UNIVERSITY OF TWENTE.

FACULTY OF SCIENCE AND TECHNOLOGY
FACULTY OF ELECTRICAL ENGINEERING, MATHEMATICS AND

COMPUTER SCIENCE

COMPUTATIONAL MATERIALS SCIENCE
MATHEMATICS OF COMPUTATIONAL SCIENCE

Computational methods in quantum
mechanics with applications in spintronic
calculations

Supervisors
Prof. Dr. P.J. KELLY
Prof. Dr. ir. J.J.W. VAN DER VEGT

Author
M.S. RANG

April 20, 2020



CONTENTS

. Introduction . . ... oL Lo e 3
Lo Scattering . . ..o L e e 4
2.1 Formalism . . . . . . . .. e e e 4
2.2 Scattering region . . . . . . . . ... e e 7
2.3 Currents . . . . ..o e 8

. LMTO Formalism . . . . . . . . . . i it it e e e e e e e e e e 11
3.1 Muffin-tin Orbitals . . . . . . . . . . . e 11
3.2 LMTOs within the ASA . . . . . . . .. 13
3.2.1 On the approximations made . . . . . . ... ... ... ... ... ... 16

3.3 Spin-orbit coupling . . . . . . ... 16
3.4 Exact Muffin-Tin Orbitals . . . . . . . . .. .. .. ... .. .. . .. 17
3.4.1 Partial waves . . . . .. L 18

3.4.2 Screened spherical waves . . . . . . .. ... L oo 19

3.4.3 Back-extrapolated partial wave . . . . . .. .. Lo oo 20

3.4.4 Kinked partial wave . . . . .. ..o 21

3.4.5 Kink cancellation condition and the Hamiltonian . . . . . . ... ... .. .. 21

3.4.6 Angular momentum & spin matrix elements . . . . . .. ... L. 23
Galerkin Method . . . . . . . . . . . . e e e e 26
4.1 Local discontinuous Galerkin . . . . . . . . .. ... ... ... ... 26
4.2 Tmplementation . . . . . . . . ..o 29

. Derivations . . . . . . . . . e e e e e 33
5.1 SOC for KPWs . . . . . . e e 33
5.2 Non-spherical correction on atomic potentials . . . . . . ... .. ... ... ... .. 40

. Results . . . . L e e e 41
6.1 EMTO implementation . . . . . . . ... ... 41
6.2 Comparison to analytical results . . . . . . .. .. .. o000 44
6.2.1 Transport through a rectangular potential barrier. . . . . . . .. .. ... .. 44

6.2.2 Transport through a sawtooth potential barrier . . . . . ... .. .. ... .. 46

6.3 Numerical evaluation of the Galerkin method . . . . . .. ... ... ... ...... 53
6.4 Structural defectsin Pt . . . . .. . ... 57
6.5 Vacancies . . . . . . .. L e e 57

6.6 Planar defects . . . . . . . . e e e 61



Contents 2

6.7

6.6.1 Current perpendicular to plane . . . . . . . .. ... ... ... ... .. 61
6.6.2 Current in plane . . . . . . . . ... 63
Conclusions and Recommendations . . . . . . . . . . ... ... ... 66
6.7.1 Vacancies and planar defectsin Pt . . . . . ... ... ... 0. 66
6.7.2 EMTO implementation . . . . . .. .. ... ... 66
6.7.3 Numerical solutions using the Galerkin method . . . . . . .. .. ... .. .. 66

6.7.4 Final remarks . . . . . . . . e 68



1. INTRODUCTION

Energy consumption by and heat dissipation in central processing units (CPUs) are factors limiting
the progress of computing technology. The heat produced by CPUs limits the further miniaturiza-
tion, so even though one can fit billions of transistors on one chip, the total computational power is
limited. If one could use the electron spin, rather than its charge, as the carrier of information, the
heating problem would be suppressed, as spin currents do not suffer from the same energy dissipa-
tion (Joule heating) problem. Another great improvement would be that the energy consumption
of the processor units would go down significantly.

This is easier said than done. FElectronics based on electron spin, or “spintronics” is a relatively
young field, and our lack of knowledge still prohibits any extensive use of spintronics in devices.
There are exceptions to this, most notably the giant magnetoresistance (GMR) effect, which is the
operating principle of hard disk drives. There are still many unknowns with regard to spin currents
in materials, which must be answered if spintronics is to be more widely implemented.

This report focuses on a few spintronic properties of a particular material, namely platinum (Pt).
Platinum has a large spin-orbit coupling, which is to say the orbital degrees of freedom couple
strongly to the spin degrees of freedom, which in turn means that effects caused by electron spin
are more noticeable. This, together with platinum (Pt) being a conductor, makes it a prime example
in the study of spintronics. In order to do calculations, the Twente “MTO transport code” is used.
Ways to expand and improve the code are also subject matter of this report, in fact, two thirds
of the work is focused on these methods, in both a computational and mathematical sense. In
the report, the formalisms used in the calculations are discussed first. Then, a few new results
are derived, which were subsequently implemented in a computational code. The results section
reports the values found through calculation, as well as some computational tests for the newly
implemented methods. Finally, the conclusions and recommendations give a final overview of the
project, and give recommendations for future research.



2. SCATTERING

In order to do first-principles calculations on solids, which are calculations which do not rely on
model parameters, but only on fundamental constants like ¢ and A, one must consider the quantum
mechanical nature of the electrons involved. As the size of the device (experimental or theoretical)
gets smaller, the wave mechanics of the electrons become more and more important. This is what
we compute with the Twente MTO Transport code: the possible transport of electrons through a
material as the quantum mechanical wave functions of the material allows (or prohibits).

In words, the scheme works like this. We set up an infinite crystal, and compute the Bloch wave
functions within it. We use these to construct wave functions which travel in a certain direction. We
call this the left lead. Then, we calculate how these constructed waves travel through a scattering
region of a given material, as determined by the electronic wave functions determined by the atoms
in the material. A crucial property of the scattering region is that in this region we apply disorder
of various kinds. It is this disorder which leads to scattering of the electronic states and all of the
physics this entails.

Finally, a right lead is constructed, which is similar in its function to the left lead, although instead
of incoming waves, here the transmitted waves from the scattering region are matched onto the
permissible outgoing states, which are determined by the electronic properties of the right lead. An
illustration of the geometry can be seen in fig. 2.1.

In principle, the electronic properties of the leads do not really matter, as they are only used as a
basis to construct incoming and outcoming waves. The interesting physics happens in the scattering
region, where the behaviour of the electrons is determined by the atomic composition. It is from
there that we can extract useful information about the spintronic and electronical properties of
the material. An obvious one is the resistivity p, which determines how the current through a
material depends on the voltage one applies, or vice versa. In terms of spintronics, there are two
important parameters, the spin-flip diffusion length [s¢, which is a measure of the length an electron
on average travels before its spin is flipped, and the spin Hall angle Oy, which is the conversion
rate of electronic current to perpendicular spin current.

2.1 Formalism

The following is largely borrowed from [9]. Let us consider a two-terminal system for our scattering
problem, where the geometry consists of two leads made from a perfect crystal, and a scattering
region sandwiched between them, where we apply disorder. The disorder can be of various kinds:
thermal (small displacements of the atoms with respect to their equilibrium position), chemical
(either as an alloy or in the form of impurities or vacancies) or structural (crystallographic defects,
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Fig. 2.1: Schematic of the input geometry of the Twente TB-MTO-ASA transport code. The atoms are
arranged in a perfect crystal within the left and right leads, but thermal disorder and vacancy
defects are present in the scattering region.

grain boundaries, etc.). The scattering matrix is made up of matrices of transmisssion and reflection
probability amplitudes as follows
S = <r“ t“) , (2.1.1)

tcr TRR

where the matrix tr consists of transmission probability amplitudes between each Bloch state in
the left lead and in the right lead. This matrix alone is enough to find the conductance of the
system, given by the Landauer-Biittiker formalism as

G=— Tr{tt'}. (2.1.2)

The transmission and reflection probability amplitude matrices can be found from first principles
by Ando’s wave-function matching (WMF) technique. The central equation of the formalism is the
single-particle time-independent Schrodinger equation.

(H- EL)¥ =0 (2.1.3)

In the above, E' is some specified energy, which in our case will always be the Fermi energy and I is
the identity matrix. The vector ¥ contains coefficients of the wave function in some localized basis,
in our case the tight-binding linear muffin-tin orbitals (TB-LMTOs). The Hamiltonian H contains
all the "hopping’ information, as well as on-site energies. The solutions of the SE in the perfectly
crystalline leads are left and right propagating Bloch states and they will function as boundary
conditions in the scattering theory.

Leads

The periodicity of the leads allows us to construct the Bloch states if we know the solution of the
SE in a single layer, repeated periodically to construct an infinite crystal. We can then write the
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Schrédinger equation for the i'th layer within an ideal lead as

N
(EI—H,) ¥+ (Bl\I/,»H + Bj\yi_l) —0. (2.1.4)
=1

Here H, := H, ; is the on-layer term, consisting of matrix elements between atoms within layer
i, B; := H,;4; is the hopping from layer 7 to layer ¢ 4+ [ and BlT := H;;_; is the hopping from
layer i to layer ¢ — [. Hermiticity of the Hamiltonian and translational invariance guarantee that
Hz,i+l = H,;;; = H;;_;, which allows us to simplify the expression to just B; and its hermitian
conjugate.

Furthermore, the translation symmetry allows us to equate the wave function between two neigh-
bouring layers in another way. The Bloch wave function can be decomposed into a cell (or layer,
in our case) periodic part, and a complex Bloch factor A, such that

U, =\, . (2.1.5)

Inserting this in the Schrodinger equation for the leads, we find the generalised eigenvalue problem

N—-1
(EI-Hy) %+ Y (Bl\pl + B}\I:_l) FBIW_y = 2B, Ty, (2.1.6)
=1

W, =\¥,_,Vl e [—N—‘r 1,N — 1] R (2.1.7)

where we have set ¢ = 0 without loss of generality. The solutions of this equation can be sepa-
rated into two classes, one with right-going and one with left-going states. Both classes contain
propagating Bloch states and non-propagating evanescent states, characterised by the Bloch fac-
tor X\. Denoting right-going states by a 4+ and left-going by a —, we find that there are only N,
(the number of atom-centered orbital states within each layer) Bloch factors which correspond to
a translation of a right- (or left-)going state to a neighboring layer. All other translational Bloch
factors correspond to more distant layers, which does not provide any extra information. Each A(%)
corresponds to N eigenvectors in the generalized eigenvalue problem, so for each A\(£) we select the
one corresponding to I = 0. This gives us N, eigenvectors u,, (%), which we gather in an N, x N,
matrix

U) = (wi(E) . un,(£). (2.1.8)

An arbitrary wave function can be decomposed into any complete basis, and our left-going and
right-going wave functions together form the eigenvectors of a Hermitian matrix, so they constitute
a complete set. Hence we can write

U =U+)+¥(—)=U+)C(+)+U(-)C(—), (2.1.9)

where the C vector are the expansion coefficents. This allows us to express the translation of
an arbitrary wave function over any number of layers [, since we know the Bloch factors ()
corresponding to each propagating state between neighbouring layers. That is, we have

Cisi(£) = A(£)Ci(%), (2.1.10)
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where A(=£) is a diagonal matrix with entries A(£). Combining the above, we have
Yip1 =U(+)Cisa(+) + U(-)Cisa(—)
= U(H)A(+H)Ci(+) + U(=)A(-)Ci(-)
= U(H)A(H U (H)Ti(+) + U(-)A(-)UTH (=) T(-)
=F()¥i(+) + F(—)¥i(-).
Here F(+) are Ando’s translational matrices
F(+) = U(H)A(H)UH(=). (2.1.11)
For hopping between arbritrary layers, we have
ip = F () P(+) + F () Ti(-), (2.1.12)
which gives us the full solution for the lead. Here F! denotes mathbfF to the power [.

2.2 Scattering region

Within the language used earlier, the scattering region takes the form of a giant meta-layer sand-
wiched between the leads, which each consists of an infinite number of layers. When considering
the Schrodinger equation for the system, we note there must be some finite number of lead-layers
N + 1 which directly interact with the scattering region. That is, in the left lead, for any layer with
index —(N + j) where j > 0, we can use the solution found in the last subsection to write

VroN—j=%e N_j(+)+ ¥, nj(—) (2.2.1)
=F (1) n(+) +F7 ()T _n(-) (2.2.2)
=[FZ () - FZ ()| e n(H)+FZ () s, (2.23)

where wave function in the left lead in the —N — j’th layer is denoted by ¥, _x_;. Similarly, we
will use the subscript S to denote the scattering region and R for the right lead.
For the layers with index n € [— N, 0] of the left lead, the Schrodinger equation reads

—-n N
(EI — Hﬁm) ‘Ifﬁm + Z BL,Z\IJL,H-H + BLS,n\I/S + Z BL)Z\IJL,n—l =0. (2.2.4)
=1 =1

The first term contains the on-layer contributions, the second term is the hopping from layer n
to all layers with a higher (closer to 0) index, the third term is all hopping from layer n to the
scattering region, and the last term is any hopping from layer n to any layer with a lower (i.e. more
negative) index. It is within this term that we can use (2.2.3). The Schrédinger equation becomes

(E1-H;)¥rn+ Y Bri®rnn+Brs ¥ot
=1

N4n N
+(1=0n-n) Y BL e+ > BLF/NT()w, _y (2.2.5)
=1 I=N+n+l

N
=— Y BL[FV(4) - BN ()] @ _n(+)
|=N+n-+1
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where B.s ,, is the hopping matrix from layer n to the scattering region. The Schrédinger equation
for the right lead is similar, but simpler, since in the right lead, only right-moving states can exist,
so for any layer with index N + j where j > 0, we have

VNt = FRr(H)¥rN. (2.2.6)

The Schrodinger equation for the layers of the right lead with index n < N + j becomes

n N—n
(E1-Hg.,)+ ) B ¥rui +Bks,¥s+(1—dnn) D Bra¥rons
=1 =1
N (2.2.7)
+ ) BriFRVT(+)¥rn =0.
I=N—-n+1
Finally, the Schrédinger equation for the states within the scattering region is
N—1
(EI — HS) Ps + Z [BTLS,I\IIL—Z + B’RS,I\I’R,Z} =0. (228)
1=0

These are all the equations needed to fully solve the system, with one final boundary condition
being

‘I’[;’,N(—l—) = U[;(-‘r) . (2.2.9)
That is, the incoming states are the right-going eigenstates of the left lead. The final set of equations

is an inhomogeneous set of linear equations which is relatively sparse, thanks to the TB-LMTOs.
The reflection and transmission matrices can be extracted as

We n(=)=Us(-)r (2.2.10)
Urn(+) =Ur(+)t, (2.2.11)
or rather, in usable form
r=U: (=) [®s-n — Ug(+)] (2.2.12)
t=Ug' () Tr.y . (2.2.13)

The reflection matrix contains two components, where the transmission matrix only contains one.
The reason for this is that while the right lead only contains right-going states, the left lead contains
the incoming states as well as the reflected ones.

