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The physics involved with bubbles cover a vast range of different phenomena, ranging from
the creation and merging of bubbles to their eventual break-up and the many different rising
paths a (pair of) bubble(s) may take. Therefore, two literature studies were initially carried
out. The first literature study focused on bubble generation, coalescence (the merging of two
bubbles into a larger one), break-up and the effect of surfactants on these several phenomena.
This study was carried out to form a basic understanding and for scoping purposes, narrowing
down the subjects to be covered. It can be found in Appendix A.

The second literature study of Chapter 1 goes into depth about the physics of one or two
air bubbles rising in water, following the general subject of this thesis. If the diameter of a
single bubble exceeds a critical value (1.8 mm [1]), a zigzagging or spiralling motion in-
stead of straight rise can be seen. Although the existence of this so-called path instability has
been known for centuries, a consensus on its exact workings has not yet been achieved. With
the addition of a second bubble, interactions between the two bubbles may occur at signifi-
cantly smaller sizes. Depending on the size and distance between the bubbles, side-by-side
rise (horizontal bubble alignment) or in-line rise (vertical alignment) can both lead to attraction
or repulsion between the bubble pair. Whereas an equilibrium distance, where the repelling
and attractive force nullify each other, has experimentally and numerically been proven to ex-
ist for side-by-side bubble rise, the presence of such a distance for in-line rise is still a topic for
debate.

The literature covered in Chapter 1 lays a foundation for the material discussed in the sub-
sequent chapters. Chapter 2 thoroughly discusses single stable bubble rise. The terminal rise
velocity of a single bubble can be of great importance, as it can be used to assess the per-
formance of industrial processes employing bubbles, such as bubble column reactors or heat
exchangers. By utilising a force balance to retain an understanding of the involved physics on a
fundamental level, the terminal rise velocity of a bubble will be determined. The ability of the
force balance to correctly model the rise velocity will be validated by literature and simulations
carried out in Basilisk. Moreover, Basilisk is used to gather insight into the acceleration phase of
bubbles. Since experimental data is scarce due to the small timescales involved, creating a con-
tinuous rise velocity during these early stages of a bubble’s life through simulation is of great
assistance. The results show that the terminal rise velocity can accurately be determined by
employing force balances. Furthermore, the rise velocity in the acceleration regime of bubbles
with diameters between 0.5 mmand 1.5 mm shows good agreement with the simulated
behaviour. As the current study only focuses on air bubbles rising in water due to buoyancy,
the scope of the research can be extended. Verifying whether the derived expressions also hold
for several other standard bubble systems can be of interest for further studies.

Following the topic discussed in the second literature study, Chapter 3 dives deeper into the
side-by-side rising configuration. The theoretical modification of the drag force, added mass
and lift force with the introduction of the second bubble are covered. The different types of
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bubble interaction are analysed qualitatively for a variety of Reynolds numbers with the help
of Basilisk. Side-by-side bubble rise at Re . 10 yields higher rise velocities than observed for
a single bubble, for which the exact underlying phenomenon causing this behaviour is not yet
well understood. The simulations for a bubble pair with Re 1 at terminal velocity show
two interesting phenomena: 1) the pressure evolution is substantially different than at higher
Reynolds numbers and 2) although the bubble rise velocity is 2.5 times lower compared to a
bubble pair with Re 13, the upward fluid velocity through the bubble gap caused by vorticity
interactions is slightly larger. While it is not apparent whether the above findings are a result
or a cause of the higher rise velocity for a bubble pair compared to a single bubble, they are
intriguing observations that may serve as a starting point for future research.
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Chapter 1

Literature Study: Bubble Rise
Behaviour and Bubble Interactions

This literature study focuses on the rise behaviour of single bubbles and bubble pairs. While
small bubbles follow a straight rising path, bubbles above a critical diameter undergo a path
instability, leading to a zigzagging or helical spiralling motion. The existence of such an insta-
bility has been known for centuries, as it was rst noticed by Leonardo da Vinci in the 1500s [2],
being deemed 'Leonardo's paradox' [3]. Even 500 years later, the exact workings of the path
instability remain incredibly dif cult, where a variety of explanations over the last decades are
elaborated.

Since large bubble groups are often applied in industrial processes (such as in heat exchang-
ers and bubble column reactors to enhance heat and mass transfer [2, 4, 5]), the interaction
between two bubbles is also of interest. Therefore, side-by-side and in-line rise will be investi-
gated, in which the properties of the uid and the bubbles can lead to attraction or repulsion.
The underlying physics for both mechanisms will be explained, while the existence of an equi-
librium position for both con gurations is investigated as well.
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1.1 Introduction

In this literature study, bubble rise and bubble interactions will be investigated. When consid-
ering a singular bubble rising due to buoyancy, the bubble can either follow a rectilinear rise
path or an oscillatory path above a certain critical bubble diameter. In addition to single bub-
ble rise, bubble interactions in a side-by-side and in-line rising con guration will be treated as
well. Depending on the properties of the bubble and the surrounding uid, the bubble pair
might show repulsive or attractive behaviour, of which the latter may lead to coalescence. The
subsequent report (Chapter 2) will elaborate on the force balances acting on single bubbles be-
low the path instability threshold at the terminal rise velocity and during its acceleration phase.
The material described here can be seen as supplementary to that covered in Chapters 2 & 3.

1.2 Single Bubble Rise

The simplest case of bubble rise is a single bubble rising solely due to buoyancy. Even though
only a single bubble is rising, it might follow a variety of paths depending on its size. The mech-
anisms leading to the different types of rise behaviour will be elaborated below by considering
several regimes of the Bond and Galilei numbers. These dimensionless numbers describe the
ratio of the gravitational force to the surface tension force and the ratio of the gravitational force
to the viscous force, respectively.

1.2.1 Path Instability

and Galilei Ga= %
sity difference between both uids, g the gravitational acceleration, Dy the bubble diameter,
s the surface tension, r_ the density of the liquid and m the dynamic viscosity of the liquid),
the surface tension of the bubble is signi cantly higher than the gravitational forces, such that
the bubble keeps its integrity and takes a spherical or ellipsoidal shape [6]. Experiments from
Duineveld [7] using 'hyper clean' water showed that rising air bubbles in water follow a rec-
tilinear path for diameters up to approximately 1.8 mm. The water in his experiments was
cleaned by a puri cation system to eliminate the effect of impurities (contaminants such as
surfactants) on the rise velocity [7].

Once the critical diameter is surpassed, bubbles will not follow a rectilinear path anymore.
Instead, either a zigzagging path or a spiralling path will be taken by the bubble, which was
rst noticed by Leonardo da Vinci in the 1500s [6]. Prosperetti [3] deemed this 'Leonardo’s para-
dox', as it was not known at the time why an axisymmetric bubble would suddenly change its
straight rising path to a spiralling or a zigzagging path. At the transition point, a path insta-
bility occurs, which, even to this day, is not understood well. Initially, based on the work of
Haberman & Morton [8] in the 1950s, it was believed that vortex shedding from the bubble was
the cause of the path instability [6, 7, 9]. They substantiated this by the fact that such vortex
shedding has also been observed experimentally for rigid spheres at the same magnitude of
Reynolds numbers as for bubbles [8, 10].

In the same period, Saffman [11] suggested the existence of a wake behind the bubble and
that the instability of the rectilinear motion might trigger instability of the wake [12]. This no-
tion was further investigated by Mougin & Magnaudet [12] and De Vries et al. [13] in the 2000s,
revealing that a wake instability leading to a double-threaded wake is the primary cause of the
path instability instead of vortex shedding. The two threads of the double-threaded wake have
opposite circulation, creating a lift force [3]. This lift force, acting normal to the direction of
motion, then causes the bubble to follow a curved/zigzag path [13].

DrgD2
s

Atlow Bond Bo= numbers (where Dr gives the den-
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In the last few years, additional mechanisms have been proposed. Cano-Lozano et al. [14] dis-
covered a chaotic regime in 2016, in which bubbles experience small horizontal displacements.
Interestingly, no standing eddy (a recirculation zone behind the bubble [9]) exists at the back of
the bubble in the chaotic regime. This observation is in contrast to what was earlier described
by Legendre et al. [15] and Leal [16], who state there are strong indications that the formation
of a standing eddy is required for the occurrence of a wake instability. Since such a standing
eddy was not observed, the path instability had to be seen as an outcome due to an interplay
between the bubble and the surrounding ow [14].

In 2023, Herrada & Eggers [1] continued this way of thought and presented the rst quan-
titative agreement between a numerical technique and high-precision measurements of the
instability. At a critical diameter of 0.926 mm, a Hopf bifurcation * could be seen, causing insta-
bility of the bubble. As the bubble undergoes a periodic tilt, the side of the bubble pointing up
possesses a higher degree of curvature. This increased curvature causes an increase in surface
vorticity, leading to a higher rising velocity. The difference in rise velocities then causes the
tilt of the bubble. By Bernoulli's law, an increased uid velocity leads to a decreased pressure
at the side of the bubble with high curvature, pushing the bubble back to its original position.
The pushing back of the bubble causes a reversal of the distribution of curvature, leading to the
repeating process of the zigzagging motion [1].

The publication from Herrada & Eggers [1], however, led to a response from Bonne s et al.
[18] merely a week later, stating that "some previously established results were overlooked or
misinterpreted” by Herrada & Eggers [1]. It is stated that "the instability mechanism actually at
play results from the hydrodynamic uid-body coupling made possible by the unconstrained
motion of the bubble which behaves essentially, in the relevant size range, as a rigid, nearly
spheroidal body on the surface of which water slips freely" [18].

While a single instability causes the existence of a zigzag path, it was hypothesised by De
Vries [9] that a spiralling or helical motion occurs due to a second instability of the zigzag-
ging path. When this instability does not take place in the same plane as the already occurring
zZigzag, it is likely that a helical motion results. Similar to that of the zigzagging bubble, the
double-threaded wake of a spiralling bubble consists of two counter-rotating vortex laments,
leading to a lift force on the bubble. This wake-induced lift force is directed towards the middle
of the spiralling path, conserving the spiralling motion [9]. In addition, Mougin & Magnaudet
[12] carried out simulations in which a zigzag path was always seen rst as its growth rate is
signi cantly larger than that of a spiral, corresponding s with experimental observations, while
the reverse transition has not yet been reported [19].

1.2.2 Experimental and Numerical Results from Literature

A substantial amount of experimental and numerical research has been performed on single
bubble rise, where Haberman & Morton [8] carried out the rst modern study, distinguishing
three different paths: rectilinear, spiral and straight rocking (later often deemed zigzagging)
[14]. This initial work has led to many subsequent studies, amongst which by Tripathi et al. [6],
who carried out a three-dimensional numerical analysis on an initially spherical bubble rising
from rest. They describe that the boundaries between the different regimes generally agree
well with experimental studies [8, 20-22]. Their overview can be seen in Figure 1.1, where ve
different regions are shown. It should be noted that the Galilei and Bond numbers shown in
the gure are based on the radius instead of the diameter, which is use%ig the rest of the report.
Therefore, Ga and Bo based on the diameter have to be divided by 2° 2 and 4, respectively, to
achieve Ga and Bo based on the radius.

1A Hopf bifurcation is the development of a periodic oscillation as a parameter (in this case the bubble diameter)
crosses a critical value [17].
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FIGURE 1.1: The different regimes for bubbles during rise as de ned by Tripathi et al. [2] as a function
of the Galilei and E6tvos (Bond) number (based on the bubble radius). Region I: axisymmetric, region
II: skirted, region Ill: oscillatory, region IV & V: break-up. Adapted from Tripathi et al. [2].

The axisymmetric rectilinear path is indicated by region I, while a bubble in region lll rises
in an oscillatory fashion, either spiralling or zigzagging. The remaining regimes, where region
Il indicates a bubble with a thin skirt trailing from the body and bubbles in regions IV & V ex-
periencing break-up [2], will not be covered in this research. Since air bubbles up to a diameter
of 2 mm rising in water are investigated, only regions | and Il are of interest.

