2x2 multipliers are affected by these modifica-

tions. Inthe 8x8 case, severub of sixteen are affected. These seven 2x2 multipliers are therefore kept
accurate in this comparison, and at the other nine positions the consider2d@xoximate multipli-

ers can be usedl'he DRUM multiplier works only with unsigned operands, so tleeampls are con-

GSNI SR FNRY (¢ 2h@insigdetl dhisiilug Yahegttie milul@plication is performed on

the unsigned values, and thenthe resditi O2 Yy @SNI SR o+ O1 (2 -pbweeNr& O2 Y LI
method can be used with the Baudkooley methodas well. The approximate Booth multiplier can

be used directipnthen Qa 02 Y LI S Yuthoiit any aodificatindgs
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-a3b2 a2b2 alb2 a0b2

-a3 a2

-b3 b2

al a0

bl b0

-a3b0 a2b0 alb0 aOb0

-a3bl a2bl albl aObl

a3b3 -a2b3-alb3-a0b3

a) 2's complement matrix

a3b2 a2b2

a3bl

-a3 a2

-b3 b2

al

bl

a0

b0

a3b0 a2b0 alb0 a0Ob0

a3b3 a2b3 alb3 a0b3

a3

b3

a2bl albl a0Obl

alb2 a0b2

b) Baugh-Wooley modified matrix

Figure25. Two's complement multiplicatig20].

A
00 01 10 11
00 0000 0000 0110 0110
01 0000 0001 0100 0101
10 0000 0010 0010 0100
11 0000 0011 0000 0011
a) MO - accurate 2x2 multiplier
A
00 01 10 11
00 0000
01 0000 0000 0100
10 0000 0010 0010
11 0000 0010
c) M1
A
00 01 10 11
00 0000 0000 0110 0110
01 0000 0001 0100
10 0000 0010 0010
11 0000 0011 0000 0011
e) M3

a3bl a2bl a1bl aObl

a3b2 a2b2 alb2 aOb2

a3b3 azb3 alb3 abb3

1 b3

a3

b3

a3b0 a2b0 a1b0 a0b0

b) position of the 2x2 multiplier in the matrix

A
00 01 10 11
00 0000 0000 0110 0110
B 01 0000 0001 0100 0101
10 0000 0010 0010
11 0000 0011 0000 %
d) M2
A
00 01 10 11
00 0000 0000 0110 0110
g 01 0000 | 0001 | 0100 | 0101
10 0000 0010 0010 0000
11 0000 0011 0000 0011
f) M4

Figure26. 2x2multiplier truth tables for 2s complement representation when used at positions with inverted
input bits.
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3.2. Comparison results
In this section the main conclusiotigat can be made from the comparison are discussed. Here only
the relevant plots are pesented. All the plots can be found in appendix A.

It can be hard to use the Synopsys Design Compiler for comparisons of approximate designs. Results
for different frequencies and different compilation strategies can vary significantly. The synthdsis too
considers all designs as individual instances and can apply different techaiggiesffortsfor their
optimization. The experimental results as#ten scattered,andit can be difficult tadraw conclusions.

For this reason, a model which computes thenter of gates for each design combinatiwas im-
plemented (only for recursive multipliers). Also, as the synthesis tool treats the timing constraint as
the most importar to satisfy, it can be helpful to remove this latency constraint by using an unrealist
frequency of 1Hz. All approximate designs are synthesized for realistic frequencies ranging from 400
MHz to 1 GHz. The model and 1Hz predictions can be used to betterstand the tradeoffs ansee

if a certain result is true in general or it is sfiecio a certain frequency. For this reason, along with

the realistic frequenies sometimes the model and 1Hz results are also included. Interestingly, model
predictiors usually closely follo#he 1Hz results.

The results will be presented in the wslyown in Fig. 2 On the yaxis, the mearsquared error rep-
resents the error associated with the designs. During the comparison the mean absolute percentage
error (MAPE) anthe mean absolute error (MAE) were computed as well. However, there is no signif-
icant difference between these three metricand the MAPE for some designs is undefined because
of the division by zergohere only the MSE is presented. On thaxis thepercentage of the nominal
power is used. The nominal power is the power of the aateudesignconsising of the MO type 2x2
multipliers. The area numbers wer@socomputed, but as the main goal of the Stefcal approximation
isthe energy reductiononly the power results are presented here.

Each approximation method has multiple designs with different epwer pairs, representing the
tradeoff between the accuracy and power savingke best designs are the ones which lie on the
Pareto front.ThePareto front canconsistof points correspoding to different approximation meth-
ods. The point B in Fig7 & not part of the Pareto front as it is dominated by the pointtdich has
lower power anda smallererror.

The results are shown in two versionise biased version and the unbiased one. Tiased results
are the ones in whicthe accumulator is initialized with the zero valgethe mean error is notom-
pensated, and the error distribution may Ipesitionedaway from zeroln the unbiased results the
accumulator is initialized with a compsation term which is equal to the mean error of the multiplier,
multiplied by the number of elements in the vectors.eTérror distributions are shiftedo zero and
the MSE becomes equal to the variance.
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I approximate method 1
approximate method 2

I approximate method 3

MSE

% of nominal power

Figure27. Pareto optiméity.

3.2.1. Ml againstM2 type

All experiments show that using ortlye M2 type is more effective than using orihe M1 type.The
M1 multiplier has a lower variance, but it saves less area and power compatbe 2 type. A
typical tradeoff example can be seen in Fig). 2
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8x8 case. Uniform distribution.
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Figure28. M1 vs M2 comparison.
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3.2.2. MSHEninimizationagainstME minimization.

As can be predicted by eq. 12, minimization of the mean error alone is less eftbativihe minimi-

zation of the mean squared error. The MSE minimization takes into account both the variance and the
mean error of a combination leading to a better trade@th example can be seen in Fi§. 2

8x8 case. Uniform distribution. Synthesized at 660 MHz.

biased unbiased
1012 ¢ 1010 ;
o g
® 109 L
1010} 8
;; e kk #k
108
# Kk B
8
10
107 ¢ m
w ! w
% i g
108
108
10°
10* :
4l
*  min ME 10 # min ME
min MSE min MSE
102 ' : ‘ 10° ‘ : ‘
60 80 100 120 60 80 100 120
% of nominal power % of nominal power

Figure29. Minimizaion of MSE compared to minimization of ME.

3.2.3. MSE minimization against variance minimization.

Eq. 12 suggests that MSE minimization should produce better results compared to vandnogn-
imization if there is no unbiasing. If the unbiasing is Usadever, variance minimization is supposed
to be more effective as in this case both the variaaod mean error are optimized independently.
Fig.30 demonstrates the comparison. At 660 MHz the scattering of results is quitedadyéhere is
one resultwhich stands out among the minimal variance combinations. This design corresponds to
0000_0000_00000002 combinatiorfall blocks are accurate except tleastsignificant one which is
of the type M2).This design has lower power than expected. However|atger effect of unbiasing
on low variance combinations can still be seen in¥og.and it is esily observed in Fi0b) and c).
The majority of lowvariance combinations on the left plots are above the M8mEbinations, but with
unbiasing they aretsfted down more tharthe low-MSE combinationsnaking them slightly more
effective.

The variance mimization combined with unbiasing is essentially the best way of using recursive mul-
tipliers consisting of 2x2 elementary blocks. As such combinationsisalyl1l and M2 types, it allows

to significantly reduce the design space and simplify the desigoespxploration. Even thoughe

M1 type is less effective thatihe M2 type, their combination can produce a better tradeoff compared

to the only-M2 method(Fig.31).
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8x8 case. Uniform distribution.
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Figure30. Minimization of MSE compared withinimization of variance.
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8x8 case. Uniform distribution.
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Figure31. Comparison of M@nly combinations with M1/M2 combinations.
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3.2.4.Leading M3 combinations against M2 combores
Combinations witlthe M3 type at the most significant position show better results than M2 combi-
nations if the unbiasing is not performdfig.32a). However, ashe results with unbiasing suggest
(Fig.32b), this effect is due to the mean error balzing rather tharthe variance balancing. As M3 has
a positive error (3x3=11), the mean error of such combinations is closer to zero tti@Nt2-only
combinations.This effect can be demonstrated as followfsthere are two combinations of a 4x4
multiplier, one with the M2 typet all positions (2222and anothemnewith the M3 type at the most
significant position and the M2 type #te other positions (3222)the mean error of the (2222) com-
bination in case of the uniform distribution is equaltdO ¢ C CxX QI

L The mean error of the (3222) combination i€ ¢ ¢ Cx cZx pT
As can be seen, the mean error for the first three blocks is the same in both cases as they have the
same M2 atheir positions. Then, the most significant block M2l {2222) combination makes the
mean error even smaller, whereas the M&or has the ame absolute error but with the opposite
sign. Therefore, the absolute mean error of the combinations with ti8 dthe most significant
position and the M2 type at others is always smaller or equal to theoM§g combinations for any
distribution. This eplains a better performance in the biased case. Howdféne results are unbi-
ased, the gais are lost whichmeans that the covariance does not have a large effect on the design
combinations.
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8x8 case. Uniform distribution
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Figure32. Leading M3 against M2.

