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CHAPTER 1

Introduction

Over the past decades the world has undergone drastic changes as it entered a new
technological era, generally referred to as thanformation age. Tasks, previously done
by humans, are automatised by the use of machines and information has never been as
accessible as it is now. And this process has been growing in its capabilities ever since its
rst invention: computer manufacturers have so far been able to exponentially increase
the amount of transistors the fundamental building block of computers that are put in
computer circuits.

But this process is now reaching its physical limit: as the length scale that the
transistors operate on becomes smaller and smaller, quantum mechanical e ects start to
dominate the physics of the system. In particular, a speci ¢ quantum e ect called quantum
tunnelling causes source-to-drain leakage, destroying the functionality of the transistor. A
lot of research has been performed in looking for workarounds this problem, but one might
also ask: can we actually use these quantum e ects to our advantage instead?

This started an entire new eld of quantum technologies where quantum e ects are
exploited for practical applications. Examples are the design of ultra-sensitive quantum
sensors, quantum encryption that is unbreakable, and quantum computers to perform
quantum computations (generally referred to as the eld of quantum computing. When
Peter Shor in 1994 showed that a quantum algorithm run on such a quantum computer
could solve the prime factorisation problem exponentially faster than any classical
algorithm, he was the rst to show that quantum computers could be fundamentally
more powerful than classical computers on certain problems [1]. More algorithms
have been designed ever since, showing potential quantum speed-ups in solving linear
systems of equations [2], unstructured search [3], simulation of quantum systems [4] and more.

However, running most of these algorithms requires a large fault-tolerant quantum
computer: this computer would have a large amount of working qubits, gate operations
with low error probabilities and even more qubits to allow for an error correction scheme.
This could be decades away or, taking a pessimist view, even be a technological challenge
that is simply too di cult to overcome. At the time of writing the largest circuit-based
guantum processor is Google's Bristlecone, which has 72 qubits [5]. But as hardware research
continues to result in larger and better hardware, we want to know whether there are specic
applications and algorithms that are viable for these Noisy Intermediate-Scale Quantum
(NISQ) devices.



1. Introduction

One of the proposed algorithms that might be suitable for these devices is thguantum
approximate optimisation algorithm, abbreviated asQAOA, proposed by Farhi, Goldstone
and Gutmann in 2014 [6]. QAOA is hybrid algorithm that uses a parametrised quantum
processor in conjunction with a classical processor used to tune the parameters that describe
the quantum system. Due to its heuristic nature and the curse of dimensionality when
the depth of the circuit increases, it is very di cult to prove performance guarantees on
speci ¢ problems (for some this has been achieved though), which increases the reliance on
numerical studies to investigate its potential. Most studies focus on speci ¢, easy-to-analyse
computational problems, and in particular the MAXCUT problem. However, the quantum
speed-ups are not generic, and for industrial computational applications problems might not
be as clearly de ned as those in theoretical computer science. Therefore, more and more
QAOA research focuses on more applied problems that can be found in for example biology
[7, 8], physics [9, 10], computer science [11, 12, 13, 14, 15, 16, 17, 18, 19] and nance [20].

A problem that is both fundamental and has industrial applications in modelling
social networks, logistics, machine learning and more, is the correlation clustering problem:
clustering is the problem of partitioning data points into groups based on their similarity, and
in correlation clustering this is done without specifying the number of clusters in advance.
The two most common objectives are either minimising the disagreements or maximising the
agreements between the input estimates and the output clustering. For both objectives the
decision versions of the corresponding optimisation problem is known to be NP-complete
[21]. However, both objectives di er in the di culty of their approximabilities. The best
classical algorithm for maximising the agreements has an approximation ratio of 0.7666 [22],
and will be frequently used as a benchmark for the results in this work. This thesis will look
at the potential of using of QAOA-based algorithms in approximating correlation clustering
problems.

1.1 Research questions and objectives

The goal of this research can perhaps be better framed into an objective than a question:
we want to try to create the best possible performance for some QAOA-based algorithm in
solving correlation clustering problems, whilst keeping actual hardware considerations in
mind. Framing this into a research question to help us work towards this objective, we de ne
our main research question to be:

Main question:

What is the best (empirical) performance (computation time and approximation ratio)
we can obtain using some form of QAOA in solving correlation clustering?

It is important to note that the word “can' in this question has the meaning of “the best we
have achieved with our e orts so far' instead of “the best that can be fundamentally achieved.
This is also re ected in the following sub-questions we consider, helping us in answering the
main research question:



1.2. Structure of this thesis

Sub-questions:

What is the impact of di erent aspects of the algorithm (e.g. the initial state, the
choice of optimiser and the Hamiltonian formulations?)

What heuristics can we add to improve our algorithms performance?

Which properties of the correlation clustering problem determines the expected
performance of our algorithm? Are there dierences in performance on di erent
variants of correlation clustering? And what about di erent formulations within these
variants?

How does our algorithm compare against state-of-the-art classical solvers?

1.2 Structure of this thesis

This thesis is structured into three di erent parts consisting of a total of 8 chapters. In Part

I we will focus on introducing background information such that readers with little to no
background in quantum computing should be able to follow most of the work performed. We
will give a brief introduction to quantum computing in Chapter 2 and look at the correlation
clustering problem in Chapter 3. In Part Il one can nd a survey of the quantum approximate
optimisation algorithm. Whilst this does not t into our previously established research
questions and objectives, we felt that a survey is currently missing in QAOA literature,
and this part provides building blocks to create one. Chapter 4 will be concerned with the
fundamentals of QAOA and Chapter 5 will look into more recent results in literature. In part
111, we will try to address our main research question. In Chapter 6 we will propose di erent
formalisms to solve the correlation clustering problem and benchmark their performances.
We decide upon a formalism to improve upon, and Chapter 7 deals with all the steps we took
in order to achieve substantial improvements. In Chapter 8 we summarise our conclusions
and propose future work, concluding the main body of this thesis.

1Basic knowledge of physics, mathematics (in particular linear algebra) and computer science is assumed
though.






PART |

Introduction to key concepts







CHAPTER 2

A primer on quantum computing

Since readers of this thesis will have backgrounds ranging from physics to mathematics
to quantum computing, or any combination of those, this chapter will introduce the basic
concepts of quantum computing. Throughout the chapter, most material that has been used
has been taken from the standard text-book of the eld, written by Nielsen and Chang [23].
We assume the reader is familiar with basic concepts in linear algebra, and in particular
Hilbert spaces.

2.1 Fundamentals of quantum mechanics: the postulates

The discovery of modernquantum theory in the 1920s brought about one of the greatest
revolutions in our thinking about nature since the days of Isaac Newton. By unifying the
wave and particle interpretations of light and matter, scientists were nally able to nd
explanations to problems as the photoelectric e ect, Compton scattering and black-body
radiation. Quantum theory is founded on a set of postulates resulting from experiments
and theoretical analysis. The postulates describe how microscopic particles must be
represented, how to obtain quantities that can be observed, how time evolution must
be described and what the logical structure of a measurement is. The postulates are as follows:

Postulate 1: State space
Any isolated physical system has an associated Hilbert space known as ttstate space
of the system. The state vector, which is a unit vector in the system's state space,
uniquely describes this system.

The state space of aspeci ¢ system is not given by quantum mechanics, and it can be a
di cult problem to gure it out. The simplest example, which we will discuss in more detail
later, is the qubit, which has a two-dimensional state-space.

Postulate 2: evolution
The evolution of a closed quantum system is described by aunitary transformation:

i 9=Uji:
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Just as we saw for the state space postulate, quantum mechanics itself does not tell us which
unitary operators U describe the evolution of a particular real-world quantum system. If we
consider continuous time evolution, we can de ne a more re ned version of the postulate,
familiar to all physicists:

o d. . . .
I~aj ®Mi=H@) M)i; (2.2)

where H is the energy operator, the so-calledHamiltonian of the closed system, and- a
physical constant known as Planck's constant. Once you know the Hamiltonian of a closed
system, you essentially fully understand its dynamics. However, determining a Hamiltonian
of a given system is very di cult problem in fact a large share of twentieth century physics
was dedicated to guring them out.

Postulate 3: Quantum measurement

Associated to any measurement of a physical system with corresponding state spate
is a set of operatorsf M, gm2; acting on H which satis es (completion relation):

X

MYMp = I;

m
where the indexm refers to the measurement outcomes that may occur in the experiment.
If the system is in statej 12 H , the probability that one measures the outcomem is

P(M)=h jMYMpj i:

If prior to the measurement, the physical system was in statej i 2 H and the
measurement outcome wasm, the resulting state of the system, directly after the
measurement, is given by

Mmj i
\4—.
h iMiMpj i

The third postulate tells us two very important - and perhaps mind-boggling - results of
guantum mechanics: 1) measurement of a quantum system interferes with the system's state,
and causes the system to collapse into one of the eigenstates of the observable and 2) there
is no quantum measurement capable of distinguishing between non-orthogonal quantum states.

Postulate 4: Composite systems
The state space of a composite physical system is the tensor product of the state
spaces of the component physical systems. Furthermore, if we have systems labelled
1;:::;n, and systemi is prepared in the state i, the joint state of the total system is
Joat ) 2l J nl .

If we cannot write the state of the composite system as a simple tensor, we say that its
(isolated) physical systems areentangled

One of the best examples to get more comfortable with these postulates is the so-
called particle in a box-problem, which can be found in any standard textbook on quantum
mechanics. Now that we have established the fundamental rules of quantum mechanics, let
us see how these allow us to create a formalism to perform computations.

8



2.2. Qubits and qudits

2.2 Qubits and qudits

In classical computation, the fundamental unit of information is a bit, which can take a value
of 0 or 1. Hence, we have two possible computational states per a single bit. In quantum
computation, the fundamental unit of information is a called a qubit (shorthand for quantum
bit). Taking { jOi, j1i} as our computational basis vectors, this qubit can be injOi and j1i,
similarly to the classical bit, but it can also be any other state that satis es

joi + jli  where j j2+j j?=1: (2.2)

Any of these states for which both and are non-zero are in a so-calleduperposition, a
type of state which knows no classical counterpart. Physically, any quantum mechanical
system that can be modelled by a two-dimensional complex vector space can be viewed as a
qubit. Real-world examples of such systems are the polarisation of a photon, the orientation
of an electron spin and the ground state combined with some excited state of an atom. A
common way to pictorially view qubits is through the use of the Bloch sphere, as depicted in
Figure 2.1:

Figure 2.1: Bloch sphere representation of a single qubit. The state vectors aligning with the
x- and y-axis have di erent relative phases, but are impossible to distinguish from one another
through measurement in computational basis states fj Oi ;jlig since they share the same probability
distribution over these states.

From postulate 4 we know that a general state ofn qubits is written as a tensor product of
single qubits, i.e.

o KL
ji= (4]0 +bjli)= TR (2.3)
i=1 j=0

P
where j2:0 lj jjz =1. Here we represented oun-qubit system on our new basis stategji.

Note that a system of n qubits lives in C2", and this exponential growth of the Hilbert space
with n explains the di culty of classically simulating quantum mechanical processes: one
needs an exponential number of bits to represent then qubits.
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It is important to stress the dierence between superposition and entanglement: we
say that an n-qubit system is in superposition if it is not in one of the computational basis
states, and we say that ann-qubit state is entangled when it cannot be written as a simple
tensor. This means that all entangled states must necessarily be in a superposition, but this
does not hold in the other direction. For example, take the two-qubit state

%(jOOi j 01 +j10i j 11);

which is in a superposition but can also be written as a tensor product of+i ji , and
therefore is not an entangled state. Herdj +i;jig form a di erent set of computational
basis vectors, which can be written as functions of0i and jli asj+i = pl—i(jOi) + jli) and

ji = pl—i(jOi) j 1i), respectively. We now take another state as our example, de ned as
. .
5(100 + j110): (2.4)
By de ning two arbitrary single-qubit states j ai = A jOi+ ajliandj gi = g jOi+ pjli,

we observe that no solutions of o; a; B; B Satisfying (2.2) exist such that the tensor
product

(AajOi+ Ajli) (j0i+ gjli)y= Ao gj00+ A gj0li+ A gjlOi+ g gjlli
is equal to (2.4).

So far we only concerned ourselves with two-level systems that were used to en-
code information in the form of qubits, but it is possible to extend this idea to systems with
any amount of levels. A system with three computational basis states Qi ;jli ;j2i) is called

of these are photonic systems that can be in a superposition of multiple possible wavelengths
[24] or neutral atoms with a larger range of intrinsic spin states [25]. Everyd-level qudit
can be represented bydog, de qubits. Hence, there is no formal argument of why you
would have an advantage of using qudits over qubits, as one can always be mathematically
represented in the other. However, on the hardware level, the interactions describing the
system might be more suitable to either qubit or qudit operations, which means that you
sometimes gain something (e.g. smaller errors, larger accessible Hilbert space) from using
qudits instead of qubits.

2.3 Quantum gates

Quantum gates provide us with the basic operations needed to manipulate qubits just as in
classical complexity theory aBoolean circuit uses basic logic gates on its bits. Well-known
examples are the OR, AND, and NOT gates. By postulate 2, we know that every quantum
gate must perform a unitary transformation. Consequently, every quantum gate operation is
reversible Quantum gates can be represented by matrices, and we refer to this matrix as the
matrix representation of a quantum gate.

One of the simplest quantum gate example is theX-gate, which is the quantum
analogue of the classical NOT-gate. Its matrix representation is

0 1.

X:10'
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2.3. Quantum gates

Identity : j0i hQj + j1i hij (1) 2 —{Ir
Pauli-X gate: j1ihoj + jOihaj 2 é
Pauli-Y gate: ij1ih0j ijOihij ? Oi
Paul-z gate:  jOihGj j Lihlj el
Hadamard gate: iol p+§jli hoj + i0i pjE u hilj pl—é i 11
R -gate: joi + €' jii i eZ(‘) ﬂ

Table 2.1: Some common single-qubit quantum gates.

We de ne our computation basis states asjOi and j1i in the following vector representation

0

| _— i
joi = and jli = 1

0
such that X operates on these computational basis states in the following way:

xjoi= 9 o o= 9=t and xjui= > Y= %=

Hence,X essentially performs a bit ipping operation, just as a NOT-gate would do classically.

X is part of a larger group of single-qubit gate operations, called thePauli matrices. An
overview of all Pauli matrices, as well as some other common examples of single-qubit gates
are shown in Table 2.1. The last column of this table indicates the circuit representation,
which will be explained in more detalil later. From the Pauli quantum transformations we

can also construct the so-calledotation gates:
RX():eiXZZ; RY():eiYZZ; RZ():eiZZZ;

which will be commonly used throughout this thesis. Every single-qubit unitary transforma-
tion U can be written asU = Rx ( )Ry ( )Rz ( ), forsome; and

One of the most important gates in Table 2.1 is the Hadamard gateH. Applying

H to initial state jOi results in a new state with equal probabilities of measuringjOi or
j1li. Applying H on this new state gives us back our initial statejOi. This e ect is called

interference due to the fact that the amplitudes of the jli state have cancelled out, similar
to the e ect one would observe in classical wave mechanics.

