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Abstract

In recent years, radar technology has emerged in various civil applications, and one of them
are the automotive vehicles. Modern cars have several radars that are used to improve driver
experience for instance in providing parking assistance. These radar sensors are placed at
di�erent positions on the vehicle to gather information about object around the car. The echoed
signal from the objects are impinging on a Minimum Redundancy Antenna (MRA) which is
used to estimate the Direction of Arrivals (DoAs). The DoA is calculated using Maximum
Likelihood Estimation (MLE) which is considered as the state of the art algorithm for MRAs.
However, the high computational complexity and the imperfections that are present in antenna
arrays makes this approach computationally expensive.

This thesis investigates the opportunities of using machine learning for DoA estimation in
these automotive radar systems. We have focussed on di�erent aspects of the DoA estimation
problem for instance imperfections, combined azimuth and elevation estimation, cost mini-
mization and number of targets estimation. These aspects have been treated as classi�cation
problems and were considered only for fully connected neural networks. The DoA estimation
results obtained with our neural networks are compared with the results obtained with MLE.

Our results have indicated that machine learning can be an attractive approach for the
existing challenges of traditional algorithms. Using this approach, the impact of imperfections
is mitigated compared to traditional algorithms. Furthermore, making use of machine learning
can decrease the required computational load by a factor of 200 to a modest memory usage
of 256 kB. This reduction is obtained through combining a shallow neural network with MLE
which makes it attractive to apply neural networks in automotive radar systems.
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Chapter 1

Introduction

1.1 Context

For a long time, radars were solely used for air defence purposes, such as long range air surveil-
lance and short-range detection of low altitude targets. In the last decade, improvements have
been made in radar technology which makes that it is now also used for many civil applications.

In commercial applications, the radar was used for weather observers and air tra�c con-
trollers, which contribute to the safety of air tra�c in airports. A more recent development
in the �eld of radar technology is the application in the automotive industry. Modern cars
already have radars that provide lane steering assistance[1] and support parking assistant. In
the coming years, the automotive industry is mainly focussing on the development of semi-self
driven cars.

Estimating the Direction of Arrival (DoA) of multiple waves impinging on an array is a
well known problem in the �eld of signal processing. Numerous methods have been proposed
to address this problem, such as multiple signal classi�cation (MUSIC)[2], estimation signal
parameter via rotation (ESPRIT)[3] and maximum likelihood estimation (MLE). These con-
ventional methods have a high computational cost and have degradation in performance in
presence of noise and reverberation. All sources impinging on the antenna array are mapped in
space. In essence, the DoAs are estimated by �nding the inverse of this mapping. In practice,
antenna arrays usually su�er from imperfections in gain, phase, mutual coupling, and antenna
positions errors. This will adversely a�ect the inverse mapping and degrades estimation per-
formance of the algorithms.

To overcome the di�culties mentioned above, a data-driven-based method is introduced
to �nd the direction of arrivals. This method has shown superior results in estimations of
the direction of arrival[4] [5]. By considering DoA estimation as a function approximation
problem, Arti�cial Neural Networks (ANN) show the abilities to establish the mapping between
a correlation matrix and directions of signal sources. As a result, factors such as imperfections
are implicitly taken into account.

1.2 Problem Statement

The company NXP Semiconductors has created a 77 GHz single-chip radar 1.1 transceiver
which is based on multiple-input multiple-output (MIMO) principle. This chip is planned to
be used in self-driving cars. Currently, NXP is working on a DoA estimation algorithm for a
sparse antenna array of 8 elements. A Maximum likelihood Estimation algorithm is considered
as the state of the art technique that produces adequate estimation results for a single snapshot,
because it seems to perform well in unfavourable conditions involving low SNR, high correlated
or coherent sources and small array apertures.
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Figure 1.1: Radar chip

A major drawback of this algorithm is the exponential grow in computations that is required
to estimate one extra source. By expanding a 1D search grid to an 2D search grid, the number
of computations is increased by C2k, where C is the computational cost for one cycle and k is
the number of signal sources. Due to the high computational costs, the real-time requirements
could not always be met any more.

Another practical problem is the existence of antenna imperfections. Those imperfections
occur due to the non-idealities in antenna arrays such as mutual coupling, position, gain- and
phase errors. These imperfections could be partly linearly compensated, but this can result in
the fact that there does not always exist an inverse mapping.

Taking these factors into account, we are interested in the exploration of the opportunities
for applying machine learning in radar systems. Prior research has been shown that the DoA
estimation problem can be solved by neural networks. This thesis investigates the feasibility of
implementing neural networks in di�erent parts of the DoA estimation problem.

The main research objectives for this thesis are:

1. How to achieve a good estimation performance for small/low-cost NN for azimuth and
elevation estimation?

2. What are the e�ects of antenna imperfections on the estimation performance?

3. Could we develop an e�cient NN approach to estimate the number of sources?

4. How can we reduce the computational load and memory requirements of NN used for
DoA estimation?

1.3 Related work

Direction of arrival estimation is an important topic in array signal processing. In the early '90s,
El Zooghby [10] started to implement a Radial Basis Function Network (RBFN) to estimate
DoAs. They found a good neural network performance and have shown the ability to generalize
data sets that are derived from di�erent signal conditions. J. Fuchs[11] described a high-
resolution direction-of-arrival estimation approach for a single snapshot case and came to the
same conclusion that neural networks can achieve a good estimation performance.

A proposition was made [12] for a DoA estimation method based on deep neural networks
that could achieve better estimation results than the methods based on support vector machine
(SVM). Unfortunately, this method is only applicable for angles in the range of θ ∈ [−60, 60].
This interval could be enlarged to θ ∈ [−90, 90] by using a framework[13] that consists of two
neural networks, a Linear classi�er network (LCN) and a Convolutional neural network (CNN).
The LCN is used to split the angle range of θ ∈ [−90, 90] into smaller regions, where each
subregion contain one CNN for the estimations of the DoAs. This is an interesting structure due
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to the wide range of angles that could be detected. O. Bialer[14] present a model that combine
classi�cation and regression to estimate number of sources and DoAs. The classi�cation part
estimates the number of sources, which is assumed to be between 1 and 4. Based on the
output, there is a set of regression neurons to estimate DoAs. This model is able to achieve
90% accuracy for high SNR values and get a RMSE error of 0.5. Generally, deep neural networks
o�er a high estimation performance, at the cost of being hard to train. Therefore, L. Wanli
[15] has implemented a residual technique that makes it possible to train a very deep neural
network in a controllable manner.

Another area of research is the minimization of neural network parameters [16]. One of
the minimization methods will be to choose a neural network structure that requires fewer
computations, for instance a SqueezeNet[17]. An alternative way to minimize the computations
is to use Ternary weights CNN[18]. Ternary weights CNN has three weight values of +1, 0,
-1 so they can be represented in 2-bit per weight, which can give a huge reduction in memory
usage.

Until now, we have shown that there are di�erent neural network structures used to estimate
the DoAs and there are various optimization techniques to minimize the network parameters.
The main contribution of our work will be to explore if there is a more e�cient neural network
structure that optimize performance for minimum computational costs. Furthermore, we will
consider the e�ect of imperfections in antenna arrays and investigate if neural networks are
able to deal with such imperfections.

1.4 Thesis outline

The remainder of this thesis is organized as follows. Chapter 2, provides background information
about the radar model that we consider and some basic knowledge about neural networks. In
chapter 3, we introduce the neural network structure and describe the training strategy. In
chapter 4, we will present the di�erent experiments that were conducted and presents for each
experiment the estimation performances of the neural network and compare this to the obtained
estimation performance for the MLE algorithm. In the last chapter 5, we will draw conclusions
based on the results and provide recommendations for future work.
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Chapter 2

Background information

This section consist of three parts; in the �rst part the radar model will be elaborated, in the
second part we cover a state of the art algorithm currently in use, and in the third part we will
provide background information about neural networks.

2.1 Radar model

In this section, we introduce the in this thesis considered Rx antenna array geometry and
present the corresponding signal model.

2.1.1 Array geometry

Consider a M element MRA array with sensor elements located at p = [p1, p2, . . . , pM ]T where
p1, p2, . . . pM are integers. The �rst sensor element in this array is assumed as reference sensor,
i.e., p1 = 0. Fig. 2.1 depicts the geometry of the considered MRA consisting of 2 identical
4-element minimum redundancy sub-arrays.

Figure 2.1: Virtual antenna array due to spacing of the Tx antennas

A Uniform Linear Array (ULA) has all antennas spaced at a �xed distance, which is typically
1
2
λ. In MRAs, a minimum number of antenna elements is selected from a ULA array. The

selection is such that each possible angle can be unambiguously estimated.