2.3 Currents

One vital part of the transport code is the interatomic currents, as well as the layer-averaging
algorithms it contains. Through the hopping Hamiltonians (which we have to construct anyway),
we can in a remarkably simple fashion extract the interatomic (spin) currents from the scattering
region. For more details, see [13].

Let us consider an atom P within the scattering region. The TB-LMTO method has as its basis a
set of localised orbitals, such that we can associate every basis function with one particular atom.
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We write all basis functions localised on P as |¥p). The current at P is simply equal to the change
of the electron density in time

se = g el e) = 2 [ We() p(r)ar
= / a\Ilgit(l‘)J(\I/p(r)dr —l—/\llp(r)Twa;;(r)dr
= <§t\llp \I/p> + <\I/p aat\llp> .
Now remembering the time dependent Schrodinger equation, which is
m%\p —HU, (2.3.1)

we find an equation for the charge current, solely in terms of the Hamiltonian H and the wave

function ¥p
0 1 A N
<z :—\IIH\I/—\I/H\I/}. 2.3.2
e = = | (Up| H W) — (V| H |¥p) (2:32)
We also know, by conservation of charge, that the current at atom P must necessarily equal the

sum of all currents between atoms P and every other atom, or in equation form
e = il V), (2.3.3)
Q

and indeed, the equation for the current (2.3.2) fits such a form, when we decompose the Hamilto-
nian H into atom-to-atom blocks Hpg

1 N .
P
P2 = — |[(vpl Hpq V) — (ol Hor )] - (2.3.4)
The derivation of the expression for the spin currents is very similar. The spin density on each
atom is sq,p 1= (Up| o, |Up), with o, the Pauli matrices, so that the spin currents become

9 9 9
asa,p: <at\IfP (Ta|\I/p>+<\I/p|0a at\pr> (235)
1 - .
= = [(WploaH|¥) = (V| Hoo|¥p)] | (2.3.6)

which we decompose into interatomic spin currents in the exact same way

) 1 - .
382 = — [(Wpl oalipg [Wq) — (Yol Horoa |¥r)] - (2.3.7)

We note that these currents are actually current densities, so to find the actual current, we multiply
the current densities, which we gather in a tensor j©% by a volume Vpg = Apgldpgl|, where Apg
is an arbritrary cross section which cancels in the integration, dpg is the vector pointing from P
to Q and j¥9 = (ng,ng,jsiQ,ij)T is the currents vector.
E2d, jted, b,

~p Jeidy  gid,  gid .P
J QVPQ = _%;le 'iqudy .‘}deZ =] QL dpg (2.3.8)

S e S A

]c Qdm ]c Qdy jc de
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When we group together a group of atoms and call them a layer, there are plenty of interatomic
currents between two layers. To ensure that we divide up the current properly between the layers,
we define a parameter

0 if Q is inside layer {
Bor = { < Y (2.3.9)

dgu/d. if Q is outside layer [ ’

where dg; is the distance in the z direction between atom @ and the outer boundary of layer [, and
d, is the distance in the z direction between ) and P. For the spin currents, we need to linearly
interpolate between jL% and j@F since the spin current is in general not conserved between two
atoms.

P2\ = AjF9 — (1 — N)j9F e 0,1] (2.3.10)
The part of j7 QVPQ that belongs to layer [ then equals

1-Bpq.1 1 1
/ JPQ(C)®dPQdc =3 [(1 — ﬁPQ,z)Q - B(QQPJ} JPQ®dpQ+§ [(1 — ﬂQP’l)z — 5(29137[] JQP(X)de .
Bar,
(2.3.11)

The average current density tensor within layer [ is

~ 1 1 .

Ji = Vl Z 3 [(1 - BPQ,I)Q - /Bép’l] JPQ ®dpg. (2.3.12)

P,Q

Dividing the scattering region into layers seems unnecessary, but is actually very important to
obtain reasonable currents. Obtaining accurate interatomic currents is a very powerful tool, which
allows us to directly observe spin currents. The small basis set resulting from the TB-LMTOs allows
us to go to very large systems of thousands of atoms, which means we can calculate spin currents
for length scales resembling real experimental samples, albeit only in one cartesian direction.



3. LMTO FORMALISM

This section of the thesis is a summary of the physics and mathematics that go into the code.
None of the derivations done here were originally done by the author, and only serve to illuminate
the black box that is the LMTO-ASA transport code. Nevertheless, it is important to understand
what is going on under the hood when one wants to perform high-fidelity calculations. When
implementing new features into the code, this becomes even more important. This section is
structured as follows. First, in section 3.1, we introduce the reader to the concept of a Muffin-Tin
Orbital (MTO), which form a set of basis functions for the quantum mechanical wave function we
use to perform calculations. A short section on Spin-Orbit Coupling (SOC) section 3.3 follows,
which we treat as a perturbation on the MTO Hamiltonian. The SOC interaction is an essential to
the computation of spintronic properties, as without it, the spin degrees of freedom are independent
of the orbital degrees of freedom. Finally, in section 3.4 we describe the Exact Muffin-Tin Orbital
(EMTO) basis, which is the basis used in the latest version of the transport code.

3.1 Muffin-tin Orbitals

We want to be able to study diffusive transport at room temperature in transition metals (TM)
and TM heterostructures, which will translate into being able to consider “scattering regions” con-
taining 10000 atoms and more. We need to describe the quantum mechanical wave function ¥ in a
minimal basis set, otherwise the scattering problem becomes intractable. Furthermore, it is conve-
nient to have a localised basis, i.e. every element of the basis set can be associated with one atom.
This way the range of interaction is limited to nearest neighbours or next-nearest neighbours only,
which results in a Hamiltonian that is sparse. This will speed up the computations as compared
to a dense Hamiltonian, since there exist sparse-matrix solvers that are much more efficient than
their dense-matrix counterparts.

Tight-binding muffin-tin orbitals (TB-MTOs) [2] satisfy both requirements. To generate the basis,
one divides the crystal into muffin tin (MT) spheres, and an interstitial region. Within the MT
spheres, the potential is assumed to be spherically symmetric, so that we can solve the Schrodinger
equation through separation of variables. In the interstitial region, the potential is assumed to
be constant (zero, in the so-called “atomic sphere approximation” to be discussed below). The
equation which governs all behaviour within the one-electron formalism is the time-independent
Schrédinger equation (TISE)

—h? 9 L
5V VY =Ey. (3.1.1)

The SE can then be separated in real space between the MT spheres and the interstitial. The V2
operator is the Laplacian. Within the assumption that the potential V' (r, 0, ¢) = V(r) is spherically
symmetric, we can separate the angular variables 6, ¢ from the radial variable r. That is, we can
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write the wave function v as a product of radial and angular parts.

P(r) = o(r)Y (6, 0). (3.1.2)
The Laplacian in spherical coordinates is
2p_10% B S PR ) A WS S
V= r Or2 (rf) + r2sin 6 00 sin 00 r2sin? 0 042

Omitting the algebra (it is straightforward but lengthy) we can separate the equation into a left
hand side, which is only dependent on r, and a left hand side, which is only dependent on 8, ¢.
This leads to two equations, a radial one and an angular one.

1 d 2dR(7‘) 2mr2 B
R(r) [dr (T dr ) + e (B V(T))R(r)} =, (3.1.3)
_a}/;z;@ :SIHQ% (SIHHW> +)\51H29Y(9,(b) (314)

Employing separation of variables again, we have Y (6, ¢) = ©(68)®(¢), which we use to rewrite the
angular equation to

1 0%®(¢ 1L/, 0 (. 000 ,
“30) 8¢(2 ) =5 (sm@ae (sm@aé)> + /\sm29@(9)> =m?.

We have chosen to write the arbitrary constant as m? so we have a simple form for ®(¢):

09(¢)

ggz T (@) =0

The spherical system gives a boundary condition for this equation as ®(¢+ 27) = ¢(¢). This is one
of the first differential equations one learns to solve as an undergraduate student. The solutions
are given by

D(p) = ™.

The boundary condition gives ®(¢+27) = e™™(¢+2™) = &(¢) = "%, s0 the only allowed values of m
are integers, since those are the only values that satisfy e?™™ = 1. The solutions to the differential
equation are quantised. Within quantum mechanics literature, m is known as the magnetic quantum
number. Having found a solution for ®(¢), we can now solve for ©(f). Inserting the solution and
rewriting gives

1 0 (.  00(0) m? B

The constant A must be a positive integer for this equation to be solvable. In fact, we have
A = 1I(l + 1), where [ is the angular quantum number, which represents the angular momentum.
[ also restricts the allowed values of m as m = —[,—l +1,...,1 — 1,1. Roughly speaking, one can
say that [ determines the amplitude of the angular momentum, and m determines where it points.
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Finally, we can write down the radial Schrédinger equation, since we have an expression for A we
can put into the right hand side of (3.1.3).

d 2i+ 2mr?
dr dr R

(E—V()—1(l+1)|Rrr)=0 (3.1.6)

The solutions to the angular equations (3.1.5) are very well known. They are the so-called spher-
ical harmonics Yy, (0, ¢). The radial SE will be solved numerically from the origin out, up to the
muffin-tin radius.

The solution of the TISE for a spherically symmetric potential can be constructed as the sum of
products of spherical harmonic and solutions to the radial Schrodinger equation. This is a vital
step in the LMTO formalism. By dividing space into regions where the potential is spherically sym-
metric, and regions where the potential is constant, the solutions to the one-particle Schréodinger
equation are known analytically and perhaps more importantly, constitute a complete basis set.
In practice, we have to truncate the [ expansion for the orbitals, but luckily, even [ = 2 is a very
good approximation. This is largely based on physical reasoning; depending on the atom species
being studied, different atomic orbitals contribute to the electronic behaviour at the Fermi level.
For example, for transition metals (of which platinum is one) the d-orbitals are very important,
which are precisely the [ = 2 orbitals. Choosing the [ = 3 basis for Pt has some effect on the spin
Hall angle, but not on the spin flip diffusion length, as shown in [13].

The MT spheres of the muffin-tin are expanded in size until they fill the volume of the crystal.
Additionally, we set the kinetic energy of the solution to the wave equation in the interstitial region
(which now has zero volume) to zero. This method is called the atomic spheres approximation
(ASA), and throughout this report, this is the potential we use for any large calculations. The
ASA is not sufficiently accurate for all systems, particularly for systems with low symmetry, or
open systems. Close packed crystals such as the face-centered cubic (fcc) lattice are approximated
quite well by the ASA, so for the case of Pt there are no problems. One particular method of more
accurately representing the atomic potential by a sum of spherically symmetric potentials is called
the Overlapping Muffin Tin Approximation (OMTA) and is the subject of a later section of this
report. The OMTA unfortunately does not work for the conventional LMTOs.

3.2 LMTOs within the ASA

In the atomic sphere approximation (ASA), there exist only regions of space where the potential is
zero (V = 0) and regions where the potential is spherically symmetric (V' = V(r)). Let us for the
moment consider a single atom. One can numerically solve the radial Schrédinger equation inside
the atomic sphere at energy e to find the so-called partial wave

Orim(e,TR) = Ori(€,7R)Yim (TR), (3.2.1)

where R is the atomic position, [ is the angular quantum number, m is the magnetic quantum
number, Tz is a unit vector, rg :=r — R and rg := |r — R|. The function Y}, (¥r) is the spherical
harmonic. A continuous and differentiable orbital is constructed by attaching at the boundary of
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the atomic sphere a “tail”, a linear combination of solutions to the Laplace equation.

J9, () = (r/w) 2020+ 1)) Vi (Fr) (3.2.2)
Ky (rr) = (rr/w)” ' Vi (ir) . (3.2.3)

Here we have used the abbrevation L := Ilm. w is a length scale, usually the radius of the atomic
sphere. The radial functions are matched in terms of the logarithmic derivative (where ¢’ is the
radial derivative) at s, which is the radius of the atomic sphere (from here on we drop the atomic
position R if it does not give rise to ambiguity).

59y (e, 5)
Dy(e,s) = L2222 3.2.4
l< ) (bl (Ea S) ( )
Defining the so-called “potential function”
241 Dy(e) + 141
Pl(e) =20+ 1) (2) 2 3.2.5
fe =20+ (2) 2 (325)
and normalization ol 1 1 . )
+ w
N(e) = - (%) 3.2.6
1 (e) 0 \s)  aes) (3.2.6)
the matching condition on the radial interstitial wave function (i.e. for r > s) becomes
NP (e)u(e,r) = K (r) — P ()P (r). (3.2.7)

However, we see see that this expression diverges for » — oo, so to construct a function which is
everywhere continuous, differentiable and regular, we simply subtract the term with Jlo(r) from the
partial wave in the interstitial region as well as the atomic sphere. This is the MTO.

NP (e)u(e,r) + PP(e)J)(r) r<s,

K)(r) r>s. (3:2.8)

X(I), (Ea I'R) = {
The tail K%, (rg) can be expanded in a closed form around any other site R’ in terms of J%, ;,(rr’)

K]OZL = _ZJ?{’L’(I'R/)S]O?’L’,RL‘ (329)
L

The coefficients S%, g are known as the canonical structure constants. They are canonical in
the sense that they only depend on the crystal structure, not on lattice parameters, atomic sphere
potentials or energy. The augmentation of the partial wave with J?(r) means that the MTO is no
longer a solution of the Schrédinger equation within its own sphere. However, when we use the
expansion (3.2.9), we find that the linear combination of MTOs on different sites does solve the
Schrédinger equation. This wave function,

U(e,r) =Y xhe(err)Chyp (3.2.10)
R,L
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recovers the partial wave solution implemented in the very beginning, but only when the tails of all
other MTOs cancel the J%; (rg) augmentation of the MTO at R. This requirement is called the
“tail-cancellation” condition:

Z [P]%L(E)(SRR’(SLL’ _S?%L,R’L’] C?%’L’ =0. (3.2.11)

R/,L'
If the crystal is assumed to be infinitely large through periodic boundary conditions, the wave
function becomes periodic and we can transform the equation from real space to (momentum) k-
space. Solving this equation gives the band structure of the material at hand. When performing a
band structure calculation, the energy dependence must be taken care of. Normally this is done by
linearising the tail-cancellation condition around particular energies €,. For the transport problem,
we are only interested in the behaviour at the Fermi energy, so we can just use the equation as-is.