In addition to the results from Tripathi et al. [2, 6], Cano-Lozano et al. [14] carried out three-
dimensional numerical simulations close to the path instability region. By xing a bubble in a
constant velocity inlet equal to the terminal velocity of that bubble (yielding so-called 'frozen'
bubbles), the wake instabilities could be investigated, leading to the de nition of the different
regimes [6]. A similar regime overview to that of the previous gure, now focused on the tran-
sition between stable and oscillatory rise, is obtained and shown in Figure 1.2, where Bo and
Ga are based on the diameter. Besides the already covered rectilinear, zigzagging and helical
spiralling regions, Cano-Lozano et al. [14] distinguish two additional regimes: the attened
spiralling and chaotic regime. The former is described as a transient regime that eventually
converges towards the zigzagging or the helical spiralling regime. However, as this temporary
regime may exist over a large distance (O(100Dy)), it is considered to be a stable state. In the
remaining chaotic regime, slight lateral displacements of the bubble occur (O(0.1Dy)) before
the transition to the zigzagging or at-spiralling regime takes place. The most interesting fea-
ture of the chaotic regime is that no standing eddy exists at the back of the bubble, as described
earlier. Therefore, the path instability does not result from wake instability but likely follows
from an interplay between the bubble and the surrounding ow [14].

1.3 Side-by-side Bubble Rise

In many applications, such as in the chemical or petrochemical industry where bubbles play

a large role in bubble column reactors and heat exchangers to enhance heat and mass transfer
[2, 4, 5], bubbles will not be isolated from other bubbles. Therefore, the side-by-side rise of
bubbles will be investigated theoretically numerically in which interactions occur between the
two bubbles. These interactions may lead to different behaviours, amongst which attraction
(possibly leading to coalescence) and separation are two of the most common results.
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FIGURE 1.2: The different regimes near the path instability transition. The triangle (rectilinear), square
(chaotic), circle (planar zigzag), inverted triangle ( attened spiral) and diamond (helical spiral)
symbols indicate the results of the simulations from Cano-Lozano et al. [14]. The solid line describes
the transition from stable rise to zigzag obtained with frozen bubble shape simulation [23] while the
dash-dotted line indicates the transition from stable to unstable rise achieved with linear stability
analysis for xed bubbles [24]. The dotted line indicates the critical curve beyond which a standing
eddy exists. Obtained from Cano-Lozano et al. [14].

1.3.1 Attraction and Repulsion

Based on numerical analysis, Legendre et al. [25] showed that the interactive behaviour be-
tween two side-by-side rising bubbles depends on the Reynolds number (Re = r_ D,g/ m ). For
a Reynolds number of O(100), attraction occurs, caused by a Venturi effect in the gap between
the bubbles. As the bubbles rise, uid will ow along the bubble surface, also entering the gap
between the bubbles. Due to the incompressibility of the water, the uid inside the gap has to
be accelerated as the gap is narrowed (the Venturi effect). This acceleration leads to a decrease
in the pressure between the bubbles by Bernoulli's principle. Since the pressure between the
bubbles is lower than in the rest of the surrounding uid, the bubbles will experience an attrac-
tive force, causing them to approach each other [25]. The exact value of the Reynolds number
at which attraction occurs, also deemed Re.(S), depends on the initial separation distance be-
tween the bubbles (S) as they are released. The separation is measured in bubble radii (Ry)
from the centres of the bubbles, i.e. S= 2(Ry) corresponds to the two bubbles touching.

The numerical analysis from Legendre et al. [25] also investigated bubble behaviour for
Reynolds numbers below Rec(S). One might expect the Venturi effect to also exist at lower
Reynolds numbers, albeit to a lesser extent. This is, however, untrue due to the vortices being
generated at the bubble surface. Legendre et al. [25] describe that at low Reynolds numbers,
the presence of the second bubble blocks the diffusion of the vorticity in the gap between the
bubbles, as can be seen in the upper-left part of Figure 1.3. In the gure, the right bubble can
be seen (the symmetry axis being located atx/ R, = 0). While the vorticity is diffused freely
around its free surface on the right, the vorticity on the left part of the bubble is blocked by the
other bubble. This blocked vorticity causes upward velocities in the gap, lowering the vertical
uid velocity through it. Instead of the Venturi effect taking place, the uid is now decelerated.
The deceleration causes a pressure gradient towards the symmetry plane between the bubbles,
resulting in a repulsive force [26]. For high Reynolds numbers, the diffusion of the vorticity
along the bubble surface is signi cantly higher, preventing any potential ow blockage in the
gap (yielding attraction as discussed above), as can be seen from the lower-right part of Figure
1.3 [25].
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FIGURE 1.3: Iso-contours of the normalised vorticity in the z = 0 symmetry plane for a bubble pair at
different Reynolds numbers with S = 4. The symmetry axis is located at the left at x/ R = 0. Adapted
from Legendre et al. [25].
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1.3.2 Further Experimental and Numerical Results from Literature

To deepen the knowledge about bubble encounters, Duineveld [27] carried out a series of ex-
periments on bubble pairs rising in pure water. One of the main questions was what minimum
bubble size and approach velocity are required for bubbles to bounce instead of coalescing. By
studying bubbles with a radius between 0.36 and 2.00 mm and an initial distance between the
bubbles varying from 2.7 R, to 10R,, two different critical Weber numbers were de ned. The
rst one (We y) is based on the approach velocity of the bubbles (U):

rLU2R
WeU = ﬁ,

(1.1)
in which Req is the equivalent radius, given by Reql = 1/2 (Rll + R, 1). When the Weber
number based on the approach velocity exceeds a critical value Wey ¢ of 0.18 0.03, bubbles
would bounce, whereas they coalesce otherwise. Duineveld [27] related the bouncing to the
fact that the liquid Im between the bubbles cannot be drained fast enough. Subsequently, the
repelling force caused by the increasing pressure in the Im exceeds the driving force for the
bubble approach (the inertia of the bubbles), leading to rebound. For bubbles with R, < 0.71
mm, coalescence was found to take place for all initial separation Ssmaller than 10R,,. Bubbles
of such size cannot obtain a suf ciently high approach velocity to cause bouncing [27]. As
described by Van Wijngaarden [28], the maximum approach velocity of two side-by-side rising
bubbles is 0.86/1 (with V1 being the terminal rise velocity), causing the approach velocity to be
dependent on the terminal rising velocity and thus on the bubble size.

Once bouncing has occurred, bubbles might coalesce or separate. Duineveld [27] describes
that it depends on the Weber number (We v) based on the rising velocity V of a bubble which
phenomenon occurs, where Wey, is given by:

_ 2r V%R,

w
& S

(1.2)
As a result of the experiments, a critical Weber number based on the rise velocity We y ¢, was de-
ned, being approximately 2.6 0.3 for the rst bounce. Above this value, separation occurs,
while coalescence takes place below it. It should be noted that attraction after the initial bounce
does not automatically mean that coalescence follows. Repeated bouncing may occur, in which
the approach velocity in a later bounce can exceed that of the initial bounce, eventually leading
to separation, caused by a decrease in rise velocity. After bouncing, shape oscillations of the

bubbles generally take place, reducing the total kinetic energy of the bubble [27].

The bouncing-separation phenomena was seen to take place above a bubble radius of ap-
proximately 0.86 mm, which is quite similar to the value at which a path instability occurs [7]
(R,  0.91 mm [1]) as described earlier. Additionally, We v ¢, is near the critical Weber number
for instability of single bubbles as well (We = 3.3) [27]. As single bubble path instability and
wake development are closely related, it is proposed that the wake of the approaching bubbles
plays an essential role in the bouncing behaviour [27, 29, 30]. Duineveld [27] attributes the
separation phenomenon to a trigger of the wake instability by the bubble bounce, causing the
shedding of vortices. The bounce leads to considerable distortion, such that path instability
arises at lower Weber numbers than for a single bubble. Sanada et al. [29] used an activated
photochromic dye to visualize the bubble wakes and identi ed wake collision as the bubbles
bounced. As the bubbles collided, both wakes entered between the bubbles during bubble de-
formation, ultimately overtaking the bubbles. Based on image visualization, the decrease in
rise velocity after bouncing (as was also noticed by Duineveld [27] and De Vries et al. [13]) was
attributed to the motion of the surrounding liquid, mainly caused by the bubble wake.
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FIGURE 1.4: Values for the Reynolds number and separation for which side-by-side rising bubbles
attract ( ) or repel ( ) each other. Adapted from Legendre et al. [25].

In addition to the experimental results from Duineveld [27], the numerical study from Legen-
dre et al. [25] investigated the interaction between two spherical bubbles rising side-by-side
in-depth as well. Amongst their results, they created a graph where the result of the side-
by-side rise (either attraction or repulsion) was plotted as a function of the initial separation
distance S and the Reynolds number Re, as can be seen in Figure 1.4. As shown in the gure,
the transverse force between the bubbles is always repulsive, no matter the value of the initial
separation, below a Reynolds number of Re  28. At this number, deemed Reep, the transverse
force between the bubbles changes sign, indicating the existence of an equilibrium position. To
their surprise, the numerical results suggested the presence of two equilibrium separation dis-
tances for Reynolds numbers greater than Regep. From Figure 1.4, it was deduced that only
the smallest of the equilibrium values (deemed S,;) has a stable con guration. If the distance
between the bubbles is decreased, a repulsive transverse force will occur, bringing the bubbles
back to their equilibrium position. Similarly, if the distance between them is increased, an at-
tractive transverse force occurs, re-establishing the equilibrium position. For the larger of the
two equilibrium values ( $,), this effect is swapped: any slight deviation below the equilibrium
position yields an attractive force, causing the bubbles to approach S;, while a deviation above
S, leads to the bubbles moving away in nitely far. Although the above holds for a Reynolds
number larger than Reep, bubbles will be repelled in nitely far away if the Reynolds number
does not exceed Re, as no equilibrium position exists in this domain [25].

Numerical experiments from Kusuno & Sanada [31] have recently shown that deformable
bubbles can repel each other even if the velocity inside the gap is larger than that of the sur-
rounding uid. Spherical bubbles, on the other hand, still attracted each other due to high rise
velocities at large Re. In Figure 1.5, the smaller spherical bubble pair on the left (D, = 1.10
mm) can be seen to show coalescence, while the larger deformable bubble pair on the right
(Dp = 1.50 mm) shows repulsion in the same simulated liquid. Therefore, Kusuno & Sanada
[31] stated that the repulsion of (deformable) bubbles cannot be explained by only taking into
account the velocity inside the gap (which is larger than the rise velocity in both cases) but also
by considering the wake interaction generated behind the bubbles. It was shown that the ro-
tation direction of the vorticity within the wake participates in repulsion, regardless of bubble
attraction or repulsion. This notion led to the statement that bubbles repel each other when
the strength of the vortex pair behind the bubbles is ampli ed due to the bubble interaction.
Otherwise, the conventional approach described by Legendre et al. [25] takes place [32].
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FIGURE 1.5: Trajectories of two bubble pairs. The left gure shows coalescence for Ga =117 and Bo =
0.6, the right gure shows repulsion for Ga = 186 and Bo = 1.1. Adapted from Kusuno & Sanada [31].

1.4 In-line Bubble Rise

Besides the horizontal con guration of side-by-side bubble rise, bubbles can also rise in a ver-
tically aligned arrangement. In general, the wake of the leading bubble causes an attractive
force for the trailing bubble as it experiences a lower drag [33]. Initially, this will cause the
trailing bubble to approach the leading bubble. This approaching behaviour, however, does
not necessarily have to result in coalescence between the two bubbles. Other results, such as
the ejection of the trailing bubble from the wake might also occur depending on the bubble and
ow characteristics [33—-36]. Below, the (non-) existence of an equilibrium position for in-line
rise will be discussed.

1.4.1 Equilibrium Position

In contrast to the proposed existence of an equilibrium separation between side-by-side rising
bubbles by Legendre et al. [25] and also later experimentally con rmed by Kong et al. [30],
the existence of such an equilibrium distance between in-line rising bubbles is a topic for de-
bate. Harper [37] analytically derived the presence of an equilibrium distance based on many
simplifying assumptions, amongst which are a spherical bubble shape, an irrotational ow pat-
tern and not taking the vorticity diffusion in the wake between the bubbles into account. The
equilibrium position was shown to be stable for small vertical disturbances, but unstable for
horizontal ones.

Yuan & Prosperetti [38] later carried out a numerical study, considering the effect of the
vorticity shedding from the surface of the bubbles. Their results con rmed the existence of
Harper's described equilibrium distance, whatever the initial separation, which is expressed
as a balance between the attractive wake effect lowering the drag on the trailing bubble and
the potential repulsive force caused by pressure gradients [39]. Their results, however, did
not agree with the experimental outcome from Katz & Meneveau [40], who describe that all
bubbles in their experiments catch up with each other and collide, leading to the conclusion
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that the wake-induced relative motion is powerful enough to overcome any repulsive poten-
tial force. The discrepancy between the numerical analysis from Yuan & Prosperetti [38] and
the experiments from Katz & Meneveau [40] was attributed to bubble deformation, which was
neglected in the numerical analysis.