2.1.2 Signal model

Consider a MRA array with M identical elements located at positions p. The received signal
x(t) = [x1(t), x2(t), ...., xM ]T is modeled as

x(t) = A(θ)s(t) + n(t) (2.1)
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where x(t) ∈ CM ,A ∈ CM×K is the steering matrix, s(t) ∈ CK is a vector containing the
complex amplitudes of the transmitted signal and n(t) ∈ CM denotes the Gaussian noise vector.
The M ×K matrix is modeled as:

A =
[
a(θ1) a(θ2) . . . a(θk)

]
(2.2)

Figure 2.2: Geometric phase di�erence

The k-th collumn a(θk) ∈ CM is the steering vector that corresponds to the signal sk(t) arrived
from θk direction:

a(θ) =
[
1 e−j 2π

λ
p2d sin(θ) . . . e−j 2π

λ
pMd sin(θ)

]T
(2.3)

where pm denotes the location, λ the wavelength and d the minimum inter-element spacing of
λ
2
for the highest frequency of the impinging signals.

2.1.3 2D signal model

Consider a 2D non-uniform linear array with M identical elements in the x-direction located at
position p as mentioned in section 2.1.1. Now, 2 of these elements are shifted in the z-direction
by a distance λ as is illustrated in Fig. 4.6. The received signal x(t) = [x1(t), x2(t), ...., xM ]T is
modelled as

x(t) = A(θ, ϕ)s(t) + n(t) (2.4)

where x(t) ∈ CM ,A ∈ CM×K is the steering matrix, s(t) ∈ CK is a vector containing the
incident signals. n(t) ∈ CM denotes the Gaussian noise vector. The M ×K matrix is modeled
as:

A =
[
a(θ1, ϕ1) a(θ2, ϕ2) . . . a(θk, ϕk)

]
(2.5)

where a(θk, ϕk) ∈ CM is the steering vector that corresponds to the signal sk(t) arrived from
(θk, ϕk) direction:

a(θ) =
[

e−jπ(z1 cos(ϕ)+p1(sin(θ) sin(ϕ))) . . . e−jπ(zM cos(ϕ)+pM (sin(θ) sin(ϕ)))
]T

(2.6)

where pM ∈ N denotes the location of the M th sensor in the x-direction and zM ∈ W denotes
the displacement of the sensor elements in the z-direction

6



2.2 State of the Art DOA estimation

The received signals from the sensor array are used to identify the incoming signal direc-
tions. There are various algorithms that are able to �nd the signal directions which can be
classi�ed into three categories: classical-algorithms, subspace-based algorithms and maximum
likelihood based algorithms. In this thesis we only consider the most popular subspace based,
and maximum likelihood techniques and disregard classical algorithms, since they require a
high computational cost and have poor performance, making them impractical for applications

2.2.1 Multiple Signal Classi�cation (MUSIC)

MUSIC[2][19] is a high resolution subspace based algorithm based on eigenvector decomposition.
The decomposition is performed for the covariance matrix and results in a signal subspace and
noise subspace. Since the signal subspace is spanned by the array steering vector of the received
signals, this makes the steering vector orthogonal to the noise subspace. The inner product
of the steering vector and the noise subspace is null for the particular Direction of Arrival.
According to the received signal vector mentioned in section 2.1.2, we obtain the following
covariance matrix:

Rx = E
{
x(t)xH(t)

}
= ARsA

H + σ2I (2.7)

The covariance matrix (Rx) of the received signals K has M eigenvalues [λ1λ2 . . . λM ] and M
associated eigenvectors making the subspace Ē = [ē1, ē2, . . . , ēM ]. Sorting the eigenvalues from
smallest to largest, the subspace Ē can decompose in two subspaces:

Ē = [ē1, . . . , ēK︸ ︷︷ ︸
ĒM

, ēK+1, . . . , ēM ]︸ ︷︷ ︸
ĒS

(2.8)

[
ĒM ĒS

]
(2.9)

where ĒM is an M × (M − K) noise subspace spanned by the noise eigenvectors. These
eigenvectors in combination with the steering vectors are used to express the MUSIC spectrum
function:

PMUSIC(ϕ) =
1

a(ϕ)EMEH
Ma(ϕ)

(2.10)

The steering vector a(θ) is orthogonal to each column of matrix ĒM and therefore the dominator
of equation 2.10 should be zero for the right angles. Due to the presence of noise, the dominator
is a small value. This result in a spectrum that contains sharp peaks. Varying the value of θ,
the DoAs can be estimated by �nding the location of these peaks.

2.2.2 Estimation of Signal Parameter Rotation Invariance Technique
(ESPRIT)

ESPRIT[3] is another subspace based algorithm, based on exploiting the rotation invariance in
the signal subspace. This subspace is created by dividing a M element array in two identical
sub arrays of size S in a translational invariance structure [20]. Figure 2.3 shows a translational
structure of an four element array.

7



Figure 2.3: Subarray structure

Array-2 is shifted by a distance d from array-1 to create the translational structure. The output
of the two sub-arrays are given by

x1(t) = As(t) + n1(t)

x2(t) = AΦs(t) + n2(t)
(2.11)

where Φ ∈ CK×K is a diagonal matrix called the rotation operator and K is the number of
impinging signals

Φ = diag{e−j 2π
λ
d sin(θ1), . . . , e−j 2π

λ
d sin(θk)} (2.12)

Now we can estimate the correlation matrices in the two subarrays as

Rx11 = E
{
x1(t)x1

H(t)
}

Rx22 = E
{
x2(t)x2

H(t)
} (2.13)

After eigen-decomposingR11 andR22 as is done in equation 2.8, we get the two signal subspaces
ES1 and ES2. De�ning a 2K × 2K matrix C from the two subspaces such that

C =

[
EH

S1

EH
S2

]
×
[
ES1 ES2

]
= ECΛE

H
C (2.14)

Ec can be obtained by eigen value decomposition of C such that λ1 ≥ λ2 ≥ . . . ≥ λK and
Λ = diag{λ1λ2 . . . λK}.

EC =

[
E11 E12

E21 E22

]
(2.15)

The rotation operator is estimates as

Φ = −E12E
−1
22 (2.16)

From K eigenvalues of Φ, the angles of arrival can be estimated

θi = sin−1 arg(λi)

2πd
(2.17)

2.2.3 Maximum likelihood (ML)

Maximum Likelihood (ML) is another direction of arrival estimation algorithm that determines
DoAs by maximizing the log-likelihood function. The log-likelihood function can be expressed
as

L = const−KN ln σ̂ − 1

2σ̂2

N∑
t=1

∥∥x(t)− As(t)
∥∥2

(2.18)
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Maximizing the log-likelihood function is equivalent to minimizing

N∑
t=1

∥∥∥x(t)− Âŝ(t)
∥∥∥2

(2.19)

The solution of 2.19 that results in the lowest cost is the orthogonal projection of x(t) on the
subspace spanned by the columns of A. Hence:

s(t) = (AHA)−1AHx(t) (2.20)

The two subspace based algorithms can achieve a near optimal performance in case sources
are uncorrelated but degrades rapidly when sources are correlated. In practice, sources are
correlated most of the time, due to having to deal with multipath e�ects. Some methods, such
as spatial smoothing [21], can help to improve robustness against correlation but have a negative
e�ect on the resolution. Additionally, these algorithms do not perform well in combination with
arrays that have a low number of sensor elements. ML is a more general algorithm which does
not su�er from the same limitations of the other algorithms, and therefore a good choice to
compare results with a NN. The main drawback of MLE is its high computational cost.

2.3 Arti�cial Neural Networks

Deep learning is a subset of machine learning and based on arti�cial neural networks. Examples
of arti�cial neural networks are the Boltzmann machine or the multilayer perceptron, which is
also the most commonly used neural network. A neural network is a system composed of many
simple processing elements (neurons). Each output of a neuron is related to the input and can
be thought as a system that receives, process and transmits information. An interconnection
of neurons makes that a neural network can behave as a brain.

The historical background of neural networks is that they were developed keeping in mind
the way human brains works. The human brain has a biological neural network which has
billions of interconnections. As the brain learns, these connections are formed, changed or could
be removed. Fig.2.4 shows a structure of a typical brain neuron. The signals are aggregated
in the nucleus and when the nucleus exceeds a threshold, the axon passes a signal to the other
neurons. This is similar to the perceptron, which outputs a signal depending on the activation
function applied on the input. The neuron can have two states, and is either 'activated' or
'inhibited' based on the level of aggregation.