The MTOs derived above form a minimal basis, in general one only needs spd or spdf orbitals
to find a satisfactory band structure, but one problem remains. The MTOs have infinite range,
such that a transport calculation would be very expensive indeed, as the Hamiltonian would be
rather dense. Luckily, a relatively simple method of “screening” the structure constants exists,
which transforms our MTOs into tight-binding MTOs, which have very short range. We introduce
screening constants a gy, which alter the potential function and the structure constants as follows.

P(e) = P°(¢) + P°(e)aP*(e) = PO(e) [1 — aP°(e)] ' (3.2.12)
and
S =8+ 5% S5 =51 — St (3.2.13)
The screened tail cancellation becomes
Z [PI%L(E)éRR’(SLL’ — SIO%ZL,R’L’] C?%’L’ =0. (3.2.14)
R/, L’

Let us first rewrite this equation in vector form
[P¥() —SY]-C=0. (3.2.15)
If we expand this equation as a Taylor series in £ about €,, we obtain

[PO‘(EV) S 4 PYe,) (e —2)+ O (e — sy)2] C=o0,

where P implies the energy derivative of P, which we can rewrite to an eigenvalue equation
~[P(e)] VAP (e)) - SY [P ()] P C= (e —e,)C+O(e—2,)° .

This is an eigenvalue equation which yields the energy, which in the context of Quantum Mechanics
means that our operator is a Hamiltonian, up to first order in the energy. In the context of a
transport calculation, the energy dependence is of little concern, as we set the energy ¢ = ¢, = ep
and calculate all of the properties there. The first-order Hamiltonian is

he — _[Pa]—l/Q[Pa _ Sa][Pa}—l/Q 7 (3.2.16)
and the TB-MTOs are _
IX®r) = [¢RL) + Z ‘¢R’L’> h%’L”,RL7 (3.2.17)
R/L/

where ¢ is the energy derivative evaluated at € = ¢,,.
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3.2.1 On the approximations made

The two major approximations in the above are the independent particle approximation and the
muffin-tin approximation. The first is necessary to write down a one-particle basis for the wave
function at all. The many-body problem is not analytically solvable, and the few methods that
exist to approximate the solutions to the many-body problem all use the one-particle wave function
as their basis. The many-body effects are included approximately within the DFT framework
[5, 4] through the exchange-correlation (x-c¢) functional, for which we choose the Local Density
Approximation (LDA). Many more types of x-¢ functionals exist, in varying degrees of complexity
and computational cost, but we will not discuss them in detail. The LDA can be physically reasoned
to be adequate for our purposes, since logically the transport of an electron from one atom to the
next is dominated by the local electron density around these atoms, and in practice, the LDA
gives reasonable results. When we wish to actually perform transport calculations, there are some
more approximations to consider. There is of course the truncation of the expansion in [, but the
code lends itself very easily to check for numerical convergence by allowing different values of [.
Two more points of attention are the supercell size and the k-point sampling of the Brillouin zone.
Detailed numerical convergence tests of these parameters can be found in [13].

3.3 Spin-orbit coupling

One essential part of our calculations is the spin-orbit coupling (SOC), which couples the orbital and
the spin degrees of freedom, introducing rich physics in the process, not the least of which is the spin
Hall effect (SHE). The angular momentum operator is L=+x P, where r is the position operator
and p is the momentum operator. The spin operator S is the spin analogue. SOC is a relativistic
effect, arising directly when expanding the relativistic quantum mechanical Dirac equation in a
power series in (mec)~2 to first order.
R
2m 8m3c2  4im2c?

(VV -p) + # (VV X p)- S] Y =Ey (3.3.1)

The relevant term is the last term on the left hand side. The potential V' is approximately spherically
symmetric in the case of ASA-MTOs, so we can rewrite to

- h 1dv A
Hsozi ——F p | -

4m?2c? <7“ derp> S
Ro1dV(r), g
:777L~ .
dm2cr dr S

This closely resembles the familiar SOC term H,, = fﬁg one learns in quantum mechanics courses.
The MTO potential allows us to treat the coupling parameter fully.

We treat SOC as a perturbation on the earlier derived Hamiltonian matrix so that in the MTO
basis, the matrix elements of H,, become

(X*| Hoo |X*) = 71 +72h® + h*y§ + h®y3h®. (3.3.2)
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The y-terms are SOC parameters for one-, two-, and three-center terms (omitting the 3 ;‘L > factor)
1 dv .
= —L-8 K 3.3.3
st <¢| CQT dr |¢> ®£7 ( )
1 dv . :
= = L-8|¢* K¢ 3.3.4
V2 <¢| CQT dr |¢ > ® € ) ( )
1 dv . .
- LS|~ K®¢® 3.3.5
= (7] L B =K@ (3:3.5)
where we have introduced a matrix
K = (Imo| L-S|I'm'a") , (3.3.6)
and so-called SOC potential parameters
1 dV” ( )
gloa/ - <¢l(7( )| T |¢lo‘ ( )> ) (337)
» 1 dV"" ( )
flo’o” = <¢l0(r)| 2r |¢la ( )>7 (338)
Fa ¥t 1 dVUU ( )
gla'o” = <¢ZU(T)|C 2p |¢la ( )> . (339)
In practice the last two are calculated slightly differently, through
élofya’ = élaa’ + 81067015 (3.3.10)
5%0/ = éloa/ + élmf’ (O;la + Olaa’) + glaa’olaoofa’ ) (3-3'11)

where 0% = (¢|¢> These parameters can be found by radially integrating over the atomic sphere
(this is what the bra-ket notation implies). We see that the screened SOC parameters can be
rewritten in terms of the non-screened parameters with additional overlap terms. It is assumed
that VT = % (VTT + V“) since the self-consistent DFT calculation only gives potentials for each
spin separately.

The complete Pauli-Schrodinger equation in our formalism is
H = [E,I+ 7]+ [h* + 2h* + h%y] 4+ [h*(0® + 73)h?] (3.3.12)

where the brackets indicated one-, two- and three-center terms respectively. In practice, the three-
center terms do not influence the resistivity calculation by much, although the spin Hall angle seems
to be affected more severely. Nevertheless, the computational cost is reduced by 70% when this
term is neglected, which is why we usually do not take it into account. For an idea of the effect of
this term on the SHA and resistivity, see [13].

3.4 Exact Muffin-Tin Orbitals

The LMTOs described above form a very efficient minimal basis set, which is highly suitable for
transport calculations. Their only drawback is their limitation to close-packed crystal structures
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whose electronic structures are accurately represented by the ASA. One way out of this issue is to
use a more sophisticated basis set, namely the ”third generation LMTOs” [1, 10]. The TB-LMTOs
defined above are the second generation. The third generation LMTOs can easily be generalised to
be an Nth order approximation in the energy dependence, rather than just linear (which would be
an NMTO with N = 1), like the LMTOs. In our case, however, we can ignore this approximation
in the energy, as our whole calculation happens at the Fermi energy. In the literature, Andersen
himself uses the term Exact Muffin-Tin Orbital (EMTO) to describe this kind of basis. The outline
below is largely borrowed from [10].

3.4.1 Partial waves

The EMTO is constructed slightly differently from the LMTO, but follows the same philosophy. We
will again divide the crystal into atomic spheres and an interstitial region. Inside the atomic sphere,
the potential is spherically symmetric, and the wave function will be a solution to the Schrodinger
equation. For heavy atoms, it is relevant to take into account relativistic effects, so we will use the
Dirac equation. Omitting the derivation, the solution to the Dirac equation is

_ (9x(E9)
o5 = (fonies) (34.)

where s are the spin components. The radial functions f(r) and g(r) are solutions to the coupled
differential equations

K-1

r

() = (522) 10 - (B - 1)0)

K—-1
cg'(r) = —c < . ) g(r) + (E =V +2mc?) f(r),
where c is some constant and K is a spin-orbit coupling term I = — (S' L — 1). We can eliminate
f(r) from the two equations, yielding
L[ 2, W(l+1) V'(r)g'(r) K+1V'(r)g(r)
_— — _— _— — _— | = E
onf |9 )+ g () = ——5—g(r) e TVe(r) VP g(r),

(3.4.2)
where M = m + EQZZV . The operator containing spin is only present in the very last term on the
left hand side. We use the scalar relativistic approximation, which equates to ignoring this term.
We will add it back later perturbatively. The solution to the Dirac equation becomes

q (r))/lm (9, ¢)X(S)~
mzwmmm@¢n@0‘ (3.4.3)

Within the scalar relativistic approximation, the angular momentum [ is a good quantum number.
We can numerically integrate the radial differential equation to find g¢;(r) and gj(r), just as in
the LMTO case. The resulting function, which is a product of a radial function and a spherical
harmonic, is called a partial wave.

o) = (
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3.4.2 Screened spherical waves

Now we move on to the interstitial region. In the LMTO case, we assume that V' = 0 in the
interstitial region. Here we allow V' = constant so that the Schrodinger equation becomes the

Helmholtz equation
V2% = —(E — Vipg) ) = —K*. (3.4.4)

There exist many solutions to this equation, the most notable being the plane wave solution
¢ = Ae’™ ' which is the basis of many popular DFT applications. As the title of this section
suggests, we will instead use spherical solutions to the wave equation, known to the mathemati-
cians as spherical Bessel functions of the first and second kind, and to physicists as spherical Bessel
and Neumann functions. We will go about this in a very specific way, in order to finally obtain a
wave function which has desirable properties. These properties include differentiability, continuity,
but also short spatial range.

We begin by defining so-called “screening spheres”, each sphere having a particular radius ar and
being centered on an atom at R. For each atom, we define a “screened spherical wave” ¢Yry (SSW),
which has the boundary conditions

{wRL (r—R|=ar)=Y, iR =R,

Yre(r—R'|=ar/)=0 ifR #R. (3.4.5)

i.e. the SSW must be zero at all screening spheres centered at the other atoms, and must equal
the spherical harmonic at its own screening sphere. By defining the SSW this way, we ensure that
it will be short-ranged, since it must go to zero at the boundary of the screening sphere of every
atom (aside from its own), including the nearest neighbours. By making the SSW equal a spherical
harmonic on its own sphere, we can easily match it onto the partial wave, which we recall to be a
sum of products of a radial function and a spherical harmonic. It is clear the screening spheres are
not allowed to overlap, because the value of the SSW cannot be simultaneously equal to zero and
the spherical harmonic.

We construct the SSW to be a superposition of spherical waves originating from each sphere.

Yrr(r) = Z nr Yo Mriw R, (3.4.6)
RL/

where ng/y is the spherical Neumann function centered at R/ with angular momentum character I’.
The matrix Mg, 1’ rr contains all screening information. The spherical wave ngr; can be expanded
into a sum of spherical waves originating at all other sites in the so-called one-center expansion.

NRIYRL = NRIYRLOR.R' — ZjR’l’YR’L'Sl(){’L/7RL ; (3.4.7)
L/

where S are the canonical structure constants, which are also present in the LMTO method.
Instead of using this expansion, however, we will use a more general expansion, where we allow

the spherical waves originating at R and R’ to be superpositions of spherical Bessel and Neumann
functions, rather than only the Neumann function for R and the Bessel function for R/.

d)RL = nﬁlYRLdR’,R - Zjﬁl/YR’L’Sﬁ/L/,RL ; (3.4.8)
LI
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where

¥ (3.4.9)

1 2) .
nR, = t(RSZ) nRry + t%l) JRI
JrRi = t%l)nm + t%z]Rl -

The boundary conditions on the screening spheres give boundary conditions for these functions, i.e.
ng;(er) = 1 and j§,;(ar) = 0. To fully specify t@) for i = 1,2,3,4, we need to specify their radial

slope at the agr spheres, so we choose ng, (ar) = 0 and jg,’(ar) = —1/ar. The ¢t values are then
defined as
t(l) t(z) _ 20“%. ]i:{l(a’R> _ni:{’l(a’R) (3 4 10)
t3 @) w \Uri(ar)/ar  —nri(ar)/ar) o

We find the elements of M and S% by comparing the two decriptions of the SSW. On the one hand,
using (3.4.6) and (3.4.7) we expand the SSW ¢r about some other site R”.

YR = Z Y

L

E I:nR’/l//(sR/”R/(;L//7L’ - le(l//S%//Ll’,R’LI] MR/L/_’RL‘| (3.4.11)
R/L’

On the other hand, by expanding (3.4.8) by (3.4.9), we have
YRL = ZYL” [HR/W (tg/)/lnst”,R&”,L' - tg/)/lnsﬁwL”,R'L'>

L (3.4.12)
+jR”l” <tg)/l//5R’/,RI5L,/7L, - tg/)/l//sﬁ/’L’/,RL>i| .

Directly comparing the two expressions, we can straightforwardly extract expressions for Mr/r/ RL-

1 3
M/ rL = (tgu)(SR/,RJL/,L - téy)llslai/L“,RL) ;

§ : 0 2 4
SR”L“,R’L’MR’L’,RL = — (tgru)éR”,R(sL’QL — t%)/l/,SﬁuLu’RL) .
R'L’

We can eliminate M from these expressions to find a closed form for S¢,

1) (4) -1
a t 1 t 1 1 4 2 3
Savrms = BLor RILL + [_t(g) _ } o (A —263) . (341y)
i ! triy R/L'RL lg;

The S together with n® and j¢ fully specify each SSW.

3.4.3 Back-extrapolated partial wave

It turns out that the partial wave and the screened spherical wave (SSW) alone are not enough to
construct the wave function. This is because the spheres are of different radius (s for the partial
wave, and a < s for the SSW). Setting a = s is not satisfactory, because then we cannot fill the
space with spheres, since then the a spheres overlap, which is not allowed. Using small spheres with
a = s is also not desirable, since then the muffin-tin approximation is very poor. The solution is
to introduce an additional function, the so-called back-extrapolated partial wave, which solves the
Schrodinger equation in the range a < r < s for the flat interstitial potential.

(=V2 + (Voez — B)) ()Y, = 0. (3.4.14)
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The back-extrapolated partial wave has the boundary condition that it matches the partial wave at
r = s in slope as well as value. The partial wave and back-extrapolated partial wave are normalised
such that p(ar) = 1, so that the back-extrapolated partial wave automatically continuously matches
the SSW at the screening sphere.

3.4.4 Kinked partial wave

We have constructed a wave function which is continuous, but has kinks (points where the derivative
is discontinuous) at each ag sphere. The kinked partial wave (KPW) is

Prr = (01— 1) Yo + YR, (3.4.15)

where ¢ is the partial wave, ¢ is the back-extrapolated partial wave and v is the screened spherical
wave (SSW). The wave function is constructed as a linear combination of KPWs, where analogous to
the tail-cancellation condition for LMTOs, a new set of equations arises, called the kink-cancellation
conditions. This set of equations is the result of forcing the constructed MTOs to be continuous
and differentiable, which results in a linear equation where the KPWs cancel each others kinks. As
in the LMTO case, this set of equations becomes the backbone of the computational scheme. When
we set the energy, the Hamiltonian identically equals the kink matrix, which is defined as

Krrrr =ar (DSrr — SR r1r) » (3.4.16)

YR
or

where D% = ar is the logarithmic derivative of the back-extrapolated partial wave at ag.

aRrR

3.4.5 Kink cancellation condition and the Hamiltonian

The kinked partial waves as a basis present some interesting qualities. The converning equation,
which in the TB-MTOs was the tail-cancellation condition [P — S]- v = 0, now becomes the kink-
cancellation condition

K(E) - v=0, (3.4.17)

where v are the coefficients of the total wave function on the KPW basis, i.e.