So far we have only considered single-qubit gates, but the notion of a gate opera-
tion can be generalised to any amount of qubits. Everyn-qubit quantum gate can be
represented by a2" 2" unitary matrix (with complex entries), and every 2" 2" unitary
matrix can in theory be a quantum gate. We will now discuss some of the most important

11



2. A primer on quantum computing

multiple-qubit quantum gates.

Let us rst consider the so-called controlled gates These gates act on two or more
qubits, where one or more qubits act as a control for some operation. We de ne some general
single-qubit operation U with matrix elements fug.o; Uo:1;U1:0; U1:10, then its controlled
operation C(U) where qubit 1 acts as the control qubit and qubit 2 acts as the target qubit
is given by

2 3
10 0 O

_fo 1 o0 oé_

C(U)_go 0 ugo Ug1®’

0 O ugo U

In quantum circuit notation, we use the following graphical depiction

| Cc(v) | = i

where the “large dot' indicates the control qubit. Common examples of controlled two-qubit
operations are the CNOT operation (CX), as well as other controlled Pauli operations and
their controlled rotations (for example CRy ). It is also possible to swap the target and
control qubit or extend this idea to multiple control qubits. A common example of the latter
is the To oli gate (CCNQOT), represented by the following matrix

2 3

0 0 0 0O
0

The circuit symbols of both the CNOT and To oli (CCNQOT) are by convention drawn as

=
o
o

o

CCNOT =

[cNeoNoNoNeoNeNe]
[cNeoNeoNoNol
[cNeoNoNoNael ]
[cNeoNoNeol D NelNe]
OO PFrOOoOOo
el NeoNoNoNe]
P OOOOOo

0 0 0

CNOT = é and CCNOT = — |

2.4 Quantum circuits

A Quantum circuit is a model describing the ‘recipe' for a quantum computation. The
graphical depiction of quantum circuit elements is described using a variant of the Penrose
graphical notation, and includes initialised qubits (often in the jOi-state), a sequence of
quantum gates and measurement of the qubits. Some conventions are:

~ In a quantum circuit diagram, moving from left to right corresponds to moving forwards
in time.

Each qubit is represented by a wire and has an initial state (oftenj0i).

Quantum gate operations are denoted by symbols in a box, which spans over the wires
of the qubits it operates on.

12



2.4. Quantum circuits

The nal state always has to be measured and is therefore often left out of the notation,
unless only speci ¢ qubits have to be measured or some measurements have to be
performed along the computation.

Let us consider a simple example of a 2-qubit quantum circuit, of which the circuit description
is given in Figure 2.2:

jori —{H}——
P
Figure 2.2: Quantum circuit to create an entangled state.

This circuit consists of two qubits, labelled with subscripts "A' and "B', that are both
initialized in state jOi and uses two gate operations: a Hadamard transform applied only to
qubit A and a CNOT applied to control qubit A and target qubit B. The state of the system
can be represented by a vector describing the amplitudes of each computational two-qubit
basis state infj 00i ;jO% ;j10i ;j11ig, where the rst entry indicates the state of qubit A and
the second of qubit B. Just as it is possible to nd a matrix representation of a quantum
gate, there is a matrix representation for each quantum circuit. The matrix representation of
this circuit is given by

2 32 3 21 N
1000 P # 00 P cl> P cl)
y 4._010%591— plﬁoc(;zgo%o oL
[CNOT]I;J [H I]I;j —go 0 0 T O2 02 1 0 p% 0 p%

So what happens when we apply this circuit operation to our initial state jO0i, ?

2 3
s 0 W 0723 23

2 2 - - 00 i111)-
go o0 pLhdg5T4 5= P00 I
s 0 & 0 O P

This state, already encountered in section 2.2, is one of théBell states a maximally
entangled two-qubit state.

Some important complexity measures of quantum circuits are theelementary gate
complexity and query complexity The elementary gate complexityof a quantum circuit is

de ned as the number of elementary gates it consists of. We are free to choose any set of
gates we de ne to be elementary to our de nition of gate complexity, keeping in mind that
some are more convenient than others. Some common ones are:

The set of all single-qubit operations and the two-qubit CNOT gate. This set is
universal, meaning that any other unitary operation can be built from these gates.

13



2. A primer on quantum computing

The set of CNOT, Hadamard and the phase-gatelT = R - 4, which is universal in the
sense of approximation. The Solovay-Kitaev theorem states that this approximation is
in fact quite e cient: simulating arbitrary gates up to an exponentially small error
costs only a polynomial overhead.

The set of Hadamard and To oli (CCNOT) is universal for all unitaries with real
entries in the sense of approximation.

In the query complexity model, the input is given as an oracle (a black box function). The

algorithm gets information about the input only by querying this oracle (‘calls' the black

box). The algorithm starts in some xed quantum state and the state evolves as it queries
the oracle. The query complexity is then de ned as the number of queries the algorithm
makes to the oracle. Therefore, query complexity provides a lower bound on the overall time
complexity of an algorithm as it only takes the oracle into account.

For hardware considerations, one also very often talks about the depth and width
of a quantum circuit. The circuit depth is the length of the longest path from the input (or

from a preparation) to the output (or a measurement gate), moving forward in time along

qubit wires. This takes into account that, in actual quantum hardware, some operations
can be performed parallel. Thecircuit width is the number of qubits (and bits) used in the
guantum circuit (the number of wires in the diagram).

2.5 Quantum algorithms and their complexity

An algorithm solves a given class of problems using a nite sequence of well-de ned
(computer-implementable) instructions. An algorithm in which all of these steps can be
executed on a universalTuring machine will be referred to as aclassical algorithm, whilst an
algorithm that requires at least some inputs to be operated on by a quantum circuit to be
a quantum algorithm. The part of the algorithm that can be implemented on a universal
Turing machine is referred to as the classical part of the quantum algorithm, which is also
something we will encounter when dealing with the Quantum Approximate Optimisation
Algorithm this thesis is concerned with.

Arguably, the greatest success of quantum computing to date is that research over
the past decades has shown that quantum algorithms exist that provide a speed-up over
the best classical algorithms. The rst example of this was provided in the form of Shor's
factoring algorithm, which provides a super-polynomial speed-up in nding the prime
factorisation of an n-bit integer. To be precise: this means that for the prime factorisation
problem, the quantum algorithm can nd solutions with time and space requirements that
are bounded by a polynomial in the size of the input, while it is conjectured that a classical
computer would need an exponential amount of resources for the same task.

(Quantum) computational complexity theory provides a general framework to quantify
the resources algorithms need for the problems they attempt to solve. The class of
problems that are in polynomial time on a quantum computer is called Bounded-error
Quantum polynomial (BQP), analogous to the classicalPolynomial (P) complexity class.
It is generally conjectured that P ( BQP, which implies that there exist problems
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2.5. Quantum algorithms and their complexity

Figure 2.3:  Conjectured relations between di erent complexity classes, including some example
problems within certain classes. Picture taken from Ref. [27].

that are in BQP but not in P (as we already saw for prime factorisation).! If an
algorithm can verify whether the problem is solved if given both the input and the
output, and this algorithm takes polynomial time on a classical computer, the problem is
Non-deterministic Polynomial (NP). The quantum analogue for these problems is called
Quantum Merlin Arthur (QMA). Since solving a problem in polynomial time necessarily
requires you to be able to verify an output in polynomial time, we have that P NP
and BQP QMA. We also have that any classical computation can be implemented
on a quantum computer, and therefore andNP ~ QMA. In addition, the class NP-hard
(QMA-hard for quantum) includes all problems to which all problems in NP can be reduced
to in polynomial time: this means that these problems are as “di cult' as any problem in NP.
If a problem is both in NP and NP-hard, we call it NP-complete (QMA-completefor quantum).

So BQP does not seem to be in P, and it is also unknown whether it is in NP. So
where does it actually t in relation to other complexity classes? Bernstein and Vazirani

showed that it is possible to simulate a quantum computer classically with exponential
time and polynomial memory, which means that the following upper bound exists [26]:
BQP PSPACE, where PSPACE is the class solvable on a digital computer using a
polynomial amount of memory, but possibly exponential time. Figure 2.3 shows the current
best guess of where BQP ts in. An overview of quantum algorithms and the speed-up they
provide over certain problem can be found on online, seéttps://quantumalgorithmzoo.org/ .

Lin fact this statement is also based on a conjecture: neither the existence nor non-existence of such
algorithms for prime factorisation has been proved, but it is generally suspected that no classical algorithms
exist that are able to solve prime factorisation in polynomial time.
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2. A primer on quantum computing

2.6 An example: Grover's algorithm

With all established so far, we now look at a non-trivial example of a quantum algorithm
that provides a quantum speed-up. Consider the following problem:

The unstructured search problem:
For N = 2", we are given an arbitrary x 2 f 0; 1gN. The goal is to nd i such that
X; =1 and to output “no solutions' if there are no suchi.

We assume that we have access to a (quantum) oracle: a black box function that is able to
recognise solutions to the search problem. To be precise, we de ne this oracle in the quantum
setting to be

Oy jii =( 1)“jii; (2.5)
which means that the oraclemarks the solutions to the search problem by shifting the phase

of the solution. We also de ne R as a unitary operation that puts a ~ 1'in front of all basis
statesjii wherei 6 0" and does nothing to the other basis states:

R=2j0"ih0"j 1 (2.6)
We de ne the Grover iteration (or Grover operator) G as®
G=H "RH "O, : (2.7)
Let us de ne so-called "good' stategGi and "bad' statesjBi as
1 X 1 X
jGi = p= jii and jBi= p—— jii
i:xj=1 N 1i:xi:0

When inspecting the Grover iterate G one observes that it is actually the product of two
re ections in the 2-dimensional space spanned byGi and jBi: Oy is a re ection through
jBi and

H "RH "=H "(2j0"ih0"j 1)H " =2jUihuj I (2.8)

is a re ection through jUi. The circuit design for a single Grover iterate is given by,

G:4Ox;

Figure 2.4: Quantum circuit for a single Grover iteration G.

where R can be implemented usingO(n) elementary gates.

Assuming that we know that the fraction of solutions is = t=N, Grover's algorithm is then
given by

2To simulate this operator classically, one would of course need an exponentially growing amount of
resources.
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2.6. An example: Grover's algorithm

1. Set up the starting state jUi = H " j0i.
2. Repeat the followingk = O(lzp ) times:

a) Re ect through jBi (apply Oxpm ).
b) Re ect through jUi (apply H "RH ™).

3. Perform the measurement and check that the resulting is a solution.

The quantum circuit representation of the complete algorithm is given in Figure 2.5:

Figure 2.5:  Quantum circuit for Grover's algorithm with  k iterations. Picture taken from Ref. [28].

So why does this algorithm work? There are two main arguments used to illustrate this, but
we will focus on the geometric argument. We start in the state

jui =sin( )jGi +cos( )jBi : (2.9)

We note that the re ections (a) and (b), as described in the steps of the Grover iterate,
increase the angle from to 3 , which moves us towards a good state as illustrated in Figure
2.6:

Figure 2.6: The rotations of a single Grover iterate G. Picture taken from Ref. [28].

Additional re ections (a) and (b) increase the angles with another 2 , so in general we have
that after k applications of (a) and (b) we nd ourselves with the following state

sin((2k + 1) )jGi +cos((2k +1) )jBi :
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2. A primer on quantum computing

If we measure this state, the probability of observing a solution isPx = sin((2k + 1) )2. We

want to have P as close to 1 as possible, which is the casekf= =4 1=2. However,
since we can only do an integer amount of Grover iterationsk has to be an integer as well.
ChoosingK to be the integer closest tok our failure probability is ((assumingt N)

1 P, =cos (2k+1) “=cos(@k+1) )+3(kK k) )? sin( )2:Ni;

where we USﬁdihatjk Kj 1=2. Since arcsin( ) , the total number of queries is

k =4 5 L

Since Grover queries the oracle only once for during gvery Grover iteratés, Grover's

algorithm solves the unstructured search problem withO(" N) queries anddog, N e qubits.

A randomised algorithm (which is in fact optimal in expectation) would need O(N) queries

to solve this problem, and therefore Grover's algorithm provides us with a quadratic speed-up.

Even though a quadratic speed-up is not as spectacular as some other quantum al-
gorithms (i.e. the ones that provide exponential speed-ups), Grover's search is important
because of its applicability: basically any classical algorithm that has some search component
can be improved using Grover's algorithm as a subroutine. This also includes many basic
optimisation applications where we are interested in nding optimal, not near-optimal,
solutions. Examples are nding shortest paths, minimum spanning trees, and various other
graph algorithms.
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CHAPTER 3

Correlation clustering

In general, the objective ofclustering problemsis to group elements into a family of subsets,
which we will name clusters, such that the elements within a cluster are more like to
one another than elements in di erent clusters. This problem can be visualised bygraph
clustering. In this clustering formulation the nodes are the elements to be grouped in clusters
and edges represent similarities between these elements. In our work, we will consider
the correlation clustering problem. First de ned by Harary in 1955 [29], the problem has

a history of being repeatedly rediscovered under di erent names ever since [21, 30, 31,
32, 33]. Correlation clustering has proven to be a popular topic of research as many real
world problems can be modelled using correlation clustering examples are found in social
psychology, statistical mechanics and biological networks. It is also common among computer
vision tasks: in section 3.4 we will consider a speci ¢ example of one of those problems.

A notable survey paper on the topic is that of Schae er [34] in which she focuses

on di erent de nitions of clusters and measures of cluster quality, as well as presenting some
general approaches to solving clustering problems. Another is the work by Bécker and

Figure 3.1: Example of a correlation clustering problem for which a solution exists without any
disagreements, using a total of three di erent clusters.
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3. Correlation clustering

Baumbach [31], which surveys exact methods for solving correlation clustering. However,
since the quantum approximate optimisation algorithm is primarily an approximation
method, we will mainly use a chapter on correlation clustering by Immorlica and Wirth
in Constrained Clustering: Advances in Algorithms, Theory and Applications [35]: this
chapter puts large emphasis on approximation methods and is therefore ideal for our purposes.

For approximation algorithms the approximation ratio is often used as the most
important performance measure. Consider some class of optimisation problen3. For max-
imisation objectives, it is the convention that the approximation ratio of an r-approximation
algorithm A, which nds approximate solutions for instance X in the class of problemsP, is
some numberr 2 [0; 1] such that OPT(X) f(A(X)) rOPT(X) for every X 2 P, where
f (A(X)) is the objective function value of approximation A(X) and OPT(X) the optimal
objective value of X. When dealing with minimisation objectives, r 2 [1;1 ) and we have
that an r-approximation algorithm A needs to satisfyrOPT(X) f (A(X)) OPT(X) for
every X 2 P.