Figure 2.4: Human neuron Figure 2.5: An Arti�cial neuron

A neuron of an arti�cal neural network is a mathematical processing element with n inputs
(x1, x2, ....., xn), one bias and a single output y. The neuron has n weights and a weight wn

will be multiplied with the corresponding input xn. The most common transfer function is
the summation of input values followed by an activation function to improve performance. A
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network of interconnected neurons is called a neural network.

y = f(
N∑
i=1

xi ∗ wi + b) (2.21)

2.3.1 Topology

The basic structure of a neural network consist of an input layer, several hidden layers and
one output layer, such a structure is depicted in �gure 2.6. Each layer is composed of arti�cial
neurons that are connected to all neurons in the adjacent and forward layer. There are no
connections permitted in between the neurons belonging to the same layer. When a neural
network has more than 3 hidden layers, it is called a deep neural network.

Figure 2.6: Multi-layer structure

In a typical neural network, the information �ows from the input to the output without
any feedback loop. In more advanced neural networks, arti�cial neurons can have feedback
loops that has the ability to memorize information from previous cycles or they can have sparse
connections. The 'state' in such network keep changing until they reach an equilibrium point.
They remain at the equilibrium point until the input changes and a new equilibrium needs to
be found. A useful application of such networks are prediction problems.

2.3.2 Activation functions

The activation function is an important component of neural networks. A neuron without
activation function is linear and cannot form networks that are able to be trained for complex
problems. By adding an activation function, the network will be able to solve non-linear
(complex) problems. Commonly used activation functions are listed below:

� ReLU: ReLU is an abbreviation for recti�er linear unit and is a widely used activation
function in neural networks. It only propagates positive values through the network
and sets all negative values to zero, see equation 2.22. An advantage of ReLU over
other activation functions is the reduction in amount of active neurons. This reduces the
computational time and results in that the training of a neural network is much faster
[22].

f(x) = max(0, x) (2.22)
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� Sigmoid: The Sigmoid function is also known as the logistic curve and has the shape of an
'S'. One main property of the sigmoid function is that the output bounds always between
[0,1]. The sigmoid function is de�ned as follows:

f(x) =
1

1 + e−x
=

ex

1 + ex
(2.23)

� Softmax: The Softmax is an activation function that is mostly used as the last layer of a
multi-class classi�cation problem. It has the property to turns a vector of K real values
into a vector of K real values that sum to 1.

f(x⃗i) =
exi∑K
j=1 e

xj

(2.24)

2.3.3 Learning algorithms

Each model is intended to be used for a various purpose and has to be trained di�erently. This
section covers several learning methods, which can be classi�ed in three di�erent categories:

Supervised learning
Supervised learning uses a training set that consists of pairs of input and desired outputs
[23]. The goal of this algorithm is to learn the mapping between the input and the output.
Subsequently, the learned mapping has to be used to estimate the outputs given new inputs.
If the output takes a �nite set of discrete values that indicate the class labels of the input,
the learned mapping corresponds to the classi�cation of the input data. If the output takes
continuous values, then the neural network performs regression [24].

Unsupervised learning
Unsupervised learning[25] uses a training set that consists of inputs without any assigned desired
output. The goal of this algorithm is to cluster input points together that are close to each
other, hence assigning a label to each input. Some common tasks that fall under the category
of unsupervised learning are clustering or dimensionality reduction.

Reinforcement learning
Reinforcement learning[25] does not have a training dataset but receives feedback from the
environment only after selecting an output for a given input or observation. The feedback
indicates the degree to which the output, known as action in reinforcement learning, executes
the goals of the learner.

2.3.4 Back propagation

The training algorithm that is used to optimize �tting between input and target data is called
back propagation. This algorithm optimize a cost function that minimize the sum of squared
errors (SSE), where the errors are the di�erences between the actual output value and the
target value. This needs to be done for all trainings samples. To optimize the cost function
there are several optimizers and the most popular ones are mentioned below:

Stochastic Gradient Descent (SGD)
SGD is one of the most popular algorithms used in machine learning. This algorithm updates
model parameters(θ) in the negative direction of the gradient by taking a subset or a mini-batch
of data size(m)
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g =
1

m
∇θ

∑
i L(f(x

(i); θ), y(i)) (2.25)

θ = θ − η · g (2.26)

where θ is the model parameter, η the learning rate, g the gradient descent and L the loss
function. An important property of SGD is that the computation-time per update does not
increase with the size of the training dataset.

Adaptive Moment Estimation (Adam)
Adam optimizer combines the advantages of Adaptive Gradient Algorithm (AdaGrad) with mo-
mentum and Root Mean Square Propagation (RMSProp). This algorithm computes individual
adaptive learning rates for di�erent parameters from estimates of �rst and second moments of
the gradients. Some of Adam's advantages are that the magnitudes of parameters updates are
invariant to rescaling of the gradient, its step sizes are approximately bounded by the step size
hyperparameter and it works with sparse gradients. The �rst and second order moment can be
calculated through equation 2.27 and 2.28 respectively.

mt = β1 ·mi−1 + (1− β1) ·
∂L

∂θ
(2.27)

vt = β2 · vi−1 + (1− β2) · (
∂L

∂θ
)2 (2.28)

where β1 and β2 are hyper-parameters that are in the range [0,1]. The model parameters can
be updated by the following equation:

θ = θi−1 = −a · m̂i√
v̂i + ϵ

(2.29)

where m̂t =
mt

(1−βt
1)
and v̂t =

vt
(1−βt

2)
.

Root Mean Square Propagation (RMSProp)
This optimizer makes use of a exponentially decaying averaging technique to optimize a model.
The use of a decaying moving average allows the algorithm to discard early gradients and focus
on observed partial gradients. The learning rate of this optimizer gets adjusted automatically
and it chooses a di�erent learning rate for each parameter. The learning rate is divided by
the average of the exponential decay of the squared gradients. The model parameters can be
updated by equation 2.30

θi+1 = θi −
η√

(1− β)(∂L
∂θ i−1

)2 + β ∂L
∂θ

+ ϵ
· ∂L
∂θ

(2.30)

where θ is the model parameter, η the learning rate, g the gradient descent and L the loss
function.

Training a deep neural network that can generalize well to new data can be a challenging
problem. A NN models could have too few layers and therefore not able to learn the problem,
whereas a model with too many layers learns too well with the consequences of over�tting. To
prevent over�tting and optimize performance, there are so-called regularization techniques that
can be applied.
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2.3.5 Regularization techniques

1. Dropout: Dropout[27] is a regularization technique to prevent over�tting and provides
a way of approximately combining exponentially many di�erent neural network architec-
tures e�ciently. The term "dropout" refers to dropping out a random number of neurons
along with all its incoming and outgoing connections. During training, there will be an
exponential number of "thinned" neural networks that share all weights. At test time,
the shared weights of all "thinned" neural networks are averaged and scaled down to use
in an "unthinned" neural network without dropout.

2. Batch Normalization: Batch normalization[28] is a technique that reduce internal
covariate shift. Covariate shift happens when the distribution of each layer's input changes
constantly resulted in the change of parameters in the previous layer. It accomplishes
this via a normalization step to normalize each element of a layer to zero mean and
unit variance followed by a re-scaling(γ) and o�setting(β). These steps greatly enhance
training speed.

x̂i = γ · xi − µB√
σ2
B + ϵ

+ β

µB =
1

m

m∑
i=1

xi

σ2
B =

1

m

m∑
i=1

(xi − µB)
2

(2.31)

3. Early stopping: Early stopping is a regularization technique that stops training when
the model performance stops improving on the validation data-set. This regularization
technique prevents over�tting and saves the best model parameters.

4. Weight decay: Weights decay[29] is a regularization technique to penalize large weight
by adding a regularization term to the loss function. The L2-norm is used speci�cally as
a regularization term to penalize large weights. This prevents over�tting and keeps the
weights small.

L(w) = L0(w) +
1

2
λ
∑
i=1

∥wi∥2 (2.32)
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Chapter 3

Our DoA estimation approach

This chapter describes our neural network-based approach for DoA estimation. This problem
can be divided into two sub-problems; estimate the direction of arrivals and estimate the number
of sources. The �rst section explains the DoA estimation whereas the second section covers the
estimation of the number of sources. Finally, the last section provides the training strategy to
achieve optimal performance.

3.1 DoA estimation

Previous studies have shown that neural networks can be used to implement regression or
classi�cation formulation to estimate the DoA of a single source[30]. For multiple sources,
implementation issues arise for regression because only a prede�ned number of DoAs can be
estimated. Therefore, it was decided to construct a classi�cation framework where each class
refers to a discrete angle. For a practical antenna array pattern, the antenna gain for azimuth
angles ϕ > 70° are signi�cantly reduced which makes it hard to estimate these angles. Taking
this into consideration, it was decided to consider a �eld of view of [−70° ≤ ϕ ≤ 70°]. The DoA
estimation framework is described in the sections 3.1.1 and 3.1.2

3.1.1 Data preperation

Data preparation is an important preprocessing step before training a neural network. In [31]
the e�ectiveness is shown of a good data preparation scheme to enhance the neural network
learning process and reduce the complexity of neural network models. The data preparations
steps applied to this framework will be described in this section.