Based on the results from Yuan & Prosperetti [38] and the above-described discrepancy
about the existence of an equilibrium position, Harper [41] again theoretically investigated
the in-line rising behaviour. Vorticity diffusion in the wake between bubbles was found to be
only negligible at (impossibly) high Reynolds numbers. Filella et al. [26] describe that further
experimental research was also motivated due to the difference between the numerical and
experimental analysis, leading to experiments from, amongst others, Watanabe & Sanada [35].
In their study, both experimental and numerical validation, taking into account the aforemen-
tioned surface deformation effects, for the existence of an equilibrium distance was found. At
low Reynolds numbers (Re = 5), the same coalescing behaviour as described in Katz & Mene-
veau [40] could be seen in their experiments. For bubbles at intermediate Reynolds numbers
(5 < Re < 150), however, the behaviour as predicted by Yuan & Prosperetti [38] was seen,
showing an initial approach after which it ceased, leading to a constant distance between the
bubbles. The difference between the results from Yuan & Prosperetti [38] and Katz & Mene-
veau [40] is assigned to the difference in Re. It should be noted, however, that the distance
between the pair of bubbles as experimentally measured by Watanabe & Sanada [35] is signif-
icantly larger than that predicted by Yuan & Prosperetti [38] and that the equilibrium distance
is also often unstable, leading to a varying distance which is dependent on the initial bubble
separation distance for constant Re [35]. This difference is considered to originate from bubble
deformation and three-dimensional effects of bubble motion, which were both not included in
the analysis from Yuan & Prosperetti [35, 38]. Additionally, the numerical results from Watan-
abe & Sanada [35] showed an equilibrium distance smaller than that predicted by Yuan &
Prosperetti [38] due to the incorporation of the bubble deformation.

Later numerical research by Ramirez-Mufioz et al. [42], using simple models for the trailing
bubble drag, again showed the existence of stable equilibrium distances, agreeing well with
the results from Yuan & Prosperetti [36, 38]. Recent research from Gumulya et al. [43] using
3D numerical simulations, however, was not able to reproduce the stable balance between the
attractive forces of the wake and potential repulsion ahead of the trailing bubble within the
parameters of their study (0.1 Bo 1and Re 890). On the other hand, they were able to
reproduce the unstable in-line con guration for moderate Re values as described by Watanabe
& Sanada [35]. The presence of the equilibrium distance as shown by Yuan & Prosperetti [38]
and Watanabe & Sanada [35] is attributed towards the axisymmetric assumption taken in both
studies [43].

1.4.2 Comparison Stable Con guration

In 2011, Hallez & Legendre [44] performed a numerical study on the three-dimensional ow
around two spherical bubbles for a range of Reynolds numbers, separation distances and an-
gular positions of the bubbles. Their results indicate that the side-by-side con guration for
a pair of rising spherical bubbles is the only stable position due to the destabilizing effect of
the wake in the in-line con guration [26]. A torgue action exists for the in-line motion which
tends to position the bubbles horizontally. Therefore, at a certain Reynolds number and sepa-
ration (for instance Re = 200 and S = 3.75), the in-line motion proves to be unstable while the
side-by-side con guration is stable [44]. Additionally, they describe that a stable in-line bubble
con guration could be seen in controlled experiments [40, 45]. It is thought that this stability
is caused by deformation from a spherical shape or by contaminants such as surfactants [37,
46-48].
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1.5 Conclusion

In this literature study, the path instability of a single bubble and the side-by-side & in-line
rise behaviour of bubble pairs were covered. Although the reason for the occurrence of a path
instability has been a topic of discussion for centuries, its presence causes rectilinear bubble
rise to switch towards either a zigzagging or a helical path, depending on the number of path
instabilities occurring. While it has been thought for a long time that a standing eddy is re-
quired for a path instability to occur, a new regime has recently been discovered in which such
an eddy does not occur. Therefore, the interplay between the bubble and the surrounding ow

is thought to cause the path instability.

As bubbles often rise in large groups, the effect of bubbles rising side-by-side and in-line
was investigated as well. Whether side-by-side bubbles attract or repel each other depends
on a critical Reynolds number (Re¢) as a function of the separation distance (S) between the
bubbles. The Venturi effect causes attraction between the bubbles at high Re, while vorticity
interactions leading to ow blockage cause repulsion at low Re. Additionally, Duineveld [27]
de ned a Weber number based on the approach velocity of the bubble pair based on exper-
iments, describing whether bubbles coalesce or bounce. Moreover, the Weber number based
on the rise velocity determines if the bubble pair coalesces or separates after bouncing has oc-
curred.

Whereas there is a consensus on the existence of an equilibrium position for side-by-side
bubble rise, such agreement does not exist for in-line bubble rise. Multiple studies have ex-
perimentally and numerically con rmed or denied the existence of such a position, albeit by
using (sometimes) rather crude simpli cations. While experiments have shown a stable in-line
con guration, it is thought that this is caused by the non-sphericity of the bubbles or surface
contamination, still yielding disagreement about the existence of an equilibrium position for
spherical bubbles rising in-line in pure water.
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Chapter 2

Derivation of Analytical and Numerical
Expressions for the Rise Velocity of Air
Bubbles in Water

A single air bubble rises in water due to buoyancy. As it accelerates through the liquid, the
drag from the surrounding medium increases. Ultimately, the bubble reaches a terminal ve-
locity when the two forces (buoyancy and drag) balance. We investigate both the outcome of
such a force balance and the transients preceding it. Comparison with experimental data and
expressions from literature show good agreement with the analytical expressions for the termi-
nal rise velocity of the spherical and deformed bubbles: the terminal rise velocities are within
the experimental uncertainty of 10%. Such experimental uncertainties may occur from surfac-
tants or contaminants. We use fully resolved nite volume-based direct numerical simulations

in Basilisk to validate the rise velocity during acceleration. The acceleration, as obtained from
these simulations, is captured reasonably well with the modi ed force balances, showing the
best agreement for bubbles across different sizes. We also compare these simulations with the
experiments and show an excellent agreement for the aspect ratio (a measure of the deforma-
tion of the bubbles) up to a bubble diameter of 1.6 mm.
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2.1 Introduction

The dynamics of rising bubbles are an essential phenomenon that has been studied for cen-
turies [3] due to its importance in understanding the basic principles of two-phase ows and
their application in industrial processes [49]. Bubbles ful | a vital role in heat exchangers and
bubble column reactors, where they enhance heat and mass transfer by increasing the interfa-
cial area between the gas and liquid phase [6, 50, 51]. Inside bubble column reactors, the mass
transfer is often considered to be the limiting factor [52]. Therefore, sub-millimetre bubbles
are considered to increase the interfacial area even further [50], where the terminal velocity of
a single bubble can already give great insights [53]. In bubble column loop reactors, the slip
velocity between the liquid and gas phase of the downward two-phase ow can be approxi-
mated by the terminal velocity of a single bubble [54]. When the terminal velocity is combined
with the gas volume fraction, the slip velocity in conventional bubble column reactors can be
determined [55, 56]. Further, it is crucial in power plant accidents to determine the shape and
rising velocity of gas bubbles as the radioactive aerosol removal ef ciency depends on bubble
size, shape and rising velocity carrying the aerosols [57]. A fundamental understanding will
be created by constructing force balances for rising bubbles. Based on the forces acting on the
bubbles, equations for the terminal rise velocity of spherical and deformable bubbles will be
constructed and compared to other expressions, experimental data from literature and simula-
tions carried out by Basilisk. The comparison aims to validate the ability of force balances to
accurately determine the terminal rise velocity for a multitude of bubble sizes.

The application of the force balances is not limited to establishing the terminal rise veloc-
ity. Moreover, the velocity over time can be calculated, which is of interest in the acceleration
regime of bubble rise. The initial acceleration of a bubble has already been covered extensively
in literature. It has theoretically [58—61], numerically [60, 62] and experimentally [63, 64] been
determined that a bubble rises with an acceleration of 2 g during the early stages of its life.
Dominik & Cassel [65], however, found an initial acceleration greater than 3 g by solving the
Navier-Stokes equations for two-phase ow with the level-set method. Therefore, by utilising
the relatively simple force balance expressions and Basilisk simulations, the velocity evolution
during the initial stages of bubble rise is determined, which is dif cult to capture by experimen-
tal means. As the number of expressions for the rise velocity, terminal rise velocity, spherical
and deformable regime is quite large, an overview is given in Appendix 2.E.

Although the above describes single bubble behaviour, bubbles rarely rise isolated. In in-
dustrial processes, such as in bubble column reactors or heat exchangers [30, 39], the interaction
between two bubbles rising in a side-by-side con guration is of interest as well. In Chapter 3,
the effects causing and resulting from repulsion and attraction between the bubble pair are
elaborated. Additionally, the effect on the rise velocity of a side-by-side con guration is com-
pared in-depth to that of a single rising bubble.

2.2 Numerical Methodology

The simulation results in this study are obtained by Basilisk, which is an open-source ow
solver that couples the Volume of Fluid (VOF) method with an adaptive mesh re nement
(AMR) technique to ef ciently solve multiphase ow problems [51]. The solver, developed
by Popinet, is a successor of Gerris, of which the underlying equations and workings are elab-
orated in their publications [66, 67]. The Basilisk and Gerris ow solvers have already been
validated by multiple authors simulating bubble motion, amongst others by Tripathi et al. [2,
6], Cano-Lozano et al. [14, 23] and Zhang et al. [33, 34, 51], showing its applicability for the
simulation of bubble rise and bubble interactions.

When using a numerical solver to, for instance, simulate bubble behaviour, the obtained re-
sults should be within a certain degree of accuracy of the mesh-independent results. Due to the
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FIGURE 2.1: Mesh convergence for the case of a 1.0 mm diameter bubble compared to experimental
data from Duineveld [7], indicating the terminal rise velocity.

relatively limited amount of available time and computational power, some concessions have
to be made regarding the simulation accuracy achievable in the current study. The simulations
are stopped when the bubble acceleration has declined to approximately 0.5 m/s 2. In this way,
relatively representative values of the terminal rise velocity are still provided while large sim-
ulation times are prevented. In addition, it is decided that a minimum cell size of D = Dy/50
is used for the simulations, where Dy, is the bubble diameter. The introduction of these two
simpli cations leads to an over- or underestimation of the terminal velocity of approximately
5% compared to the simulation result achieved when the bubble acceleration is roughly 0 m/s 2
atthe ner grids (i.e. D = Dy/100 or ner). This accuracy is deemed acceptable in the current
study.

As can be seen in Figures 2.1 & 2.2, the terminal velocity of two different bubble sizes (1.0
mm and 1.66 mm) slowly approaches the experimental value as obtained by Duineveld ! [7]
when re ning the mesh size. The minimum cell size ( D) of the simulation is governed by the
AMR algorithm of Basilisk, which is further elaborated in the publication from Van Hooft et
al. [68]. Figure 2.2 reveals thatD = Dy/100 shows a result which is close to being grid inde-
pendent, which is not yet achieved at D = Dy/50. Previous publications employing Gerris or
Basilisk have seen a similar result for the minimum grid size requirement. The studies from
Tripathi et al. [6], Cano-Lozano et al. [14] and Zhang et al. [51], respectively utilised 70, 128
and 64 grid cells per bubble diameter for their simulations.

From both gures, one may notice that a change in simulation behaviour occurs. While grid
re nement for the smaller 1.0 mm bubble results in a decrease of the terminal rise velocity, the
opposite is true for the larger 1.66 mm bubble. In both cases, however, the experimental value
from Duineveld [7] is approached as the grids are re ned. What exactly causes this shift in
behaviour could not yet be determined. The in uence of the deformability of a bubble, which
might play a role, is further discussed in Section 2.5.2.

The simulated domain in this study is a cube with sides of 20 times the bubble diameter
for small spherical bubbles and 40 times the bubble diameter for larger deformable bubbles,
see Figure 2.3. The bubbles are initiated three diameters above the bottom plane to minimise
boundary effects from the walls. This choice also means that bubble generation is not taken
into account, saving computational effort and creating the same initial state for all simulated
bubbles.

1in his experiments, errors were proven to be small due to perfect stationary rise velocities, at most 0.03 m/s.
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FIGURE 2.2: Mesh convergence for the case of a 1.66 mm diameter bubble compared to experimental
data from Duineveld [7], indicating the terminal rise velocity.