3.1 Problem de nition

There are some basic variants to correlation clustering, where you pick one out of i) minimise
disagreements/maximise agreements or a combination of those, ii) unweighted/weighted and
iii) bounded or unbounded number of clusters. Also, one can vary the type of graph structure
that is studied. The most basic form is the following:

De nition 3.1. Let G(V;E) be an undirected graph of N = jVj nodes. Consider the
clustering C to be a mapping from the elements to be clusteredy, to a set of cluster labels,
so that u and v are in the same cluster if and only ifC(u) = C(v). Given edges(u;V) having

two weights wg,, and w,., , the objective of correlation clustering is to nd a clustering C

that minimises

X X N
WU;V + WU;V '
C(u)= C(v) C(u)6C(v)
or equivalently, maximises
X N X
WLI;V + WU;V :
C(u)= C(v) C(u)6C(v)

The weights w(, and w,., are in this formulation non-negative and can be though of as
positive and negative evidence towards co-association. For unweighted graphs, we have that
every edge only has one weight labelled eitheln+i (equivalent to "+1") or hi (equivalent
to -1"). Both problems are equivalent in the exact setting but di er in the approximation
setting, as we will see in the next section.

Throughout this thesis, when we talk of MIN-DISAGREE, MAX-AGREE and
MIN(DISAGREE-AGREE) as objectives of the correlation clustering problem we
always have that for all weightswy, 2f 1;+1g and the amount of clusters is unbounded
(except for the amount of nodes which always upper bounds the correlation clustering
problem).

20



3.2. Classical results

3.2 Classical results

Some standard techniques that have been developed over the years to solve correlation
clustering problems are region growing [36], techniques based on rounding linear programs,
and combinatorial approaches that draw upon connections to sorting. This section will
elaborate on how these techniques have been used for both the maximisation and minimisation
variants to correlation clustering.

3.2.1 Maximising agreements

Results by Charikar et al., later extended by Tan [37], show that the maximisation problem
on general graphs isAPX-hard : it is in NP but does allow polynomial-time approximation
algorithms with an approximation ratio bounded by a constant. To be precise, it is proven
that it is NP-hard to to obtain results that are strictly better than a factor of 79=80 0:99.
The 2004 paper [21] by Bansal et al., famous for introducing correlation clustering to the
computer science community, proposes a (trivial) method that produces a 0.5-approximation
algorithm for the maximisation of agreements. Their algorithm looks at the total of the
positive weights: if this exceeds the total of the negative weights all the items are placed in a
single cluster, otherwise they put each item a singleton cluster. The 0.5-approximation factor
is still quite far from the predictions by the complexity studies, and indeed considerable
improvements have been made over the years. A factor d¥:7664 was obtained using semi-
de nite programming by Charikar [38] et al., and further improved to 0:7666 by Swamy [22]
by utilising improved rounding techniques. We now give a sketch of this algorithm:

Swamy algorithm  Let e 2 R" be a vector with all zeros except for thei™ element. This
vector e represents a possible cluster. The correlation clustering problem can now be
formulated as

X
max Wi Xy Xyt We (1 Xy Xy)
X
e=(uv) (3.1)

s.t. Xy 2fep;:ii;e,gforeveryv?2 V:

Xy = g for any clustering, and for every vertexv assigned to clusteri, the objective function
value becomes the weight of the agreements in clustering. We consider at moktclusters.
We relax the constraints to get a semi-de nite program:

X
max WXy Xy + We (1 Xy Xy)
X
e=(uyVv)

3.2
S.t. Xy Xy =1 forallv; (3.2)

Xy Xy O forall u;v;ué v:

We solve the SDP to obtain solutionfx, 2 R"g, which can be done up to an additive error

in time that is polynomial in the program description size and log1=). Choosing a rounding
procedure similar to Goemans-Williamson, we split our algorithm in two casek 6 and
k 5. For k 6: choose 6 random vectors;:::;re 2 R" whose coordinates have the
standard normal distribution. Randomly choosing this scheme gives a 0.7666-approximation

21



3. Correlation clustering

algorithm that produces at most 6 clusters. Fork 5: we now use a di erent relaxation:

X L1+ (ko 1)(xy XV)+W (k1@ xXu Xv)

max We k k
e=(u;v)
s.t. Xy Xy =1 forallv; (3.3)
1
Xu Xy PR for all u;v;u 6 v;

of which the solution can be rounded by choosing either 1 or 2 hyper-planes. This
achieves an approximation ratio of 0:77. Therefore, this algorithm gives a 0:7666
approximation algorithm for maximising agreements in correlation clustering. Note
that the same approximation ratio holds for the k clustering variant. More information
on this algorithm as well as references to the proofs can be found in the original work, Ref. [22].

The algorithms concerned so far work for general graphsif the graph is complete
the problem becomes signi cantly easier although still NP-hard. For complete graphs,
Bansal et al. provided apolynomial time approximation scheme(PTAS) [21]: an algorithm
that for some > 0 is able to produce a solution that is within a factor 1~ of being optimal
and runs in time polynomial in

3.2.2 Minimising disagreements

The minimisation variant is considerably more di cult to solve than the maximisation
problem for both general [21] and complete [38] graphs it is APX-hard. Though Karpinski
and Schudy [39] proved the existence of a polynomial time approximation scheme on complete
graphs and a xed number of clusters, the design of sub-logarithmic approximations for
general graphs is still an open problem [40, 41]. Just as was the case for the maximisation
problem, Bansal et al. [21] provided the rst constant-factor approximation algorithm for
complete inputs: the algorithm adopts a local search method and has a constant-factor
that is quite large. A signi cant improvement can be made at the expense of solving the
natural linear program formulation of the problem, as was pointed out by Bertolacci and
Wirth [42]. However, this comes with the cost of long computation times and huge memory
demands. Nonetheless, using region-growing type rounding procedures Charikar et al. [38]
were able to produce a 4-approximation algorithm which could eventually be improved
further to 2:5. In 2015, Chawla et al. [43] proposed new rounding schemes for the standard
linear programming relaxation of the correlation clustering problem, achieving approximation
factors almost matching the integrality gap. For complete graphs their approximation is
2:.06 (integrality gap of 2), for complete k-partite graphs the approximation is 3 (matching
the integrality gap) and for complete graphs with edge weights satisfying triangle inequalities
and probability constraints, their approximation is 1.5 (integrality gap of 1.2). This is the
best polynomial-time approximation algorithm known at the moment.

3.3 Quantum approaches

Whilst there are some papers that use QAOA to work on some form of graph clustering
problems [44, 45, 46, 47, 48], the only paper we know of that considers correlation clustering
in particular and mentions QAOA is the work by Pramanik and Chandra [49]. They use
generalised Pauli operators to solve graph clustering, framed as a Maa-Cut problems,
with qudits (d levels). They only show a derivation of a possible Hamiltonian formulation
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Figure 3.2: General procedure of the Deep(er)Cut algorithm. Starting from a single monocular
image of multiple individuals, a neural network computes a sparse set of candidate body parts (1).
Next, a densely connected graph is constructed which incorporates various types of interactions
between the candidate body parts (2). The multi-person pose estimation is now formulated as an
integer linear program (ILP) with an objective consisting of a clustering (a) and labelling (b) part.
Solutions to the ILP describe the labelling of the edges and the clustering of the nodes, and therefore
gives a joint pose estimation of multiple people. Adapted Figure taken from Ref. [51]

which is also suitable for correlation clustering, but do not show any extensive results on the
performance of a QAOA implementation of this formulation. Their formulation is listed in
Appendix A for completeness, will not be used in this work as we expect it to be inferior to
the formulation we will propose for qudit systems.

3.4 An example: multi-person pose estimation

The following example was put forward by Bosch Research as an example of an optimisation
problem they encountered in practice. It was the original motivation for this work to focus
on correlation clustering.

Given an image that contains an unknown amount of persons, the goal ofmulti-
person pose estimationis to estimate poses of the persons in the image by representing
the orientation of every person in a graphical format. This is usually done in the form of
connected nodes that form askeleton where any valid connection between two nodes is
called alimb. There are several ways to solve the multi-person pose estimation, but we will
focus on a method (and its improved version) calledDeep(er)Cut as its objective generalises
the correlation clustering objective [50, 51].

The general procedure of Deep(er)Cut is explained in Figure 3.2. In Deep(er)Cut,
a neural network is used to compute a sparse set afandidate body partsD. Each candidate
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d 2 D has aunary score for every body part ¢ 2 C, where C is a pre-de ned set of body
part classes (e.g. neck, head). Based on thenary scores parameters 4. 2 R are computed,
which can be viewed as the “cost' of placing body partl in classc. Next, for every pair
of distinct body part candidates d;d°2 D and every two body part classesc; @2 C the
pairwise term generates parameters gqocco 2 R which represent the “cost' of having body
part d, belonging to body part classc, and body part c®, classi ed asc® being part of the
same person. Using the de ned sets and parameters, the pose estimation problem is framed
as an ILP with two types of binary variables: x : D C ! f 0;1g for which holds that
Xgc = 1 if body part candidate d is of body part classc, and y : 2 I'f 0;1g such that
yado = 1 indicates that body candidates d and d° belong to the same person. Using the
de ned variables, one can construct the following objective that consists of a labelling and

clustering part X X X X
min deXde + dd°ccOX de X docoYdd©; (3.4)
0
2D csz } ijdoz(g)CCZC {Z }
Labelling part

Clustering part

which can be constructed into an ILP by introducing new variables zgqocco = XgcXdocoYgqo and
some constraints:

) X X X X
I’)T(]II’I dcXde T dd%cc0ZddOccO
Y d2D c2C ddo2 (3) cco2C
X D
Yddo Xgc for all dd®2 )
c2C 35
X D (3.5)
Yddo Xqoc for all dd®2 )
c2C

D
Yado + Ydaqoo 1 Yqqoo for all dd%d®2

Note how (3.5) is hard and hard to approximate, as it is a generalisation of the correlation
clustering objective which is central to this thesis.
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The quantum approximate optimisation
algorithm: a survey







CHAPTER 4

The fundamentals

In 2014 Farhi et al. [6] introduced a new quantum algorithm that produces approximate
solutions for combinatorial optimisation problems: the quantum approximate optimisation
algorithm, often abbreviated asQAOA. QAOA can be thought of as a heuristic to prepare
a superposition of bit strings with probability amplitudes heavily concentrated around
the solution of an optimisation problem. Due to its shallow circuit depth and its hybrid
nature it is usually used in conjunction with a classical optimiser 1! it is relatively robust

to circuit errors, making it a candidate algorithm to run on NISQ devices. Soon after the
publication of this seminal work, Farhi et al. [52] published another work in which they
applied the algorithm to the combinatorial problem MAX-3-XOR. They showed that QAOA
at p=1 already produces a string that satis es a better number of equations than the at
that time best classical algorithm. Even though the classical algorithm community responded
quickly by producing an algorithm with asymptotically even better performance [53], QAOA
had attracted the attention of researchers hoping that it would be a candidate to rst exhibit
practical qguantum supremacy.

The following two chapters provide a survey concerning the QAOA algorithm. In
this chapter we will deal with the fundamentals of QAOA: we give a general introduction to
the algorithm, apply the algorithm to an example in the form of the MAXCUT problem,
show that the values of the strings it outputs are concentrated around some mean value and
look at the link with qguantum adiabatic computing. In Chapter 5 we will look more closely
at more recent results in QAOA literature: we will discuss properties, generalisations and
variants to the algorithm, parameter optimisation, practical applications and list some open
problems in the eld of QAOA.

4.1 The algorithm

Suppose we have an objective functiori (x) acting on n-bit strings x 2 f 0; 1g", some domain
F, and our objective is

Q}%xf (x): 4.1)

This function can be mapped to a Hamiltonian that is diagonal in the computational basis,
and we say that a Hamiltonian Hc representsa function f : f0;1g" ! R if its eigenvalues

1For the reader familiar with variational quantum algorithms: QAOA can be thought of as a special
Ansatz within the variational quantum algorithm approach.
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4. The fundamentals

satisfy
Hc jxi = f(x)jxi forall x 2 f0;1g": 4.2)
Here we have thatx 2 f 0; 1g" labels the computational basis stategxi 2 C2" .

Such a Hamiltonian H¢ can be easily simulated using Controlled-NOT and Z-rotation gates
if we can compute its expansion in terms of Pauli Z operators as

X0 X
He = col + ciZj + Gk ZjZi + i1t c 2R; (4.3)
j=1 j<k

implementing the operation as unitary
Uc(t)=e Mety  t2[0,2 (4.4)
For a problem on n binary variables x 2 f 0; 1g", the quantum approximate optimisation

algorithm (QAOA) consists primarily of the three components?:

1. The initial state
The initial state should be trivial to implement, and should be a (superposition of)
feasible solutions. For unconstrained optimisation, or when using a penalty function, it
is often taken to be the equal superposition state, i.e.

a1 X
jsi = j+i = p? jXi: (4.5)
x=0
2. A family of cost (phase separation) operators
Uc()=e Mec; (4.6)

where 2 f0;2 g and Hc acts on the basis stategxi asH¢ jxi = f (x)jxi. Soft
constraints can also be encoded itH¢ through the use of a penalty function.

3. A family of mixing operators

Uu()=e ™ w; 4.7)

where 2f0;2 gandH)y is usually written as a sum of tensor products ofX operators.
The mixing operators are required to:

a) Preserve the feasible subspack .

2We have used the generalisation by Had eld et al. [54], the Quantum Alternating Operator Ansatz
that has the same abbreviation by design. In the current QAOA literature, people often do not distinguish
between the original QAOA which restricts itself to the uniform superposition as the initial state and the
X -mixer and the more general version by Had eld.

28



4.1. The algorithm

b) Provide transitions between all pairs of statesx;y corresponding to feasible points:

forall x;y 2 F there exists ;r such that
ixjUy (- )iyij > 0

Once the initial state and operators are established, the QAOA circuit is further speci ed

the problem instance is encoded in the QAOA operators and therefore this circuit itself is
dependent on the problem instance. The algorithm consists of applying the cost (phase
separating) operators and mixing operators in alternation to the initial state to obtain the
state

Yp
j; i= |UM( pUc( p) {z Um ( 1)Uc( 1;1'5i = Uv ( )Uc( k)jsi; (4.8)
k=1

2p unitary operations

on which a computational basis measurement is performed.

Now that we have de ned all components of QAOA, we can give the general pro-
cedure for the algorithm under the variational approach:

1. Begin with initial state jsi

2. Initialise 2p parameters ™= ( 1;::5; p)i~=( 1;::5; p)
E

3. Construct ~ = from Equation (4.8).

4. A computational basis measgremeigt is performed on this state, returning candidate
solution jxi with probability j x ~ ~ j2. Repeating this procedure, the expected value

of the cost function is given by
D E
Fo(= )= = 7THc~="; (4.9)

which can be statistically estimated from the produced samples.

5. Repeat the above steps with updated sets of time parameters as part of a classical
optimisation loop, used to update ; . We will denote the maximum over the di erent
parameters as

Mp =max Fp(= 7): (4.10)

6. Stop when the convergence condition on M is reached, output the corresponding solution
jx i and valueM,.

The quality of the nal solution M strongly depends onp. In fact, in the original paper
they show that
pI|i1rn My = mex f(x); (4.11)

where M, depends onp through Equation (4.8). Hence, for p su ciently large optimal
angles exist such that the expected value 0f4.9) is arbitrarily close to the optimal solution.
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However, we do not know how largep has to be in order to obtain a certain quality of
approximation, nor what the values of these parameters must be. Figure 4.1 gives a
schematic overview of the QAOA procedure.