Covariance Matrix

The steering vector represents the set of phase delays experienced by a plane wave as it reaches
each element in an array of sensors. The covariance matrix is used to express the phase
delays between all elements. Under the assumptions of uncorrelated sources and spatially
white Gaussian noise, the covariance matrix Rx can be expressed as

Rx = E
{
x(t)xH(t)

}
= ARsA

H + σ2
nIM (3.1)

Where Rs ∈ CK×K is the signal correlation matrix [32], σ2
n is the noise variance and IM is

an identity matrix of (M ×M). Due to multipath propagation or unfriendly jamming signals,
it is hard to obtain the true covariance matrix. Hence, the estimated covariance matrix can be
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expressed as follows:

R̂x =
1

N

N∑
k=1

x(t)xH(t) (3.2)

The diagonal elements of the covariance matrix represent the source power and the o�-
diagonal elements represent source correlations. Since the correlation matrix is hermitian,
either the upper or lower triangular matrix can be discarded without losing information.

Data Normalization

J. Sola [33] shows that network performance is enhanced as input variable ranges are "equalized"
by normalization. If data is not normalized, feature scales can be very dissimilar, the bigger
one will have a higher contribution to the output error and as a result, the error reduction
algorithm will be focused on the features of higher values, neglecting the information from the
small valued features. In our approach, the input data is normalized so that the squared sum
of elements needs to be 1.

3.1.2 Model structure

This section describes the model structure and explained how MLE is employed within this
neural network.

Input layer

As a neural network does not deal with complex numbers, each complex-valued entity of Rx

is considered as two real values: one for the real part and one for the imaginary part. The
input to the NN contains all elements of Rx belonging to the upper triangular part and can be
organized as follows:

x = [Re(r1,1),Re(r1,2), Im(r1,2),Re(r1,3) . . . ,Re(r2,2),Re(r2,3), Im(r2,3), . . . ,Re(rM,M)]T (3.3)

Hidden layer

All hidden layers are fully connected and have a ReLu activation function. This is an often
used activation function because it has a simple mathematical formula that results in a lower
training time and will be also desirable for future implementations on an embedded system.

Output layer

The neural network has an output resolution of 1° that results in a total amount of 141 classes.
The output neurons have a softmax activation function, such that each output class can be
interpreted as a probability. The estimated classes are the ones with the highest probability.
All the probabilities of the classes are put in a vector O = [o1, o2, . . . , o141]

T which is used in a
post-processing step.

MLE

MLE is an additional part of the NN model and is used to �lter outliers in the results of the
neural network. This construction was based on the action that NN can have outliers, whereas
the MLE algorithm estimates the correct angles for the same snapshot. The correct angle had
in this case often not one of the highest probabilities but the fourth or �fth highest probability.
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After more detailed analyses it was noticed that the probability di�erences between a correctly
estimated class and a miss-predicted one would often be minimal. With this in mind, MLE is
used as a post-processing step to �lter these outliers. It uses the M results of the NN that have
the highest probability estimations and calculates the least square error 3.4. The combinations
of angles that give the lowest error are de�ned as the most likely combinations of angles.

[Θ] = argmin
θ
∥x−As∥2 (3.4)

The number of sources that are needed to determine the correct DoAs depends on the
number of impinging signals. We assume that at most 3 sources are present which is also the
maximum number of sources that can be estimated in our experiments. To explore how many
sources are needed to estimate the correct signals, we have set up a small experiment where
we consider a di�erent number of sources for the same test dataset. Results are presented in
Fig. 3.1 where the number of sources is represented on the x-axis and the estimation perfor-
mance, expressed in accuracy and RMSE, represented on the y-axis. The value 0 on the x-axis
represents that we skip MLE where 6 means that we use the 3 output classes that have the
highest probabilities and 6 extra candidate angles produced by the neural network which are
the [4th, 5th, . . . , 9th] highest probabilities.

(a) Performance (b) RMSE

Figure 3.1: MLE over di�erent number of sources

It can be observed that the estimation performance does not improve signi�cantly any more
if we consider more than 3 additional candidate angles. This results into an input vector of
N+3 candidate angles where the 3 extra candidate angles are (N+1)th, (N+2)th and (N+3)th

alternative best estimations. The total number of combinations that have to be checked can
be calculated by equation 3.5, where L is the length of the input vector and N is the estimated
number of sources. This shows that adding an extra source comes at a cost.

Total number of combinations =
L!

(L−N)!
(3.5)

3.2 Number of Source estimation

Another problem related to direction of arrival estimation is the estimation of the number of
sources. Rogers [34] presents a deep-learning-based approach of 15 layers that can achieve an
accuracy of 82% for estimation the number of sources. This model uses the covariance matrix
as input and can estimate up to 5 sources. Burel [35] introduce a completely di�erent approach
and use the statistical information of the output. This method has been shown that (when
it is possible to apply MLE) the neural network approach provides almost the same precision
as MLE with less computation time. We will consider both approaches to explore which one
performs better on a minimum redundancy array.
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3.2.1 Estimation based on Input data

The neural network topology consists of one input layer, four hidden layers and one output layer.
The input and hidden layers are both used in the same way as mentioned in section 3.1.2. The
only di�erence is in the output layer, where we consider 4 output neurons O = [0, 1, 2, 3]. Each
neuron represents a number of objects that are detected. This neural network is trained by the
same training data-set and settings as mentioned in section 3.3.

3.2.2 Estimation based on Output data

This neural network topology has 2 hidden layers and one output layer. There is no input layer
since the network is added to the network for DoA estimation. The hidden layers consist of 141
neurons each where the output has 4 neurons O = [0, 1, 2, 3]. This neural network is trained
on the same dataset as the neural network for DoA estimation, but solely for di�erent target
values.

3.3 Training of our neural network

As stated in the preliminaries, the objective is that the neural network can estimate DoAs as
well as the number of sources. The neural network is trained in a supervised manner, which
requires a training and validation dataset. The training dataset has an order of size 6 × 106

samples so that we cover as many combination of angles as possible. The total number of
combinations can be calculated by equation 3.5 and will be 141!

141−3
= 2, 74 × 106 for one SNR,

assuming that all sources lay on the search grid. We consider at least 30 di�erent SNRs and
therefore it is not possible to train the NN for all these SNRs. The validation set is 6 times
smaller than the training dataset and has a size of approximately 1.000.000 samples.

Hyper parameters

Hyperparameters are parameters that are tuned for machine learning classi�ers to improve their
performance and prediction accuracy. This optimization process is basically to run di�erent
training models where one parameter is changed each time. An alternative approach could be
an automated parameter optimization algorithm such as grid search. The drawback of this
non-deterministic method is that results may di�er every time you run the training algorithm
on the same dataset. Furthermore, these are time-intensive tasks and therefore, we have applied
default parameter settings that are used in all training runs.

Hyper-parameters Value

Optimizer Adam

Momentum β1 = 0.9, β2 = 0.999

Learning Rate 0.001

Batch size 128

Max Epochs 30
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Post-training

Post-training is a training phase applied after a neural network is fully trained. This phase
is intended to optimize the model structure and reduce memory usage of the neural network
as well. There are several optimization techniques[36] which can be applied such as weight
pruning or quantization. These methods are typically applied at di�erent design stages in
sequential order, but Tung[36] introduced a compression method that combines weight pruning
and quantization in a single learning framework that performs pruning and quantization jointly,
and in parallel with �ne-tuning.

In our models we will consider a weight quantization method. This has the potential to
move from �oating-point representation to low-precision �xed point integer values represented
in 8 or 16-bit. Furthermore, it has multiple other bene�ts over the full-precision counterpart
in terms of latency, power consumption and area e�ciency, according to Gholami[37].
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Chapter 4

Experimental results

In this chapter, we will elaborate on several experiments and evaluate the performance of deep
neural networks for di�erent aspects of the DoA estimation problem. The results of these
models are compared to the results obtained with the MLE algorithm, which is considered
as the state-of-the-art DoA estimation algorithm for MRA arrays. The results are composed
of two types of test data sets. In one dataset, we only consider angles of the sources that
correspond with the search grid of the neural network. In the other data set, we consider DoAs
that do not necessarily lie on a grid and are taken from a uniform distribution.

