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Abstract
In the past decade, remote actuation through magnetic fields has been used for position and orientation control
of continuum manipulators (CMs). Complex manipulator shapes can be achieved by leveraging multiple points
of actuation along the length of the CM. In this thesis we present an approach for multi-point orientation
control of discretely magnetized CMs based on a quasi-static forward model. The manipulator contains two
permanent magnets, which are each actuated by unique and independent magnetic fields generated by an
array of mobile electromagnets. We formulate an accurate model to represent the magnetic field and field
gradient of an azimuthally symmetric electromagnet based on a multipole expansion of a Cartesian scalar
potential. This description is applied to predict exerted wrenches on the continuum manipulator. Cosserat
rod theory is used to model the manipulator deformation under external wrenches. A numerically-computed
Jacobian is developed to calculate the actuation inputs. A stereo vision setup is used to reconstruct the shape
of the CM. During experiments, manual steps in target orientations are given to show independent orientation
control of the two permanent magnets in 2D. Multi-point orientation control in 3D is demonstrated through
a virtual clone of an electromagnetic system with movable electromagnets. In both scenarios, it is observed
that the algorithm is able to successfully steer two magnets in a non-uniform magnetic field.
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1 Background

Magnets have found their application in medical
research as early as the 1950s when catheteriza-

tion was performed on corpses and living dogs using
a large magnet positioned outside of the body to ac-
tuate an elastic steel wire spanning the lumen of the
catheter [1]. Of course the techniques at the time were
rudimentary and, over the years, computing power
and improved mathematical models have fueled the
progression of magnetism for medical applications.
Magnetism and its applications are an exciting field
of study because through magnetism we can exert
forces on objects without being in physical contact,
even through barriers such as skin. One can thus
imagine that, by employing magnets to actuate e.g. a
magnetized catheter, the catheter can be stripped of
any conventional on-board equipment designed for ac-
tuation, making it possible to miniaturize the catheter
and potentially reach smaller regions inside the hu-
man body. However, to apply magnetic actuation it
is important to know what the properties of magnets
are, and how they interact with each other. This
problem is covered in the field of magnetism, which
can be traced back to ancient Greece.

Magnets are believed to have gotten their name
from the ancient Greek city of Magnesia, where lode-
stones (naturally occurring magnets) were found [2].
These naturally occurring magnets are now known as
permanent magnets; magnets which can neither be
turned non or off. It was only much later, in the early
nineteenth century, that the Danish physicist Hans
Christian Oersted found that electricity and mag-
netism were related, when, during his experiments, a
compass needle would change direction as a current
passed through a wire beside it (Fig. 1). Most notably
he found that when he suspended a compass above a
current-carrying wire, running a current from north
to south, the compass needle deflected west; when sus-
pended west, deflected south; when suspended south,
deflected east; and when suspended east, deflected
north [3]. Evidently a rotational force was exerted on
the compass needle due to the passing current, but
in different directions based on its position relative
to the current. From the description of the exper-
iments conducted by Oersted, the compass needle
moved counter-clockwise. These results were later
in the nineteenth century explained by the English
scientist Michael Faraday, who envisioned matter to
be a source of action, and space to be a conductor.
From this idea of matter and space he envisioned mag-
netized matter (such as the lodestones in Magnesia)
to have a large number of directional conducting lines
within its surrounding space, conducting a force to

Figure 1: A bar magnet is a permanent magnet with a
north-pole (red) and south-pole (blue). The bar magnet
is surrounded by iron filings. Iron filing is ferromagnetic,
which means it is magnetized inside a magnetic field, which
is generated by the bar magnet. The iron filings line up
with the magnetic lines of force to visualize the otherwise
invisible magnetic field. The magnetic lines of force run
from the north- to south-pole. The iron filings show the
pattern but not the direction of the lines of force. A
compass needle will align itself with the direction of the
lines of force, running from the north- to south-pole [2].

surrounding magnetic matter. He appropriately called
these lines the magnetic lines of force [4]. We now
know that any magnet has a north- and south-pole,
where the north-pole of a freely suspended magnet
(such as a compass needle) would point towards the
geographic north, as used by pathfinders today [2].
Also, the modern description of the lines of force are
the magnetic field lines.

1.1 Magnetic Field
The magnetic field lines are a visual description of
the magnetic field surrounding a magnet. This is easy
to visualize for a permanent magnet with a distinct
north- and south-pole, but what about a magnetic
field induced by a current? A magnetic field forms
around a current carrying wire as shown in Fig. 2. A
magnetic field is typically given the symbol B and
current the symbol I. Each magnetic field line forms
a circular path around the wire with varying field
strength. The direction is determined by the right-
hand rule; by pointing your right thumb along the
direction of current, the remaining fingers curl in the
direction of the magnetic field. The stronger the
current, the stronger the field will be, explaining why
in Fig. 2 the iron filings on the outskirts are more
disorganized than those close to the wire. Another

1



Figure 2: A current (I), also moving electrons, running
through a conductive wire will generate a circular magnetic
field about the direction of current. The magnetic field is
weaker further away from the wire. The direction of the
magnetic field is determined from the right hand rule [2].

method to increase the strength of the field is to simply
add another source of a magnetic field.

Magnetic fields follow the principle of superposi-
tion. This means that the magnetic field at a point
in space, due to more than one magnetic field source,
is found by adding the magnetic fields from each
source [5]. An important difference between the mag-
netic field generated by the bar magnet and line cur-
rent in Figs. 1 and 2 is that the bar magnet has a
distinct north- and south-pole, while the line current
does not. However, a current-carrying wire can be
looped such that a north- and south-pole is created
from the principle of superposition. Such a loop of
current-carrying wire is called a coil (Fig. 3).

A coil consists of a conductive wire typically looped
into a cylindrical structure, i.e. coiled up. Increas-

Figure 3: A current-carrying conductive wire shaped
into a loop is called a coil, which mimics the characteristic
north- and south-pole of a bar magnet (Fig. 1) as a result
of adding the magnetic field from each infinitesimal length
of the conductive wire. Many coils in succession is called
a solenoid, which produces a strong field inside its volume
from the superposition principle of magnetic fields.

ing the number of coils also increases the generated
magnetic field and is called a solenoid. By sending
a current through a solenoid, each loop produces a
magnetic field. Toward the center of the solenoid the
fields are in the same direction and form a stronger
field. The field between the wires of each loop in a
solenoid are opposite and cancel. Furthermore, the
magnetic field inside the solenoid is large relative to
outside. The magnetic field lines of a solenoid are ei-
ther directed out of the top or the bottom, depending
on the direction of the current, and their direction
depicts the magnetic north-pole of the solenoid. Note
that, because the direction of current can be reversed,
so can the north- and south-pole. In general, the
more windings a solenoid has per unit length, and the
higher the current is, the stronger the magnetic field
will be [2]. Theoretically the wire thickness can be
very small, but in reality the solenoid would overheat,
melting the conductive wire, and form a single block
of conductive material.

The magnetic field generated by a coil, solenoid,
electromagnet, or permanent magnet has the property
of being uniform or non-uniform. A uniform magnetic
field has the field lines pointing in the same direction
everywhere, with equal field strength; a non-uniform
magnetic field differs in magnitude and direction. In
case of a solenoid, the magnetic field lines depict an
ellipsoid and are fairly uniform at the center of the
solenoid, but change direction and decrease in strength
with distance outside of the solenoid (Fig. 3).

At the start of the previous paragraph we men-
tioned electromagnets. An electromagnet is a type of
solenoid which contains, generally, a metallic core.
This metallic core is made of a material that be-
comes magnetic when subject to a magnetic field. The
strongest of these minerals are called ferromagnetic
materials (such as iron). The underlying principle
comes from the atomic model of Niels Bohr, which

Figure 4: A ferromagnetic core can be placed within
the coils of a solenoid. A ferromagnetic core is made up
of a material that consists of small magnetic domains
which align in the presence of an external magnetic field,
increasing the strength of the magnetic field outside the
boundaries of the coils. This strong magnet is called an
electromagnet.
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describes an element as having a dense nucleus, with
protons and neutrons, surrounded by orbiting elec-
trons. While the electrons have an orbital angular
momentum (they fly around the nucleus), they also
have their own spin (electron spin). Since electrons
carry charge, and are in continuous motion, they be-
have like small magnets, producing their own mag-
netic field. Depending on the direction of spin, the
north-pole of the electron can point in two directions.
The orbiting electrons move in electron shells that
envelop the nucleus. Each shell can hold an even
number of electrons. Electrons exist in pairs with
opposite spin within these shells, such that the mag-
netic fields are cancelled. Some atoms have an uneven
number of electrons, meaning that the atom only has
partially filled shells, and thus has a net magnetic
field, or dipole moment. While materials, consist-
ing of many atoms may have an uneven number of
electrons, they are not magnetic by default. This
is because the dipole moments of free electrons, for
all atoms within a material, may still be in different
directions, still cancelling each other. In ferromag-
netic materials, the dipoles tend to point in the same
direction. This occurs in smaller groups of atoms,
called domains, that are randomly oriented, meaning
that the material as a whole may not be magnetized
(Fig. 4). However, under influence of an external mag-
netic field, these domains become aligned and the
material becomes magnetized. When the magnetic
field is removed, the domains gradually return to their
prior states. However, if the externally applied field
is strong enough, the material is said to be saturated,
and forms a permanent magnet where the majority
of the domains remain aligned even after removing
the applied field [5]. By adding a ferromagnetic mate-
rial to the center of a solenoid to produce an electro-
magnet the generated field strength is increased.

In research on magnetics for medical applications,
very often an iron (or alloy of iron) core is used, be-
cause less current is required to achieve a desired
magnetic field. An example of an actuation system,
that is used in the experiments presented in this the-
sis, is BigMag, shown in Fig. 5. BigMag contains six
electromagnets, each attached on a side of a hexagonal
fixture. The hexagon is divided into a top and bottom
half, each half containing two soft iron-cored electro-
magnets and one air-cored solenoid. The iron-cored
electromagnets serve to produce a strong magnetic
field, while the air-cored solenoids are used to increase
the bandwidth of the field generation along the verti-
cal axis [6]. An increased bandwidth means that the
fields can be generated more quickly. Iron-cored elec-
tromagnets generally have a lower bandwidth when
it comes to generating magnetic fields, because align-

Figure 5: A magnetic actuation system contains a set of
solenoids and electromagnets. These systems are used to
generate desired magnetic fields at any point within their
actuation workspace in order to actuate other magnetized
objects [6].

ment of domains does not happen instantly.
The objecive of a magnetic actuation system is

to control magnetic elements within the actuation
workspace. For accurate actuation, it is important
to know how the currents through the electromag-
nets of the system, I, relate to their produced mag-
netic fields (B(p, I)) at some position p within that
workspace. To obtain a suitable description of the
field, we should first know the mathematical rules
that the magnetic field must conform to. These rules
are called Maxwell’s equations, which are presented
at the end of the following section.

1.2 Magnetic Field Constraints
The equations formulated by James Clark Maxwell
describe the spatial properties that a magnetic field
(B(p, I)) conforms to. More specifically, how the field
changes in space is determined by the spatial gradi-
ents of the magnetic field, and Maxwell’s equations
prescribe constraints to these spatial gradients.

In an effort to visualize the field constraints before
diving into mathematical notations, look at Fig. 6. A
current (I = Iẑ) runs perpendicular to the plane of
the page and a magnetic field (B) makes a circular
path in the counter-clockwise direction about I. The
magnetic field lines are represented as arrows; the
direction of the arrows show the direction of the field;
the lengths of the arrows represent the field strength.
For the 2D magnetic field in Fig. 6 (B = [Bx, By, 0]T )
the change of the magnetic field in space is represented
by its partial derivatives with respect to Cartesian
coordinates (magnetic field gradients), i.e.

∂Bx
∂x

,
∂Bx
∂y

,
∂By
∂y

,
∂By
∂x

As was mentioned before, Maxwell’s equations set
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constraints onto these magnetic field gradients and
these are discussed below.

1.2.1 Divergence

The divergence of the magnetic field is a property that
describes the outward spreading of the field at a point
p. Any point in space p can be a source, sink, or
neither, of a vector field (B(p, I)). A source would
be a point p, represented as an infinitesimal volume,
where the number of magnetic field lines leaving the
volume is greater than the number that enters, a sink
would be a volume where the number of magnetic field
lines entering the volume is greater than leaving, and
the volume would be neither a source or sink if the
number of entering and leaving magnetic field lines
is equal. A magnetic field generated by a magnetic-
dipole is divergence-free (that is it is neither a source
or sink) because the field is circular, meaning that the
number of field lines that enter an infinitesimal volume
in space is equal to those leaving (shaded region in
fig. 6). This is mathematically represented as

∇ ·B(p, I) =
∂Bx
∂x

+
∂By
∂y

+
∂Bz
∂z

= 0,

where ∇ is the gradient operator. If we look at the
position p3, which has a field B(p3, I), we notice from
the change in direction of arrows that

B(p3, I) :
∂Bx
∂x

< 0,
∂By
∂y

> 0,
∂Bz
∂z

= 0,

and the divergence-free property says that how Bx
changes along x is equal and opposite to how By
changes along y, which is intuitive for a circular mag-
netic field.

1.2.2 Curl

The curl of the magnetic field is a property that de-
scribes how the magnetic field curls around a point (p)
in space. In Fig. 6 the field clearly only curls about
the point p0, which lies on the current vector I. Thus,
a magnetic field only curls about the source of the
field. This is mathematically represented as

∇×B(p, I) =


∂Bz
∂y −

∂By
∂z

∂Bx
∂z −

∂Bz
∂x

∂By
∂x −

∂Bx
∂y

 = µ0J(p)+µ0ε0
∂E(p)

∂t
,

where J(p) is the current-density, defined as the direc-
tional current I divided by the cross-sectional area of
the current-carrying wire, and E(p) an electric field.
From this definition, clearly at p0 the curl is non-zero.

Figure 6: The magnetic field (B) strength and direction
is represented by the length and direction of arrows, re-
spectively. A magnetic field always curls about a region
of non-zero current (I) and does under no circumstance
radiate outwards as is the case with electric fields. The
latter case is illustrated by the magnetic field lines entering
a shaded infinitesimal volume; the magnetic field lines en-
tering the volume is equal to those leaving, depicting that
the volume is neither a source nor a sink of the magnetic
vector field.

However, if we look at position p3, cleary J(p3) = 0
and for a steady current Ė(p3) = 0, then

∇×B(p3, I) = 0,

which we can notice from the change in directions of
arrows

B(p3, I) :
∂Bz
∂y

= 0,
∂By
∂z

= 0,

∂Bx
∂z

= 0,
∂Bz
∂x

= 0,

∂By
∂x

< 0,
∂Bx
∂y

< 0.

1.2.3 Maxwell’s Equations

From the discussions of the divergence and curl of the
magnetic field, Maxwell’s equations are formulated as

∇ ·B(p, I) = 0,

∇×B(p, I) = µ0J(p) + µ0ε0
∂E(p)

∂t
.

The first expression constrains the magnetic field lines
to be purely curling and therefore do not spread out;
this is called the divergence-free property of the field.
The second expression constrains the magnetic field
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lines to only curl about the field source. For any point
outside a permanent magnet or current-carrying wire,
the curl is therefore zero, and Maxwell’s equations
can be simplified to

∇ ·B(p, I) = 0,

∇×B(p, I) = 0,
(1)

which are called Maxwell’s equations for a current-free
workspace, known as the divergence-free and curl-free
property of the magnetic field.

The divergence-free and curl-free properties limit
the number of independent spatial gradients of the
field. The spatial gradients can be grouped into a
second-order gradient tensor (B∇(p, I) ∈ R3×3). The
divergence-free property puts a constraint on the trace
of B∇, and the curl-free property constrains B∇ to
be symmetric,

B∇(p, I) =


∂Bx
∂x

∂Bx
∂y

∂Bx
∂z

∂Bx
∂y

∂By
∂y

∂By
∂z

∂Bx
∂z

∂By
∂z −

(
∂Bx
∂x +

∂By
∂y

)
 .

The magnetic field (B) and the spatial gradients
of the field (B∇) have a total of eight independent
terms. Therefore magnetic actuation systems such as
BigMag (Fig. 5) are designed to have eight degrees
of freedom to have full control of the field and field
gradients at any position (p) within the actuation
workspace [6–8].