2.3 Spherical Bubbles

A bubble rising from rest will initially have a perfectly spherical shape due to the absence
of any external force on the bubble surface. As the rise velocity increases due to buoyancy,
the drag force acting on the interface may deform the bubble, yielding an ellipsoidal shape.
To compare the size of perfectly spherical and ellipsoidal bubbles, a characteristic length is
de ned. The typical length used in the derivations for spherical or deformable bubbles is the
so-called volume equivalent bubble radius Ry (where Dy, is further de ned as 2 Ry):

v, 3
Rp = Ty : (2.1)
where the bubble volume Vy is given by Vo= (4p /3 )Rﬁ Ry with R, and Ry being the horizontal
and vertical radius of an ellipsoidal bubble, respectively [69]. The aspectratio ¢ = R,/ Ry can
subsequently be de ned to indicate the degree of sphericity of a bubble, where a large aspect
ratio (¢ & 2) indicates a bubble with a high degree of deformation. Spherical bubbles are
described in this study as bubbles for which uid inertia cannot be neglected (i.e. a Reynolds
number larger than one, which occurs for Dy & 0.1 mm for an air bubble in water, both at 20°C)
but also do not show any signi cant deformation. The Reynolds number (Re) based on the rise
velocity V is given by:
r.DpV
m

in which r_ indicates the liquid density and m the dynamic viscosity of the liquid. Legendre
et al. [25] established that deformation can be neglected up to a Reynolds number of about 250
for high-surface-tension liquids like water, which corresponds to a bubble with a diameter of
approximately 1.0 mm at terminal velocity. This result is in close agreement with experiments
from Duineveld [7], who measured an aspect ratio of 1.1 for bubbles with a 1.0 mm diameter
[69]. Manica et al. [69] determined that for D, < 0.6 mm, no deformation and thus a spherical
shape can be assumed, being lower than the diameter described by Legendre et al. [25]. The
main difference is that no deformation, and thus ¢ 1.0, can be assumed at a diameter of 0.6
mm, while a bubble diameter of 1.0 mm indicates ¢ 1.1, leading to non-signi cant deforma-
tion [25]. The quanti cation of the diameter of a spherical bubble will be further elaborated in
Section 2.3.3. There, the terminal rise velocity of a bubble with a diameter of 1.0 mm will be
calculated, considering both the inclusion and omission of deformation.

Re= (2.2)
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FIGURE 2.3: Initial con guration of the computational domain. Dimension L is 20Dy, for spherical
bubbles and 40Dy, for deformable bubbles. The gravitational acceleration g acts in negative y-direction.

2.3.1 Force Balance Set-up

The force balance of a bubble rising due to buoyancy in a quiescent liquid is assumed to be
given by the equation of motion of a 'point particle' [69]:

SF= Fa+ Fg+ Fp=ma O. (2.3)

In the above equation, Fa is the added mass, Fg the buoyancy force and Fp the drag force. These
different components will be discussed individually in the coming sections. It can also be seen
that the contribution of ma s set to 0 due to the negligible mass of the bubble. However, there
exists a nite acceleration of the bubble. This accelerating effect is taken into account because
the uid around the bubble has to be accelerated as well, which is a non-negligible effect [69].

Starting from its generation, a bubble following a straight path will accelerate during its
rise until it has reached the terminal rising velocity. At this constant velocity, two forces are in
balance with one another, being the buoyancy force that pushes the bubble upwards and the
drag force providing the counteracting force, which can be seen in Figure 2.4. The buoyancy
force is given by:

4
Fe= 2p R3r gk. (2.4)
Here, the unit vector k points in the vertical direction of the gravitation acceleration given by

g [69]. Further, the density of the air in the bubble is neglected as it is signi cantly lower than
the density of the uid [69].
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FIGURE 2.4: Force balance acting on a bubble at the terminal rise velocity from a front view. The
buoyancy and drag force are indicated by Fg and Fp, respectively. For spherical bubbles R, = Ry, while
Ry > Ry for the deformable case.

During bubble rise, the buoyancy force does not vary as it only depends on the bubble vol-
ume and density difference between the two phases, which both remain constant. The coun-
teracting drag force, however, is altered during acceleration as it is a function of the bubble rise
velocity V, as can be seen by:

= %rLszch, (2.5)
inwhich A is the frontal area of the bubble, given by p R?, and Cp is the drag coef cient [70]. A
variety of expressions exist for the drag coef cient, each being used in different circumstances.
For instance, the coef cient depends on the mobility of the bubble interface. A mobile, stress-
free interface is achieved for experiments conducted in so-called ‘hyper-clean' water [71]. A
system containing surfactants or contaminants may cause bubbles to behave as solid spheres
with an immobile boundary condition, yielding zero tangential velocity at the bubble interface
[58]. Since the simulations carried out by Basilisk use 'pure' water without any contaminants,
a bubble with a mobile interface will be assumed for the use in the force balances. There-
fore, when validated against experiments, it is ensured that those experiments are carried out
in clean water that aim to minimise or eliminate the effects of surfactants and contaminants.
The selection and calculation of a variety of drag coef cient expressions will be covered in the
following section.

2.3.2 The Drag Coef cient

Determining a suitable drag coef cient depends on the treated geometry and the order of the
Reynolds number. One of the most simple de nitions is given by Stokes [72], which holds for
the drag on a sphere in the low Reynolds number regime (Re < 1):

16

Cpb,stokes = Re’ (2.6)

While momentum convection had been ignored by Stokes, Oseen [73, 74] could not justify this
simpli cation [75]. The inclusion of a correction term for the momentum convection leads to
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an improved expression for ows at low Re, shown by Equation (2.7) [76]:

16
Cp,oseen= 3+ Re = 3+ Cp stokes- (2.7)

Spherical bubble rise at large Reynolds numbers is characterised by a different drag coef-
cient. The well-known result from Levich [77] can be used as a starting point, derived via a
dissipation method in the limit of irrotational ow (Re= ¥)[78, 79]:

48

Cb,Levich = Re’ (2.8)

Subsequently, Moore [78] derived the following expression for a spherical gas bubble as a cor-
rection to the drag coef cient from Levich:

48 2.21
CD’Moorel = R76 1 p?e . (2.9)

The adaptation by Moore as shown above, deemed Moore's correction, takes into account the
diffusion and transport of vorticity in the wake which is produced at the bubble surface [78].
The expression shows that the generated vorticity lowers the drag that the bubble experiences
[44] and holds for bubbles with a zero tangential stress boundary condition (mobile interface)
[25, 69]. It can also clearly be seen that the bracket term becomes negative at low Reynolds num-
bers (< 2.21%), resulting in a negative drag coef cient and yielding non-physical behaviour.
Therefore, the drag coef cient given by Moore only holds for high enough Reynolds numbers
(Re & 15), at which suf cient vorticity is produced at the bubble surface.

Small bubbles can already acquire their terminal rise velocity in the viscous Stokes regime,
for which Moore's correction is invalid. Since one may not know beforehand in which regime
a bubble exists, a transition function can be applied that initially makes use of the drag coef-
cient in the Stokes regime, after which it switches to the drag coef cient given by Moore at
high enough Re. An expression following the same thought process is given by Mei et al. [80]
for spherical bubbles [81]:

" #
16 8 1 332 !

= = + —+ = + — . .
CD,Me| Re 1 Re 2 1 p?e (2 10)

The above expression transitions between two regimes: for high Re, Moore's drag law as given
by Equation (2.9) is approached, while the drag coef cient formulation by Taylor & Acrivos [82]

is obtained at low Re. The de nition by Taylor & Acrivos takes into account small amounts of
deformation at low Re [81]:

CD,T&A =1+ %2 1+ %e‘i' %(C l) . (2.11)

Since the aspect ratio has a value of approximately unity in the spherical regime, the drag
coef cient as given by Taylor & Acrivos approaches the expression of Oseenas ¢ ! 1 [81].

The transition behaviour from Equation (2.10) is shown in Figure 2.5, in which both separate
expressions can be seen as well. It should be noted that the formulations for the drag coef cient
are based on a bubble rising in a steady state. During acceleration, the Reynolds number is
constantly altered by the increasing rise velocity, such that a steady state is not achieved for the
drag coef cient. For simplicity, however, it is decided to utilise the steady-state drag coef cient
expressions during bubble acceleration.



20 Chapter 2. Single Bubble Rise

FIGURE 2.5: Transition from the drag coef cient at low Re (Taylor & Acrivos [82]) to that at high Re
(Moore [78]) as given by Mei et al. [80].

Small Deformations in the Spherical Regime

While the above expressions all hold for spherical bubbles, small deformations might occur,
resulting in a slightly deformed bubble. Moore [70] extended his original correction by incor-
porating bubble deformation via the aspect ratio c:

2.21H(c)
49?

— (2.12)

48
Cb Moore, = ﬁeG(C) 1
where the functions G(c) and H(c) are factors given by Moore [70] and change as bubble
deformation increases. Loth [83] derived a simple approximation for both factors [81], given

by:
G(c)' 0.1287+ 0.425@& + 0.44662,

H(c)' 0.8886+ 0.569% 0.4563%2.
For spherical bubbles with little deformation, i.e. 0.6 mm < Dy < 1.0 mm as discussed earlier,

one may use the constant aspect ratio of a bubble at terminal velocity during the entire bubble
rise:

(2.13)

. 0.74+ 0.45
T 1 117 +2742

where | is equal to R,/ Rp and Ry = 1 mm [69]. Due to the small aspect ratio for spherical
bubbles, ¢ can be assumed to be constant during rise as the deformation remains small [69].
For larger bubbles, the aspect ratio changes as a function of the rise velocity, which is further
discussed in Section 2.4.

(2.14)

2.3.3 Terminal Rise Velocity of a Spherical Bubble

By setting the buoyancy force from Equation (2.4) equal to the drag force given by Equation
(2.5) and using the drag coef cient de ned by Mei et al. [80] (Eq. (2.10)), the following balance
between drag and buoyancy must hold at the terminal rise velocity:

4
3P Ririg= %rLRgv%sCD,Meia (2.15)
where V7 is the terminal rise velocity for a spherical bubble. The above equation overestimates

the terminal rising velocity for Dy, > 0.6 mm as it does not take deformation into account, which
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slows down bubble rise. The degree of overestimation for spherical bubbles up to a diameter
of 1.0 mm can be determined by incorporating deformation (substituting Equation (2.14) into
Equation (2.12)) instead of Equation (2.10) into the force balance. For a 1.0 mm bubble, this
incorporation leads to a terminal rise velocity that is 19% lower compared to using Equation
(2.15) without taking into account bubble deformation. The decrease is caused by the increased
drag due to the deformed bubble shape having a larger frontal area. As a 19% difference in
rise velocity is not negligible, it is decided that the above expression can only be used for per-
fect spherical bubbles. Bubbles larger than 0.6 mm will be covered by the deformable regime,
which are further discussed in Section 2.4.

Since the drag coef cient expression in Equation (2.15) contains the Reynolds number to three
different powers, it is not possible to rewrite the equation to a simple expression of Vrs. There-
fore, Equation (2.15), further referred to as the implicit spherical expression, should be solved
iteratively for a prescribed bubble size and uid to obtain a drag force that is equal to the buoy-
ancy force, leading to a terminal rise velocity. However, a second approach is possible such
that an explicit expression for the terminal rise velocity can be obtained, which is facilitated
by employing the relation of Jamialahmadi et al. [84]. With the relation shown by Equation
(2.16), further referred to as explicit spherical expression, the terminal rise velocity ( V) over
a large domain can be determined. The explicit expression combines the terminal velocity in
the Stokes regime at low Re (Vr0y) @and the terminal velocity in the spherical regime at high
Re (V1high). SinceVr high is now used to indicate the terminal rise velocity at high Re, Moore's
expression can be used for the drag coef cient without the requirement for a transition.

1
V13= Fe—m——7m—m. (2.16)
1 4 1

2 2
VT,Iow vT,high

Bubbles in the Stokes regime with a mobile interface have a drag force Fp given by [58, 72]:
Fp,stokes = 4pM_RgVKk. (2.17)

By setting the drag force equal to the buoyancy force, the terminal velocity in the Stokes regime
(VT10w) is achieved:

r gR?
VTlow = Iém_Rb (2.18)

For VT high, the force balance at the terminal rise velocity of a spherical bubble when using
Moore's drag coef cient yields:

4
ép I:QgrLg = %rLR%V%high Cb,Moore; - (2.19)

V1high can then be determined by rewriting the above equation (see Appendix 2.A):

VThigh =
O \lj t 1 2
P p__*2
1g221"m ¥} 221" m 4 (2.20)
T op—— + —p— + —R%r X .
4%) r.Dp r.Dy om. b9

Combining Equations (2.18) & (2.20) with Equation (2.16) then yields an explicit expression for
the terminal rise velocity.
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The analytically derived expressions given by Equations (2.15) & (2.16) can be compared to
a general correlation from Wallis [85] for spherical bubbles in the low-inertial range (1 . Re.