The model structure, which is used in the experiments, is shown in Fig. 4.1 and requires 55M
multiply-accumulate(MAC) operations. This NN model with many parameters is chosen such
that it has enough degrees of freedom to approximate the trainings set for the DoA estimation
problem. In later experiments, optimizations are evaluated that make NN models more suitable
for usage in embedded applications. The covariance matrix (R̂x) is used as input, as explained
in section 3.1.2, and each output represents an DoA in the range [−70°, 70°].

As mentioned in section 3.2 we use a dataset of 6× 106 data samples containing one, two or
three sources. The results presented in this section were obtained from 1 snapshot, estimated
on a 1° resolution and compared to the-state-of-the art algorithm MLE. This algorithm obtains
also results for a search grid of 141 points spaced at 1° so that we represent a discrete range
of [−70°, 70°]. Furthermore, all sources are of equal power and have a minimum distance of
∆θ = 3°. This minimum distance is used otherwise the MLE cannot resolve them as 2 sources
at a low SNR.

Figure 4.1: Neural network structure
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4.1 1D (Azimuth) DoA estimation

The main purpose of this experiment is to explore if neural networks are able to estimate up
to 3 sources correctly. This is evaluated by a test dataset that contains 105 observations for
each SNR. Most neural network evaluations are based on the RMSE value because this gives
a good indication of whether a network performs well. The de�nition of RMSE is such that it
can only be computed when the estimated sources k̂ is equal to the labeled number of sources.
Therefore, we have decided to create a test dataset that contains only 3 sources. Also, the
RMSE value can result in misleading interpretations of the prediction with a large di�erence
between estimated DoA and the true DoA. Therefore, there is an extra metric introduced called
outliers. This metric indicates the percentage of how many outliers there are. An estimation
is considered as an outlier if the di�erence between the true target value and estimated value
exceeds 10°.

(a) P(k̂ = k) (b) RMSE

Figure 4.2: Estimation performance of 3 sources, grid resolution of ∆θ = 1°

(a) P(k̂ = k) (b) RMSE

Figure 4.3: Estimation performance of 3 sources, uniformly distributed DoAs

As can be observed from Fig. 4.2a, the performance of both algorithms increases with the
SNR, until it stabilizes at 100% for SNRs of 20dB and higher. Both �gures show that the NN
outperforms MLE in the SNRs lower than 20dB, whereas MLE estimate more accurately for
the SNRs higher than 20dB. The most obvious reason for this behavior will be the spacing in
the used search gird which is 1 degree. Now, MLE can regenerate the exact same snapshot as
is given. This also explains the RMSE value for MLE which converges towards zero for higher
SNRs. Contrary to MLE, the NN does not converge to zero and has a minimum RMSE of
0.3° for higher SNRs. It seems to be likely that this occurs due to the statistical properties of
neural networks that can result in small miss-predictions of 1°. This assumptions are con�rmed
in Fig. 4.2a where we have achieved an estimation performance of 100% what indicates that
all estimations are predicted correctly for a resolution of 1°.

A detailed analysis of the estimations has given a good insight into how miss-predictions can
occur. The probabilities of the output classes have shown tiny Gaussian distributions over the
correct estimated class. In the case when one class is more pronounced than another one, i.e. a
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powerful and weak source, the more pronounced DoA results in a wider Gaussian distribution
which negatively a�ects the output estimation algorithm. An example for this could be the
case if output i is recognized as a DoA, the algorithm neglected the output classes i − 1 and
i + 1. However, the outputs i− 2 and i + 2 could have been higher classes compared to other
outputs in the distribution, resulting in a higher likelihood of miss-predictions.

The RMSE value of Fig. 4.3b gives a better indication of how both algorithms perform in a
radar system. For SNRs 15dB and lower, MLE has degraded performance by 10% and contains
20% more outliers than the NN have. This is mainly caused by the fact that the search grid of
MLE is ∆θ = 1° while all DoAs are spread uniformly. We have deliberately chosen this search
grid to create a fair comparison in estimation performance between the NN and MLE. A better
search grid should be a uniform grid so that MLE is able to regenerate a more similar snapshot
compared to the given one. However, the NN has achieved equivalent performance, compared
to the NN model which was trained for a grid resolution of ∆θ = 1°, and has an accuracy of
99% for SNRs 15dB or higher. These are promising results and indicate that if a neural network
has enough degrees of freedom, it will be able to estimate DoAs well for a minimum output
resolution of 1°.

Returning to the estimation problems of weakened sources, Fig. 4.4 shows the DoA esti-
mation performances considered non-equal powered sources. These results were obtained from
a grid resolution of ∆θ = 1° and have shown that NNs are able to estimate 92% correctly for
SNRs 25dB and higher. Analyzing the estimation behavior in more detail revealed that 2 of
the 3 sources are always correctly estimated for SNRs 25dB and higher. This is related to the
estimation behavior of NNs that have snapshots with pronounced sources, which dominates the
probability distribution with respect to weakened sources. This behavior is intensi�ed when
the power di�erences are increased to 20dB. The maximum estimation performance for these
NNs is reduced to 76% for SNRs of 25dB and higher. Now, the NN is not able anymore to esti-
mate always 2 sources correctly and have a maximum accuracy of 96% for estimating 2 DoAs.
Overall, the estimation performance for 2 DoAs is 20% higher than the one for 3 DoAs in all
SNRs. From these results it can be concluded that a NN can estimate DoAs well for sources
that have a small power di�erence, but the estimation performance drastically degrades when
the power di�erence becomes higher than 10dB. This is not desirable in radar systems and
should be investigated more in-depth if there are optimizations that can improve estimation
performance for power di�erences of 10dB and higher.

(a) P(k̂ = k) (b) RMSE

Figure 4.4: Estimation performance of 3 sources, max power variations of 10dB, 15dB
and 20dB
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4.2 2D DoA estimation

In the previous experiment, Azimuth estimation was considered which has shown excellent
performance for estimating 3 DoAs. These were promising results, but in practise signal sources
are located in 2D space so we have to investigate if machine learning is able to estimate azimuth
and elevation as well. In this experiment, the existing 1D MRA as mentioned in 2.1.1 is
considered as a 2D antenna array where the antenna elements at position 2 and 6 are now
shifted in the z-direction, see Fig. 4.5.

Figure 4.5: 2D Antenna array

The 2D DoA estimation problem has massively increased the complexity through the expo-
nential rise of classi�cations. The number of output classi�cations can be de�ned as (azimuth×
elevation)k, where azimuth and elevation are the values of the �eld of view that is considered
for each estimation direction and k is equivalent to the number of sources. The �eld of view
were prede�ned for azimuth −70° ≤ ϕ ≤ 70° and elevation 78° ≤ θ ≤ 90°. The geometry of all
parameters is visualized in Fig. 4.6 and illustrates that an elevation angle of 90° corresponds
to a horizontal view perpendicular to the x-y plane.

Figure 4.6: Geometry de�nitions

The total number of classes is equal to (141 × 13)3 = 6 × 109, assuming that we consider
for each combination a class. This can not be resolved anymore as a classi�cation problem and
therefore I did an experiment where I have split the 2D DoA estimation problem into two 1D
estimation problems so that we estimate azimuth and elevation separately. We consider two
similar neural networks that have a network structure as mentioned in Fig. 4.1. Both NNs use
the R̂x as input, as was explained in section 3.1.2, and have 141/13 output classes. A model
overview is visualized in Fig. 4.7 and shows two NNs with a post-processing step MLE. The
main objective of the post-processing is to couple azimuth and elevation angles with the help
of MLE to give information in the 2D space. Both neural networks perform estimations where
the 5 highest outputs are passed to MLE. Subsequently, MLE regenerates snapshots for all
possible combinations of azimuth and elevation angles and selects the one with the smallest
di�erence from the received snapshot. This snapshot contains the best combinations of azimuth
and elevation DoAs, from which we obtain information about the 2D location for two separate
estimation networks.
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Figure 4.7: 2D neural network structure

The results are depicted in Fig. 4.8. First, we have considered the estimation performance
of 3 DoAs for each NN. Fig. 4.8a and Fig. 4.8b has been shown that the azimuth estimation
performance is stabilized at 73% for SNRs of 20dB and higher. This is lower than expected
because in experiment 4.1 was concluded that we could achieve an accuracy of 99% for SNRs
of 20dB and higher. If we have a look at the RMSE value for this NN, we observed that this
value will not become below 14° for all SNRs. This is extremely high and implies that a NN
is not able to estimate 3 azimuth DoAs correctly anymore. This high RMSE can be related to
the high percentage of extreme outliers. In total 5% of all DoAs have an estimation error of
at least 30° which means that 15% of the snapshots cannot be resolved. When the estimations
were analyzed in more detail it was noticed that for SNRs higher than 20dB, two of the three
DoAs are always correctly estimated. This con�rms that 5% of the DoAs, which are extreme
outliers, are responsible for this high RMSE.