Up to now we have used the notation B(p, I) to
denote the magnetic field. However we have not yet
discussed any mathematical model of the field that
conforms to the equations of Maxwell for the magnetic
field in a current-free workspace. Such a mathemati-
cal model uniquely follows from the magnetic scalar
potential.

1.3 Magnetic Scalar Potential
A magnetic scalar potential, equivalently a scalar har-
monic function, is a scalar function (V(p)) that sat-
isfies the Laplace equation. The curl-free property
of the magnetic field allows expressing the magnetic
field as the gradient of a scalar harmonic function,

∇×B(p, I) = ∇× (∇V(p) · I) = 0,

because the curl of a gradient is inherently zero. Thus,
when expressing the magnetic field as the gradient of a
scalar function, the divergence-free property remains,
that is,

∇ ·B(p, I) = ∇ · (∇V(p) · I) = ∇2V(p) · I = 0,

Figure 7: A magnetic field is uniquely represented by
a scalar function, called a scalar potential (V(p)), as a
function of a point (p) at which the field is measured.
The scalar potential is formulated in electrodynamics text-
books as a multipole expansion. A multipole expansion
is a sum of terms that consider a magnet as a monopole,
dipole, quadrupole, octopole, etc. A dipole consists of two
monopoles, a quadrupole of two dipoles, an octopole of
two quadrupoles, etc. Monopoles are generally excluded
because they have not yet been found in nature. Each
higher term makes the scalar potential (V), and thus the
magnetic field (B), decrease with higher orders of distance
to the field point (‖p‖) [5].

which is not inherently satisfied. Therefore a scalar
function must be chosen for which

∂2V(p)

∂x2
+
∂2V(p)

∂y2
+
∂2V(p)

∂z2
= 0,

which is the Laplace equation. It turns out that
the solution for V(p) is unique, and can be found in
electrodynamics textbooks [5]. The solution for V(p)
is beyond the scope of this introduction, but can be
found discused in Appendix C, and is represented as
a multipole expansion.

A multipole expansion is a mathematical series
that provides an exact description of the magnetic
potential V(p) as long as the magnetic field source
is localized close to the origin and the potential is
observed away from the origin, or when the source is
localized far away from the origin and the potential is
observed close to the origin. The multipole expansion
is a sum of a monopole, dipole, quadrupole, etc, terms.
Generally the monopole term is excluded because of
the absence in nature. A magnetic dipole is made
up of two monopoles, a quadrupole of two dipoles,
and an octopole of two quadrupoles, etc (plus and
minus sign depict north- and south-poles, respectively)
as shown in Fig. 7. Each consecutive term decreases
with increasing powers of distance (‖p‖) from the field
source. Therefore, close to the field source there is
greater influence of the higher pole terms, whereas far
enough away from the field source the dipole term is
dominant. For magnetic fields far away the magnetic
field is therefore approximated with just the dipole
term, giving the first-order point dipole approximation
of the magnetic field.
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1.4 Magnetic Point Dipole Approxima-
tion

The magnetic point dipole model is a first-order ap-
proximation that considers the magnet, viewed from
a point (p) far enough away from the magnet, as a
magnetic dipole and disregards any higher order poles
in the multipole expansion (Fig. 7). The point dipole
model is formulated as

Bdip(p, I) =
µ0

4π‖p‖5
(
3ppT − ‖p‖2I3

)
µ(I),

where I3 ∈ R3×3 is a unit matrix and µ(I) ∈ R3 is
called the magnetic dipole moment.

The magnetic dipole moment is a measure of the
strength of the magnet. It has both a magnitude and
direction, where the direction depicts the north-pole
of the magnet. For solenoids (air-cored electromag-
nets) and ferromagnetic materials the magnetic dipole
moment can be calculated as

Solenoid: µ = NIAâ

Ferro-/Permanent Magnet: µ =
V ·Br
µ0

n̂,

where N is the number of windings, A is the area en-
closed by the windings, â a unit-vector perpendicular
to the enclosed area, V the magnet volume, Br is the
residual flux density, and n̂ a unit-vector representing
the north-pole direction.

Models, such as the point dipole model, of the
magnetic field are used to compute the torques and
forces that are exerted onto magnetic agents posi-
tioned within the field. This is the principle of mag-
netic actuation.

1.5 Magnetic Actuation
If a magnetic dipole with dipole moment µ ∈ R is
placed at a position p, it will experience a torque
(τ ∈ R3) and force f ∈ R3 due to the magnetic field
(B(p, I)) at that position. The torque and force are
experienced in directions to minimize the magnetic
energy of the dipole [9]. If we again visualize the dipole
as having a north- and south-pole, and the magnetic
field represented by its field lines, the north-pole of
the dipole will rotate to align with the direction of the
field lines and the magnet displaced in the direction
that minimizes its energy (Fig. 8),

τ = µ×B(p, I)

f = ∇B(p, I)Tµ.

Clearly, the torque (τ ) is greater in a stronger field
and with higher angular distance between the dipole

Figure 8: A magnet placed inside an external magnetic
field will experience a torque (τ ) and force (f) in directions
to minimize its magnetic energy [9].

moment and the field direction, and the force (f)
is greater in a region of higher field gradient. The
above expressions for magnetic torque and force can
be rewritten to

τ = µ×B = [µ]×B, (2)
f = ∇ (µ ·B) = M(µ)G(B∇), (3)

with the following definitions

[µ]× =


0 −µz µy

µz 0 −µx
−µy µx 0

 , B =


Bx

By

Bz

 ,

M(µ) =


µx µy µz 0 0

0 µx 0 µy µz

−µz 0 µx −µz µy

 ,
G (B∇) =

[
∂xBx, ∂yBx, ∂zBx, ∂yBy, ∂zBy

]T
.

The map G(B∇) : R3×3 → R5 maps the five inde-
pendent spatial magnetic field gradient terms to a
vector.

The magnetic torques and forces are used to steer
magnetized objects, called magnetic actuation. A
magnet can be attached to a flexible body (continuum
manipulator) such that exerted torques and forces
result in a deformation of that body. This the topic
of the following thesis.
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2 Introduction
Note: An introductory background to magnetism and
magnetic actuation was given in the previous section.
In this section I present the research paper that was
submitted to the IEEE International Conference on
Robotics and Automation (ICRA 2021) and Robotics
and Automation Letters (RA-L), and at the time of
writing is under review. It starts with an introduc-
tion to motivate the title ’Multi-Point Orientation
Control of Discretely Magnetized Continuum
Manipulators’. This is followed by theories on mod-
elling the continuum manipulator and magnetic field.
Then the results of experiments and simulations are
provided. Finally, the results are discussed and a
conclusion is given. An elaborate discussion on the
applied theories is provided in the appendix.

Continuum manipulators (CMs) are continuously
deformable elastic structures. Compared to tradi-
tional rigid link robots, CMs have infinite degrees
of freedom (DOFs) which allows them to deform at
any point along their length. This property makes
CMs dexterous, enabling them to navigate through
constricted spaces and cluttered environments [10].
The challenge lies in steering and navigation of CMs,
as actuation at multiple points along the CM also
requires actuators at those points. However, actua-
tors attached to the body of the CM increase its size,
which is disadvantageous in confined workspaces [11].
Magnetic actuation provides the potential for minia-
turization by moving the actuation system outside
the confined environment [12].

Magnetized CMs can be discretely or continuously
magnetized. Discretely magnetized CMs contain rigid
magnetic, and flexible non-magnetic material. The
rigid magnetic material can be divided into actively
magnetized electromagnets [13], or permanent mag-
nets [14]. Alternatively, continuously magnetized CMs
consist of magnetic composite polymers [15,16]. The
magnetized CMs deform due to magnetic forces and
torques exerted on their magnetic regions by a mag-
netic field. Independent control of magnetic forces
and torques, on a single magnet in space, requires
eight magnetic degrees of freedom [17,18].

Magnetic actuation systems have been designed to
satisfy the requirement of eight DOFs. Such systems
employ stationary electromagnets [8], mobile electro-
magnets [6, 19], or mobile permanent magnets [14],
as sources of the magnetic field. The mobile actu-
ation systems have the advantage of an open and
typically larger work space than stationary systems,
while requiring smaller external magnets [20]. Precise
magnetic field information from each field source is

Figure 9: In this paper we use BigMag, an array of 6
mobile electromagnetic coils, to perform closed-loop ori-
entation control of two permanent magnets carried by a
continuum manipulator (CM) attached to a rigid base. 1©
A stereo vision setup is used for shape reconstruction of
the CM. 2© The field at the magnet positions is predicted
from fitted magnetic field (and gradient) models for each
electromagnet in BigMag, to predict exerted magnetic
wrenches on the CM. 3© Cosserat rod theory is used to
formulate a quasi-static forward model of the CM. 4©
This model is used to predict changes in magnet orienta-
tions, due to changes in the currents and positions of the
electromagnets, to actuate the CM within the workspace
of BigMag.

required for actuation. Previously used approaches to
model the magnetic field have been to formulate an
arbitrary function and fit unknown coefficients with
least squares optimization [6, 21], or use a first-order
dipole approximation [14]. The former approach does
not typically enforce constraints on the spatial gra-
dients of the magnetic field, and the latter ignores
higher order field effects that are more prominent
closer to the field source [22]. A recently used ap-
proach, that solves the aforementioned disadvantages,
is to express the magnetic field as the gradient of a
scalar potential (scalar harmonic function), and use
measurement-informed least squares optimization to
fit unknown coefficients [23].

A mathematical model of the manipulator is used
to compute its deformation under exerted magnetic
torques and forces, which result from the interaction
with an external magnetic field. These models gen-
erally have a trade-off between accuracy and compu-
tational efficiency. Computationally cheap rigid-link
models divide the CM into rigid segments, which has
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the advantage of providing analytical solutions for
control [11,24,25], but require many segments to de-
scribe complex CM geometries. In our work, Cosserat
rod theory is used to model the CM. Cosserat rod
theory gives an exact solution to the statics of the
CM, while additionally accommodating variations in
the stiffness, body loading, and cross-section geometry
of a CM [26,27].

Rigid-link and Cosserat rod models have recently
been used for position control of a CM with a single
magnet at its distal tip [24, 27]. In addition, unidi-
rectional steering within a uniform magnetic field has
been shown with permanent magnets integrated into
the distal tip of a CM [28,29]. Through the actuation
of a CM at a single point on its distal tip, it is only
possible to achieve follow-the-leader motion of the
proximal part of the body. By introducing multiple
actuation points along the length of the manipulator,
it is possible to achieve active shape control of the
manipulator body between actuation points, which
could be of particular interest in applications involv-
ing contact with the workspace. For a magnetized
CM, multi-point actuation can be achieved through
independently generating different magnetic fields at
multiple points within the workspace.

In this paper we show closed-loop orientation con-
trol of two magnets along a discretely magnetized con-
tinuum manipulator. BigMag, an array of 6 mobile
electromagnetic coils, is used as a magnetic actua-
tion system for the purpose of experimental valida-
tion [6]. We formulate a linear least squares approach
to measurement-based fitting of a magnetic field and
spatial magnetic field gradient map based on a Carte-
sian multipole expansion of a scalar potential. The
fitting procedure is applied to electromagnets in Big-
Mag. A stereo vision setup records the workspace and
is used for shape reconstruction of the CM. A forward
model of the CM is constructed with Cosserat rod
theory, and used to predict changes in the shape of
the CM due to variations in the external magnetic
field. Experiments are performed within BigMag. In
addition, BigMag is extended with eight additional
electromagnets in simulation to show that the control
algorithm is able to achieve complex geometries of
the CM. All the above-mentioned steps are detailed
in the following sections, followed by discussion and
conclusions.

3 Materials and Methods

3.1 Theory
In this section, the model used for analyis of the
continuum manipulator is described, followed by the

formulation of a cartesian multipole expansion of a
scalar potential for accurate, measurement-informed,
field and field gradient fitting. In this section, the
model used for analyis of the continuum manipulator
is described, followed by the formulation of a Cartesian
multipole expansion of a scalar potential for accurate,
measurement-informed fitting of magnetic field and
magnetic field gradient map.

3.1.1 Cosserat Rod Model

In Cosserat rod theory the body of the manipulator
is characterized by centerline parameter s ∈ [0, L],
where L ∈ R+ represents the manipulator length.
In addition, a set of material state parameters y(s),
relative to a global reference frame, are assigned to
cross-sections along the centerline of the manipulator,

y(s) =
[
p(s)T q(s)T n(s)T m(s)T

]T
∈ R13,

(4)
where p ∈ R3 denotes the Cartesian position, q =
(qr, qi) ∈ H the orientation quaternion (where qr ∈ R
and qi ∈ R3 are the real and imaginary components,
respectively [30]), n ∈ R3 the internal force, andm ∈
R3 the internal bending [31]. The state parameters
evolve along s according to the Cosserat rod ordinary
differential equations (ODEs) defined as

p′ = R(q)v,

v = K−1
s R(q)Tn+ v̂,

q′ =
1

2

 −qTi
qrI3 − [qi]×

R(q)u,

u = K−1
b R(q)Tm+ û,

n′ = −f ,
m′ = −p′ × n− τ ,

(5)

where the explicit dependence on s is omitted for
brevity, I3 ∈ R3×3 is an identity matrix, and [·]× :
R3 → R3×3 represents a mapping to a skew-symmetric
matrix [27]. We use the notation ∂sp ≡ p′ to denote
the partial derivative of the state parameter with
respect to s. In addition,R(q) ∈ SO(3) is the rotation
matrix representation of orientation quaternion q,
given by

R(q) = q2
rI3 + qiqi

T + 2qr[qi]× + [qi]
2
×. (6)

The set of thirtheen coupled nonlinear ODEs in
Eqn. (5) relate external forces f(s) ∈ R3 and torques
τ (s) ∈ R3 to changes in internal forces and moments.
The internal forces and torques determine the mate-
rial strain v(s) ∈ R3 and bending u(s) ∈ R3, which
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Figure 10: A discretely magnetized continuum manip-
ulator subject to a distributed gravitational force (fg)
and distributed magnetic torques (τm) and forces (fm) at
two magnets, where m denotes the magnet index. The
manipulator shape is described by position (p(s)), orienta-
tion quaternion (q(s)), internal force (n(s)), and internal
moment (m(s)), where s ∈ [0, L] is the centerline parame-
ter. The manipulator is proximally fixed, with a constant
proximal boundary condition (P(y0)), and free to move
at its distal end with boundary condition (D(yL)). Un-
known proximal states (ξ) are optimized with Levenberg-
Marquardt.

determine the pose of the material frame [31]. The
values of v̂ and û represent the intrinsic material
strain and curvature of the CM in its undeformed ref-
erence state, taken as v̂ = [0, 0, 1]T and û = [0, 0, 0]T ,
and Ks,Kb ∈ R3×3 are diagonal shear/extension and
bending/torsion stiffness matrices, respectively [26].

Figure 10 shows a discretely magnetized contin-
uum manipulator, consisting of alternating flexible
non-magnetic, and rigid magnetic, material attached
proximally, at y0 ≡ y(s = 0), to a rigid base. The
manipulator body is subject to a distributed gravita-
tional force fg ∈ R3, and the magnets experience a
distributed wrench wm = [fTm, τ

T
m]T when placed in a

magnetic field, where m represents the magnet index.
The manipulator statics is solved as a boundary

value problem (BVP), which contains information
about the shape of the CM. Let P(y0) be the set of
constant proximal boundary conditions and D(yL)
the set of constant distal boundary conditions, which,
assuming no load on the distal tip, are given by

P(y0) =
[
pT0 qT0

]T
∈ R7,

D(yL) =
[
nTL mT

L

]T
=
[
0T 0T

]T
∈ R6.

(7)

In addition, ξ = [nT0 ,m
T
0 ]T ∈ R6 represents a vector

of unknown proximal state parameters optimized with
convex optimization to satisfy the distal boundary
condition D(yL). We solve the BVP with forward in-
tegration using an explicit Runge-Kutta fourth order

method, and convex optimization with Levenberg-
Marquardt [32]. This approach requires discretiza-
tion of the manipulator centerline. To fully capture
the material transition between flexible and rigid ma-
terial during forward integration, it is necessary to
separately discretize each occurring flexible and rigid
section (Fig. 10) into Nf ∈ N and Nr ∈ N subsec-
tions. Given M ∈ N recurring sections, there will
exist N = M (Nf +Nr) + 1 material points along s.
Forward integration from y0 then gives material state
parameters of the CM Eqn. (4) at each discretized
point along the manipulator centerline,

Y (ξ) =
[
y0 y1 . . . yN

]
∈ R13×N , (8)

which we call a shape solution. The distal boundary
condition Eqn. (7) and the distal state parameters
(yN ) obtained from the shape solution are compared
to formulate a residual vector r

r = D(yL)− D(yN ). (9)

A solution of ξ is accepted if the residual norm is
below an arbitrarily chosen error threshold, E ∈ R+,
and Y (ξ) represents the shape of the CM in static
equilibrium. Otherwise ξ is updated with Levenberg-
Marquardt.