U(E) =) ®rL(E)vrL. (3.4.18)
RL

We can move from the kink-cancellation condition (which is equivalent to a set of KKR equations)
to the more useful Hamiltonian formalism through the same trick we employed in the 2nd generation
LMTO method. The kink matrix is energy-dependent, which is inconvenient, so we Taylor expand
it to obtain a Hamiltonian,
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which allows us to directly write down a Hamiltonian form,

H®=K(E,) - E,K(E,), (3.4.19)
0°f =K. (3.4.20)

More concisely, if we impose ' = E, (as we do in a transport calculation), the matrix elements of
H¢ — EO° simply become R R
(P|H® — EO°|®) = K(E,). (3.4.21)

Not only does the kink matrix K represent the kinks in the wave function that need to be can-
celled, on the basis of KPWs, the matrix elements of the Hamiltonian are identical to K. This
means that solving the kink-cancellation condition (the KKR equations) is equivalent to diagonal-
izing the Hamiltonian.

Because the energy-dependent KPW basis can be used to solve the muffin-tin problem exactly at
some particular energy E,, this basis is also called the Exact Muffin Tin Orbital (EMTO) method.

The above has one more important implication. It means that we are not obliged to linearize the
MTO in the energy, as we did in the 2nd generation. If we set the energy E = E,,, we have a large
enough energy window in which the KPW evaluated at £ = FE,, provides an adequate basis, without
having to include its energy derivative. This has been reinforced by (as of writing, unpublished)
calculations where a linearized MTO basis was used. The energy-independent, linearized MTO
based on the KPWs is ' )

) = [9(B,) - [(B,) ) K (B,)K(B,) (3.4.22)

where —K~1(E,)K(E,) is the first-order Hamiltonian, equivalent to h® in the 2nd generation
LMTO. In the following, we will need the overlaps between ® and ®, which are

(®[®) = -K,
<¢“b> - _%K (3.4.23)
() --2xc

The KPWs satisfy
[l = B, 12) = 0,

where Ho, is the muffin-tin Hamiltonian Hy, = — 22 V2 + > rVR(r — R). If we take the energy

2m
derivative of this equation, we find the action of the muffin-tin Hamiltonian on the ® states,

i
[Hmt - El,} ’<I>> — @) =0,

[Hmt - EV} ‘<I>> — |o) .

[ﬁmt - Eu:| |‘I)> =0,
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The above is sufficient to find the matrix elements of H,, — E,, on the basis of the LMTOs. Omitting
the algebra, we have

. 1 . ..
(X|Hms — B, |x) =K — §KK_1KK_1K. (3.4.24)

Omitting the second term into the matrix elements is equivalent to disregarding the energy depen-
dence of the basis functions. That is, if for the energy window of interest, the KPWs are sufficiently
energy-independent, the energy derivatives of the kink matrix vanish, and we are left with just the
kink matrix elements.

Testing of the 2nd generation LMTO code also allowed us to omit the h*0o“h® term in the matrix
elements on the LMTO basis, but the implication here is much bigger. Here, the omission of the
second term implies that we do not have to consider the energy derivative of the KPWs at all,
where in the 2nd generation method, we still had to include them in the SOC matrix elements.

3.4.6 Angular momentum & spin matrix elements

In the Derivations section, we will present final expressions which include spin-orbit coupling matrix
elements. Here we briefly discuss their properties. The expressions are of the form

(lmo| L - S|I'm'a") (3.4.25)

which, being eigenstates of the L, and S, operators, can be written as closed expressions. For the
sake of completeness, we will do the full derivation (it is not very long). Let us expand the inner
product and rewrite ixy and S'my in terms of Ly and S4. These are called the raising and lowering
operators and are given by

Li=1L,=+il,, (3.4.26)
Sy =28, +iS,. (3.4.27)
These expressions can be rewritten to
~ 1 /4 ~
L. §(L+—%L,), (3.4.28)
. —i /. .
l@__7?(L+——L_), (3.4.29)
~ 1 /4 ~
N —1 /A N
5;47457( +—-S,). (3.4.31)

The inner product L - S then becomes

L-S=1L.S.+L,S, +L,S,
St (B ) (8 +80) (L —£2) (84 - 90)
S LS+ LS+ LS,
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The action of f/i, ﬁz, S’i and S’Z on a general state |lmsmg) is given by

Ly lmsmg) = i/l + 1) — m(m £ 1) [I(m + 1)sm.) (3.4.32)
L, |lmsms) = hm |stms) (3.4.33)
Sy |lmsmy) = \/s (s +1) —ms(ms £ 1) [lms(ms £ 1)) (3.4.34)
S, [lmsmy) = hm, \lmsms> . (3.4.35)

The action of the L - § operator is

L - 8|imsmy) = h2mm, |[lmsm)

+%h2\/l(l+1)—m(m+1)\/3(s+ —mg(ms — 1) [l(m + 1)s(ms — 1)) (3.4.36)

+ %h2\/l(l + 1) —m(m —1)y/s(s + 1) = mg(ms + 1) [I(m — 1)s(ms + 1)) .

At this point we set our value for the spin s = %, me = i% and rewrite o := my to have uniform
notation over the document.
L- 8 |lmo) = B2mo |lmo)
1 /3
+ §h2\/l(l +1)—m(m+1) 1 olc=1)|l(m+1)(c — 1)) (3.4.37)

+%h2\/l(l+1)— m(m — 1) o(o+1)[l(m—1)(c +1)) .

»Jk\c,o

Orthogonality of the states |lmo) ensures that most matrix elements are zero. Left-multiplying by
U'm/c’| gives
( g

{I'm’o’| L-S |lmo) = h2m051/7l(5m/7m5,,/7,, (3.4.38)
1

+ §h2 VI +1) = m(m + )8y 10mr mi100r.0-1 (3.4.39)
1

- 5712 VI+1) = m(m — 18y 16mr m—1007 541 - (3.4.40)

As an example, let us consider the [ = 1 states. In matrix representation, the L-S operator can be
written as

-1 1
2 V2
PN 1
L-S=n? 2 , (3.4.41)
2
1
=+ 0
A -1
V2 2

where the empty entries are all zero, and we have ordered based on spin first, and on m second,
ie. {oom}={F, -1}, {50}, {F. 1}, {3, -1}, {3,0}, {3.1}. More generally, we can write the

matrix as . s 4
. .5, 1i 8,
iogope( LS LS+ 4.42

s (§L+s_ 15) (3.4.42)
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In the EMTO and LMTO code, we always work with real spherical harmonics (“cubic” harmonics),
which are linear combinations of the complex spherical harmonics which directly correspond to the
|lm) states mentioned above. The transformation from complex spherical harmonics to real ones is

_ (Y= -1y ifm <0,
Vi, = { Y ifm=0, (3.4.43)
& (T ()Y ifm> 0,

=

which allow us to express the transformation from complex harmonics to real ones via a matrix,
eg forl=1
0

Ty vy = (3.4.44)

otk
SLogh

The conventional spdf-etc atomic states are in fact assembled out of complex spherical harmonics
in this way. Because it is a basis transformation, the matrix is unitary, meaning its Hermitian
conjugate and its inverse are the same

—1 1
B T Y 5

By =Ty, = By, = | 001 0 (3.4.45)
= 0 5

We can use these properties to construct the L-S matrix in the Y, basis of real spherical harmonics,
which the EMTO and LMTO codes use.



4. GALERKIN METHOD

Rather than the physically motivated schemes presented in the previous section, the current section
is concerned with a more mathematically involved scheme for solving Schrédinger’s equation. In-
deed, rather than starting from the Schrédinger equation and approximating our way to a feasible
scheme, we consider the equation as-is. This gives much flexibility with regards to the potentials
for which one can solve the quantum mechanical problem, although there is a considerable tradeoff
in efficiency. This section is largely based on [11, 7, 15].

4.1 Local discontinuous Galerkin

The local discontinuous Galerkin method we will we discussing is one in a class of finite-element
methods for solving partial differential equations. The idea is simple: one divides the region of
interest into a discrete set of elements and solves two separate problems. The first being the
differential equation for each element, and secondly the problem of connecting all the finite elements
together. Let us consider the 1D Schrodinger equation.

g + Uge — Vu=0, (4.1.1)

on some domain x € [0, a]. Here, a subscript denotes a derivative with respect to that variable. We
divide the interval [0,a] into a mesh of N new intervals I; = [z; 1,2, 1], where j = 1,2,...,N.

Let us call these new intervals ’cells’. Each cell has a width of Az = Tipl— T 1 and a center

r; = (xﬁ% — :EjJr%) /2. The crux of the Galerkin method is to construct the solution of the partial

differential equation for the whole domain as a combination of solutions in each cell. Specifically,
the solution within each cell shall be some carefully constructed polynomial function. The functions
exist in the space

Vag = {v:ve PO(L) forzel;,j=1,2,..,N}. (4.1.2)

Although we are now armed with a systematically improvable basis set, there is still no clear
computational scheme. In order to arrive at one, some modifications to the Schrodinger equation
must be made. Rather than solving the partial differential equation as presented, we will multiply
it by some test function v, and integrate over the domain.

i/utvdsc—l—/umvdx— /Vuvdx =0 (4.1.3)

The function v is called a test function. If we restrain ourselves to finding v which solves this equa-
tion for any function v, we are solving the same problem the original PDE poses. This equation
is called the weak form of the original PDE. It is less restrictive than the original equation, as the
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integral as an operator dismisses any null sets from the functions.

As we have divided our domain into cells, the integrals of (4.1.2) can be split into equations for
each cell separately. This is where the local discontinuous part of the scheme comes in. Since we
solve the integrals for each cell separately, a choice must be made in how one handles the interfaces
between the cells. An obvious choice is to force the function to be continuous, so that the function
value at the rightmost point of I; equals the function value at the leftmost point of I;;. In real-
ity, this turns out to be an unnecessarily harsh restriction, which the local discontinuous Galerkin
method lifts. Instead of forcing a continuity, the method carefully constructs a 'numerical flux’
which determines the behaviour at the cell interfaces. As stated earlier, we are only considering
solutions u which are part of the polynomial space for I;. Instead of allowing v to be any function,
let us restrict v to the same function space.

In order to properly discretize the problem, let us transform it into a set of first-order problems,
rather than a single second-order problem. If we simply set

p=y (4.1.4)

the final problem is the following.
Find u,p € Vag, Yo, w € Va,, such that

i1
z/ utvdx—/ pvxdm+ﬁv|j.iri —/ Vuvdr =0
I; I; Iz I;

J J

i1
/pwdx—i—/ UWLdT — 12w|]_+§ =0,
I; I 72

J J

(4.1.5)

where the hats denote the numerical fluxes.

The =+ superscripts denote the function values at the interfaces. The minus superscript indicates the
function value at the leftmost point of the right cell, and the plus superscript denotes the rightmost
point of the left cell. In principle, one can freely choose the numerical fluxes (as long as one can
prove that the resulting scheme is stable and consistent). We choose a particular set of fluxes which
has been shown to be stable and accurate. One notices that we have to choose a flux not only for
the function itself, but also for its derivative. One choice of fluxes is a purely symmetrical one:

a=(ut+u))2,

b=t ) 2 e
but this choice turns out not to be stable for all cases. Interestingly, a very stable flux is
u:=u"
- (4.1.7)

i.e. an upwind flux for the function value and a downwind flux for the derivative. The proof of
stability for this choice can be found in [11].

As stated before, the solution inside each cell is a polynomial. The usual choice for constructing
this function is to use Lagrange basis functions, which automatically satisfy orthogonality in the
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sense that \;(z;) = 0;;, where ); is a Lagrange polynomial and z; is some point on the grid within
any given cell. Logically, the solution depends on the choice of grid, so choosing one is not trivial.
The properties of different grid choices and the mathematics behind them are beyond the scope of
this report. We will use a grid based on Legendre-Gauss-Lobatto quadrature points as proposed in
[3].

Extending the scheme to two dimensions is relatively simple. The 2D Schroédinger equation is
Ut + Ugg + Uyy — Vu =0, (4.1.8)

which can be transformed into a set of first-order problems in much the same way as the 1D
equation. We set p = u, and ¢ = u, and formulate the weak form.

z/ utvdxdy%—/ pl.vda:dy—&—/ quda:dy—/ Vuvdxdy =0
K K K K

/ pw dccdy—/ uzw drdy =0 (4.1.9)
K K

/qzda:dy—/ uyzdrdy =0.
K K

In the above, v, w and z are test functions, and K is a given cell. After we integrate by parts, we
find the final problem.

z/ utvdacdy—/ pvwdxdy—/ qudmdy—/ Vuvdasdy—i—/ p,}wvds—l—/ Gn,vds =0,

K K K K oK oK
/pwdmdy—l—/ ut%dacdy—/ Up, wds =0,
K K oK

/qzdmdy—l—/ uzydxdy—/ Up, wds = 0.
K K oK
(4.1.10)

The similarities between the 1D and 2D scheme are immediately obvious. It is mostly the surface
integrals that change, since rather than one point on each boundary, we now have to consider the
actual surface integral. If we consider square cells, the basis functions remain the same, only with
an added dimension. The solution to the partial differential equation is then approximated as

u(w,y) ~ut (@, y) =Y ulwi, y)li@)(y) (4.1.11)
,J
so that we can recycle most 1D routines to work for the 2D case. The fluxes become slightly more

involved. For vertical faces between square elements, we still consider right and left sides and choose
the fluxes appropriately. Additionally, we have horizontal faces, where we can use the same trick.

Up, =U Ny,
Up, = U Ny,
" Y (4.1.12)
At
pnm - p n:lf })
Gn, =4y,
where (ng, n,) are the outward facing normals along 0K and the superscript (+, —) denotes
function on the “left” and “right” sides of the edge respectively.
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4.2 Implementation

In order to go from a set of equations to a computational scheme, a few more steps need to be
taken. First, let us define the 1D mass and stiffness matrices,

M;; = /I&(m)fj(x)dx

(4.2.1)
B 29
Sij = /Iéz(x)—ax dx .

If we insert our approximation to the solution, as well as inserting the test function ¢;(x), we can
write our 1D problem in terms of matrix-vector multiplications.

d
z‘/\/ld—ltl fSer/ - pds — MVu =0
ok (4.2.2)

./\/lp—l—Su—/ n-uads=0.