Figure 4.1:  Schematic illustration of the variational quantum approach for QAOA. Optimal
parameters are found through a loop with a classical optimiser.

4.1.1 An example: unweighted MAXCUT

We de ne some undirected graphG = (V;E), with N = jVj. In unweighted MAXCUT,
one tries to nd a partition of the graph's vertices into two complementary sets S and
T = S® =V nS, such that the number of edges between the se and the setT is as large
as possible. The objective function is
1 X
f(x)= 1 XiXj; (4.12)
(i )2E

NI

wherex; 2f 1;1g. The interpretation of this variable is that x; =1 when nodei is in the
cut S and x; =1 if nodei is in the complementary setT.

Figure 4.2: Example of MAXCUT problem instance with 5 nodes. The dotted line represents the
optimal cut, creating two subsets of two and three nodes. This results in a cut where 4 out of 5
edges are shared between the subsets which is optimal for this instance.
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The quantum analogue of this problem has the following (cost) Hamiltonian

1 X
He = = IV AVAN (4.13)

(i )2E

where Z; is the previously introduced Pauli Z-operator. This is representation works
because the eigenstatefli and jli have eigenvalues 1 and -1 respectively, so minimising
this Hamiltonian is equivalent to maximising the MAXCUT objective. Since we have no
constraints, we have that our feasible regiorF = f0; 1gN . As a mixer, we choose the standard
mixing Hamiltonian

Huy = Xi; (4.14)

and the initial state will be the superposition over all computational basis states
- 1 X
jsi= p—  jxi: (4.15)
2N
X
From these expressions we can use Equation (4.7) and (4.6) to construct our unitary operations,

and de ne a QAOA circuit for any desired value of p. To illustrate why this is useful in the
rst place, note that in this case H¢ can be written as

X
Hc = he.qij ) (4.16)
(i)
where he, i) = %I Z;Zx and (i;j ) describes the edge between nodesand j. The
expectation value of our quantum circuit is then
X D E
Fo(5~)= T~ heiy T (4.17)

(i)
We will now consider p = 1. Note that each term in summation (4.17) is then of the form
hsj Uc ( 1)”Uwm ( 1)”he.ij yUm ( 1)Uc( 1) si : (4.18)

Terms that do not involve qubits j and k commute through hc.(;; y, and therefore all terms
in Uy ( 1) and Uc( 1) that do not depend on either one of these qubits cancel out. Our
nal expression involves only qubits on edge(i;j ) and edges adjacent tq(i;j ). In fact, for
generalp one can show that the expression only depends on at most edges away from edge
(i;J ). Therefore, the calculation of F,(5~ ) depends only onp and does not grow with the
number of qubits n. However, some research indicates that for many practical casgs might
have to scale withn in order to maintain good performance, but this will be elaborated on
throughout the next chapter.

4.2 Concentration around the mean

We will now build upon our MAX@UT example to show some upper bound on the spread
of Hc measured in the state ~ = . First, consider a regular graph of degrees. For nite
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p there are only a limited amount of possible sub-graphsgy(j; k) possible, such that the
following holds:

X
Fp(7~)= wWofg(7~); (4.19)
g
where wy is the number of occurrences of sub-graply and f4(7~ ) is the contribution of

each sub-graph to the expectation value. The maximum number of qubitey,.x are needed
for f4 when the sub-graph forms a tree structure, and this number is that case equal to

I VA
Omax = 2 v D 1 (4.20)
For p xed, we want to calculate
D E D E,
~TH&=T ST He =T (4.21)
X
= i cl1 L M p C;(jk )P c;(joko Um p iiUc( 1 isi
[hsj UL (1) 222 UR ( p)H H Un ( p):::Uc( )]s

(1:k ): (1 %)
h sjUZ( 1) 21U ( p)Heii)Um () 1i:Uc (1) s
hej UE (1) 1::UY ( p)He:eweyUm (p) 225 Uc (1) jsil)
Now consider sub-graphsg(j;k) and g(j % k9. If both sub-graphs do not share common
qubits, equation (4.21) will be zero. The sub-graphsy(j; k) and g(j % k% will not have any
common qubits as long as there is no path in the instance graph frongj; k) to (j % k9 of

length 2p+ 1 or shorter, hence we can replace in Equation (4.20) with 2p+ 1 and note
that there at most

(v+1)2P*2 1

2 4.22
v 1) 1 ( )
edges(j % k9 which could contribute to the sum of (4.21). Therefore,
D E D E, 2p+2
e~ 2 L~ .~ - (v+1) 1
[} HC [} 1 HC [} 2 (V l) 1 JEJ (423)

where we used that each summand is at most 1 in norm. This result implies that the sample
mean of orderjEj? values of Hc (x) satis es jFp(~ ™) Hc(x)j 1 with probability 1 %

as we can estimateF,(~ ~) with a reasonable amount of samples.

4.3 Relation to the quantum adiabatic algorithm

Back in 2000, the same authors that proposed QAOA (Farhi, Goldstone, Gutmann but
this time with Sipser as well) published a work concerning another, but related, quantum
algorithm: the Quantum Adiabatic Algorithm, sometimes referred to axQuantum Annealing
(QA) [55]. The cornerstone of the algorithm is the Adiabatic Theorem:

Theorem 4.1. Suppose that the Hamiltonian of a system gradually changes from an initial
form H; to some nal form H¢. The Adiabatic Theorem states that if the system was initially
in the n!" eigenstate ofH;, then at the end of the process, the system will still be in the™
eigenstate ofH; .
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4.3. Relation to the quantum adiabatic algorithm

A proof of this theorem can be found in most introductory textbooks for quantum mechanics,
for example Griths' Introduction to Quantum Mechanics [56]. In QA one uses a time-
dependent Hamiltonian H (t) that interpolates between an initial Hamiltonian H; = H (0),
whose ground state is easy to prepare, and a nal HamiltonianH¢ = H(T) whose ground
state encodes the satisfying assignment for the problem you want to solveT is de ned
as the total time of evolution. Commonly, an initial Hamiltonian H; that has the uniform
superpositionj+i " as ground state is used, because it can be easily prepared on a quantum
computer. Generally, the time evolution can be represented as

H(t) = f (OH; + g(t)Hs ; (4.24)

wheref (t) and g(t) are smooth functions with boundary conditionsf (0) = g(T) =1 and
f(T)= g(0) =0. A commonly used evolution scheme is linear evolution, usindg (t) =1 t=T
and g(t) = t=T, but any scheme that satis es (4.24) and the boundary conditions is possible.

Let us now look at the unitary time evolution in quantum annealing to observe the
relationship with QAOA, where the roles of Hy, and Hy, are similar to the H; and Hg,
respectively, in the quantum annealing setting. For this, we start from the time-dependent
Schrddinger equation (See Chapter 2, Equatior(2.1)). We set ~=1 for convenience, start
at some initial time ty and describe the time evolution of some quantum statg (t)i with

the unitary operation U(t;tg) as

j (i =U(tto)j (to)i: (4.25)

The operator U(t; to) is transitive, i.e. U(tz;tp) = U(t2;t1)U(t1;t0). If we now combine(2.1)
and (4.25) we obtain the following expression

i@@%J(t;to)J' (to)i = H(U(t;to)j (to)i: (4.26)

This expression must hold for any normalised) (t)i, so we can de ne
L@ ey
|@IU(t,to) = H(t)U(t;to); (4.27)

subject to the initial condition U(to;to) = | asj (t)i = (to)i if t = tg (50 when no time has
passed yet). To nd an expression forU(t + t;tg), we Taylor expand (4.27) up to second
order in t and substitute the rst order temporal derivative to nd

Ut+ ttg)= U(tite) iH (D)U(t;te) t+ O( t?): (4.28)
By using the initial condition we obtain
Ut+ tt)=1 iH(t) t+O( t)=exp( iH(t) t)+ O( t?); (4.29)

which holds if we only concern ourselves with terms up to t. We now use the transitivity
property to derive an expression forU(t; to) for arbitrary time steps t tg. De ne time steps

=(t tp)=N, with N t to such that (4.29) is approximately precise. Plugging this
into (4.29) we obtain the following expression

W W
U(t;to) = U(to+ k;to+(k 1))= Ii[n0 expf iH (to+(k 1))a: (4.30)
k=1 © k=1
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If we are now able to write this as an exponential of a sum, we might also be able to
write it as an exponential of an integral when taking the limit ! 0. However, this would
require commutivity of H (t;) with H(t;) for every combination of t;;t; 2 [to;t]. To maintain
generality, we will therefore not make this assumption and continue by using the so-called
time-ordered exponential instead to describe the evolution [57]:

Zt
U(titg)= Texp i dH () ; (4.312)
to
where
Z, Y (i)"Z‘ Zy, Zy .
Texp i dH() =1+ K dt, dt, dt H (t1)H (t2) :::H(ty):
to k=1 * to to to

(4.32)

This integral is very hard to evaluate, but we can approximate it by using the so-called
Suzuki-Trotter decomposition. De ne two operatorsA and B with some commutation relation
[A;B]60. The rst order Suzuki-Trotter decomposition is then given by

eg(A+B) = A B 4+ O(x?); (4.33)

for some parameterx. Usually, one applies the decomposition in the following way

el AgiB N _ x(A+B)r S[AB I+ 0(,%); (4.34)
which approximates the exponential up to an arbitrarily small error as N becomes larger and
larger. We use our previously de ned discretisation oft tp into N small intervals of length

t such that we can use the Suzuki-Trotter expansion to approximate the time-ordered
exponential (4.31)

Z t N{ 1
U(tite) = Texp i dH() expf iH(k t) to: (4.35)
to k=0
We now take the H (t) from QA, as de ned in Equation (4.24)
N( 1 N{ 1
expf iH(k t) tg= expf i(f(k t)H;j + g(k t)H¢) tg; (4.36)
k=0 k=0
which can be further approximated using (4.33) to obtain our nal unitary operation that
describes the quantum annealing scheme
N1
Uoa (t;to) expf i(f(k t)Hjgexpf ig(k t)H¢) to: (4.37)

k=0

Let us slightly rewrite (4.8) in order to compare this operation with QAOA, which has its
unitary evolution de ned by

V)

Uoaoa (5~) = expf i kHwgexpf i «Hco: (4.38)
k=1
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4.3. Relation to the quantum adiabatic algorithm

Figure 4.3: Comparison evolutions as a path through state space: QAOA (bottom) versus QA
(top). Picture inspired from a gure in Ref. [58].

Inspecting equations(4.37) and (4.38), one observes that taking ¢ = f(k t), « =gk t)
and N = p one nds a way to construct the approximated quantum annealing unitary from
the QAOA unitary. Therefore, QAOA can be considered as some kind of discretised version
of QA. However, even though QAOA can be viewed as some kind of trotterised version of
QA, this does not mean that it also performs as a mere approximation. In fact, some works
use optimal control theory arguments to show how QAOA separates from QA [59, 60]. In
next chapter this will be explained in more detail.

But there is still one big elephant left in the room that we have not addressed so
far: the adiabatic theorem holds when the evolution is gradual, so how large does the
evolution time T have to be to in order to satisfy this criterion? It turns out that this
depends on the minimum energy gap min between the ground state and the rst excited
state during the evolution:

mn =INffjE1(t)  Eo(t)j : 12 [0;T]g; (4.39)

where E(t) is the ground state energy ofH (t) and E(t) is the energy of the rst excited state.
To guarantee that the systems remains in the ground state, the runtime of the algorithm
should typically scale asT = O(1= 2,,) [61]. For some Hamiltonians, this energy gap can
become exponentially small.,Finding the ground state of a problem of siz& would in this
case require a runtime ofO(" N), which for problems that grow exponentially in problem
size means that we can at most hope for a quadratic speedup (Grover-like) [62].
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CHAPTER 5

Literature review

In this chapter we will dive more deeply into the state-of-the-art QAOA literature. At the

moment of writing, no extensive survey on the topic exists. Throughout the time that |
worked on this thesis, | tried to keep up-to-date with all published QAOA literature, of which
the results are compiled into this chapter.

5.1 Properties, generalisations and variants

This section is structured such that it rst covers the most important properties of QAOA,
which are the characteristics of the depthp, its behaviour for di erent problems and their
instances, its relation to quantum annealing and optimal control theory and the fact that it
is computationally universal. In the last two subsections, we provide the reader with some
generalisations and variants of QAOA.

5.1.1 The depth p

One of the most fundamental questions of QAOA is its performance for di erent values ofp.
Whilst a lot of studies perform numerical experiments in which they vary p (to some extent)
for their problems, more rigorous analytical work showing performance guarantees have been
done as well. In the previous chapter we already mentioned how Farhi et al. [52] provided
performance guarantees for Max-3-XOR atp = 1. The original work that proposes QAOA
also contains ap = 1 performance guarantee for MAXCUT on 3-regular graphs [6]. Wang et
al. [63] extended this result, by providing an analytical expression ofp = 1 performance on
MAXCUT for general graphs. They also show that, for a special case of MAXCUT, the
analogy with the 1D anti-ferromagnetic ring can be used for analysis. In the particular
instance of MAXCUT similar to the 1D anti-ferromagnetic ring, called the ring of disagrees,
they derive analytical expressions resemble the performance of QAOA for anp. Niu et
al. [64] take a di erent approach to study the in uence of p on the performance of QAOA.
By analysing the success probability for realising state transfer in a 1D qubit chain using two
qubit XY Hamiltonians and a single-qubit Hamiltonian, they obtain analytic expressions
for the success probability as a function ofp. In the derivation of these expressions, they
assume that the time evolution under the mixing Hamiltonian is short and the same for all
iterations whilst the cost Hamiltonian is described by a time evolution resembling a Grover
oracle. In the limit of small p they show that the total number of steps QAOA requires to
reach the target state has a Grover-like dependence on the circuit depth, and fop large the
success probability actually grows exponentially inp. De ning the physical runtime as the
total number of applied unitaries, their numerical results show three di erent scenarios of
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Figure 5.1: Average performance of QAOA on unweighted MAXCUT (100 instances) as measured
by the fractional error 1 r, plotted on log-linear scale. Lines of di erent colours correspond to

tted lines for di erent problem sizes N, where the model functionis 1 r/ e P™®°, The inset
shows the dependence of the t parameter po on the system sizeN, indicating that p has to scale
with N in order to maintain a desired performance. Figure taken from Ref. [61].

success probability scaling as a function of total run time: 1) exponentially suppressed, 2)
exponentially growing and 3) steadily growing, happening in this order.

As already mentioned, most results rely on numerical work to study the behaviour
of QAOA at higher p. The result of Zhou et al. [61] also shows exponentially (stretched)
growing performance of QAOA applied on MAXCUT with increasing p, but only up to the
system size that they study. Their results indicate that p has to increase with increasing
system sizeN, as can be observed in Figure 5.1. Additionally, in practice the complexity of
the optimisation of the variational parameters increases with increasingp as well: in a large
numerical case study by Shaydulin and Alexeev [65] they nd that the approximation ratio
at some point only marginally increases withp as the gains in QAOA are cancelled out by
the increased complexity of the variational parameter optimisation.