More information about Cosserat rod theory and
the solution finding process of the BVP can be found
in Appendix D.

3.1.2 Magnetic Field Map

An accurate model for the field (B ∈ R3) and its spa-
tial gradients (B∇ ∈ R3×3) is necessary to compute
magnetically exerted torques and forces on magnetic
agents. For electromagnets operating outside their
saturation region, i.e. where their field is linear with
current, a unit-current field (β ∈ R3) and gradient
(β∇ ∈ R3×3) model can be formulated and used to
describe the field at different operating currents.

In a current-free workspace, the field is both divergence-
and curl-free, which allows expressing the field as the
gradient of a scalar potential

B(p) = ∇V(p), (10)

where p = [x, y, z]T and V(p) is a nonlinear scalar
function [5]. Consider a body coordinate frame at-
tached to the face of an azimuthally symmetric field
source, where x̂ is coincident with the axial direction
(Fig. 9). The scalar potential is then defined as

V(p) =

N∑
k=1

∂k

∂xk

(
1

‖p‖

)
· ak, (11)
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Figure 11: Surface plots of the x- and y-components of
the magnetic field (Bx and By) obtained from measure-
ments (red) and model (green) of the magnetic fields in
the xy-plane of an air-cored electromagnet body frame of
BigMag, comparing a least-squares fit of the point dipole
model (left column) to our field model with N = 6 (right
column).

where k > 0 to exclude the monopole term. The
derivation of Eqn. (11) is given in the Appendix.

The scalar potential in Eqn. (11) is used to com-
pute an analytical unit-current field description (β = B|I=1),
informed by field measurements. Measurements are
performed in local xy-planes in front of an electromag-
net, at x ∈ {0.05, . . . , 0.15} and y ∈ {−0.05, . . . , 0.05}
meters. We define bij ∈ R3 to be a field measure-
ment at pij = [xi, yj , 0]T , with i = 1, . . . ,m and
j = 1, . . . , n. To get Eqn. (11) to a suitable form
for linear least squares (LLSQ) regression, expand
Eqn. (11) to

V(p) = a1V1(p) + a2V2(p) . . .+ aNVN (p). (12)

The scalar coefficients are subsequently found from
∇V1(p11) . . . ∇VN (p11)

...

∇V1(pmn) . . . ∇VN (pmn)


† 
b11

...

bmn

 =


a1

...

aN

 ,
(13)

where [·]† denotes the Moore-Penrose pseudoinverse.
The (unit-current) field and gradient map is thereafter
computed as

β(p) =
1

If
∇V(p),

⇒ B(p, I) = β(p) · I,

β∇(p) =
[
∂β(p)
∂x

∂β(p)
∂y

∂β(p)
∂z

]
,

⇒ B∇(p, I) = β∇(p) · I,

(14)

where If ∈ R+ represents the current at which mea-
surements were taken.

A comparison between a LLSQ fit of a point dipole
model and our model, for an air-cored electromagnet,

is given in Fig. 11. The l-2 norm of the root-mean-
square error for the dipole fit is 1.18 mT, and for
the multipole model 0.16 mT. The resolution of the
measurement equipment was 0.1 mT.

More information about modelling of the magnetic
field and fitting of the multipole model can be found
in Appendix C.

3.2 Orientation Control
In this section we present the control scheme used for
multi-point orientation control of a discretely magne-
tized continuum manipulator. The actuation param-
eters for a mobile electromagnetic actuation system
are electromagnet currents I ∈ RNI and positions
θ ∈ RNθ , which are updated to steer a magnetized
CM in its workspace. Let N = NI + Nθ represent
the total number of DOFs provided by the system.
Target orientations for each magnet are provided in
terms of a desired axis of rotation kdm ∈ R3 and angle
of rotation φdm ∈ R, defined relative to the global ẑ
axis, and where m ∈ N denotes the magnet index.
Magnet pose feedback is provided by a stereo vision
setup adopted from [24]. Virtual changes in actuation
parameters (I and θ) are used to predict resultant
changes in magnet poses.

The control scheme in Fig. 12 is divided into four
sections (A-D), which are discussed below.

3.2.1 Magnet Pose Sensing (A)

A stereo vision setup records real magnet positions
pm ∈ R3 and orientation quaternions qm ∈ R4. In
addition, the theoretical magnet poses {tpm,

t
qm} are

computed by solving the statics of the CM, subject to
an external magnetic wrench (wm = [τTm,f

T
m]T ∈ R6),

as a BVP. Computation of the magnetically exerted
wrench is discussed in section 3.2.2.

The stereo vision setup and shape reconstruction
algorithm generates a 3D polynomial fit (P (s)) to
describe the shape of the manipulator, which is used
to compute the position (pm) and orientation in the
axis-angle representation, km ∈ R3 (‖km‖ = 1) and
φm ∈ R. The magnet orientation quaternion (qm ∈ H)
follows from the axis-angle representation as

pm = P (sm), p′m = (P (sm + δs)− P (sm)) /δs

φm = cos−1 (ẑ · p̂′m)

km = ̂[ẑ × p̂′m]
⇒ qm =

 cos
(
φm
2

)
km sin

(
φm
2

)
 , (15)

The shape polynomial does not consider torsion and
we assume that magnetically exerted forces are in-
sufficient for extension of the manipulator along its
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centerline. It is important to note that while the ro-
tation of coordinate frames is unique, the rotation of
vectors, i.e. the rotation of ẑ to p̂′, is not. As such
we must define our desired orientation to remove any
ambiguity caused from manipulator torsion,

pd′m = Rz(αz)Ry(αy)ẑ

φdm = cos−1
(
ẑ · p̂d′m

)
kdm = ̂[ẑ × p̂d′m].

(16)

Similarly the magnet orientation quaternions obtained
from the Cosserat rod model (tqm) cannot be imme-
diately compared to measured orientations, and we
must perform an additional step,

t
p′m = R(

t
qm)ẑ

t
φm = cos−1

(
ẑ · tp̂′m

)
t
km =

̂
[ẑ × t

p̂′m].

(17)

Now the measured, desired, and theoretical magnet
orientations in Eqns. (15)-(17) are compatible. Also,
this approach will not result in errors in real and
measured magnetic dipole moments of the magnets
as long as they are oriented along the manipulator
centerline. The inherent sign ambiguity of the axis-
angle representation is solved by choosing the km and
t
km of least angular distance from kdm.

More information about the manipulator shape
reconstruction algorithm can be found in Appendix B.

3.2.2 Magnetic Wrench (B)

The actuation parameters (I and θ) are used to com-
pute a current-to-wrench map, which is composed of a
current-to-field map, Tβ(pm,θ) : RNI → R8M where
M ∈ N is the total number of permanent magnets, and
field-to-wrench map, Tµ(qm) : R8M → R6M , defined
at the center of mass of the magnets.

To compute Tβ(pm,θ), let {G} and {Cj} represent
the global reference frame and body frame of an elec-
tromagnetic coil, j = 1, . . . , NI . A global description
of the unit-current field (gradient) is then given by
G
Cjβ(pm,θ) =

G
CjR(θ)

Cj
β
(Cj
pm

)
G
Cjβ∇(pm,θ) =

G
CjR(θ)

Cj
β∇

(Cj
pm

) G
CjR(θ)T .

(18)

We define a map G(β∇) : R3×3 → R5 that returns a
vector of the 5 linearly independent spatial gradient
components of the field [18]. The current-to-field map
for a single magnet is subsequently defined as

Tβ(pm,θ) =

 G
C1β . . .

G
CNI
β

G
(
G
C1β∇

)
. . . G

(
G
CNI
β∇

) . (19)

The wrench on a magnet with dipole moment
µm ∈ R3 at position pm is given by

wm =

τm
fm

 =

 µm ×B(pm)

∇ (µm ·B(pm))

 . (20)

The field-to-wrench map is then formulated, for a
single dipole, as

Tµ(qm) =

[µm]× 0

0 M(µm)

 , (21)

where M(µ) : R3 → R3×5 maps the independent
spatial field gradients to forces on the dipole [18].
From this, the theoretical magnetic wrench is given
by

wm = Tµ(qm)Tβ(pm,θ)I,

= T (pm, qm,θ)I
(22)

For two magnets, we then obtain w = [wT
1 ,w

T
2 ]T .

3.2.3 Orientation Jacobian (C)

The orientation Jacobian (Jkφ ∈ R2M×N ) is computed
numerically and describes how increments in the ac-
tuation parameters of the magnetic actuation system
result in changes in magnet orientations. To com-
pute the orientation Jacobian, each of the actuation
parameters is iteratively and virtually incremented,
the new virtual wrench computed, and the manipula-
tor response predicted from the Cosserat rod model.
The predicted change in magnet orientation is then
included into Jkφ. This approach requires that N
boundary value problems are solved, and we attempt
to improve computational efficiency by providing an
informed guess for manipulator base state parameters
(ξi), while solving each BVP.

Algorithm 1 presents the procedure of computing
Jkφ. We simulate N open loop control cycles where,
each time, one of the actuation parameters is incre-
mented and the change in wrench, w̃ = [w̃T

1 , w̃
T
2 ]T ,

computed. The informed guess ξi is then given by

ξi (ξ, w̃,pm) = ξ +

M∑
m=1

f̃m
τ̃m + (pm − p0)× f̃m

 ,
(23)

The manipulator shape, Y (ξi) in Eqn. (8), is subse-
quently solved as a BVP, giving the change in theo-
retical magnet pose

d
(
kdm · km

)
dIj

=
kdm ·

(
t
k̄m −

t
km

)
dI

,

dφm
dIj

=
t
φ̄m −

t
φm

dI
,

(24)
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Figure 12: Block diagram for closed-loop orientation control, where magnet orientations are steered to desired
axes and angles of rotation {kdm, φdm} by iteratively updating actuation parameters (currents I and positions θ).
The manipulator is recorded using stereo vision to obtain the magnet positions (pm) and orientations (qm). The
magnet poses are used, in conjuction with I and θ, to compute the theoretical wrench w, from which the theoretical
manipulator shape is computed, giving theoretical magnet poses {tpm, tqm}. Virtual increments of I and θ are used
to calculate the orientation Jacobian Jkφ. The error e between the magnet axes and angles of rotation, as measured
km and φm, and as desired, kdm and φdm, are fed to a proportional-integral controller to produce a desired orientation
step dΦ. The orientation Jacobian and desired orientation step are used to compute actuation parameter increments
dI and dθ.

and similarly for dθ. The orientation Jacobian is then
defined as

Jkφ =



d(kd1 ·k1)
dI1

. . .
d(kd1 ·k1)
dθ1

d(kd1 ·k1)
dθ2

dφ1

dI1
. . . dφ1

dθ1

dφ1

dθ2
d(kd2 ·k2)
dI1

. . .
d(kd2 ·k2)
dθ1

d(kd2 ·k2)
dθ2

dφ2

dI1
. . . dφ2

dθ1

dφ2

dθ2

 . (25)

Its Moore-Penrose pseudoinverse is computed through
singular value decomposition as J†kφ = V S†UT , where
S ∈ R2M×N is a diagonal matrix of singular values σi
for which σi > σi+1. To improve numerical stability
we select singular values according to

Sii =

{
σi If σ1/σi ≤ 105

0 If σ1/σi > 105
. (26)

3.2.4 Update Actuation Parameters (D)

The actuation parameters are updated to steer the
magnet orientations to their respective target orien-
tations. The orientation error is computed from the
angular distances between desired and measured axes
and angles of rotation,

em =

1− kdm · km
φdm − φm

⇒ e =

e1

e2

 . (27)

The error is given to a proportional-integral controller
to compute an orientation step (dΦ). Then the actu-
ation parameters are updated according to[

dIT , dθT
]T

= J†kφ · dΦ. (28)

4 Results
Through experiments and simulations, we aim to show
that it is possible to achieve convergence of multiple
magnets to desired orientations by generating a non-
uniform magnetic field. First, experimental validation
of planar steering is described, followed by simulated
results of 3D steering. The actuation of the CM in
the experiment and simulation can be seen in the
supplementary video.

4.1 Experiment
The dimensions of the CM in millimeters, time-evolved
shapes of the CM during the experiment, and the
magnet orientation trajectories are shown in Fig. 13.
The manipulator consists of proximal and distal sub-
sections of flexible polyurethane rubber (PMC-770,
Smooth-On Inc., USA) and rigid neodymium (NdFeb)
magnets. Material properties of the CM are given
in table 1. The dipole moments (µm) are oriented
perpendicular to, and down the, axial direction of the
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Algorithm 1: Computation of the Orienta-
tion Jacobian
Input :Magnet pose info

pm,
t
pm, {

t
km,

t
φm}

Model base state parameters ξ
Current/Field-Wrench maps T ,Tµ
Magnetic wrench w
Actuation parameters I,θ
Desired magnet axes of rotation kdm

Output :Orientation Jacobian, Jkφ
1 dI, dθ ∈ R+

2 /* Current to Orientation Change */
3 for j ← 1 to NI do
4 Ij = Ij + dI
5 w̄ = TI // New wrench
6 w̃ = w̄ −w // Change in wrench
7 Compute informed guess ξi (ξ, w̃,pm)
8 Solve manipulator shape Y (w̄, ξi) // BVP
9 Get new magnet poses

{tp̄m,
t
k̄m,

t
φ̄m} ← Y

10 Fill column of Jkφ
11 Ij = Ij − dI
12 end for
13 /* Position to Orientation Change */
14 for j ← 1 to Nθ do
15 θj = θj + dθ
16 Recompute Tβ(pm,θ) and T = TµTβ
17 w̄ = TI // New wrench

...
18 θj = θj − dθ
19 end for
20 return Jkφ

CM, respectively. The CM is suspended horizontally
in the workspace as shown in Fig. 13 at t = 0s. Big-
Mag is used for actuation of the CM (NI = 6 and
Nθ = 2), where the six electromagnets are oriented
in plane with the CM. A side view of time-evolved
shapes of the CM are presented. The magnet angles of
rotation (AoR, φm, m = 1, 2) are defined relative to a
global ẑ axis, and for the planar experiment the axes
of rotation are kdm = km = ŷ (Fig. 13 at t = 320s).
Steps in AoR are provided manually during the exper-
iment until one of the electromagnet currents reached
the upper limit of ±8 A. The AoR are shown against
the elapsed time. The computation time required to
numerically compute the orientation Jacobian (Jkφ)
is 158± 64 and 165± 53 ms with and without the in-
formed guess in Eqn. (23), respectively. The absolute
errors between the measured and theoretical magnet
orientations are provided in Fig. 14.

A second experiment is performed where the mag-
net orientations were assiged trajectories. Time-evolved
shapes of the CM and the trajectories for the desired,
measured, and theoretical magnet orientations are
provided in Fig. 15. The trajectory experiment is
performed only with the informed guess. The com-
putation time required to compute the orientation
Jacobian is 200 ± 20 ms. The trajectory of the ab-
solute errors between the measured and theoretical
magnet orientations with time are provided in Fig. 16.

4.2 Simulation
Side, top, and isometric views of the CM shape during
simulation with iteration number i ∈ N are shown in
Fig. 17. The magnetic field is generated with a virtual
clone of BigMag extended with eight electromagnets
(NI = 14, Nθ = 2). A unique non-uniform field
is generated at the center of mass of each magnet
to simultaneously steer the theoretical AoR (tφm)
of the magnets to their respective target AoR (φdm).
In addition, the theoretical axes of rotation (tkm)
of the magnets are steered towards their respective
target (kdm) to minimize the angular distance (∠Axis)
between them. The computation time required to
compute the orientation Jacobian with and without
providing an informed guess is 260±41 ms and 420±16,
respectively. An additional simulation is shown in the
Appendix.