3.2.5. Truncation of partial producégainstruncation of inputs

Truncation of partial products is more ettéve compared to truncation of inputs. As examples in Fig.
12a and Ba show, for a similar number of deleted partial products, the error inicsdi by the trun-
cation of inputs is larger because more significant bits are removed. The synthesized tradadifés
seen in Fig33.
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8x8 case. Uniform distribution.
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Figure33. Truncation of partial products against truncation of inputs.

3.26. DRUM

TheDRUM performanchighlydependson the input distribution, as the errors introduced depend on
the position of the leding 1 in the operands. In the uniform distribution a large fraction of numbers
has a leading one at the most significant positions leaitihgrge errorsHowever, because the DRUM
is unbiased, it can belightlymore efficient than the truncation methadwhich have a negative bias.

If the truncation results are unbiased as well, the advantage is lost. An example is showr84h Fig.
One ofthe designs on the left is slightly better compared to truncation of partial prochgthe Pareto
front includes me DRUM desigrifter unbiasingdhis advantage is not present
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Figure34. DRUM tradeoftdrum bhvg multiplieris selected by the synthesis tool; drum gx8ultiplier consists

of 2x2 blocks)

All other experiments do not show adntages of DRUM compared to the partial products truncation.
However, me distribution for which the DRUM performance stands out in theeernents ighe stef-
cal_ET distributionThis distribution has inputs located around zero with only a small fracfilzmge
numbers. The results shaamadvantage of the DRUM only in this distribution and onhafioequency
of 1 Hz Anexample is showin Fig.35.
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8x8 case. Stefcal_ET distribution. Signed-magnitude representation.
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Figure35. DRUM performance on Stefcal distribution.

In generalthe results suggest that the overhead of the DRUM due to the leading one detection and
shifting of the result is quite significant fire 4x4 and 8x8 cases. Additional experiments are needed
with larger bit widths to understand hovhis overhead scales with the siof the operands.

3.2.7. LowpowerapproximateMAC

The smallest approximation of this methdeéads to a significant error dke higher order bits are
approximated. The range of the tradeoff in this method is rather short for this redsgmcally, the
tradeoff starts at a position above the partial product truncation curve, and as more and more col-
umns are deleted it starts tfwllow the truncation tradeoff. An example is shown in Bi).
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8x8. Unsigned. Uniform.
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Figure36. Lowpower MAC tradeoff.

One of the advantages of this method is that the height of the partial product matrix is reduced by a
factor of two which leads to a simplification of the required adder tree. In the partial products trunca-
tion the height stays the same up to the middletlo¢ partial product matrix and then starts to grad-
ually decrease. This fact may explain why in certain data representations and distributions some points
of the low-power MAC method are better. An example can be seen in3Figsome points in the
middle of the tradeoff demonstrate better performance comparedthe truncation of partial prod-

ucts.

8x8. Signed-magnitude. Normal with mean=0 and std=80.
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Figure37. Example of Loypower MAC advantage.

3.2.8. Approximate Booth multiplier against truncated Booth multiplier.

Forthe 8x8 ca&e, the approximate Booth multiplier has only one design pas& bits is the minimal
operand size for which it can be used. This single approximate design is compared with the accurate
Booth multiplier with one and two columns deleted from the partiebguct matrix. This truncation

is similar to the truncation of AND gatdsscribed earlier. The comparison is shown inJ8g.
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8x8. 2's complement. Uniform.
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Figure38. Approximate Bootmultiplierscomparison.

100

As can be seen in the realistic 660 Mtdze there is no advantage of using the approximate Booth

multiplier compared to the Booth multiplier with truncated partial productstia 1 Hz case, it gives
one additional pareteoptimal point when the truncation is not unbiased. The approximate Boot
method is unbiasednitially because the nomower-of-two multiplicands are mapped to the closest

power-of-two multiplicands, so sometimes the approximate result is larger and sometimes smaller

allowing to have the mean error closer to zero comparethttruncation in which the result is always

smaller and have a negative bias. When the truncation is unbiased, the performance of the approxi-
mate Booth becomes even worse.

One interesting observation is that truncated Booth is a bit medfieient for 660 MHz iad consider-

ably better inthe 1 Hz case compared to the truncation of partial products applied to the Baugh
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thanBaughWooley truncation(blue markers) as therimciple is the same in both cases. It may suggest
that using the Booth multipliers is more efficient in certain conditions, presumably because the height
of the partial product matrix is smaller by a factor of two, which leads simgpler adder tree. The
generation of the partial products in case of Booth multiplier is more complex, howlewe exper-
iments the accurate Booth multiplier has a smaller area and power compared to the accurate Baugh
Wooley multiplier.

Additional expements with larger opeands have to be made to understand the tradeoff as one de-
sign point is not enough tdraw conclusions.

3.2.9. Truncatiorof partial products@gainst other approximate techniques.

The main purpose of this comparison is to evaluhtsefficiency of sim@ truncation methods which
are usually used fanardware optimization. As was describedrlier, the truncation of partial prod-
ucts is more effective compared to the truncation of inputsthis section the truncation of partial
products is compared withll other methods.

The patrtial products truncation inherently has a negative biaking it less competitive in the biased
case. When unbiasing is used however, the efficiency is improved signifidangfyical tradeoff can

be sea in Fig. 9. In the based case there are many points which are more efficient than the trunca-
tion. Synthesis at 660 MHat 500 MHz,at 1 Hz and the mode] all have a number of points which

are better than the truncatiorfFigures 39 and 40However, vinen the results are uribsed, the trun-

cation results are generally better. There are occasional design points which are more effective as can
be seen in Fig.% where one pointn the unbiased casstands out. This point is not present in the
model predition and in the synthds at 1 Hz, so it may be valid only for this particular frequency but
not in general.

The tradeoff ofFig. 3 is typical across all experiments except one case that should be mentioned. In
the signedmagnitude representation with t Stefcal ET distribatin, the truncation of partial prod-

ucts is significantly less efficient than usage of recursive approximate multigftigr41). This distri-
bution has both inputs centered at zero with only a small fraction of numbers with a large magnitude.
The truncatio of leastsignificant bits leads to a large errand the hardware corresponding to the
most significant bits is used only ocaamlly. As this issue is visible in the 1 Hz case and in the model
prediction, this situation seems to be general for thigritisition.
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8x8. Unsigned. Normal with mean=128 and std=40
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Figure39. Truncation of partial products compared with other approximations
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8x8. Unsigned. Normal with mean=128 and std=40
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8x8. Signed-Magnitude. Stefcal _ET
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Figure4l. Truncation of partial products applied to Stefcal distribution in signagnitude representation

Exanmnation of combinations shows that all of them hate M2-type at the most significant position.

As an example, one of the mmdo-optimal points has the following combination:
2000_0000_0000_0003Both the most significant and least significant blocks are approximéted.

turns out thatthe most significant leck can be made approximate without introducing any error as

the error case (3x3=7) is not present in this distributidiis error case corresponds to a situation

when both inputs have 1 at the MSB. Both inputs individually can have 1 at the MSRlisttiistion,

but they are never equal to 1 at the same tinteterestingly, if the same distribution is represented

usinghen Q& O2YLX SYSy (i NBLINBaASylGl GA2Yy I thebdétmetNdzy O G A 2
againas in this representation negagwvnumbers are represented by using the most significant bits as
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well and the corresponding hardware cannot be made approximate without introducing a large error

(Fig.42).
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Figure42. Truncation of partial products applied to St@fdistribution in 2's complement representation.

3.2.10.Effectivenss of using 2x2 multipliers

As was discussed in section XX, the usage of 2x2 multipliers can lead tojtinuel adder tree To
understand this effect, mother experimentwas made. As the M2 type is simply an-@fe placed

after two partial products (ND-gates), exactly the same behavior can be implemented without using
2x2 multipliers. Two tradeoffs were implemented for the comparison. In case of 2x2 multipliers, an
accuate 8x8 multiplier consists of sixteen 2x2 blocks. In the tradeoff these bloeksade of the M2

type one by onestarting from an accurate 8x8 multiplier where all the blocks are of the type MO, and
gradually moving towards the maximum approximationemdall the blocks are of the type M2n
equivalent tradeoff is generated withoutsing 2x2 multipliers, by placing OR gates at the same places
in the partial product matriPPM)Fi. 43).The OR gates are depicted as ellipses.

"

a) partial product matrix consisting of 2x2 multipliers

.0
000

Y
Y
Y

0
0
0

OO
>

b) partial product matrix consisting of AND gates

Figure43. OR compression applied to 2x2 multipliers (a) and directly to thialpgaroduct matrix (b)
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Thecomparison results are shown in Fig. 44. For each recursive multiplierriialdesn there is a
corresponding equivalent usual multiplier (redarker) with OR gates placed at the corresponding
places of its PPM. The error feach pair is the same, only the power differs. The 500 MHz results
show that the multipliers consisting of 2x2 blocks consume less power, which suggests that the syn-
thesis pol is able to optimize the structure and avoid the mentioned Hoptimal adder tree. How-

ever, the reason why the corresponding designs with OR gates in the PPM perform worse is not clear.
This ispresumablya flaw of the synthesis tool as if it is ablefitod a certain optimization for an 8x8
multiplier consisting of the MO and M2 typethen exactly the same optimization can be applied to

the PPM as well, because the 2x2 way of constructing multipliers can be seen as a subset of the PPM
constructed of AR gatesEach 2x2 multiplier has four AND gates (dots) in their structure, comelspo

ing to the same four AND gates in the PPM. Then, in the 2x2 case these four dots are compressed to
one row. The corresponding PPM can be compressed in the same way moireeffectiveway, so

it always includes the 2x2 way of compressing. The refrlts Hz are the opposite.