100) [57]: .

re
VT syue = 0.1442%°° o D32, (2.21)

In addition to the above formula, which is only valid in the spherical regime, Baz-Rodriguez et
al. [53] designed an expression for the terminal rising velocity of single bubbles in a pure liquid
which is valid for both spherical and deformable bubbles. Two separate formulations for these
regimes are used, after which they are combined into one equation via the relation proposed
by Jamialahmadi et al. [84]:

VT,SB R = q:, (222)

where Vr 1 and Vr; are the terminal rise velocities when viscosity dominates and when surface
tension and inertia are dominant, respectively [53].

For the de nition of Vr,, Baz-Rodriguez et al. used Moore's expression for the drag force
based on the solution of equations governing the boundary layer [50]. Combined with the
buoyancy force, an equation was formed by expanding a Taylor series around the potential
ow solution as derived by Levich [86]:

n

#112

D12
V11= Vrpot 1+ 0-7366M : (2.23)

T,pot

with:

_ 1 gDZDr
T,pot — 36 m .

Once inertial and surface tension effects are becoming more dominant, an expression for Vr»
is required. Lehrer [87] derived a mechanical energy balance, in which the introduction of a
spherical particle into the continuous phase increases the potential energy (left-hand side of
Equation (2.25)) of the phase due to surface tension and buoyancy effects (right-hand side of
Equation (2.25)):

(2.24)

1 1
P D3r V. = spD2+ &P D3Dr gDy, (2.25)

where V_ indicates the displaced liquid velocity due to the rising bubble and s the surface
tension [53]. According to Lehrer [87], as the bubble rises through the continuous phase, the
potential energy which exists in front of the bubble is converted into kinetic energy as the uid
moves around and to the aft side of the bubble. At the rear, the kinetic energy is dissipated in
the wake. Lehrer [87] de ned a time t which describes the time required for the conversion of
potential to kinetic energy, which can be determined by the time it takes for a bubble to move
a distance Dy at terminal velocity V1. All of the above subsequently leads to the following
expression for the terminal velocity when inertia is dominant [53, 87]:

1/2
3s + gDy Dr .

Vo =
1.2 r. Dy 2r.

(2.26)
By combining Equations (2.23) and (2.26) in Equation (2.22), an expression for the terminal
velocity of a bubble over a wide range of bubble sizes is achieved.

Next to the four discussed expressions, three experimental data sets for spherical bubbles
of Sanada et al. [88], Pawliszak et al. [89] and Li et al. [50], all using clean water to create fully
mobile bubble surfaces, are plotted in Figure 2.6. One can see Equation (2.16) and the formula
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FIGURE 2.6: Comparison of the terminal rise velocity given by the various expressions and
experiments of a spherical bubble.

from Baz-Rodriguez et al. showing good agreement over their entire range. Considering the
different sets of experimental data as well, one can see that the two derived expressions quite
accurately match the experimental data, with Equation (2.15) showing great agreement with
the experimental data from Sanada et al. [88] and Li et al. [50] (3.8% error). Although Eqg. (2.15)
shows the best agreement with experiments at larger bubble sizes, the explicit expression does
not deviate much and also does not require iteration to determine the terminal rise velocity
for a particular bubble size. Therefore, both expressions are of interest, due to their accuracy
or relative simplicity. Compared to the equations from Baz-Rodriguez et al. and Wallis, the
implicit expression keeps its physical intuition, while that is lost when combining multiple
regimes (such as the explicit formula) or data tting.

2.3.4 Acceleration of a Spherical Bubble

The formulations given by Equations (2.15) & (2.16) only hold for the terminal rise velocity of
a bubble. To determine the rise velocity during the acceleration phase as well, an additional
force is required. The added mass force incorporates acceleration by considering the fact that
the surrounding uid around the bubble has to be accelerated as well as the bubble itself [69].
Itis given by:

Fp = gp R3(r .Cm + rp) %\tlk, (2.27)

in which C, is the added mass coef cient, taking into account the uid acceleration [58]. For a
spherical bubble, C, = 0.5, while it increases for deformable bubbles [90] as more surrounding
uid has to be accelerated, slowing down bubble rise. Additionally, the density of the air in the
bubbles (r,) may be ignored asitis 1000 times lower than that of the surrounding uid [69].
Combining Equations (2.15) and (2.27) leads to a differential equation for the rise velocity of a
spherical bubble (Vs)[69]:

4 dv 4
SPRNLCn =2 = ZPRIrLY %rLRgvSZCD,Mei. (2.28)
This expression can be solved for each time step by time integration until the terminal velocity

is reached. Rewriting the equation as a function of the velocity of a spherical bubble at the
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FIGURE 2.7: Acceleration path of a bubble with a diameter of 0.34 mm according to the implicit and
explicit expression, including experimental data from Pawliszak et al. [89].

current time step n (Vys) by using the Forward Euler method leads to (see Appendix 2.B):
I

g 3Come(Va 19VZ 1q
Voe=V + Dt — —= : .
n,s n 1s Cm 8 Rme

(2.29)

One can already obtain some insight from the above Equation in a simple manner. At t = 0,
there is no initial velocity yet (the bubble is released from rest in the surrounding uid), such
that V, 1sequals 0. This yields V, s to be equal to:
Vos= Dt 3
0.s : (2.30)
. Cor
As Cy, is equal to 0.5 all bubbles at t = 0 as no deformation has occurred yet, it can be seen
that the initial acceleration of any bubble must be equal to 2 g [69]. This result is also shown in
Figure 2.7 for a bubble with a 0.34 mm diameter, shown in blue. After the initial acceleration
of 29, the drag force starts to rise as the bubble velocity increases. Once the acceleration has
decayed to approximately 0 m/s 2, the terminal rise velocity of the bubble is reached.

In addition to the rise velocity as obtained from the original force balance, the explicit ex-
pression combining the rise velocities of the low and high Re regimes is shown as well in or-
ange in Figure 2.7. Since this simple expression can relatively accurately determine the terminal
rise velocities of bubbles, it is utilised as well to show the rise velocity during the acceleration
phase. The rise velocities over time at low and high Re as given by Equations (2.B.3) & (2.C.2)
(see Appendix 2.B & 2.C), respectively, are combined by the expression from Jamialahmadi et
al. [84]:

Vn’J = Fr 17 (231)
1 4, 1
V2 Y

n,low

2
n,high

One of the shortcomings of Equation (2.31), however, is that it is only suitable for combining
terminal velocities of different regimes. Applying it to every velocity in the acceleration phase
will lead to incorrect acceleration behaviour, which can easily be seen by looking at the accel-
eration at t = 0. The velocity of any bubble in the low or high Re regime must be equal to 2 gDt
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att = 0. Combining the two expressions with Equation (2.31) yields:

1 1 20Dt
Voo= &— —=a—=—= P (2.32)
(29002 * (2gD0)? (29D1)2

From the above derivation, it can be seen that the velocity at t = 0 is divided by P 2, resulting
in an underestimated initial acceleration which can also be seen in Figure 2.7. Despite showing
a too low initial acceleration, the terminal rise velocity close to that acquired in experiments is
achieved as was shown in Figure 2.6. Therefore, Equation (2.31) is used to display a bubble's
path to the terminal velocity in addition to Equation (2.29), albeit with an incorrect initial ac-
celeration.

Next to the two expressions, experimental measurements from Pawliszak et al. [89] are also
shown in Figure 2.7. In their study, the average rise velocity of at minimum 20 independent
measurements was determined. From this, the acceleration was subsequently calculated. At
early time steps, it can be seen that quite a large discrepancy exists between the experimental
values and those from the implicit & explicit expressions due to the small time intervals and
relatively large error margins. After approximately 4 ms, a better correspondence between the
experimental values and both expressions is shown. In Section 2.5, the analytic and experimen-
tal results will be further compared to the simulations carried out by Basilisk.

2.4 Deformable Bubbles

Once the diameter of the bubble starts to exceed the limit for a spherical bubble, bubble de-
formability has to be taken into account. In this study, the deformable region is characterised
as the regime following up spherical bubbles, but before path instability occurs, which holds
for100. Re. 750(0.6 mm. Dy, . 2.0 mm)[18]. The drag force and added mass are functions
of the bubble shape and, thus, of the deformability. The aspect ratio affects the drag coef cient,
as could be seen in Equation (2.12). For deformable bubbles, the aspect ratio can be related
to the Weber number (We) of a bubble, which was rst done by Moore [70]. By coupling the
Weber number and the aspect ratio, ¢ is altered during the acceleration phase of bubble rise,
affecting the rise velocity, the added mass and the drag force. Legendre et al. [91] derived a
relation for the bubble deformation in water for 1 < ¢ < 3 as a function of the Weber number,
where We is given by We = 2Ryr V?/ s:
C= ;9. (2.33)
1 Zwe

In addition, according to Klaseboer et al. [90], the added mass coef cient C,, and aspect ratio
are related by:

Cm(c)= 0.6 0.12, (2.34)

which holds for1 < ¢ < 2.5.

2.4.1 Terminal Rise Velocity of a Deformable Bubble

Due to the same reasons as discussed in Section 2.3.3, it is dif cult to de ne a relatively simple
expression for the terminal rising velocity of a deformable bubble. Therefore, the following
force balance between the drag force and buoyancy force must be solved iteratively to obtain
the terminal velocity for a deformable bubble ( Vrg):

4
3P RorLg = %r LRGVZ 4Co Rastelio(C). (2.35)
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FIGURE 2.8: Comparison of the terminal rise velocity given by the various expressions and
experiments of a deformable bubble.

where Cp rastelio(C) IS a correction by Rastello et al. [81] on the drag coef cient by Mei et al.
[80] to take into account bubble deformation:

n

16 1+ f(c 1)+ 0.013G(c) 2)Re,

CD,RasteIIo(C) = Re 1+ 0.015Re
# (2.36)
8 1 3.31%H(c)G(c)
—+ = 1+ P—
Re 2 Re

By considering deformation during bubble rise, the rise velocity is lowered. A bubble with
Dy = 1.0 mm and an aspect ratio of 2 yields a 58% lower terminal rise velocity than a similar-
sized bubble with ¢ = 1.

Similar to the methodology employed for spherical bubbles, the terminal rise velocity as
given by Equation (2.35) is compared to the expression from Baz-Rodriguez et al. [53] by Equa-
tion (2.22) and experimental results from Duineveld [7], Sanada et al. [88] and Zawala & Malysa
[92], all carried out in (ultra) clean water. From Figure 2.8, it can be seen that the analytical ex-
pression and the experimental values show excellent agreement over the entire range of bubble
diameters (2.4% error). For the smaller deformable bubbles, good agreement can also be seen
between the analytical expression and the expression from Baz-Rodriguez et al. Once larger
bubble sizes are reached, diverging behaviour between both formulas is observed. The three
experimental data sets, however, almost perfectly match the analytically derived expression.
So, although iteration is required to obtain the correct terminal rise velocity from Equation
(2.35), the terminal rise velocity for deformable bubbles seems to be very well-captured by the
derived force balance.

2.4.2 Acceleration of a Deformable Bubble

In the same manner as was done previously for spherical bubbles, the rise velocity per time
step of a deformable bubble (V,, 4) can be obtained by including the added mass with the c-
dependent C, (Eq. (2.34)) into Equation (2.35) and rewriting it to an expression for V, 4 (as was
done as well in Appendix 2.B):
!
g §CD,Mei(C)Vn2 1,d
Cn(c) 8 RyCn(c)

Vn,d = Vn 1,d+ Dt (237)
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FIGURE 2.9: Acceleration path of a bubble with a FIGURE 2.10: Comparison of the terminal rise

diameter of 1.66 mm, including experimental data  velocity of spherical bubbles as achieved by

from Zawala & Malysa [92]. Equations (2.15) & (2.16), three experimental data
sets [50, 88, 89] and Basilisk simulations.

Compared to spherical bubbles, a transition between the viscous and inertial drag coef cients
is not necessarily required as the bubble almost instantly surpasses the Stokes regime during
the initial time steps (with Dt = 1 10 “s). Therefore, the drag coef cient by Moore already
accurately describes the drag over the entire acceleration path.

Figure 2.9 shows the result for a 1.66 mm diameter bubble and experimental data from
Zawala & Malysa [92]. The deformable expression follows the general behaviour of the exper-
imental results. However, the acceleration is continuously slightly underestimated. Despite
this slight underestimation, the analytic terminal rise velocity showed good agreement with
the experimental values as discussed before. The applicability of the deformable expression
will be further elaborated in Section 2.5.2, where it is compared to the simulation results.