The unknowns are u and p respectively. V is a diagonal matrix containing the potentials V'(z;).

d
chtl = —iVu—iMISp+iM [ - -pds
ol (4.2.3)
p=-M'Su+ M [ q-ads
oI,
Omitting the derivation which can be found in [3], let us define the matrix D;; = % which
satisfies '
D=M"'S. (4.2.4)

Because of the last step, our algorithm does not have to explicitely calculate the mass and stiffness
matrices, but instead only the differentation matrix D. The surface integrals have to be lifted into
the correct dimensionality, and require separate treatment. Here, the inverse of the mass matrix is
calculated through the generalized Vandermonde matrix, which is related to the Legendre-Gauss-
Lobatto grid points which were chosen. To be precise, the Vandermonde matrix contains the
function values of the Legendre polynomials on the grid points.

The polynomial interpolation (that is, the Lagrange polynomials) are related to the Legendre poly-
nomials through the Vandermonde matrix,

Vir=p. (4.2.6)

The differentation matrix is calculated through the Vandermonde matrix as well. This is the most
convenient way, as the Vandermonde matrix is based on Legendre polynomials, the derivatives of
which can again be expressed as Legendre polynomials.
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Using the same matrices, we can write down a computational scheme for the 2D problem as well.
Using square elements, the integrals over K simply become a product of integrals over the intervals
which determine K.

[ wwdsdy — S utwiwy) [ @@ [ awema
K — I, I,
e ‘ (4.2.7)
= Z u(i, yj)Mko?m
.7

Using a compound index for 7 and j together then lets us describe the operator as a matrix again.
/ wv dedy = M* @ MYu (4.2.8)
K
The 2D problem can be written as

d
i(M””@My)d—?—(Sx®My)p—(MI®$y)q—(M"’”@M"/)Vqu/aKm'f)der

/ Ny -qds =0,
oK

(M$®My)p+(81®/\/ly)u—/ Ny -uds =0,

oK
(Mw®My)q+(Mx®Sy)u—/ Ty -uds =0.
oK
(4.2.9)

We remind ourselves of some of the properties of the Kronecker product. First, the product A @ B
is invertible if and only if A and B are invertible, in which case

(A9B) '=B'@A!. (4.2.10)
We will also use the mixed-product property, which is
(A®B)(C®D)=(AC)® (BD). (4.2.11)
Choosing square elements also results in M”* = MY, so that we can write
(M@ MY) M @8Y) = (MY)"L @ (M™)™H) (M® @ SY)
= (M¥)IM") @ (M*)18Y)
=IloM™'S
=1®D

and similarly

(M* @MY (ST@MY)=D&I.
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The computational scheme for the 2D problem becomes

dj:—i(D®]I)p—i(H@D)q—iVu-i—i(Mx@My)*l [/ ﬁz-f)ds—i-/ ﬁy-c]ds},
dt oK oK
p:f(D®]I)u+(./\/lx®My)_l/ iy - uds,

oK

q:f(]I®D)u+(Mx®My)_l/ Ty - uds.
0K
(4.2.12)

The only remaining point of interest is the integration over time. For this, we could use a simple
fourth order Runge-Kutta scheme. Here, the solution at time n + 1 can be related to the solution
at time n as

1
Wt =t 4 A (k<1> +2k@ 4 2k®) 4 k<4>) : (4.2.13)
where the coefficients k(? are given by
kM = L(u", 1)

1 1
k@ = £u" + AtkW 1" + ZAY)

2 2 (4.2.14)
k® = L(u" + §Atk<2>, 1"+ S A

k® = £(u" + Atk®) 1" + At).

The L is a short-hand notation for the right hand side of the relevant equation. This method is
widely used, as it is stable and simple. Its large disadvantage is the fact that all vectors k(¥ have
to be stored simultaneously, leading to large memory usage. We use a low-memory version [14] of
the fourth order Runge-Kutta method (based on a higher order version of the one proposed in [8]),
given by

p©® — y»
‘ k= aq k0D 4 AtL(pED " 4+ c;Al)
i€[l.05q o iy o (4.2.15)
p"Y =p + bk
u”t! = p(5) )

The coefficients a;, b; and ¢; are tabulated and can be found in table 4.1.
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Tab. 4.1: Coefficients of the low-storage explicit Runge-Kutta method [14, 8].

1 a; ‘ b7 ‘ C;
1 0 ‘ 1432997174477 ‘ 0
7301805773 | 5161830677717 | 1432007174477
56
2 1357537059087 ‘ 13612068292357 ‘ 9575080441755
3 _ 2404267990393 ‘ 1720146321549 ‘ 2526269341429
2016746695238 2090206949498 6820363962896
4 _ 3550918686646 ‘ 3134564353537 ‘ 2006345519317
2091501179385 4481467310338 3224310063776
5 _ 1275806237668 ‘ 2277821191437 ‘ 2802321613138
842570457699 14882151754819 2924317926251



5. DERIVATIONS

In the present section, we derive expressions for the Hamiltonian matrix elements of the SOC and
non-spherical terms in the potentials in terms of a basis of “Kinked Partial Waves” (KPW). which
are not readily available in the literature and present algorithms to solve those problems we have
derived expressions for. We use the knowledge presented in the previous section, as well as the
expressions derived there, to arrive at schemes which can be readily implemented into the code.

5.1 SOC for KPWs

A Kinked Partial Wave (KPW) @ consists of three terms. The first is the usual partial wave ¢,
the second is the so-called back-extrapolated partial wave ¢, and the third is the screened spherical
wave (SSW) 1. Below, we abbreviate L := Im and neglect any energy dependences, since everything
happens at a chosen energy (usually the Fermi energy),

|®) = |9) — |} + |¥) - (5.1.1)
The partial waves are variable-separated functions, i.e. they are of the form
[9) =D du(r)Yz(8,9) (5.1.2)
L
[0) =D _@i(nYL(0,9), (5.1.3)
L

where the ¢; and ¢; functions are solutions to the radial Schrodinger equation.

The SSW for an atom at R takes the form

YRL = Z (% Yroo0r/ ROL/ L — JR L YR/ SR m1 - (5.1.4)
R/L'
The radial functions n™ and j* are linear combinations of spherical Bessel and Neumann functions:

1 (2)

nOﬁL = tRlnl + tRl]l , (5.1.5)
- 3 4) .
jar = tSn, + ). (5.1.6)

The t; parameters are determined by the boundary conditions on the SSW. The four ¢; parameters
together with the unscreened structure constants, which are

2 (k) T (20 — 1)1 _ .
0 _ § l /
SR’L,RL = —4r - (2[’—1)”(2[—1)” CLL/L”(_l) YLH(R_R )TL[(|R—R ‘)7 (517)
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form the screened structure constants
—-1

(1) (4)
Stane = Bowrivet - o) -] e
tRi try R/'L,RL tRj
The SOC Hamiltonian is of the form
- 1 dV(r). 4
soc — % d’r L . S, (519)

such that the matrix elements we are looking for are
<(‘P|I:Isoc |(I)> = <¢_ SD+1/J|‘Z?[SOC |¢_ 90+1/)>
= (¢ — ¢ Hsoc |6 — @) + (¢ — ¢| Hsoc |¥) + (¥ Hsoc |6 — ©) + (¥| Hsoc [¥0) -

The first term is relatively simple. It involves an integral over r, 8, ¢ of the product of partial waves,
which allows us to split the integral, since the partial waves are explicitely variable-separated.

<¢_SD|I:ISOC|¢_<P>:M®§7

where we have defined matrices

Mimoirmior = (Imo| L - S [I'm'a")

and
1 dvee
biror = [ G10() = 10! = T (6100) = 1)
1 dveo
= <¢la - Splo" ET(T) |¢la’ - ¢l0’> .

This is precisely the scheme in which SOC is implemented in the LMTO code. The first part can
be explicitly calculated by integrating over the potential sphere, and the second part are known
values (see 3.4.6). Implementing this for the KPWs is straightforward, and almost all of the old
code can be copied and pasted to work for the KPWs.

The expansion of any SSW in spherical waves at any other site has been given in (3.4.7). It is

wRL = 'I’LaR/LYR/L(SRI’R - Zjﬁ/l’YR/L/Sﬁ’L’,RL
L’

(5.1.10)

= (nR’ltg?l =+ jR'ltg’)l) YR’L(SR',R — Z (anl/tg?l, =+ jR’l’tg’)l’> YR’L’S?{/L/,RL .

I
In order to find the expression for the SSW originating from R expressed in spherical waves orig-
inating at R, we only have to insert R’ = R. Likewise, we can express the SSW originating in
R’ # R into spherical waves originating in R, by substituting R = R’ and R’ = R. For
completeness, they are

Yre = nfyYrr — Y Jr Ve SR i (5.1.11)
L/
Yrip ==Y jRrYrr SR riL- (5.1.12)

L’
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To convince oneself fully that this is the correct expression, let us consider a more complete ap-
proach. We start with the most formal expression for the SSW, the sum of spherical Neumann
functions originating at every atom.

’(/]RL = Z nR’l’YR’L’MR/L/,RL‘ (5113)
R/L
Here ng/y is the spherical Neumann function of order !’ centered at R’. The quantity Mg/’ rL
contains all the screening information and is given by

MR’L’,RL = <t£}1}‘5R’,R5L’,L - t(R3')L'S(P1{/L/,RL> (5114)
Z S%,/L/,R”L”MR”L”,RL = — (tgi(SR/7R6L/7L - t%’)L’Sﬁ’L’,RL) . (5115)

R//L//
Now we use the one-center expansion of ng/Yr/r/ to express the sum over R’ in (5.1.13) solely
in terms of spherical waves originating at R.

TLR/L/YR/L/ = nRLYRL(SR’,RdL/,L — ZjRLYRLS(I){L,R'L' . (5.1.16)
L
Inserting this expansion into the expression for M gives

YRL = E nry YR My 1 RL
R'L'

R'L’

. 0
= E nri YR MRL RL — E JRL"YRLY g S rMrL RL -
LI L// R/L/

Now we can directly insert the expressions (5.1.15) for M and Y S°M.

YRL =) _nRiYRL (tg)L(SR,R%',L - t(RS)L/SﬁL/,RL) (5.1.17)
L/

nrRr/YRL OR/ R — E jRL"YRL”S%LN,R/L/] Mr/ 1 RL
L//

+ Z jRL//YRLH (tg)L&R,R(SL”,L - t(Pil)L”SﬁL’QRL) (5118)
L'

= (antgl) + let(Pf}) Yar - (an,tgg, + jm,ts;;;,) Yei S8 i, (5.1.19)
L/

which is precisely the expression above. The SSW belonging to R’ expressed in spherical waves
originating at R takes the form

wR’L = — Z (tgl)/an' + tgl)’]Rl/) YRL/ SﬁL,,R,L . (5120)
L’

The actual matrix element is on the KPW basis, i.e. |®). The KPWs are distinguished through
their RL label. In the following, we omit R (but not R’ # R or R” # R) for clarity.

<®La‘ gsoc |(bL/G'/> = <(¢lo’ - Qplo) }/lml Ij[soc |(¢l’a’ - (pl’a') }/l’m’>
+ <wLU| ]:Isoc ‘(¢l’o’ - 901'0') Yi’m’>
+ <(¢la - ()OZO') 1/lm| I:Isoc W}L/o’> + <'(/)L‘ ﬁsoc |1/JL’<7/>
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This is the simplest matrix element. The matrix elements of L - § are such that any element with
1 # 1’ vanishes

<(¢l0’ - (Pla> lemu:[soc |(¢l’a’ - @l’a’) YYI’m’)

1 oo’
= [[[ 2 simntirasas 1o euar) ¥y T8 (g~ ) Vi

c2r dr

1 avee’

- / r2dr (¢ — %)T; (Gvrms — Purm’) / / sin @dedd Y, L - S Yy

1 dV‘m P
= <¢ZU <pl0| |¢lo <plo’> <lm0| L-S |l/m/0'/> ,

'r'

(5.1.21)
<¢La|ﬁsoc ‘((él’a' - (pl’o’) Yi’m’>
T

///T sin Odrdfdeo l(mt b —‘r]ltl2)) S’RL,, rLYim — Z (nlutl,, +]l”tl(~)) Yt

L

1 dver . .
_ L . 1t — /ot Y/ ’
T S(vor —ro) Yim
. 1 dV"‘7 PN
W(” +atiy) - (”lf(g) + ity ) Sone| = T b1 i) (1mo| L - § '
1 dV " I
<nltl(a @la’) Z (Sﬁlm’/,RL) <lm”0'| L-S \l’m’a’) .

m''#m
(5.1.22)

In the above, matrix elements of L - S ensure that from the sum over angular momenta L” in the
SSW, only the integral with the L channel is nonzero. Indeed, as we show in a subsequent section,
the matrix elements of L - S are only nonzero for [ = I’. When we take the matrix element between



5. Derivations 37

SSWs, we cannot do this: we must include every L” in the sum.