One limitation of using the M2 typ&hich is not mentioned in the reviewed literatubecomes evi-

dent when looking at Fig. 43. Orhe even colunns are approximated bihe OR gates, the odd col-
umns remain accurateThe 16 OR des can be placed in a more optimal way (Fig. 44), and more
approximation is enableds the most significant columns can be approximated as well. The M2 type
allows to placenly 16 OR gates in the multiplier, but it is possible to place 12 more OR Qatesd-

ering that the M2 type is the most effective among the considered 2x2 multipliers, this raises a ques-
tion of whether using 2x2 multipliers and its combinations is ficient way of approximation.
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8x8. Unsigned. Uniform.
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3.2.11. Additional experiments ftine 16x16 case.

The 8x8 case is not sufficient to understand tledévior d the DRUM and the hybrid Booth approxi-
mate multipliers. Additional experiments were made where the operands have the size of 16 bits. The
2x2 multidiers are not used in this comparison, so all approxioretare applied directly to the partial
product matrix. Overall, for this comparison 6 methods were used which are considered next.

Reference accurate multiplier

The reference accurate multiplierimplemented by using AND gates to form the 256 partial products.
The partial products are combinédto 16 rows which are summed by an accurate adder tree. The
adder tree implementation is described in a behavioral way such that its implementation isndinse
the synthesis tool.

Truncation of inputs

In this method, the 1ébits inputs are gradually tncated such that the maximum approximation has
only onebit operands. The corresponding AND gates are removed, leading to a simplification of the
required adder tree.

Truncation of partial products

The 31 columns of the PPate gradually truncated columnybcolumn such that in the end there is
only one column with the AND gate corresponding to the two most significant bits of the operands.

ORcompression of partial products

2x2 blocks are not used in this comparison. Howeveir ferformance can be preded by using OR
gates directly on the PPMs the M2 type is the most effective, and it uses the OR gates in-a non
optimal way, it can be expected that the usage of 2x2 combinations will not be better than the optimal
OR comprssion. The tradeoff is genéraS R &iBgé tiieiPRM column by column in the way shown

in Fig. 45.

DRUM

The DRUM tradeoff is generated by using smaller multipliers ranging from 15x15 ithgs&.smaller
multipliers are implemented in the same way as teérence one, but with smkgr operands.

Approximatehybrid encodindBoothmethod

In the 8x8 case there wamly one possible design, raéi¥radix-16 hybrid encoding. In the 16x16
case, three approximate options are used. The encodings R4/R64, R4#RPBE/&R1024 reduce the
heightof the PPM from 8 to 6, 5 or 4 dots respectively, introducing more and more errors.

Truncation of the Booth partial product matrix

This method is added mainly for the comparison with the approximate hybrid Booth method. The PPM
partial products are deletd column by column. Due to the difficulty of designing, this tradeoff stops
at the truncation of 12 columns, but it is enough to ebge the trend.

The resultdor the unsigned representation with the uniform distribution aleown in Fig. 46The

best method for both the biased and unbiased cases is the truncation of partial products, the Pareto
front consists completely of this metk. The DRUM method with the 13x13, 14x14 and 15x15 smaller
multipliers consumes more power than the reference architectamel becomes useful only starting
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from the 12x12 size. As this method is the only one which is unbiased initially, in the béessed

performs better than the truncation of inputs. All the other methods have a negative bias as their

results are alwaysnsaller than the accurate ones. After unbiasing the DRUM curve stays at the same
place, whereas the other curves are shifted down. Ofikcompression is not effective as it is domi-
nated by the truncation of partial products. Startingrir about 82% it is doinated by albther meth-

ods. This result suggests that the 2x2 combinations might be not effective as well. The maximum sav-
ing whichcan be achieved by using OR gates is around 23%. This number is not achievable by any of

the 2x2 combinations, as the manxim power saving in the 2x2 method is achieved when all the 2x2

blocks are of the M2 type, which usasmaller number 0DR gates nooptimally.

.‘025 -

16x16. Unsigned. Uniform distribution. Synthesized at 250 MHz.
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The Booth hybrid encoding method does not shamadvantage compared to the truncation meth-
ods. Interestingly, the truncation of the Booth PPM is more effective than the psuhl product
truncation. The accurate Booth multiplier consum®8334mW, whereas the refencdesign de-
scribed above consumes008 mW, which might suggest that the Booth multiplier is more power
efficient. Another interesting observation is that theuncation of inputs in the biased case performs
better than the truncation of partial products. Thispigssiblyd S O dza S amplerieKt®atrix Q &
some partial products are inverted. When the inpatetruncated, they become equal to 1. Whereas
when the partial products are truncated, these terms become equa.tdhis allows to reduce the
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Figure46. 16x16 experiment for the unsigned representation.

negativebias of the truncation of inputs. In the unbiased case these gains are lost.

These experiments were mader the same data representations (unsigned, sigived 3y A (1 dzRS =
complement)andthe same distributions (uniform, normal, Stefcas) for the 8x8 casélowever, the
behaviour in these cases is the same as in theftgurespresented here. The plots cdre found in

the appendix.
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Figured7. 16x16 experiment for the 2's complement representation.

Overall, the truncationmethods perform weltompared to the other novel method§&or certain dis-
tributions other methods can be more efficient, especiallycaasethe truncation methods have
negative bias, but in genertiley areamong the best techniques as can be concluded from the exper-
iments. One of important advantages is thia¢y havea largetradeoffrange compared to other meth-
ods. For example, thiargest approximation fothe recursive multipliers is achieved by making all the
blocks to be approximate, liklne 2222 2222 2222 222@mbination If a larger approximation is
desirable, it has tdbe combined with some other approximatio®n the otherhand, he truncation

of partial products starts with minimal approximation (one AND gate is removed) and ends with the
largest approximation (only one most significant AND gate is used) coverifiglthessible range of
approximationsand allowing to sas from 0% to 100% of the powand area

However for different distributions, data representations, frequencies and compilation strategies var-
ious approximation methods can faelvantageouslt should be noted that the truncation of inputs
and the truncaton of partial products is not adjusted to the distributions in these experiments,
whereas the 2x2 recursive multipliers can be adjusted by using different combinations, which ma
explain their better performance in certain cases. It is not clear how tinectition of inputs can be
adjusted to a certain distribution. But the truncation of partial produstpossible to adjudiy delet-

ing the AND gateis a certain ordedependingon the expected errorgproduced by these gates for a
given distribution.
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4. Leastsquaresapproximatiomapplied to radio astronomy caldsion.

4.1. Radi@astronomy calibration.

In radio telescope array#ie gain of the main beam of each telescope &nel phase difference be-
tween the telescopes have to be estimated to enhance giality of astronomical sky images. This
process is called gain calibratidi8]. The gains combine the effects of atmospheric disturbances, tel-
escope geometry, receiver chataristics and so on. Atmospheric disturbances can vary within
minutes, hencehie calibration othese arrays (like Square Kilometer Arragye to be done online.
This process is computationally expensive and consumes a lot of energy.

Gain calibration aabe performed by observing a known bright source in the sky for which a roftrix
model visibilitied) is known. Matrixbis a measured signaf this source. To estimate the gains, the
difference (5) has to be minimized by finding the matrix of gaiDs

Ay "O0 '@ pu

'O 'QQONXX complex antenna gains. In this work, the gains are I#ptex numbers, so the
matrix "Ohas size 124x124ith gains on the diagonal and zeros at other entries.

w¢ measured visibilities, a matrix with size 124x124x4 as there are four channels.
0 ¢ model visibilities, size is the same\4s124x124x4.

Findingthe optimal solution to 15) with these large matces is a difficult problem and it is typically
solved by heuristicOne of the algorithms performing the calibration process is called StefCal (statis-
tically dficient and fast calibratiorL3]. In the Stefcal calibration algorithm, it is solved by itévaly
solving a least squares problem. The algorithm starts with an initial guess for the 124Qyaiff®
compute the first gaiffy  p), all elements ofQare multiplied by elements of the first column thie
matrix0 elementwise (L6) to compute vecton.

a 0 27Q PO
Then, a linear least squares problem is solved todisdaling ot such that it is as close as possible
to the first column ofo (17) to find"Q
65
o A

pX

The symbolOdenotes the lermitian transpose, which means that the vectotransposedand the
compkxconjugate of each element is takefhis process is repeated 124 times to get the vegor
which is then used in the next iteration to compute a better estimate. The afgordtops when the
improvement between iterations is small enough, i.ehen a convergence criterion is reached. In
Stefcalthe convergence criterion is the norm of the difference of two solution vectors divided by the

norm of the current solution vectodg). Usually this process takes around 100 iterations.
0 0 .
1t
0 p p

The algorithm can be divided into four stages: elemeige product, multiplyaccumulate, square
accumulate and divisiofFig.48).
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multiply-accumulate
e ;
Element-wise
Product

square-ac cumulate

M

Figure48. Leastsquares calibration block diagram.