5 Discussion
The closed-loop response of the magnet orientations
in Figs. 13 and 15 shows the ability of the control
algorithm to achieve accurate independent multi-point
orientation control in 2D, with both small and higher
errors between the measured and theoretical magnet
orientations in Figs. 14 and 16. We observe, in the
errors between the measured and theoretical magnet
orientations, that the model error of the distal magnet
moves with the model error of the proximal magnet.
The model error is a result of trial-and-error guessed

ρ (kg ·m−3) E (MPa) ν µ (A ·m2)

PMC-770 1101 2.5 0.5 0

Magnet 1 7000 41.3 0.3 0.875

Magnet 2 7000 41.3 0.3 0.239

Table 1: Density (ρ), Elastic modulus (E), Poisson ratio
(ν), and magnetic dipole moment (µ) of the CM used
during experiments and simulation.

13



Figure 13: Model of the continuum manipulator (CM)
with dimensions given in millimeters. The CM is made
of flexible polyurethane rubber (PMC-770) and rigid
neodymium magnets (NdFeB). Side views of time-evolved
shapes of the continuum manipulator are given. Desired,
φdm, measured φm, and predicted, tφm, angles of rotation
(AoR) are shown for magnet 1 (blue) and 2 (red) in degrees
against time t.

material properties of the CM and therefore subject
to inaccuracies. The trajectories of the errors suggest
that the model error of prior magnet orientations
primarily affect those of subsequent magnets, and
minimally in the other direction, and less vice versa.

Figure 14: Absolute error between the measured mag-
net orientations (φm) and predicted theoretical magnet
orientations (tφm) during the experiment shown in Fig. 13.

Figure 15: Time-evoled shapes of the continuum ma-
nipulator during a second experiment. Magnet orienta-
tion trajectories were manually assigned during runtime.
The error between measured (φm) and theoretical (tφm)
is larger than those presented in the paper, despite not
changing the used material properties. The measured
magnet orientations showed simultaneous and independent
convergence to desired orientations (φdm). The subscript
m = 1, 2 denotes the magnet index, as counted from the
manipulator base.

We also observe peaks in the orientation and error
trajectories. These are most likely caused by errors
during shape reconstruction of the manipulator in
Eqn. (15). In simulation it was shown that the control
algorithm is able to achieve 3D orientation control of
multiple magnets, given that the magnetic actuation

Figure 16: Absolute error between the measured mag-
net orientations (φm) and predicted theoretical magnet
orientations (tφm) during the experiment shown in Fig. 15
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Figure 17: Top, side, and isometric views of continuum
manipulator (CM) shape at a start, intermediate, and final
iteration numbers (i) with dimensions shown in meters.
The trajectory of the magnet angles of rotation (AoR), for
magnets 1 and 2, are given in blue and red, respectively. In
addition, the trajectories of the angular distances between
the theoretical and desired axes of rotation (∠Axis) are
shown.

system provides enough degrees of freedom. The
methodology shown here can be extended to other
systems consisting of moving electromagnets, provided
the magnetic field can be expressed as a function of
positions and currents of the electromagnets.

The computation time required for computing the
orientation Jacobian (Jkφ) limits the achievable con-
trol frequency. Together with the shape reconstruc-
tion algorithm, a control frequency of just 2 Hz was
achieved. The primary drawback of the presented
control strategy is that it requires a boundary value
problem (BVP) to be solved for each available degree
of freedom of the magnetic actuation system. For
BigMag, this meant that eight BVPs had to be solved.
With 15 points of discretization along the centerline
of the manipulator, finding a solution to the BVP
took on average 20 ms. In open-loop the informed
guess in Eqn. (23) improves the computation time

since the feedback and the forward model are both
calculated using the Cosserat rod model. However,
the informed guess did not result in an improvement
during closed-loop control, because when stereo vision
is used for closed-loop control, the feedback diverges
from the forward model and therefore we do not see
significant improvement to the computation time by
using the informed guess.

The orientation Jacobian becomes increasingly
computationally expensive for larger (redundant) mag-
netic actuation systems. Therefore it is desirable to
use a control strategy where the numerical computa-
tion is independent of the number of magnetic degrees
of freedom rather than the number of permanent mag-
nets. In contrast to the current method, this would
involve providing desired magnet orientations to the
BVP, and computing the required wrenches (inverse
model based control). Furthermore, previous works
have assumed that the effect of magnetic forces is
negligible, which can also serve to reduce the compu-
tational load [24].

Finally, we notice from simulation that there is
a noticeable difference between the results when the
magnetic forces are taken into account, as opposed to
when they are not, as shown in Fig. 18. Therefore the
formulated magnetic field (gradient) model has shown
able to accurately describe the generated magnetic
field of an azimuthally symmetric field source. In ad-
dition, because the model conforms to Maxwell’s equa-
tions for the magnetic field in a current-free workspace,
it can also be applied to accurately estimate the spatial
gradients of the field. Compared to previous works,
this provides the ability to utilize both magnetically
exerted forces in addition to torques for closed-loop
control of magnetized CMs.

6 Conclusions and Future Work
In this thesis and paper, an approach for closed-loop
multi-point orientation control of discretely magne-
tized continuum manipulators is presented. An accu-
rate model is developed to compute the magnetic field
(gradients), based on a Cartesian multipole expansion
of a scalar potential, which is applied to BigMag, an
array of six mobile electromagnetic coils. In addition,
a quasi-static model of the manipulator is developed
using Cosserat rod theory. This model incorporates
distributed magnetic torques and forces on two perma-
nent magnets, positioned at discrete locations along
the manipulator centerline, and a distributed gravi-
tational force. Feedback of the manipulator shape is
provided by a stereo vision system to track magnet
positions and orientations. A numerically-computed

15



Figure 18: Effect of magnetic forces on final continuum
manipulator shapes. The figures in the left column show
the final manipulator shapes at the end of the performed
3D simulation in Fig. 17 and additional 3D simulation
in Fig. A.1, including both magnetically exerted torques
and forces. The figures in the right column shows the
respective manipulator shapes when acting magnetic forces
on the dipoles are set to zero (gravitational forces are still
included). The black arrows originating from the magnet
centers show the direction of the magnetic dipole moments;
the green arrows show the local direction of the field, with
lengths proportional to the field strength. Dimensions are
shown in meters.

Jacobian based on an informed guess is used for estima-
tion of necessary updates to the actuation parameters.

The presented control strategy has shown able to
achieve accurate independent orientation control of
two permanent magnets in 2D inside BigMag, and
in 3D using a virtual clone of BigMag extended with
eight additional electromagnets. However, the forward
model approach limits achievable control frequencies
as the computational cost of numerical solutions in-
creases with degrees of freedom of the magnetic actua-
tion system. Instead, for larger (redundant) actuation
systems, we hypothesize that inverse model control
with Cosserat rod modelling will significantly reduce
computational cost, as numerical problems become
independent of the number of degrees of freedom pro-
vided by the magnetic actuation system.

Future work will focus on reformulating the control
strategy to inverse model based control for closed-
loop multi-point steering of magnetized continuum
manipulators, because we hypothesize that this will
significantly increase the achievable control frequency.
Furthermore, since the presented magnetic field map is
both accurate in describing the magnetic field and the
spatial gradients of the magnetic field, we would like to
apply it to magnetic force-based manipulation tasks.
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Appendix A Additional Simulation

Figure A.1: Top, side, and isometric views of continuum manipulator (CM) shape at intermediate and final iteration
numbers (i) with dimensions shown in meters. The starting shape is equal to the one shown in Fig. 17. The trajectory
of the magnet angles of rotation (AoR), for magnets 1 and 2, are given in blue and red, respectively. In addition, the
trajectories of the angular distances between the theoretical and desired axes of rotation (∠Axis) are shown.
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Appendix B Stereo Vision
In this part of the appendix we first discuss the stereo
vision setup and the shape reconstruction algorithm
that reconstructs the continuum manipulator center-
line. This is followed by a discussion on how the
orientations of the magnets along the continuum ma-
nipulator are obtained from the reconstructed center-
line.

B.1 Shape Reconstruction
The stereo vision algorithm is adapted from [24]. The
workspace of BigMag is recorded with 2 cameras, pro-
viding a side and top view of the continuum manipu-
lator (CM). The recorded images are transformed to a
binary image, segmenting the manipulator silhouette
as a 3D point cloud as shown in Fig. B.1. Each point
represents a voxel, v ∈ R3, containing the Cartesian
position of the point. The set of all voxels that make
up the 3D point cloud of the CM is defined as

V = {vi} ⊂ Ωw, i = 1, . . . , n (B.1)

where Ωw is the set of all voxels (part of the manipu-
lator or not) that make up the workspace. Given the
set of voxels (V) that represent the manipulator body
in 3D space, we now want to find a shape function
to mathematically represent the manipulator shape,
called the shape polynomial.

Figure B.1: A stereo vision setup records the actuation
workspace and measures the spatial volume occupied by
the body of the continuum manipulator as a 3D spatial
point cloud. Each point represents a small volume inside
the workspace, called a voxel. The set of points, or set of
voxels, is contained in the set V.

Figure B.2: Representation of the shape reconstruction
algorithm. The body of the continuum manipulator (CM)
is obtained as a 3D spatial point cloud from the stereo
vision setup. We discretize the centerline of the CM into
N small segments. We know the origin of the CM (p0)
and search for voxels within its vicinity. A straight line is
plot through the found voxels towards a new point (p1).
This procedure is repeated until the last point (pN ) is
reached.

To formulate the shape polynomial, consider the
CM material centerline to be characterized by a cen-
terline parameter s ∈ [0, L], where L ∈ R+ represents
the CM length. Each point along the centerline has a
position, p(s) ≡ ps ∈ R3. The iterative process to ap-
proach material positions along the centerline is shown
in Fig. B.2. First, we decide on an arbitrary number,
N = 6, of discrete (first order) subsections along s.
Each subsection will have a length d = L/N . Starting
from the known origin (pj), collect all voxels within its
vicinity according to Vj ← {vi ∈ V | ‖vi − pj‖ ≤ d},
where j = 1, . . . N . A line dj is fit with linear least
squares from pj−1 through the set of voxels Vj

dj =


‖vj1 − pj−1‖I3

...

‖vjm − pj−1‖I3


† 
vj1 − pj−1

...

vjm − pj−1

 . (B.2)

To Limit possible zig-zagging between links, we
limit the angular distance between them, enforcing
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∠
(
d̂j · d̂j−1

)
≤ θt, where θt ∈ R+ represent a thresh-

old angle. We find the angular distance between links
from

θj = cos−1
(
d̂j · d̂j−1

)
. (B.3)

If θj > θt, we rotate dj back to θt as follows. Let
kj ∈ R3 represent the axis of rotation

kj =
dj × dj−1

‖dj × dj−1‖
, (B.4)

and let R(k, θ) ∈ SO(3) represent the rotation matrix
associated with an axis-angle representation, defined
as

R(k, θ) = I3 + sin θ [k]× + (1− cos θ) [k]
2
× , (B.5)

where [·]× : R3 → R3×3 represents a map to a skew-
symmetric matrix. We now define the orientation
threshold difference as θ̃ = θt − θj , and map the
vector dj according to

dj =

{
dj If θ̃ ≥ 0

R(kj , θ̃)d
j If θ̃ < 0

. (B.6)

Finally the next material point, pj , is computed from

pj = pj−1 + d · d̂j . (B.7)

The above procedure is repeated until a set of ma-
terial points, P = {p0, . . . ,pN}, is obtained. Finally,
a shape polynomial, P (s), is fit through the points in
as a function of s, noting that pj ≡ p(s = j · d),

P (s) = cζs
ζ + . . .+ c1s+ p0, (B.8)

Figure B.3: Measured magnet orientations are repre-
sented with an angle of rotation (φ ∈ R) and axis of
rotation (k ∈ R3) relative to a reference axis (ẑ, blue).

where cζ ∈ R3 is a vector of coefficients for the polyno-
mial term of order ζ ∈ N. The coefficients are found,
again, with linear least squares regression as

cζ
...

c1

 =


sζ1I3 . . . s1I3

... . . .
...

sζN . . . sNI3


† 
p1 − p0

...

pN − p0

 . (B.9)

From the CM shape polynomial in Eqn. (B.8) the
orientation of the magnets, carried by the CM, can
be computed.

B.2 Magnet Orientation Estimation
Magnet orientations are defined according to the axis-
angle representation. The axis-angle representation
of orientation parameterizes the orientation of a body
by an unit axis of rotation, k ∈ R3, and angle of
rotation, φ ∈ R, as shown in Fig. B.3). Of particular
importance is to note that the rotation from the triad
{x̂, ŷ, ẑ} to a new triad {x̂′, ŷ′, ẑ′} is defined by a
unique axis and angle of rotation. However, as shown
in Fig. B.3, the mapping of a vector ẑ to another vector
by an orientation defined by k and φ is not unique,
since the mapped vector can rotate about its own axis
and remain the same vector. This is an important
property when considering the shape polynomial of
Eqn. (B.8). From the shape polynomial we can only
find the local axial direction of the CM centerline,
and it is not possible to find the principal axes of
its cross-section to formulate a triplet. Therefore the
solution of the magnet orientation given below is not
unique.

The magnet positions along the CM centerline is
known and given by centerline position sm ∈ (0, L].
Under the assumption that the exerted wrenches on
the CM is insufficient for extension, sm is constant,
and the magnet spatial position and direction vector
(gradient) is given by

pm = P (sm),

p′m ≡ ∂sP (sm) =
P (sm + δs)− P (sm)

δs
,

(B.10)

where δs = 0+, shown in Fig. B.4. The axis and angle
of rotation of the magnet are thereafter computed
relative to the global ẑ axis as

km = ̂[ẑ × p̂′m]

φm = cos−1 (ẑ · p̂′m),
(B.11)

with an associated orientation quaternion

qm =

 cos
(
φm
2

)
km · sin

(
φm
2

)
 . (B.12)
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We reiterate that a vector mapping of ẑ to p′m is
not unique, since twisting of the manipulator cannot
be measured.

Figure B.4: A 3D shape polynomial (P (s)) as a function
of centerline parameter (s ∈ [0, L]) is fit through the set
of points in figure B.2. The partial derivative of the
shape polynomial at known magnet centerline position
(∂sP (sm)) gives the direction of the shape polynomial at
the magnet, which is used to compute the axis and angle
of rotation associated with the magnet orientation (Fig.
B.3)
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Appendix C Magnetic Field
Model

In this part of the appendix we first discuss the spher-
ical scalar potential, commonly found in literature
on electrodynamics [5], and derive a Cartesian scalar
potential that can be used to fit an accurate magnetic
field model to measurements of a magnetic field from
an azimuthally symmetric magnet. This is followed
by a discussion on how the magnetic field model is fit.
Finally a Matlab script is provided that contains the
fitting algorithm used in this work.

C.1 Deriving the Scalar Potential
A scalar potential is defined as a scalar function which
is a solution to the Laplace equation, also called a
harmonic scalar function. Considering the Maxwell
equations of the magnetic field generated by an elec-
tromagnet with current I, at position p = [x, y, z]T

in a current-free workspace,

∇ ·B(p, I) = 0

∇×B(p, I) = 0
(C.1)

the second, curl-free, property of the magnetic field
allows expressing the field as the gradient of a scalar
function V (p, I), and when we assume the field to be
linear with current,

B(p, I) = ∇V (p) · I, (C.2)

such that,
∇×∇V (p) · I = 0, (C.3)

regardless of V . The first, divergence-free, property
of the magnetic field constrains V to be a harmonic
scalar function, since

∇ · (∇V (p) · I) = ∇2V (p) · I = 0. (C.4)

The general solution of V (p), for an azimuthally sym-
metric magnetic field source, is given in electrodynam-
ics textbooks as a sum of Legendre polynomials in
spherical coordinates,

V (r, cos θ) =

∞∑
k=1

(
Ak · rk +Bk ·

1

rk+1

)
Pk(cos θ),

(C.5)
where r = ‖p‖ and θ is the angle between the magnet
north-pole direction and position vector p, shown in
Fig. C.1, Ak, Bk ∈ R are unknown constants, and
Pk(cos θ) is the kth Legendre polynomial in the vari-

Figure C.1: A magnet with magnetic dipole moment
along local x̂ (red) and position vector p ∈ R3 with angular
distance (θ ∈ R) from the dipole moment axis.

able cos θ. We can split Eqn. (C.5) into

V (r, cos θ) =

∞∑
k=1

Ak · rk · Pk(cos θ)+

∞∑
k=1

Bk ·
1

rk+1
· Pk(cos θ)

=V A(r, cos θ) + V B(r, cos θ).