5.1.2 Problems and instances

What makes a problem suitable for QAOA in the rst place? The performance of QAOA
seems to strongly di er for di erent problems. Willsch et al. [66] evaluate the performance
of QAOA by using three di erent measures on a set of problem instances, consisting of
weighted MAXCUT problems and 2-satis ability problems. Their results con rm that the
overall performance of the quantum approximate optimisation algorithm strongly depends
on problem type. Streif and Leib [67] investigated the kind of problems that can be solved
exactly with level 1 QAOA. For one-dimensional target sub-spaces they identify instances
within the implicitly de ned class of Hamiltonians for which Quantum Annealing (QA) and
Simulated Annealing (SA) have an exponentially small probability to nd the solution. For
two-dimensional solution sub-spaces they show that the depth of the QAOA circuit grows
linearly with the Hamming distance between the two target states: this points to a new
research direction of new encodings of combinatorial optimisation problems into problem
Hamiltonians, where the desired solution is not necessarily the ground state but rather
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exceptional in its interference (many states are close in Hamming distance).

Interestingly, in a large numerical case study by Shaydulin and Alexeev [65] it is
shown that large variations can even exist within the same class of problem instances.
For MAXCUT, Moussa et al. [68] nd that the Laplacian spectrum and the density of
the graph are critical aspects of the optimisation problem to determine the suitability of
QAOA to solve this problem. They also use a machine learning approach to decide, given a
certain MAXCUT con guration, whether QAOA or the classical approximation algorithm of
Goemans and Williamson (GW) will yield the best results.

5.1.3 More on Quantum annealing

In the previous chapter we have shown how QAOA can be thought of as a discretised version
of quantum annealing (QA). Some works consider the relation and (performance) di erences
between QAOA and QA more in-depth. Streif et al. [59] show how interference e ects
separate QAOA from Simulated and Quantum Annealing. They nd problem instances
that are exactly solvable for QAOA but for which QA and SA have an exponentially small
probability to nd the solution. Interestingly, they also show that for the problem instances
they consider an e cient classical algorithm exists that also is able to nd the solutions.

In a bench-marking study comparing the performance di erences of QA and QAOA on
problem instances consisting of weighted MAXCUT problems and 2-satis ability problems,
Willsch et al. [66] show that the D-Wave 2000Q quantum annealer outperforms QAOA
executed on a simulator (IBM simulator and IBM Q Experience) based on their three
di erent measures.

5.1.4 Relation to optimal control theory

Various authors also made the link between QAOA and optimal control theory. Yang
et al. [69] view VQA as a closed-loop learning control problem and apply Pontryagin's
minimum principle of optimal control theory to show that the optimal protocol for VQA
has a bang-bang (square pulse) form. They also show that operations of QAOA are of
this form, providing justi cation for the algorithm's performance. However, more recent
work by Brady et al. [60] in the context of optimal control theory shows that in general, the
optimal procedure has the pulsed (or “bang-bang') structure of QAOA at the beginning and
end but can have a smooth annealing structure in between ("bang-anneal-bang’). This would
mean that a procedure that combines QAOA and quantum annealing would be the optimal
procedure according to optimal control theory.

5.1.5 Universal computation

Interestingly, QAOA also turns out to be a universal quantum algorithm. In 2018, Lloyd [70]
was the rst to show that QAOA can be used to perform universal quantum computation: the
dynamics of QAOA can be programmed to perform any desired quantum computation. The
Hamiltonians required for this can be as simple as homogeneous sums of single-qubit Pauli
X's and two-local ZZ Hamiltonians on a one-dimensional line of qubits. Morales et al. [71]
extended upon this work. Their work provides complete proof that, under some precise
conditions that are de ned in the paper, one-dimensional QAOA is quantum computationally
universal.
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5.1.6 Generalisations

Perhaps as a stepping stone to his more seminal work we will discuss in the next paragraph,
Had eld et al's [72] 2017 paper provided a framework for designing QAOA circuits for a
variety of combinatorial optimisation problems, with both hard (must be met) and soft
constraints (want to minimise the violation). For a large variety of problems they discuss the
design of the problem and mixing Hamiltonians, amongst which are: maximising properly
coloured edges, nding graphs' chromatic number, the travelling salesman problem and
single machine scheduling. This year, Ruan et al. [73] further generalised this by formalising
di erent constraint types to linear equalities, linear inequalities, and arbitrary form in the
context of QAOA.

Arguably, the most important generalisation is also by Hadeld et al. [54] in the
form of the Quantum Alternating Operator Ansatz *. This generalises QAOA by considering
more general parametrised families of unitaries rather than only those corresponding to
the time evolution under a xed local Hamiltonian, for a time speci ed by the parameter.
This Ansatz supports the representation of a larger, and potentially more useful, set of
states than the original formulation. In the same work they also lay out design criteria for
mixing operators, detail mappings for eight problems, and provide a compendium with
brief descriptions of mappings for a diverse array of problems. This establishes this work
rmly as a reference in the eld of QAOA. In the work of Wang et al. [74], they show
one of the rst results using this generalisation. By using the generalisedV -state and an
XY -Hamiltonian as mixer, they show that for the MAX- -Colourable-Sub-graph problem
this setup outperforms the original QAOA formulation that uses a penalty function in the
problem Hamiltonian to encode the constraints.

5.1.7 Variants

QAOA has also inspired researchers to come up with similar algorithms. Wei Ho and
Hsieh [75] de ne the variational quantum-classical simulation (VQCS), which utilises a
guantum simulator and a classical computer in a feedback loop for the purpose of preparing
a non-trivial quantum state. Marsch and Wang [76] change the QAOA state evolution
to alternating quantum walks and solution-quality-dependent phase shifts, and use the
guantum walks to integrate the problem constraints of NPO problems. They also apply
this scheme to minimum vertex cover, showing promising results using only a xed and low
number of optimisation parameters. Bapat and Jordan [77], using bang-bang control as a
design principle for quantum optimisation algorithms, de ne a new version of simulated
annealing, BBSA, which uses a bang-bang procedure similar to QAOA. They show that
on their two bench-marking instances the bang-bang control algorithms (QAOA, BBSA)
exponentially outperform both classical and quantum annealing-based algorithms (QAO and
SA). An iterative version of QAOA that is problem-tailored, developed by Zhu et al. [78], is
shown to converge much faster than conventional QAOA on a class of MAXCUT problems.
Bartschi and Eidenbenz [79] propose another variation to QAOA, called GM-QAOA, which
uses Grover-like selective phase shift mixing operators. It is designed to perform well for
constraint optimisation problems, but in theory works on any NP optimisation problem for
which it is possible to e ciently prepare an equal superposition of all feasible solutions. They
apply their formalism on MAX- k-vertex-Cover, TSP and Discrete Portfolio Rebalancing.

1This is also the generalisation we used in Chapter 4. As a bonus they were even able to maintain the
original abbreviation for the quantum approximate optimisation algorithm (QAOA) for their generalisation.
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Zhang, Zhang and Potter [80] propose a general framework for modifying QAOA, using QED
inspired mixing Hamiltonians that preserve ow constrains, to solve constrained network ow
problems. They numerically compare the performance of modi ed QED-QAOA and original
(X -mixer) QAOA on a (classically easy) ow maximisation problem, and show that the quality
of approximate solutions increases in a way that is consistent with exponential-in-problem
size scaling. Egger, Marefek and Woerner [81] create a new way of QAOA initial state
generation by using fractional solutions from relaxed combinatorial optimisation. Results for
recursive QAOA applied on MAXCUT problems show a systematic increase in the size of the
obtained cut for fully connected graphs with random weights, when Goemans-Williamson
randomised rounding is utilised as a warm start. Finally, we would like to highlight the work
by Li et al. [82] in which they propose modi cations to both the Ansatz and variational
parameter prescription of QAOA. The authors de ne the Gibbs objective function and
Ansatz Architecture Search (AAS), which has the same variational parameters as QAOA
but improved performance on certain Ising-type problems. The Gibbs objective function
is an alternative to the energy expectation value for optimising the variational parameters,
and AAS is a method for searching the discrete space of quantum circuit architectures for
superior gate layouts. The reason that the Gibbs objective function has an advantage over
using the expected energy of the cost Hamiltonian, is due to the fact that the exponential
pro le rewards increasing the probability of low energy, and de-emphasises the shape of the
probability distribution at higher energies.

5.2 Parameter optimisation

The optimisation of QAOA parameters is itself a NP-hard problem: the optimisation
objective is non-convex with low-quality non-degenerate (the Hessian has an eigenvalue 0)
local optima [47, 61]. Therefore, classical optimisation or any other strategy to nd good
parameters are crucial in order to obtain good performance. One of the rst works that
speci cally focuses on parameter nding was the work by Guerreschi and Smelyanskiy [83],
in which they study how the overall performance of the variational algorithm is a ected by
the precision level and the choice of the optimisation method. Their results indicate that
gradient methods (and quasi-Newton optimisers in particular) seem to be more e ective than
gradient-free ones for QAOA, however this does not su ce to claim that such optimisation
procedures are the most suitable for hybrid schemes in general. In addition, we will later see
that this might considerably change when we introduce noise into the system.

Another approach was to adopt machine learning to train the QAOA algorithm by
Wecker et al. [84]. In their approach, the goal is to nd a quantum algorithm that, given an
instance of Max2Sat, will produce a state with high overlap with the optimal state. Using
machine learning, a set of instances and optimised parameters was chosen to produce a large
overlap for the training set. Testing the trained quantum optimiser on other random instances
show improvement over annealing, with the improvement being most notable on the hardest
instances. More groups have taken machine-learning approaches since. Khairy et al. [85]
report that their policy network, trained through reinforcement learning, can reduce the op-
timality gap by a factor up to 8.61 compared with other o -the-shelf optimisers tested. They
later extend upon this work, including another machine-learning approach in the form of ker-
nel density estimation (RDE), and show that they can reduce this optimality gap even further
by factors up to 30.15 (compared with the other commonly used optimisers) [86]. Other works
using forms of reinforcement learning include that of Garcia-Saez et al. [87] and Yao et al. [88].
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Other groups try to enhance the procedure whilst sticking to more conventional op-
timisation methods. Shaydulin et al. [89] study the use of a multi-start optimisation
approach, using six derivative-free optimisers, within QAOA to improve the performance on
graph clustering problems. Roch et al. [90] show that the usage of a Cross-Entropy method,
which shapes the solution landscape of the variational parameters in QAQOA, allows the
classical optimiser to escape local optima more easily. They also empirically demonstrate
that this approach can reach a signi cant better solution quality for the Knapsack Problem.
Sung et al. introduced a new optimisation method designed for superconducting qubit
processors called Model-Gradient-Descent (MGD). It is a surrogate model-based algorithm
designed to improve the reuse of collected data, by estimating the gradient using a
least-squares quadratic t of sampled function values within a moving trusted region. In a
large-study of hyper-parameter optimisation for a broad class of optimisers, they show that
1) hyper-parameter optimisation can be very important and that 2) MGD gives good results
on their experiments with MAXCUT on 3-regular graphs, the Sherrington-Kirkpatrick model
and the Hubbard model. They also show how hyper-parameter optimisation can greatly
enhance the performance.

A lot of the work uses optimisers from the SciPy package [91], but for more noisy
simulation one might also consider optimisers provided in the scikit-quant package by
Lavrijsen et al. [92]. They study more advanced optimisation methods, speci cally designed
for noisy functions, from the eld of applied mathematics and show how these outperform
gradient-based optimisers in the presence of noise.

As p increases the optimisation problem generally increases in diculty. However,
might there be a connection between di erent parameters that we can exploit? In a work
we already mentioned before, Zhou et al. also investigated the relation of the values of
higher depth parameters to lower depth [61]. They exploit this structure to create two
e cient parameter-optimisation heuristics to generate initial pints for the QAOA parameter
optimisation, called FOURIER and INTERP:

INTERP For a given instance, iteratively optimise QAOA starting from p =1 and increment
p after obtaining a local minimum (~b ; "FE). To optimise for p+ 1, we take the optimised
initial parameters from level p and produce initial points (~8+1 ; ~3+1) according to
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for i = 1;2;:::;p+ 1. [~]; denotes the i-th element of parameter vector ~, and
5 0= b orp = 0. The expression for™),, is the same but we replace !
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which is also known as the Discrete Sine/Cosine Transform, wheray and v, can be interpreted
as the amplitude of the k-th frequency component for~ and ~, respectively. When optimising
for p+ 1, the initial parameters are generated by re-using optimised amplitudeqd; v) from
level p.

A comparison of three di erent optimisation routines, with and without these strategies,
applied to 10 MAXCUT instances of 14-vertex w3R graphs is shown in Figure 5.2.

Figure 5.2:  Comparison of di erent optimisers applied to 10 instances of weighted 3-regular
MAXCUT problems with 14 nodes. Initial points are generated through FOURIER, INTERP or at
random (RI). r is de ned as the approximation ratio. Picture taken from Ref. [61].

We already showed in Chapter 4 how the work by Brandao et al. [93] shows that, if the
parameters are xed and the instance comes from a reasonable distribution, the objective
function value is concentrated in the sense that typical instances have (nearly) the same
value of the objective function. This indicates that it is possible to run QAOA in a way
that reduces, or even eliminates, the use of the optimisation loop and may allow us to nd
good solutions with fewer calls to the quantum computer. Many works use this principle for
initial state generation: they try very hard to solve one instance, and use this as an initial
point for similar instances.

Some works also illustrate that it is possible to nd values of the variational para-
meters without using classical optimisation at all. In the work by Streif and Leib [94], they
present a strategy to nd good parameters for QAOA based on topological arguments of the
problem graph and tensor network techniques. In all their investigated cases, the results
using the Tensor Network methods were either comparable or better than QAOA with training.

5.3 Applications, practical aspects and experiments

The following section gives an overview of all work in which QAOA is applied to specic
problems in a certain eld, and serves as a reference for the reader interested in performance
results within a speci ¢ eld.
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5.3.1 Mathematics & Computer Science

Cook, Eidenbenz and Bértschi [11] apply QAOA to the problem of MAX-k-vertex cover,
extensively varying in di erent problem setups to investigate QAOA's performance. Their
work includes a performance comparison between easy-to-prepare classical states and Dicke
states, a performance comparison between twXY -Hamiltonian mixing operators, an
analysis of the distribution of solutions via Monte Carlo sampling, and the exploration of

e cient angle selection strategies. They show that the usage of Dicke states improves the
performance compared to the easy-to-prepare classical states, the complete graph mixer
improves performance relative to the ring mixer con rming the results by Wang et al. [63].
Their results also indicate that the standard deviation of the distribution of solutions
decreases exponentially irp and that angle parameters are correlated such that they behave
similarly to a discretised version of the Quantum Adiabatic Algorithm.

Multi-colouring problems, which have applications in ight scheduling, frequency al-
location in networking and register allocation, were solved using QAOA by Oh et al. [12].
Their results show that QAOA (and VQE) can nd one of the best solutions for each
application they investigated, strengthening the case that QAOA can nd an optimal
solution in polynomial time for combinatorial problems in various elds.