Multiplication of two complex numbers requires four multiplications, one addition and one subtrac-
tion.

O QOO QU OO OQ WA Vb P w

A datapath to which the algorithm can be mapped is shown in4Rigfo compute one gain in the
current iteraton, the first element ofQ ¢ "Qds multiplied by the corresponding element from a
column of matrixd , & @ "QQThis numbex ‘Q "Q'®then multiplied by thecorresponding
element from matrixo, 0 "Q "Qdhe real and imaginary parts are stor@dwo registers. Alsay

Q Q'@ multiplied by the complex conjugate of itselfhich is equal t€2  "Q, and the result is
stored in one register as the imaginary part is eliminated. This process is repeated 496 times as there
are 124 gainand 4 channels, and the running sum is stored in the registers. After the accumulation is
complete, the numbers storeith real and imaginary registers of the MAC part are divided by the real
number computed by the SAC part to obtain the gain for nextii@naTo compute the next gain, 496
computations are done again with the next columns)ofind w and the current vetor "Q The gains

in the current iteration can be computed in parallel by 124 structures as id%igr allthe gains can

be computed in a serial way by one sugthucture.
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e_mac=real(z)

[reelinc |

f_mac=imag(z)

h=real(v)

imag MAC

t=imag(v)
Multiply-accumulate

a=real(g)

b=imag(g) .\

c=real(m)

real(z) e_sac=real(z)

imag(z) f_sac=imag(z)

Element-wise Square-accumulate

Figure49. Daapath for Stefcal algorithm.

4.2. Floatingpoint to fixedpoint conversion.

As the algorithm is given in floatimpint double precision format, it has toe converted to fixed

point format as fixeepoint hardware is more efficient in terms of area anolnger. This process con-

sists of two parts. First, integer parts of each signal are determined, i.e., how many bits are needed to
avoid overflow. Secondlyhe requiredfractional partsare determined to satisfy precision require-
ments of the algorithm. Integy part of this process isivial as it requires observing the ranges of all
signals from which the number of integer bits for each signal can be detedm@yimal selection of

the number of fractional bits for all signals is a difficult process acahitbe done by using heuristics.

In this work, an approach described R6] is used. In this approach, all signals kegt in floating

point format excep one which is converted into fixggoint. The minimum fractional length of this
signal which satigs the performance is found. This process is repeated for all signals to get the min-
imum fractional length for each signal. Then, all signals are convert@ddpoint and if the perfor-

mance is satisfied, the optimization is finished. However, typith# fractional widths have to be
increased by R bitsfrom their minimal found widthsFor that,the work of [26] usesn exhaustive
combinatorial algothm which tries all possible combinations to find an optimal combinatistarts

with increasingone signal by one bit, and all signals are tried. If the performance is not satisfied, it
increases two signals by two bits in sum, for all possible cortibitsa This approach requires a large
number of simulations and is only feasible if the number grais is not very large, not more than six

as the work suggests. If the number of signals is larger, the related and similar signals can be grouped
to simpify the search. As the Stefcal algorithm has a large number of signals, they are grouped into
six goups as shown ifiable 7. All the signals can be seen directly in Fig 49 or traced from the name

of the signal. For example, tfgQn & 6Q&ignal coresponds to the output of the subtractor which
computes the difference between the outputs of thed multipliers computinghe QQand " Q&ignals.

Each group can have their signals untouched, increased by one bit, or increased by two bits, so there
arethree options for each group. As there are six groaps, X ¢ simulations are required, which is
feasible for the Stefcal algorithrithe results of applying this approach to the Stefcal algorithm are
provided in Tablé.
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ab

c d

h, t

ac, bd, ad, bc, e mac, f mac

e sac, f sac, esq, fsq, esq_plus_fsq, SAC

eh, ft, et, fh, eh_plus_ft, et minus_flmac_real, mac_imag
Table7. Grouping of signals for the optimal bitwidth search.

Signal Minimal Minimal Optimal Optimal Non-opti-
integer fractional | fractional lengths in | mal uni-
length length length WL.FL form

format WL=27

a 9 13 14 23.14 27.18

b 8 13 14 22.14 27.19

c 9 24 25 16.25 27.36

d -10 24 25 15.25 27.37

h 6 11 12 18.12 27.21

t 6 11 12 18.12 27.21

ac -2 23 25 23.25 27.29

bd -4 23 25 21.25 27.31

ad -3 24 26 23.26 27.30

bc -2 24 26 24.26 27.29

e_sac -2 21 23 21.23 27.29

f sac -2 21 22 20.22 27.29

esq -6 26 28 22.28 27.33

fsq -6 26 28 22.28 27.33

esq_plus_fsq -6 26 28 22.28 27.33

sac 1 22 23 24.23 27.26

e_mac -2 23 25 23.25 27.29

f mac -2 24 26 24.26 27.29

eh 3 23 25 28.25 27.24

ft 1 23 25 26.25 27.26

et 2 24 26 28.26 27.25

fh 1 24 26 27.26 27.26

eh_plus_ft 3 23 25 28.25 27.24

et_minus_fh 2 24 26 28.26 27.25

mac_real 7 16 18 25.18 27.20

mac_imag 6 16 18 24.18 27.21

Table8. Fixedpoint optimization of Stefcal algorithm.

In this work, the performance dhe Stefcal algorithm is assumed to be satisfied if the number of
iterations to converge is smaller equal to the floatingpoint version and the relative difference in
length between the fixegboint solution vector and floatingoint answer is1ot morethanp 1 , sim-

ilar to [4].

g 9
0QO® & 5 p Tl o

The signal widths are presented in the WL.FL format which is used in thepbirédesigner toolbox
of MATLAB. In this format the integkength is equal to the word length minus the fractional length.
Some of the signals in Tal@ehave negative integeengths. This means that the signals have small
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values. For example, the sigifahas a range of(.000347 0.000347], so all its bitare fractional,
and the most significant bit has the weightof (Fig. 50)

As can be seen ifable 8, the optimal wordlengths of the signals are not the sanTéis approach
allows to significantly reduce the hardware casimpared tothe uniformword-length approactithe
last column in Tabl8). If the uniform wordlength is used, 27 bits for all sigeake required If the
gate model described in the previous chapter is applied to the datapath, it recp@E37gates. Tk
optimization allows toeduce the gate count t88247gates, 46% reductioif.hecomparison between
the floatingpoint and optimized fixegboint versions can be seen in F4.

-1 2 3 4 5 6 -7 -8 -9 -10 -11 -12 -13 -14 -15 -16 -17 -18 -19 -20 -21 -22 -23 -24 -25

[ duadia | dio| s [ duo| do | e | o [ e | de [ e | | 0y | dy [ do|

WL =15

FL=25

Figure50. signal d in thaVL.FL format.

On the left figure the convergee behavior is plotted. Both versions converge to in 92 iterations.
On the right, the differenca&n "O0 "®is plotted. Both versions converge to almost the same solu-
tion.

The comparison between the computed gains igveh in Fig. 52, demonstrigig identical results for
the 124 complex gains.
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Convergence (logarithmic scale)
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Figure51. Floatingpoint and fixedpoint Stefcabehavior
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. Gains computed by floatiRgpint andfixed-point algorithms.
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4.3. Approximatiomf the Stefcal algorithm.

The optimized fixegboint version of Stefcadpecifiesthe minimum hardware requirements if exact
arithmetic units are used. Simplifying it further will violate the iteration count doteor the distance
from the floatingpoint reference result. However, a better optimization can be achieved by using
approximate arithmetic unitsAs demonstrated in4], the algorithm does not require uniform preci-
sion in the course of computatioiit. suggests that some number difitial iterations can be mapped

to a simplified less accurate hardware in order to reduce energy consumpitimis section, different
approximation methods described in the previous chapter will be applied to the optimxasidoint
version of the Stefcal algorithm

The optimized fixegboint version and all the approximations are implemented in the FReitht De-

signer Toolbox of MATLAB. This toolbox allows to build the model of hardware and-turetsimu-

lations.As it A NS O f & & dzLJLJ2 NIi & 2epréséntatiok $ie apgraximadeny wif b8 Y Sy
FLILX ASR G2 GKS HQa O2YLX SYSyid @SNERA2Y 2F (GKS .
signedmagnitude, but it requires more work, andingendtaan?2 i 0S8 &l AR GKFd G4KS H
of the signedmagnitude representations are more more power efficient [20], it depends on the par-

ticular application and it is difficult to predict.

Application of approximations to the Stefcal algorithm is not straigiatiwd. Even in the simplest
approximation(the truncation of inputs) it is a difficult task to find the optimal truncation configura-
tion which minimizes the energy consumption. It requires to determine which signals to truncate, by
how many bits, and fordw many iterationsTo simplify this prolem, some assumptions will be made.
First, the elementvise product will be kept accurate with the parameters determined in the previous
section, approximations will be applied only to the MAC and SAC units. Séeortthrdware units

are assumed, one acate (optimized fixeepoint architecture fromthe previous section) and one
approximatewhich has to be found, an which some number of initial iterations will be mapped.