(C.6)

Next we evaluate the two terms in Eqn. (C.6). To
start, the first five Legendre polynomials, excluding
the zeroth, are given by

P1(cos θ) = cos θ,

P2(cos θ) = (3 cos2 θ − 1)/2,

P3(cos θ) = (5 cos3 θ − 3 cos θ)/2,

P4(cos θ) = (35 cos4 θ − 30 cos2 θ + 3)/8,

P5(cos θ) = (63 cos5 θ − 70 cos3 θ + 15 cos θ)/8.

Then, considering that for a local x-directed dipole
we get x = r · cos θ, the first (simplified) five terms of
V A(p) are given as

V A1 (p) = A1 · x

V A2 (p) =
A2

2
· (2x2 − (y2 + z2))

V A3 (p) =
A3

2
· (2x3 − 3x(y2 + z2))

V A4 (p) =
A4

8
· (8x4 − 24x2(y2 + z2) + 3(y2 + z2)2)

V A5 (p) =
A5

8
· (8x5 − 40x3(y2 + z2) + 15x(y2 + z2)2),

which follows the pattern

V Ak (p) = Ãk

(
‖p‖2k+1 ∂

∂x
V Ak−1(p)

)
= Ãk

(
‖p‖2k+1 ∂

k

∂xk
1

‖p‖

)
,

(C.7)

where Ãk is a scaled version of Ak. In a similar fashion
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we can get the first five terms of V B(p) as

V B1 (p) = B1 ·
x

‖p‖3

V B2 (p) =
B2

2
· 2x2 − (y2 + z2)

‖p‖5

V B3 (p) =
B3

2
· 2x3 − 3x(y2 + z2)

‖p‖7

V B4 (p) =
B4

8
· 8x4 − 24x2(y2 + z2) + 3(y2 + z2)2

‖p‖9

V B5 (p) =
B5

8
· 8x5 − 40x3(y2 + z2) + 15x(y2 + z2)

‖p‖11
,

which follows the pattern

V Bk (p) = B̃k

(
∂

∂x
V Bk−1(p)

)
= B̃k

(
∂k

∂xk
1

‖p‖

)
,

(C.8)

where B̃k is a scaled version of Bk. We observe that
the numerators of V Bk and V Ak are differently scaled
versions of themselves. In Matlab the divergence of
the gradients of both V Ak and V Bk , for k = 1, . . . , 5,
was confirmed to be zero for arbitrary p.

With the scalar potential terms in Eqn. (C.6)
rewritten in Cartesian coordinates, we want to find a
model of the magnetic field from the scalar potential
in Eqn. (C.2). When an x-directed magnetic field
source is at the origin we consider that the field goes
to zero at infinity, i.e.

lim
x→∞

B(p, I) = 0.

Because the scalar terms in the multipole expansion
go exponentially to infinity and zero,

lim
x→∞

V Ak (p) = ±∞, lim
x→∞

V Bk (p) = 0,

we set all coefficients Ak to zero, which would corre-
spond to a field source away from the origin. Therefore
our scalar potential is chosen as

V (p) = V B(p) =

∞∑
k=1

B̃k

(
∂k

∂xk
1

‖p‖

)
, (C.9)

where the first term (k = 1) represents the well known
analytical point dipole model as a first-order approxi-
mation of the field. To show this, consider a magnet
with magnetic dipole moment µ = µ · x̂ as shown in
Fig. C.2. The point-dipole model of the field is given
by

B1(p,µ) =
µ0

4π
· 1

‖p‖5
(
3ppT − ‖p‖2I3

)
µ,

Figure C.2: A magnet with dipole moment (µ ∈ R3)
along local x̂ (red) and a position vector (p ∈ R3) to a
point on an 11× 11 grid where measurements of the gen-
erated magnetic field were taken for fitting of a magnetic
field map.

where µ0 is the permeability of free space. Substitut-
ing µ = µx̂ and p = [x, y, z]T gives, after simplifying,

µ0

4π

∫
B1(p,µ) · dx = −µ0

4π
· x

‖p‖
= B̃k ·

∂

∂x

1

‖p‖
.

The point dipole model of the field is sufficiently accu-
rate for positions far away from the field source, but
results in large errors close to it. For a more accurate
description of the field, we incorporate the quadrupole,
octupole, etc, terms from Eqn. (C.9), and will hence-
forth be called the multipole model of the magnetic
field. The values of B̃k are unknown constants which
will be found by measurement informed linear least
squares regression. BigMag has two types of coils:
air-cored and iron-cored. The fitting procedure is
performed for each type.

C.2 Fitting the Multipole Model
Due to azimuthal symmetry of the field generated by
each of the electromagnets in BigMag, it is sufficient
to perform measurements in a local plane in front
of the electromagnet. Figure C.2 shows a grid on
the local xy-plane for x ∈ [5, 15] cm and y ∈ [−5, 5]
cm. Let bij ≡ b(pij , If ) ∈ R3 denote a field measure-
ment at position pij = [xi, yj , 0]T , i = 1, . . . ,m and
j = 1, . . . , n, at a fitting current of If A. To avoid
model errors caused by round-off errors from field mea-
surement equipment, measurements were performed
at a fitting current of If = 4 A. The multipole model
in Eqn. (C.9) is expanded to a form suitable for linear
least squares regression (in the paper, B̃k = ak),

V(p) =

N∑
k=1

B̃k

(
∂k

∂xk
1

‖p‖

)
= B̃1 · V1 + . . .+ B̃N · VN ,

(C.10)
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Figure C.3: Mean absolute error in milliTesla for x- and
y-components of the magnetic field (Bx, By), for air-cored
and iron-cored electromagnets of BigMag, against the
order (N) of the Cartesian multipole expansion (C.10).
The point-dipole model corresponds to N = 1.

from which the expanded multipole model follows,

B(p, If ) = B̃1 · ∇V1 + . . .+ B̃N · ∇VN . (C.11)

The coefficients are thereafter computed from


B̃1

...

B̃N

 =



∇V1(p11) . . . ∇VN (p11)
...

∇V1(pm1) . . . ∇VN (pm1)

∇V1(p12) . . . ∇VN (p12)
...

∇V1(pmn) . . . ∇VN (pmn)



† 

b11

...

bm1

b12

...

bmn


.

(C.12)
The multipole model order (N) was determined

from the mean absolute error (MAE) between the
measurements and the model predictions, defined as

MAE =
1

m · n

m∑
i=1

n∑
j=1

|bij −Bij |. (C.13)

The MAE in milliTesla for the x- and y-components of
the magnetic field (Bx and By), for both the air-cored
and iron-cored electromagnets in BigMag, against the
multipole model order (N) are shown in Fig. C.3. The
MAE is maximum at N = 1, which only includes the
dipole term, and minimum at N = 6 for both types
of electromagnets.

A 3D visual comparison of the measured and mod-
elled field for the air-cored electromagnets in BigMag
is shown in Fig. C.4. The xy-plane covers the measure-
ment area (x ∈ [5, 15] and y ∈ [−5, 5] cm). The z-axis

Figure C.4: Surface plots of the x- and y-components of
the magnetic field (Bx and By) obtained from measure-
ments (red) and model (green) of the magnetic fields in
the xy-plane of an air-cored electromagnet body frame of
BigMag, comparing a least-squares fit of the point dipole
model (left column) to our field model with N = 6 (right
column).

shows the xy-components of the field (B(pij , If )) in
Tesla. The red and green surfaces represent the mea-
surement and model, respectively. The green surface
in the left column is a result of a least squares fit of
the point dipole model. The green surface in the right
column is a result of a least squares fit of a sixth order
multipole model.

The multipole model in Fig. C.4 is fit on mea-
surements conducted at a fitting current If = 4 A,
giving the multipole field model B(p, If ). Instead
we want a unit-current description of the magnetic
field (β(p) ∈ R3) and spatial magnetic field gradients
(β∇(p) ∈ R3×3), obtained from

β(p) =
1

If
·B(p, If ),

β∇(p) = β(p)∇T ,
(C.14)

such that the magnetic field and spatial magnetic field
gradients of an electromagnet running a current I is
given by

B(p, I) = β(p) · I,
B∇(p, I) = β∇(p) · I.

On the following page an example of the fitting
algorithm in Matlab R2019b is given; appropriate
ordering of measurement data for linear least squares
regression not included. The Matlab Coder toolbox
was used to export function handles for β(p) and
β∇(p) to C++.
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C.3 Fitting Matlab Script

1 %% Load Measurement Data
2 load ( ’ dat_Field_Measurements ’ ) ; % b , vec to r o f f i e l d measurements −− b = [ b_11

; b_12 ; . . . ; b_1n ; b_21 ; . . . ; b_mn] un i t : Tes la
3 load ( ’ dat_x_posit ions ’ ) ; % X, vec to r o f x−po s i t i on s , X(1) corresponds to b_11 ,

X(2) to b_12 , e t c . un i t : meter
4 load ( ’ dat_y_posit ions ’ ) ; % Y, vec to r o f y−po s i t i o n s un i t : meter
5 load ( ’ dat_z_posit ions ’ ) ; % Z , vec to r o f z−po s i t i o n s un i t : meter
6 I_f = 4 ; % F i t t i n g current , un i t : ampere
7 a = 0 ;
8 b = 0 ;
9 c = 0 ;

10

11 %% Fi t t i n g
12 %{ Make a symbol ic p o s i t i o n vec to r and de f i n e a monopole s c a l a r p o t e n t i a l term

V. For the chosen order d i f f e r e n t i a t e V and s t o r e the symbol ic g r ad i en t s
in the columns o f matrix B. Make a matlab func t i on to compute BB
numer i ca l ly . %}

13 syms x y z
14 p = [ x ; y ; z ] ;
15 N = 6 ;
16 V = 1/(( x+a )^2+(y+b)^2+(z+c ) ^2) ^(1/2) ;
17 B = NaN(3 ,N) ;
18 f o r i = 1 :N
19 V = d i f f (V, x ) ; % Note −− i f l o c a l magnet izat ion ax i s i s y ( f i g . 2 . 1 )

in te rchange x with y
20 B( : , i ) = grad i en t (V, p) ;
21 end
22 B_func = matlabFunction (B) ;
23

24 %{ F i l l in the r e g r e s s i o n matrix and compute the c o e f f i c i e n t s ’ a ’ with LLSQ.
%}

25 regres s ion_matr ix = [ ] ;
26 f o r i = 1 : 3 : s i z e (b , 1 )
27 px = X( i ) ;
28 py = Y( i ) ;
29 pz = 0 ;
30 regres s ion_matr ix = [ regres s ion_matr ix ; B_func (px , py , pz ) ] ;
31 end
32 a = pinv ( regres s ion_matr ix ) ∗b ;
33

34 %{ Compute symbol ic unit−cur rent f i e l d map and grad i ent t en so r %}
35 beta = (1/ I_f ) ∗(B∗a ) ;
36

37 beta_x = beta (1 ) ; beta_nabla_x = grad i ent ( beta_x , p) ;
38 beta_y = beta (2 ) ; beta_nabla_y = grad i ent ( beta_y , p) ;
39 beta_z = beta (3 ) ; beta_nabla_z = grad i en t ( beta_z , p) ;
40

41 beta_nabla = [ beta_nabla_x ’ ; beta_nabla_y ’ ; beta_nabla_z ’ ] ;
42

43 %{ Export the symbol ic e xp r e s s i on s f o r f i e l d and grad i en t to f i l e %}
44 matlabFunction ( beta , ’ F i l e ’ , ’ Beta ’ , ’ Vars ’ , {p}) ;
45 matlabFunction ( beta_nabla , ’ F i l e ’ , ’ Beta_nabla ’ , ’ Vars ’ , {p}) ;
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Appendix D Cosserat Rod
Theory

In this part of the appendix we describe Cosserat rod
theory. Cosserat rod theory is a continuum mechanics
representation of the continuum manipulator and is
used to compute the statics [31]. We first take a look
at the governing equations of Cosserat Rod theory,
including kinematics, balance laws, and constitutive
relations. This is followed by an implementation of the
theory in solving the statics of a discretely magnetized
continuum manipulator.

D.1 Directors
The reference configuration of a manipulator may be a
region surrounding a curve s ∈ [s1, s2] ∈ R described
by the base curve p(s) ∈ R3. In our case s1 may be
zero and s2 equal to the rod length. The parameter s
of the manipulator axis identifies the material cross
section. In addition, each material point described by
p(s) has a right-handed orthonormal material frame
attached to it, described by unit vectors di(s) ∈ R3,
i ∈ {1, 2, 3}, called directors [31].

The motion of a Cosserat rod is defined by 3 vector
functions

p(s, t), d1(s, t), d2(s, t), (D.1)

and by definition of an orthonormal coordinate frame
a third director d3 is defined as

d3 = d1 × d3, (D.2)

defined in the axial direction of the Cosserat rod.
The triad {d1(s, t),d2(s, t),d3(s, t)} form a right

handed orthonormal basis at each material centerline
point p(s, t). The directors are able to rotate along
s. In addition, note that the material frame {di} is
defined externally to p(s, t). This means that informa-
tion about curvature and stretch of the manipulator
is contained in the description of the material frame,
and is thus independent of the centerline curve [31].

D.2 Kinematics
The kinematics of a Cosserat rod describe the evolu-
tion of the centerline curve p(s, t) and its associated
material frame {di(s, t)}. Their evolution along s is
given by the respective rates of change with respect
to s, denoted by p′ ∈ R3 and d′i ∈ R3. The explicit
dependence on s is omitted for brevity.

The evolution of the directors (d′i) is used to de-
scribe material extension and material bending. To

do so, vectors v(s) ∈ R3 and u(s) ∈ R3 are de-
fined the represent the amount of extension/bending
along/about the directors, and are therefore expressed
in terms of the directors

v = v1d1 + v2d2 + v3d3,

u = u1d1 + u2d2 + u3d3.
(D.3)

These vectors (v and u) are also called the strain
variables, which will become clear shortly. Because
the strain variables describe the material extension
and bending, they are used to describe the Cosserat
rod kinematic equations as

v(s) ≡ r′(s),
di(s)

′ = u(s)× di(s),
(D.4)

where r′(s) ≡ p′(s) expressed in the local director
frame {di}. Substituting the definition of u from
Eqn. D.3 expands the second expression to

d′i = u1(d1×di) + u2(d2×di) + u3(d3×di), (D.5)

such that

d′1 = −u2d3 + u3d2,

d′2 = u1d3 − u3d1,

d′3 = −u1d2 + u3d1.

(D.6)

The directors and derivatives in Eqn. (D.6) are
shown in Fig. D.1. The directors {d1,d2} are oriented
parallel to the material cross-section, and d3 is per-
pendicular to the material cross-section. The values
of u1 and u2 determine the amount of rod bending
about d1 and d2, respectively. The value of u3 de-
termines the amount of rod torsion about d3. From
the definition of v in Eqn (D.3) the values of v1 and
v2 determine the shear of the rod material along d1

and d2, respectively. The value of v3 determines the
strain of the rod material along d3. Hence why v(s)
and u(s) are called the strain variables [31].

The cause of material strain and bending are inter-
nal forces and moments, which are caused by external
forces and torques. Their relation are formulated in
the balance laws.

D.3 Balance Laws
The balance laws of a Cosserat rod describe the force
and torque balance attributed to a material cross-
section of infinitesimal thickness s ∈ [s−, s+]. Let
n(s) ∈ R3 and m(s) ∈ R3 denote the internal force
and bending moment, respectively, at a material cross-
section characterized by centerline parameter s. Later
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Figure D.1: Any material cross-section along the body
of a continuum manipulator is associated with a local
material frame defined with the triad {d1,d2,d3}, called
the directors. The directors are orthonormal vectors. The
directors d1 ∈ R3 and d2 ∈ R3 represent the principal
axes of the material cross section. The director d3 ∈
R3 is directer perpendicular to the material cross-section
and represents the local axial direction of the continuum
manipulator. Each director can be expressed as a cross-
product of the others [31]

on we will see that n(s) andm(s) determine the strain
variables v(s) and u(s), repsectively. It is therefore
important to know how n(s) and m(s) evolve along
s, that is we wish to know n′ and m′.

Consider a rod cross-section at centerline position
s. The proximal side of this cross-section is at position
s− and the distal side at position s+. The internal
forces and bending moments on each side are there-
fore noted as {n(s−),m(s−)} and {n(s+),m(s+)}.
In addition, consider an external acting distributed
force f(s) ∈ R3 and torque τ (s) ∈ R3 acting on the
cross-section, as shown in Fig. D.2. The equilibrium
equations are then given by

n(s+)− n(s−) +

∫ s+

s−
f(s)ds = 0,

m(s+)−m(s−) + p(s)× n(s+)− p(s)× n(s−)+∫ s+

s−
p(s)× f(s) + τ (s)ds = 0.