<wL0'| I;[soc W)L’a/>

/ / / r? sin Odrdfde [(nltll) + jltl(2)) Yim = Y (nl,,t;) + gt ) S8 1 g Yirme

L

+

v
c2r  dr

.i/ . g [(nl/tl(/ )/ +]l/tl(, /> Yi/m/ — Z (nl///tl(,%,)o_, +jl”ltl("%/)a'/> SﬁL/”,RL/KIHm/”

L

1 dvoo

= (mtly + 3ty = (natfy) +3utly)) Stpme| - [ty + i) = (matfy) + ity ) Stz me )
x (Imo|L- S |I'm'o’)
1 dver | 4y e . . .
<nltl 027‘7 ‘ tl(<72 + ]ltl(02> E / (Sle”,RL) <lm//0_| L . S |l/m/0_/>
1 Ve | y
<7’lltl ar ‘ t( ) + ]lt( 2> Z Sle/// RIL’ <lm0'| L S |l/ " />
m'" £m
o " 3 p| 1 avee W\ ca
CT S e SR a) (| S i) S

L//#L L//I#L
<l/lmlla_| L S |l/// " />
(5.1.23)

The actual matrix element then becomes

<(I)L‘ ﬁsoc |q)L’>

1 dveo’
= <¢10 Vi + ity 5 +Jzt(2) (nlt(3) +Jzt ) SRL RL’ 5 dr
X ’dngf — 1o+t 4t — ( i3 4 it ) se, RL> (mo|L -8 |I'm'o")
1 dvee’ N A A
<mt( o ot — Pror + nltl(az +]ltl(32> Z (SRim» rp) (Im"o|L-S|l'm'c")
m!' #Em/
1 1 dveoe’ 3 4
- <¢la’ Salo' + nlt( ) +]lt 627" d?" ( ) +]lt( )> m%m Sle/// RL’ <lm0" L S |ll " ,>
1 dveoe’

+ > > G (Srrwe)” <”l"tl(”) + it
L//#L L///#L

~ (l”m”a| ﬁ . S« |l///m///O_/>

E dr nl”'tl(’”)cr’ + ]l’”tl(m /> SRL’” RL/

(5.1.24)

Three types of integrals can be identified. The first are pure angular momentum integrals, which
only take into account the interaction between functions of pure Im and I'm’ character respectively.
In the second generation LMTO method, there are only these kinds of integrals. The second type
mixes the m states as a result of the non-pure [ character of the SSW. In effect, the SSW perturbs
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the pure angular momentum character of the partial waves, as well as those terms within the SSW
which have Im character. The third type are integrals between the SSW and itself, resulting in a
double sum over all 1" channels, since the SSW itself is a sum over spherical waves of " character.
The properties of the L - S matrix elements limit the double sum to only the diagonal. Still, a
simple expression like M ® & which could be constructed for the second generation LMTO method
is not possible here. For comparison, the matrix element in the 2nd generation was

- 1 dV"" PRRN
<¢lgyrlm| Hsoc |¢l/g/Y/m/> <¢la| ’I’ ‘qbl/ /> (lma| L-S |l’m’a’> 5 (5125)

which is much more simple. An alternative formulation to (5.1.24) is

<q)L‘ ﬁsoc |(I)L’>

1 dV""
= <¢ZU Vo + nlt( Uy o = Dlor — Plor + nlt( ) +]lt > (lmo| L - S|I'm'a")
1 de l .
<nzt(3) + ity Dlor — Plo +nltl(i2 +J'ltz(?> Y (Saumrmre) (tm"o L-S|I'm'd")
m=—1

1 dVW’ ’
dr

n tl@ —i—jltlg > Z S@im mr (Imo| L - S[I'm"o")

m!' =1

) | LdVeT )y @\ l o
+Z<m”tlu + Jirtpng 5 dr ity + ity /> Z Z (Skrvre) SRL”,RL’

I m!=—U"m'

<l//m//0_|L S|lll " /> ,

- <¢lo Plo + nlt( ) + jlt(2)

(5.1.26)

where we have moved the terms containing S¢ from the first integral to all the other ones, which
allows us to express the matrix element in terms of a vector-vector or vector-matrix-vector multi-
plication. This allows for a shorthand notation

<q)lmo| ]:Isoc |(I)l’m’a’>

l
= Mlmo’,l’m'a’gl(g?;/ - [ Z (Sﬁn“,lm)*Mlm/’o,l’m/o’] ( [(;,);I)

m''=—1

2 : 1
— Mlmo— 'm!" /Slo’lt”l'L'”J'm' gl(a)o"

m! =—

(5.1.27)

I "

2
+ E E E Slm” lm Ml”m”UJWmWUISlo’"m”’,l’m’ l(”l'o"

I ml=—1m"=—1"

- M §(0) _(pre 5(1) * _ M + Moz U (2)
- Imo,l'm’c’'S|oq’ Imao,l’!m’c’Sloo’ Ilmao,l’m (ro’ lmo’ U'm’c’ Sl oo’
l//
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where
Mlmo’,l’m’a’ = <lm(7‘ L-S |l'm/0'>
o § o
Mlmo’,l’m’o" = MlmU,l'm”U'Slm”,l'm/

l// l//
M) e = S S (Stram) M S
[ ]lmo U'm’c’ — m!', lm UV'm” ol m!" o’ Dm/ 1 m!

m//:_l mll/:_l// (5-1.28)
1 dvee’
oy = <¢za 1o +utyy) + Gt | 5= Blor — v + Mut ) + Jlt(2)>
c2r dr
1 dvee’
l(;gr' = <¢l<7 Plo + nltl(o—) + Jltl( =2 n tl(3) + jltl(4)>
c2r dr
1 dvee’
= (it + 5t | ) + gitfy))
c2r dr

Now we can write down the SOC matrix between KPWs associated with R.

N T
(@] Hyoe |0) = M €0 — (M 0¢V) —M* 0D + 3" MgV @ (5.1.29)
l

This is the matrix element between the KPWs labeled by RLo and one labeled RL'¢’. In prac-
tice, only the first term will contribute significantly, since the integrand for £ parameters contains
1/rdV/dr, which goes as o< —5. The contribution near the atom (r — 0) dominates, and only the
€0 term exists there. Despite this, all terms have been implemented to ensure that proper testing
can be done. There might exist systems for which the £ and £ terms are non-negligible. In the
results section, we test whether we can neglect €M) and £,
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5.2 Non-spherical correction on atomic potentials

Another perturbative effect that will increase the accuracy of the implemented EMTO-transport
code are non-spherical corrections to the atomic potentials. In the implemented code, the atomic
potentials are assumed to be perfectly spherically symmetric, while in reality, the non-spherically
symmetric crystal structure will introduce non-spherical character to the atomic potentials. This is
part of the reason the atomic sphere approximation used in conventional LMTO calculations breaks
down for non-close packed structures.

We use the same trick as in the above, i.e. we project the general non-spherically symmetric
potential V(r, 0, ¢) onto a sum of spherical harmonics.

V(r,0,6) =3 Vim(r)Yim(6,9), (5.2.1)
Im

where

Vi (r) = / d0dSV (1,0, 9)Yim (0, 6) (5.2.2)

This way, we can separate the radial and angular integrals in first-order perturbation term. Explic-
itly,
X Vim (r)Yim (0, ¢) [x) = (@(r)| Vim () [6(7)) % (4(6, §)[ Yim (0, ¢) [¢(0, 9)) - (5.2.3)

The angular function we call (6, ¢) here has a particular form. For the (back-extrapolated) partial
wave, it equals one particular spherical harmonic. For the SSW, it equals some sum of spherical
harmonics. Fortunately we are working in a linear space, so we can simply split our integral into a
sum of integrals, and there is only type of integral to consider. It is

/ A8 Vi (6, 6)Yir (6, 6)Yirmr (6, 0) (5.2.4)

i.e. the integral over 0, ¢ of the product of three spherical harmonics. The fact that we can con-
tract the product of two spherical harmonics into a sum of spherical harmonics together with the
orthogonality of spherical harmonics makes these expressions easy to evaluate. The radial part, as
always, can be numerically integrated.
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6.1 EMTO implementation

The computational scheme mentioned above for Exact Muffin-Tin Orbitals (EMTO) has been im-
plemented into a version of the Twente transport code. It is written in FORTRAN90, which is
a low-level programming language well suited for efficient calculations. The code consists of two
programs, meant for different types of calculations, but they are based on the same subroutines.
The first is the transport code, with which most calculations are done. The formalism section above
describes the way this code operates. The second program is a band structure generator based on
the same principles. Here, the input geometry is assumed to be periodic in z, such that a band
structure plot as a function of &k, can be calculated. By varying the energy E and finding the k, for
which E is an eigenstate of H(k,) we directly calculate the band structure along some direction,
depending on the input geometry. We can produce a full band structure along all high symmetry
directions by rotating the input geometry appropriately and recalculating.

The implementation of the new EMTO scheme was completed and tested in the band structure
code. Some bugs remain in the transport code, however, in particular in the calculation of the
transmission and reflection coefficients. Figures 6.1 and 6.2 show the calculated band structures for
spd(f) EMTO basis functions along the [111] and [001] directions, as well as the band structures
calculated with the Vienna Ab-initio Simulation Package (VASP), which is the most widely used
DFT software package. The bands agree reasonably well, where the spdf bands show noticably
better agreement with the VASP bands. However, the difference is small enough that we can safely
use only spd bands in actual transport calculations. This is a nontrivial assessment, as having to
use the f states considerably slows down the calculation. Instead of just 9 basis functions in spd,
we would be forced to use 16 basis functions instead, should the spd not suffice.

The atomic potentials used in these calculations were extracted from a first-principles calculation
using WIEN2K, another DFT program. The potential is fitted through an algorithm designed by
M. Zwierzycki and O.K. Andersen [17]. Within this procedure, one can freely choose the degree of
overlap between the atomic spheres. It is reported that an overlap of 30% between neighbouring
atomic spheres is the optimum, as this is the best tradeoff between an accurate potential (the
potential becomes more accurate with higher overlap) and the second order error in the overlap
(as the EMTOs only solve the muffin-tin problem up to first order in the overlap). The fitting
procedure gives no indication what the radius of the smaller hard sphere should be. The radius
for this sphere is thus found empirically. It is set to 0.7 times the radius of the overlapping sphere,
since this has been found to give the best result for Pt. There is virtually no difference between the
calculations using only the £(© term in Eq. 5.1.29 and calculations which involve the higher-order
£12) terms.
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Fig. 6.1: Band structure of Pt along the [111] high symmetry direction. The basis functions on the left
are spd and on the right are spdf. In green is the band structure produced by VASP and in red

(black) the spd(f) EMTO band structure.
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Fig. 6.2: Band structure of Pt along the [001] high symmetry direction. The basis functions on the left
are spd and on the right are spdf. In green is the band structure produced by VASP and in red

(black) the spd(f) EMTO band structure.



6. Results 44

6.2 Comparison to analytical results

There is a very limited number of analytical results we can use to test our Galerkin implementation
in the context of transport. We first consider the simplest possible example, transport through a
rectangular barrier.

6.2.1 'Transport through a rectangular potential barrier

We consider a one-dimensional space with coordinate z. Our geometry is completely empty except
for some rectangular potential barrier, i.e. the potential V(z) is equal to zero everywhere except
for the region 0 < z < a, for some a € R, where the potential is V(z) = V5. The time-independent
Schrédinger equation can be solved for all three regions of space separately. Before doing so, we
expand our space to be three-dimensional, since our eventual numerical implementation within the
LMTO/NMTO transport codes will also be three-dimensional. The Schrodinger equation for all
space becomes

h2
*%VZ’M)L(IE,]J,Z) :EQZ}L(‘T;:%Z) Z<07 {I7y} ERZa
h2
[vaQ n vo} Y@,y 2) = Bys(a,y,2) 0< 2 <a,{z,y} € R, (6.2.1)
n_, 2
_%V wR(x,yvz) = EwR(xa:%Z) z > a, {l',y} eER 3

where the V2 operator is the Laplace operator

Solving these equations for all three regions of space is straightforward. The solutions are
Vp(z,y, 2) = [ATe*=? + A7 e F+7] ekilzvt 2 <0, {z,y} € R?,
Vs(z,y,2) = {BJF@““SZ + B_e_ikgz} ekirleyl 0 <2 <aq, {z,y} € R?, (6.2.2)

Yr(z,y,2) = [C’+eik'zz + C_e_ikzz] ekitzyl oS g, {z,y} € R?.

In the above, k. and k2 are uniquely determined by the values we pick for k, and k,, which together
form the vector k.

2mFE
2 _ 2
k:=—5 —Kj
0\2 _ 2m (B — V) 2
(kz) - B2 _kH

There is a slight ambiguity to this formulation, as we allow k; and k, to assume any value that
satisfies k2 + k2 < 2 i.e. we allow for negative values. We force k. to be positive, to highlight
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the fact that we have a left-going and a right-going (in z) state simultaneously.

The next step in the solution is to evaluate the boundary conditions. One of the postulates of
quantum mechanics is the continuity of the wave function and its first derivative.

’(/)L(xayaz = 0) = wS(x7y7Z = 0)

M| _ s

0z |,_, 9z -
Ys(v,y,2 = a) = Yr(z,y,2 = a)

T

0z |,_, 0z |,

Using these equations, we can eliminate B* from the system of equations and find an expression
for C* and A~ in terms of AT and k, after setting C~ = 0 there is assumed to be no left-going
wave on the right side of the barrier. A* is the amplitude of the inital incoming wave, which is
arbritrary, so we set it to AT = 1. The amplitudes A~ and CT are precisely the reflection and
transmission coefficients, since they are the amplitudes of the left-going wave left of the barrier and
the right-going wave right of the barrier, respectively. The amplitude of these complex values are
the transmission and reflection probabilities.

4k2 (K9)°

(k%)% <0
4Kk2 (k9)? + V2 sinh?(|k9a) * ~
T(E, k) = ) b (6.2.3)
ks (k) (K)* >0
4k2 (k9)? + V2 sin? (k%a) o=
In order to illustrate the behaviour of a wave incident on the barrier, we set k| = 0, which is the

set of waves travelling perpendicular to the barrier. As can be seen in fig. 6.3, the transmission
probability resembles the classical result, which is 7' = 0 for any energy £ < V5 = 1. In the
quantum mechanical case, there is a small probability for waves with E < V} to propagate through
the barrier. This is quantum tunneling. For higher energies, the transmission probability is equal
to unity only for resonant energies with respect to the length of the barrier.

In the above, the first case describes the quantum tunneling regime. For small energies F, this part
of the equation is important, but as E grows the number of allowed transmitted states grows, and
the influence of the tunneling regime reduces.

Our implementation of the local discontinuous Galerkin method can unfortunately not be tested
using the exact same wave functions. The reason for this is simple: whereas the analytical model
assumes an infinite region of space to the left and right of the barrier to construct plane wave solu-
tions, our implementation necessarily has a finite domain, so that we have to construct some other,
more realistic wave function to study transmission through the barrier. We will use a Gaussian
wave packet for this, given by

P(z) = e~ (@=w0)*/40% o —ikow (6.2.4)

which is a plane wave solution with wave number kg, but with a Gaussian distribution in real space
centered at xo with a standard deviance of . Using this wave function as an initial condition allows
us to study the transport through any potential barrier directly within the Galerkin method we
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Fig. 6.3: Transmission probability as a function of energy for a wave incident on a rectangular potential
barrier.

have implemented. We initialize the wave function with some velocity kg, which also determines its
energy through E = v/2mE/h? and calculate the norm of the wave function over the region beyond
the barrier and divide it by the total norm of the wave function

oy [(@)Pde
_ |
Jy 10 (@)Pde

Here b is the rightmost point of the barrier. The transmission probability is then simply T = #2.
It must be noted that using this method to calculate transmission probabilities will necessarily
give slightly different results. The Gaussian distribution in real space introduces components of all
frequencies, not just kg, into the wave function, as a result of the Heisenberg uncertainty principle.
This means that any wave function we construct this way will have high frequency components
which will be transmitted through the barrier. Similarly, the wave function will necessarily include
low-frequency (and thus energy) components which have a very low probability of transmission.
We see both of these effects in the actual results, which are shown in fig. 6.4. The transmission
peaks belonging to the resonant energies are still present, although they no longer are equal to
unity. In this calculation, the domain was x = [0,100], the number of elements was N = 150 and
the polynomial order of approximation was k = 1. The height of the barrier is V5 = 1.