Even truncation of only one signal hask® optimized. If a signal can be truncdtby 3 bits and 40
iterations or by 2 bits and 60 iterations, it is r@eéarwhich option saves more energyhe answer
can be obtained by synthesizing the design and performing a power simulation. Howeverdthgou
infeasible for such a complex strucg as it will require significant amount of time for design, compi-
lation and simulation. For this reason, to analyze the effeapgroximationsand understand how
much cost is saved for eadpproximation the unit gate model is used. This gate modelats the
number of gates required for eadiardwareconfiguration. If a approximation is applieth such a
way that all the logic aftean approximated multiplieis simplified, these effectare also included in
the model. The gate model outputs a singlember which corresponds to the number of gates re-
quired bythe whole datapatlt allmultipliers,squarersadders and registers in the desidie savings
achieved are computed by the followiegpression

QT @oEil o @

OET OLQATTE
a WE I & @

QT
The difference in cost betwedhe approximate and optimal hardware is multiplied by the number of
approximate iterations andivided by the total cst of the optimal fixeepboint computation.

wé i dsa constant number which is equal 28247 the cost of the optimal hardware.

€ @ is also a constant, which is equal to the number of iterations requisethe floatingpoint
algorithm.
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Every approximation applied will change i & some number smaller tha®8247 and it will also
changes @ , as the Stefcal algorithm can withstand different approximations for different num-
ber of iterations.There is a tradeoffetween® ¢ i andé @ , as smalleto ¢ i o©orresponds

to more approximations, leading to smaller number of iterations which can survive this approxima-
tion. Therefore, the optimizatiogoal is to find an approximate architectungnich minimizeso é i o

and maximizeg @ in such a way that thé ¢ i & 0 0 'Q0) is maximized. Overall, the ap-
proach can be described as follows:

1. Apply an approximation

2. Tryto run the algorithm fog @ w Titerations on the approximate architecture and
then switch to the optimal fixegboint architecture. If the results are not acceptable, decrease
the number of approximate iterations by 10

3. Compute the® £6i ¢y ‘Q&nd if there are some other apprawations to apply, repeat steps
1-2.

4. Implement the architecture with the smallest cost in VHDL, synthesize the design and perform
the power simulation to see the repbwer and area numbers

As the unit gatanodel computes the area and the optimization g@athe reduction of power con-
sumption,an assumption is made that the smallest architecture will have the smallest power. In that
sense the purpose of the model is to find the minimum, the real percenthgawing may be different.

The reference desigis synthesized for 50 MHZhe poweris equal to 3.5530 mW The area
27023A0 . The reference design is implemented without using behavioral descriptions for the mul-
tipliers and squarers in VHDL. They are implemented by constructing the partial produist coa-
sisting of AND gates which are then summed by an adder tree sdlbgtthe synthesis tool, and all
the approximations are applied directly to the partial product matrix.

The previous chapter compared different approximations and their performégcesing the MSE
metric. However, this algorithm is iterative, it includgigision and a large number of computations.

It is difficult to predict which one is the most efficient for it. Therefore, four approximations will be
applied. The truncation of p#al products is the most promising and applied first. Then, the trunca-
tion of inputs is applied as it also showed good performance in the comparison and is easy to imple-
ment. The DRUM is also tried, as the input distribution in the Stefcal multipl&nsiiar to the normal
distribution, and the DRUM can be efficient for sag$tributions as they have a large fraction of small
numbers and only occasionally the shifting is required to multiply them. And finally treco@pres-

sion is also implemented. Would be difficult to apply the recursive multipliers as the structure has
many multipliers and they are much larger than the 4x4 and 8x8 cases considered pre\Hausly

ever, as the M2 type with unbiasing is among the best recursive combinations, teenigiiRession

can be used to predict what can be expected is the recursiéptiers are applied, as the GRm-
pression is using the OR gates more efficiently compared to the recursive multipliers. In all cases the
approximations are applied directly to tipartial product matrix, which allows to compare the effec-
tiveness of methds.
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4.3.1. Truncation of partial products

In this section, the truncation of partial products is applied to the four multipliers of the MAC unit and
to the two squarers of the SAunit. The truncation is applied in a column by column way, so the
approXmation step is the truncation of one column of the partial product matrix.

First, the multipliers and squarers are truncated one by one, while the other remain accurate. This
way an optimal truncatiomumberfor each of the units individually is deternaith. Thenthe multipli-

ers and squarers are truncated in pairs, around the determined numbers. Finally, the MAC and SAC
units are truncatedogether. This approach will be demonstratdor the truncation of partial prod-

ucts, and it will be applied to the loér three approximations. It does not guarantee to find the optimal
approximation configuration, but it allows to reduce the number of tiommsuming simulations and
hopefully find a neapptimal solution for each method.

SAC truncation

The squarers whicbomputeQi & @nd"Qi ¢ @re truncated one by one firsTheQi ¢ dGquarer

is truncated, andall the other multipliers and squarers are kept accurdibe same is repeated for
the "Qi & dquarer. The corresponding squarers @ seen in Fig. 49. The results of truncating the
squarers are shown in Fig. 5fhis plot shows how many columeoanbe truncated if only the corre-
sponding squarer can be agptimated. Truncation of 16 columns in td ¢ équarer allows to save
around 1.7%.

1.8

—e_sac

161 f_sac2

1.4

1.27¢

081

cost saved, %

061

0.4r

0.271

0 5 10 15 20 25
truncated columns of partial products

Figure53. Truncation of squarers.

The next step is to truncate both squarertsthe same time. For that, in tH@i ¢ Gquarer thenum-
ber of truncated columns ranges from 14 to 20, and in & ¢ dhe number of truncated columns
ranges from 17 to 20. Therefore, 28 combinations are simulated, Rfor Gmultiplied by 4 for
"Qi & aYhe results are shown in Fig. B4can be concluded that the most effective way of truncating
the squaers is to truncate 20 columns in tf@i ¢ Gquarer and 18 columns in th&i ¢ Gquarer.
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It allows to save about 3% obst. The number of approximate iterations is not shown in these plots.
In this case, the Stefcal survives these appraxioms if they are applied for 60 iterations

cost saved, %
N w

—_

N
So
Y

20
18

16 17
Colu,nns in ; 17.5

. saC
15 \umnS ine_s
[Sgp? 17 14 “uncated co

Figure54. Truncation of columns in the two squarers.

MAC truncation

In a similar way, the four multipliei€BORQ BCof the MAC unit are truncated individually. The re-
suts are shown in Fig. 55.

25 T T T T
——eh
—ft
et
2 —h
X5
3
>
]
w
2
g 1
05 B
0 1 | | | |
0 5 10 15 20 25 30

truncated columns of partial products
Figureb55. Truncation of multipliers in the MAC unit.

In the next step, the two multiplier@Qand "Qare truncated together. In th€Qmultiplier 13, 14, 15
and 16columns are truncatedand the coresponding range for théQanultiplier is from 11 to 15
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Therefore, 20 simulations aggerformed,and the optimal numbers of truncated columns are 13 for
‘QCand 14 for'Qdor 60 iterations, allowing to save 3.4% of cost. The same process is refieated

pairQ @nd (X truncating from 14 to 18 columns in each multiplier. The optimal parameterdGare
for Q @and 16 for(Q

Then, all four multipliers are truncated. The starting parameterstlaeeones determined for each
pair. To test more aufigurations, the pairs are deviated from the found parameters. Devia¥ids
applied to one pair, and deation Y to another: 0Q po YHQd pt ¥ and Qo pu
YR po ¥

BothY and¥ range from-2 to 2. Therefore, 28imulations are performed, and the following pa-
rameters are found for the whole MAC uriflQ p 6iQ0 p Q0 p BIXQ p @So, thestarting pa-
rameters are thanost effective The Stefcal survives this approximation of the MAC unié@atera-
tions, allowng to save 8% of the coist gates of the unit gate model.

SAC and MAC truncation

At this final step, both the MAC and SAC units are truncated. The starting parameters are the ones
determined for the MAC and SAC individually, and again the deviafioasdyY ranging from-2 to
2 are applied. The found parameters aw@nmarized in Tabl8. The Stefcal is able to withstand the

truncation of partial products with these parameters fdt iferations, allowing to save 1% of the
reference cost.

Multi plier (or squarer)| # of truncated
columns
QOO 21
Q4 D0 19
aQ 14
Q0 15
Qo0 16
M 17

Table8. Truncation of partial products. Determined parameters.
Unbiasing

Thetruncated architecture has a negative bias all the deleted partial products are equal to zero.
The unbiasing is performed Ipacing three different initial values in each of the three accumulators.
These values are determined by performing two simulations in parallel, one with the optintzed a
rate structure, and one with the approximate structure. The mean of the differebetseen the
corresponding values is computémt each accumulatoand the value is added to thedrresponding
accumulator. The effect of unbiasing is that the Stefcabie to withstandthe truncation of partial
productsfor 61 iterationsten iterationsmore compared to the biased casand savel2.8% instead

of 10.7%. The effect of the applied approximation on the convergence process and solution can be
seen in Fig. & The behavior until iteration 5(61 in the unbiased case) deviates from the floating
point version. After switching from the truncated approximate version to the optimal {padt ver-
sion, the solution converges to the same value in the same numbtarafions.
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Figureb6. Effect of partial product truncatiofor biased and unbiased cases.
Synthesis

The approximate designsgnthesizedand the power is estimated.he power is equal t8.2280 mwW

(the reference architecturbas the power 08.5530 mW. The area is equal to 22528 (the refer-
encearchitecture has the area &7023Ad . Overall, by increasing the area by 83%, 20% of energy
can be saved in the biased case, and 24.7% if the unbiasing is enabled.