Differentiating the above equilibrium equations with

Figure D.2: A segment of a continuum manipulator
with a centerline characterized by centerline parameter
s ∈ R. A material cross-section at position p(s) ∈ R3 is
visualized as a subsegment of the continuum manipulator
with infinitesimal length ds. The proximal and distal
cross-sectional area of the subsegment occurs at s− and
s+, respectively. The subsegment is subject to an external
force (f(s) ∈ R3) and torque (τ (s) ∈ R3), and internal
forces (n(s) ∈ R3) and momentsm(s) ∈ R3 at its proximal
and distal end from prior and subsequent infinitesimal
subsegments of the continuum manipulator.

respect to s gives

n′(s) + f(s) = 0,

m′(s) + p(s)′ × n(s)+

p(s)× n′(s) + p(s)× f(s) + τ (s) = 0,

where

n′(s) =
d

ds
(n(s+)− n(s−)),

m′(s) =
d

ds
(m(s+)−m(s−)).

Substituting f(s) = −n′(s) simplifies to the final
balance equations to

n′(s) + f(s) = 0

m′(s) + p(s)′ × n(s) + τ (s) = 0,
(D.7)

for a Cosserat rod in static equilibrium [31]. Now that
the evolution of internal forces and moments along
the Cosserat rod is known, we want to know how
these quantities relate to the strain variables, which
determine material extension and bending. These
relations are called the constitutive relations.
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D.4 Constitutive Relations
The Cosserat rod constitutive relations are a set of
equations that relate the internal force and bending
moments n(s) and m(s) to the strain variables v(s)
and u(s). Because the definitions are similiar, e.g.
mi(s) a bending moment about di(s) and ui(s) the
evolution d′i(s), the easiest choice is a linear, diagonal,
relationship

mi(s) = Kb,i · (ui(s)− ûi(s)),
ni(s) = Ks,i · (vi(s)− v̂i(s)),

(D.8)

where Kb,i,Ks,i ∈ R+ represent constant bending and
shear stiffnesses (they can be dependent on s) [26].

D.5 Model Equations
The previous sections introduced the notation used in
Cosserat rod theory with directors, balance laws, and
constitutive relations expressed in a local material
frame at position p(s). In this section we translate
the notation to a representation with respect to a
reference coordinate frame.

As we have seen before, the centerline curve is
characterized by p(s) ∈ R3 with an attached material
frame

R(s) =
[
d1(s) d2(s) d3(s)

]
∈ SO(3).

The Cosserat rod can therefore be described by a
homogeneous transformation H(s) ∈ SE(3)

H(s) =

R(s) p(s)

0T 1

 . (D.9)

The evolution of H(s) along s is again defined by the
strain variables

R′(s) = R(s)[u(s)]×, p′(s) = R(s)v(s), (D.10)

with [u(s)]× ∈ R3×3 a skew-symmetric matrix repre-
sentation of u(s). Similarly the global representation
of the internal force and bending moment is obtained
from the constitutive relations

n(s) = R(s)Ks(s)(v(s)− v̂(s)),

m(s) = R(s)Kb(s)(u(s)− û(s)),
(D.11)

with

Ks(s) = diag(GA(s), GA(s), EA(s)),

Kb(s) = diag(EIx(s), EIy(s), GIz(s)),
(D.12)

where A(s) ∈ R is the cross-sectional area of the rod,
E(s) ∈ R the material elasticity modulus, G(s) ∈ R

the material shear modulus, Ix ∈ R and Iy ∈ R the
second moments of area of the cross-section about
the principal axes, and Iz ∈ R the polar moment of
inertia of the cross-section about d3. In addition v̂(s)
and û(s) are the reference strain variables. For an
unstressed reference state of the rod, the reference
strains satisfy

v̂ = [0, 0, 1]T , û = [0, 0, 0]T ,

such that the unextended manipulator length L is
unchanged,∫ L

0

v(s)ds = [0, 0, L]T , v(s) = v̂(s).

Combining the kinematic equations in Eqn. (D.10),
balance laws in Eqn. (D.7), and constitutive relations
in Eqn. (D.11), gives the set of Cosserat ordinary
differential equations (ODEs),

p′ = Rv, v = K−1
s RTn+ v̂,

R′ = R[u]×, u = K−1
b RTm+ û,

n′ = −f ,
m′ = −p′ × n− τ ,

(D.13)

where the explicit dependence on s is omitted for
brevity [26].

We now want to rewrite Eqn. (D.13) to an ori-
entation quaternion representation, because the pa-
rameterization of R(s) in Eqn. (D.13) is subject to
singularities. We define an orientation quaternion
q(s)=(qr, qi) ∈ H, with qi=qii+qjj+qkk (‖q‖=1).
The Cosserat ODEs in the quaternion representation
contain q′(s) instead of R′(s). To find the expres-
sion for q′(s), first consider the time derivative of an
orientation quaternion

q̇ =
1

2

 −qTi
qrI3 − [qi]×

ω,
with ω ∈ R3 an angular velocity vector represented
in a global coordinate frame (Appendix F.3.7). The
spatial alternative to ω is the transformed strain vari-
able R(q)u. The expression for q′ is therefore given
by

q′ =
1

2

 −qTi
qrI3 − [qi]×

R(q)u, (D.14)

where R(q) ∈ SO(3) is given by Eqn. (F.16). The
Cosserat ODEs in Eqn. (D.13), in quaternion repre-
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sentation [27], are then given by

p′ = R(q)v,

v = K−1
s R(q)Tn+ v̂,

q′ =
1

2

 −qTi
qrI3 − [qi]×

R(q)u,

u = K−1
b R(q)Tm+ û,

n′ = −f ,
m′ = −p′ × n− τ ,

(D.15)

which are combined in a Cosserat rod state gradient
vector y′(s),

y′(s) =
[
p′(s)T q′(s)T n′(s)T m′(s)T

]T
∈ R13,

(D.16)
later used to solve the statics of the Cosserat rod.

D.6 Statics Solution
The Cosserat rod, from here on out called the con-
tinuum manipulator (CM), deforms as a result of
external distributed forces and torques acting on its
body. In this section we want to find the CM shape
when in static equilibrium, using the Cosserat rod
ODEs in Eqn. (D.15).

The CM statics are solved as a boundary value
problem (BVP). We consider the manipulator material
state parameters y(s) ∈ R13, s ∈ [0, L], as

y(s) =
[
p(s)T q(s)T n(s)T m(s)T

]T
∈ R13,

(D.17)
whose evolution along s was described by the set of
thirteen ODEs in Eqn. (D.16). From this point onward
we adopt the notation ps ≡ p(s). The BVP includes
a proximal (s = 0) and distal (s = L) boundary
condition, denoted as P(y0) and D(yL), where P and
D are sets that contains a subset of the CM state
parameters that depend on the CM configuration.

A schematic of a proximally-fixed and distally-
free CM carrying two permanent magnets at discrete
positions along s is shown in Fig. D.3 (also found in
the paper). The proximal end of the CM, due to being
fixed, has a constant position and orientation, and
therefore the proximal boundary condition is given as

P(y0) = {p0, q0}.

Similarly, the distal end of the CM, due to being free
floating, has a constant internal force and moment,
and therefore the distal boundary condition is given
as

P(yL) = {nL,mL} = {0,0}.

Figure D.3: Discretely magnetized continuum manipu-
lator subject to a distributed gravitational force fg along
its full length, and distributed magnetic torques τm and
forces fm along its magnets, where m = 1, 2 denotes the
magnet index. The manipulator shape is described by
position p(s), orientation quaternion q(s), internal force
n(s), and internal moment m(s), grouped into a state
vector y(s) ≡ ys, where s ∈ [0, L] is the centerline pa-
rameter. The manipulator is proximally fixed, with a
constant proximal boundary condition P(y0), and distally
free with distal boundary condition D(yL). Unknown prox-
imal material state parameters are grouped into a vector
ξ and optimized with convex optimization and forward
integration.

The CM body is subject to a distributed gravitational
force fg ∈ R3, and distributed magnetically exerted
forces fm ∈ R3 and torques τm ∈ R3, where m =
1, 2 denotes the magnet index as counted from the
proximal end of the CM.

With the above defined proximal and distal bound-
ary conditions we can solve the BVP. The method we
use to find a solution is forward integration with an
explicit Runge-Kutta fourth order method and con-
vex optimization with Levenberg-Marquardt. These
algorithms are discussed below.

D.6.1 Forward Integration

Consider that the CM in Fig. D.3 is divided into
N ∈ N subsections, and let yN be its distal state pa-
rameters (different from yL). The forward integration
method computes yN from guessed proximal states
y0. In Fig. D.3 the proximal position and orienta-
tion are known, but the internal force and moment
must be guessed. The guessed proximal states are
contained in the vector ξ = [nT0 ,m

T
0 ]T ∈ R6. For

forward integration we must first properly discretize
the CM.

Figure D.4 shows a discretized version of the CM.
For a nonuniform CM we must also choose nonuni-
form discretizations such that material transitions,
that is flexible-rigid and rigid-flexible, are fully cap-
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Figure D.4: A discretely magnetized continuum manipu-
lators can be considered as a series of segments with a tip
magnet. A solution to the statics of a continuum manip-
ulator (with Cosserat rod theory) is found with forward
integration. Forward integration requires discretization
of the manipulator centerline (s ∈ [0, L]) into smaller
parts ∆s. To capture the transition between materials
during forward integration, discretization of flexible non-
magnetic and rigid magnetic parts of a subsegment must
be discretized separately as ∆sf and ∆sr, respectively.

tured. This is necessary such that forward integration
fully covers each flexible and rigid part. To do so,
first we split the CM into two segments, each con-
taining proximal flexible and distal rigid (magnet)
material. Then we define i

Lf ∈ R+ and i
Lr ∈ R+

as their respective lengths for segment i = 1, 2. We
discretize each length into i

Nf ∈ N1 and i
Nr ∈ N1

parts. Finally, integration steps are defined as

i
∆s =


i
∆sf =

i
Lf
i
Nf

If flexible
i
∆sr =

i
Lr
i
Nr

If rigid
.

Forward integration is performed with an explicit
Runge-Kutta fourth order method. This method is a
family of formulae that advances a state yn to yn+1,
using a step size ∆s and state gradient y′(s,y)

yn+1 = yn +
1

6
(k1 + 2k2 + 2k3 + k4) ,

where the definitions of kj , j ∈ {1, 2, 3, 4}, is given by

k1 = ∆s · y′(sn,yn),

k2 = ∆s · y′(sn +
∆s

2
,yn +

k1

2
),

k3 = ∆s · y′(sn +
∆s

2
,yn +

k2

2
),

k4 = ∆s · y′(sn + ∆s,yn + k3).

All kj assume linearity of some gradient between s ∈
[sn, sn + ∆s]. The value of k1 predicts the change in
state parameters from the known state parameters
yn. The value of k2 predicts the change in state
parameters from the predicted gradient half way along
∆s, based on state parameters predicted from k1.
The value of k3 also predicts the change in state
parameters from the predicted gradient half way along
∆s, but based on state parameters predicted from k2.
Finally, k4 predicts the change in state parameters
from the predicted gradient at the end of ∆s. Then,
the final solution (yN ) is the weighted average of
all four predictions. A matrix of manipulator state
parameters at discrete points along the manipulator
with S ∈ N1 segments, after forward integration from
a unique y0, is obtained

Y =
[
y0 y1 . . . yN

]
∈ R13×N ,

where

N = 1 +

S∑
i=1

i
Nf +

i
Nr.

The forward integration algorithm is shown in Algo-
rithm 2. Since we perform forward integration from
the proximal end of the CM, the proximal boundary
condition is automatically satisfied, but the distal
boundary condition is not. To this end a residual
r ∈ R+ is defined as the 2-norm of the error be-
tween the desired distal boundary conditions and
distal boundary states obtained from forward inte-
gration,

r = D(yL)− D(yN ),

r = ‖r‖.

If the residual is large, the obtained shape (Y ) is not
a valid solution to the CM statics. In that case we
must adapt the unknown proximal state parameters
(ξ) and try again. We do so with convex optimization,
using Levenberg-Marquardt.

D.6.2 Convex Optimization

A solution to the statics of the CM means finding the
proximal state parameters in ξ for which

arg min
ξ
‖r‖.

In practice this means setting an arbitrary threshold
E ∈ R+ and finding a solution out of a set of possible
solutions, i.e.

ξ ∈ {ξ̃ | ‖r(ξ̃)‖ ≤ E}.
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To find a suitable ξ, we iteratively optimize its values
with a shift vector ∆ξ computed with Levenberg-
Marquardt (LM),

∆ξ = −
(
JTJ + λ · diag

(
JTJ

))−1
JT︸ ︷︷ ︸

J†

r, (D.18)

where λ ∈ R3 is called the Marquardt parameter and
J ∈ Rm×n, when r ∈ Rm and ξ ∈ Rn, is a numerically
computed Jacobian defined as

J =


∂r1
∂ξ1

. . . ∂r1
∂ξn

...
. . .

...
∂rm
∂ξ1

. . . ∂rm
∂ξn

 . (D.19)

Eqn. (D.18) is derived in appendix E, but contains
an additional minus sign. This is because not J
but −J is used in the computation, reversing the
gradients towards the descending direction of r. The
Marquardt parameter shifts Eqn. (D.18) towards a

Algorithm 2: Forward Integration with
Runge-Kutta
Input :Proximal state parameters, y0(ξ)
Output : Shape Solution, Y

1 Y = 0 ∈ R13×N

2 s = 0
3 j = 1
4 for i← 1 to S do
5

i
∆sf =

i
Lf/

i
Nf

6
i
∆sr =

i
Lr/

i
Nr

7 /* Flexible Non-Magnetic Region */

8 for n← 1 to i
Nf do

9 k1 =
i
∆sf · y′(s,Yj−1)

10
...

11 k4 =
i
∆sf · y′(s+

i
∆sf ,Yj−1 + k3)

12 Yj = Yj−1 + 1
6 (k1 + 2k2 + 2k3 + k4)

13 s = s+
i
∆sf

14 j = j + 1

15 end for
16 /* Rigid Magnetic Region */

17 for m← 1 to i
Nr do

18 k1 =
i
∆sr · y′(s,Yj−1,fi, τm)

19
...

20 j = j + 1

21 end for
22 end for
23 return Y

Gauss-Newton algorithm when relatively low, and
towards a Gradient-Descent algorithm when relatively
high,

∆ξ =

{
−
(
JTJ

)−1
JTr, (λ� 1)

− 1
λJ

Tr, (λ� 1)
.

The advantage of this is that the Gradient-Descent
algorithm is fast when the guess ξ is far from the
’actual’ solution, while the Gauss-Newton algorithm
is faster when ξ is close to the actual solution. The
term ’diag

(
JTJ

)
’ depicts a diagonal matrix with the

diagonal values of JTJ , which is an adaptation of the
conventional LM method to make the inversion scale
invariant [33, 34]. Furthermore, the addition of the
Marquardt parameter (λ) makes the right hand side
term in Eqn. (D.18) a (left) damped Moore-Penrose
pseudoinverse, i.e. J†J ' I.