Conversely, Elevation has a maximum estimation performance of 21% for an average RMSE
of 3°. The actual elevation accuracy will be a bit higher because we have assumed that there are
always three DoAs present. As a result, the NN will always estimate three DoAs. The NN is
not able to check for multiple angles on the same elevation, while the snapshots do contain such
angles. This means that there were more miss-predictions observed than there are. Despite
this assumption, it can be concluded that a NN is not able to estimate three elevation DoAs.

(a) P(k̂ = k) NN (b) RMSE NN

(c) P(k̂ = k) NN+MLE (d) RMSE NN+MLE

Figure 4.8: Estimation performance 2D antenna array structure, 3 sources and a grid resolution
of ∆θ = 1°

The same experiment is also applied for the NN in combination with the post-processing
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step. Now, the post-processing step is used to determine the couples and elevation as well. We
have replaced the NN, used for elevation, with a pre-de�ned vector that contains all elevations
and let MLE determine the snapshot which has the smallest di�erences with the received
snapshot. By doing it this way, we could determine DoAs which have the same elevation.

The estimation performances are shown in Fig. 4.8c and Fig. 4.8d respectively. It can
be observed that the elevation performance is improved to a maximum of 67%. This is a
signi�cant improvement of 46% and has been only achieved through replacing the NN with
a prede�ned vector and letting MLE determine the elevations. Also, the azimuth estimation
performance has been improved by 7% and stabilizes at 80% for SNRs 20dB and higher. This
improvement could be related to MLE by utilizing all elevations. In other words, azimuth- and
elevation estimations are no longer independent problems. This estimation approach could only
be implemented when there are a low number of angle options because the computational time
dramatically increases when considering one extra elevation angle. By analyzing the RMSE
values in Fig. 4.8d, it can be observed that they are improved to a minimum of 9° for azimuth
and 2° for elevation. This is still high and not acceptable for implementation in radar systems.

As already was noticed, a NN is able to estimate 2 of 3 azimuth DoAs correctly. Therefore,
it would be interesting to explore if a NN is able to achieve good results for estimating only
2 DoAs. We use the same structure as illustrated in Fig. 4.7 and thus estimate azimuth and
elevation separately. The results of these NNs are depicted in Fig. 4.9. Now, the NN azimuth
estimation performance has achieved an accuracy of 99% and an RMSE of 1° for SNRs 20dB
and higher. This was expected based on the observations in the same experiment for 3 sources.
Furthermore, the NN elevation estimation performance is improved by 25%, compared to the
best estimation approach in the previous experiment, since we only estimate 2 DoAs as opposed
to 3. The maximum estimation performance of this NN is 95% correctly for SNRs of 30dB and
higher. This improvement in estimation performance has also led to a smaller RMSE which is
dropped below 1° for SNRs of 20dB and higher. We also have considered a similar experiment
with MLE as was done for 3 sources where we have replaced the elevation NN with a prede�ned
vector that contains all elevations. These results are presented by the metric Elevation MLE
and show similar performance. In other words, it does not matter which algorithm to use so
you have to pick the most e�cient one. Currently, both NNs are computationally intensive,
but for future experiments, it would preferable to explore the use of smaller neural networks.

(a) P(k̂ = k) (b) RMSE

Figure 4.9: Estimation performance 2D antenna array structure, 2 sources and a grid resolution
∆θ = 1°

So far, we only have considered the estimation performance of both directions separately,
but we have to estimate the correct coordinate. From previously observed results has been
concluded that a NN is not able to estimate 3 DoAs correct and therefore we only obtain
results for 2 coordinates. Now, we apply an extra condition to check if the combination of
azimuth and elevation is correct. The results are presented in Fig. 4.10. It can be observed
that we can achieve at least an estimation performance of 80% for SNRs of 25dB and higher.
This is roughly 10% lower than the estimation performance of elevation and thus means that
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10% of the estimations are wrongly coupled. This percentage is increased while considering
lower SNR values because MLE is sensitive to noisy data.

The overall conclusion could be that NNs in combination with MLE have shown that they
can estimate the azimuth and elevation of 2 sources, of which at least 80% are correctly for
SNRs 20dB and higher. This is a potentially good result but might not be good enough for
implementation in radar systems.

Figure 4.10: Estimation performance of 2D DoAs, 2 sources and a grid resolution ∆θ = 1°

4.3 Antenna mitigation

In this experiment, we will quantify the performance degradation due to the e�ect of imperfec-
tions in the antenna array. Some of these imperfections are mutual coupling, antenna positions
errors, phase- and gain inconsistencies. These imperfections cause deviations in the antenna
array response, resulting in signi�cant performance degradation of DoA estimation algorithms
such as MLE. These imperfections can be added to a prede�ned model in section 2.1.2 and can
be formulated as:

x(t) =
K∑
k=1

a(θk, e)s(t) + n(t) = A(θ, e)s(t) + n(t) (4.1)

where a(θ1, e) is the array response included imperfections(e). In this thesis we only consider
gain and phase errors which can be linearly added as shown in equation 4.2:

a(θk, e) = diag(exp(japep))× (IM + diag(ageg)) (4.2)

(a) P(k̂ = k) (b) RMSE

Figure 4.11: Estimation performance given antenna imperfections, 3 sources and a grid resolu-
tion of ∆θ = 1°

For this experiment, we assume that the number of impinging signals is equal to k = 3. The
results are obtained for an antenna array with imperfections and are presented in Fig. 4.11.
We observe 3 di�erent metrics; a trained neural network from a previous experiment (NN),
a new NN trained for an antenna array with imperfections and MLE. Initially, observations
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(a) P(k̂ = k) (b) RMSE

Figure 4.12: Estimation performance given antenna imperfections, 3 sources and uniformly
distributed DoAs

con�rm that imperfections cause drastic performance degradation for MLE. This was expected,
since, as a result of an antenna array response with imperfections, an inverse mapping does not
even always exist. In the case that multiple combinations of DoAs result in an identical inverse
mapping, MLE is not able to di�erentiate between two snapshots. The maximum accuracy that
has been achieved is 86% for SNRs 25dB and higher. Contrary to MLE, the NNs have shown
that they do not degrade in estimation performance compared to the NNs of experiment 1 and
achieve an accuracy of 99% for SNRs 25dB and higher. One explanation for this performance
gap that has arisen through imperfection will be that the used MLE is not aware of these
imperfections and the maximum likelihood one does not correspond anymore to the true DoAs.

The RMSE values of the metrics are depicted in Fig. 4.11b and give a considerably worse
perception of the performances compared to Fig. 4.11a. Now, we observe that NN and MLE
have high RMSE values for all SNRs. In particular, the NN of the previous experiment 4.1
which has achieved an accuracy of 97% has an average RMSE of 5° for SNRs 25dB and higher
contrary to 1° for NN(Imperfection) which is trained on data with imperfections. This should
indicate that NN has a few extreme outliers because the total amount of outliers is lower than
1%. The RMSE value could be reduced by using MLE, as mentioned in section 3.1.2, to 2°

which implies that MLE is an appropriate method to �lter outliers.
However, The NN which is trained for data with imperfections has an RMSE of 1°. When

the output was analyzed in more detail it was observed that there were no outliers, but many
estimations errors of 1°. These errors are not marked as miss-estimation and therefore the metric
NN(Imperfection) has achieved an high estimation performance. This estimation performance
is similar to that achieved in experiment 4.1, where we consider the same antenna array without
imperfections. It has been only degraded in RMSE to 1° contrary to 0.3° for an antenna array
without imperfections.