4.3.2. Truncation of inputs

The approach for the approximation wiputs is identical tahe one described for the truncation of
partial products, so the full process is not described here, only the determined parameters are
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reported. The parameters are shown in Tablé&9.can be seen, the sign&kandoremain its aiginal
bit width. Thiscan be explained by the fact that these signals are already the shortest aptimaal
fixed-point architecture. The number of approximate iterations for this approximation is equ to
iterations.

Signal # of bits truncated
Qi OO 8

QA dw 8

Q6 O 8

Q4 O 12

Q 0

0 0

Table9. Truncation of inputs. Determined parameters.

Unbiasing

The unbiasing by the accumulator initializations turns out to be ineffective for this meBuail.the
number of iterations becomes larger afd " Q"Q"@ ap 1 . However, if the unbiasing is done by
setting the least significant bits of the truncated signalslisimilar to what is done in the DRUM
multiplier, the performance is significantly improvedlowing touse the approximation for 64 itera-
tions, 12 more han in the biased cas&his unbiasing is not a constant term added to all the results,

it is supposed to be more effective as for each multiplication the unbiasing depends on the operands.
TheLSB of one operand which is setltés multiplied by all thebits of another operand, which are
differing for various operands.

The convergence behavior is depicted in Fig. 57.

Synthesis

The power of the approximate design is equa2t®821 mW The areas equal to20604A4 . There-

fore, by increasing the area %%, 24% of the energy can be saved in the biased case, and 28.8% in
the unbiased case, making this method more effective than the truncation of partial products, which
was not expected bef@hand, as the performance of the partial products truncation sbkdJwetter
results in the comparisons of chapter 3.
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Convergence (logarithmic scale)

Convergence (logarithmic scale)

Convergence
‘ :

Norm ||V - GMG]|

—— optimal fixed-point

—— approximate

20

40 60 80 100
lteration

Norm ||V - GMG||

—— optimal fixed-point
—— approximate

10° ; 53.395
"‘\‘ —— optimal fixed-point
'\ —— approximate
107 | 53.39
|
|
|
1072 ¢ \ 53.385 -
|
A
103 ¢ ™~ T 5338
A 3
4 | A E
104 ¢ \ - S 53.375 -
\\\ "\_,Tj
100 ¢ . L 53.37 |
10 ¢ L 53.365 -
107 : : : : 53.36
0 20 40 60 80 100 0
[teration
a) biased
0 Convergence
107 = . ; 53.395
—— optimal fixed-point
| ——— approximate
10" L 1 53.39
|
|
|
102 ¢ " 1 53.385
‘_\L
102+ o 1 & 5338
\ S
_ £
10 N i 053375
|
S L
10° ¢ L : 53.37 |
O
Ny
100+ S 53.365
107 : : : : 53.36
0 20 40 60 80 100 0
lteration
b) unbiased

20

40 60 80 100
lteration

Figure57. Effect of the truncationf inputsfor the biased and unbiased cases.
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4.3.3. DRUM.

The determinecparameters of the DRUM method are presented in Table 10. The approximation can

be appliedfor 60 initial iterations.

Multiplier (or squarer)| Size of the small DRUM multiplie
Qi O 10x10

QA HO 9x9

AQ 10x10

"Q0 10x10

Q0 8x8

M 8x8

Table10. DRUM parameters.

Unbiasing

Unbiasindoy the accumulator initializatiors not effective for this methodpresumably because it is
already unliased, as can be suggested by the fact that it can be applied for 60 iterations, more than
the truncation methods in the biased case.

It should be noted that in this work the smaller accurate multiplier is assumédyve the operands

of the same sizdtQ a

L2aaArof s

0 Kl G carfhavé @iffererd Sizesf theSaldngs da U

be increased. However, it would introduce one additional optimization parameter, significantly in-

creasing the number of required sifations.

The effect of this approxini@n method on the convergence process can be seen in Fig. 58.
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Figure58. Effect of the DRUM method applied to the Stefcal.
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Synthesis

The power of the approximate design is equaltd114 mW The area i20835A4 . By irtroducing
an area overhead of 77%, 15% of the energy can be saved, significantly smaller than both the trunca-
tion methods.

4.3.4. OR-ompression.

This method is sindl to the Lowpower MAC method, and also to the M2 recursive typee OR
compression igpplied to the partial product matrix in a coluntry-column way, similar to the trun-
cation of partial productsinitially it was planned to apply the M2 type in a resive way, however
after obserbingthat this method uses OR gates in an inefficient vitayas decided to apply the GR
compression directly on the partial product matrix. However, the analysis of the errors introduced by
the M2 type was made whicaillowsto understand how to apply the GEbmpression. Fig. 59 shows
the partial product matri>consisting of 2x2 multipliers for th€@nd "(Qmultipliers which have the
samesize of 24x18. The structure consists of 108 2x2 multipliers.

® ® & & & o o 0 0 0

® & & & & & & & 0 & ° 0 0 0

® & & & & & & & 0 0 0 0 0 00000

® ® & & & & & 0 0 0 0 0 0 0 0000
® & & & & & 0 o 0 0 0 0 000

24

Figureb9. 24x18 multipliematrix consisting 0fL082x2 multipliers.
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Figure60. Expected mors of 2x2 multipliers of the M2 type. Thatl@aow is the mean of the corresponding col-

umns.

Figure 60 shows the probabilities of errors multiplied by the weights of the columns in which the 2x2
multipliers reside so the numbers correspond to the expedterrors of each of the 2x2 multipliers
Allmultipliers are of the M2 type. The 2x2 approach is not used for the Stefcal, but the error matrix in
Fig. 60 shows that the Gfdmpression applied in a coluntny-column way is a reasonable way of
approximation as the error increases gradually if the apximation step is one column.

As the Lowpower MAC is a special case of this method, it was tried as well. However, the Stefcal
algorithm cannot survive even the minimal approximation of this mettag. 61 sbws the effect of
applying the Lowpower MACmethod just to theQQmuiltiplication for only 20 initial iterations. The
number of iterations is larger arld 'Q"Q"@ ap 1T .
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Figure61. Lowpower MAC applied to Stefcal.
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The parameters for each multiplier asquarerfor the ORcompressio of the columnsre presented

in Table 11The method is applied for 60 iterations, and the unit gate model predicts the savings of
only 5.5%.

Multiplier (or squarer) | # of compressed
columns
Qi O 21
QA Hw 20
[9/0] 15
Q0 16
Q0 18
90 19

Tablel1l. ORcompression parameters.
Unbiasing

Unbiasing by the accumulator initialization allows to increase the number of approximate iterations
from 60 to 66.

Synthesis

The power is equal t8.2757mW and the area i25490 Aa . This method allows to save only 5% of
the energy in the biased case @b.6% in the unbiased case by introducing an area overhead of 94%.
This is clearly the least efficient method of approximation among the applied ones.

The convergencprocesscan be seen in Fig. 62.
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85



4.4. Overvie.

Table 12 presents an overview of all the applied methods and the savings which can be achieved by
them.

Method # of approximate | Energysaved, % | Area overhead, %
iterations (biased/unbi-
(biased/unbi- ased)
ased)
Truncation of par{ 51/61 20/24.7 83
tial products
Truncation of in{ 52/64 24/28.8 76
puts
DRUM 60/60 15/15 77
ORcompression | 60/66 5/5.6 94

Tablel2. Approximate methodsomparison.

The truncation of inputs is the most effective method to apply to the Stefcal algorithm. It allows to

save more tharthe other methods while having the smallest area overhead. The reason why the trun-

cation of inputss more effective than thertincation of partial products is not clear. It might be related

G2 GKS sle& GKS nQa O2 Y Hpciphdtiony ardiaNdlidd to xha sigiedtzy O G
magnitude representation, the truncation of partial products magctmethe best method TheOR

compression is extremely inefficient. The savingstlheesmallest, and the area overhead is the larg-

est. Itis reasonable to expect that the possible savings achieved by using the 2x2 multipliers in differ-

ent combinations wilnot be significantly beér than the ORcompression
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Conclusions.

In this work, a comparison of approximate computing technigajgglied to the MAC unitvas per-
formed. The comparison included the novel approximation methods as welieagaditional fixed

point truncation methods. For most of thecasesconsideredthese simple truncation methods are

the best approximationsHowever, no definitive conclusion can be madeto which approximation

is the most efficient, as for various distifions and data representations different techniques can be
advantageous. Also, the synthesis tool proves to be difficult to use for these comparisons as for dif-
ferent frequencies theesults can differ significantly, which make these results look likda@mnat

times. To better understand these results, 1 Hz frequency was used which removes the critical path
constraint from the designs, and also a model was implemented which compwtesimber of gates

for each design. Results which are present in althinee can be given more credit.