Multiple formalisms have been proposed for solving MAXk-CUT using QAQOA. Fuchs et
al. [13] provide an encoding that provides an exponential improvement for the number of
qubits needed compared to previous encodings with respect th. They test the algorithm
and show that for k = 2; 3; 4 the algorithm is a good candidate to show quantum advantage
on NISQ devices.

Shor's algorithm for factoring was (and still is) one of the key algorithms to propel
the quantum computing eld, but its execution requires hardware still way beyond the
currently accessible NISQ devices. Anschuetz et al. [14] apply QAOA on the factoring
problem by mapping the factoring problem to the ground state of an Ising Hamiltonian
which energy is to be minimised. They show that it is in principle possible to factor using
QAOA, but note that it is still an open question whether it will work under realistic
constraints posed by imperfect optimisation methods and noise on quantum devices.

An and Lin [15] demonstrate that with an optimally tuned scheduling function,
adiabatic quantum computing is able to solve a quantum linear system problem (QLSP)
with polynomial runtime. This result also has implications for QAOA: with an optimal
control protocol it should be able to achieve the same complexity in terms of the runtime,
making it suitable to solve QLSP.

We have already seen that ML techniques can help in the variational process of
QAOQOA, but Verdon et al. [16] show that a QAOA-like algorithm can also in itself solve
deep learning problems. They introduce the Backwards Quantum Propagation of Phase
errors (Baqgprop) principle, a central theme upon which they construct multiple universal
optimisation heuristics for training both parametrised quantum circuits and classical deep
neural networks on a quantum computer. The Quantum Dynamical Descent unitary is of
the form of QAOA, with the cost Hamiltonian being the e ective phase shift induced on the
parameters and the mixer Hamiltonian made up of generators of shifts of each register.
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Matsumi et al. [17] investigate the use of QAOA employing quasi-maximum-likelihood for
the decoding of classical channel codes. Fgr= 1, they derive theoretical expressions for the
cost expectation for arbitrary binary linear codes. In addition, for the (7;4)-Hamming code
they analyse the impact of the degree distribution in associated generator matrix on the
quantum decoding performance. Finally, they demonstrate the QAOA decoding performance
in a real quantum device.

A perhaps more surprising application of QAOA was proposed by Szegedy [19],
who showed that QAOA can be used for graph structure discovery the most important
property being isomorphism by omitting the time-consuming parameter optimisation phase
and utilising the dependence of QAOA energy on the graph structure for (randomly) chosen
parameters to learn about graphs.

Verdon et al. [95] show that it is possible to apply QAOA to continuous optimisa-
tion problems. They introduce QAOA in the context of continuous optimisation by
describing the algorithm in the model of continuous-variable quantum computing, where
registers are quantum harmonic oscillators characterised by position and momentum
operators. In addition, they also show that the algorithm allows for quadratic speed-up
(similar to Grover's algorithm) for search problems.

5.3.2 Physics

The Sherrington-Kirkpatrick model is a mean- eld model for a spin glass a disordered
magnetic alloy that exhibits unusual magnetic behaviour. Farhi et al. apply QAOA to this
problem and propose a method for calculating, in advance, what energy the QAOA will
produce for given parameters at xed p in the in nite size limit for this model [10]. They
nd optimal parameters up to p=8.

Wauters, Mbeng and Santoro [9] study the performance of QAOA on the fully con-
nected p-spin model. Traditionally, QA was the tool to solve this problem but it is limited
by the smallest gap encountered during the evolution, which vanishes in the thermodynamic
limit when the system crosses a phase transition. They show that QAOA is able to nd
exactly the ferromagnetic ground state with polynomial resources, even when the system
encounters a rst order phase transition. However, they are unable to construct minima in
the energy landscape associated with smooth parameters ;

5.3.3 Biology

In 2018 Fingerhuth et al. [7] were the rst to apply QAOA on a biology problem: lattice
protein folding. Lattice protein models are coarse-grained representations of proteins
that can be used to explore a vast number of possible protein conformations and to infer
structural properties of more complex atomistic protein structures. Using di erent types of
mixer Hamiltonians, they nd that the best one obtains a maximum ground state probability
of 0.477.

Tse et al. [8] use QAOA as an approach to image segmentation. They demonstrate
their approach on small arti cial and medical datasets, which comes from a coronary
angiogram of the artery. A coronary angiogram is a procedure that uses X-ray imaging to see
your heart's blood vessels. The test is generally conducted to see if there is a restriction in
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blood ow to the heart. The data size is currently constrained only by the size of currently
available quantum hardware, so the authors note that future development depends on the
development of quantum hardware.

5.3.4 Other applications

Another notable application of QAOA is in logistics. Vikstal et al. [96] apply QAOA to the
tail assignment problem in airplane allocation (mapped onto the Exact Cover problem), and
use real world data to test their algorithm. They do not benchmark their results against
classical algorithms though. Utkarsh, Behera and Panigrahi [97] attempt to solve the Vehicle
Routing Problem (VRP). They conclude that in general, for a nite value of p, there is no
guarantee that the solution achieved by QAOA corresponds to the most optimal solution of
the original combinatorial optimisation problem.

QAOA was also applied on the discrete portfolio optimisation problem in nance,
by Hodson et al. [20]. Portfolio rebalancing is the process of realigning the weightings of a
portfolio of assets it involves periodically buying or selling assets in a portfolio to maintain
an original or desired level of asset allocation or risk. Their results give an indication the
potential tractability of this application on Noisy Intermediate-Scale Quantum (NISQ)
hardware, identifying portfolios within 5% of the optimal adjusted returns and with the
optimal risk for a small eight-stock portfolio. They also compare the performance of the
original QAOA [6] to the Quantum Alternating Operator Ansatz [54], and nd that for their
speci c case the quantum alternating operator Ansatz is superior compared to the original
guantum approximate optimisation algorithm.

5.4 Practical aspects

In this section we will consider the practical aspects that deal with the actual hardware
implementation of QAOA. In general, it has been shown that the general circuit depth of the
QAOA formulation of a combinatorial optimisation problem has to be at least the chromatic
index of the corresponding graphG by Ostrowski et al. [98].

5.4.1 Compilation

One of the rst works focusing on the compilation of QAOA is by Venturelli et al. [99]. In
particular, they look at the compilation of QAOA to superconducting hardware architectures

by framing compilation as a temporal planning problem. They verify this approach
numerically by testing it on a range of compilation problems of QAQOA circuits of various
sizes to a realistic hardware architecture. This approach is surpassed by the later work of
Oddi and Rasconi [100]. Their GRS (greedy randomised search) procedure, which synthesises
NN-compliant quantum circuit realisations starting from a set of instances of QAOA tailored

for the MAXCUT problem, outperforms the temporal planner approach by Venturelli et

al. [99].

Another contribution to the compilation on superconducting hardware is by Ab-
rams et al. [101]. They present an implementation ofXY (; ) in a superconducting qubit
architecture, making it possible to reduce circuit depth in (for example) MAXCUT QAOA.

Pichler et al. [102] devise an architecture to solve the maximum independent set
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(MIS) problems with QAOA using neutral atom arrays trapped in optical tweezers.
Appendix D gives a short introduction to such quantum computing hardware systems. They
show that solutions of MIS problems can be e ciently encoded in the ground state of
interacting atoms in 2D arrays by utilising the Rydberg blockade mechanism.

5.4.2 Noise resilience

Real quantum computers will be noisy in particular the NISQ devices are expected to be
subjected to noise. Several studies tried to focus on the noise resilience of QAOA. Alam,
Ask-Saki and Ghosh [103] investigate the impact of various noise sources on the performance
of QAOA both in simulation and on a real quantum computer from IBM ( superconducting).
Their results indicate that optimal number of stages (value of the depth p) for any QAOA
instance is limited by the noise characteristics (gate error, coherence time, etc.) of the
target hardware, which contradicted the at that time current perception that higher depth
QAOA will provide monotonically better performance for a given problem compared to the
low-depth implementations.

A more general work by Xue et al. [104] studies the e ects of typical quantum
noise channels on QAOA. The output state delity, the cost function, and its gradient
obtained from QAOA decrease exponentially with respect to the number of gates and noise
strength. They conclude that noise merely attens the parameter space without changing its
structure, so optimised parameters will not deviate from their ideal values.

Dong et al. [105] looks at potential solutions to enhance the noise resilience: they
demonstrate that the error of QAOA simulation can be signi cantly reduced by robust
control optimisation techniques, speci cally, by sequential convex programming (SCP). The
achievable delity of QAOA can signi cantly decrease in the presence of uncertainties in the
Hamiltonian.

Wang et al. [106] show that noise in variational quantum algorithms causes the
training landscape to have a barren plateau (vanishing gradient), for which the gradient

vanishes exponentially in the number of layers. This is illustrated in Figure 5.3, which

shows the concept of the Noise-Induced Barren Plateau (NIBP) and its e ect on QAOA

performance. This means that any variational quantum algorithm with a noise-induced

barren plateau will have exponential scaling, which destroys the quantum speed-up. This has
potentially large consequences for QAOA ifp has to scale with problem size. Error-reduction

is proposed as the (obvious) strategy to overcome this problem.

5.4.3 Experiments on quantum Hardware

We would like to highlight three papers that focus specically on QAOA experiments
performed on two di erent types of quantum computers: superconducting qubits and trapped
ions.

Superconducting

Otterbach et al. [46] use QAOA in conjunction with a gradient-free Bayesian optimisation
to train the quantum machine to solve clustering. The QAOA optimiser was run on a
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Figure 5.3: Left: Schematic diagram of the Noise-Induced Barren Plateau phenomenon. Note how
the cost function landscape changes as the problem size increases. Right: QAOA performance in the
presence of noise. Pictures taken from Ref. [106].

quantum processor consisting of 20 superconducting transmon qubitswith xed capacitive
coupling. The run time for 55 Bayesian optimisation steps with 2500 measurements per step
is approximately 10 minutes. This run time includes network latency in the communication
between the quantum processor and the classical processor running the high-level hybrid
algorithm, as well as many other factors such as circuit compilation and job scheduling.
For random problem instances, the vast majority of the traces reach the optimum of the
clustering problem in fewer than 55 steps, demonstrating the potential of a hybrid quantum
algorithm for clustering on a NISQ.

Google Al and collaborators. [107] use Google's Sycamore superconducting qubit
guantum processor to run QAOA algorithms in solving Hardware grid problems with graphs
matching the hardware connectivity, MAXCUT on 3-regular graphs and the fully connected
Sherrington-Kirkpatrick model (see Figure 5.4). For problems de ned on the hardware graph
topology they obtain an approximation ratio that is independent of problem size and observe,
for the rst time, that performance increases with circuit depth. For problems requiring
compilation (the MAXCUT and Sherrington-Kirkpatrick model), performance decreases
with problem size but still provides an advantage over random guessing for circuits involving
several thousand gates. This emphasises the importance of compilation of problems into real
quantum hardware.

Trapped lon

The rst report of an experimental implementation of QAOA on a trapped ion quantum
simulator was by Pagano et al. [108]. Their goal is to estimate the ground state energy of the
transverse eld Ising model with tunable long-range interactions. Their algorithm uses up to
40 trapped-ion qubits, which was at that point the largest ever realised on a quantum device.
Single-shot high-e ciency qubit measurements in di erent bases give them access to the
full distribution of bit-strings that is di cult (or potentially impossible) to model classically.

2Due to a fabrication defect, one of the qubits not tunable. Consequently, the device is treated as a
19-qubit processor (hence the name Rigetti 19Q) instead.
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Figure 5.4: Left: hardware topology of Google's Sycamore. Middle: QAOA performance as a
function of problem size, n. Each data point is the average over ten random instances (standard
deviation given by error bars). Right: QAOA performance as a function of p on the hardware grid
problems. In ideal simulation, increasing p increases the quality of solutions. However, for larger p
the hardware errors dominate the potential gain. Pictures taken from Ref. [107].

With the addition of individual control over the interactions between qubits, their approach
can be employed in this experimental platform to give insight into quantum chemistry and
hard optimisation problems, such as MAX-SAT or exact cover, or be used for the production
of highly entangled states of metrological interest.

5.5 Quantum supremacy?

But perhaps the most interesting question is whether QAOA can be used to obtain
quantum supremacy. The rst attempt to answer this came from Farhi [109], one
of the original contributors to the original paper. He and co-author Harrow show
that, based on plausible conjectures from complexity theory, there are choices of,

and the cost function such that even at the lowest depth f = 1) QAOA can not
be e ciently simulated using a classical computer. Their argument is based on the
fact that if this would be possible, then this would also imply that P = NP. From this

they conclude that QAOA is a great candidate for early demonstration of quantum supremacy.

In 2018, Crooks et al. [110] published the results of QAOA optimised on batches of
problem instances. They report that their results exceed the performance of the classical
polynomial time Goemans-Williamson [111] algorithm (the best known classical algorithm
for MAXCUT) with modest circuit depth in solving MAXCUT problems, as displayed

in Figure 5.5. The performance with xed circuit depth is insensitive to problem size.
However, they also state in their conclusions that their observations are suggestive only it
is prohibitively expensive to classically simulate the quantum MAXCUT algorithm on
anything but small graphs. De nitive proof will have to await the anticipated arrival of a
quantum computer with su cient gate delity able to execute the algorithm on a larger
scale. A month after this publication, Guerreschi and Matsuura [112] tried to quantify the
order of number of qubits we would need to reach this point (Figure 5.6). Their numerical
results show that classical solvers are very competitive until several hundreds of variables are
considered for MAXCUT. Therefore, quantum speed-up would require hundreds of qubits
which is still out of reach for the current state-of-the-art quantum hardware (53 qubits,
IBM [113]).

49



5. Literature review

Figure 5.5: Left: Average approximation ratio of QAOA on MAXCUT with 10 nodes. The total
data-set consisted of Erd®s Rényi 100 graphs with edge probability 0.5. Right: Approximation
ratios of QAOA on MAXCUT as a function of the problem size N, also showing the performance of
the Goemans-Williamson algorithm on the same test sets. QAOA exceeds the performance of the
Goemans-Williamson algorithm by p =18 (P represents the QAOA depth p in these gures). Picture
taken from Ref. [110].

Imposing ne-grained versions of the non-collapse assumption, Dalzell et al. show
that Quantum Approximate Optimisation Algorithm (QAOA) circuits with 420 qubits

are large enough for the task of producing samples from their output distributions up to
constant multiplicative error to be intractable on current technology [114].

Figure 5.6:  Computational cost of solving 3-regular MAXCUT with QAOA. The blue lines
correspond to the (classical) AKMAXSAT solver, and the red and green marks to QAOA for p=4
and p = 8, respectively. The areas indicate a 95% con dence interval for linear regression performed
on the actual data for the QAOA algorithm. Picture taken from Ref. [112].
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Figure 5.7: f = E$A°A min(Hsar ) plotted against clause density for the 3-SAT problem. Note
how f increases as the clause density increases, which means that the expectation value of the
QAOA state is further away from the optimal solution.