To explore the more practical case, we consider a grid that contains uniformly distributed
DoAs. In Fig. 4.12, we compare a NN trained on data with imperfections to MLE. The per-
formance and RMSE curves look very similar to the one achieved in the previous experiment
where we consider DoAs which have a minimum grid resolution of ∆θ = 1°. A possible ex-
planation for this is that the dataset consisted of more angles close to the boundaries of the
grid, which is most unfortunate. Another, less likely explanation would be that during training
the NN is converged to a more optimal model. This trained NN on data with imperfections
has achieved similar estimation performance as well as RMSE value to the one in experiment
4.1. Both NN achieves an estimation accuracy of 99% and an RMSE value of 1° for SNRs
of 20dB and higher. Therefore, it can be concluded that NNs, which are trained for antenna
arrays with imperfections, can estimate 3 sources correctly without degradation in estimation
performance. These are promising results and overcome the di�culty of imperfections in MLE.
However, This NN implementation requires a huge amount of MAC operations. In the next
section, we investigate in more depth which optimizations can be applied on a NN.
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4.4 Shallow NN

Experiment 4.3 have shown that NNs are able to learn the mapping between input and output
to achieve an accuracy of 99% for SNRs of 20dB and higher. However, the bottleneck of these
NNs is the high amount of MAC operations that are required to estimate 3 signal sources.
This experiment investigates where optimizations can be applied to reduce the number of
computations. This will be accomplished through gathering previously found observations
which will be merged to compose an optimal model. The optimizations have to be made on
the input- and hidden layers since the output should have the same amount of classi�cations.
Currently, the upper triangular part of R̂x, included the diagonals, is used as input for the
NNs. To reduce the number of computations on the input layer, it will be explored if the DoA
estimation problem can be solved to only consider the o�-diagonals. This should result in a
reduction of 16 neurons to a total of 56. The major improvement has to be made in hidden
layers i.e. minimize the number of hidden layers and reduce the number of neurons per layer.
This will be explored in the next part of this section.

Experiment 4.1 has been shown that a NN outperforms MLE for all SNRs lower than
20dB where the opposite is true for SNR higher than 20dB. A possible explanation for this
could be that a neural network provides a statistical probability for each output, where MLE
generates a calculated optimal value for a combination of angles. In lower SNR regions, the
in�uence of noise is greater, relative to high SNR regions. For this reasons, MLE o�ers a lower
accuracy in lower SNR values. Here, a NN approach is bene�cial, as the statistical probability
of achieving the correct angle gives a higher likelihood of achieving the correct result. In higher
SNR regions, MLE has a great accuracy of calculation, which would outperform an approach
based on statistical probability, such as a NN.

A possible explanation for this could be that a NN provides a statistical probability for each
output that is calculated for an average SNR value, whereas MLE calculates an optimal value
based on a combination of angles for a speci�c SNR value. In lower SNR regions, the in�uence
of noise is greater, relative to high SNR regions. For this reason, MLE is more in�uenced by
the low SNRs and o�ers a lower accuracy as result. In the higher regions, MLE achieves high
accuracy and has no longer in�uence of noise, whereas an NN provides estimations for the same
weights as were used for the lower SNR values. A recommendation for the future would be to
investigate if a NN, which is only trained for high SNRs, can have a lower RMSE value than
when an NN is trained for all SNRs. If that would be the case, it con�rms the assumption
above and gives a better understanding of the di�erence in estimation behavior.

To use the advances of both algorithms, we have combined the NN with MLE as mentioned
in section 3.1.2. Now, the goal will be to minimise network size without loosing performance.
This has resulted in a �nal model of 3 hidden layers of 160, 360, 160 neurons respectively. Fig.
4.13 shows the NN model structure which is used in this experiment.

Figure 4.13: Model structure
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This shallow NN is trained on a training dataset of 7× 106 observations so that we consider
as much as possible combinations of angles that could be processed on our hardware. The
results are obtained for a test-dataset of 105 observations for each SNR. Moreover, it will be
important to train small NNs for many more epochs than large sized NNs to reduce the training
error because small changes have more in�uences on the output. Therefore, we have decided
to train this NN for at least 400 epochs. Due to time constraints, we didn't have explored the
minimum number of epochs that is required.

(a) P(k̂ = k) (b) RMSE

Figure 4.14: Estimation performance shallow NN, 3 sources and a grid resolution of ∆θ = 1°

(a) P(k̂ = k) (b) RMSE

Figure 4.15: Estimation performance shallow NN given antenna imperfections, 3 sources and a
grid resolution of ∆θ = 1°

In Fig. 4.14, four frameworks were compared: the shallow NN(NN ), the shallow NN +
MLE(NN+MLE ), NN of experiment 4.1(NN(Large)) and MLE. It can be observed that the
NN has a average estimation performance degradation of 2% compared to NN(Large) for SNRs
lower than 20dB. This is also con�rmed by Fig. 4.14b where the RMSE values of NN are
all higher than the one for [NN(Large)]. If we look speci�cally to the RMSE values for SNRs
higher than 20dB, the shallow NN converged to 2.3° contrary to NN(Large) which is converged
to 0.3°. This degradation is compensated by the addition of MLE and is improved to an RMSE
1.3°. This is still higher than achieved by NN(Large) but we have reduced the number of MAC
operations by a factor 200 to 1.68× 105 which is much lower than NN(large) and MLE require.
These results are obtained for an theoretical optimal antenna array. Now, we will consider the
behavior of a similar NN structure which is trained for an antenna array with imperfections.

The results are presented in Fig. 4.15 and has shown that the performance of the NN+MLE
is degraded to an average RMSE of 2.7°. This is 1.4° higher than was achieved for an antenna
array without imperfections and implies that the NN has not enough degrees of freedom to
achieve similar performance as in Fig. 4.14a. Therefore, we have decided to increase the size of
the hidden layers by 20 neurons so that the hidden layers have sizes of 180, 380, 180 respectively.
The performance of this new model structure is depicted in Fig. 4.16a, and has competitive
performance compared to NN(Large). The new trained NN has an estimation performance of
97% contrary to 99% for the NN+MLE for SNRs higher than 20dB. This performance reduction
can be directly related to the omission of MLE. The RMSE values in Fig. 4.16b show the main
di�erences between the NN and NN+MLE where the NN has an average RMSE of 5° for
higher SNRs contrary to 1° for NN+MLE. This implies that a NN without MLE has many
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more outliers than the one including MLE and con�rms the assumptions that MLE is capable
of �ltering outliers.

To determine if the shallow NN can achieve competitive results for a grid where the DoAs
are uniformly distributed, a new NN has to be trained on data samples that contain uniformly
distributed DoAs. The results obtained for this NN are presented in Fig. 4.17. It can be
observed that the overall performance has been degraded to a maximum accuracy of 94% for
SNRs of 25dB and higher. This was not noticed in previous experiments, so it will be very
likely that this is caused by the increase in the complexity of the problem. Especially, similar
behavior was observed when we had introduced imperfections. The hidden layers of this model
were enlarged by 20 neurons and have achieved competitive performance with an RMSE of 1°,
see Fig.4.16b. Another explanation for this degradation could be the low output resolution.
Since the framework does not increase the output resolution, the NN will not o�er the exact
DoAs anymore. However, MLE is only a bene�cial addition to an NN when we can o�er the
right set of DoAs because then we can regenerate a similar snapshot compared to the given one.
Currently, we consider an output resolution of 1° and do not o�er the exact set of DoAs with
the consequence that multiple combinations of DoAs can result in the same inverse mapping.
After analyzing the output data, it was observed that there are snapshots where the highest
probabilities of the outputs are the correct estimated DoAs but are then not correctly estimated
by MLE. This e�ect was not observed for a grid resolution of ∆θ = 1° and therefore con�rms
our hypothesis. The opposite is also true because the addition of MLE has resulted in an
RMSE value that is converged to 3° instead of 5° for the NN without MLE. The performance
of a shallow NN could be enhanced by increasing the output resolution to 0.5° or considering
a regression model which has multiple outputs and letting MLE estimate the correct DoAs
because we have observed that MLE can �lter outliers well.

(a) P(k̂ = k) (b) RMSE

Figure 4.16: Estimation performance of enlarged shallow NN given antenna imperfections, 3
sources and a grid resolution of ∆θ = 1°

(a) P(k̂ = k) (b) RMSE

Figure 4.17: Estimation performance of enlarged shallow NN given antenna imperfections, 3
sources and uniformly distributed DoAs
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4.4.1 Quantization

Through the exponential growth of computational abilities of the last decade, �oating-point
arithmetic has become by far the most used arithmetic. These numbers have a much larger
dynamic range which is especially important when processing extremely large data sets or
data sets where the range may be unpredictable. However, �oating-point operations are more
complex and require more area and power which highly a�ect the hardware costs. To optimize
these costs, �xed-point representation tends to be preferred. Therefore, the weights of this NN
are represented in several bit widths to explore the minimum bit width that is required. When
the weights are analyzed, it was noticed that all weights are in between [-2, 2]. This means
that all weights were represented as signed values and need 1 bit for the integer part. All the
remaining bits of the mantissa can be used for the fractional part. The proposed bit widths for
this experiment are 6, 8, 10 and 12 bits. The results are obtained by a test-set containing 103

observations and are presented in Fig. 4.18.