The least squares algorithm performing the radio astronomy gain calibration was approximated in a
systematic way by applying four different approxinoa. Thdwo truncation methods show the best
results allowing to save one energy compared to the DRUM approximation and thec@Rpression.

The best result is demonstrated for the truncation of inp&8,8% of the energy can be saved com-
pared to the optimal fixegboint implementation by introducing an area overhead of 7@%e first

two thirds of iterations can be mapped to this approximate truncated architecture, switching to the
optimal fixedpoint architecture only for the final third.
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Future work.

The elemenwise product part of the Stefcal algorithmag not approximated in this work. It can be
expected that its approximation will allow to save more energy.

The approach to approximation in this work introduces an area overhead asrthieztures are
required, an approximate structure for the initideiations, and an exact one with optimized bit
widths for the final iterationsThe truncation of inputs, apart from demonstrating the best results for
the Stefcal approximation, has amar important advantage over other approximations. It can be
used ina dynamic way. Instead of using two different architectures, one optimal architecture can be
used in which the least significant bits of the multiplier inputs are set to zero for thal itirations

by using multiplexersThen, for the final part of theomputation these multiplexers propagate all the
bits, increasing the precisiof. KA & ¢l & GKS YdzZf GALX ASNI LI NI O2NNBalL
switching activity and saves pew The input bits can be activated gradually, smoothly increasiag th
precision.For the maximum savings, this approach would require to determine the optimal function
according to which the bits are activated depending on the current iteration numbeanl@also be
possible that the overhead introduced by the multiplexend their control will nullify the potential
savings.

¢KS {GSTOFEt FLIINRBEAYIGAZ2Ya 6SNB LIWXASR (2 GKS
possible that the signethagnituce representation is more power efficient. It would require repeating

the full process again starting from the floatipgint to fixedpoint conversion as for the signedag-

nitude representation the optimal word lengths might differ franK S H Qa  @epr¥skeditason.S v
CKA& Aa 0SOFdzaS Ay H Qaofe@hpasitive ah8 nedative Valids intioduSes (1 NXizy C
a negative bias, making the values smaller. The truncation of signaeghitude signals is different as

it makes the positive values smallgnd the negative values larger, which may lead to no bias at all
depending on the data distribution.

The 16x16 comparison in this wafk2 S angl@lésthe recursive multipliersit could be helpful to
see their performance for the 16x16 case as well.

Results for the 16x16 case suggest that the truncation of the Boothipliar partial products can be
more power efficient as the partial product matrix of the Booth multiplier is smaller.

All this potential future work can be done faster by using the neded scripts developed in the
process of writing this work.
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Appendix A. Appximate MAC comparison plots.
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compile -map_effort high; compile_ultra

9 biased 6 unbiased
10 10
# + %
108
10°
&
Jo 0
107 ®
¥ © 104
=]
o Smgs
6 n
10 2
el T
o . 103
min ME Kl min ME
10° min Var = min Var
M2 and MO @ M2 and MO
M1 and MO g  ox M1 and MO
leading M3 ) leading M3 o
B trunc ppm 10 trunc ppm
10 trunc inp ] trunc inp
drum drum
lowpowmac o lowpowmac
min MSE min MSE
10° . | . . . ) 107 | | | . . )
0 20 40 60 80 100 120 0 20 40 60 80 100 120
% of nominal power (0.4291 mW) % of nominal power (0.4291 mW)
a) uniform
g biased 8 unbiased
10 10
00 OO
108
10° .
06 (2]
107
10*
6
10 B *
w *® e L
(%]
=
& o
10° @ . LK
o 8 10° .
min ME a min ME B on
min Var B B min Var
10% M2 and MO KA M2 and MO
M1 and MO B * = M1 and MO
leading M3 o e , leading M3 o
trunc ppm 10 trunc ppm
102 trunc inp *ﬁ trunc inp
drum drum
lowpowmac lowpowmac
min MSE min MSE
102 . \ \ \ \ . 10! \ \ \ \ \ )
20 40 60 80 100 120 20 40 60 80 100 120

% of nominal power (0.4479 mWw)

% of nominal power (0.4479 mW)

b) normal with mean=8 and std=2.5

92



MSE

biased s unbiased
107 F
e o
107 L
e
106 L
[ 00
& 105
= 10
*
*
* min ME o * min ME . @ % o
]
< min Var LT 10*F| = min Var &
)
M2 and MO @ & o M2 and MO . - é%m
M1 and MO w3 M1 and MO : *
* leading M3 o - * leading M3
“  trunc ppm - 3 “  trunc ppm
trunc inp * 107 F trunc inp &
¢ drum ¢ drum "X o
*  lowpowmac o *  lowpowmac 2
O min MSE O min MSE
L L L L L ) _‘02 L L L L L )
20 40 60 80 100 120 0 20 40 60 80 100 120

% of nominal power (0.4102 mWw)

¢) Stefcal_CE

% of nominal power (0.4102 mW)

93



MSE

MSE

4x4. Signed magnitude.

Synthesized at 900 MHz.
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Synthesized at 660 MHz.
compile -map_effort high; compile_ultra

biased

min ME
min Var
M2 and MO
M1 and MO
leading M3
trunc ppm %
trunc inp 8

drum
lowpowmac
min MSE

104

20 40 60 80 100 120 140
% of nominal power (1.2968 mW)

biased

* min ME

% min Var

© M2 and MO S
M1 and MO 8 Ho .

% leading M3 ox

“ trunc ppm #

+ trunc inp @

<& drum -
lowpowmac

O min MSE

20 40 60 80 100 120 140
% of nominal power (1.3261 mW)

" unbiased
107 F.
5
1010
8 &
10°
8
10 o
<&
7
o 10
w
%] 6
= 10
10°
*  min ME
= min Var
10°F | © M2and MO
M1 and MO
. % leading M3
10°F | “ trunc ppm "
-+ trunc inp
102k < drum o B
lowpowmac e
O min MSE
L | 101 L L L L L L L L |
160 180 0 20 40 60 80 100 120 140 160 180
% of nominal power (1.2968 mW)
a) Uniform
" unbiased
10 ¢
o
o ¢
w
%]
=
min ME
min Var
10°F | © M2andMo o=
M1 and MO % 20
5 *  leading M3 LR
10°F | * trunc ppm o
-+ trunc inp
102k < drum 0 % .
lowpowmac :
O min MSE
. ) 107 . \ . . . . . . )
160 180 0 20 40 60 80 100 120 140 160 180

% of nominal power (1.3261 mW)

b) normal with mean=128 and std=40
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MSE

1014

1012

1010

108

% of nominal power (1.224 mW)

c) Stefcal_CE

% of nominal power (1.224 mW)

biased 12 unbiased
£ 107 g
1010k ??*a *
% * %
]
% fiﬁ * 108 F o
- * %
o)
w
L 177} 6L
= 10

+  min ME *  min ME R

3 a min Var ep 104 F ﬁ min Var %
M2 and MO .0 M2 and MO o,
M1and MO * M1 and MO

% leading M3 @ % leading M3 ”

*  trunc ppm X % 2 “  trunc ppm o %
E| + truncinp z:zm ) 10°F |+ tuncinp s

& drum <& drum

- lowpowmac +  lowpowmac

O min MSE O min MSE

. \ . ) 10° . . . )
50 100 150 200 0 50 100 150

200
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1012

1010

MSE

10°

MSE

8x8. Signed magnitude.
Synthesized at 666 MHz.
compile -map_effort high; compile_ultra

biased

min ME
min Var kS
M2 and MO &
M1 and MO
leading M3
trunc ppm
trunc inp
drum
lowpowmac
min MSE

20 40 60 80 100 120 140
% of nominal power (1.7362 mW)

biased

) 4

o

min ME
min Var
M2 and MO *
M1 and MO
leading M3 %
trunc ppm
trunc inp
drum
lowpowmac
min MSE

160

50 100 150
% of nominal power (1.3188 mW)

200

unbiased
102 ¢
1010 ¢ ;EL
= B
108 ¢ o
<&
L
N 6L
= 10
* min ME cmo
10%F | = minVar
© M2and MO & =
M1 and MO %
*  leading M3
A trunc ppm o
10 “+ truncinp -
¢ drum
lowpowmac
O min MSE
100 . . . . . . . )
0 20 40 60 80 100 120 140 160
% of nominal power (1.7362 mW)
a) uniform
" unbiased
10 ¢
o
w
%) o
=
+ min ME - %
& min Var “ qﬂ o
10°F | © M2and Mo s
M1 and MO #xCgg
% leading M3 %
103 L . -4
% trunc ppm
- trunc inp
L, | ¢ drum ax
10 lowpowmac .
0 min MSE
10! . . . )
0 50 100 150 200

% of nominal power (1.3188 mW)

b) normal with mean=0 and std=80
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MSE