However, there is also work that nuances our expectations for QAOA. Results by Hastings [115]
suggest that local classical algorithms are likely to be at least as promising as the QAOA
for (some problems of) approximate optimisation. By investigating instances of triangle-free
MAXCUT and Max3Lin2 with di erent degrees, he nds that QAOA cannot achieve the
same scaling as can be done by their de ned class of global classical algorithms. In addition,
Akshay et al. [116] report that QAOA exhibits a strong dependence on a problem instances
constraint to variable ratio (Figure 5.7): this problem density places a limiting restriction on
the algorithm's capacity to minimise a corresponding objective function (and hence solve
optimisation problem instances), indicating that some classes of optimisation problems might
be more suitable to QAOA than others.

5.6 Summary

QAOA has been generalised into the Quantum Alternating Operator Ansatz. The work by
Had eld et al. [54] provides guidelines to transform an optimisation problem into a QAOA
formulation. It is preferred to have the initial state and mixer encoding the feasible subspace,
as the use of penalty functions generally leads to inferior performance. There are also many
variants to QAOA that might be more suitable for some problems.

Increasing the circuit depth p in theory always increases the performance of QAOA, but in
practice this is limited (in a sense that it might lead to marginal gains or even a decrease in
performance) by the increased complexity of the variational optimisation and additionally

introduced noise in the quantum circuit.

There is no such thing as a ‘free lunch' when it comes to classical optimisers: dif-
ferent optimisers perform dierently on dierent problems, and hyper-parameters
optimisation might turn one of the worst-performing optimisers in one of the best. However,
we can generally say that in noise-free simulations, gradient-based optimisers might lead to
the fastest convergence but in the presence of noise gradient-free black-box based optimisers
might be more suitable. This is due to the fact that noise causes the training landscape to
have a barren plateau, for which the gradient vanishes exponentially in the number of layers

51



5. Literature review

of gate operations.

However, the good news is that good parameters values for instances belonging to
the same class of problems are concentrated in parameter space this greatly helps in the
classical optimisation step. In fact, there are works that even argue that QAOA might be ad-
opted without the classical optimisation step as long as you have access to good initial points.
Additionally, methods like FOURIER and INTERP exploit relationships between di erent

7~ for di erent values of p such that good initial points can be obtained. This is particu-
larly useful for problems that require high values ofp in order to obtain su cient performance.

The performance of QAOA very much depends on the type of problem. Amongst
the factors that need to be incorporated in determining the potential of QAOA on a problem
are the constraint to variable ratio, the complexity of the cost and mixing Hamiltonians and
chromatic number in case of a graph problem. In particular whether the constraints can be
encoded into an e cient mixer is an important measure, as penalty function approaches
have generally shown to have inferior performance.

There have been experimental studies on superconducting and trapped ion hard-
ware. However, the performance generally degrades as the problem geometry (graph
problems) is di erent from the actual hardware structure. Improved compilation, error
reduction and error mitigation is needed to obtain better performances on these problems.

5.7 Open problems

Only for very speci ¢ problems and usually at low depth p, researchers have so far been
able to obtain performance guarantees for QAOA, therefore most work relies on numerical
bench-marking. It remains to be shown whether bounds can be obtained for more problems,
in particular for p > 1.

The biggest problem with numerical bench-marking is the fact that it only allows

for the study of small instances. Since even for these small instance sizes some results
indicate that p already has to grow with the problem size, the optimisation landscapes
increase in di culty (but the way in which this happens is also not yet clear) and noise leads

to vanishing gradients in these landscapes we are not sure how scalable QAOA truly is, or
whether relevant quantum supremacy can be achieved on NISQ devices in the rst place.
And if this is possible, for which problems does this hold and for which not?

On a more specic level, more research is also needed into the variational paramet-
ers: for some problems it has been shown that the values of optimal parameters can be
derived analytically, but is this also the case for any type of problem? And if not so, what
are the best alternatives to derive these values?

Experimental considerations greatly restrict the potential of the algorithm. E ects

of noise and compilation, as well as other problems that arise from hardware implement-
ation, have so far been understudied. However, progress here is mainly tightened to the
hardware developments, as actual experiments are the best way to test the actual performance.

QAOA essentially seems to be able to provide some sort of polynomial time ap-
proximation scheme for every optimisation problem: in theory we can get arbitrarily close to
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the optimal solution as we increasep (and therefore the runtime), if we have access to good
variational parameters ; . This means that QAOA has the potential of better quality of
solutions, a better runtime or both. However, how largep has to be in order to obtain some
approximation ratio that cannot be obtained through a classical algorithm for a certain
problem, and whether this is still polynomial in p has yet to be proven.
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CHAPTER 6

Hamiltonian formulations for correlation
clustering

In this chapter several Hamiltonian formulations for correlation clustering will be introduced.
Some are naturally more suitable for di erent types as hardware, and they generally have
di erent energy landscapes in their QAOA implementation. We consider three main
encodings: an edge-based, one-hot and multi-level encoding. After the encodings and their
Hamiltonian formulations are introduced, we will discuss their circuit implementations,
circuit complexities and look at an example. Finally, we will perform numerical experiments
to get an indication of how the di erent formulations compare to one another in terms of
performance.

Our objective functions are always formulated in the MIN-(AGREE-DISAGREE)-
objective.! In the section on the numerical results we will show how we can convert this to
the MAX-AGREE-objective.

Figure 6.1: Schematic illustration indicating the way the variables encode the correlation clustering
problem. The edge-based and one-hot formulations use binary variables, the multi-level formulation
an integer variable. Throughout the text the di erent formulations will be explained.

6.1 Overview of Hamiltonian formulations

This section gives three di erent possible formulations for correlation clustering in the
QAOA setting. Every formulation is de ned by its variable domain, cost Hamiltonian,

mixing Hamiltonian and initial state. In general, we consider correlation clustering problems
described by a graphG = (V; E) with edge weightsw(,,) 2f 1;1gand N = jVj. We also

1This is more natural when using Pauli Z operators since this operator has eigenvalues “+1' and *-1.
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6. Hamiltonian formulations for correlation clustering

de ne a cluster mapping C(u) : V! K that indicates the cluster label of nodeu, where

the setK = f0;1;:::; 1g de nes the labels of all possible clusters. For each formulation,
an overview is given at the end of the section. Throughout the rest of the work, we will
frequently refer to these formulations. Possible quantum circuit implementations as well as
their gate complexities are discussed in the next section.

6.1.1 Edge-based

For this formulation we put an additional constraint on the graph-type: we consider only
complete graphsG = (V;E) with edgesE = f(u;v) : u <v;v =1; iNg. We de ne
edge-encoded bit stringsx 2 f 0; 1g&/ that represent a clustering by using entriesx .y, such
that

( 0 if C(u)= C(v);

6.1
1 otherwise 6.1)

X(uv) =

In the MIN-(DISAGREE-AGREE) formulation of correlation clustering, the objective function
can be de ned usingX,) as
X
min W) (X vy 1) (6.2)
(uv)2E

In general, we can represent a Boolean variable in terms of a Paul operator as(I Z)=2
[117]. The eigenvalues o are 1,-1 with eigenvectorsjOi and jli, respectively. Therefore,
measuring (I~ Z)=2 results in either eigenstatejOi with eigenvalue 0 orjli with eigenvalue
1, as desired. We represent our objective function in the following diagonal Hamiltonian:
X
H problem = W(u;v)z(u;v) (6.3)
(uv)2E

In this sum, we use the convention that local operators are described only by their
local operation, leaving out all identity operations that operate on the remaining Hilbert
space. This convention will be used throughout the entire chapter, unless stated otherwise.
Not every element in the space ofx corresponds to a valid clustering: if for three nodes
u;v;w we have that C(u) = C(v) and C(u) = C(w), then we must have that C(v) = C(w).
This property is called transitivity . In terms of Boolean logic operators we can write this
down as

Xuv) =0 Xuw) =0) Xw) =0

or, equivalently (6.4)
Xy) =1 _ Xuw) =1 _ Xww) =0;

which must hold for all combinations of u; v; w that are part of the set of edges. For general
graphs the constraints become more complicated: cycles of every length should be considered
in this case, which makes the constraints considerably more di cult.

We can take two approaches to impose the transitivity constraints within our Hamiltonian
formulation:

1. Create a penalty function that adds a penalty value for every constrained that is
violated.
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6.1. Overview of Hamiltonian formulations

2. Construct an initial state and driver Hamiltonian that respects this constraint.

Let us rst discuss option 1 and consider 2 in the next section. In the penalty function
approach, the problem Hamiltonian is now a linear combination of two Hamiltonians:

HC = Hproblem + H constraints (6-5)

where is a penalty for violating the constraints. To construct Hgonstraints We use(6.4) and
note that the expression

1
é(l + Z(u;v))(l + Z(u;w))(l Z(v;w)) (6-6)

gives 1 for the quantum state Oq.yy Oww) I1ww) and zero for the seven other possible
states. By summing over the three possible permutations we obtain the expression for a
single triangle. Now we expand the expression and sum over all edges to obtain the nal
Hamiltonian expression for the constraints

X 1
Hconstraints = é [3 + Z(u;v) + Z(u;w) + Z(v;w) Z(u;v)Z(u;w)
u<v<w (6.7)

Z(u;v)Z(v;W) Z(u;W)Z(v;W) 3Z(u;v)z(u;w)z(v;w)]:

Since we have no restrictions on the domain, we can use the conventional Paui -mixer of
which the time evolution allows transitions from and to all possible 1-qubit states. The total
mixing Hamiltonian is the sum of Pauli X -operations on every variable:

X
Hy = X(u;v): (68)
(u;v)2E

Our initial state is the uniform superposition over all possible edge variable combinations,
e.g.

X

jsi = j+il Bl = p=—— jxi (6.9)
2iE]
x2f 0;1giE}

We have now arrived at the point which we can formally de ne all parts of our rst formulation:
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6. Hamiltonian formulations for correlation clustering

Formulation 6.1. Edge-based (EB)
Domain: Bit strings x 2 f 0; 1g&! with entries X(uv), such that

0 if C(u)= C(v);
X(uv) = -

1 otherwise.
Cost Hamiltonian:

Hc = Hproblem + H constraints ;

where Hproplem and Heonsrainis - @re given by equations (6.3) and (6.7), respectively.

The mixing Hamiltonian:

X
Hv = X(u;v)
(uv)2E
The initial state:
jsi = j+il E

Constraints through initial state and mixer?

In general, it has been shown that nding a driver Hamiltonian for an arbitrary set of
constraints is NP-hard [118]. Let us now show that, even if we nd such a driver Hamiltonian
for the transitivity constraints, it will be computationally expensive to execute this mixing
on general graphs due to the fact that it cannot be decomposed into local operations.

As already established in Chapter 4 a mixing unitary Uy ( ) is required to have
the following properties [54]:

1. Preserve the feasible subspace.

2. Provide transitions between all pairs of statesx;y corresponding to feasible points:

for all x;y 2 F there exists ;r such that
ixjUy ( )iyij >0

We make the following claim considering the design of a mixer in the edge-based encoding:

Theorem 6.1. For complete graphsG = (V; E) no k-local, wherek < jEj, mixing unitary
exists that satis es the above design criteria in the edge-based Hamiltonian formulation.

Proof. We consider some complete grapl& = (V; E) with N = jVj nodes andjE|j edges. We
de ne string x of jEj variables x(,.v) 2 f 0; 1g according to describing the edge-based state
according to (6.1). Let us rst consider the transition from a state x to another state x°in
which we want to change at one variablexy) ! X(,,- To check whether the transition

60




6.1. Overview of Hamiltonian formulations

x ! xYis allowed, we need to verify whether we stay in the feasible subspace, i.e. satis es
the transitivity constraints given by

x‘()u;v) + Xuw) ¥ Xw) 62 forall w2 Vnfu;vg: (6.10)

The largest Hamming weight change of the set oEmallest required transitions would be the
transition to (or from) state y =(1;1;:::;1), de ned as the state in which all nodes are in
the same cluster, from (or to) a statez which has all nodes but one, let us say nodg, in
the same cluster. The transition ofy ! z requires a change in Hamming weight of at least
N 1, since all variablesy ;v 2 V nfig have to change from1l to 0 as nodei is no longer
in the same cluster as all other nodew 6 i. Since anyk-local operation can only change
the Hamming weight by k, we require the operation to be at least(N  1)-local. However,
before ipping any of the edges(i;v) by the same argument as before we need to make sure
that this operation satis es the transitivity constraints (6.10) for all of these edges:

Yaiv) + Yiw) T Yow) 82 forall w2 vV nfi;vgforall v2 V nfig:

Hence, our mixer needs to operate on a total oN (N  1)=2 = jE]| variables. Therefore, the
mixing operation has to be global and cannot be decomposed into local mixing operations.

Figure 6.2:  Graphical depiction of the proof for a complete graph with ve nodes. When we
want to transition from the singleton-cluster state to the state where all nodes but one are in the
same cluster where cluster labels are indicated by the colours of the nodes we see that we need
to change at least all variables from the edges connected to this node. However, we still need to
satisfy the transitivity constraints for all triangles these edges are part of, and this accounts for all
remaining edges.