2.5 Basilisk Results

In Figures 2.6 & 2.8, the comparison between analytically derived formulas, expressions ob-
tained from literature and data from experiments could be seen for the terminal rise velocity.
In addition, simulation data from Basilisk will now be used to determine how well the bubble
rise behaviour is captured. First, itis examined how accurately Basilisk determines the terminal
rise velocity of spherical bubbles by comparing it to the results from the analytical expressions
and experimental data. In Appendix 2.D, the terminal rise velocity from Basilisk is shown in a
table for reference. After that, spherical bubble acceleration and deformable bubbles are inves-
tigated. Since it is challenging to experimentally measure the rise velocity of small spherical
bubbles due to the small time scales involved, simulations can assist in creating a continuous
evolution of the rise velocity over time. This problem of the lack of experimental data could
also be seenin Figures 2.7 & 2.9, where little data is available at early time steps. Therefore, the
simulations will be used to study the rise velocity during these early time steps. The results
obtained on a grid with D = D/50 are shown in the coming section, which, as discussed in
Section 2.2, will result in a terminal rise velocity difference of approximately 5% compared to
the ner grids with no remaining bubble acceleration.

2.5.1 Spherical Bubbles
Terminal Rise Velocity

The terminal rise velocities obtained from the simulations of Basilisk are shown in Figure 2.10,
where a simulation was performed each 0.1 mm up to a bubble diameter of 0.6 mm. The gure
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FIGURE 2.11: Simulated acceleration compared to FIGURE 2.12: Simulated rise velocity compared to

the earlier obtained expressions for D, = 0.3 mm.  the earlier obtained expressions and an
experimental terminal value from Li et al. [50] for
Dp = 0.3 mm.

displays that Basilisk can determine the terminal rising velocity of different-sized spherical
bubbles quite well. Good correspondence with the experiments from Li et al. [50] and Sanada
et al. [88] can be seen while precisely following the implicit expression (1.6% error). Knowing
that Basilisk can accurately determine the terminal rising velocity of a spherical bubble, it will
be used to analyse the rise velocity during the acceleration phase.

Acceleration Regime

Figure 2.11 shows the simulation of a 0.3 mm diameter bubble in black starting with an ac-
celeration of around 2g, after Whiglit quickly decreases?. In orange, the explicit expression
can be seen, which shows the 2)/ © 2 initial acceleration. Although the acceleration is too low
for the early time steps, great agreement is shown oncet 1 ms is surpassed. The blue line,
making use of the drag coef cient from Mei et al. [80], does show a correct initial acceleration.
The simulation, however, decelerates more quickly during the initial phase. As time passes,
the simulation can be seen to decelerate slightly slower compared to the implicit expression,
which can also be concluded from Figure 2.12 showing the rise velocity over time. An interest-
ing aspect is observed during the early time steps: although the initial acceleration given by the
explicit expression is too low, the rise velocity shows signi cant agreement with the simulation

at early time steps. After 4 ms, the simulation shows diverging behaviour due to a slightly
higher acceleration. While the implicit expression displays a larger difference regarding the
initial phase of bubble rise, the simulation seems to approach it during the later stages, leading
to a slightly more accurate terminal rise velocity as compared to the explicit expression.

When moving to the end of the spherical regime, better correspondence between simula-
tion and implicit expression is obtained. Figure 2.13 gives the acceleration of a 0.6 mm bubble,
showing good agreement between the implicit expression and the simulation. From t 10 ms,
the explicit expression starts to show the same behaviour as well. The rise velocity, shown in
Figure 2.14, reinforces the similarity between the implicit expression and the simulation. In ad-
dition, the terminal rise velocity from the experiment from Li et al. [50] shows a similar value
as obtained by the expression and the simulation. The explicit expression shows a comparable
rise velocity evolution once the acceleration has achieved a similar value of around 10 ms. In
this case, the lower initial acceleration causes the explicit expression to be unable to follow the
simulated behaviour.

2Due to the small time steps taken by Basilisk, large oscillations in the acceleration follow, disturbing the graph.
Therefore, a curve tting method is used for the simulated acceleration that might show a slightly different initial
value.
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FIGURE 2.13: Simulated acceleration comparedto FIGURE 2.14: Simulated rise velocity compared to

the earlier obtained expressions for D, = 0.6 mm. the earlier obtained expressions and an
experimental terminal value from Li et al. [50] for
Dy = 0.6 mm.

The difference between the expressions and the simulation at low bubble diameters is thought
to be caused by the history force, which takes into account that the 'drag force needs some
time to establish itself' [58]. The history force is commonly referred to as the Boussinesg-Basset
force, owing to the pioneering observations made by Boussinesq [93] and Basset [94] regarding
its existence. In the initial set-up of the force balance (Eq. (2.3)), the effect of the history force
was neglected and is given by:

4

t
Fn = 6pm. Ry ﬂé‘z erfc(x)d—vdt k, (2.38)
o3 dt
' R
where x = ng(ztrLt), erfc(x) = % X¥ exp( s?)dsand dV/d t indicates the past acceleration
b

[58]. The incorporation of the history force would signi cantly complicate the expressions for
the analytic derivations, which is why it was initially neglected. Manica et al. [58] state that
the expressions including x in Equation (2.38) only hold for low Reynolds number ows. In
addition, Takagi & Matsumoto [95] observed that 'the history force is negligible for a bubble
rising through a clean liquid at Re > 50'. This observation agrees with the fact that the termi-
nal rise velocity for a 0.3 mm diameter bubble lies around Re 13 (Figure 2.11 displaying a
rough t), while the Reynolds number lies around 77 for a 0.6 mm diameter bubble (Figure 2.13
showing better agreement). Therefore, the inclusion of the history force for bubbles with a di-
ameter smaller than 0.5 mm (Re 50 at terminal velocity) is required to obtain good agreement
between simulations and the derived expressions for the rise velocity over time.

2.5.2 Deformable Bubbles
Terminal Rise Velocity

In Figure 2.15, the simulation results from Basilisk are shown for the terminal rise velocity of
deformable bubbles and are compared to experimental data and the theoretical result from the
force balance. For smaller deformable bubbles (up to D, 1.2 mm), the simulation somewhat
overestimates the terminal rise velocity compared to the experimental data from Duineveld
[7] and theoretical data (3.1% error). It does, however, show good agreement with the data
from Sanada et al. [88]. Once the bubble diameter is increased past 1.5 mm, and thus more
deformability takes place, the simulation starts to underestimate the terminal rise velocity com-
pared to the theoretical expression (5.8% error). Since the terminal rise velocity and deforma-
bility in uence each other greatly, the simulated and theoretically determined aspect ratio are
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FIGURE 2.15: Comparison of the terminal rise FIGURE 2.16: Comparison of the aspect ratio at
velocity of deformable bubbles as achieved by terminal velocity between experiments from
Equation (2.35), several experiments [7, 88, 92] Duineveld [7], the expression from Legendre et al.
and Basilisk simulations. [91] and simulations from Basilisk. Additionally,

several bubble shapes at terminal velocity by
Basilisk are shown.

plotted together with experimental data from Duineveld to determine whether the disagree-
ment originates from the aspect ratio. As shown in Figure 2.16, the same 1.5 mm threshold
can be seen, above which the simulations start to deviate from the results of the derived ex-
pression. Interestingly enough, the simulated aspect ratio approaches that of Duineveld above
this threshold, while it was initially higher than the experimental values. However, this does
not lead to the simulations showing the same terminal rise velocity as the experiments, as can
be seen in Figure 2.15.

The difference between the theoretical and simulated terminal velocity can partly be at-
tributed to the simpli cations made for the simulations. The mesh convergence study from
Section 2.2 showed that the combination of a grid-independent solution and achieving approx-
imately zero remaining acceleration, results ina 5% higher terminal velocity for large bub-
bles than that achieved at the D = D/50 grid. Such an increase would signi cantly increase
the agreement between the experimental and theoretical data. In contrast to the larger bubbles,
where mesh re nement and zero acceleration both increase the terminal rise velocity, the effect
of mesh re nement approximately cancels out reaching zero acceleration for smaller bubbles.
Therefore, a good agreement between the simulated and experimental & theoretical terminal
rise velocity can be seen until a bubble diameter of 1.5 mm is reached. Still, however, no
explanation can be given yet that clari es the change from a decrease in terminal rise velocity
with grid re nement at low bubble diameters to increasing it for larger bubbles.

Acceleration Regime

In Figures 2.17 & 2.18, the evolution of the acceleration and rise velocity over time for a 1.0 mm
diameter bubble can be seen. The simulation can be seen to follow the theoretical acceleration
well during the initial stages of bubble rise. The simulated bubble shows a slightly longer de-
celeration path, eventually resulting in a marginal overestimation of the experimental terminal
velocity from Duineveld [7]. Figure 2.19 shows the simulation of the more deformable 1.8 mm
bubble. Initially, an overestimated acceleration from the derived expression can be seen com-
pared to the simulation (in black), resulting in a higher rise velocity in the early time steps, also
see Figure 2.20. Aroundt 35 ms, the simulation result obtains a larger acceleration than Eq.
(2.37), leading to the simulated rise velocity approaching the derived expression. For the 1.8
mm bubble, an increased discrepancy between simulation and theory can be seen compared to
the 1.0 mm bubble as was explained earlier. The same can be seen in Figure 2.21, which shows
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FIGURE 2.17: Simulated acceleration compared to FIGURE 2.18: Simulated rise velocity compared to

the deformable expression for D, = 1.0 mm. the deformable expression and an experimental
value from Duineveld [7] for Dy = 1.0 mm. The
shape of the bubble at numbers 1 to 4 during rise
can be seen in Figure 2.21.

FIGURE 2.19: Simulated acceleration comparedto FIGURE 2.20: Simulated rise velocity compared to

the deformable expression for D, = 1.8 mm. the deformable expression and an experimental
value from Duineveld [7] for Dy = 1.8 mm. The
shape of the bubble at numbers 1 to 4 during rise
can be seen in Figure 2.21.

great agreement between the simulated and theoretical bubble shape (in dotted black) for the
1.0 mm bubble on the left. The underestimated simulated rise velocity for the 1.8 mm bubbile,
as shown in Figure 2.20, results in a less deformed bubble (right side of Figure 2.21).

Additionally, oscillations in the acceleration can be seen when using a moving average on
the simulation data, given by the orange line in Figure 2.19. This behaviour is not observed in
the rise velocity of the curve tted line in black. The onset of path instability, at which straight
bubble rise transforms into a zigzagging or spiralling path, is reached when a bubble obtains
a volume equivalent radius of approximately Ry = 0.91 mm [18]. Therefore, the oscillations
that can be seen in the acceleration are attributed to the fact that the instability threshold is
approached by the simulations. At a diameter of 2.0 mm, however, no path instability could be
seen yet in the simulations, which is likely caused by the inability of the coarser grid to capture
the small-scale dynamics responsible for the transition.



32

Chapter 2. Single Bubble Rise

FIGURE 2.21: The shape of two bubbles as simulated by Basilisk, with in black the theoretical aspect
ratio by Eq. (2.33). Left: a 1.0 mm bubble showing little deformation. Right: a 1.8 mm bubble showing
a large degree of deformation. Starting from the bottom, t = 15 ms at point 1 and goes with intervals of
15 ms to t = 60 ms at point 4. See Figures 18 and 20 for the rise velocity evolution over these points.
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2.6 Conclusion and Outlook

In this chapter, analytical and numerical expressions for the terminal rise velocity and the rise
velocity over time for spherical and deformable bubbles were constructed. Expressions for the
terminal velocity can be seen to show great correspondence with experimental data for spher-
ical and deformable bubbles. Simulation results from Basilisk also showed to not differ much
from the derived expressions and experimental data. A comparison between the simulation
results and the derived equations for the rise velocity in the acceleration phase shows the best
agreement for bubbles of intermediate size (0.5 mm . Dy . 1.5 mm). The results suggest less
applicability of the expressions for bubbles relatively close to the Stokes regime (due to the ne-
glected history force, of which the incorporation yields complex history terms) or experiencing

a high degree of deformation (¢ & 1.5). The latter, however, appears to be caused by too coarse
grids and is not necessarily caused by the inability of the derived force balances to capture the
rise velocity of deformable bubbles. Still, one can obtain relatively accurate indications for the
rise behaviour of bubbles in these regimes.