(6.2.5)

6.2.2 'Transport through a sawtooth potential barrier

One slightly more involved transport problem is the transport through a triangular barrier. The
example is almost identical to the previous one, except now instead of a constant potential within
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Fig. 6.4: Transmission probability as a function of average energy of a Gaussian wave packet incident on
a rectangular potential barrier as calculated via the local discontinuous Galerkin method. The
length of the domain is L = 200, the number of elements is N = 300 and polynomial order of
approximation is k = 1.
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the region 0 < z < a, we have a potential which grows as z, i.e. V(z) = Vjz.

h2
_%VZwL(Ivyaz) = EwL(xayaz) z < 07 {l‘,y} € R2
h2
gV 4 Vo] (o) = Bos(os) 0<z<afea) €B (620
n?_, 2
7%v wR(xay7Z):EwR(I7yﬂz) z>a,{x,y}€R

The first and third Schrédinger equations are identical, but the equation inside the barrier is more

involved. . 52 o2 o2

{— (8:172 + e + 822> + Voz} U(x,y,2) = EY(z,y, 2) (6.2.7)
We employ separation of variables, i.e. ¥(x,y,z) = f(x)g(y)h(z). Then the x,y components of the
equation are the same as before.

2m

f(:zc) _ eikzx’
gly) = e
Inserting this ansatz, we can isolate a differential equation for h(z)

2 2 2 m
( LA > F@)g()h(=) = ~ 23 (B~ Voz) f@)g(y)h(=)

2 m
— (K2 + k) f(2)g(y)h(z) + f(x)g(y)%h(Z) = *2,72 (Ef(x)g(y)h(z) — f(x)g(y)Vozh(2)) ,

2 m
F@alo) |- (2 + 1) ) + 53h(o)] = =5 1(@)alo) [BRG:) = Vazh()]

We arrive at the differential equation

0? —2mFE 2mVj
@h(z) = [1‘12 + (k2 + ki) + P h(z), (6.2.8)
which, for simplicity, we will abbreviate as
82
@h(z) = [a+ Bz] h(2).
This equation is analytically solvable. Its solutions are linear combinations of Airy functions
[ a+ Bz a4+ pz
h(Z) = ClAI (/82/3) —+ CQBI <ﬁ2/3> 5 (629)
where the Airy functions themselves are most elegantly defined in integral form
_ 1 [ t3
Ai(z) = — cos | — +at)dt (6.2.10)
™ Jo 3

Bi(z) = i/ooo [exp (—t; + xt) + sin <t§ + xtﬂ dt . (6.2.11)



6. Results 49

It is obvious that inserting the boundary conditions as we did in the previous example is not nearly
as simple this time around. The boundary conditions are the same,

1/)L(3C,y,2 = O) = wS(x7y7Z = 0)

oy, _ 9s
0z 2=0 0z z2=0
Vs(@,y,2 =a) =Yr(r,y,2 = a)
s _ OYr
0z |,_, 0z |,_,
so the total wave function after setting A™ =1 and C~ = 0 becomes
Y (z,y,2) = [eikzz + A_e_ikzz] etkidey} z < 0,{z,y} € R?,
[ a+ Bz [ a+ Bz k-
VYs(w,y,2) = [CIAI <ﬂ2/3> + c2Bi (52/3>] ek} (6.2.12)
Yr(z,y,2) = [C+e““zz] eiki-{zy} z>a,{z,y} € R?.
As a reminder, the parameter a and § are
—2mkE 9 9 9
0= 24 k) = 2,
B o 2mV0

The boundary conditions become

1+ A7 =cAil <52/3) + ¢y Bi <ﬁ2/3> ,
w1 =47 = (5 ) a5
1 Ai (OH_B“) + coBi (a + Ba) = CTetk=a

3273 3273
g [+ fa g [+ pa ) ik.a
c1ﬁ1/3A1'( 52/5 ) +C251/3B1/< 52/5 > = ik, CTelk=1

The Airy functions are quite convoluted, and even more so with the arguments we have given them,
but we can simply consider them to be constants for now.

=i (5im). ﬂQBi<aﬁ+ﬂ/§a> |

= (55 “5),
8; = BY 0‘), 8, = Bl< )
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Fig. 6.5: Transmission probability as a function of energy for a wave incident on a sawtooth potential
barrier.

The system of equations can be solved for A~ and C* separately, to yield the expressions for the
reflection and transmission coefficients. To save on paper, we will use Mathematica for this. The
full expression for the transmission amplitude is

_ 2813k e~ "= (0 By — craf3})
iB%/3(a) By — ayBy) — ik2(agBr — a1 Ba) + B3k, (—an By + & o — aofl] + ahfr)

The transmission probability is

o+ (6.2.13)

AB*/3K2 (ahBa — az )’

T(E’k‘l): 23 (1 A1 1y, 9 2 2/31.2 ’ ’ / / 27
(ﬂ 13 (a4 By — ahB)) + k2 (c2ffr — 04152)) + B2/3k2 (—an B + o) Ba — aafB] + 1)
(6.2.14)
where the dependence on E and k| comes from
2mFE
K= g

z h2
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together with

G(E) = h@i)z /dk”T(E,kH)/,. (6.2.15)

Evaluating this expressions analytically would be a nightmare, assuming the expression is even inte-
grable. Rather than go through this process, we will investigate the expression for the conductance
numerically, where Mathematica will perform the numerical integration as well as the evaluation of
the Airy functions. These are conveniently implemented. The transmission is shown in fig. 6.5.

We calculate the transmission probability as a function of energy with the local discontinuous
Galerkin method using Gaussian wave packets to localise the wave function in space. The graph
closely resembles the analytical one, as can be seen in fig. 6.6, but the same effects from the
Gaussian wave packets as before can be seen. We have used the same parameters, i.e. z = [0, 100],
N =150, k = 1, but with a sawtooth potential with V = 2.
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Fig. 6.6: Transmission probability as a function of average energy of a Gaussian wave packet incident on
a sawtooth potential barrier as calculated via the local discontinuous Galerkin method. The
length of the domain is L = 200, the number of elements is N = 300 and polynomial order of
approximation is k = 1.
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Tab. 6.1: Orders of convergence ¢° and ¢°, for respectively the L? and L* errors, for the trivial solution
to the 1D Schrodinger equation.

oo

k| N L? error q> L™ error | q
1] 10 | 0.307063696 - | 0.306426617 -
20 | 0.044972351 | 2.77 | 0.042073604 | 2.86
40 5.91E-03 | 2.93 | 0.005473214 | 2.94
80 7.48E-04 | 2.98 | 0.000693084 | 2.98
2110 1.76E-01 - | 0.134734662 -
20 | 0.023075097 | 2.93 | 0.017719628 | 2.93
40 2.91E-03 | 2.99 | 0.002249528 | 2.98
80 3.65E-04 | 3.00 | 0.000281837 | 3.00
31|10 4.48E-03 - | 0.003143747 -
20 1.44E-04 | 4.96 | 0.000101484 | 4.95

40 4.53E-06 | 4.98 3.21E-06 | 4.98
80 1.42E-07 | 5.00 1.00E-07 | 5.00
4110 7.51E-04 - 1 0.000472179 -
20 2.48E-05 | 4.92 1.56E-05 | 4.92
40 7.85E-07 | 4.98 4.95E-07 | 4.98
80 2.65E-08 | 4.89 1.66E-08 | 4.90

6.3 Numerical evaluation of the Galerkin method

The implementation of a finite element method such as Galerkin can be verified by direct comparison
to analytical results. For instance, let us consider the 1D Schrédinger equation with V(z) = 0. If
we set the boundary condition % (0) = (L) = 0 for the domain [0, L], we are precisely simulating
the particle-in-a-box problem, for which the exact solutions are very well known indeed. They are

B g nmryN _ig,
=g (T)

We can test our 1D implementation of the Schrédinger equation by running a calculation with

¥(z,0) = \/zsin(nzx)

and computing the L? and L* errors after some time. Moreover, by setting the polynomial order k&
of approximation and varying the number of cells IV, we can calculate the order of convergence g for
each. The numerical values can be found in table 6.1. The order of convergence shows interesting
behaviour. It is equal to k + 2 for the odd k, but k£ + 1 for even values.

The exact solution to the 2D Schrodinger equation for a constant potential, with boundary condi-
tions ¥ (9Q) = 0, where 9 is the boundary of the computation domain, are easily generated from
the 1D solution, simply by considering a product of 1D solutions.

2 .
Ynm (2,9, t) = 7 sin(?) sin(?)e‘l(E"JrEM)t/h (6.3.2)
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Tab. 6.2: Orders of convergence ¢° and ¢°, for respectively the L? and L® errors, for the trivial solution
to the 2D Schrodinger equation.

N | L? error q> L error | ¢

1] 25| 1.51E-01 - 8.09E-01 -
100 | 1.51E-02 | 3.32 | 0.091734332 | 3.14
225 | 4.19E-03 | 3.16 2.07E-02 | 3.67
400 | 1.65E-03 | 3.23 8.15E-03 | 3.25
2| 25| 2.33E-02 - 8.56E-02 -
100 | 3.05E-03 | 2.93 1.52E-02 | 2.49
225 | 7.90E-04 | 3.37 3.63E-03 | 3.53
400 | 2.96E-04 | 3.41 | 0.001326713 | 3.50
3| 25| 4.71E-03 - | 0.016736933 -
100 | 1.27E-04 | 5.22 | 0.000584286 | 4.84
225 | 1.35E-05 | 5.52 5.45E-05 | 5.85
400 | 2.98E-06 | 5.25 1.19E-05 | 5.30
4| 25| 4.08E-04 - 1.24E-03 -
100 | 1.36E-05 | 4.90 5.37E-05 | 4.53
225 | 1.56E-06 | 5.34 5.65E-06 | 5.56
400 | 3.29E-07 | 5.42 1.17E-06 | 5.47

o0

We have assumed a square domain [0, L] X [0, L]. The 2D computation shows the same general
behaviour. Although the orders of convergence are slightly above the k 4+ 2 and k + 1 values that
the 1D computation produced, the values are close, as can be seen in table 6.2.

The power of the Galerkin method in this specific case is the ability to admit different potentials
V(x) and calculate the time evolution of the quantum mechanical wave function with high accuracy.
As an example, let us consider one of the simplest nonconstant potentials, the harmonic potential.
We consider the one-dimensional case, with a > 0.

V(z) = az?. (6.3.3)

Analytical results for the Schrodinger equation with a harmonic potential exist, but for the purposes
of this example, we will not derive them here. In general, they are the product of some polynomial
and a Gaussian function, where the order of the polynomial determines the energy level. The
(unnormalized) first excited state is

ui(z) = ze P (6.3.4)

and it is only an energy eigenstate when the condition 8 = y/a/4 holds. The energy then equals
FE; = 68. An illustration of the wave function at some point in time is illustrated in fig. 6.7. The
errors can be found in table 6.3. The very first computation with k£ = 1 and N = 10 is evidently
unstable. The orders of convergence show roughly the same behaviour as in the trivial case, al-
though the values themselves are more messy. Another interesting point is the calculated order of
the very last calculation, which is much lower than expected (2 rather than 6). Apparently, this
particular implementation has a minimum accuracy in the order of 10, which might be related
to the finiteness of the domain.



6. Results 55

— Re[y]
0.75 - — Im[y]
—— Abs[y]
0.50 4 V()
0.25 4
0.00 4
—-0.25

—0.50 A

—0.75 A

-1.00

Fig. 6.7: Snapshot in time of the first excited state of the one-dimensional quantum harmonic oscillator, as
calculated via the local discontinuous Galerkin method. Here the number of elements is N = 40
and the polynomial order of the approximation is k = 2.

The Gaussian element of the solution to the quantum harmonic oscillator results in a relatively lo-
calised, but in principle infinitely long range of the wave function. When we cut the domain short,
the boundary conditions which force the wave function to be zero on the boundary inevitably affect
the rest of the solution. If we cut the domain even shorter, this becomes more evident: after choos-
ing the length of the domain to be L = 3 we calculate the L? and L errors to be around 0.003
for all orders k£ and number of cells IV, without any particular improvement when we increase k or N.

The harmonic potential in two dimensions is simply a sum of one-dimensional potentials:
V(z,y) = ar1z? + azy?, (6.3.5)

so that the solutions are products of one-dimensional solutions. For convenience, we set a; = as = «
and find .
(e, y) = zye PV (6.3.6)

The errors and orders of convergence are shown in table 6.4. The orders of convergence are the
most erratic of all the reported values, but there is still a clear upward trend in the orders of k.
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Tab. 6.3: Orders of convergence ¢ and ¢ for the solution to the 1D Schrédinger equation with a harmonic
potential, also known as the quantum harmonic oscillator, in the L? and L° errors. Here, o = 5
and the length of the domain is L = 8.

N L? error q> L error | ¢
1110 1.76E+20 - 1.28E+21 -
20 | 0.001050831536 | 77.1 6.13E-03 | 77.5
40 1.19E-04 | 3.14 | 0.0007851441977 | 2.97
80 1.52E-05 | 2.97 9.96E-05 | 2.98
2 | 10 | 0.001880792732 - 0.01060144481 -
20 1.24E-04 | 3.93 6.00E-04 | 4.14
40 6.99E-06 | 4.15 4.51E-05 | 3.73
80 3.41E-07 | 4.36 2.04E-06 | 4.47
3110 5.50E-05 - | 0.0002525452597 -
20 1.01E-05 | 2.45 4.81E-05 | 2.39
40 3.23E-07 | 4.97 2.14E-06 | 4.49
80 6.34E-09 | 5.67 3.50E-08 | 5.94
4110 6.32E-05 - 3.10E-04 -
20 6.67E-07 | 6.57 3.59E-06 | 6.43
40 9.48E-09 | 6.14 5.30E-08 | 6.08
80 1.94E-09 | 2.29 1.29E-08 | 2.03

Tab. 6.4: Orders of convergence ¢ and ¢° for the solution to the 2D Schrédinger equation with a harmonic
potential, also known as the quantum harmonic oscillator, in the L? and L errors. Here, a = 5
and the area of the domain is L? = 8 x 8.