1012

‘\Uﬁ

mm

biased

unbiased

c 1012
L 101k
L 1010k
L u 108k
L 108 F
¢ ¢
W7

3 % o g 10'¢ o
L Ha% 105 F s

+ min ME %?@D * min ME %2&%@

% min Var % §l “ min Var % 5
F| © M2andMo N 10°F | O M2and Mo N

M1 and MO g = M1 and MO Ew ©

% leading M3 X og . % leading M3 * o
| # trunc ppm ¥ O 107 F | % trunc ppm % Ox

+ trunc inp o %x + truncinp 0 %&x
[ | ¢ drum ,: sl | ¢ dum “

*  lowpowmac X><§a 10 lowpowmac x

O min MSE ‘ O min MSE o

| | | ) 102 | . | )
50 100 150 200 0 50 100 150 200

% of nominal power (0.9778 mW)

c) Stefcal ET

% of nominal power (0.9778 mW)
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MSE

8x8. 2's complement.
Synthesized at 500 MHz.

compile -map effort high; compile ultra

biased unbiased
1013 ¢ 1010 ¢
120
10 109 F
1L N
10
108 F
1010 e}
107k
<
9l o
10 =] ]
* 10°
108 ¢ s 5
g v =
# min ME w8 o 10°F [ % min ME x 0
¢ %0
107F | # min Var 2}3%‘ % min Var s % -
& % 5 WL A%
M2 and MO w Y M2 and MO «
M1 and MO & 10 F M1 and MO .
10%F | % leading M3 Aoﬁ: % leading M3 & ooPs
“  trunc part prod i < sﬁ “ trunc part prod & LK
s trunc inp K 103 F trunc inp a¥
1076 ¢ drum ¢ g o & drum A
+  lowpowmac 0 x +  lowpowmac
s | & booth hybrid * 102F | £ booth hybrid v O
10 4 booth trunc ppm oo~ 4 booth trunc ppm -
O min MSE @ O min MSE
108 . . . . . , ‘\01 . . . . L '
20 40 60 80 100 120 140 20 40 60 80 100 120 140
% of nominal power (0.5736 mW) % of nominal power (0.5736 mW)
a) uniform
biased unbiased
10M ¢ 1010 ¢
10°F
10" ¢ :;5
108 ¢ b
1010k 107 F
N 108k
r w
8L %]
10 =
+ min ME 10°F [ # min ME
= min Var o T = min Var
M2 and MO T D By M2 and MO ,4
108 M1 and MO ag %:iﬂ%zl]* 104 F M1 and MO #
% leading M3 EX XSy © % leading M3 e mgw
“ trunc part prod ox “trunc part prod e X:?“;
trunc inp Dga* 108 F trunc inp A -
4 & drum # ¢ drum TA S
0% ] . I | . v
lowpowmac e © lowpowmac
2 booth hybrid 102 F 2 booth hybrid 7% L
4 booth trunc ppm s booth trunc ppm -
O min MSE o O min MSE
102 , , , , ) 10! , . , , )
20 40 60 80 100 120 20 40 60 80 100 120

% of nominal power (0.5655 mW)

% of nominal power (0.5655 mW)

b) normal with mean=0 and std=40
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MSE

. biased "o unbiased
10 10
102 1010k
"L . w k4
10 10°F
1010 L +
108k
o o e =
10%
+ 107k
w
108 ¢ @
=
% min ME 10%F [ % minME
107F | £ minVar = min Var
M2 and MO M2 and MO
M1 and MO 105 F M1 and MO o
10%F | % leading M3 % leading M3 e
#  trunc part prod # trunc part prod X
4+ trunc inp 104F | + tuncinp o o
10°F | o drum < drum gy
- lowpowmac - lowpowmac o
41 | £ booth hybrid 103F | £ booth hybrid =A T
10 A booth trunc ppm 2 booth trunc ppm S
O min MSE O min MSE -
10° : : : : ‘ 102 : : : o :
20 40 60 80 100 120 20 40 60 80 100

% of nominal power (0.5004 mW)

c) Stefcal _ET

% of nominal power (0.5004 mW)

120

101



MSE

16x16. Unsigned.
Synthesized at 250 MHz.

compile -map effort high; compile ultra

10%5 ¢ biased 10% - unbiased
%%*
* O8
1020 X % 2 1020
Ko o) o
& * Q &
Ox # % o
Q@ 3k o o}
O % o] & o
=G N o & ., %
1018 ook G 1018 Yoo e}
% Yoo#00 o o * {;O
» o i * o ¢,
w L o w < * [6) Voo
2 x O 2 . * 0 N
% O >< *0 h
o [e]
x s
10 o] 10 x ©
10 x 10 [¢]
o] X
X o
o X o
X
2 CL0
o] 0
X
X le) o %
x0O x
51 50 o
10 0 10 %o
* trunc part prod o > trunc part prod * 0
+  trunc inp # trunc inp o]
O  OR part prod O OR part prod Q
¢ drum O drum
10° . | | | . . ) 100 . | | | . .
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120
% of nominal power (0.9856 mW) % of nominal power (0.9856 mW)
a) uniform
biased unbiased
105 102 g
%% o
* [
18 * - ]
%%%* 10 # Yo 8
*L O Xt o 3
20 % 16 - o o
102 F ¥ & 100 ¢ < o %
[aligN % X * & G
o . Q o F o ©
N v
%/x/\ * % 10" ¢ x * ° v
Ox * 2 % * oy
f)/\ * o x * o &
9‘ * [e) * o \
15 L O 7 2L x &
10 x ; & *o& o o 10 ; e >
o & O
X o = [e]
. o @ 10"k % o
X % “ L [e]
% o]
100 9 108 o
L X
Ie) (e}
XO o
B 10° o
0o ‘o
5 =0 . o
10 Q 107 ¢ “0
% trunc part prod 1) * trunc part prod FS)
+ truncinp oL | * tuncinp o
©  OR part prod 10 O OR part prod
< drum < drum
10° . . . . . \ ) 100 . . \ . . . )
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
% of nominal power (0.9832 m\W)

% of nominal power (0.9832 mW)

b) normal with mean=32768 and std=10240

102

140



MSE

biased

1025 .

unbiased

105 -
ko o
1020 x& o
*
* % [}
oV & <
x ¥
s + %
x
10" ¢ x
LSS x
o
w <
%) ¢ O
=
o]
x Q
1010 v © 1010 F (o)
<O o
O x
X » (@]
9 09
o] ; le)
X
E "o
5 % 5| * 0
10 o 10 X0
* trunc part prod o * trunc part prod fae]
*  trunc inp * trunc inp O
O OR part prod O OR part prod =}
G drum O drum
10° I I I | | | ) 10° I I I I | | )
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120

% of nominal power (0.9478 mW)

c) Stefcal_CE

% of nominal power (0.9478 mW)

103

140



16x16. Signed magnitude.
Synthesized at 250 MHz.
compile -map_effort high; compile_ultra

102 - biased
*
107 £ %%
3 o
* o o
18 * \}/ o
10" F * % o
% * e} (o]
X * o [}
16 x o ©
10" « K 6 ©
'S v 0
% * N
* o v
1014 L X - o o
[e] &
X * ~
Ll o @
@ 10'2 ¢ ” ox
= X o
“ o
1010F * o
® o
X 0
108 ¢ “ 0
0
ol
108 ¢ <O
(o]
% trunc part prod x
40 | * truncinp 2
10 O  OR part prod S
¢ drum e}
102 . \ . . a )
0 20 40 60 80 100
% of nominal power (1.0201 mW)
1020 - *3%( biased
*
18 i*x <
0 o ®
Fx o 5
x * O o]
16 [ X * ,\ o
10 o n o o
X 4 Voo
- <)
10ME % o &
#* o o
x ¥ ] &
o] o
x ¥ O
102 ¢ . o o
4 of
= o Q
1010k x o
“ o]
x o
10% F 0
*0
0
108 ¢ Mo
.0
% trunc part prod o
H X
104 F | * truncinp °
O OR part prod M
& drum o
102 L L 1 1 Q ]
0 20 40 60 80 100 120

% of nominal power (0.9226 mW)

A

102 - unbiased
*
1020 42&
3 o]
* o 5
18 * &// ©
10 # o o
X * [o} (o]
X * o Q
16 . o °
10" « * 6 ©
X * h o A
x ¥ S
* o v
104 E x L o o
[e] &
X * a
L o @
w0 qpl2k = Ok o}
= X o
o
1010 X o
x [e]
]
10%F “ 0
0
ol
108 F X0
o]
#  trunc part prod X
40 | * truncinp 2
10 Q  OR part prod S
< drum e}
102 . . \ \ a )
0 20 40 60 80 100 120
% of nominal power (1.0201 mW)
a) uniform
1020 ¢ *%{ unbiased
*
18 >)‘ex Q
10y * o £
*x o >
x * o o]
6L b * ” o
10 . 4 O o
X 4 Y o
¢
- 5]
10ME % o &
# o o
x * © &
o] o
x o
10" ¢ . o o
4 ot
= o Q
1010k x o
- o]
® o
108 F 0
#0
jal
108 F O
.0
% trunc part prod o
H X
104F | * tuncinp °
O OR part prod M
<O drum o
102 L L L L Q J
0 20 40 60 80 100 120

% of nominal power (0.9226 mW)

b) normal with mean=0 and std=20480
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