The algorithms for the numerical computation of
theJacobian and for the convex optimization with LM
algorithm are given in Algorithms 3 and 4, respec-
tively. To compute J , the values ξj , j ∈ {1, . . . , n},
are iteratively incremented and decremented, the new
residual r+ computed, and the gradient stored in a
column of J . In the LM algorithm the Jacobian is
used to compute the shift vector ∆ξ until the mag-
nitude of the residuals ‖r‖ fall below the threshold
E. There exists a trade-off between computation time
and solution accuracy. Computation time for finding a
suitable ξ is lower for higher E, but the statics solution
(Y ) is less accurate; alternatively computation time is
higher for lower E, where the statics solution is more
accurate. The algorithm contains two while-loops, in
the first the Marquardt parameter λ is decremented
by a factor 3, in the second λ is increased by a factor
2. The first, therefore, moves the computation of the
shift vector ∆ξ towards the Gauss-Newton method,
and, the latter, towards the Gradient-descent method.
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Algorithm 3: getJacobian
Input :Current residuals r

Proximal Boundary Condition P(y0)
Guessed states ξ

Output : Jacobian J
1 J = 0 ∈ Rm×n δξ = 1e− 10
2 for j ← 1 to n do
3 ξj = ξj + δξ
4 y0 ← P(y0), ξ
5 Y = RungeKutta(y0)
6 D(yN )← D(YN )
7 r+ = D(yL)− D(YN )
8 Jj = (r+ − r)/δξ
9 ξj = ξj − δξ

10 end for
11 return J

Algorithm 4: Convex Optimization
Input :Proximal Boundary Condition P(y0)

Initial guessed states ξ
Distal Boundary Condition D(yL)

Output : Statics Solution, Y
1 y0 ← P(y0), ξ
2 Y = RungeKutta(y0)
3 D(yN )← D(YN )
4 r = D(yL)− D(yN )
5 E− = ‖r‖
6 λ = 1e− 3
7 /* Toward Gauss-Newton */
8 while E− > E do
9 J = getJacobian(r, ξ)

10 λ = λ/3

11 ∆ξ =
(
JTJ + λ · diag

(
JTJ

))−1
JTr

12 ξ = ξ + ∆ξ
13 y0 ← P(y0), ξ
14 Y = RungeKutta(y0)
15 D(yN )← D(YN )
16 r = D(yL)− D(yN )
17 E+ = ‖r‖
18 ξ = ξ −∆ξ
19 if E+ < E− then
20 ξ = ξ + ∆ξ
21 E− = E+

22 end if
23 else
24 /* Toward Gradient-Descent */
25 while E+ ≥ E− do
26 λ = 2 · λ
27 ∆ξ = . . .

28
...

29 E+ = ‖r‖
30 end while
31 ξ = ξ + ∆ξ
32 E− = E+

33 end if
34 end while
35 return Y
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Appendix E Nonlinear Least
Squares

The problem of nonlinear least squares is to minimize
the sum of squared errors between dependent variables
(y ∈ Rn) and a model function (ŷ = f(x, ξ)). The
model function consists of independent parameters
(x) nonlinear with respect to unknown parameters
(ξ ∈ Rm). Considering the BVPs used for solving
the continuum manipulator statics, the dependent
variables (y) are distal boundary conditions, indepen-
dent variables (x) are proximal boundary conditions,
and unknown parameters (ξ) contain all parameters
that remain. The contrast with regular linear least
squares is that iterative optimization algorithms need
to be used to compute ξ, opposed to simple matrix
inversion.

Below we describe the theory on nonlinear least
squares, which linearizes a nonlinear least squares
problem using a first order Taylor expansion [34].

The residuals of a data set are defined as the error
between the dependent variable y and its prediction
by a model function f(x, ξ)

r = y − f(x, ξ). (E.1)

The sum of squared residuals S is thereafter defined
as

S =

n∑
i=1

r2
i , (E.2)

with ri ∈ r, or equivalent S = rTr. We have a perfect
model f(x, ξ) when S = 0, which occurs at ξ for which
the partial derivatives of S with respect to ξj ∈ ξ are
zero,

∂S

∂ξj
= 2rT

∂r

∂ξj
= 0, j ∈ {1, 2, ...,m}. (E.3)

For nonlinear systems, the model function (ŷ =
f(x, ξ)) is a nonlinear function of its arguments. There-
fore, so are the residuals (ri i ∈ {1, 2, ..., n}) and their
partial derivatives ( ∂ri∂ξj

), generally. The solution to
Eqn. (E.3) is most likely not an analytical one, and
the parameters ξ are optimized iteratively to minimize
S, according to

ξk+1
j = ξkj + ∆ξkj ,

with k an iteration number and ∆ξkj the shift vector
of the parameter ξj . The model function f(x, ξk+1)
at iteration step k+1 can be approximated by a first-

order Taylor expansion,

f(x, ξk+1) ≈f(x, ξk) +

m∑
j=1

∂f(x, ξk)

∂ξj
(ξk+1
j − ξkj ),

≈f(x, ξk) +

m∑
i=j

Jkj ∆ξkj .

(E.4)

Where the Jacobian Jkj represents the partial deriva-
tive of f(x, ξ) with respect to ξj ∈ ξ, evaluated at x
and ξk. Similarly, the residuals at each iteration can
be approximated with a first-order Taylor expansion,

rk+1 = rk +

m∑
j=1

∂rk

∂ξj
∆ξkj . (E.5)

The partial derivative term in Eqn. (E.5) can be writ-
ten in terms of the model function. Using Eqn. (E.1),
with y considered as a constant, the partial derivative
term is written as

∂rk

∂ξj
= −∂f(x, ξk)

∂ξj
= −Jkj . (E.6)

Substituting Eqn. (E.6) into Eqn. (E.5) gives the result

rk+1 = rk −
m∑
i=j

Jkj ∆ξkj . (E.7)

We now return to Eqn. (E.3) and explicitly write
this equation in terms of the iteration number k,

∂Sk+1

∂ξj
= 2

(
rk+1

)T ∂rk+1

∂ξj
= 0. (E.8)

The partial derivative term on the right hand side is
written, with help from Eqns. (E.4) and (E.6), and
ignoring the higher order terms, as

∂rk+1

∂ξj
=− ∂f(x, ξk+1)

∂ξj
,

=− ∂

∂ξj

(
f(x, ξk) +

�
�
�
�
�>
� f(x, ξk)

m∑
j=1

Jkj ∆ξkj

)
,

≈− ∂f(x, ξk)

∂ξj
= −Jkj .

(E.9)

Substituting Eqns. (E.7) and (E.9) into Eqn. (E.8)
gives the result

∂Sk+1

∂ξj
= −2

(
Jkj
)T (

rk −
m∑
j=1

Jkj ∆ξkj

)
= 0.
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Rearranging the terms and cancelling the coefficient
2 yields

(
Jkj
)T m∑

l=1

Jkl ∆ξkl =
(
Jkj
)T
rk, (E.10)

where we used j, l ∈ {1, 2, . . . ,m} for clarity. Then,
∀j, l, Eqn. (E.10) is written in complete matrix-vector
form for as (

JTJ
)
∆ξ = JTr, (E.11)

which is called the normal equation with

J =
[
∂f(x,ξ)
∂ξ1

∂f(x,ξ)
∂ξ2

. . . ∂f(x,ξ)
∂ξm

]
∈ Rn×m,

where ŷ = f(x, ξ) ∈ Rn and ξ ∈ Rm.
Now we want to iteratively improve the parame-

ters ξk → ξk+1 to minimize the residuals (r). This is
done with the normal Eqn. (E.11) by solving for the
shift vector ∆ξ. We use the Levenberg-Marquardt al-
gorithm, which is a combination of the Gauss-Newton
and gradient descent methods.

E.1 Levenberg-Marquardt
The Levenberg-Marquardt approach extends the nor-
mal equation in Eqn. (E.11) with the Marquardt pa-
rameter λ as (

JTJ + λI3

)
∆ξ = JTr.

The shift vector ∆ξ is then computed as

∆ξ =
(
JTJ + λI3

)−1
JTr.

Because the effect of λ is relative to JTJ the identity
matrix I3 was replaced by Fletcher for the diagonal
elements of JTJ , thereby making the solution scale
invariant [33],

∆ξ =
(
JTJ + λ · diag(JTJ)

)−1
JTr. (E.12)

If λ� JTJ or λ� JTJ , the above equation shifts
to the Gauss-Newton or gradient descent method,
respectively,

∆ξ =

{(
JTJ

)−1
JTr,

(
λ� JTJ

)
1
λJ

Tr,
(
λ� JTJ

) .
The Gauss-Newton method (first case) uses the

left pseudo-inverse
(
JTJ

)−1
JT of J to find the shift

vector ∆ξ to solve a linear least squares problem.
The gradient descent method (second case) uses a
fraction 1/λ of the steepest descent vector JTr, not-
ing with Eqn. (E.6) that JT contains the gradients
of r in the descending direction, to compute the shift

vector ∆ξ at each iteration. The Marquardt param-
eter λ is therefore capable of shifting between the
Gauss-Newton and gradient descent methods in least
squares problems. The gradient descent method is
capable of fast convergence, but moves slowly when
the local minimum is in a flat area, at which point
it would be wise to switch to Gauss-Newton. There-
fore the value of λ is initially relatively high, and is
lowered progressively when ∆ξ moves below a certain
threshold [34].
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Appendix F Representations of
Orientation

In this part of the appendix we describe different repre-
sentations of orientation that were used in this thesis.
First we discuss the rotation matrix [30], second the
axis-angle formulation [35], and finally orientation
quaternions [35].

F.1 Rotation Matrix
An orientation of a body in 3D space is uniquely de-
fined by a set of three orthonormal vectors, denoted
here as the triad {x̂, ŷ, ẑ}. These vectors generally
represent a global coordinate frame. In multi-body
systems, there are often many more reference frames,
called local coordinate frames, represented by a sim-
ilar triad. To obtain a description from a local to a
global description, a rotation matrix projects the local
coordinate frame triad to the global. This is discussed
below.

Let {O} be an orthonormal global coordinate
frame represented by the triad {x̂, ŷ, ẑ}. The po-
sition of a point p with respect to {O} is expressed
with components along each axis of {O},

p = pxx̂+ pyŷ + pzẑ.

At point p we have another orthonormal local coordi-
nate frame {O′} represented by the triad {x̂′, ŷ′, ẑ′}.
To express the local triad with respect to the global
coordinate frame, each local axis is projected onto the
global axes,

x̂′ = x′xx̂+ x′yŷ + x′zẑ,

ŷ′ = y′xx̂+ y′yŷ + y′zẑ,

ẑ′ = z′xx̂+ z′yŷ + z′zẑ,

where x′x, x′y, x′z are the lengths of the projected local
axis x̂′ onto the global triad. The global description
of the local triad can be stored into a 3× 3 matrix,

[
x̂′ ŷ′ ẑ′

]
=


x′x y′x z′x

x′y y′y z′y

x′z y′z z′z

 .
The lengths of the projected vectors are also termed
the direction cosines between {O′} and {O}.

If we know the angle (θ) between two axes, the
direction cosines follow from the definition of the
dot product between the axes. Consider the vector

Figure F.1: The projection of a unit vector x̂′ onto a
vector x̂ is obtained from the angle (θ) between the two
vectors.

projection in figure F.1. The component x′x is given
by

x′x = ‖x̂‖‖x̂′‖ cos θ = cos θ,

which we can rewrite in terms of the global and local
triad as

cos θ =
x̂′ · x̂
‖x̂′‖‖x̂‖

= x̂′ · x̂ = x̂′T · x̂.

The 3 × 3 matrix of direction cosines can then be
written as

[
x̂′ ŷ′ ẑ′

]
=


x̂′T x̂ ŷ′T x̂ ẑ′T x̂

x̂′T ŷ ŷ′T ŷ ẑ′T ŷ

x̂′T ẑ ŷ′T ẑ ẑ′T ẑ

 = R,

where R ∈ SO(3) is the symbol for a rotation matrix.
If we look at definition of the terms inside the rotation
matrix, note that the columns represent the projection
of the local triad of {O′} onto the global triad of {O},
and the rows represent the projection of the global
onto the local triad (and inverting the rotation is done
by simply taking the transpose of R). Therefore, in
the matrix configuration R, any point p′ = p′xx̂

′ +
p′yŷ

′+ p′zẑ
′ written in terms of the unit vectors of the

local frame {O′} can be projected onto the unit vectors
of the reference frame by performing multiplication
with R,

p = Rp′.

If we were to invert R, with R−1 = RT , then we
would get

[
x̂ ŷ ẑ

]
=


x̂′T x̂ x̂′T ŷ x̂′T ẑ

ŷ′T x̂ ŷ′T ŷ ŷ′T ẑ

ẑ′T x̂ ẑ′T ŷ ẑ′T ẑ

 = RT .
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Thus if we have a vector p = pxx̂ + pyŷ + pzẑ, the
projection of this vector on the local reference axes is
given by,

p′ = RTp.

F.2 Axis-Angle of Rotation
The change in orientation of a triad {x′,y′, z′} to a
triad {x′′,y′′, z′′} can be represented with an angle of
rotation (θ) and a unit axis of rotation (k). In essence
this is just the rotation of three vectors to three other
vectors. There we discuss the axis-angle rotation for
a single position vector below.

In this section we consider v be a position vector
and v′ the rotated position vector, expressed relative
to an orthonormal global coordinate frame {O}. How
we obtain the description of the rotated position vector
from the original vector, an axis of rotation, and
an angle of rotation is called the Rodrigues rotation
formula,

v′ = v cos θ+k(v ·k)(1−cos θ)+(k×v) sin θ. (F.1)

To derive the Rodrigues rotation formula in Eqn. F.1,
first consider that the position vector (v) can be de-
composed into a parallel (v‖) and perpendicular (v⊥)
component relative to k,

v = v‖ + v⊥,

as is shown in Fig. F.2.
The length of the projected parallel component

can be represented with vector projection (Fig. F.1)
as

v‖ = ‖v‖‖k
‖v‖‖ = ‖v‖ cos θ

cos θ =
v · k
‖v‖‖k‖

 ⇒ ‖v‖‖ =
v · k
‖k‖

= v · k,

such that,
v‖ = (v · k)k.

The perpendicular component, also called the vec-
tor rejection, follows from taking cross-products be-
tween the axis of rotation (k) and original vector (v)
as shown in Fig. F.2,

v⊥ = v − v‖
= v − (v · k)k.

and can be rewritten, using the vector identity A×
(B×C) = B(A ·C)−C(A ·B) by substituting A = k,
B = k, and C = v, as

v⊥ = −k × (k × v)

Figure F.2: A vector v that is rotated about an axis of
rotation (k) by an angle of rotation (θ) can be decomposed
into a vector parallel to the axis of rotation (v‖) and per-
pendicular to the axis of rotation (v⊥). The perpendicular
vector v⊥ can be expressed with cross-products between
the axis (k) and original vector (v).

Now we have expressed the original vector (v)
in terms of a parallel and perpendicular component
expressed with an axis of rotation (k),

v = v‖ + v⊥

= (v · k)k − k × (k × v).
(F.2)

Now we want to rotate v by an angle θ about the
rotation axis k. The parallel component is unaffected
by a rotation, i.e.

v′‖ = v‖,

and the perpendicular component changes direction,
but not magnitude, i.e.

v′⊥ = v⊥ cos θ + (k × v⊥) sin θ,

where (k × v⊥) is at right angles with k and v⊥
according to the right hand rule. From Eqn. (F.2) we
can see that (k × v⊥) = (k × v), such that the above
equation becomes

v′⊥ = v⊥ cos θ + (k × v) sin θ,

which represents a simple 2D rotation. Now we ob-
tain the Rodrigues rotation formula originally given
in Eqn. (F.1) by summing the rotated parallel and
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perpendicular components,

v′ = v′‖ + v′⊥,

= v‖ + v′⊥,

= (v · k)k + v⊥ cos θ + (k × v) sin θ,

= (v · k)k + v cos θ − (v · k)k cos θ + (k × v) sin θ,

= v cos θ + k(v · k)(1− cos θ) + (k × v) sin θ.

(F.3)

The axis-angle rotation and rotation by a rotation
matrix are both able to rotate v to v′ and therefore
it is possible to obtain a rotation matrix from an axis
and angle of rotation. We can linearise Eqn. (F.3) with
respect to v to obtain a matrix-vector multiplication
that is of the form v′ = Rv.

F.2.1 Axis-Angle to Rotation Matrix

To get Eqn. (F.3) to a matrix-vector multiplication,
consider that

k × v = [k]×v,

where [k]× : R3 → R3×3 represents a skew-symmetric
matrix. Furthermore, substituting A = k, B = k,
and C = v into the vector identity A × (B × C) =
B(A · C)− C(A ·B) gives

k(v · k) = k × (k × v) + v,

= [k]2×v + v.

The rotation matrix R(k, θ) associated with the axis
(k) and angle (θ) of rotation then follows as

R(k, θ) = I3 + sin θ[k]× + (1− cos θ)[k]2×. (F.4)

If we substitute k = [k1, k2, k3]T into Eqn. F.4 we
can also obtain the axis-angle representation from a
rotation matrix.