Since the validation against data from literature is only carried out for air bubbles rising in
water, it is interesting to determine whether the different expressions describe rise behaviour
for other gaseous bubbles rising in a liquid as well. Therefore, further research into the val-
idation of the derived equations might show applicability in other systems than the already
covered air-water system. Additionally, rerunning the Basilisk simulations on ner grids yields
the possibility of an improved comparative study between simulations and the derived expres-
sions.
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Appendix

2.A Derivation Terminal Rise Velocity Spherical Bubble

The terminal rise velocity as given by Equation (2.20) can be derived in the following way:

4
3P RerLg= ZrLRbVThlghCD Moore -
PR 48 2.21
2.21
= 12pm RpVrhigh 1 Pﬁ
1 2.21
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The expression for U has a positive and a negative answer. However, changing the substi-
tutionto U = = Vypjgn instead of Uz = V1 high, ONe can see that the solution of U must be
positive as Vrpigh cannot be negative. Therefore, only the '+'-contribution can be seen in the
nal expression for the terminal rise velocity as it leads to a positive U.

2.B Derivation Rise Velocity over Time Spherical Bubble

During the acceleration phase of a bubble, the added mass ensures an acceleration term is
included in the force balance. The force balance is rewritten to an expression for the rise velocity
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of a spherical bubble (Vs) at time step n in the following way:

4 dvs 4
o S = 2priris B Vo)
dVs _ g 3pREVZComei(Vs)

o 9¥s - 9
dt Cn, 8 pR3Cy
_ g 3VZComei(Vs)

"Cn 8 RCm

(2.B.1)

which then leads to the expression shown in Equation (2.29) when applying time integration:
I

3 Cp,mei (V v2
Vn,s: Vi 1s*t Dt i = D’Mel( n l,S) n 1s .

2.B.2
Cm 8 Rme ( )

When instead using Moore's drag coef cient, the following is obtained, which is used in Equa-
tion (2.31): |

X !
3 Cp,moore, Vyy 1,high
Vihigh = Vi 1,high + Dt g 2 g

Cm 8 Rme
" oy # (2.B.3)
_ g M. Vh 1high 2.21
=V ight Dt — —————— 1 p—
n 1,high Cm r R%Cm Re

2.C Gravitational Acceleration in the Stokes Regimeat t= 0

The force balance that holds for a bubble in the Stokes regime is similar to that shown in Equa-
tion (2.28) for a spherical bubble. The expression of the drag term, however, is exchanged with
that of the Stokes drag (Eq. (2.17)), leading to the following force balance:
4 dv 4
PRI Cn—- = -pRirLg 4pm.RgV. (2.C.1)
3 dt 3
Rewriting the above to an expression as a function of the current time step as was done in
Equation (2.20), yields the following for the rise velocity of a bubble in the Stokes regime used
in Equation (2.31): |
V
9 MV Liow 2.C.2)

Vilow = Vi 1jow + Dt Co I‘LRZC
m 5 Em

At t = 0, this then leads to the same expression of a spherical bubble, namely:

Vo oy = Dt (2.C.3)
f Cm

yielding an acceleration of 2g att = 0 for a bubble in the Stokes regime, similar to a bubble in
the spherical regime.

2.D Basilisk Results

Table 2.D.1 shows the simulation data for the terminal rise velocity shown in the various
graphs, while Table 2.D.2 gives the values as seen in Figure 2.16.
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TaBLE 2.D.1: Terminal rise velocity as determined by Basilisk for various bubble diameters.

Dy, [mm] Terminal rise
velocity [m/s]
0.1 0.008
0.2 0.024
0.3 0.044
0.4 0.070
0.5 0.099
0.6 0.132
0.7 0.169
0.8 0.206
0.9 0.239
1.0 0.274
1.1 0.300
1.2 0.320
1.3 0.333
1.4 0.341
1.5 0.346
1.6 0.348
1.7 0.348
1.8 0.347
1.9 0.344
2.0 0.341

TABLE 2.D.2: Comparison of the aspect ratio between experiments, theoretical expressions and
simulations across a several bubble diameters.

Duineveld | Legendre et al.[91] .
Dy (mm) [7] Egs. (2.33) & (2.35)| 2asilisk
1.00 - 1.16 1.14
1.05 1.13 1.19 -
1.10 1.16 1.22 1.22
1.19 1.29 1.28 -
1.20 - 1.30 1.30
1.30 1.33 1.39 1.39
1.35 1.38 1.43 -
1.40 - 1.48 1.48
1.43 1.47 151 -
1.50 1.54 1.58 1.57
1.60 - 1.69 1.68
1.66 1.71 1.76 -
1.70 1.78 1.80 1.76
1.76 1.85 1.87 -
1.80 1.88 1.92 1.87
1.83 1.91 1.95 -
1.90 - 1.98 2.03
1.93 2.01 2.07 -
2.00 - 2.15 2.06




Chapter 2. Single Bubble Rise

38

2.E Overview Equations

Tables 2.E.1 & 2.E.2 show an overview of the most essential expressions used in this study. The

application of each formula is given as well.

TABLE 2.E.1: Summary of main equations in this study, part 1

Equation Eq. number | Application
Force balance for spherical bubbles at the terminal
4y R3 = b 2\/2 .
PR = SMLRVTCove (2.15) rise velocity. Referred to as the implicit expression
Vo= 1 (2.16) Different m._o_oamo: to achieve the terminal rise .<m_oo:< .
' . of a spherical bubble. Referred to as the explicit expression
T,low T,high
V. _ rgR? (2.18) Terminal rise velocity of spherical a bubble in the low
Tlow = . ; L i ;
ow wm < 1, Re regime (1< Re. 10in this study), used in Eq. (2.16)
p__ p__ 2 . . . . . .
- 1@ptm 320 M T 4 po oA Terminal rise velocity of spherical a bubble in the high
Vrhigh = r.Dp r.Dp o Rof LY (2.20) Re regime (10. Re. 100 in this study), used in Eq. (2.16)
_ + 9 3Comei(Va 19VZ 15 Rise velocity of a spherical bubble per time step.
Vns = Vn 15+ Dt 2o 5 RyCrm (2.29) Used for the acceleration phase, based on Eq. (2.15)
Vi = H 1 H (2.31) Rise velocity of a mc:m.:om_ bubble per time step.
T Used for the acceleration phase, based on Eq. (2.16)
n,low n,hig
Rise velocity of a spherical bubble per time step in the low
— + g MVh 1jow i . .
Vitow = Vo 1jow + D G 3 R . (2€2) | Re regime (1< Re. 10 in this study), used in Eq. (2.31)
I I . . - n T n
9M Vy 1ni Rise velocity of a spherical bubble per time step in the high
Vanhigh = Vi 1pigh + Dt & Tonthon g g2l (2.B.3) y P P P J

Cm r R2Cnm Re

Re regime (10. Re. 100 in this study), used in Eq. (2.31)
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TABLE 2.E.2: Summary of main equations in this study, part 2
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Chapter 3

Hydrodynamic Forces Acting on
Side-by-side Rising Spherical Bubbles

Two bubbles rising in a side-by-side con guration are investigated. Whereas bubbles above a
Reynolds number (Re) of 50 show attraction due to a Venturi effect, repulsion can be seen
for Re. 30 caused by vorticity interactions and ow blockage. The drag coef cient for bubble
pairs at low Re (Re . 10) has both numerically [25] and experimentally [30] been observed to
be lower than for single bubble rise. Nevertheless, a clear explanation of the phenomenon is
not yet present in current literature. Simulations are carried out in Basilisk for bubbles pairs
at Re 1, showing a fundamentally different pressure eld development than for bubbles at
larger Re. Additionally, the upward uid velocity through the gap between the two low Re (Re

1) bubbles is larger than that of bubble pair at Re = 13. Further research into the uid velocity
evolution, pressure evolution and separation mechanism for bubble pairs at low Re appears to
be vital for a deeper understanding of the underlying physics.
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3.1 Introduction

As a follow-up on the material covered in the literature study of Chapter 1, side-by-side bubble
rise will be investigated in-depth. The attractive and repulsive behaviour will theoretically and
numerically be analysed. In addition, low Re side-by-side bubble rise is simulated, for which it
is not yet well-documented why a bubble pair may achieve higher rise velocities than a single
bubble. Basilisk simulations aim to create a comparison with bubbles rising at higher Re to
describe a variety of consequences and possibly causes of this behaviour. To do this, the (uid)
velocity eld, pressure eld, vorticity eld and separation distance over time will be analysed.

3.2 Types of Bubble Interaction

Once a second bubble is introduced into the environment of a single rising bubble, the charac-
teristics of the bubble behaviour may change quite drastically. In their studies, Kong et al. [30]
and Mirsandi et al. [39] distinguish between three types of bubbles: spherical, ellipsoidal (de-
formed) and deformable bubbles, each showing different interactive behaviour. As described
by Legendre et al., rising spherical bubble pairs at low Re (Re . 30) were seen to repel each
other [25]. The vorticity distribution around one of the bubbles is compressed due to the pres-
ence of the other bubble, causing ow blockage and a repulsive transverse force [39, 91]. The
experiments from Kong et al. [30] con rmed the existence of an increased rising velocity for a
pair of spherical bubbles compared to a single spherical bubble. Legendre; Magnaudet, and
Mougin [25] attributed this effect to the alteration of the vorticity distribution.

Larger spherical bubbles at increased Re have experimentally (Kok [96]) and theoretically
(Van Wijngaarden [97]) shown to attract each other [30]. The interaction between the larger
spherical bubbles is essentially the same as for the second type of bubbles: deformed bubbles
having a relatively stable ellipsoidal shape (Re  100,c  1.5) [30]. At these larger Reynolds
numbers, vorticity is diffused better around the bubble and advected downstream [25]. How-
ever, Magnaudet and Mougin [98] describe that an aspect ratio of 1.65 would have to be ex-
ceeded for a standing eddy to occur, which is a sign of the vorticity accumulation behind the
bubble pair. Therefore, instead of any vorticity interactions, the Venturi effect in the gap be-
tween the bubbles, where a pressure drop due to increased uid velocity causes the attractive
force between the bubbles, is deemed to be the main driving force for bubble interaction [25,
39, 44]. Once the bubbles are in each other's vicinity, the bubbles may either coalesce or repel.
During the 'kissing' of the bubbles, vortex pairs can be created in the gap during the collision,
generating lift forces that may separate the bubbles [39] if coalescence has not occurred yet.
In the study of Kong et al. [30], deformed bubbles only showed attractive behaviour for low
separation distances (S  3), where Sindicates the distance in bubble radii between the centres
of the two bubbles (i.e., bubbles touch for S=2). For S> 4, weak interaction was seen, leading
to almost the same rise behaviour as a single rising bubble. Therefore, the lift between two
bubbles can be seen to be a function of both Re andS.

In contrast to the other two bubble types, larger deformable bubbles (at Re & 200) may
undergo signi cant shape oscillations during their rise due to wake interactions [30, 39], which
could subsequently lead to zigzagging of both bubbles. Mirsandi et al. [39] analysed the wake
structures of the bubble pair to obtain insight into the underlying mechanics. After the ini-
tial attraction, vorticity accumulation at the inner sides of the bubbles causes a repulsive force
(vortex-induced lift force), as was the case with the deformed bubbles. In this case, however,
additional vortex pairs are generated at the outer sides of the bubbles, causing a tilt and, thus,
a zigzagging motion. Depending on the Reynolds number of the bubble pair, the zigzagging
motion might die out quickly as the vortex structures for each bubble start to show similarities
with that of a single bubble after some time [39].
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3.3 Drag, Added Mass and Lift for Spherical Bubble Pairs

While the buoyancy for each of the two bubbles is the same as for a single bubble, the added
mass and the drag are changed due to the bubbles interacting with each other. Additionally,

a lift force between the bubbles can be de ned that describes whether attractive or repulsive

behaviour occurs. These different components will be elaborated in the following section for

spherical bubbles.

3.3.1 Drag Force

In the limit of irrotational ow (Re = ¥ ), Kok [99] derived the following expression for the drag
coef cient [25]:

Co = %i[u g(S)]+ O Re 32 | (3.1)
with: 3 1 1 39
= 3 e 6 8 ~c 9 10 11
g(9) =S+ 7S °+ 5P+ s+ s v 0 s 1, (3.2)

Subsequently, based on the numerical simulations from Legendre; Magnaudet, and Mougin
[25], Hallez and Legendre [44] derived the drag at moderate Re (50 Re  500) by adding
the potential viscous expression from Kok to Moore's expression for the drag coef cient of a
bubble pair, yielding:

48
CD,]_: CD,2: R78 1+ S 3

3.6
s o+
4S

T!\J
[

(3.3)

Py,
D

where subscripts 1 and 2 indicate the left and right bubble, respectively. For high S, Moore's
drag expression given by Equation (2.9) from Chapter 2 is achieved while low Scan be seen to
raise the drag due to an increased uid strain rate between the two bubbles [25].