N L? error q? L error | ¢

1] 25| 0.004448009064 - 0.06828330944 -
100 | 0.0009785209507 | 2.18 0.0190117508 | 1.84
225 | 0.000355693742 | 2.50 | 0.007101701792 | 2.43
400 | 0.0001670237578 | 2.63 | 0.003035863874 | 2.95
2| 25| 0.003167640688 - 0.04285813287 -
100 | 0.0003460341739 | 3.19 | 0.006169300041 | 2.80

225 5.22E-05 | 4.66 | 0.001039597602 | 4.39
400 1.62E-05 | 4.06 | 0.0003003996308 | 4.32
31 25| 0.001103131019 - 0.01317221249 -
100 1.57E-05 | 6.14 | 0.0002389669303 | 5.78
225 6.42E-06 | 2.20 9.96E-05 | 2.16
400 1.57E-06 | 4.89 2.84E-05 | 4.36
41 25 2.16E-04 - | 0.002477268584 -
100 8.34E-06 | 4.70 | 0.0001068040636 | 4.54
225 6.77E-07 | 6.19 1.04E-05 | 5.74

400 1.09E-07 | 6.36 1.54E-06 | 6.64
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6.4 Structural defects in Pt

The LMTO transport code has in the past been used to calculated various material properties, such
as the inverse spin Hall effect (ISHE) [12], the interface enhancement of Gilbert damping [6, 16] as
well as spin flip diffusion lengths lsr and spin Hall angles O [13]. Although interfaces have been
investigated as well, there is still a gap to bridge between the performed calculations and the exper-
imental results. As outlined in [13], the experiments show a great spread in values, particularly for
the SHA Ogy, which in part can be attributed to the relative lack of knowledge about the structural
characteristics of the samples. Indeed, it is known that Pt crystallizes in an face-centered cubic
(fce) structure, but different depositing methods give different degrees of long-range order, such
that stacking faults (SF), twins, vacancies and grain boundaries are almost certainly present in the
samples, but the analysis of the experiments do not take this into account. In the present work,
we will attempt to shed light on the effects of these structural defects on the properties related
to spintronics, being s, O, and any interface-like spin-memory loss ¢ or interface-like spin Hall
effects ©; resulting from planar defects.

To start, there are some computational matters to consider. We need to generate atomic potentials
for the Pt atoms, which we will do with the QUESTAAL suite, which is a DFT implementation
using LMTOs which includes spin-orbit coupling (SOC) self-consistently, something the Stuttgart
LMTO code used in previous works does not. The potential for the vacancies will be approximated
to be an empty sphere, i.e. V(r) = 0. We will not perform structural relaxation of either the
planar defects or the crystal around the vacancies. This would introduce a very expensive extra
step in the calculation procedure, since we would need to put our geometry into an auxiliary DFT
application. This auxiliary application would need to calculate the forces accurately, which means
we would have to use a plane-wave based DFT code, which scale notoriously badly with the number
of atoms and cannot reasonably handle the geometries we are dealing with, which consist of up to
thousands of atoms. We assume the effect of the relaxation of the atoms around the defects to be
small compared to the thermal disorder.

6.5 Vacancies

Different electronic properties have been studied as a function of the percentage of vacancies in the
scattering region. Only small percentages have been considered, as they are the most physically
reasonable. The resistivity of Pt with vacancies is expected to be linear in the number of vacancies,
as predicted by perturbation theory. The results are shown in fig. 6.8. With the exception of the
very small scattering region with length <5 nm, the calculated resistance follow the expected linear
behaviour closely.

This behaviour is preserved when we introduce thermal disorder, as can be seen in fig. 6.9. In fact,
the slope of the resistivity as a function of vacancy percentage stays the same, it is only the offset
of the curve that changes, precisely by the value of pr—spox = 10.8 pf). The same holds for the
SHA, which also scales linearly in the vacancy concentration with and with thermal disorder. The
thermal disorder introduces an offset comparable to the SHA resulting from thermal disorder only,
@sf ~ 42%

In figure 6.10, the transverse spin currents for different vacancy percentages in crystalline Pt (mean-
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Fig. 6.8: On the left, the total resistance as a function of length of the scattering region for different
vacancy percentages in Pt. The slope of the curve is the restivity, shown on the right as a function

of vacancy percentage.
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Fig. 6.9: Resistivity (left) and spin Hall angle (right) of Pt with and without thermal disorder (subscript

T) as a function of vacancy percentage (subscript V).
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Fig. 6.10: Integrated transverse spin currents Jg, resulting from the spin Hall effect in Pt for different
vacancy percentages. No thermal disorder was implemented in these calculations. Each line
is the average of 10 different configurations of random placements of the vacancies within the
scattering region.

ing no thermal disorder) are shown. The erraticity of the currents can be understood to be the
result of the very localised effect of the vacancies. In fig. 6.11, we see that the spin currents in
each layer where there are one or more vacancies present jumps significantly. In layers without
vacancies, the spin currents quickly decay close to zero. This is precisely what one would expect.
The impurities directly cause the spin Hall effect.

A similar calculation is performed to find Is, the spin flip diffusion length, as a function of the
vacancy percentage. The results are shown in fig. 6.12. Four plots are shown; the blue and green
lines are the value for Iy as directly calculated by injecting a spin-polarized current and fitting the
value of ls to the resulting exponential function. The pink and red plots are estimated values for
[1=390K and 151;:300 Ktvac% " calculated by the equation given by the assumption of parallel additivity

of Iy, i.e.
1 1 1

lT:BOOK + vac% = lT:SOOK + lvac% :
sf sf sf

(6.5.1)
In other words, the pink line shows an estimation of lgf:?’OOK extracted from the calculations of I as
a function of vacancy percentage with and without thermal disorder. Comparing this to the value
of l;rf:?’OOK calculated directly, which is the value of the blue plot at zero vacancy percentage, we
see that the estimated values agree reasonably well, within roughly +0.25 nm. The red plot shows

the converse calculation; an estimation of lSTf=300 K+vac% hased on the values directly calculated
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Fig. 6.11: Transverse spin currents j3, and j¥, resulting from the spin Hall effect in Pt of one particular
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Fig. 6.12: Spin flip diffusion length (ls¢) of Pt with and without thermal disorder as a function of vacancy
percentage.

for 15=309K and 1Y2%. In short, the resistivity and spin flip diffusion length are additive in the
temperature and vacancy percentage, but the SHA is not. As a result, the product plgs is roughly
a constant within these calculations.

6.6 Planar defects

Two elementary planar defects were examined. They are the twin and the stacking fault (SF),
which are the simplest planar defects that occur in the fcc crystal. In the (111) direction, the
fce crystal is made up of close-packed planes with three possible positions, called the A, B and C
planes. The fcc structure is formed by ABCABC stacking. When the stacking order is reversed
at some layer, this is called a twin. The stacking order becomes e.g. ABCACBA, when the twin
layer is an A layer. It is presumably called a twin because the grains on either side of the twin
are mirror images of each other. The SF is what happens when one layer is missing, e.g. ABCBCAB.

6.6.1 Current perpendicular to plane

Examining the transverse spin currents around the twin and SF, we see a peak resembling an in-
terface spin Hall effect. This is shown in fig. 6.13. An interesting detail is the dip in the current
at the precise layer of the twin, which is lower than the layers surrounding it. These calculations
include thermal disorder, which can be seen in the value of the SHA away from the defect. The SF
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Fig. 6.13: On the left, the tranverse spin currents around a twin defect, and on the right those for the
stacking fault.

has a much more greater impact on the SHA, both in amplitude and in spatial range.

The planar defects, being an interface-like contribution, do not contribute to the resistivity, but
rather introduce an offset to the resistance curve, as a Sharvin contribution. The resistances of the
twin and SF are calculated to be ARgwin = 0.018 + 0.002 fQ2-m? and ARgp = 0.056 + 0.004 fQ-m?
respectively.
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Fig. 6.14: The spin current as a function of position z within the scattering region, with and without a twin
in the middle, averaged over 10 configurations of thermal disorder, where the atomic positions
before the twin are identical in both cases.

The effect of the twin defect on the spin current when injecting a polarized current into Pt can be
seen in figure 6.14. The effect of the twin can be clearly seen; it introduces an offset to the linear
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decay in the spin current. The positions of the Pt atoms within the scattering regions are identical,
it is only after the twin layer that the geometries are different. The spin currents in the first approx.
5 nm of the scattering region are indistinguishable, but even at a distance of around 5 nm before
the twin, the spin current in the scattering region with the twin is already lower than in the one
without the twin. This is probably related to some reflective properties of the planar defect.

Fig. 6.15: The fcc lattice oriented such that the close-packed planes are stacked in the y direction parallel
to an xz plane.

6.6.2 Current in plane

In the previous calculations, the close-packed planes of the fcc structure were always stacked in the
z-direction. When one wishes to calculate the properties of a TB or SF parallel to the transport
direction, the close-packed planes must be stacked so as to contain the z axis. If we want one
SF per unit cell, this puts a restriction on the possible lateral supercell sizes in the direction of
stacking through the periodic boundary conditions. For example, if five close-packed layers are
stacked as ...|ABCBC|ABC..., there is exactly one SF within the scattering region. Using six
layers, ...|ABCBCA|ABC...would result in two A layers on top of each other, which introduces
an additional defect (and an energetically unlikely one). A schematic of the new geometry is shown
in fig. 6.15. We only look at SFs and stack the close-packed planes in the y direction. The smallest
possible supercell sizes are 5x10, 6x8 and 5x 11, where we have chosen the supercell dimension in
the = direction so that every supercell has approximately the same number of atoms within each
zy plane. We insert one SF in the 6x8 and 5x11 supercells and two SFs in the 5x10 supercell.

The resistance calculated as a function of the length and the resulting in-plane resistivities are
shown in 6.16. The inset shows the resistivity as a function of the SF concentration, i.e. the num-
ber of SFs per close-packed plane. For the supercells with SF's, the resistivity seems to grow linearly
with the SF density, albeit with a higher predicted resistivity for Pt without SFs.

The same effect can be seen in Fig. 6.17, which shows the SHA for different supercell sizes. Al-
though slightly obscured by the error bars, there is a slight difference between the two transverse
directions. For the highest SF density, which in this case was a 5x10 supercell with two SFs, the
gap is noticeably large.

The spin flip diffusion length is more severely affected. Fig. 6.18a shows the exponential decay
of the polarized spin current and a clear distinction can be made. The supercells with a SF have
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Fig. 6.16: The resistance and resistivities for different fcc Pt with different densities of stacking faults. The
close-packed planes are stacked in the y direction, so that the lateral supercell size determines
the SF density. The 5x11 and 6x8 supercells have one SF and the 5x10 supercell has two SFs.

significantly lower I, between 1.4 and 2 nm. Higher SF density corresponds to a smaller lss. The
product of p and lis is shown in Fig. 6.18b. Evidently, It decreases more rapidly than p increases
as a function of Xgp, so that an Elliot-Yafet- like relationship does not hold.
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6.7 Conclusions and Recommendations

This report has in effect concerned itself with three main topics. Since the topics do not overlap in
scope much, we will conclude them separately.

6.7.1 Vacancies and planar defects in Pt

Calculations were performed on the effects of structural defects on the spintronic properties of Pt,
most notably the spin Hall angle (SHA) and the spin-flip diffusion length ({s). When the spin
current was perpendicular to the planar defect, the results agree with the Elliot-Yafet relationship,
which is believed to be the dominant mechanism in spin relaxation in Pt. The calculations show
that structural defects can make a significant contribution to the spin-flip scattering within a mate-
rial. The results do not conclusively show that the spread in experimental data for the SHA and £y
are solely due to the structural defects studied in this work, and a satisfactory explanation for the
discrepencancies is still lacking. We recommended that the work on structural defects is continued.
One obvious continuation would be to consider more general grain boundaries, as the studied twin
and stacking fault defects are not necessarily the most common.

The results for current in the plane of defects are less intuitive and may result in more insightful
follow-up calculations. The fact that the Elliot-Yafet relationship is not fulfilled indicates that
something interesting might be going on.

6.7.2 EMTO implementation

Spin orbit coupling was implemented into an existing version of the EMTO transport code. The
correct expressions for the spin-orbit coupling Hamiltonian were found and implemented, although
time restrictions meant that the transport code was not fully updated. Significant steps in the
generation of a next-generation transport code were done, but there still remains much work to be
done. The band structure code works well, and although the transport code is almost completely
based on the same subroutines, this code is still dysfunctional. The ability of the EMTO formalism
to treat a larger class of materials than the convential LMTO formalism will be a boon to any
future spintronic calculations, as many interesting materials cannot be accurately described by the
LMTO formalism.

The next step would be to first fix the bugs that plague the EMTO transport code that includes
SOC. The next thing would be to incorporate the currents calculation into the code, which would
bring the level of functionality of the EMTO code up to the LMTO code. Then, one could start
to do interesting calculations. Another feature, which is discussed above, can also be implemented,
which are the non-spherical corrections on the atomic potentials. With this implemented, a very
wide class of materials could be studied.

6.7.3 Numerical solutions using the Galerkin method

The local discontinuous Galerkin method for the Schrédinger equation in one and two dimensions
for arbritrary potentials was implemented in Python. The order of convergence as a function of the
polynomial order of approximation within each finite element was computed and was found to be
k+2 for odd values of k, and k+1 for even values. This means that the method is an accurate means
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of calculating solutions to the 1D and 2D Schrodinger equations for arbitrary potentials, although
the relatively large number of basis elements means that the method cannot be easily scaled to
include large numbers of atoms. Nevertheless, the insights gained from writing a numerical solver
like this are helpful to any mathematician or physicist who is interested in computation of any
sort. There are certainly more topics to explore within the code that was written, e.g. an thorough
investigation into why the orders of convergence are different for odd and even polynomial orders.

The transport calculations using the Galerkin implementation could also be refined further. In
particular, the effect of using Gaussian wave packets rather than plane waves could be studied in
greater detail and might yield interesting results, as real-world particle resemble Gaussian wave
packets much more closely than plane waves.
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6.7.4 Final remarks

It is clear that all three topics can be continued and combined to produce more interesting research.
For instance, the new EMTO scheme can be used to more accurately calculate properties of the
structural defects and in the end, produce more complete results. It is our recommendation to
focus on the planar defects first, before finishing the implementation of EMTO scheme. The results
thus found are interesting, but do not answer any outstanding questions, so more calculations are
needed. Especially since the planar defects are closely related to interfaces, one of the essential
aspects of spintronics which is largely ignored by most experimental work.

The implementation of Galerkin-like mathematical techniques into the MTO schemes is not straight-
forward or obvious. In fact, the Galerkin method essentially does the same job as the MTO scheme:
it transforms the Schrodinger equation from a mathematical equation to a tangible computational
scheme. The interesting part lies in the philosophy behind both schemes. Where the MTO formal-
ism explicitly approximates the atomic potentials to be spherically symmetric, the Galerkin method
can be formulated to work for any potential V' (r). It is here that its strength, but also its weakness
lies. The MTO method is extraordinarily efficient precisely because it approximates before deriving
the scheme. It does so based on physical principles: the potential near an ion will almost certainly
be spherically symmetric, as it follows Coulomb’s law. It is not the Galerkin method itself that will
be useful in the further development of the EMTO transport code, but rather the ideas that make
the Galerkin or other methods rooted in mathematics so versatile and stable. The mathematical
mindset certainly helps when deriving ways to improve the existing transport code.

Development of the EMTO transport code based on physical principles as well as mathematical con-
structs should be the work following this report. With a more sophisticated code, more interesting
physical problems can be studied and hopefully solved, or at the very least, better understood.
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