6.1.2 One-hot

We de ne bit strings y 2 f 0; 1gN  consisting of binary variablesy,; whereu 2 V andi 2 K

is a cluster label, such that (
1if C(u) =1,

i = 6.11

Yui 0 otherwise. (6.11)

In this formulation, contrary to what we had in the edge-based formulation, the total amounts
of clusters can be varied. One-hot formulations have been applied to the graph colouring
problem in the work of Wang et al. [74], which will be used for this work as a reference to be
able to de ne a similar formulation for the correlation clustering problem. Our objective and
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6. Hamiltonian formulations for correlation clustering

constraint are de ned as

X X X X
min W(u;v)yu;i Yv;i + W(u;v)yu;i yv;j

(51<'v)2Ei2K (uv)2E i68j2K (6.12)
s.t. yui =1 forallu2V:

i2K

Encoding this to a Hamiltonian requires some constants to be taken into account in order to
have the same objective value for equivalent solutions as we had for the edge-based encoding.
We write the cost Hamiltonian as '
X X '
He = a(u;v) + b(u;v) Zyilyi (6.13)
(uv)2E i2K

where a(u;v) and b(u;v) are constants. We note that this Hamiltonian only consists of
two-body terms, in contrast with the edge-based encoding that only used one-body operations.
Even though the constants are not practically relevant in the quantum circuit implementation
they only add a global phase let us derive their values for the sake of completeness. When
two nodes are in the same cluster the corresponding bit strings will be the same on all
positions, while if they are in di erent clusters the strings will di er on exactly two positions
and match on 2 places. This gives us a set of two equations ia(u;v) and b(u;v)

a(u;v)+ b (u;v) = W) (same cluste)

. (6.14)
a(u;v) +( 2)b(u;v)  2b(u;v) = W) (di erent cluster ):

Solving this set of equations(6.14) gives a(u;v) = (2 YWeuv)=2 and b(u; v) = Wy )=2,
such that our cost Hamiltonian becomes
1 X X
Hc = 5 (2 )W) + W) ZyiZyi (6.15)
(uv)2E i2K

For the edge-based encoding, we have proven that there is no “natural' way of incorporating
the constraints through the initial state and mixer. This is not the case for the one-hot
encoding, as has already been shown by Wang et al. [74]. Following their approach, we de ne
our the mixing Hamiltonian on a single nodeu as
X
hy = Xu;i Xu;j + Yu;i Yu;j ; (6.16)
(i )2R

where the pairs(i;j ) in the set R determines the connectivity of the mixer. For example,
if R=f(;j)ji<j;j =1;2; ; g, we have that we have acomplete mixing Hamiltonian
and whenR = f(i;j)ji=j+1ifj =1;2, ; landi =0 ifj = g (periodic boundary
conditions), we refer to it as the ring mixing Hamiltonian. We can choose any seR in
principle, but in our case we will always use the complete mixing Hamiltonian in the one-hot
encoding unless stated otherwise. Our full mixing Hamiltonian is obtained by summing over
all nodesu, such that

X

HM = hM : (617)
u2Vv

For the initial state we want to use a state that is a (superposition of) feasible
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6.1. Overview of Hamiltonian formulations

state(s). Using the generalised W-state which is a superposition of states with Hamming
weight 1, for every node in fact provides us with an equal superposition of all feasible states.
For a single node, this state is given by

W P0G 0ig G - g 5 619
such that our entire initial state becomes
jsi=jwi V: (6.19)

The full description of the one-hot encoding is summarised in the following box:

Formulation 6.2. One-hot (OH)
Parameters: R: the set of all possible transitions from clusteri to cluster j, : the
maximum amount of clusters.
Domain: Bit strings y 2 f 0; 1gN  with entries Y(uv), such that
(
1if C(u) =i
Yui = .
0 otherwise.
Cost Hamiltonian:
!
1 X X
HC - é (2 )W(u;v) + W(u;v) Zu;i Zv;i
(uv)2E i2K
The mixing Hamiltonian:
X X
Hy = Xui Xy + Yo Yu;j
u2V (i )2R
The initial state:
jsi = jw i M

Reducing the amounts of qubits

Currently, we have that every node can be put in every possible cluster. However, this
creates redundancy in the total solution space: we have a lot of di erent strings that resemble
identical correlation clustering solutions. For example, putting all nodes in a single cluster
with label i is the same as putting all notes in a di erent cluster with label j 6 i. Since the
one-hot encoding is very expensive in the amount of qubits it needs ), we propose the
following reduction: we give nodei access toi clusters. The amount of qubits that we then
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6. Hamiltonian formulations for correlation clustering

need, given , is then given by?

X 1 1
i+(N ) ZE( +1)+(N ) = > (2N +1): (6.20)

This requires some changes to be made in the indexing in the formulation, of which the
results are summarised in the following box:

Formulation 6.3. One-hot reduced (OHr)
Parameters: R: the set of all possible transitions from clusteri to cluster j, : the
maximum amount of clusters.
Domain: Bit strings y 2 0;1g7 @ *D with entries y,y), such that
« _
_ liftC(u) =1
o 0 otherwise.
Cost Hamiltonian:
0 1
1 X X
Hc = > @2  YWuy) + W) Zui ZyiA
(uv)2E i2Kmm( vo)
The mixing Hamiltonian:
X X
Hum = Xui Xu;j + Yui Yu;j ;
u2Vij 2R
The initial state:
0
Jst = Wmin( u)
u2Vv

6.1.3 Multi-level

We now consider a multi-level system consisting of levels. We de ne string z 2 KN
consisting of variablesz, 2 K such that z, = C(u). Our objective function is

(

X Wy if 2o = 2y

min ,
z W) otherwise

(u;v)2E

(6.21)

Having access to a multi-level system, we can now encode individual qudit states with
the cluster label jOi for cluster O, j1i for cluster 1, ::: and j 1i for cluster 1. This
formulation does not come with constraints, and therefore does not have to be formulated

2\We can actually use even one qubit less, since the rst one is xed in the one state.
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6.1. Overview of Hamiltonian formulations

using a penalty function.

We de ne a two-body interaction V according to
X X
vV = Jiuijivihiyjhiyj Jiuijivihigjhivj; (6.22)
i6j2K i2K
which is de ned by the following 2 2 (unitary-)matrix:
2 3

R O
0 1
V = : : . 1 - o : (6.23)
: : : .. 1 e e
0 ::oiyoinoninoio 001

Hence, for two nodes we have that when they are in the same (di erent) cluster(s), we
measure an eigenvalue of -1 (+1). Our full cost Hamiltonian can be obtained by summing
over all nodes including the weight between those nodes,
X
He = W(U;V)V (624)
(uv)
For both cases we need a suitable mixing Hamiltonian that can handle qudits. An example

of this is given in the work by Had eld et al [54], where the following single-qudit mixing
Hamiltonian is proposed:

X , .
hw (r) = (' +C ) (6.25)
i=1
where * is the generalised PauliX -operator given by
2 3
00 0 :::: 1
10 0 :::: 0
x=g0 1.0 07 (6.26)
00 ::xx 1 O
One observes that forr = 1, the single-qudit mixer is therefore given by
2
01 0 ::: 0 13
1 0 1 0
01 O 0
hy (r=1)= ; (6.27)
0 0
0 : 0 I
1 0 : 0 10
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such that every level is connected to its nearest neighbour, including periodic boundary
conditions. Increasingr increases the connectivity by adding more o -diagonal terms. The
full mixing Hamiltonian can be written as

X
Hy = hM . (628)
u2v
We can pick any value ofr 2 f 1;:::; 1g, where the special cases at the boundary are
called the single-qudit ring mixer for r = 1 and the fully-connected mixer for r = 1,

similar to what we had in our on-hot encoding.

We take the superposition of all qudit computational basic states as our initial
state, i.e.

jsi=jr i M= p= jzi (6.29)

z2KN

The following box summarises the multi-level encoding:

Formulation 6.4. Multi-level (ML)

Parameters:  : the maximum amount of clusters. r: parameter describing the connectivity
of the mixer.
Domain: Bit strings z2f0;:::; 1gN with entries z,, such that
(
X W,y Ifzy =2
min u;v hu . vV
2 wze W) otherwise
Cost Hamiltonian:
X
HC = W(u;v)V )
(uv)
whereV is given by (6.22).
The mixing Hamiltonian:
X X , .
HM — ( X)I +( Xy)l ,
u2Vv i=1
The initial state:
jsi=j+ i N

Reducing the state space?

In principle, we can apply the same trick we used for the one-hot encoding to reduce the total
state space this would mean that di erent qudits have access to di erent levels. However,
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the question is whether this is possible in practice. For the one-hot formulation the physical
system does not have to change (since we only use two-level physical systems), but in this case
we need systems with di erent quantum levels, which seems less reasonable from a Hardware
perspective. Therefore, we do not make this reduction in the multi-level formulation.

6.2 Circuit compilations, complexities and an example

In this section we will analyse the circuits and their complexities for three dierent
formulations : EB, OH and ML. In any complexity analysis throughout this section
we will always consider some complete graplG = (V;E), with arbitrary edge weights
W) (Usv) 2 E and N = jVj. Only complete graphs are considered because results for
their circuit complexity upper bound the results for any other graph with the same amount
of nodes. OHr is not considered as it is upper-bounded by OH.

Additionally, we will also consider the implementation for a trivial example to visu-
alise the compilation of the QAOA algorithm onto an actual quantum circuit when
p=1.

Example 6.1. We consider a correlation clustering problem instance on graplé = (V; E)
with V = f0;1,29, E = f(0;1);(0;2);(1;2)g and edge weightsfwg.qy = Liwg.y) =
1,wa.2) = 1g, as depicted in Figure 6.3. The total solution space consists o8 = 27
solutions and the set of optimal solutions is

f(0;1;0);(0;2,0);(1;0;1);(1;2,1);(2;0; 2); (2; 1; 2)g;

with an optimal number of agreements corresponding to 3. Random guessing nds an optimal
solution with probability P = 0:222 and has an expected approximation ratio (which is the
ratio of the expected objective function value and the optimal objective function value) of
r=13 0481

27

Figure 6.3: Correlation clustering example that we will use throughout this section. We have three
nodes and three edges and the optimal solution can be obtained by putting node 1 in a di erent
cluster than node 0 and 2, which are placed in a single cluster.

After all gate complexities and the quantum circuits for example 6.1 have been established,
we will show the optimisation landscapes for all considered formulations in this example
and give the best expected approximation ratio of all formulations whenp = 1. From a
practical point of view, the actual circuit depth might be more relevant that the total gate
complexity that is why we end this section with numerical results on the depths for all
considered formalisms at di erent values ofp.
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6.2.1 Edge-based

Consider the edge-based formulation as described in EB. We start withE | qubits initialised

in the zero state. To create the uniform superposition we apply a Hadamard gateH
to every qubit. The unitary corresponding to the cost Hamiltonian itself is very easy to
implement, requiring jEj Pauli-Z rotation gates. However, the added penalty term complicates
matters: we have a sum of one-body, two-body and three-body terms. Fortunately, all terms
commute since our cost Hamiltonian is diagonal by construction, and can therefore be easily
implemented. Figure 6.4 and 6.5 show how the two-body and three-body Paulz -terms can
be implemented using only CNOT andRz (2 ) operations.

o ———————
igi — D

Figure 6.4: Quantum circuit performing the operation U =expf iZ iZ;g

jgi — —
i — &

N

joki = &

Figure 6.5: Quantum circuit performing the operation U =expf iZ iZ;Zyg. [119]

This means that for every constraint we need 7Rz -gates and 10 CNOT-gates. A complete
graph has ’;“ =N(N 1)(N 2)=6 triangles, thus the amount of constraints also scales as
O(N?®). The X -mixer can be implemented byjEj Ry -gates. Putting everything together,
the EB formulation requires a jE|j qudit-system and O(N ) gate operations.

In order to solve example 6.1 we choose our penalty parameter = 3, such that
the best possible solution in the non-feasible subspace has a larger objective function
value than the best possible solution in the feasible subspace. However, there is still
overlap between the feasible subspace and the non-feasible subspace, which hopefully helps
in smoothing out the optimisation landscape. The circuit implementation is shown in
Figure 6.6:

Figure 6.6: Quantum circuit to solve example 6.1 in the edge-based formulation.

68



6.2. Circuit compilations, complexities and an example

6.2.2 One-hot

In the OH formulation, we have to set = N asN upper bounds to maximum amount
of clusters that could be needed. We start with a total of N 2-qubits in the all-zero state
again. In the rst step, we want to establish the in a superposition of all feasible states: the
previously de ned generalisedW -state (6.19). Let us rst de ne a new gate operation, called
the odds gatewhich is de ned as

r

— P_-. P
1 q
M(p:q) = p'z, B 6.30
(p D+ q q pp ( )

We can then implement the generalisedVV state for a single nodeu with just (controlled)
odds gates and (controlled)X -gates. An example for =5 is given in Figure 6.7:

i —{M(1:4) L
jou; 3 ’M—(].‘—Z)‘ $

T |
JGu; 4l M(1:1) J\ ©

jQu;sl N

Figure 6.7: Quantum circuit implementing the generalised W -state for one node with 5 possible
clusters.

Since odds gates are not “native' gates, they must in practice be approximated in terms
of elementary gates: this adds a factolog(1=) to the complexity, where is the desired
precision of the gate. In total, we requireN odds gates,N(N 2) controlled odds,N(N 1)
CNOT's and N Pauli X operations to set up our initial state.

Our cost unitary consists solely of two-body ZZ -terms (the other terms only add a
global phase), that can be implemented using the circuit in Figure 6.4. Since they are
applied on every edge for every cluster number, we have a total i (N 1)=2 of these terms.

Finally, we have the XY -mixing operation to maintain our feasible subspace. Every
XY -mixer on single nodeu that allows for transitions between clusteri and clusterj can
be implemented using the circuit in Figure 6.8, requiring two CNOT's and one controlled
Rx (2 )-operation.

i — _
J0u;j i J\D : $

Figure 6.8: Quantum circuit for the XY -mixer on a single node u that allows for transitions
between cluster i and cluster j.

The connectivity of the mixing operations to its neighbours sets the total amount of
gates that are needed. Considering a fully connected mixer, which has shown to have
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Figure 6.9: Quantum circuit in the OH formulation that encodes our correlation clustering
example 6.1.

the best performance by Wang et al. [74], we need a total oN?(N  1)=2 mixing
operations. As a result, we end up with aN ? qudit-system and O(N ) gate operations. To
implement the circuit that solves example 6.1, we need 9 qubits as is shown in Figure 6.9.

6.2.3 Multi-level

We de ne an N qudit quantum system of dimension = N, such that the computational
basis can be written asj0i ;j1i ;:::; NN 1 . All qudits are initialised in the all-zero state.
We rst consider a generalised Hadamard transformHN | which implements the following
transform

HN jji=joi+ e 9 j1i+  + ™ DI GN 10 (6.31)
that can be represented by the following matrix:
2
1 1 ::: 1
1 i 0L e i 0:(N 1)
HN = § ) _ . z: (6.32)
i (N '1)i 0:1 eN 1) i'O:(N 1)

70



6.2. Circuit compilations, complexities and an example

Figure 6.10: Quantum circuit to solve example 6.1 in the multi-level formulation (6.4).

We will assume that our cost Hamiltonian unitary can be implemented as a single two-qudit
gate, which needs to be applied on every edge. Therefore, a total amount @£j = N(N 1)=2

operations are needed. For the mixing, we have the ring-mixer that works very much like the
XY -mixer we de ned for the OH formulation. Considering the single-qudit ring mixer (r = 1)

as an elementary qudit gate, we would need jusiN of these operations. More connectivity
(r> 1) would increase the complexity in a similar way as increasing the connectivity of the
XY -mixer would. To sum it up, we needN qudits with N levels and the total amount of

qudit gates scales a®O(N?). As always, Figure 6.10 shows the circuit implementation of
example 6.1.

6.2.4 Optimisation landscapes for our example

The optimisation landscapes as a function of ; ) corresponding to our three formulations
for example 6.1 are given in Figure 6.11. Every data points is generated by taking 1000
samples from the QAOA state-vector and therefore shows slight irregularities due to the
sampling noise, as would also be the case in the actual experiment.

Figure 6.11: Optimisation landscapes corresponding to the expectation value of the cost
Hamiltonian. 1000 measurements were taken from the QAOA state, parametrised in ;

The one-hot and multi-level formulations are expected to have similar landscapes, since they
would be isomorphic if the connectivity of the mixer is identical. In the MIN-(DISAGREE-
AGREE)-objective, which was used for the Hamiltonian, we have that the maximum and
minimum values of the objective function values are 3 and 1, respectively. Therefore, these
values should bound the optimisation landscapes of the OH and ML formulations at all
parameter values. Figure 6.11 shows that this is indeed the case for those two formulations,
and one can also observe that all formulations do not attain the minimum value of 3 for
any ; . The edge-based formulation has some peaks that do exceed the maximum of
the objective, which correspond to parameter combinations that have a high probability
amplitude for states that violate the constraint.
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