(a) P(k̂ = k) (b) RMSE

Figure 4.18: Estimation performance of quantized neural network, 3 sources and a grid resolu-
tion of ∆θ = 1°

It can be observed that almost all bit-width can achieve an estimation performance of at
least 96% correctly. The di�erence in estimation performance is visible in Fig. 4.18b where it
can be observed that an increased bit-width gives a signi�cant reduction in RMSE value relative
to a lower bit-width. The RMSE values are stabilized for a minimum bit-width of 10 which
means that we can reduce our shallow neural network to a memory size of 265 kB. Compared
to our non-optimized model we have achieved with all our optimizations a memory reduction
of more than 200 times.

4.5 Number of Source estimation

With the exception of a few methods, most traditional DoA estimation methods require prior
knowledge of the number of signal sources. If the estimated number of sources does not match
the actual one, MLE is not able to estimate internally a snapshot that is similar to the one
provided as input. This limitation does not appear in data-driven algorithms because there
is no prior knowledge required to estimate DoAs. This makes that we can consider it as
two separate problems that can be addressed individually. This section proposes two source
estimation approaches that make use of di�erent input data.

Fig. 4.19 illustrates a schematic overview of the two approaches. The �rst approach, which
is shown Fig. 4.19a, estimates the number of sources based on the correlation matrix of the
antenna data. This approach can run parallel to the NN for DoA estimation to estimate the
number of DoAs immediately. This small NN has 5 hidden layers of sizes: [100 250 250 100 25]
and 4 output neurons which require a total number of 122.600 MAC operations.

Fig. 4.19b presents the second approach, which is based on the statistical information of
the output layer. This means that we will use instead of the covariance matrix the output
probabilities of the NN that is used to estimate the DoAs to estimate the number of sources.
We have extended the previously de�ned NN in section 4.4 with 2 extra hidden layers and
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(a) Estimation based on Input

(b) Estimation based on output

Figure 4.19: Neural network structures number of source estimation

one output layer of 4 neurons. This additional piece of NN requires 40.326 MAC operations,
which means that we can reduce the number of MAC operations by a factor of 3 if we use the
statistical data of the output instead of the input data. The estimation performance of both
approaches is presented in Fig. 4.20

(a) Estimation based on Input (b) Estimation based on output

Figure 4.20: Estimation performance of the number of sources

It can be observed that both approaches can achieve a good estimation performance for 1
and 2 DoAs. The main di�erence is noticed for estimating 3 DoAs, where estimations based on
output data achieve a 5% higher accuracy than when using the (R̂x) as input. The maximum
accuracy that has been achieved is 99% for SNRs 20dB and higher. This, in combination with
the low number of MAC operations makes this an attractive approach fur future implementation
in radar systems. The only disadvantage will be the time delay between the estimation of the
DoAs and the number of sources because it is processed in sequential order.

This experiment showed that it would be interesting to use the output data of the NN
for DoA estimation to estimate the number of sources. In an earlier experiment, we have
compared the di�erence in estimation performance of the number of sources for snapshots used
for azimuth (1D) estimation and snapshots used for azimuth and elevation (2D) estimation.
Both NNs were structured as shown in Fig. 4.19a, because the 2D NN approach does not
provide probabilities for each output class. The results were obtained for a SNR of 10dB and
are presented in Fig. 4.21a and Fig. 4.21b. An interesting observation in the confusion matrix
for snapshots of 2D estimation is the high estimation performance of 96,9% for 2 sources. This
is signi�cantly higher than the estimation performance that is achieved for snapshots which
are used for 1D estimation. With analyses for more SNRs was concluded that the estimation
performance for snapshots, used for 2D estimation, was only slightly improved to a maximum
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of 81% for 3 sources. Another remarkable observation is the estimation behavior for 3 sources
in the confusion matrix of Fig. 4.21b. It can be observed that 6.4% of the estimations for 3
sources is predicted as 1 instead of 2 sources. This percentages is reduced to approximately 5%
for higher SNRs but is still high in case that 3 sources has to be estimated.

In contrast, Fig. 4.21a shows that the estimation performance of 3 sources is 73.6% for
SNRs of 10dB and increase to a maximum of 93.5% as can be observed in Fig. 4.20a. For these
snapshots, it was observed that 5% of the miss-predictions for the 3 source case was predicted
as 1. This percentage has been reduced to below 1 for SNRs of 20dB and higher. This will be
less problematic since the percentage of the miss-predictions is far less.

(a) Snapshots used for 1D estimation (b) Snapshots used for 2D estimation

Figure 4.21: Confusion matrices 1D vs 2D number of source estimation, SNR 10dB
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Chapter 5

Conclussion and Future work

Our main goal was to explore the use of neural networks for DoA to overcome some di�culties
of traditional algorithms in radar systems. We will investigate this by doing several experiments
where each experiment considered a di�erent aspect of the DoA estimation problem. In this
chapter, we state our conclusions and indicate a direction for future work.

5.1 Conclusion

The initial problem was de�ned as estimating 3 azimuth signal sources by using a (simple) NN.
It has been shown that a NN can estimate 99% of the observations correctly for SNRs of at
least 15dB. This is even better than MLE does while the NN requires 18% less MAC operations.
However, only for a discrete grid with ∆θ = 1° and SNRs higher than 20dB, the RMSE value
of MLE will be at least 10% lower than the one achieved for a NN.

For the 2D estimation problem, we explored whether we could estimate the azimuth and
elevation angles separately, i.e. with two NNs. We achieved a maximum of only 80% correctly
estimated azimuth angles and 67% correctly estimated elevation angles within a tolerance of
1°. This is gradually improved by only considering 2 signal sources to a minimum accuracy
of 90% for both algorithms for SNRs 25dB and higher. Both models are used in combination
with MLE to estimate the coordinate of azimuth and elevation angle. The �nal 2D estimation
performance that could be achieved was 82% for a maximum of 2 sources.

Another aspect that was considered were the antenna imperfections. These imperfections
are di�cult to take into account in traditional DoA estimation algorithms but do not a�ect the
NN performance when the NN is trained on imperfect antenna array data. This is an interesting
property of NNs and can be useful if there is no prior knowledge about imperfections of the
antenna array.

The memory size of NN is the main area in which major improvements need to be made. It
was found that we could achieve a major memory reduction to compose a hybrid approach where
we combine a neural network with MLE. This has resulted in a major reduction in computation
costs of a factor 200 with only a modest estimation performance degradation while considering
DoAs on a grid ∆θ = 1°. In future research, it should be investigated how well the small neural
networks perform for arbitrary angles instead of angles that lay on the search grid.

Another part of the DoA estimation problem that we considered were estimating the number
of sources. It has been shown that using the output probabilities of the DoA estimations as input
for a second NN for the number of source estimations can achieve an estimation performance of
at least 95% for SNRs of 15dB and higher for a maximum of 3 sources. This will be 10% higher
compared to using the (R̂x) as input. Another advantage of using the output probabilities
compared to the upper triangle of the covariance matrix (R̂x) is the reduction in the number
of MAC operations by a factor 3 to a maximum of 40.326 MACs.
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5.2 Future work

Although several aspects of the DoA estimation problem were considered, a potential shortcom-
ing is that only arti�cially generated data was used instead of measured data. An interesting
direction would be to explore whether snapshots can be used as input data of the NNs instead
of the covariance matrix. This would reduce the size of the input layers of the NN.

Another issue that should be studied is how well the small neural networks perform for
arbitrary angles instead of angles that lay on the search grid. I will mention a few suggestions
which could improve the estimation performance of the shallow NN. The �rst experiment could
be to enlarge the neural network by one or two layers to increase the degree of freedom. This
should be improve estimation performance because experiment 4.1 has shown that a large NN
can estimate well for uniformly distributed DoAs. A second experiment could be to double
the number of outputs neurons to increase output resolutions so that MLE gets more accurate
DoAs which could result in fewer miss-predictions. The only disadvantage of this approach
is that the increased number of outputs will also lead to a more complex problem and thus
a more complex NN. The last suggestion will be to explore whether a neural network model
based on regression in combination with MLE could achieve a higher estimation performance.
The regression model should have K + 3 outputs where K depends on the maximum number
of sources that has to be estimated. Sequentially, MLE is used, in the same way as mentioned
in the experiments, to estimate the correct DoAs. This should improve estimation performance
through the more accurate DoAs that are provided to MLE.

Furthermore, the hybrid approach has shown a signi�cant reduction in network size with
only a very modest estimation performance degradation. According to the results, the trained
weights can at least be represented in 10-bit �xed-point numbers. It would be preferable if it
can be reduced to 8-bit �xed-point numbers. Therefore, it is necessary to investigate why the
weights, in the last two layers of the number of source estimation parts, are a factor 4 higher
than the weights of the remaining layers. These weights require more integer bits while we have
to use the same amount of fractional bits to achieve an equivalent precision.
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