F.2.2 Rotation Matrix to Axis-Angle

Consider a rotation matrix R(k, θ) for which the axis
of rotation k and angle θ are unknown, and we want
to know these values. First expand Eqn. (F.4) to
Eqn. (F.5). The trace of R(k, θ) is given by

trace(R) = 3 + 2(cθ − 1)(k2
3 + k2

2 + k2
1),

= 3 + 2(cθ − 1)(k · k)

= 3 + 2(cθ − 1),

= 1 + 2 cos θ,

such that the angle of rotation is given by

θ = cos−1

(
trace(R)− 1

2

)
. (F.6)

The axis of rotation (k) can be found from the off-
diagonal terms. It can quite easily be seen that k is
given by

k =
1

2 sin θ


R32 −R23

R13 −R31

R21 −R12

 , (F.7)

where Rij represents the element (i, j) of R. We ob-
serve that Eqn. (F.7) has numerical problems for small
rotations and when θ = π. Below we discuss how then
to compute the axis of rotation.

When θ = π, Eqn. (F.4) reduces to

R(k, θ) = I3 + 2[k]2×, θ = π

Furthermore, when ‖k‖ = 1, we have the relationship
[k]2× = kkT − I3. First consider kkT ,

kkT =


k2

1 k1k2 k1k3

k2k1 k2
2 k2k3

k3k1 k2k3 k2
3

 .
The off-diagonal terms are the same as for [k]2×. The
diagonal terms are different, but we have the re-
lationship for unit-vectors that k2

1 + k2
2 + k2

3 = 1.
Therefore, the diagonal elements have the equality
k2

1 − 1 = −(k2
2 + k2

3). Therefore, for θ = π, we can
rewrite

R = I3 + 2[k]2× = 2kkT − I3,

and further rewrite

kkT =
R+ I3

2
, θ = π.

Then the components of the axis of rotation (k) are
found by taking the square root of the individual
diagonal terms. Their signs can be deduced from the
values of the off-diagonal terms. Always two solutions
exist at θ = π, because R(π) = R(−π), and so the
solutions are k and -k.

R(k, θ) =


1 + (cθ − 1)(k2

3 + k2
2) k2k1(1− cθ)− k3sθ k3k1(1− cθ) + k2sθ

k2k1(1− cθ) + k3sθ 1 + (cθ − 1)(k2
3 + k2

1) k3k2(1− cθ)− k1sθ

k1k3(1− cθ)− k2sθ k3k2(1− cθ) + k1sθ 1 + (cθ − 1)(k2
2 + k2

1)

 (F.5)
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F.3 Quaternions
Quaternions consist of one real and three complex
numbers. If the magnitude of the quaternion equals
one, it is called an orientation quaternion. Orienta-
tion quaternions are closely related to the axis-angle
representation, and give more numerical stability com-
pared to rotation matrices. Below an introduction to
quaternions is given, and how orientation quaternions
can be used to get the Rodrigues rotation formula
derive in Eqn. (F.3).

A quaternion q ∈ H is expressed as

q = qr + qii+ qjj + qkk,

where i, j, k are complex orthonormal complex vec-
tors satisfying the following identities

i2 = j2 = k2 = ijk = −1,

ijk = −1 ⇒ −jk = −i ⇒ ij = k,

ijk = −1 ⇒ −jk = −i ⇒ j = −ik ⇒ ik = −j,

ijk = −1 ⇒ −jk = −i ⇒ k = −ji ⇒ ji = −k,

ijk = −1 ⇒ −jk = −i ⇒ jk = i,

ijk = −1 ⇒ −ij = −k ⇒ i = −kj ⇒ ki = j,

ijk = −1 ⇒ −ij = −k ⇒ i = −kj ⇒ kj = −i.

These identities are used during quaternion multipli-
cation, which is not commutative.

F.3.1 Quaternion Multiplication

Consider two quaternions q1 = a+ bi+ cj + dk and
q2 = e + fi + gj + hk. The quaternion product is
found through componentwise scalar multiplication,

q1q2 =(ae− bf − cg − dh) + (af + be+ ch− dg)i+

(ag − bh+ ce+ df)j + (ah+ bg − cf + de)k.

The quaternion product is itself a quaternion, again
consisting of a scalar plus vector part. Quaternions are
therefore often written in the following form, divided
into a scalar and vector part,

q = (qr, qi),

where qr ∈ R and qi ∈ C3. A quaternion product is
similarly expressed as

(a, qi1)(e, qi2) = ae+ aqi2 + eqi1 + qi1qi2,

where the imaginary product follows from

qi1qi2 = qi1 × qi2 − qi1 · qi2. (F.8)

The imaginary vector dot product (qi1 · qi2) returns
a real scalar, and thus a quaternion product gives

(a, qi1)(e, qi2) = (ae−qi1 ·qi2, aqi2+eqi1+qi1×qi2).
(F.9)

If a quaternion is of unit length, ‖q‖ = 1, it is
also called an orientation quaternion. In that case a
quaternion multiplication of orientation quaternions
represents consecutive rotations.

F.3.2 Orientation Quaternion

An orientation quaternion is a quaternion of unit
length. It is possible to define an orientation quater-
nion from an axis-angle representation that, when
applied to rotate a vector, results in the Rodrigues
orientation formula in Eqn. (F.3).

Consider an angle of rotation (θ) and a unit axis
of rotation (k). Then an orientation quaternion is
defined as

q =

(
cos

(
θ

2

)
, k sin

(
θ

2

))
, (F.10)

which is of unit length,

‖q‖ =

√
cos2

(
θ

2

)
+ (k2

1 + k2
2 + k2

3) sin2

(
θ

2

)

=

√
cos2

(
θ

2

)
+ sin2

(
θ

2

)
= 1

Similar to the inverse of a rotation matrix, there
also exists an orientation quaternion inverse. An
orientation quaternion multiplied by its inverse gives
a unit-quaternion with zero vector part, i.e.

qq−1 = (1,0)

The quaternion inverse (q−1) is equal to the complex
conjugate of the quaternion,

qq∗ = ‖q‖2 → qq∗

‖q‖2
= (1,0)⇒ q−1 =

q∗

‖q‖2
= q∗.

Thus, the quaternion inverse is found by simply negat-
ing the imaginary vector component, such that with
an orientation quaternion defined in Eqn. (F.10) the
inverse is given by

q−1 =

(
cos

(
θ

2

)
, −k sin

(
θ

2

))
. (F.11)

The orientation quaternion and orientation quater-
nion inverse are used in quaternion rotation.

F.3.3 Orientation Quaternion Rotation

In the sections on rotation matrices and axis-angle
representations we considered 3D Cartesian position
vectors. If we consider a vector (v), expressed in
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Cartesian coordinates, that we want to rotate to v′,
we must define v as the imaginary vector part of a
quaternion,

v → (0,vi).

The quaternion rotation with orientation quaternion
q is then given by

v′ ← qvq−1. (F.12)

It turns out that expanding Eqn. (F.12) results in
the Rodrigues rotation formula, where use the follow-
ing notation v ≡ vi and k ≡ ki (axis of rotation) for
easy of notation,

v′ =q(0,v)q−1

v′ =

(
cos

θ

2
+ k sin

θ

2

)
v

(
cos

θ

2
− k sin

θ

2

)
,

=v cos2 θ

2
+ (kv − vk) sin

θ

2
cos

θ

2
− kvk sin2 θ

2
,

=v cos2 θ

2
+ 2(k × v) sin

θ

2
cos

θ

2

− (v − 2k(k · v)) sin2 θ

2
,

=v

(
cos2 θ

2
− sin2 θ

2

)
+ 2(k × v) sin

θ

2
cos

θ

2

+ 2k(k · v)) sin2 θ

2
,

=v cos θ + (k × v) sin θ + k(k · v)(1− cos θ),

(F.13)

which is equal to the Rodrigues rotation formula in
Eqn. (F.1). We have used the following quaternion
and trigonometric identities,

• Imaginary vector multiplication and subtraction

kv − vk = (−k · v,k × v)− (−v · k,v × k)

= (0, 2k × v)

• Imaginary vector quaternion multiplications

kvk = k(−v · k,v × k)

= (−k · (v × k),−(v · k)k + k × (v × k))

= (0,−k(k · v) + v − k(k · v))

= (0,v − 2k(k · v))

• Trigonometric Identities

2 sin2 θ

2
= 1− cos θ

2 sin
θ

2
cos

θ

2
= sin θ

cos2 θ

2
− sin2 θ

2
= cos θ

Similar to how we can rewrite a rotation matrix
to an angle-axis rotation and vice versa, we can do
the same with orientation quaternions.

F.3.4 Orientation Quaternion to Rotation Ma-
trix

To obtain the rotation matrix associated with an
orientation quaternion (R(q)) we should expand the
quaternion rotation in Eqn. (F.12) such that we get an
expression linear in the original vector (v) and in terms
of the components of the orientation quaternion (q).
First, rewrite the quaternion rotation in Eqn. (F.12)
to explicit real and imaginary components,

(0,v′) = (qr, qi)(0,v)(qr,−qi),

which is expanded below (qr, qi)(0,v) yields

(qr, qi)(0,v) = (−qi · v, qrv + qi × v),

(qr, qi)(0,v)(qr,−qi) =
(
qr(−qi · v)−

(qrv + qi × v)) · (−qi),

−qi(−qi · v)+

q2
rv + qr(qi × v)+

(qrv + qi × v)×−qi
)
.

We can simplify the expanded quaternion rotation by
considering that the dot product between orthogonal
vectors is zero,

(qi × v) · (−qi) = 0,

and
qi(qi · v) = qiq

T
i v,

such that the quaternion rotation is given by

(qr, qi)(0,v)(qr,−qi) =(
0, q2

rv + qiq
T
i v + 2qr[qi]×v + [qi]

2
×v
)
,

(F.14)

and we can see that the rotation matrix R(q) is given
by

R(q) = q2
rI3 + qiq

T
i + 2qr[qi]× + [qi]

2
×, (F.15)

which expands to Eqn. (F.16).

F.3.5 Orientation Quaternion to Axis-Angle

We have seen that an orientation quaternion can be
constructed from a unit axis of rotation (k) and angle
of rotation (θ) in Eqn. (F.10). Thus we can quite
easily obtain an axis and angle of rotation from an
orientation quaternion as well.
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R(q) =


q2
r + q2

i − q2
j − q2

k 2(qiqj − qrqk) 2(qiqk + qrqj)

2(qjqi + qrqk) q2
r − q2

i + q2
j − q2

k 2(qjqk − qrqi)

2(qkqi − qrqj) 2(qkqj + qrqi) q2
r − q2

i − q2
2 + q2

k

 (F.16)

Given an orientation quaternion q = qr + qii +
qjj + qkk, the angle and axis of rotation is found by

q =


qr

qi

qj

qk

 =


cos (θ/2)

k1 sin (θ/2)

k2 sin (θ/2)

k3 sin (θ/2)

⇒

θ = 2 cos−1 (qr)

k1 = qi/ sin (θ/2)

k2 = qj/ sin (θ/2)

k3 = qk/ sin (θ/2)

(F.17)
which only gives a problem when θ = 0. Therefore one
should always do a zero check on θ before computing k.

F.3.6 Orientation Quaternion Error

When using orientation quaternions (or any other rep-
resentation) to represent and, most importantly, steer,
the orientation of an orthonormal coordinate frame
to some desired orientation, there will exist a discrep-
ancy between the real and desired orientation. This is
the orientation error which we want to quantify. We
first start with a short description of the orientation
error in terms of rotation matrices because it is easier
to visualize. Then we follow up with the orientation
quaternion error.

First, consider two local orthonormal coordinate
frames {A} and {B}, defined relative to a global co-
ordinate frame {O}. The orientations of the local
frames with respect to the global frame, using ro-
tation matrices, are denoted as O

AR and 0
BR. Now

consider OBR to be a desired orientation and O
AR the

current orientation. The difference in orientation is
then denoted as by R̃, and given by

R̃O
AR = O

BR⇒ R̃ = O
BR

O
AR

T .

When controlling the orientation of frame {A} to a
desired frame {B}, the final orientation error should
ideally be zero, that is R̃ ≈ I3.

Now consider the orientation quaternions

O
Aq = (OAη,

O
Aqi)

O
Bq = (OBη,

O
Bqi),

which differ by a relative orientation quaternion q̃ =
(δη, δqi),

q̃OAq = O
Bq ⇒ q̃ = O

Bq
O
Aq
−1
,

where the orientation quaternion inverse is its complex
conjugate (Eqn. (F.11)). Then expanding the orienta-
tion quaternion multiplication on the right hand side
gives

q̃ = (OBη,
O
Bqi)(

O
Aη,−OAqi)

= (OAη
O
Bη − O

Bqi · −OAqi, OAηOBqi − O
Bη

O
Aqi + O

Bqi ×−OAqi)
= (OAη

O
Bη + O

Bqi · OAqi, OAηOBqi − O
Bη

O
Aqi + O

Aqi × O
Bqi)

The real scalar and imaginary vector parts of the
orientation quaternion difference, taking O

Aq and O
Bq

as the current and desired orientation quaternions,
respectively, are thus given by

δη = O
Aη

O
Bη + O

Aqi
T O
Bqi,

δq = O
Aη

O
Bqi − O

Bη
O
Aqi + O

Aqi × O
Bqi.

(F.18)

When O
Aq = O

Bq then δη = 1 (simply the dot-product
with itself) and δqi = 0, equivalent to R(q̃) = I3 in
Eqn. (F.16).

F.3.7 Orientation Quaternion Derivative

The quaternion derivative is used to obtain the angu-
lar velocity of a coordinate frame (or vector) about
an axis of rotation.

Consider the orientation quaternion q = (qr, qi)
and quaternion position vector v ≡ (0,v). For the
derivation of the orientation quaternion derivative
we must consider the following quaternion multiplica-
tions,

qv = (qrvr − qi · v, qrv + vrqi + qi × v),

vq = (qrvr − v · qi, qrv + vrqi + v × qi).
(F.19)

The product of two quaternions q,v ∈ H gives a new
quaternion. Equation (F.19) can be rewritten as a
matrix-vector product, noting that the dot product
between the quaternion’s imaginary vector parts are
commutative,

qv =

qr −qTi
qi qrI3 + [qi]×


︸ ︷︷ ︸

Q

0

v



vq =

qr −qiT

qi qrI3 − [qi]×


︸ ︷︷ ︸

Q̄

0

v

 (F.20)
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The rotation of the position quaternion (v) to v′ with
a rotation quaternion q was defined as

v′ = qvq−1 ⇒ v = q−1v′q

and differentiating v′ with respect to time, using the
product rule, gives

v̇′ = q̇vq−1 + qvq̇−1. (F.21)

Now we substitute the expression for v to express v̇′
in terms of the rotated position vector (v′) itself,

v̇′ = q̇q−1v′qq−1 + qq−1v′qq̇−1,

= q̇q−1v′ + v′qq̇−1.
(F.22)

Let’s evaluate the expressions q̇q−1 and qq̇−1. We
know that qq−1 = (1,0), thus

d

dt

(
qq−1

)
=

d

dt
(1,0),

such that, with the product rule

q̇q−1 + qq̇−1 = (0,0) (F.23)

If we were to write out both expressions, we would
obtain:

q̇q−1 = (q̇rqr + q̇i · qi, −q̇rqi + qrq̇i − q̇i × qi)
qq̇−1 = (qr q̇r + qi · q̇i, +q̇rqi − qrq̇i + q̇i × qi)

Notice that the sum of the real scalar parts Re(q̇q−1)+
Re(qq̇−1) does not automatically cancel to zero, thus
both scalar parts must be zero for Eqn. (F.23) to
always be true! In addition, the vector parts are equal
and opposite, and thus do cancel to zero! Therefore
both expressions can be written as

q̇q−1 = (0,w),

qq̇−1 = (0,−w).

Now return to the expression of v̇′ in Eqn. (F.22), with
v′ = (0,v′), and substitute the above expressions to
obtain

v̇′ = (0,w)(0,v′i) + (0,v′i)(0,−w),

= (0, 2w × v′i).
(F.24)

Now 2w represents an axis of rotation with magnitude
equal to the angular velocity (ω). Therefore ω =
2w, and making the angular velocity quaternion ω ≡
(0, 2w) we can write

ω = 2q̇q−1 (F.25)

such that dividing by 2 and post-multiplying with q
gives the quaternion derivative in terms of the angular
velocity and the orientation quaternion itself,

q̇ =
1

2
ωq, (F.26)

which again can be written as a matrix-vector multi-
plication,q̇0

q̇i

 =
1

2

qr −qiT

qi qrI3 − [qi]×

0

ω

 . (F.27)

Or simplified,

q̇ =
1

2

 −qiT

qrI3 − [qi]×

ω. (F.28)
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