At low Reynolds numbers, the expression for Moore's drag coef cient yields incorrect be-
haviour as described in Chapter 2. Therefore, the limit for low Re should be investigated fur-
ther. At low Reynolds numbers, the drag coef cient can be given as:

16 Re 1e Res4
Co(Re,S) = 2o 1+ —

8 2 S ’

(3.4)

which is based on the theory from Vasseur and Cox [100], originally derived for two rigid
spheres [25]. For largeS, i.e. a single rising bubble, the negative term in the expression van-
ishes, while for bubbles in the vicinity of each other, the negative term will lower the drag force
on the bubble pair. In other words, the interaction between the two bubbles at low Reynolds
numbers may cause an increased terminal rise velocity compared to a single rising bubble,
which was also seen in the experiments of Kong et al. [30]. This behaviour is the opposite of
the limit of irrotational ow, where any (close) interaction between the bubbles yields an in-
creased drag. The reason, however, for two bubbles at low Re experiencing a lower drag force
is not well-understood. Legendre; Magnaudet, and Mougin [25] describe that this behaviour
is caused by "vorticity generated by the shear-free condition at the bubble surface", but fur-
ther elaboration is not given. To the author's best knowledge, such an explanation is also not
present in further literature. In Section 3.4.2, the phenomenon will be investigated by making
use of simulations carried out by Basilisk.

In Figure 3.1, the drag coef cient of a bubble pair ( Cp) is compared to the drag of a single
bubble (Cpx asS  ¥). The simulations from Legendre; Magnaudet, and Mougin [25] show
the described behaviour in the limit of high and low Re. For Re . 10, a drag coef cient ratio
lower than one can be seen, indicating an increased terminal rise velocity for the bubble pair
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FIGURE 3.1: Drag coef cient ratio as a function of the Reynolds number for various separations, where
(Cp) holds for a bubble pair and ( Cp y ) for a single bubble. The results are obtained numerically by
Legendre et al. [25].

compared to a single bubble. For Re& 20, the ratio is shown to be larger than one for any sepa-
ration value, agreeing with the behaviour for irrotational ow as given by Kok. For ~ S= 10, the
drag coef cient ratio can be seen to be close to one for any value of Re, indicating the reduced
interaction between bubbles located far away from each other.

3.3.2 Added Mass

For a single spherical bubble, the added mass coef cient is equal to 0.5, taking into account that
in addition to the bubble, the uid around the bubble has to be accelerated as well [69]. With the
introduction of a second bubble, the uid in between the two bubbles experiences an increased
acceleration, such that the added mass coef cient increases as predicted by irrotational theory,
shown by Van Wijngaarden [97] & Kok [99] [25]:

Cu(S)=5 1+ 8+,

3
°s 64+ 358+ °5 9%
> 45 3S 88

(3.5)
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In Chapter 2, it was described that the initial acceleration for any single bubble rising from
rest is equal to 2g. With the inclusion of another bubble in the vicinity of the rst bubble, the
added mass coef cient is increased (to 0.53 atS = 3, for instance), yielding decreased initial
acceleration and, thus, a lower rise velocity in the acceleration regime. The evolution of the rise
velocity of different-sized bubble pairs is further elaborated in Section 3.4.

3.3.3 Lift Force

While the two previous force terms already existed for single bubble rise, the inclusion of a
second bubble also leads to the introduction of a lift force between both bubbles. Hallez and
Legendre [44] de ned the lift coef cient for a bubble pair based on the numerical work of
Legendre; Magnaudet, and Mougin [25] for moderate Re (50 Re  500) by adapting the
irrotational expression from Van Wijngaarden [97]:

1 4
365 s, 40 (3.6)
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FIGURE 3.2: Lift coef cient of a the left bubble ( C_ 1) as a function of the Reynolds number for various
separations, where a positive lift coef cient indicates attraction. The results are obtained numerically
by Legendre; Magnaudet, and Mougin [25].

The effect of decreasing Re can be seen to lower the lift coef cient for the left bubble, thus re-
sulting in less attractive interaction between both bubbles compared to high Re. For both lift
coef cient expressions in this section, the lift force approaches zero as S! ¥, agreeing with
the idea of no lift force being present for a single bubble rising in a straight line.

For low Reynolds numbers, the lift coef cient is given by Legendre; Magnaudet, and Mou-
gin [25] and Vasseur and Cox [100]:

2 R
CL,]_(RG, ReS) = 37 1 1+ 768 e Resl4

T 1 (3.7)

In contrast to Equation (3.6), C,_ 1 obtained from Equation (3.7) is negative for any combination
of Re and S, such that the interaction is repulsive instead of attractive [25]. This result agrees
with the idea of ow blockage at low Re due to the produced vorticity, leading to repulsion.
Additionally, smaller separation values can be seen to lead to a more negative lift coef cient
and, therefore, more repulsion.

The lift coef cient over a range of Re and various separations is shown in Figure 3.2, which
shows the numerical results from Legendre; Magnaudet, and Mougin [25]. At about a Reynolds
number of 50, a transition between a positive and negative lift coef cient can be seen, leading to
attraction for Re & 50 and repulsion for Re . 30 for any separation distance. Small separation
values can be seen to lead to a larger lift coef cient over a large range of Re, agreeing with the
theoretical results from the two equations.

Interaction for Non-aligned Side-by-side Bubbles

In addition to rising perfectly horizontally side-by-side, bubbles may rise as well with an angle

g between their centreline and rise direction (see Figure 3.3). Between the well-de ned in-line
rise (g = 0°) and side-by-side rise (g = 90°), different effects may occur. Kok [99] de nes a
critical angle q ranging between 35.0° forS= 2and 54.7°forS! ¥.Forgq < g< 180 (¢
bubbles are described to always attract each other in the potential ow limit. Even for the other
orientations, a hydrodynamic moment will always cause the bubbles to adopt a 90° angle [99].
The numerical work from Hallez & Legendre [44] con rms the side-by-side con guration to

be the (only) stable position for two interacting rising bubbles over a large range of Reynolds
numbers (20 Re 500) and separations (2.5 S 10). The existence of a critical angle as
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FIGURE 3.3: De nition of the angle ( q) between the two rising bubbles.

theorised by Kok was established as well by Hallez & Legendre: for Re 50, bubbles were
attractedfor g < q< 180 q with g =37°.

3.4 Basilisk Results

3.4.1 Bubble Interaction Behaviour for Re & 10

The interaction between side-by-side rising bubbles is qualitatively investigated in Basilisk.
Figures 3.4 to 3.6 show the evolution of the uid velocity, vorticity eld and pressure eld

for two 0.3 mm bubbles, respectively. A negative uid velocity through the bubble gap can
be seen in Figure 3.4.a, which will initially lead to a slightly attractive force. The attraction
appears to occur since the vorticity asymmetry has not yet fully developed, as can be seen
in Figure 3.5.a. Once the expected asymmetry starts to evolve (Fig. 3.5.b), almost no uid
is accelerated anymore through the gap (Fig. 3.4.b) due to vorticity blocking the uid ow.
Subsequently, a decreased pressure is achieved at the outside of the bubbles compared to the
pressure in the gap, which is indicated by the darker blue colour around the outer sides of the
bubbles in Figure 3.6.b. This pressure drop will then be the onset of the repulsive behaviour,
indicated by the fact that the bubbles start to separate as shown in the last column of gures.
The repelling motion slowly eliminates the asymmetry in vorticity, resulting in the growth of
the inner vorticity eld as shown in Figure 3.5.c. The ow blockage in the gap is eliminated
afterwards, resulting again in a downward uid motion (Fig. 3.4.c).

Figures 3.7 to 3.9 show the attractive behaviour between two 0.5 mm bubbles. Similar to
the repulsive case, uid acceleration through the gap occurs again (Fig. 3.7.a). In contrast,
however, the vorticity evolution during rise is signi cantly more symmetric. Due to the higher
rise velocity, more vorticity is diffused towards the back of the bubble, creating a narrower
inner vorticity eld which interacts less with the inner vorticity eld of the other bubble [25]
(Figs. 3.8.a & 3.8.b). Therefore, no ow blockage will occur, as can be seen by the relatively
large negative uid velocity through the gap in Figure 3.7.b. The accelerated uid leads to a
lower pressure in the gap than the surrounding uid by Bernoulli's principle (Fig. 3.9.b), such
that attraction takes place. In the last column of gures, the moment just before coalescence
occurs is shown. Even while the bubbles are this close to each other, the vorticity eld remains
remarkably symmetric (Fig. 3.8.c).
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ayt=7.2ms b)t=28.8 ms c)t=50.3ms

FIGURE 3.4: Repulsion: evolution of the uid velocity during rise for two 0.3 mm diameter bubbles
with an initial separation of 2.5. Figure c) shows the orientation used for all simulation snapshots in
this study.

a)t=7.2ms b)t=28.8 ms c)t=50.3ms

FIGURE 3.5: Repulsion: evolution of the vorticity eld created at the bubble surfaces during rise for
two 0.3 mm diameter bubbles with an initial separation of 2.5.

ayt=7.2ms b)t=28.8 ms c)t=50.3ms

FIGURE 3.6: Repulsion: evolution of the pressure eld during rise for two 0.3 mm diameter bubbles
with an initial separation of 2.5.
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a)t=29ms b)t=8.7 ms c)t=13.7ms

FIGURE 3.7: Attraction: evolution of the uid velocity during rise for two 0.3 mm diameter bubbles
with an initial separation of 2.5.

a)t=2.9ms b)t=8.7 ms c)t=13.7ms

FIGURE 3.8: Attraction: evolution of the vorticity eld created at the bubble surfaces during rise for
two 0.3 mm diameter bubbles with an initial separation of 2.5.

a)t=2.9ms b)t=8.7 ms c)t=13.7ms

FIGURE 3.9: Attraction: evolution of the pressure eld during rise for two 0.3 mm diameter bubbles
with an initial separation of 2.5.
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FIGURE 3.10: Vertical velocity evolution of a 0.3 FIGURE 3.11: Vertical velocity evolution of a 0.5
mm bubble and the uid in the centre of the gap mm bubble and the uid in the centre of the gap
(left axis) and the separation evolution (right axis) (left axis) and the separation evolution (right axis)
as simulated by Basilisk. as simulated by Basilisk.

Evolution of Velocity and Separation Distance

Figures 3.10 & 3.11 show the development of the bubble velocity, the vertical uid velocity
through the centre point of the gap (both on the left axis) and the separation distance between
the bubbles (on the right axis) for the two cases. Here, the uid velocity (in orange) is obtained
from several simulation snapshots (the squares) with the dotted line creating a t through the
measurements. The bubble rise velocity and separation are printed each simulation step, creat-
ing a continuous evolution. From Figure 3.10, it is evident that an initial negative uid velocity
leads to an attractive force between both 0.3 mm bubbles as discussed earlier. Once the uid
velocity in the gap starts to become positive, the separation distance can be seen to increase as
well, following the expected repulsive behaviour. At approximately 35 ms, when the bubbles
have repelled each other 0.4 bubble radius, the uid velocity becomes negative again, which
is the onset of the bubble pair settling in its equilibrium position.

Compared to the bubble rise velocity, the uid velocity achieves values of only 10% of the
bubble velocity (0.0047 vs 0.047 m/s). The 0.5 mm bubble pair, on the other hand, shows signif-
icantly larger relative (negative) uid velocities compared to the bubble rise velocity, as shown
by Figure 3.11. Starting from 50%, the negative uid velocity grows to almost 80% of the rise
velocity just before coalescence. A steeper decrease in uid velocity can be seen aroundt = 11
ms when the separation distance has lowered to S 2. This decrease is likely caused by the
bubbles approaching each other relatively quickly during the later stages, squeezing out any
uid before coalescence occurs. Such squeezing ampli es the already existing Venturi effect,
creating an increased negative uid velocity through the gap.

3.4.2 Bubble Interaction Behaviour for Re . 10

For large enough Reynolds numbers (Re & 10), bubble interaction results in an increase of the
drag coef cient compared to a single bubble as a higher strain rate in the uid between the
two bubbles is obtained [25, 51]. Figures 3.12 & 3.13 show the rise velocity evolution for the
0.3 & 0.5 mm bubble pair where the rise velocity of the two previously covered bubble pairs is
lower over the entire acceleration phase compared to a single bubble. Lowering the Reynolds
number to approximately within the Stokes regime should lead to the rise velocity of a bubble
pair being higher than that of a single bubble as was indicated by Legendre; Magnaudet, and
Mougin [25] and experimentally validated by Kong et al. [30]. Since this behaviour might ap-
pear to be counter-intuitive, simulations are carried out to aim for additional insight into the
mechanisms at play.
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